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Abstract

Existence theorems are a central part of algebraic geometry. These
results frequently involve linear problems where positivity
assumptions are used to prove existence of solutions by establishing
the vanishing of obstructions to that existence. Beginning with
Riemann (algebraic curves), Picard (algebraic surfaces) and
continuing into more recent times (Lefschetz, Hodge,
Kodaira-Spencer and many others since this work) it has come to
be understood that the vanishing theorems are intimatedly related
to the topology of algebraic varieties.

What remains is the case that although the results are about
algebraic varieties, analytic tools are needed to establish them.
Moreover the property of positivity also appears in other aspects
where analytic methods are needed, an example being the proof of
the litaka conjecture which is central in the classification of
algebraic varieties. The purpose of these lectures is to present,
sometimes from an historical perspective, some of the principal
aspects of the theory.
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Outline

|. The classical case (Picard [PS], Lefschetz [Le],
Kodaira-Spencer [GH])

[1. Analytic methods involving singular metrics and
curvatures ([Kol], [Ko2], Andreotti-Vesentini [AV],
Hormander [H], Demailly [De],. .. )

IIl. Consequences of positivity of the Hodge bundles (Vieweg
[V1], [V2], [V3], Vieweg-Zuo [VZ],...) and the freeness

conjecture
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Lecture I: Topology and vanishing theorems
It is general knowledge that there is a close relationship
between the topological properties of algebraic varieties and
vanishing theorems for sheaf cohomology ([K1]). Here we will
try to present the essence of this relationship from a somewhat
different perspective than is generally done. We are not
seeking the most general statements, some of which will be
taken up in the second lecture. Rather we are interested in
understanding the conceptual aspects of the relationship.

Notations (terminology to be elaborated on below; general
references are [De] and [GH])

» X is an n-dimensional, irreducible smooth algebraic
variety;

» L — X is an ample line bundle;
» Y C X is the smooth divisor of a holomorphic section

s € H(X, L), 4/96
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We will generally not distinguish between a holomorphic vector
bundle and the sheaf of its holomorphic sections. One may
think of X C PV, L = Ox(m) and Y is given by intersecting
X with a general degree m hypersurface.

» w=q(L) € H*(X,Q) is the cohomology class dual to
the cycle given by Y C X;

» QF is the sheaf of holomorphic p-forms on X, Qf = Kx
is the canonical bundle;

» a Hodge structure of weight r on H"(X, Q) is given by

pt+q=r

H'(X,C)= @ HPI(X) where H”(X) = H?P(X).
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The basic facts we shall use are ([GH])

HT: The cohomology of a smooth algebraic variety has a
functorial Hodge structure, and

HPA(X) = HI(X, Q%)

Here HT stands for Hodge theory.

Basic results about the topology of algebraic varieties:

LT: The restriction map

{ an isomorphism }
for r<n—2
H (X, Q) — H'(Y,Q)is — -
\ { injective for }
r=n—1

w(

HL: H""(X,Q) = H™(X,Q) is an isomorphism.

Here LT stands for Lefschetz theorem and HL for what is
usually called Hard Lefschetz. The first result is true with Z
coefficients.
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Basic vanishing theorems ([De| and [GH])
KVT: HI(X,Kx + L) =0 for g > 0.
KVT stands for Kodaira vanishing theorem. We will
sometimes use the additive notation for line bundles
Kx + L = Kx ®o, L.

In the second lecture we will give a proof of the KVT using
singular metrics.

KAN: H9(X,Q%(L)) =0 for p+ q > n.

Here KAN stands for Kodaira-Akizuki-Nakano. The KVT is
the case p = n of KAN. Using Kodaira-Serre duality, KAN is
equivalent to

(1.1) HY(X, Q%(L™') =0 for p+q < n,
where L=1 is the dual line bundle to L

L™ = Homy, (L, Ox). 7/96
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Summary of the relations between topology and
vanishing theorems: Assuming HT these are

(1.2) LT = KAN
(1.3) KAN = LT + HL.

Historical remarks: As is well known, for algebraic curves
(compact Riemann surfaces) these results are due to Riemann.
Perhaps lesser known is that for algebraic surfaces and in
somewhat different form these results are essentially
consequences of the work of Picard and Poincaré (cf. [PS]).
The essential steps in the argument in this case are
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(i) HI(X,Q) — HI(Y,Q) is an isomorphism for g = 0 (i.e.,
Y is connected), and is injective for ¢ = 1;

(i) there is an inclusion

H(X, Q) — HY(X,C);

and
(iii) using this inclusion the map

H(X, QL) % H3(X,C)

is injective.

Picard's proof of (i) was geometric using what is now called a
Lefschetz pencil | Y;| given by intersecting X C PV with a

general pencil of hyperplanes. The classical references here are

[PS] and [Le]. Picard's proof of (ii) involved his construction

of the identity component Pic®(X) of the Picard variety. 9/96
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A modern proof of (ii) is deceptively simple: For
¢ € H°(X, Q%) by Stokes theorem

0= [ diendp) = [ dond
X X

which is non-zero if dp # 0. Thus dp = 0 and the result
follows.

The key result is (iii). For Y a general member of the
Lefschetz pencil, Picard defined two subgroups:

» E C Hi(Y,Q), the vanishing cycles given by the kernel of
Hl(YvQ) — Hl(X7Q); and

» | C Hi(Y,Q), the invariant cycles given by the subgroup
invariant under monodromy when Y varies in a Lefschetz
pencil.
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Using the Poincaré complete reducibility theorem (a
Hodge-theoretic result), Picard argued that the Jacobian
variety J(Y') is isogeneous to a direct sum of two polarized
abelian varieties, one corresponding to E and the other to /.
In particular,

(1.4) Eni=(0).

To prove (iii), given v € Hi(X,Q) = | C Hi(Y,Q) by
Poincaré duality it will suffice to produce A € Hs(X, Q) such
that the intersection number

(v, YN A)#0.

By the complete reducibility theorem we may find

d €l C Hi(Y,Q) such that (,0) # 0. Then varying Y; in a
Lefschetz pencil the family of 1-cycles given by the

0 € Hi(Y:, Q) traces out the desired 3-cycle A. 11/96
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With the benefit of hindsight one may say that Picard was able
to mobilize just enough about Hodge theory to give a proof of
HL in the case of surfaces. The Lefschetz argument for HL was
incomplete; essentially because he didn't have a proof of (1.4).

Proofs of (1.3) and (1.2) (due to Kodaira-Spencer and given
in [GH]): We will prove the dual form (1.1) of KAN. The
argument is by induction on dimension; thus we assume the
result for Y. Use will be made of the long exact cohomology
sequences arising from the exact sequences of sheaves

0— Q%(L7H — Q5 — Q%

0— QML) — Q%

|, =0

|, = Q5 —o0.
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Using local coordinates xi, ..., x, where Y is given by x, =0,
in the first sequence for a ¢ given by

© = f(x1,...,Xa)dx; A -+ A dx;,

we set x, = 0 but do not set dx, = 0. In the second sequence,

for
’QZ) = g(Xl, c. ,Xn_l)dX,' VANERIVAY dX,'p

the right-hand map on ¢ is given by setting dx, = 0. If ¢ is in
the kernel, then

VY =g(x1,. .., Xa—1)dxy Ao Adxi A dx,
and dx, gives a section of the co-normal bundle

;/X - L71|Y'
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The cohomology sequences of the above give

— HIX, QY (L™1)) — HI(X, Q) > HI(X, Q5 |,) — HT (X, Q5(L 7)) —

e
HI(Y Q57 (L7Y) = HI(Y,Q%],) = HI(Y, %) — HTI(Y, Q5 (L)),

Note that 3 is the identity map. The assertions LT and KAN
for Y are

» v o ffoais an isomorphism for p+qg < n—2and is

injective for p4+qg=n—1; and

> HI(Y, Q2 (L) =0for p+q<n.
It follows from the cohomology diagram that KAN holds for X.
Conversely and more visibly, if KAN holds then for p+qg < n
all the H(X, Q% (L™1)) and HI(Y, Q5% (L)) groups for
p + g < n are zero, which then implies LT.
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KAN = HL!

Since basically it makes rigorous Picard’s original argument
given in [PS], we will give the proof for surfaces and then
indicate how it may be extended to the general case.

The central issue is: What exact sheaf sequences will have
multiplication by w appearing in the resulting exact
cohomology sequences? One answer is that we want to have a
Gysin map G : H}(Y,C) — H3(X, C) appear, and this occurs
for the coboundary map in the exact sheaf sequences when
there is a Poincaré residue map R. For surfaces we have

0=02 ~02(Y)% Qb -0

It may not be so well known that Hard Lefschetz is a consequence of
vanishing theorems, plus of course the existence of a Hodge structure on
cohomology and Kodaira-Serre duality.
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where if Y is given locally in coordinates x, y for X by y =0
1
R(f(x,y)dx Ady/y) = <%> f(x,0)dx.

Using HY(X, Q%(Y)) = H(X, Kx + L) = 0 we obtain the
commutative diagram

HO(X, Q%) — HO(X, Q% (Y)) — HO(Y, Q) % HY(X, Q%) — 0
JT /
HO(X, Q%)

For p € H°(X,Q)), a standard consequence of Poincaré
duality about the Gysin map G gives

/XGoj(so)W:/XsoWw:/ysaw.
16,/96
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Since by Kodaira-Serre duality h%(X) = h*1(X), this implies
that w is an isomorphism, which is HL in this case.
This argument used two special facts:

(i) for n=forms we have
Q% (Y) = Qx(log Y);

and

(i) for a non-zero holomorphic n form 1 on an n-dimensional
algebraic variety Z we have

AwAiio
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For (i) in the general case one uses the cohomology sequences
arising from the exact sheaf sequences

0

l

0—=0%F —=Q%(log Y) £— 2! 0

The only non-obvious map is .. Here the point is the natural
isomorphism

QY (Y)/Q5 (log Y) =2 QF ® Ny /x.
x( )/ x( ) Y Y/X 18/96

18 /96



We will illustrate this when n = 3, p = 2 from which the
general case should be clear. In local coordinates xi, X, y

where Y is given by y = 0, for
dxy A dxo dx; A\ dy

—I—g1(X1,X2,)/)
y

Y = f(X17X2a.y)

dxo N\ d
+g2(X1,X27}/)2—y

the map is
alp) = f(x1,x2,0)dxy A dxa @ 9/0y.

One checks directly that «() transforms properly under a
coordinate change

Xj = gi(X17X27y) | = 172
y = h(x1, %, y)y, h(x1, x2,0) # 0.
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Positivity: The original KVT was the following:
Let X be a compact, complex manifold and L — X a
holomorphic line bundle whose Chern class is

represented via de Rham's theorem by a positive
(1,1) form w. Then

(15)  HP(X,Kx+L)=0 for p>0.

Locally _
w= (é) 3" hgdz' A dZ
iJ

where hjj = Fj; is a positive definite Hermitian matrix. We
write this as w > 0. The KVT was used to prove the Kodaira
embedding theorem (KET):

A positive line bundle L — X is ample.

20,96
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There are two steps in Kodaira's proof of the above theorems.

(i) show that there is a Hermitian metric h in L — X such

that _
l
W = (%) @h

where ©,, is the curvature form of the metric; and
(ii) if L — X is a Hermitian line bundle such that

/
(Z) ©, >0,

then using (1.5) and the technique of blowing up Kodaira
shows that for L — X as above

(1.6) L — X is ample.
We will use singular metrics to give proofs of (1.5) and (1.6)
in the next lecture. 21/96
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There have been many extensions of KVT and KAN. For

algebro-geometric purposes it is desirable to have assumptions

that (a) are numerical, and (b) that behave well under

birational morphisms. Especially noteworthy is the

KV: Kawamata-Vieweg vanishing theorem (cf. [De] and [L]):
(1.5) holds under the assumption that L — X is big and
nef.

Here big means that

(X, L™) = Cm"+---,C > 0;
i.e., for m > 0 the linear system |mL| gives a rational map to

an n-dimensional subvariety of a projective space; nef means
that for any curve C C X

deg(L|.)=L-C=0!

iIt is a result of Kleiman that for L nef and for any k-dimensional

subvariety Y C X
(a(Lk[¥]) 2 0. 22/96
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Both of the properties hold for L' = f*L for a generically finite
morphism f : X' — X.

One of the traditional proofs of Kawamata-Vieweg uses KAN
and the so-called cyclic covering trick which we will discuss
following a parenthetical note.

The role of Hodge theory: The thesis of this lecture has
been the close connection between vanishing theorems and
topology, a connection that is made using Hodge theory. As
posed by Kollar and others, one may ask “How much of
Hodge theory is really needed?” One answer is

The KVT follows from the surjectivity of the natural
map

(1.7)  HI(X,C)—= H9(X,0x), q=0

induced by the inclusion of sheaves Cx — Ox.
Y XX 23/96
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The question is not purely academic, as the surjectivity of the
map (1.7) makes sense for X a singular variety, and one may
ask if assuming (1.7) leads to a class of singular varieties that
have particularly nice topological properties. As shown by
Steenbrink, Kollar-Kovacs and others, the answer is that

Du Bois singularities have this property and for these an
important part of the local invariant cycle theorem holds.

Here we shall give the argument for the KVT under the
additional assumption that L — X is very ample. As will be
seen both the Hodge-theoretic result (1.7) and an additional
topological argument will be used in the proof. Although in
the case at hand it can be avoided, we will use the Leray
spectral sequence as it provides a conceptual framework for
the argument in the general case.
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The setup is

» L — X is as above and s € H°(X, L?) is a section with
smooth divisor D = {s = 0} C X;
» Y C L is the smooth graph of s/?; i.e.,

Y={(x,0):xe L tel, and *=s(x)};

» Y & X is the 2:1 covering branched over D and with

sheet interchange
T:Y =Y

where Y /7 = X.
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We next decompose the direct image sheaves of Oy and Cy
into the £1 eigenspaces as

(i) Oy =0x@ L™

(II) p*(Cy = (CX S5 Cx[—].]
The reason for (i) is that for any vector bundle holomorphic
functions defined in open set of the total bundle space and
that are linear in the fibres give sections of the dual vector
bundle over the projection of the open set to the base. In (ii)
the —1 eigensheaf Cx(—1) of p.Cy may be considered as a
local system on X\ D that has monodromy —1 around D.
The two Leray spectral sequences degenerate and give a
commutative diagram

Hq(yaoY) = Hq(XaoX) ® Hq(XaLil)

! ! |

HI(Y,Cy) 2 HI(X,Cx) @ HI(X,Cx[-1]).
26,96
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By Hodge theory the vertical arrows are surjective; therefore
the KVT will follow from

HI(X,Cx[-1]) =0 for g < n.

This is a purely topological result and we refer to [K1] for a
proof. Remark that the essential point is

H?>"™=9(X\D,C) =0 for q < n,
which is the same as the LT
Hy(X,D) =0 for g < n.

Note: An alternate simpler argument goes as follows: For
L — X ample and s € H°(X, L) a section with a smooth
divisor Y C X, we have

0> L1230, >0y —0.
v 27/96
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By LT the top maps

HI(X,C) —= HY(Y,C)

| |

H9(X,0x) —= H(Y,0Oy)

are isomorphisms for ¢ < n — 2 and injective for g = n — 1.
Then the exact cohomology sequence of the above sheaf
sequence gives HI(X,L™1) = 0 for g < n.

In case L — X is just ample, for some m > 0 we may find a
section s € H°(X, L™) with a smooth divisor and construct an
m-fold cyclic covering Y — X by taking the graph of s*/™;
the remainder of the argument proceeds essentially as the one
given above.

28,96
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Appendix to Lecture |

For completeness we list the general properties associated to
cyclic coverings. Recall our notations

» L — X is an ample line bundle over a smooth algebraic
variety X;

» s € H°(X,L™) is a section whose zero locus gives a
smooth divisor D C X.

Note: The theory extends in a straightforward manner to the
case when D is a reduced normal crossing divisor.

» Y & X is the cyclic branched covering associated to
s™ and R C Y is the smooth ramification locus of the
mapping p;

» Y & X is a Galois covering with group p,,, the m™ roots

of unity.
29/96
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Note: The following properties of Y £ X may be deduced
from the local normal form

(v, X2, .-y Xn) = (Y™, %2, -+, Xn)

of the map. Locally s(x1,x2,...,%,) = X11/m.

» the direct image
m—1 .
(A.1) p:Oy = 8 L

here the right-hand side is given by the eigenspace
decomposition of the action of i, on p~*(U) where
U C X is an open set;

> p Q25 (log D) = QF (log R);

» the direct image

m—1 ,
(A.2) ply = @ Qy(log D)@ L,

where again the right-hand side is the eigenspace
decomposition under the action of fi,; 30/96
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» For similar reasons the direct image
m—1 .
(A.3) p:25 (logR) = @ Qf(log D) ® L™
i=0

» From Hodge theory (cf. [EV] and the references cited
there)

(A4)  H(Y\RC)= & HI(Y,Q%(logR)).

ptq=r

» Since X\D is affine, and hence a Stein manifold, the
same is true of the unramified covering Y\R of X\D,
from which we may infer that

H"(Y\R,C) =0 for r > n.
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Then from (A.4) and the degeneration of the Leray
spectral sequence for p we have

(A.5)

HI(X,Q%(log D)®L™") =0 for p+q>n, 0<i < m—1.

» Taking p = n and using Q%(log D) = Q% ® L™ we obtain
from the case i = m — 1 in (A.5) that

HI(X,Q% @ L) =0 for g > 0.

This is the KVT. The full KAN vanishing theorem may be
obtained from (A.5) by an inductive argument on dimension
as was done in the above notes for Lecture 1. The subtlety
here is that (A.4) is a result in mixed Hodge theory; one way
or another to obtain the full KAN vanishing theorem where

L — X is only assumed to be ample, the use of mixed Hodge

theory is necessary. 32/96
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The constant local system Cy gives a Gauss-Manin
connection on Cy ®¢ Oy = Oy. The group p, acting on Y
preserves the local system and Gauss-Manin connection; using
(A.1) it descends to give a local system on X\D. Taking the
1-eigenspace of this action, considerations using the local
normal form of p: Y — X show that this local system extends
to give a local system on X with a logarithmic singularity
along D. Thus, essentially by decreeing that

V(s¥/™) =0

we obtain a local system (L™!, V) on X giving rise to a
twisted de Rham complex

0— (pCy)! = Lt = Qk(logD) @ L™
— = Q%(logD)® L™t — 0.
33/96
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The Hodge-de Rham spectral sequence degenerates at E; with
the result being for general i that the eigenspace
decomposition of the Hodge structure on H"(Y, Q) under the
action of i, may be realized down on X by direct sums of the
groups HY(X, Q% (log D) ® L™"), i.e., by the Hodge-de Rham
complex on X twisted by the local system L~/

An important special case is when L = K, i.e., when X has
an ample canonical bundle. Classically Hodge theory is
frequently used to study the moduli of X, this being quite
effective when K is very ample and local Torelli holds in the
form of the injectivity of the map

HY(X, Tx) — Hom(H°(X, Q%), HY(X, Q).

In general, however only |mKx| is very ample for m > 0, and
we may ask if Hodge theory can still be used to study moduli.
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Basically the question is:

Is there a Hodge-theoretic interpretation of
HO(X, KZ)?

An affirmative answer is given by the work of Kawamata,
Vieweg, Zuo and others (cf. [VZ] and [Z]). This will be
discussed further in the third lecture in connection with the
proof of the litaka conjecture. Here we will give a brief preview
of this story. This preview will also explain why we singled out
the eigenspace for i = 1 for the local systems on the L~''s
above. This discussion will be in two steps.

Step 1: Realization of H°(X, KZ) as part of a Hodge
structure.
Specifically we have
» HO(X,Ky) is the 1-eigenspace of the action of i, on
Ho(Y, Ky).
35,/96
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Proof: From (A.2) and the degeneration of the Leray
spectral sequence we have (here L = Kx and D = K{')

H(Y, Q%) = & HO(X, Q% (log D) @ Ky')
= & HY (X, Kx ® KI' ® Ky'),

i=1

which gives the result.
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Step 2: How this Hodge structure varies with X.
This is subtle and we refer to [VZ] for details. The idea is that

» this is an inclusion HO(X, KJ') C HO(Y,Q%);

» as (X, s) vary we get a deformation of Y whose tangent
is in HX(X, Ty(— log R));

» under the map H(Y, Ty(—log R)) — HX(Y, Ty) we
obtain a map
HO(X, K) & HY(Q2); and

» finally we decompose the image under the action of x, to
obtain the expression for the variation of H°(X, KZ).

This will be further discussed in Lecture 3.
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Lecture Il: Analytic methods involving singular
metrics and curvature

So how is one going to prove vanishing theorems and use
those to establish existence theorems? In this lecture we will
try to illustrate one way how one may answer these questions.
We begin with an example that shows how proving existence
necessitates proving a vanishing result and how the use of
singular metrics may be used to obtain the desired vanishing.

Example: We begin with a preliminary lemma, and for this

we work in a germ of a neighborhood of the origin {0} in C".

For a=(a,...,qp), a; €N

we denote by /, the ideal in Ocn (o) generated by all
monomials z* - - -z,f" such that

> (Bi+1)/a;>1. 38/96
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For example the maximal ideal myq; is the case p = n and all
a; = 1, in which case the above condition is equivalent to at
least one 3; > 1. For

vo = log (|21[* + - -+ |2|™)

we have the calculus

Lemma
lo, ={f € Ocn {0} fe_z‘/’o|f|2 < 00}.

Here for € sufficiently small the integral is over an e-ball
around the origin.

The import of the lemma is that the position of f(z) relative
to monomial ideals in Ocn 10y may be detected using L2
conditions involving singular, plurisubharmonic weight
functions of the above form. Similar methods work for other

ideals. 39/96
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Now we let L — X be a holomorphic line bundle over a
compact complex manifold. Given x; € X we want to
construct a global section s € H°(X, L) with s(xo) # 0. Let h
be an arbitrary smooth Hermitian metricin L — X, ¢ a
function on X that near xq looks like the ¢y above for the case
of the maximal ideal m,, C Ox 4, plus a C* function and is
smooth away from xg, and choose a smooth Hermitian metric
for L with volume form Q on X.
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Let sy be a holomorphic section of L defined over a
neighborhood U of xp and with sp(xp) # 0 and let p be a C*
bump function equal to 1 near x; and compactly supported in
U. The psy is a global C* section of L — X with

Y= E(Pso) = (79p - 5o = 0 near xp.

We have

» 0 =0

> [ e 2|YPQ < 0.
Here |¢|? is the norm of ) using the metrics on X and L.
Suppose we can find a C* section o of L — X such that

> 50‘ = w
> [ e7%]0]?Q < 0.
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Then o is holomorphic near xg, and consequently
S=pSsy—«

is a global holomorphic section of L — X with s(xp) # 0. We
conclude that Solving the 0-equation

(1) 0o = 1) where 01 =0

with the singular weight function e=2% as above implies the
existence of global holomorphic sections of L — X that are
non-vanishing at a given point.

It will be seen that solving the d-equation (1) with the L2
weight conditions as above can be done when the curvature
form wy, of the metric in L — X is sufficiently positive.
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Specifically, for Ric X the curvature form in the canonical
bundle Kx, (1) will have a solution provided that

.
(2) wp + Ric X + (2—) 00¢p >0

T
is a positive (1,1) current (terminology to be explained below).
If wp, > 0, then replacing L by L™ which replaces w;, by mwy,
one may prove the existence of sections of L™ — X that
generate all fibres (i.e., L is free or semi-ample). Similar
arguments for m2 and m,, ®o, m,, lead to a proof of the

Kodaira existence theorem. Thus it comes down to solving the
0-equation (1).
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A priori estimates: How is one going to prove the existence
of solutions to (1)7 It is an inhomogeneous linear
overdetermined PDE with the integrability conditions v = 0.
The classical method is to proceed in two steps:

(i) solve (1) in the weak sense;
(ii) show that a weak solution is smooth (regularity).

Here (i) means that there exists an L? section o of L — X
such that for any smooth L-valued (0,1) form 7 we have

(3) (0,0'n) = (¢, n)

where (, ) is the global L2 inner product and @ is the adjoint
operator to 0. We will not discuss (ii) but will focus on (i).
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The key to solving (i) will be to show that there is a pointwise
positive algebraic operator A such that the a priori estimate

(4) 10711+ 1107]1* = (Av,7) > 0

holds. B
Here ker 0 is the closure in L? of O (smooth forms).

Claim: If (4) holds, then we can solve the equation (1).
Proof (sketch): We have

[? = (ker 0) @ (ker 0)™.

Let # be a smooth form an_d 0 =06, —t02 the corresponding
decomposition. Since (ker 9)- C kerd', by duality we have
96> = 0. Then using Cauchy-Schwarz

(6, 0)F = |(,0:)2 < /

X

(Alw,z/;)Q~/X(A01,01)Q.
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Applying (4) to the second term gives
/(A91>91) < 1|61 1* + [10°0:1> = [[0°0]1>.
X

Combining both inequalities there is a positive constant
C = C(v) such that

w0 < ([ avon) (162) < claole
This holds for every 6, so there is a well-defined linear form
90— (1,0).

By the Hahn-Banach theorem there exists o € L? such that for
every 6
(1,0) = (0,8 6) = (90, 6).
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This gives a weak solution to (1), and then the ellipticity of
the 0-operator (or rather of its associated Laplacian) leads to
the proof of the existence of a solution to (1) in the usual
sense. 0

What is the idea behind the above argument?
If we have a complex
. 5i_ >y .

s (PP IS TS
where the C' are finite dimensional vector spaces with inner
products, then there is an associated Laplacian

A =070; + 0;_10]_4

with harmonic space

H' = ker A; = (ker §;) N (ker 57).

By linear algebra the inclusion 3’ < C' induces an
isomorphism of the cohomology groups

| | | 47/96
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But an a priori estimate
(Aja, @) = [|dial® + [167_1al|* 2 Cllaff?

gives that the harmonic space H' = 0.

Positivity and priori estimates: The relationship between
curvature and vanishing theorems originated with Bochner
[Bo] and under suitable curvature assumptions was applied to
show the vanishing of certain de Rham cohomology groups on
a compact Riemann manifold M. The basic formula that was
used is the Weitzenbock identity

Aa =Y (ViVi+V,Vi)a+ R(a)

1

where « is a differential form, the V; are covariant derivatives
and R is a curvature operator.
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This gives
(A, @) = [[Val* + (Ra, o),

which implies that if R(«) is a pointwise positive operator,
then the harmonic space is zero. It was this argument that
Kodaira adapted to the case of the 9-cohomology of
holomorphic line bundles over a compact complex manifold. In
the Kahler case (and only in this case) the Riemann geometry
and complex geometry align, meaning that the Riemannian
(Levi-Civita) connection and Chern connection coincide. For
(n, p)-forms the curvature operator simplifies in that the
curvature of the manifold drops out leaving only the curvature
of the line bundle, and the Bochner argument then gives the
KVT.

We shall now briefly recall the essential steps in the
calculations that lead to the KAN vanishing theorem.
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Curvature and the basic identity (cf. [De] and
[GH])

» X is a compact, complex manifold.

» E — X is a holomorphic vector bundle. We will identify E
with the sheaf Ox(E) of holomorphic sections of E — X.

» L — X is a holomorphic line bundle.

The main example of a holomorphic vector bundle we shall
consider is

E=Q%(L)=A"T"X& L.
» A%9(X, E) denotes the space of global, C> E-valued

(0, g) forms on X.
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If z1,...,z, are local holomorphic coordinates on X and
e, ..., e is a local holomorphic frame for E — X, then
Y € A%9(X, E) is locally

b= £(2.2)d7 ® e(2)

lll=q

where | = (i, ..., iy), dZ' =dz" A--- AdZ"% and f(z,Z2) is a

C® function.
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» We have

s AOI(XE) D ACTY(X E) e, 9 =0
and the Dolbeault cohomology of this complex will be
denoted by

ker{A%9(X, E) & Av+1(X E
Hqu(Xy E) — er{ (_7 ) — ( ) )}

0ALI—1(X E)
In local coordinates, for ¢ as above
Y = Z 0f(z,2) N dZ' ® e,(2)

[ll=q
where

Of = 0,f(z,2)dz"
' 52/96
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Although we will not make explicit use of it, lurking behind the
scenes is the Dolbeault theorem

Hy9(X, E) = H(X, 0x(E))

which connects the usual sheaf cohomological aspects of
algebraic geometry to global solutions of equations arising
from the O-operator. One of the points of these lectures is to
illustrate how in complex algebraic geometry one may
frequently use global analytic methods in place of the more
standard algebraic and cohomological tools. As we have noted
even if one prefers the latter, to get some of the deepest
results analysis becomes necessary. See [De] for many
illustrations of this.
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» A Hermitian metric h in L — X is given in terms of a
local holomorphic frame e(z) by

le(2)* = h(z,2)
where h is a positive C* function. The curvature
eL,h = 5(h’18h) = 58 |Og h

is independent of the holomorphic frame. The line bundle

is (metrically) positive if there is an L such that the real
(1,1) form

/ ] i _i
Wh = (%) eL,h = (%) ;a%azl(log h)dzl AN dZJ

is positive, written wy > 0.
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For later use, if we write

h=e 2,

Wh = (L) 854p
s

so that wy, > 0 is the same as ¢ pluri-subharmonic.

then

» Given a holomorphic vector bundle E — X with smooth
Hermitian metric ( , ) in the fibres there is a unique
Chern connection

D : A(X,E) — AYX,E) = AY9(X, E) & A%\(X, E)

that satisfies
» D=D'+ D" where D" = 9;
» d(e,€') = (De,e') + (e, De') where e, e’ € A°(X, E).
We refer to [De| and [GH] for the basic properties of the
Chern connection and its curvature. 55/96
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We assume given L — X and Hermitian metrics in this
bundle and in TX. This defines metrics in
LR APT*X @ N9T*X. By integration over X the
operators
D' : AP9(X, L) — APYL9(X [), D?=0
D" : API(X, L) — APTH(X L), D=0
have adjoints
D™ : AP9(X L) — AP719(X, L)
D™ API(X, L) — AP97Y(X, L)
and resulting Laplacians
A =D*D' +D'D*
A"=D"D"+D'D"* =39+ .
56,/96
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As noted above the harmonic spaces for A” are isomorphic to
the Dolbeault cohomology groups.
» The metric in TX is Kahler if any of the equivalent
conditions
» the Chern connection is equal to the Riemannian one;
» the (1,1) form wx associated to the metric is closed;
» at each point of X the metric osculates to second order
to the the flat metric on C".
The third condition means that at each point there are
local holomorphic coordinates z*, ..., z" so that

gij(z,2) = 0; +[2]

where gz = (0,/,0) and [2] are quadratic terms in the
coordinates. It implies that any first order identity that
holds in C" also holds on the manifold. The basic ones
are those on page 111 in [GH] and (4.5) and (4.6) in [De].
47/96
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» The pointwise operator
wx  LOANPT*XQAITH(X) = LOAPTIT X @ A9HIT+X
of wedging with wx has an adjoint
A LONTXQANTX = LR APIT X @ AT71T*X

and by a linear algebra computation the basic
commutation relation

(5) [wx,Ax] = (p+q—n)1d

is satisfied.

» Now we assume that L — X is positive and choose for
our Kahler metric the one whose associated (1,1) form is
the Chern form wp,. Then using (5) one obtains the
identity (4.6) in [De]

A" =N —n)ld.
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The proof of this identity may be done by reducing it to
first order identities and then checking these in C” which
then gives the result on X by the osculating principle
above. Since

(Aa,0) = (D'a, D'a) + (D*a, D*a) 2 0,
we arrive at the basic a priori estimate
6) 100I° + 107 ¢ > (p+q—n)[el°>,  p+g>n

for ¢p € AP9(X, L). Using the identification of harmonic
spaces with the H29(X, L), this gives a proof of the
Kodaira-Akizuki-Nakano vanishing theorem.
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Singular weight functions and the Nadel vanishing
theorem:

The basic idea here appears in the example at the beginning of
this lecture. Given a holomorphic line bundle L — X with a
smooth metric h we will use singular functions ¢ defined on X
and with two properties:

(i) the locally defined functions f that satisfy

/e_Q“"|f]2 < 00

give a coherent sheaf J, C Ox of ideals in X; and

(i) integration of ¢ against C* functions on X defines a
distribution and we have the equation of currents

() ont () 000z 0

where 1) is a C* positive (1,1) form on X. 60/96
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We think of e=2# as defining a singular metric in L — X
whose singularities will detect special analytic properties of
holomorphic sections of the bundle.

Theorem (Nadel)

Under the above assumptions,

HI(X,(Kx +L)®J,) =0 for q>0.

Corollary
If w, > 0, then for m = myq

HI(X, L™ ®3J,) =0 for g > 0.
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As we saw in the example this gives that a positive line bundle
L — X is ample. The import of the above is that using

singular metrics
e %h

in L — X gives more flexibility than is possible using only
traditional smooth metrics.For our purposes the weight
functions ¢ are those that are locally of the form

p=¢ +¢"

where ¢’ is plurisubharmonic (psh) and ¢” is C*. We refer to
[De] for a general discussion of psh functions and currents.
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Here we will consider the case
> (10 € Lloc;
> (5=) ¢ = 0 in the sense of currents.

The first condition implies that ¢’ defines a distribution, and
the second condition is that for all A = (Aq,...,\,) € C"

2. ./
LAY

~ 0zi0zi """
1,

is a positive measure; i.e., for n a real, compactly supported,
non-negative C* function

9277
/ >
<(p,< ; J)\)\)>_O
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Example: ¢ = (%) log(|A> + - + [f,]*), @ > 0 is such a
function. In the terminology used in [De] these are psh
functions with analytic singularities.

We will not prove (i) here. For many if not most applications
to algebraic geometry the ¢''s of the above type, where the
result may be seen directly, suffices; the general argument is in

[De].
For the proof of the NVT there are two steps:

(a) establish the Dolbeault theorem
H(X, (Kx + L) ®J,) = H39(X,L®J,) in the current
context of currents, and

(b) show that HI(X, (Kx + L) ®J,) =0 for g > 0.

64/96

64 /96



Both of these come down to existence theorems for solutions
to the g—equation in L2, the first being local and the second
being global. And in each case the argument is essentially the
same as the one given above in the global case and for smooth
metrics, the central point being again to have an a priori
estimate. This is a consequence of the assumption (7).

65,/96

65 /96



Lecture Il

Among the “big" results in the classification of algebraic
varieties one may single out the following two as being
particularly important.

Proof of the litaka conjecture (explained below). This
leads to the understanding that there are three types of basic
“building blocks” for algebraic varieties:

(i) varieties X of general type, i.e., those whose Kodaira
dimension k(X) = dim X;
(i) varieties X with x(X) = 0; this includes Calabi-Yau
varieties, abelian varieties, etc.;
(i) varieties X with x(X) = —oo; includes the Fano
varieties, in particular those having a smooth divisor
D € | — Kx| (del Pezzo surfaces, etc.).
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Here building block means that any X is birationally an
iterated fibration whose general fibre is one of the types (i),
(ii), (iii). We recall that the Kodaira dimension x(X) = d if

(X, mKx)=Cm94-.., C>0.

If i°(X, mKx) = 0 for all m, we set k(X) = —c0.
The other big result is the minimal model program (MMP)
which we shall not discuss.
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The proof of the litaka conjecture (Kawamata, Vieweg, Kollar
[Ka], [V1], [V2], [V3], [K2] with refinements and extensions by
many others) uses the ingredients

(a) Hodge theory; specifically the positive curvature properties
of the Hodge line bundle (HLB);

(b) the cyclic covering trick, already encountered in Lecture I;
and

(c) extensive use of standard birational geometry (base
change, resolution of singularities, etc.).

So what is the litaka conjecture? Let
f:X—=Y

be a morphism between smooth projective varieties and
X, = f~!(y) a general fibre. Then the conjecture, now a
result, is

(1) R(X) 2 K(X)) + K(Y). 68/96
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We shall discuss (1) in what turns out to be the essential case
for establishing the general conjecture, namely when
(A) k(X)) =dimX, (X, is of general type)
(B) Varf =dimY.
Here the second assumption means intuitively that the map
from the parameter space Y to the moduli space M of a
general fibre X, is generically locally 1-1. In technical terms it
means that for a general point y € Y the Kodaira-Spencer
map

py  TyY — Hl(Xya X))

is 1-1. Here one may think of p, as the differential of the map
Y — M at the general point y.
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The result (1) may be deduced from the following result:
Under the assumptions (A) and (B), for m > 0

(2) det(f.w¥,y) is big and nef.

This means that the line bundle det(f.w¥ ) has lots of
sections, and later in this lecture we will try to explain
intuitively how this leads to sufficiently many sections of

K% — X, k> 0, to give the result.

In fact to better understand the original intuition, under
additional assumptions we shall first prove a much stronger
result than (2). This argument will illustrate the essence of (a)
above, i.e., how Hodge theory enters the picture. The
additional assumptions we make are

3) e the fibres X, are all smooth;
e a suitable version of local Torelli holds.
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Here the second assumption means the following: Using
H°(X,, Kx,) = H™(X,) C H"(X,,C)

we obtain a local mapping from Y to the Grassmannian of
h™%(X,) planes in the locally constant vector space H"(X,, C),
and local Torelli here means that this mapping should have
injective differential.®

Theorem
Under the assumption (3) above

det(f.wx/y) is ample.

$The usual meaning of local Torelli is that locally in moduli the way in
which the Hodge decomposition on H"(X,) varies determines X,. Here

we only consider the end piece H™(X,) = H%(QY ) of the Hodge
decomposition. 71/96
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Proof (sketch): f.wx, vy is a vector bundle with fibre
HO(X,, QY% ) the holomorphic n-forms on X,. This Hodge
bundle has a metric given by the inner product

(so,w):cn/x eAY

y

where ¢, 1) € H(X,, Q% ) and ¢, is a suitable constant. The
metric then induces one in the Hodge line bundle

N = det f;u}X/y.

The theorem will follow from Kodaira's theorem if we show
that

(4) the curvature form of N — Y is positive.
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This is a special case of the general principle: The curvature
forms of the Hodge bundles RZQf(/Y have special sign
properties. ¥

To prove (4) we let U C Y be a neighborhood of a point and
® : U — Grass(h™°, CP)

the map described above where all H"(X,,C) for y € U are
identified with a fixed C°. Then the crucial curvature
computation is that for { € T, Y

<§> OA(¢) = [®.(&) >

YThe general curvature properties of Hodge vector bundles appear in
many places in the literature; some recent references are [GG], [Z], and

[LSZ]. 73/96
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This says that the curvature of the Hodge line bundle is a first
order (not second as is usually the case for curvatures)
invariant that measures the size of the first order variation of
H™0(X,) in the locally constant vector space H"(X,,C).  [I

The assumption that local Torelli holds is too strong; this is
frequently but not always the case (the general question of
finding conditions where it holds is one of interest). A better
algebro-geometric assumption is that the X| are canonically
embedded, so we now assume

e the X are smooth and p, is everywhere 1-1
(5) e the canonical maps ¢y, : X, — PH(X, Kx,)*

are embeddings.
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Theorem
Under the assumptions (5), for m > 0

det(f.wy7y ) is ample.

If we only assume that p, is generically 1-1, i.e., that
Var f = dim Y, then the result becomes

det (£.wiyfy ) is big and nef.

There seems to be little known about the stable base locus of
the linear systems ]kdet(ﬂw%”y)] for k,m > 0. For example

there is the question/conjecture
Q: Is det (£wlpy ) free for m > 07
75/96
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Proof of the theorem: The argument is particularly
interesting due to the blend of differential-geometric and
algebro-geometric inputs that go into it. We shall use the
exact sequence
(6) 0 = Ry — S (fuwx/y) = fuwi -
The mapping u is given by the pointwise multiplication

STHY(X,, Kx,) = H(X,, KX™)
of global sections of Kx, — X,. For m > 0 the kernel R, of i
is a vector bundle given by the degree m defining equations of
the canonical model of the X,'s. We denote by C,, the image
of 1 so that denoting by

H = fiwx )y

the Hodge vector bundle the sequence (6) becomes

0—-R,—S"H—-C,—0
0= Cp — £(wk]y) = Dm — 0. 76,/96
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The ideas are the following:

>

H is semi-positive, and thus so is S™H (semi-positivity is
a general property of globally generated vector bundles);
since positivity increases on quotient bundles (another
general property), C,, is semi-positive;

f*(wf?;"y) is semi-positive (discussed below), and as a
consequence we may infer that

det(f*wf?;"y) =det C,, ® det D,,

is semi-positive and is strictly positive if det C,, is positive;
the positivity of C,, is increased from that induced from
S™H by an amount that reflects the “twisting” of the
subspaces R, C S™H,;

and finally
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» since for m > 0 the subspace R,,, C S™H, determines
Xy, we will see that the assumption that the
Kodaira-Spencer maps are 1-1 will imply there is
sufficient twisting to give that det C,, is positive.

In order to give the details we need the following

Differential-geometric preliminaries (cf. [GG] and
[De]: For a Hermitian vector bundle E — M the curvature
form is defined for each x € M, e € E, and £ € T,M by

(8) Oc(e,€) = ((Oke.€) £ AE).

The bundle is semi-positive if ©g(e, &) = 0, positive if strict
inequality holds (for e, £ non-zero). Semi-positivity is a fairly
common property of vector bundles, strict positivity much less
so (cf. [GG]). We will abbreviate (8) by ©¢ = 0.
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We note that © = 0 implies O4e £ = 0. Moreover, if M is a
curve and everywhere along the curve we have ©¢ = 0 but do
not have Qe g > 0, then E — M is flat (a positive
semi-definite Hermitian matrix whose trace is zero is itself
equal to zero).
Next let

0-S—-E—-QR—0

be an exact sequence of holomorphic vector bundles. Then
there is a second fundamental form of S C E that measures
how much the Chern connection on E fails to leave S
invariant. This leads to a C* operator

B € AY°(M,Hom(Q, E))
such that for e € Q. = S C E, and £ € T,M we have

(9) Oqle, &) = Ok(e, &) + ((Be, Be),E N E) .
79/96
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In words, the amount by which the curvature increases in
quotient bundles is measured by the size of the second
fundamental form of S in E.
From this and the above we conclude that if © = 0 and we
do not have ©yet g > 0, then there is a curve C C M such
that

> E‘c is flat;

> S{C C E}C is a flat sub-bundle.
We now apply these general results to the situation at hand.

As previously noted we have an Hermitian metric in H with
©y 2 0. This gives Osmy = 0, and then O, = 0.
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If we do not have ©Oge ¢, > 0, then there is a curve C C Y
along which the H°(X,, Kx,) are locally constant vector spaces
and the R, C S™H?(X,, Kx,) are locally constant subspaces.
This implies that the canonical models of the X, do not vary
along C, which contradicts our assumption about injectivity of
Kodaira-Spencer maps. ]

In general for
f:X—=Y

where we assume

» X, is general type for y € Y

» Varf =dimY
the canonical bundle K, — X, may not have sections. The
assumptions are that for general y € Y the pluricanonical map

Pk, © Xy = PH(X,, Kfam)*
is a rational map with image a birational model of X,, and

that as y varies these images modulo projective
transformations also vary.
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The question is

How can one apply Hodge theory to use the
H(X,, KX in the study of the variation of the

PmKx, (X)/) s?

The idea here dates to Kawamata and has been extensively

developed by Vieweg [V1], [V2], [V3], Kollar [K2], Padn [P],

Vieweg-Zuo [VZ] and others.
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Inverting somewhat the historical development, if one wants
positivity, i.e., sections, of f(wx/y) and of det f(wx/y) then
one may try to find positively curved metrics. For a rank r
vector bundle

E—-M

over a compact, complex manifold M it is classical that
sections of the bundle that span the fibres give a classifying
map from M to the Grassmanian of r-dimensional quotient
spaces of H(M, E), and one may use the pullback of the
metric in the universal quotient bundle to define metrics in
E — M and in the dual bundle.
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Suppose however we have sections not of E but of S"E — X
that span all fibres, then using the metric in S™E as described
above we may define a norm (not a metric) in E — Y by

lell = [e™[*/™
where the right-hand side is the m'" root of the length given
by the metric in the fibres of S"E — M. This is a Finisler
metric, not a metric in the usual sense. However it is a natural
construction, and through the work of [P], [Z], [LSZ] and
others it has been found that many of the properties of usual
metrics their curvatures extend to the Finisler case.
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An important part of the story seems to be that the Finisler
metric in E — M induces a metric in the fibres of

Ope-(1) — PE*. Here we are using the convention that for a
vector bundle F — M the fibres of PF are given by

(PE), = PF:.
Then for A € F; with corresponding point [A] € (PF),
Opr(1) (o) = Fp/ A"
With this convention, for PE = M we have
m.0pe(m) = STE.
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Returning to the situation of f : X — Y what is suggested is
that one use in f(wx/y) the norms

(10) ol = / (6 A Y

(here ignoring the constant depending only on the dimension of
X, to make the right-hand side positive). The question now is

What can one say about the curvature of (10)7

This is where Hodge theory comes in.

To explain this we first give some general remarks. Given a
line bundle L — M and a section s € H°(M, S™L) there is an
m-fold cyclic branched covering

(11) M, 2 M

where I\Nﬂs C L; i.e., in the total space of L — M, I\7Is is given
by the graph of the multi-valued section s'/™. 86/96
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To be precise we should use the m'" power map

(12) [
|
M—M

and take the inverse image under the top map of the usual
graph of s. This construction is much studied; we list here the
most important properties for our use:

» M, £ M is branched over the divisor (s) C M; we denote
by R C M; the ramification locus;

> M, is smooth if (s) is; in this case
K. =P Knu+ R (Riemann-Hurwitz)
=p*Ky+(m—1)p"L;
> if L — M is ample, then Kj; is ample for m > 0. 87/96
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We now take L = Ky and s = ¢ € H°(M, Q7). Then we have

(13) p-Kia, = & Kii'

In fact, I\7I¢, 2y M is a cyclic covering given by a yim-action on

M, and (13) is the eigenspace decomposition of the direct
image of K"7’w under this action.

» There is an inclusion
0 ®m 0( 1/ _ n(py
(14)  HAM,KG™) < H(M,, Ky, ) © H'(M,,C)
together with a canonical element

YHm e HY My, Ky, ).
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» Taking M to be an X, this gives a norm on the line bundle

OIP’f* (w ( 1)

X/Y)

defined over an open set in wax/y := P,,. Since
(15) HO(Y, f(wx/y)) = H%(Pm, 0y,(1))

one may hope that positivity properties of O, (1) will
lead to sections in the left-hand side of (15), and
multiplying these by elements in H°(Y, KI) will produce
sections in H°(X, KJ).
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» The needed positivity of Op,_ (1) results from the
positivity of _
(i/2)90 log |||

due to the curvature properties of the Hodge bundles and
using (14) above.

There is an extensive literature here. We refer to the recent
paper [LSZ] for a discussion of the result that is needed here
and a guide to further literature.
There are obviously a plethora of technical issues to be dealt
with. Some are those generally encountered in birational
geometry and use resolution of singularities (to deal with
singular phenomena occurring along normal crossing divisors),
base change and normalization, etc.
Others are the types of singularities encountered in Hodge
theory (cf. [GG] for a general discussion of these).
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Even for smooth X, although the norm

Il = / WAD™ b e KX, KE)

is continuous it is not smooth; singularities are encountered
when the divisor (¢)) becomes singular. This is to be expected
as the above construction lead to a variation of Hodge
structure over PH(X,, K¥) and singularities of the VHS arise

when the )N<M, become singular.

What we have tried to do in this lecture is seek to isolate some
of the essential Hodge theoretic aspects of the proof of the
litaka conjecture under assumptions that essentially sweep the
singularity issues under the rug.
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