COMPLETIONS OF PERIOD MAPPINGS: PROGRESS REPORT
MARK GREEN, PHILLIP GRIFFITHS, AND COLLEEN ROBLES

ABSTRACT. We give an informal, expository account of a project to construct com-

pletions of period maps.

1. INTRODUCTION

The purpose of this this paper is to give an expository overview, with examples to
illustrate some of the main points, of recent work [GGR21b] to construct “maximal”
completions of period mappings. This work is part of an ongoing project, including

[GGLR20, GGR21al, to study the global properties of period mappings at infinity.

1.1. Completions of period mappings. We consider triples (B, Z; ®) consisting
of a smooth projective variety B and a reduced normal crossing divisor Z whose

complement
B = B\Z
has a variation of (pure) polarized Hodge structure

FPCV=BxumV
(1.1a) !

B

inducing a period map
(1.1b) ®:B — I'\D.
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Here D is a period domain parameterizing pure, weight n, ()—polarized Hodge struc-
tures on the vector space V', and m(B) — I' C Aut(V, Q) is the monodromy repre-
sentation. Without loss of generality, ® : B — I'\ D is proper [Gri70al. Let

p = ®(B)

denote the image. The goal is to construct both a projective completion p of p and a

surjective extension ®¢ : B — § of the period map. We propose two such completions

T

E ]

e,
(1.2) &

The completion ®T : B — %' is maximal, in the sense that it encodes all the Hodge-
theoretic information associated with the triple (B, Z;®). The second completion
®5 : B — §° is a quotient encoding the minimal amount of Hodge-theoretically
meaningful data. The nilpotent orbit theorem [Sch73] indicates how one might try to
do this, at least set-theoretically (§2.1): boundary points of §' should parameterize
(equivalence classes of ) nilpotent orbits (or limiting mixed Hodge structures) [CCK80,
Cat84, Hof84, KU09, KP16], and points of p° should parameterize (equivalence classes
of) Hodge structures on associated “weight-graded quotients” [Gri70b, CK77]. It is
conjectured (and proven in a few special cases) that the spaces p' and p° are algebraic,

and that the maps in (1.2) are morphisms [GGLR20, GGR21b].

Remark 1.3. In the classical case that D is Hermitian and I' is arithmetic (which
includes period mappings for curves and principally polarized abelian varieties, and
K3 surfaces), Borel’s theorem yields an extension ®° : B — F\_DS of the period
map ® : B — I'\D to the Satake-Baily—Borel compactification, and we may take
7> = ®°(B), [BB66, Bor72]. In particular, the conjectured algebraic structure holds

for ®° : B — $°. The maximal completion " is what one would expect to get if
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one took the closure of g inside a toroidal desingularization I'\ DT — '\ D%, [Mum?75,
AMRT75, CCKS80, Cat84, Hof84].

Remark 1.4. Consider B = M, the Deligne-Mumford compactification of the mod-
uli space M, of smooth complete curves of genus g [DM69]. In this setting, our

T is closely related to the Torelli map studied by Namikawa, Mumford and others
[Nam76a, Nam76b].

Remark 1.5. In general p' has the flavor of what one would expect to obtain by taking
the closure of g in a Kato-Usui horizontal completion I'\ D> when T is arithmetic
[KU09]. We will not need to work work with fans. Our construction is relative, in
the sense that it depends on choice of triple (B, Z; ®) and the pair (B, Z) provides
the boundary structure. We are not constructing a compactification, or horizontal

completion, of I'\ D.

Evidence for the conjectural algebraic structure on %' includes Theorem 1.7. Let

®
TN
(1.6) B —— ¢ > ©

P

be the Stein factorization of the period map (1.1b); the fibres of ® are connected, the

fibres of Y — p are finite, and ¢ is a normal complex analytic space.

Theorem 1.7 ([GGR21b]). Assume I' is neat. The complex analytic variety ¢ is
Zariski open in a compact, normal Moishezon variety ', the map d:B— O extends
to a morphism dT:B - o1 of algebraic spaces, and there is a map $7 — §' with

finite fibres so that the diagram

J— (ADT
B ——

pAT
(1 8) A lﬁnite
ﬁT

commutes.
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Remark 1.9. Let F? C V. denote Deligne’s extension of the Hodge vector bundles
(1.1a) to B. The restriction of the (extended, augmented) Hodge line bundle

(1.10) Ae = det(F?) @ det(Fr ) @ - - - @ det(F] D72

to B is semi-ample, and realizes the image p as a quasi-projective variety [BBT18].
This immediately gives a projective completion p. However, this falls short of what we
want as it is not known what Hodge-theoretic information is encoded in the boundary
?\p, or whether there is an extension ® : B — % (both of which are important for

applications). However, if one could show that A, is semi-ample over B, then
©° = Projey, H(B,AY).

This naturally raises the question of whether or not the Base Point Free Theorem
can be applied to show that A, is semi-ample; unfortunately, this does not seem to

be the case, cf. Example 1.11.

Ezample 1.11. If dim B = 2, then A, is semi-ample [GGLR20]. Let’s try to prove
this using the Base Point Free Theorem. For convenience of exposition, assume that
the cone Eff*(B) of effective algebraic 2-cycles is finitely generated. We need to show
that mA. — K5 is nef. Taking m > 0 this is equivalent to

(1.12) ~Kg-Z; >0.

Let Z; denote the irreducible components of 7 = U Z;. Let g; be the genus of the
curve Z;. Then Kz, = (K5 + [Zi])|, implies that

~Kg-Z; = —degKy + 7} = 2—2g;+ Z}.
So (1.12) holds if and only if
(1.13) 2g; < Z}+2.

Suppose that ®°(7) is a point, then Z? < 0 [GGLR20]. Then (1.13) holds if and

only if g; = 0 and —2 < Z?. However, there are examples in which this fails. One is



COMPLETIONS OF PERIOD MAPPINGS: PROGRESS REPORT 5

given by taking B to be Mok’s “Mumford compactification” X ; of the ball quotient
X = B?/I' [Mok12]. Then ®° is precisely Mok’s map X p; — X min, and the connected

components of Z = X ,\X are complex tori that are collapsed to points.

1.2. Boundary points and fibres. The completions g' — p° will be described in
greater detail in §2.1. Here we give a brief overview of the boundary points, and the

fibres

(1.14) l

Points of T parameterize equivalence classes of limiting mixed Hodge structures
(§2.1.2). The image of one such equivalence class [W, F,o]" under the map p' —

S is an equivalence class [Gr", F,¢]% of Hodge structures F?(Gr)") on the graded

2
quotients Grgv = W,/W,_1. Here elements of the cone ¢ determine subspaces of Grgv
which admit induced polarized Hodge structures (§2.1.3). The fibres F parameterize
limiting mixed Hodge structures with the same associated graded; equivalently they

parameterize extension data (§§3.2, 3.4).

1.2.1. The classical case: Hermitian symmetric period domains. Suppose that I' is
neat. Let I\DT — '\ D® be a toroidal desingularization of the Satake Baily-Borel
compactification. It is well-known [CCK80, Hof84] that points of I\ DT parameterize
equivalence classes [W, F,o]T of limiting mixed Hodge structures, and that the map

M\DT — I'\ D3 sends [W, F, 0]" = [Gr", F, ¢]°. If we fix a point [Gr"Y'| F, ¢]% € T\ D3,

the fibre F C I'\DT over the point has the structure of a semi-abelian variety
1 - (CY = F -7 — 1.

In particular, the fibre ¥ admits a fibration ¥ — J over an abelian variety. A

somewhat similar, but richer, structure holds in general.
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1.2.2. The general case. Returning to the general case (1.14), we have F = ®T(A),
where A C B is a ®°fibre. The weight filtration induces an iterated fibration

(115) F =9 y g2l _ ., g2 gl
of the fibre F. In the classical case (§1.2.1), we have n = 1 and

F? — F
[ [
F—17.

In general, the ! are not abelian varieties, or even complex tori. However, the
connected components of F! are subvarieties of compact complex tori T, and the irre-
ducible components of F! are subvarieties of abelian varieties J C T (§3.5). The tori
(abelian varieties) parameterize level one extension data of (limiting) mixed Hodge
structures (Remark 3.8). The continuous data in the fibre ¥ — F' (which parame-
terizes level two extension data) are encoded by canonical sections sy, of a family of
line bundles {L;;}. The line bundles relate the geometry of the fibre A to the nor-
mal bundles N, 7, (3.23). The sections s), essentially capture the nilpotent orbits
approximating the period map along A (§3.5.3). The map F — F? is finite (Re-
mark 3.24). Both the finiteness of this map, and the fact that the continuous data
in ¥2 — F1 is given by the sections s); are consequences of the infinitesimal period
relation, the compactness of A, and the structure of the extension data of a mixed

Hodge structure.

1.3. Contents. Theorem 1.7 is discussed in §2. Two key ingredients here are period
matrix representations of ® and extension data of limiting mixed Hodge structures;
these are discussed in §3. Finally, in the spirit of [Car87], we discuss geometric
interpretations of the extension data in limiting mixed Hodge structures, and their

relationship to the period matrix representations in §§4-6.

Remark 1.16. In general the monodromy v; = 7; s exp(4V;) about Z; is quasi-unipotent:

here v/ = 1 for some m; > 1, N; is nilpotent, and ;s exp(N;) = exp(N;)7yis. After
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a base change, the monodromy v; = exp(/V;) becomes unipotent, with an action of
the semisimple 7; s on the limiting mixed Hodge structures. We will not consider the
action of the semisimple factor v; s and so, for the purposes of this paper, will assume
v = exp(N;). We do note that ;s is of significant geometric interest; the assumption

is made here primarily for the purpose of exposition.
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2. CONSTRUCTION OF MAXIMALLY EXTENDED PERIOD MAPPING

2.1. Set-theoretic construction. We begin our discussion of the extensions (1.2)

with an informal description highlighting the underlying geometric ideas.
2.1.1. Let Z; denote the irreducible components of
Z = Z1U---uU Z,.

Define

z = Jz.

icl

Then Z; C Z; if and only if I C J. Set

z; = z\z;, zZ; = | 2.
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Given point b € Z7 we assume that the local monodromy about Z; is unipotent, and

let N; denote the nilpotent logarithm of monodromy, and
or = spang_ {N; i€ I}

the local monodromy cone. In general, o; depends on a local lift of the period map,

and so is defined only up to the action of T'.

2.1.2. The nilpotent orbit theorem [Sch73] associates to any point b € Z7 an equiv-
alence class of limiting mized Hodge structures (LMHS) (W, F, o). The weight fil-
tration W = W(N) is independent of N € o;. The Hodge filtration F' € D satisfies
the first Hodge Riemann bilinear relation, but not necessarily the second. It also
depends on the choice of local coordinates at b. The nilpotent orbit exp(Coy) - F' is
independent of the choice. Two such LMHS (W, F,o;) and (W', F’, o)) are equivalent
if and only if there exists v € I" such that o7 = Ad,o; (which implies W’ = yW) and
F' € vexp(Coy)F. Let

(2.1) ®T(b) = [W,F,0]"
be the associated equivalence class.

Definition 2.2. The completion §' is the set of equivalence classes of LMHS associated

to (B,Z;®) and ®" : B — @' is the map b+~ [W, F,0;]".

Remark 2.3. At least at the set theoretic level it is clear that ®T retains the maximal

amount of Hodge theoretic data in the triple (B, Z; ®).
Conjecture 2.4. The set p' is a projective algebraic variety and ®' is a morphism.

As evidence for the conjecture we have Theorem 1.7, which will be discussed in §2.2.
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2.1.3. Given a limiting mixed Hodge structure, (W, F, o), the Hodge filtration F

determines a pure Hodge structure of weight ¢ on
GI“ZV = Wg/Wg_l .

Any other F' € exp(Co;)F determines the same Hodge filtration 7(Gr,"). Let
f? = dime F7(Gr}") denote the Hodge numbers.

Given N € oy, the subspace
Prim),, = ker{N*™: G, — G}/, ,}

inherits the Hodge structure, and the later is polarized by Q(-, N*.).

Given o7, the weight filtration W = W (o) is uniquely determined, and we con-
sider the triples (Grl,J, o), with the Hodge filtration F(Gr)”) having the same
Hodge numbers f}, and the properties:

(i) Every N € oy maps 37(Gr})”) — F771(Gr)",).
(ii) For every N € oy, the induced Hodge structure F(Primy,,) is polarized by
Q(-, N*).
We say two such (Gr)V, F, o) and (Grl)/', ¥, o) are equivalent if there exists v € T so
that o} = Ad,o; (which implies W’ = W), and the induced action ~ : Gr) = Gr}"”’
satisfies y(F) = F.
Let

(2.5) (b)) = GV, F o)
be the associated equivalence class.

Definition 2.6. The completion §° is the set of equivalence classes of graded quotients

of LMHS associated to (B, Z; ®) and ®° : B — §° is the map b+ [Gr", F, o/]°.

The space §° is endowed with a natural compact Hausdorff topology with respect
to which ®° is continuous and proper, and the restriction of ®° to Zj is analytic,

[GGR21D].
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Conjecture 2.7. The set ©° is a projective algebraic variety, ®° is a morphism, and
we have a commutative diagram (1.2). This conjecture is discussed in general and

proved in special cases (including dim p < 2) in [GGLR20).

Remark 2.8. The extended Hodge line bundle A, is a natural candidate for an ample
line bundle on $°. The identification of an ample line bundle on $' seems to be a
more subtle question. Even in the classical case (§1.2.1), while I\ DT is known to be
projective, to the best of our knowledge no explicit ample line bundle is known. One

candidate is the line bundle of Conjecture 3.29.

2.2. Proof of Theorem 1.7. There are three steps.

(i) The first is to apply the Cattani-Deligne-Kaplan result on the algebraicity of
Hodge loci [CDK95] to deduce that the closure of

{(b,V) € Bx B| ®(b) = d(V)}

in B x B is an algebraic variety X.
(ii) The second step is to show that X defines a (proper, holomorphic) equivalence

relation on B. It then follows from [Gra83] that the quotient
o' = B/ ~
is a compact complex analytic variety, and the quotient map dT: B — oF is
holomorphic.
(iii) Since B is projective, it follows that ¢ is Moishezon [AT82, §5, Corollary 11],
and Serre’s GAGA implies ®7 is a morphism [Art70, §7].
It is in the second step where the new work comes. We informally summarize it here.
The problem is to show that X isa proper, holomorphic equivalence relation. For

this we must show that every point b € B admits neighborhood © C B and a proper

holomorphic map

(2.9) f:0 = c¢
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whose Stein factorization © 2 ® — C¢ has the property that the (connected) fibres

of f coincide with those of ® over O = BN O. Note that ® will then be proper on 0.

The basic idea is that any point b € B admits a neighborhood O C B with the

properties that:

(a)

Over O = BN O the period map is represented by a period matrix (§2.3).
This period matrix may be multi-valued — this multivaluedness comes from the

monodromy over O.

The infinitesimal period relation implies that the full period matrix is determined
(up to constants of integration) by a subset of the coefficients; we call these the
horizontal coefficients. The horizontal coefficients (gy,...,&4) : O© — C? are of
two types. Either the coefficient €; : O — C is well-defined (single-valued) and
extends to a holomorphic function on all of O; or ¢; is multivalued (and does not
extend to O), but 7; = exp 27ie; is well-defined (single-valued) and extends to a
holomorphic function on O.

Suppose that we index the horizontal coefficients so that ¢; is holomorphic if and
only if j <c. Then f = (e1,... 60, Test1,...,7a) : O = C% is proper over O, and
the fibres of f and @ coincide.

Given this structure, the existence of the finite map ¢ — @' follows from this period

matrix representation, properness and the infinitesimal period relation.

The sticking point here is the requirement that f be proper. It is relatively easy

to see that every point b € B admits a local coordinate neighborhood U C B with

the

property that ® may be represented by a period matrix over U = B NU (Remark

2.16). The issue is that the function f : U — C? constructed from this matrix

representation need not be proper. We will outline in §3.1 how to obtain the proper

map f: O — C? of (c).

2.3.

Period matrix representations.
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2.3.1. Hermitian D. The period domain D parameterizing polarized Hodge struc-
tures of weight n = 1 with Hodge numbers h = (g, ¢) is naturally identified with the
Siegel space H, of symmetric g X g complex matrices with positive definite imaginary
part. In this way each Hodge structure F' € D admits a period matrix representation.
We think of the period map ® : B — I'\ D as admitting a multivalued period matrix
representation.

More generally, any bounded symmetric domain may be parameterized by ma-
trices [Ise71]. So any period map ® : B — I'\ D into a locally Hermitian symmetric

space will admit a multivalued period matrix representation.

Remark 2.10. In general there are various realizations of D as an open domain in C,
d = dim D. The realizations are used in both the Satake-Baily-Borel and toroidal
compactifications of I'\ D, [BB66, Mum75].

In contrast, the non-Hermitian period domains contain compact subvarieties of
positive dimension (Example 2.11), and so can not be realized as subsets of any com-

plex affine space. These domains do not admit (global) period matrix representations.

Example 2.11. Suppose that D is the non-Hermitian period domain parameterizing
@Q-polarized Hodge structures of weight n = 2 and with Hodge number p, = h*° > 2.
Given (F? C F') € D, set C?*s = F? @ F2. Then the isotropic Grassmannian

C = Gip,,C*) = {E € Gr(p,, C) | Qlp =0}

naturally injects into D by sending E € Gr®(p,, C*s) to the Hodge decomposition
Vc=Ea®(E®E)'aFk.

2.3.2. Schubert cells and Pliicker coordinates. The compact dual D is covered by
Zariski open Schubert cells § ~ C¥; this biholomorphism is nothing more than the

Pliicker coordinates on 8. These coordinates are the period matrix representation of

Fes.
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Ezxample 2.12. Let D be the Hermitian period domain parameterizing weight one,
Q-polarized Hodge structures on V ~ Q2. The compact dual is the Lagrangian

grassmannian

D = LG(g,V¢) = {E€Gr(g,V)e | Qlp=0}.

Fix a basis {v1,...,v9,} of Vi so that

2g+1 ,
Q(U. U-) — (Siij ’ 1§Z§g,
v g2t 1<i<?
it > gtl=n g

Set E = span{vg,1,...,v,} € D. Any element in the Schubert cell
§ = {FeD|FNE=0}
admits a unique basis of the form
F = spanc{v, +&§us | 1 <a < g},

where we sum over g + 1 < s < 2g. The condition that F' be Q-isotropic (the first

Hodge-Riemann bilinear relation) is

0 = Q(Ua+§2087vb+€gvr) = 5? - 2;

where @ = 29 + 1 — a. So the ¢ define a biholomorphism 8§ — C99t1/2 These are

the Pliicker coordinates on 8 C D, and we say

g+1 29

1 { - !
g+l . 29

1] &7 &

is the matriz representation of F € 8.

Ezxample 2.13. Suppose that D is the non-Hermitian period domain parameterizing

Q-polarized Hodge structures of weight 2 and with Hodge number p, = h*° = 2.
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The compact dual is the ()—isotropic Grassmannian
D = Gi92,V¢) = {E€Gr(2,V¢) | Q|,=0}.

Given E € D, the Hodge filtration F2 C F! C Vg is F?2 = E and F' = E*+,
Fix a basis {vo, ..., v, } of Vg so that Q(v;,v;) = 07, ;. Set E = span{v, 1,v,} € D
so that B+ = span{vs,...,v,}. Any element in the Schubert cell

§ = {F?cD|F*nE*=0}

admits a unique basis of the form

F? = spang {’Uo + Zfévi, vy + Zﬂ%} )
i=2 =2

Set 1 = r—i. The condition that F? be Q-isotropic (the first Hodge-Riemann bilinear

relation) is
. 2
0 = 2+ ) &8,
a=2
B 2
(2.14) 0 = 2 + > &,
a=2

2
0 = &+&+> &
a=2

So the ¢ define a biholomorphism 8§ — C?'~5. These are the Pliicker coordinates on

8 C D, and we say

10|g -
0 1]¢ - g

is the matriz representation of F? € 8.

Definition 2.15. A period map ® : B — I'\D admits a period matriz representation
over an open subset O C B if there is an open Schubert cell § C D such that:

(i) The monodromy I'g over O preserves D N 8.
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(ii) The restricted period map O — I'o\ D takes value in T'o\(D N §).

In this case, the period matrix representation of ®|, is given by the Pliicker coor-
dinates on 8. The matrix coefficients will be multivalued when the action of I'y on

D N 8 is nontrivial.

Remark 2.16. Every b € B admits a local coordinate chart U with the property that
® admits a matrix representation over U = BNU. When b € B, this is an immediate
consequence of the fact that period maps are locally liftable and that D D D is
covered by Zariski open Schubert cells. In the case that b € Z, this is a consequence

of the nilpotent orbit theorem [Sch73].

3. PERIOD MAPPINGS AT INFINITY

The restriction of the map ®' in (2.1) to Z; defines a variation of limiting mixed

Hodge structures that is encoded by a holomorphic “period map”
(31) CI)[ : Z}k — (eXp<(CO'[)F])\D[ .

Here D; is the set of all F € D with the property that (W, F,o;) is a polarized
mixed Hodge structure. It is a homogeneous submanifold of D with automorphism
group Aut(D;) containing both exp(Coy) and I';, with the latter a subgroup of I'
centralizing the cone o7 [KP16]. Likewise, the restriction of the map ®° of (2.5) to
Z7 defines a period mapping

(3.2) ®Y:Zr — T\DY.

Here DY is a Mumford-Tate domain and a quotient of D; by a normal subgroup of
Aut(D;) containing exp(Co;). The map ®Y factors through (3.1), and we have a

commutative diagram

Zr 2Ly (exp(Co)T)\ Dy

T |

TA\DY.

(3.3)



16 GREEN, GRIFFITHS, AND ROBLES

See [GGR21b, §2] for details.

Modulo some finite identifications (which we shall not go into here) the restriction
of (1.2) to Zj is (3.3). In particular (and modulo those identifications), any fibre F

of ' — ©° is contained in a fibre of
(3.4) (exp(Cop)T)\D; — T/\DY.

The latter parameterizes limiting mixed Hodge structures (W, F, o) with fixed /constant
associated graded Hodge structures F? (Grgv). In particular, what varies along the
fibre is the extension data of (W, F, o). This extension data encodes a rich geometric

structure on the fibres of ®5. It is reviewed in §§3.2-3.4.

3.1. Period matrix representations at infinity. The purpose of this section is
to sketch where the map f of §2.2(c) comes from.

As will be discussed in §83.2-3.4, the extension data is filtered, and filtration
factors (3.4) as

(3.5) (exp(Cop)T))\D; — T/\D; — T/\DY.

The fibres of T';/\D; — T';\D? parameterize “level one” extension data (cf. §3.5.1).

The diagram (3.3) in turn factors as

ELIEN (exp( (C(I[ 'p)\D;

(3.6) \ I'/\D!
9 l

TA\DY.
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The map ®} is holomorphic. Both the ®% and the ®] “patch together” to define

proper, continuous maps onto compact Hausdorff topological spaces

— »l
B ——

(3.7) &

[

3l

See [GGR21b] for details.! Notice that ® = |, = ®!],.
Remark 3.8. If A is a ®°fibre, then the fibre F of (1.15) is ®T(A) and ®!(A) = F.

Let A' ¢ AY be connected components of a ®' and ®°fibre, respectively. Both
are compact, complex subvarieties of B. Given ¢ = 0, 1, the fibre A admits a neigh-

borhood @' C B with the properties:
(i) The restriction ®'[5: is proper.
(i) The period map ® admits a matrix representation over O = BN o

(Definition 2.15). The monodromy I'; about A! is particularly simple. Simple enough
in fact that the matrix coefficients of the representation over O' satisfy §2.2(b).
Whence we obtain the map f of §2.2(c). See [GGR21b] for details.

For both O' c O° the Schubert cell giving the period matrix representation
is given by (3.9) below. Fix any b € A° and consider any representative (F,o) of
®T(b) = [W, F,0|". The limit

Fo := lim exp(iyN)-F € D

Yy—r—+0o0

is independent of all these choices, cf. [GGR21b], as is
(3.9) S = {EeD|dim(Eam@):dim(FamE),\m,b}.

The monodromy I'g over O° fixes F, and therefore F,o, and so preserves 8.

lCaveat emptor: the “patching” may require that we make some additional identifications. That

is, ®Y

will factor through ®9, and ®!| . will factor through ®}. However, those identifications

z; |Z}‘

are finite, so that the maps ®%(Z7) — ®°(Z3) and ®}(Z}) — ®1(Z7) have finite fibres.
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3.2. Extension data for a mixed Hodge structure. To begin, fix a mixed Hodge

structure (W, F) on V' with weight filtration

0=W, C Wy C W, C---C Wop, =V,
and Hodge filtration

0=F"""c " c...c F' ¢ F° =1¢.

Set associated graded

Let H® denote Grgv = W,y/Wy_1 equipped with the pure weight ¢ Hodge structure
FP(Gr)Y).

3.2.1. Description. The extension data of the mixed Hodge structure (W, F') is the
set &y r of I'y—equivalence classes of mixed Hodge structures (W, F ) with the same
associated graded Hodge structure H* = H*. As will be summarized in 6A.1, it is a

discrete quotient

(3.10) Ewr = Tw\(Py - F)

of a complex homogeneous manifold, and it is an iterated fibre bundle
(3.11) Ewr = E%TF —» 53‘2;71 e Sﬁm — Eéva.

To describe the fibres, given ¢ > 1, let

Hom(H*, H**)
FOHom(H*, H*=*) + Homg(H*, H**)’

Ext(H* H" %) =
be the set of congruence classes of short exact sequences

0 = H* = Wy/Wi_eey — H¥ = 0
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of mixed Hodge structures; see [Car87] for further discussion. The base space &

parameterizes the level one extension data; it is a product

2n

Epr = EPExt(H* H )

k=1

of compact complex tori. The fibres

Ext, (W, F) «—— 55V,F
¥

-1

parameterize the level ¢ extension data. It also a product

2n
Ext (W, F) = @D Ext(H*, H*)

k=t
of (in general, noncompact) complex tori. The space 851/7 7 parameterizes the extension

data of level < /.

3.2.2. Constraints imposed by the infinitesimal period relation. Consider a complex
analytic map v : Z — 851/’ - In general, the maps that we are interested in will
satisfy the infinitesimal period relation dF? C FP~! and this has some important
implications for the map 1. To explain these, define

F~'Hom(H*, H**)

F'Ext(H* H"") =
UL HT) = ofom(EF, 57 + Homy (HF, 1)

C Ext(H* H**)

and
2n

F'Ext,(W,F) = @ F 'Ext(H* H*™) C Ext (W, F).
k=1
Note that F~'Ext,(W, F') is the product of a complex torus with an affine space C.

Keeping in mind that Ext,(W, F') is also a complex torus, we may consider translations
of F71Ext,(W, F) in Ext,(W, F).

If / = 1, then the infinitesimal period relation implies that ¢ : Z — SI}V,  takes
value in a translate of F'~'Ext; (W, F'). More generally, if ¢ > 2, and the composition
z % Evr — 5&7} of 1 with the projection of (3.11) is the constant map, then
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takes value in a fibre Ext (W, F) of £, p — 5&2 + and the infinitesimal period relation
implies that the map takes value in a translate of F~'Ext,(W, F).

If Z is compact and connected, then we obtain further restrictions on the map
vz — gév,p To see this, notice that F~'Ext,(W, F) is the product of a complex
torus with an affine space C%. If / > 2, then the complex torus has no compact factor,
so that F~'Exty(W, F) = C% x (C*)%. In the case that £ = 1, let T C F~'Ext,(W, F)
denote the maximal compact complex torus. Since Z is compact (and connected),
VoL = 5‘%[/7 » must take value in a translate of T. If £ > 2 and the composition

Z— Eyp— 5&7} is constant, then 1 : Z — &y, » must be constant. This establishes

Lemma 3.12. Let Z be a compact, connected, complex analytic variety and v : Z —
Ew r an analytic map satisfying the infinitesimal period relation AF? C FP~. Then
(i) The map wtod : Z — 5114,’F takes value in a translate of the mazximal compact

complez torus T C F'Ext, (W, F).

(i) If £ > 2 and 7*~' o) is constant, then 7° o) : Z — &, p must be constant. In

particular, 1 is locally constant on the fibres of w' o).

3.2.3. Extensions of maps to the compact torus. In practice the maps to extension
data that arise when considering period maps at infinity are defined on (noncompact)
quasi-projective varieties. So it is interesting to note that the maps to level one

extension data will extend to smooth projective completions.

Lemma 3.13. Suppose that Z* is Zariski open in a smooth algebraic variety Z. Then

any holomorphic map Y : Z* — T extends to ' : Z — T.

Proof. Let H;(-) denote the first homology group with Z coefficients, modulo torsion.
The induced ! : H;(Z*) — H;(T) is a morphism of mixed Hodge structures. The
mixed Hodge structure on Hy(Z*) = W_1(H(Z*)) has weights < —1, while H;(T) is

a pure Hodge structure of weight —1. Thus we have an induced map

o Hi(Z) — Gt H\(2*) — Hy(T).
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The morphism of Hodge structure « is, up to translation, induced by a holomorphic
map Alb(Z) — T. And the desired extension of 1! to Z is given by the composition
Z — Alb(Z) — T. O

3.3. Limiting mixed Hodge structures. A limiting mixed Hodge structure is an
equivalence class of polarized mixed Hodge structures (§3.3.1). As such it both carries
a richer structure than a mixed Hodge structure (coming from a cone of polarizing
nilpotent operators), and is a slightly coarser object (virtue of working with equiv-
alence classes. The coarser nature is due to the additional quotient by spanc{c} in
(3.16) compared with (3.10)). This dichotomy is seen when juxtaposing Lemma 3.12
above with §3.5 and Lemma 3.20 below. The richer structure gives us the ample
line bundles £, over the irreducible components of ®°fibres, and their relationship
(3.23) to the normal bundles NV, 5 (§3.5). This strengthens the first statement of
the lemma, and encodes the central geometric information arising when considering
the variation of limiting mixed Hodge structure (3.1) along Z;. The coarser nature

gives us Lemma 3.20 as the analog of Lemma 3.12(ii).

3.3.1. Definition. A mixed Hodge structure (W, F), with F' € D, is polarized by a
nilpotent operator N € End(V, Q) if

(i) the action of N satisfies N(F?) C FP~ for all p,

)
(ii) and N(Wy) C W,_, for all ¢;
(iii) the induced map N* : Gr,’., — Gr)\_, is an isomorphism;
)

(iv) the weight n + k Hodge structure on Prim) , = ker{ N**': G1}\\, — G1}/", ,}

that is induced by F is polarized by QY (-,-) = Q(-, N*.).

The triple (W, F, N) is a polarized mized Hodge structure. Given commuting nilpotent
operators Ny, ..., N, € End(V, @), the nilpotent cone

(3.14) o = spang_ {Ni,..., Ny} C End(Ve, Q)
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polarizes (W, F) if (W, F, N) is a polarized mixed Hodge structure for every N € o.
This is the case if and only if

(t1, oo stm) = exp(3;tiN;) - F

is a nilpotent orbit [CKS86]. The associated limiting mized Hodge structure is the

equivalence class
W, F,a] = {(W,F',0) | F' € exp(Co) - F}.

Given a polarized mixed Hodge structure (W, F, o), W is the unique filtration
satisfying (ii) and (iii). So we will sometimes let (F, o) and [F, o] denote the polarized

and limiting mixed Hodge structures.

Remark 3.15 (Relationship to Deligne’s mixed Hodge structure). Deligne has shown
that the cohomology H*(X;) of any quasi-projective variety Xy admits a functorial
mixed Hodge structure [Del74, PS08]. Suppose that X, is a projective variety and
admits a smoothing: this means that X can be realized as the central fibre of a family
{Xi}iea parameterized by the unit disc A = {|t| < 1} € C with X; smooth for all
t # 0. Fix t, # 0. Then Schmid’s nilpotent orbit theorem [Sch73] endows H*(X,,)
with a limiting mixed Hodge structure that depends only on the family {X;}ica+ of
smooth varieties, A* = {0 < [t| < 1}, not the central fibre X,. It is with these
limiting mixed Hodge structures that we are concerned in this note. However, we
note that the two mixed Hodge structures are related by the Clemens—Schmid exact

sequence [Cle77] and its generalizations [KL19, KL20].

3.4. Extension data for a limiting mixed Hodge structure. As in §3.2 we fix
a limiting mixed Hodge structure [W, F,o]. As above, we let H® denote Gr}’ =
Wy/W,_1 equipped with the pure weight ¢ Hodge structure FP(Gr,"). The condi-
tion §3.3.1(ii) implies that this Hodge structure does not depend on the choice of
(W, F,0) € [W, F,o]; that is, if F € exp(Co) - F, then H* = H".
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3.4.1. Description. The extension data of the limiting mixed Hodge structure [W, F), o]
is the a set &, p of equivalence classes of limiting mixed Hodge structures [V, F, o
with the same associated graded Hodge structure H* = H*. As will be summarized

in §A.2 it is a discrete quotient
(3.16) Eor = (exp(Co)lo)\(CL - F)
of a complex homogeneous manifold, and has the structure of an iterated fibre bundle

(3.17) Eor = 53’} — 53,7},?1 R ng — 5;,F-

To describe the fibres, set £ > 1 and let

Hom, (H*, H*~*)
F'Hom,(H*, H*~*) 4+ Hom, z(H*, H**)’

Ext,(H", H*) =

Here, Ext, denotes extension classes of polarized mized Hodge structures; in par-
ticular, Hom, denotes homomorphisms in the category of polarized mixed Hodge
structures, and Ext,(H*, H*=%) is the space of congruence classes of short exact se-
quences

0 = H* = Wy/Wi_eey — HY — 0

of polarized mixed Hodge structures. The base of the fibration (3.17) is

2n
Erp = EPExt.(H H),

k=1
parameterizes the level one extension data, and is a product of compact complex tori.
More generally, if £ > 3, then the fibre of
(3.18) ¢
—1
ga,F

parameterizes the level £ extension data

2n
Ext(o,F) = @) Ext,(H* H*).
k={
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It also a product of (in general, noncompact) complex tori.

If / = 2, then there is a natural map
k prk—2
spanc{oc} — Hom,(H", H"*)

(we say the nilpotent cone is “level two extension data”), and we may consider the

quotient
Ext,(H", H2) Hom, (H*, H*?)
spanc{o} - F%Hom, (H*, H*2) + Hom, z(H*, H*~2) + spanc{o} "
The fibre of
Eth(O’, F) 2
— &l p
(3.19) spanc{c} l
& r
is the quotient
Exty(o, F) é’é Ext, (H*, H*2)
spanc{oc} 7 spanc{o}

of the level two extension data by the nilpotent cone. The additional quotient by
spanc{o} here is due to the coarser nature of limiting mixed Hodge structures (versus
polarized mixed Hodge Hodge structures). The fibre is again a product of (in general,

noncompact) complex tori.

3.4.2. Constraints imposed by the infinitesimal period relation. In general the maps
Y : Z — &, p that we are interested in satisfy the infinitesimal period relation dF? C
FP=1 and this imposes constraints on v analogous to those in §3.2.2.

Briefly, we let F~1Ext (o, F') be the image of ®y>, F'~*Hom, (H*, H*~*) under the
projection @®>Hom,(H*, H*%) — Exty(o, F). Again F~'Ext/(o, F) is the product
of a complex torus with an affine space C?. The torus has no compact factor if £ > 2.
Let J be the compact factor of the torus in F~'Ext,(c, F'). The argument of §3.2.2

yields

Lemma 3.20. Let Z be a compact, connected, complex analytic variety.
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(i) Any holomorphic map ' : Z — SgyF satisfying the infinitesimal period re-

lation takes wvalue in a translate of the mazimal compact complex torus J C
F~1Exty (0, F).

(i) Let £ > 2. If a map ¥*: Z — €§,F satisfies the infinitesimal period relation and

the composition Z — EiF —» Sﬁ}l is constant, then ¥ must be constant. In

particular, any map ¥ : Z — E, 5 is locally constant on the fibres of p' o).

Remark 3.21. We are primarily interested in the case that Z is a fibre of one of the
two maps in (3.7). (These fibres are compact.) If A% is a connected component of
a ®'fibre, then the restriction ®'|,, takes value in &) . Part (i) of the lemma
implies that this map takes value in a translate of the compact torus J C 5;7 p- The
implication of part (ii) is more subtle to state. Informally it implies that the variation
of limiting mixed Hodge structure @T‘ 4 1s determined up to constants of integration
by a nilpotent cone. (See [GGR21b, Proposition 5.1] for a precise statement.) As will
be discussed next, the level two extension data coming from the cone is encoded by

sections of certain line bundles, and some of these line bundles polarize {.

3.5. Geometry of period maps at infinity. We now turn to the geometry of a
connected component A° of a ®°fibre as in §3.1. The fibre parameterizes limiting
mixed Hodge structures with fixed associated graded H®. So what varies along A°
is extension data. This extension data encodes rich geometric information via line

bundles over compact tori that are related to the normal bundles NV, 5.

3.5.1. Extension data as fibres. The fibres of the projections in (3.5) are

501717 — (GXp((CO'[)F[)\D] 5;17}7 — F[\D}
¢ and ¢
I'\DY I'/\DY

By definition ®J(A° N Z7) is a point of I'/\D}. So ®;(A°NZf) C & p. Ttis a
nontrivial fact that ®} extends to A° N Z;, and ®;(A° N Z;) C &} p as well. (In
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the case that A° is smooth, this is Lemma 3.13; see [GGR21b] for the general case.)
Likewise ®'(A°) C &)y p. Lemmas 3.12 and 3.20 imply that

(3.22) (A% C T C &yp and (A°NZ) C J; C &, p.
See [GGR21b, §4] for details.

3.5.2. Ample line bundles over level one extension data of polarized mixed Hodge
structures. Given o = spang_ {Ny,..., Ny, }, as (3.14), let N = spang{ Ny, ..., Ny, }
be the Z-module generated by the N;, and let N = Homgz(N, Z) be the dual. Every
M € N determines a line bundle £, over the level one extension data &, p- The fact
that the cone o polarizes the mixed Hodge structure (W, F') implies that there is a
nonempty subset N*2 C N of line bundles L3, that polarize the compact complex
torus J C S;y #; that is J is an abelian variety, see [GGR21b, §4] for details. This pos-
itivity is a general property of extension data of a polarized mixed Hodge structure.?
Given a limiting mixed Hodge structure arising in the context of a triple (B, Z; ®),
as in §1.1, these line bundles are part of a rich structure relating the geometry of the

®Ofibres to the normal bundles N, /B

3.5.3. The central geometric information at infinity. Let N 40 = spany{N; | Z;NA°? #
0}.3 Given any M € N 4o, the neighborhood O° of A° (cf. §3.1) admits a line bundle

Ly with canonical section sy, having divisor
(sar) = D (M,N})(Z:n0O.
In particular,
Ly = Y (M,N;) [Z]l

2See also [BBT20] where this positivity is used to prove that the image of a mixed period map is

quasi-projective.
3As defined, N 40 C W_5End(V, Q). A subtle point (which we elide here) is that the Z-module

N 40 is well-defined modulo W_3End(V, Q), and so should be regarded as a subset of Gr",End(V, Q).
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The sections s;; encode the information in the nilpotent orbit that is lost in the map
®; of (3.1) when we quotient by exp(Coy); see [GGR21b, §3] for details.
As in §3.5.2, each M € N 40 determines a line bundle £,; over the torus T in

(3.22). These line bundles are related to the normal bundles

(3.23) Lyl = (®'],0)"(Em) = D (M, N) Ny p o

An illustrative example is given in §4.3.5.

Remark 3.24. It follows from Lemma 3.20 that the extension data along A° that is
not encoded by the map ®! to level one extension data, and the sections s, (which
is level two extension data) is discrete. This is the sense in which (3.23) is the central

geometric information at infinity.

3.6. Applications. We now turn to some applications of §3.5.2 and (3.23). The
irreducible components of the ®°—fibre A° are all of the form A% = A° N Z; with
AN Z% (nonempty and) Zariski open in A°. Given any such I there is a nonempty
subset N5 C N 4o with the property that the £%,, with M € N2, polarize J; C T,
cf. §3.5.2. Furthermore, the set

N2t = (M eNs2 | (M,N;,) >0, Viel}
is nonempty [GGR21b, Theorem 4.3].

Example 3.25. Suppose that I = {i} and that A? = A° is irreducible. We may choose

M e N7 so that £%, — J; is ample and (M, N;) > 0. Then N*

Z./§|A0 is ample if

the differential of (I>1| 40 18 Injective.
More generally, we have

Corollary 3.26 ([GGR21b]). Suppose the differential <I>1\A(I> is injective. Then the

line bundle

(3.27) Y WM N) NG 5 p
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s ample.

Remark 3.28. The sum (3.27) is over those j with Z; N AY nonempty; this includes
those j € I, but will be a larger set when AY ¢ Z7. A subtle point is that we may
choose M so that the integers (M, N;) are positive when j € I; we are not able to
say the same when j ¢ I. This gives (3.27) somewhat the character of a negative
definite matrix whose diagonal entries are negative but whose off-diagonal entries are
non-negative. Suppose that we may choose M € N§[2’+ so that (M, N;) > 0 for all j
(in the sum), and that dim A7 = 1. Then deg (®'|40)"(£a) > 0. For j & I we have
Z;-AY > 0, so that (M, N;)deg [Zj”Ag > 0. This suggests that (M, N;)deg [Zi]|A9 <0
fori e I.

The next two applications of (3.23) are special cases of

Conjecture 3.29 ([GGR21al). Under suitable local Torelli-type assumptions, there

exist integers 0 < a; € Z and mg so that mA, — > a;|Z;] is ample for m > my.

Proposition 3.30 ([GGR21a]). Suppose that Z = Z; consists of a single irreducible
component, and d®' is injective on ®°—fibres. Assume also that the effective cone
EffY(B) of 1-cycles is finitely generated. Then the line bundle T1 = mA, — [Z] is

ample for m > my.

Outline of proof. It suffices to show that there exists mg so that (mA. —[Z])-C >0
for all curves C C B and m > mgy. Without loss of generality, we may assume that
C is an irreducible curve.

If the image ®°(C') is also a curve, then A.-C' > 0. So we will have (mA.—[Z])-C >
0 when m > 0. Now suppose that C' C A° is contained in a ®°fibre. Then A,-C = 0.

However, the hypothesis that d®! is injective and §3.5.2 imply that A/ ju B is ample.

o
In particular, —[Z] - C' > 0. O

Theorem 3.31 ([GGR21a)). Suppose that dim B = 2 and that the cone of Eff'(B)
of effective algebraic 2-cycles is finitely generated. Assume that the period map P :



COMPLETIONS OF PERIOD MAPPINGS: PROGRESS REPORT 29

B — T\D s locally injective, Z is connected, ®°(Z) is a point, and that there exists

mo and integers a; > 0 so that
L, = mA. — Zai[Zz-]
1s ample for all m > my.

Remark 3.32. Several of the hypotheses in the theorem may be dropped. See [GGR21a]

for a more general result.

Qutline of proof. Briefly, the argument is as follows.

The local Torelli hypothesis implies A? > 0. The hypothesis that ®°(Z;) is a
point implies A, - Z; = 0. The Hodge index theorem then implies that the intersection
matrix || Z; - Z;| is negative definite. There exist a; > 0 so that Z; - >, a;Z; < 0, for
all j [GGR21a, Lemma 2.3].

If C C B is an irreducible curve, then either C' N B is Zariski open in C in
which case A, - C > 0, or C' = Z; for some j. It follows that there exists my(C') so
that L,, - C > 0 for m > my(C). The finite generation of Eff'(B) implies that we
may choose mg independent of C'. The desired result now follows from the Nakai-

Moishezon criterion for ampleness. 0

Question 3.33. The proof above motives the following question. Suppose that O is
a smooth complex surface containing a reduced normal crossing divisor Z = U; Z;.
(What we have in mind here is that we replace the projective B with an analytic
neighborhood O of Z.) Given a period map ® on O = 6\2, suppose that the map
@Y collapses the Z; to points. Can we conclude that the intersection matrix || Z; - Z;||

is negative definite?

The final application is a constraint on the variations of limiting mixed Hodge

structure that may arise along the divisor Z when dim B = 2.
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Proposition 3.34 ([GGR21a|). Assume that dim B = 2 and that ® : B — I'\D
satisfies generic local Torelli (equivalently, ®. is injective at some point b € B, so
that dim o = 2). Then ®' is necessarily non-constant on some irreducible component

7, of Z.

Definition 3.35. The variation (W, F,
Z7 is of Hodge—Tate type, if the associated graded variation }"g(GrZVI) of Hodge

Z;) of limiting mixed Hodge structure along

structure is Hodge-Tate.

Remark 3.36. When the variation along Zj is of Hodge-Tate type, both the period

map ®° z; and map P! z: of (3.7) are locally constant along Zj. (The level one
extension data Ext, (o, F') is zero along fibre A° of ®°.) In this case all the information
BT

in ® 7

bundles Ly, — O° (Remark 3.24).

up to constants of integration, is encoded in the sections s;; of the line

Corollary 3.37. Suppose that B is a surface and that the limiting mized Hodge
structures along all of Z is of Hodge—Tate type. Then dimp < 1. FEquivalently, if
dim p = 2, then there is at least one Z; such that the variation of limiting mixed

Hodge structure along Z} is not of Hodge—Tate type.

Proof of Proposition 3.34. We argue by contradiction. Suppose that ®! is constant
along all of Z. Then ®° is necessarily constant along all of Z; that is, Z = A". Since

®1(Z) = ®!(A%) is a point in the compact torus T, it follows from (3.23) that

v

(®',)"(Ln) = > (M, N)[Z]|, is trivial

=1

So

v 2 v

0 = (Z(M, NZ->[Zi]> = Y (M,N)(M,N;) Z; - Z;

i=1 ij=1

The Hodge index theorem implies that the intersection matrix ||Z; - Z;|| is negative
definite [GGLR20, Lemma 3.1.1], and this forces (M, N;) = 0 for all i. As M is

arbitrary, this is a contradiction. 0
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4. DISCUSSION OF WEIGHT n =1

The goal of this section is to illustrate the constructions above in the classical
weight n = 1 case. The geometric interpretations of level one extension data for a
nodal curve C' (as discussed in §4.1.1 and §4.2) go back to [Car87]. In that work
Carlson considers Deligne’s mixed Hodge structure on H'(C'), for which all extension
data is of level one. The limiting mixed Hodge structure of a smoothing deformation
of C' also has level two extension data, and this is discussed in §4.1.2.

The period domain parameterizing pure polarized Hodge structures of weight
n = 1 and Hodge numbers h = (g, g) is the generalized Siegel upper half space 3.
For our illustrative example (§§4.2-4.3) we will take the case g = 2, as the significant

(classical) phenomena are all present in this case.

4.1. Geometric interpretation of extension data. Let C' be an irreducible curve
with p nodes {r;}*,. Let # : C — C denote the normalization. A smoothing

deformation of C' produces a limiting mixed Hodge structure (W, F, o), with
H ~ H'({r},), H' = H(C), H =~ H({r})(-1)
and
o = spang_ {Ny,..., N},

where N; corresponds to smoothing the i-th node r; € C. We may fix a basis of

Py GrZV = H? @ H' ® H° that respects this direct sum, and with respect to which

0 0 I,
Q=10 Q 0|,
~1, 0 0
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with @ the intersection form on H', and

0 00
N; = 0 0 0],
V; 0 0

where v; is the p x p matrix whose only nonzero entry is the i-th diagonal entry.

4.1.1. Level one extension data. Let 7='(r;) = {p;,q;} denote the preimages of the
nodes. A neighborhood of C' in the corresponding stratum of moduli is swept out
by varying C and the {pi,q:}. Restricting to a ®"fibre A corresponds to fixing
C. On that fibre, the level one extension data is Exti(W,F) = Ext(H', H%) &
Ext(H°(—1), HY). Setting D = U; {p;, ¢;} C C, the group Ext(H", H) parameterizes

the extension data in the sequence

0 — W y W, » Grl¥ —— 0
(4.1) ! | ||
H°(D) — HY(C,D) — H'(C) — 0.
It is
Homc(H', H°)
F°Hom¢(H', H°) + Homgy(H', H°)

~ (H®'/H}) @ HY ~ @J

where J(C) is the Jacobian variety of C and h° is the rank of HY. Then

hO

= ZAJé(pi_Qi) € @J(é)

(Here, we fix an ordering of {p;,¢;} € C.%) In the classical formulation using differ-

ential forms, we have
J(C) = H™/H} ~ HYQL)"/H\(C,Z).

Given w € HO(Qla) we choose a path v with 9y = _ p; — ¢;. Then ®! is given by the

map w —> fv w modulo periods.

4This may require that we take a branched cover for the family of curves.
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The group Ext(H°(—1), H') parameterizes the extension data in the sequence

0— Wl/Wo — WQ/WO _— GI‘;/V — 0

| | {
0 — HYC) — HY(C\D) — H°(D)(—1).

We have

Home(HO(—-1), HY)
FOHome(HO(—1), H) + Homg(HO(—1), H')

Ext(H°(—1),H') =

For each {p;,¢;} we choose n; € HO(Qlé(log D)) with Res,,n; = 1 and Res,n, = —1,
and Res,,n; = 0 = Resy,n; for all i # j. Then

n =Y n € H(Qk(logD)) ¢ H'(Q%(logD)) ~ H'(C\D)
lifts >_p; — ¢; € H*(D)(—1) and is well-defined modulo HO(Qé).

4.1.2. Level two extension data. The above is standard [Car87]. Perhaps less familiar
is the geometric expression of the level two extension data in terms of differential
forms and integrals. (As noted above, Deligne’s mixed Hodge structure on H'(C)
does not have level two extension data; but the limiting mixed Hodge structure given
by a smoothing deformation does.)

We are considering equivalence classes of limiting mixed Hodge structures with
monodromy weight filtrations {0} C Wy C W7 C Wy = V| and where both the Hodge
structures H* and the level one extensions of the mixed Hodge structure are fixed.
The fibre (3.19) is given the symmetric part of

Ext(H°(-1),H°) _ Homy™(H°(-1),H°)
exp(Co) ~ spang{Ny,..., Ny}

® C*.

Using the identification above, this data is represented by the off-diagonal terms in
hY x h® symmetric matrices whose entries are in C/27iZ. Those off-diagonal entries

are obtained as follows. For each i, we choose a path +; with 0v; = p; — ¢;. Then for
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F1GURE 1. Degenerations of Cj and their normalizations

@ ©, 08,
3@ 6w @D

1 # 7, the bilinear relations for differentials of the third kind give the classical

/ n = / n; modulo periods.
Yi Y5

Ezxample 4.2. The simplest and most classical example is when C =P and h° = 2:
in this case, the above construction produces the cross ratio of 2 pairs of ordered

distinct points in P'.°

4.2. Example: a 3-dimensional family of branched covers of P!. Consider the
family C = {C,p.} — P! x P! x P! of double covers Cyp.. 21 P! branched over six
points {0,1,00,a,b,c} C PL. Over the locus B C P* x P! x P! where the six points
are pairwise distinct, the branched cover C, . is a smooth curve of genus g = 2. The
curve Cp 1. 18 singular, consisting of two copies of P! identified at three points (the
curve Cs5 in Figure 1). We will consider the family {C,;.} in a neighborhood of this
curve. To that end, fix local coordinates t = (t1,t,13) at (0,1,00) € P! x P! x P! so
that t; =0 —a, to =1 —b and t3 = 1/oo — 1/t3. At a general point of {t1tat3 # 0}
the {a,b, c} are pairwise distinct and the curve is smooth. Our goal in this section is

to describe the maps ®° and ®! along the strata Z7}.

SWhen C' is not irreducible it is necessary to introduce combinatorial data arising from its dual

graph.
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FIGURE 2. Parameter space for curves

+s

4.2.1. Behavior along codimension one strata. A general pointin Z7 = {t; = 0, tot3 #
0} corresponds to a nodal curve C with p, = 2 and normalization 51 — C (Figure

1). The restriction ®°

z: 18 the period map for the family of elliptic curves {51}

In particular, the fibres of ®° z; are the curves where the cross ratio (1,00;ts,t3) =
(1 —t5)/(1 —t3) is constant. (This is represented by the green curves in Figure 2.)

The nilpotent logarithm of monodromy Z7 is

= o O O

o o o O
o o o O
o o o o

(This matrix representation is with respect to the basis {vy, v, v3,v4} below.) Here
the level one extension data J; is equivalent to the Jacobian J (6’1) and the mapping
@' along Z7 is essentially the Abel-Jacobi map AJg (p —¢). The level two extension
data is Exty(o, F') = Ext,(H"(—1), H°) ~ C*. This extension data corresponds to
the nilpotent cone o = spang_ {N;} (or rather its complexification, as in (3.19)).
The nilpotent orbit is encoded by the canonical section sy, of a line bundle L), — ©°
with divisor (sp;) = Z; N Q° (as in §3.5.3) that vanishes along Z; N O°.

The descriptions over the strata Z; = {to = 0, t1t3 # 0} and Zj = {t3 =

0, t1ty # 0} are similar, and the nilpotent logarithms of monodromy about Z; and
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Z3 are
[0 00 0] (000 0]
00 0O 00 0O
N2 = and N3 = y
01 0O 1 1 00
| 00 0 0 | |1 1.0 0
respectively.

4.2.2. Behavior along the coordinate axes. A general point of Z7, = {t1,t2 =0, t3 #
0} corresponds to a curve Cy with two nodes, and a normalization Pt = 52 ~ (Y

(Figure 1). Over Z;5 the limiting mixed Hodge structures are of Hodge—Tate type.

In particular, the period map ®° z:, 18 constant (Remark 3.36), as is ®! 2z, In
particular, both maps collapse the coordinate axes in Figure 2 to a point. The level
two extension data is Exty(o, F') = Ext,(H(—1), H®) ~ C* x C* x C*. These three
copies of C* corresponds to the nilpotent logarithms { Ny, N2, N3} of monodromy at

t =(0,0,0). As noted in Remark 3.36, all the information in ®T

4+» Up to constants
I
of integration, is encoded in the sections s, of the line bundles L, — 60, where

M € N with N = span, { Ny, Na, N3}.

4.3. Example: period matrix representations and local analytic structure

about Z7.

4.3.1. Limiting mized Hodge structure along Z5. Fix a basis {v, va,v3,v4} of Vi so
that vy = vy, U4 = v4 and Vo = —ivs. Let @ be the skew-symmetric bilinear form that

is represented by the matrix

]
|
—_
o o = O
o o o =
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with respect to this basis. Then
F' = span{v,vp}

and
Wy = span{vy} and W; = span{ve,vs,vs}

defines a limiting mixed Hodge structure (W, F, Ny).

4.3.2. Schubert cell. The reduced period limit is F1 = span{vs, v4}, and has complex
conjugate is

FL = span{vs, v} .

The Schubert cell (3.9) is the set
§ = {FeD|EnFL=0}

of all 2-planes E2 C V¢ that satisfy the first Hodge-Riemann bilinear relation Q| =0
and have trivial intersection with E This is precisely the set of two planes admitting

a basis of the form
E = span{v; + avs + vug, ve + Avs + vy} .
The coefficients define a biholomorphism (a, A\, v) : § — C3.

4.3.3. Period matrixz representation. If the limiting mixed Hodge structures along the
fibre A° are polarized by Ni, then A° admits a neighborhood O° C B so that the

matrix representation of ® over O° = BN O is given by

t

1 0 a v

(4.3) Dlgo =
01 N «

that is, given b € O°, the Hodge filtration F''(b) C V¢ parameterized by ®(b) is given
by
F'(b) = span{v; + auvs + vvy, vy = vz + avy}.
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In general (A, a,v) : O° — C? is multivalued (§4.3.4). However, if we restrict to
a local coordinate chart (¢,w) : U — C3 centered at b € O° and so that N is the
logarithm of local monodromy about {¢ = 0}, then the nilpotent orbit theorem implies

that each of A\, o, v — (logt1)/27i have well-defined holomorphic determinations.

4.3.4. Action of monodromy. Here the o, \, v are multi-valued holomorphic functions.

The multivalued-ness is due to the monodromy about A°, which is given by

(10 0 0]
a1l 0 O
V= 5
b 0 1 0
| c b —a 1]
with c € Z, a € Z +1iZ and b = —ia. The period matrix representation transforms as

t

1 0 a+b—a)\ v+c—ab+2aa+ a2\

(4.4) 7 Pl =
01 A o+b—al

Note that ) is a well-defined function O° — C.

4.3.5. Theta line bundle. If we write m = k(M, N) € Z, then locally the line bundle
Ly admits a trivialization with respect to which the canonical section s, is given by

the function
vm(t) = tlexp(2rimu(t)).

While 75,(t) is invariant under the local monodromy exp(/N;), we must also account

for the monodromy about the fibre A°. From (4.4) we see that 7p/(¢) transforms as
n(t) = 7 exp2mim (v(t) + a?A(t) — 2aa(t))
= 7u(t)exp2rim (a®A(t) — 2aa(t)) .

This is the functional equation for the classical theta function. We may normalize
our choice of coordinates t so that v(t) = (logty)/2mi. Then, taking m = 1, this
computation implies that ¢; - 9, with ¥ a section of the dual to the theta line bundle,
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is globally well-defined along A°; that is, the pull-back of the theta line bundle is the

conormal bundle.

4.3.6. Local analytic structure. Upon restricting to a neighborhood O' c O° of a
fibre A' C A°, the monodromy about A! simplifies to a,b = 0. In particular, the
functions «, A, exp(2miv) are well-defined over O = BN O, and extend (again, by
the nilpotent orbit theorem) to holomorphic functions on O!. This gives us the map

f = (a, N\, exp(2miv)) : O! = C? in step (c) of the proof of Theorem 1.7.

5. DISCUSSION OF WEIGHT n = 2

The goal of this section is to illustrate the constructions above in a non-classical
weight n = 2 case. We begin with a review of level one extension data in §5.1, and
then specialize to a class of surfaces with moduli space admitting a canonical pro-
jective compactification M that has been extensively studied by Franciosi-Pardini—
Rollenske [FPR15a, FPR15b, FPR17]. The compactification M; is highly singular
along the boundary, and it seems that it is exactly the extension data in the limiting
mixed Hodge structure that may guide a desingularization at a general point of the
boundary (Remark 5.4). The period matrix representation for family of surfaces with

pg = 2 is discussed in §5.3, and some geometric interpretation of this is given in §5.4.
5.1. Geometric interpretation of level one extension data.

5.1.1. Extension data for C' C X. We begin with the review the geometric interpreta-

tion of the extension data for a smooth, but possibly reducible, curve C' on a smooth

surface X. Then the relevant dual exact sequences are

HY(C)

H(X)
H*(X)

GysHY(C)

0 — — H*(X,0) — ker {H*(X) = H*(C)} — 0

— H*(X\C) — ker{Gys: H'(C)(-1) = H*(X)} — 0
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with Gys the Gysin map. Assuming for simplicity that X is regular, the numerator

of Extyps for the first sequence is
Homg (ker{ H*(X) — H*(C)}, H'(C)) .

It is convenient to write H2(X) = Hg'(X) @ H?*(X), with H?(X);, the transcen-
dental part of H?(X), and where the summands are orthogonal with respect to the
intersection pairing. Assuming for the moment that C' is irreducible, elements of
ker{Hg'(X) — H?(C)} are given by divisors D on X such that D - C' = 0. Unwind-
ing the definitions, we see that the extension class corresponding to Hgl(X ) C H*(X)
is given by the

D +— Ale(D-C).

For the transcendental part H?(X); of H?*(X), after factoring by the F%-part of
the denominator, a typical element is £ = a + 8 with o € H*°(X) = H°(Q%) and
€ HY'(X) with 8|, = dv, with v a (1,0)~form on C that is orthogonal to the
harmonic forms H*°(C). Given § € H,(C,Z) we have § = A for a 2-chain A in X.

The transcendental part of the extension class is then given by

<§,5>=/Aa—/5%

modulo periods. The term [ A @ is a membrane integral. (For more on membrane

integrals, see [KLMS06] and the expository [Lew06].)

5.1.2. Extension data for a pair of surfaces glued together along a curve. Consider
two smooth surfaces X; and X5 with smooth curves Cy C X; and Cy C X5 together
with an isomorphism C} ~ C5. Let X be the surface obtained by gluing X; and
X, together along the curves (via the isomorphism). For simplicity of notation, we

identify the curves and denote them by C'. Then

X = X1 Ue Xo.
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(The extension data for Deligne’s mixed Hodge structure on H?(X) was first studied

in [Car87].) A necessary condition [Fri83] for X to be smoothable is

(5.1) Neyx, =~ Noyx, -

In this case, there is a well-defined equivalence class of limiting mixed Hodge struc-
tures [PS08, Ste76]. Again for simplicity we assume that X; and X, are regular.

Then the limiting mixed Hodge structure has
H' ~ HY(C).
To describe H?, consider the complex
HYC)(-1) - H(X)) @ H*(X,) 5 H*(O);

here « is the direct sum of the Gysin maps and [ is the difference of the restriction
mappings. The smoothing condition (5.1) implies C? + C% = 0, as line bundles, so

that foa = 0. Then
ker 3

im«

H? =

is the cohomology of this complex.

5.2. I-surfaces. For a specific illustration of §5.1 we consider the Kollar-Shepherd-
Barron-Alexeev (KSBA) moduli space M/ of smooth, minimal, regular (¢(X) = 0),
general type surfaces X with K% = 1 and p,(X) = 2.° These surfaces are in many
ways the analog of genus two curves. The moduli space M is essentially smooth and
of dimension 28.7 The period domain D is of dimension 57 and the IPR is a contact

structure on D. The period mapping

®:M; — I'\D

6The discussion that follows is cursory. Some of this is discussed in more detail in [Gril9, Gril8,
Gri20]. A reader with a working knowledge of surface theory and mixed Hodge theory, and the

papers [FPR15a, FPR15b, FPR17] will be able to to fill in the details.
"This means that H YT X) is unobstructed. In particular, the Kuranishi space is smooth and M

is locally the quotient of an open set in C?® by a finite group.
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is locally injective, and the image ®(Mj) is a contact submanifold.®

5.2.1. The KSBA compactification. Unlike My, the space M; is highly singular along
the boundary. It is exactly the extension data in the limiting mixed Hodge structure
that may guide a desingularization of the boundary (Remark 5.4).

The surfaces X, parameterized by the boundary dM; = M;\M; have Q-
Gorenstein canonical divisor class Kx, and semi-log-canonical (slc) singularities. These
slc singularities have been classified [Kol13]. In the case that X is normal, and p € X

is an isolated singular point:
(i) If X, is Gorenstein, then p is either simple elliptic, a cusp or a du Val singularity.

(i) If Xy is non-Gorenstein, then p is a rational singularity. If X, is smoothable,
then we may assume that X, has Q—Gorenstein smoothable singularities [Hac16,

Kov13].

The period map ® : M; — I'\D admits an extension ®° : M; — §°, ibid. The
monodromy about points of type (ii) is finite. The monodromy about points of
type (i) is infinite and there is a nontrivial limiting mixed Hodge structure (W, F’, o)

associated with a degeneration X — X,.

5.2.2. The stratum N5. There is a 20-dimensional boundary component Ny C M;
whose general point corresponds to a singular I-surface X, that is normal, Gorenstein
and with a simple elliptic singularity of degree 2.° The resolution (55 , 5) — (Xo,p) of
this singularity is a smooth surface X , whose minimal model is a K3 surface X, with

an elliptic curve C' C X of self-intersection C% = —2. The map X — X contracts a

8The monodromy group I is of finite index in Aut(Vz,Q). Since K% = 1, the intersection form
is unimodular on the primitive cohomology. The ideal situation would be that T' = Aut(Vz, Q) and

that generic Torelli holds; but this is an important open issue.

9For us this example arose in the September 2017 meeting at Duke with Radu Laza, Marco
Franciosi, Rita Pardini and Sonke Rollenske and was instrumental in suggesting the use, in general,
of extension data of the period mapping at infinity as a method of (at least partially) desingularizing

the boundary of KSBA moduli spaces of surfaces.
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—1 curve E with E-C = 2. In particular, the image C' C X of C is a curve with one
node and self-intersection C? = 2. From this it follows that X is a 2:1 cover of P?
branched over a sextic curve C’; and that C' is a double cover of a tangent line ¢ to
.

Given Xy € N, consider a one-parameter degeneration X, — X, and do a semi-
stable reduction to have a smooth total space with normal crossing divisor X, over
the origin. From the Clemens—Schmid exact sequence [Cle77, Mor84] the simplest
possibility is that )?0 has a double curve isomorphic to C ; that is,

Xo =X Uz Y,
with Y O C a smooth surface. Friedman’s smoothability condition (5.1) implies

NE

oz = Ne

c/y -

The line bundle Né /% has degree 2. And if we think of Y as obtained from a smooth
cubic C in P2 by blowing up points {g;} on the cubic, then there must be seven points

¢; in order to have deg Né/y = 2.

5.2.3. The limiting mized Hodge structure. The nilpotent logarithm N of monodromy
for this degeneration has rank 2 and satisfies N? = 0. From the general procedure for

computing the limiting mixed Hodge structure over Q [PS08] one has the following
H' = &)Y = HYC), H? = Gty = HY(O)(-1)

and H? is the cohomology at the middle of the complex

Gysz HQ(X) pe
N T~
> H(C)(-1) ® H(0)

GYSY\ H2 (Y) /py

here Gysg and Gysy are Gysin maps, and pg and py are signed restriction maps.
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In more detail we will think of C' as a cubic curve in P? and will denote by C4
the curve C' in X, := )?, by Cs the curve Cin Xy := Y, and by f : Cy — C the
identification that glues X and Y. Denoting by E; the blow-up of ¢; € Cy in P?, we
have (Q-—coefficients)

HYY) ~ Q[Cy] & (8, QE]) .

The sum Gysg + Gysy maps 1 — [Cy] + [Cy]. The fact that (5.2) is a complex is the
topological consequence of C? + C3 = 0 of (5.1).

5.2.4. Level one extension data. We will be concerned with the algebraic part of the
level one extension data, which is defined to be the part of Extlyq(H(C)(—1), H?)
corresponding to the subgroup Hg!'(X) = HY(X) N H2(X,Q) of Hodge classes. It
will follow from the discussion below that, for a generic point of A5, the group Hg' ()~( )
is freely generated by the classes [C4] and [E].

Proposition 5.3. The algebraic part of the extension data is isomorphic to a direct
sum of copies of the Jacobian variety J(Cs). Letting h be the hyperplane class of
C C P2, the algebraic part of the level one extension data is given by the points
AJz(h — 3¢;) and AJs(h — Y biq;), where Y b; = 3. These points determine the

g € C up to adding a common element of order there to each of them.
Proof. If £ € Hg'(X,) = Hgl()?) and a, b; € Z, then map p = pg + py sends

€@ (a[]Co] + D bi[E)]) — &-C1 + 2a + >b;.

Then ¢(X) = 0 implies that ¢ determines an element of Pic(X) , and

D = f*(&) + a(3h—3q) + Ybig

is a divisor of degree zero on C; ~ C. So AJ &(D) is defined, and gives the level one
part of the extension data. This is equivalent to giving AJ5(h — 3¢;) and AJz(h —
> biq;), where > b; = 3, and these determine the ¢; up to adding to each a common
multiple of order 2 in J(C). O
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Remark 5.4. For the dimension count of 27 = 19 + 1 + 7, note that we have 19
parameters for X, one for C' and seven for the {g;}. The mapping ®7 is locally 1-1
on the data (X,C, {g;}). One may check that its image is locally isomorphic to the
blowup of Ny C M;.

5.2.5. Level two extension data. What follows is a very brief discussion to suggest
the general nature of level two extension data in this case; details will be discussed
elsewhere.

For a general I-surface X with one simple elliptic singularity the level two exten-
sion data is relatively uninteresting.!® However if X has two elliptic singularities,*!
then there is a interaction between them, somewhat in analogy to an irreducible
algebraic curve having two nodes that interact through a cross ratio type construc-
tion as in Example 4.2 and (6.2). The desingularization X will have two disjoint
elliptic curves 51 and 6’2 that contract to singular points pi;,ps € X. We choose
w; € HO(Q%(@)), i = 1,2, and with ¢; = Res (w;) a nonzero generator of HO(Qa).

The vector space Extlys(H(Cy)(—1), HY(C5)) maps to level two extension data, and

similarly with 1 and 2 swapped. We thus have a map
Hom(H(Cy), Hy(C)*) — Extyus(H'(—1),H").
Without giving details, an element of Hom(H(C), H,(C,)*) is given by

(801762) — w1,
Ag

where 6, € H 1(52) and A, is a 2-chain in X with A, = §». An interaction between D1
and p, is provided by using that w; is the limit of w;(t) € H°(Q%,) with w; (t) Awa(t) =
0 and the alternating bilinear form on H'(—1) given by (a, 8) = Q(Na, f3).

10To obtain more interesting classes in Extig(H(C)(—=1), HX(C)) one needs the elliptic curve

to have complex multiplication.

HThe cases when this happens are classified by [FPR15a, FPR15b, FPR17].
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5.3. Example: period matrix representations and local analytic structure.
This is a continuation of Example 2.13. Consider the case that D is the period domain
parameterizing pure, weight n = 2, ()—polarized Hodge structures on V with Hodge

numbers h = (2,7 — 3, 2).

5.3.1. Limiting mized Hodge structure. Fix a basis {vy, ..., v, } of V¢ so that Q(v;, v;) =

T
d{,,; and

o = —Vy, U = Vg, U = U3, and U, = vg V3<a<3.

Let {v°,...,v"} be the dual basis of V, so that {v, ® v’} is a basis of End(V¢), and
define a nilpotent operator by

N = ivl@)vi — iUz@Ui.
Then

F? = spanfug, v},

F' = (F)* = span{v,...,v3}
defines F € D, and and W, = 0,
Wy, = span{vi,vs},
W, = (VVl)L = span{vg, v3, ...V},

W3 =V, defines a limiting mixed Hodge structure (W, F, N) on D.

5.3.2. Schubert cell. The reduced period limit is the flag Fl,, given by F2 = span{vg, v3}

and FL = (F2)* = span{vg, v1,vs,...,v7}. The complex conjugate Fl, is
F_OQO = Span{vmvi}a E = (‘F_o2o>L - Span{v27 s 7UT} :

The Schubert cell
§ = {EcD|EnFL=0}
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is the set of all 2-planes F C V- that satisfy the first Hodge-Riemann bilinear relation
Q|z = 0 and have trivial intersection with F_C}o This is precisely the set of two planes

admitting a basis of the form

E = span{vo+258va, U1+fova} ;

a>2 a>?2

as in Example 2.13. The infinitesimal period relation is given by either of the following

two equivalent expressions
B 2 B 2
(5.5) —dg) = ) &rdgy and  —dg) = ) grdel
a=2 a=2

5.3.3. Period matriz representation. If (W, F, N) is a limiting mixed Hodge structures
along the fibre A°, then A° admits a neighborhood O° C B so that the matrix
representation of ® over O° = BN O is given by

t

2 a2 1 ¢0
56) o, - |08 @ S8 G

0 1]& & &4 &

IN
e
IN
el

The horizontal entries of the period matrix representation are the {£f, £§ }a<q<3. The
matrix coefficients £ ¢ {&}, €1, €2} are all holomorphic on O (but possibly multival-
ued). Additionally 2 vanishes along Z N 0.

5.3.4. Local coordinate expressions. As noted above, the matrix coefficients &' ¢
{€5, €L, €2} are all holomorphic. Working in local coordinates (¢, w) € A* x A% = U,

the three non-holomorphic matrix coefficients are given by
G(tw) = il(t), &tw) = -0, &tw) = —ilB)E  mod QU),

where
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5.3.5. Action of monodromy. The £ are multi-valued holomorphic functions on 0% =
BN O The multivalued-ness is due to the monodromy about A°. This monodromy

has matrix representation

. -
0 1 0
0 0 1

(5.7) v= 10 9 a8 g ,  3<a,B<3
W% B F 100
0 M 7 7 01 4
| 0 0 7% 0 00 1

The condition that v € Aut(V, Q) preserve the polarization @ is d,; = Y. 7<75. The
condition that v € Aut(Vg, Q) is real is W = VU, ® V.

The functions &7 and €2 €0 — €2 €0 are well-defined (T 4—invariant) functions. The
other functions transformation in a somewhat complicated manner, cf. Table 5.1,
where 3 < a, 8 < 3.

TABLE 5.1. Action of monodromy on period matrix representation

Q+1%E, & &+158, & &-N6;
E+W+BE+TNE, & G+Bn8+mE + T8,
Q+R0G+BE+0L), & &+15+188 - W(E+58);
S+n+BE+T0E -7 (53 +y+ g+ 27358“) 7

g ded+dg+lg+38 - R (@ +A8+4g+ i)

1 1 1

I

5.3.6. Local analytic structure. Upon restricting to a neighborhood O' € O° of a fibre
A € A°, the monodromy about A" simplifies to 73 +~5 = 0, and v} = 0 for all other
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FIGURE 3. Semi-stable reduction family

X Ko
Y d W

A . .

i < j. All the horizontal entries {f, £} ba<o<s Of the period matrix representation
are well-defined and holomorphic on 0!, except f% And while E% is not well-defined,
exp(2mm€?) is for some 1 < m € Z. This gives us the map f in step §2.2(c) of the
proof of Theorem 1.7.

5.4. Classical period matrix interpretation for a smoothing deformation of
two surfaces glued along a curve. The objective of this section is to relate the
period matrix representation in §5.3.3 to the classical geometric presentation of the
period matrix. This discussion will be informal, and follows from [Cle69, Cle77].

The basic set-up is a semi-stable reduction family

X
(5.8) L

A.
Here A = {|t| < 1} C C is the unit disc, the fibres X; = 7~1(¢) are compact, X, is a
reduced normal crossing divisor, and the restriction X* = 7~1(A*) to the punctured
disc A* = {0 < |t| < 1} is a holomorphic fibration. Fix a fibered neighborhood
U C X of the singular locus of Xy, and set U; =U N X; (Figure 3).

5.4.1. A toy model: nodal curve. It will be helpful to warm-up with the n = 1 case
that X; is a curve. Consider a neighborhood of the singular point p in a nodal curve

(Figure 4). Because the nodal curve is only a local normal crossing divisor, it must
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FiGURrE 4. Nodal curve and neighborhood of singular point

s 2

FIGURE 5. Fibres X, and X;

8
2 X <
T Y
q
o 7
5

FI1GURE 6. Neighborhoods Uy and U,

e
H

be replaced by Xy = P! U E with P! N E = {q,¢'} (Figure 5). The normalization

X, =P UX,

1

Xo
of X is the disjoint union )?0 =P! I_J)A(O of the projective line with an elliptic curve )?0.
The degeneration X; — X is obtained by shrinking the vanishing cycle § € H;(X})
to a point p, and then replacing p by a P! with two marked points {q,q'}.

We consider a neighborhood U as pictured in Figure 6 with homology classes

d ~ 09 € Hi(Uy) and v € Hy(Uy, 0Uy) satistying 0; - v = 1. Here curves d§; and
are homologous in both the local and global pictures. When we move to the n = 2
case (§5.4.2) this will not be automatic; rather it is a consequence of the necessary

condition (5.1) for the smoothability of Xj.
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We now turn to monodromy, the limiting Hodge filtration and the period matrix

representation. The nilpotent logarithm of monodromy is given by
Ny =6 and Né = 0.

For F}! = H%(wy,) we may choose a framing {w; (), ws(t)} with the following proper-
ties:
o We have w;(t) € H°(Q%,) when ¢ # 0, and w;(0) € H°(wx,) has residues 1 at
q,q . More specifically

wi(0) € H(Q% (¢+4))

determines a unique differential in H°(P', Qg (¢ + ¢')) by prescribing opposite
residues at the points {q, ¢’} of X, and P
o We have wy(t) € HO(2,) and the pull-back of w(0) to the normalization Xo =
P! L X, vanishes on P! and is a holomorphic (1,0)-form on Xo.
The period matrix for {w; (), ws(t)} may be normalized to take the form (4.3). That
is, wi(t) is represented by the first column [ 1 0 «af(t) v(t) |* and ws(t) is repre-
sented by the second column [ 0 1 A(t) «f(t) |- Here a(t), A(t) are holomorphic,
with Im A > 0; and (3(t) = v(t) — £(t) also holomorphic. Specifically,

o1 [swe B 1 0 1 0
f7w1 fnyQ v(t) «ft) B(t)+L(t) aft)

The entry a(0) encodes the level one extension data, which is
Alg (a—d) € 3(Xo),
where X, is the elliptic curve C/(Z + \Z), given by A = A(0).

5.4.2. The example: smoothing of two surfaces glued along a curve. We now turn to
the n = 2 case that X; is a surface. We want an analog of §5.4.1 when the central
singular fibre

Xo = Y1 Uc Yo
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FiGure 7. The curve C

consists of two smooth surfaces Y; glued along a smooth double curve C. With the

[-surface example (§5.2) in mind, we assume
Pe(Xy) = hQ’O(Xt) =2 and g¢g(C) =1
(Figure 7), and denote by C; the curve C in Y;. We will have
C? = —d,

with d > 0, and C; may be contracted to a simple elliptic singularity in a normal
surface. We assume that X, admits a smoothing deformation as in (5.8). By (5.1)

we must have
2 — .

We will take Y5 to be a del Pezzo surface.

The idea is to use the n = 1 picture (§5.4.1). Fix a point p € C' and let C’ be a
hypersurface section of X, that contains p and is transverse to C' (Figure 8). Then
p is a singular point of C’ and the neighborhood U N C” of p in C’ is as depicted in
Figure 4. As we allow the point p to vary over the curves @ and  in C' (Figure 7),
the 1-cycles 61,02 in C' (§5.4.1) will trace out 2-cycles Ay, Ag, and Ay g, Ay g in
U, C X;. Tt follows from Cf + C3 = 0 that Ay, = Ay, and Ay g = Ay s in Ha(Uy).
So we may write A, for A;, and Ag for A, 5.

Again letting p vary over the curves o and 8 in C, the relative 1-cycle v in C’
(§5.4.1) traces out two 2-cycles I'y,I's € Hy(Up, 0U;). We assume that the cycles
{Tw, T3, Ay, Ag} are the image of cycles, denoted by the same symbols, under the
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FIGURE 8. The curve C' C X,

hf S v

map o of
H?*(X,) ——— H*(Uy)

I [
Hy(Xy) —— Hy(U,,0U).

The vertical isomorphisms above are Poincaré and Poincaré—Lefschetz duality, respec-
tively.

This gives us a Z* = span,{A,, T, A, ['s} in Hy(X;) whose intersection matrix
is
0 O
0 -1
-1
0

[ 0
0
0

1

.
0

0 0]

0 0

The action of the nilpotent logarithm of monodromy on this Z* is given by

NFO[ZAOH NFﬁZAB and NAO“Nﬁﬁzo.

Turning to the Hodge filtration F?, the procedure of §5.4.1 applies here to give
w;(t) € H(wx,), where w;(0) € H(wx,) has Poincaré residue Rescw:(0) € H*(Qf)

with

/Rescwl(()) =1, /Rescwl(()) = A, ImX > 0.
o B

The basis {vg,...,v} of Vo = H2; (X, C) in §5.3.1 may be chosen so that
spanc{vi, va} = spanc{I’}, I} and spanc{vy,va} = spanc{A}, Aj}. (By this nota-
tion we mean that (v;,I'y), (v;,I'5) = 0 for all ¢ # 1,2; and (v;, Ay), (v;,Ag) =0
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for all 7 # 1,2.) The period matrix (5.6) is

L Oh(t) P)  f(&) | b@)—il@)h(E) y(t)

S M) A a(t) +il(t) | c(t) — ILONE) ()

With the exception of ¢(t) = (logt)/2ri, all the functions above are holomorphic.
Additionally h(0) = £2(0) = 0. The entries

- _ Tt t
S & | _ | W) —1DhE) y(t)
P& c(t) —il(E)A(t) (1)
are determined up to constants of integration by the horizontal component
_ ¢t t
g gl | Po s
P g A(t) A(t) a(t)+il(t)

of the period matrix. In fact, three of the four parameters {58,511,5? + 53} are de-
termined by the first Hodge—Riemann bilinear relation (2.14). The remaining degree
of freedom f? — fg is determined up to a constant of integration by the infinitesimal
period relation (5.5).

We take Y5 to be the del Pezzo surface obtained by blowing up 9 — d points on
C C P? (in order to satisfy C3 = d). The entries A(0) = £5(0) encode level one
extension data that geometrically arises from the points p; € Pic'(C). The level
two extension data is encoded by a(0) + i£(0) = £2(0) and ¢(0) — i£(0)A(0) = £1(0).
Of course, £(0) is not defined; we address this by taking exponentials: the function

exp 2mE2(t) = texp(2ma(t)) is well-defined and holomorphic on A.

6. DISCUSSION OF HODGE—TATE DEGENERATIONS

There is an extensive and long standing body of literature on variations of graded
polarized mixed Hodge structures of Hodge—Tate type; for recent references see [Brol4,
Gon01, Hai%4] and the citations therein. One may anticipate that from (3.23) those
arising in this paper, as variations of ltmiting mixed Hodge structures, will have addi-

tional special properties. We close the paper with a brief discussion in this direction.
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6.1. Hodge—Tate example: weight n = 1. Here we are considering limiting mixed
Hodge structures (W, F, o) on V = Q% with Wy = W and W, = V so that H! = 0
and dim H° = ¢g. The extension data is all of level two, and upon a choice of basis,
the set of extension data will be given by g X ¢ symmetric matrices all of whose entries
are NONZero.

By Lemma 3.20(ii) the extension data of level < 2 determines, up to constants of
integration, the full extension data. We wish to discuss this in the special case that
the limiting mixed Hodge structure (W, F, o) is Hodge-Tate type, cf. Definition 3.35
and Remark 3.36.

Example 6.1. In P! we choose g distinct pairs of points (p;, ¢;). For each i we choose
t; # 0 which gives an identification T,,P' ® T; P! ~ C. It is standard, and will
be explained in more detail in the current context in ([Gril8] or [FGG*20]), that
is data gives a first-order smoothing of the g—nodal curve obtained by identifying
p; and ¢;. In particular, there is a well-defined LMHS. If N; is the logarithm of
monodromy corresponding to smoothing the i—th node, then N = N; +---+ N,. The
diagonal entries of the symmetric matrix are the ;. The off diagonal entries are the

exponentials of

Pj Di
qj qi

J

modulo periods, where 7; is the unique differential on P! with poles at p;,q; and
normalized to be dlogt; (modulo a holomorphic 1-form) near p;. Then (6.2) is the
logarithm of the cross ratio (p;, ¢;;p;, q;), cf. §4.1.

The number of parameters of the p;, q; is 2g — 3. There are g of the t;’s, giving
the total number of parameters 3g — 3. On the other hand, as noted above there are

g(g + 1)/2 parameters in the extension data for a general LMHS. For g = 2,3, the
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numbers are equal, but for ¢ > 4 we have g(g + 1)/2 > 3g — 3, so that there are

algebraic Schottky relations among the cross ratios (p;, ¢;; p;, q;).*?

Remark 6.3. In the weight n = 1 case the infinitesimal period relation is trivial. For
non-classical Hodge—Tate variations of limiting mixed Hodge structures there will be
universal infinitesimal Schottky relations imposed by the infinitesimal period relation;

see §6.2 for some discussion.

6.2. Hodge—Tate example: weight n = 2. Consider a local coordinate chart
t = (ty,...,tx) : U — A* with U = BNU ~ (A*)* at a point b € Z with a
Hodge—Tate limiting mixed Hodge structure (W, F’, o). The existence of a Hodge-Tate
degeneration implies that the Hodge numbers h = (h?9 a1 h02) satisfy h20 > pbL.
For notational convenience we will assume that h?° = Ab!, and let h denote this
common integer. Let Ny, ..., N; denote the nilpotent logarithms of monodromy, and
set
N = Ny +---Ng.

We may fix a basis {v1,...,v5; Nvg, ..., Nvg; N2y, ..., N?v,} of Vg that is adapted
to both the weight filtration

Wo = Wi = span{N?vy,..., N2}
Wy = Wy = span{N?vy,...,N*v;; Nvy,...,Nuv,},
and the Hodge filtration
F? = span{vy,..., o5}

1 . :
F* = span{vy,...,vn; Nvy, ..., Nuop};

PThere is extensive literature, both classical and current, concerning Schottky relations. The
papers [SB19, SB20] are particularly relevant here as they involve interesting Hodge theoretic con-
siderations. The smoothing of nodes process is also discussed. For the variations of graded-polarized
mixed Hodge structures of Hodge-Tate type and that arise from arithmetic considerations the finite

Schottky relations correspond to identities among polylogarithms [Brol4, Gon01, Hai94].
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and so that
2
Q(UZ',N ’Uj) = 52 and Q(N’Ui,NUj) = _61']',

and all other pairings are zero. Then we have matrix representations

0 0 I 0 0 O
Q = 0 =1 0 and N; = v; 0 0
I 0 0 0 v 0

The commutativity of the /V; is equivalent to
(6.4) vy = V.

The period matrix is

I 0
) P | = | x) T
V() X(0)

Here X(t) is the horizontal part of the period matrix, and is linear in the £(¢;);
the component Y (¢) is quadratic in the £(¢;). (In both cases the coefficients are
holomorphic functions on U.) The block X (¢) encodes the level two extension data
along the fibre A%; the matrix Y (¢) encodes level four data. The first Hodge-Riemann

bilinear relation yields
(6.5) Y+Y' = X*X.

(The skew-symmetric component Y — Y involves no ¢(¢;) terms; it is holomorphic on
U.) The infinitesimal period relation dF? C F' is equivalent to Q(dF?, ') = 0; that
is,

(6.6) dy = XtdX,

so that the level four extension data Y'(¢) is determined (up to constants of integration)

by the level two extension data X (t). The presence of the ¢(t;)d¢(t;) terms in the
right-hand side of (6.6) give Y'(t) the qualitative character of a dilogarithm. For
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more on the connections, both established and conjectural, between polylogarithms

and Hodge-Tate structures see, for example, [Gon01] and the references therein.

6.3. The Hodge—Tate case: period matrix representations. If the variation of
limiting mixed Hodge structure along the fibre AY of ® is of Hodge Tate type, then
we may choose our basis of V¢ so that the corresponding period matrix representation
of @ over O° has the property that the horizontal matrix entries ; : O° — C are either
well-defined (single-valued) and extend to holomorphic functions on O°, or function
7; = exp(2rie;) is a well-defined (single-valued), holomorphic function on O°. These
define the functions f = (e1,...,6c; Tex1,...,7q) : 00 = C? of §2.2(c). An implicit

point here is that for Hodge Tate degenerations we may take O° = O

APPENDIX A. LIE THEORETIC STRUCTURE OF EXTENSION DATA

Here we summarize the structure of the extension data as the discrete quotient

of a complex homogeneous manifold; for details see [Car87, KP16].

A.1. Mixed Hodge structures. The set of all mixed Hodge structures (W, F') with

the same associated graded H® = H* is a homogeneous complex manifold
Pyc-F = {F|(W,F)is a MHS with H* = H°}.

The automorphism group PI}V,C is the complex unipotent radical of the parabolic
subgroup
Py = {g e Aut(V) [ g(Wy) =W, V [}

of automorphisms preserving the weight filtration. Notice that every g € Py, induces

a well-defined element of Aut(W,/W,_), which we will also denote g. Let
PIEV = {g € Py | g=1¢ Aut(Wg/Wg,k), A g}
be the normal subgroup acting trivially on the quotients. Set

T'w = Pﬁm
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Then the extension data is given by (3.10), and the iterated fibration is given by
Ewr = Tw-Pyit\(Phe - F) = PyN\Ewr.

A.2. Limiting mixed Hodge structures. The set of all polarized mixed Hodge
structures (o, F ) with the same associated graded H* = H* is a homogeneous complex

manifold
CheF = {F ] (0, F)isa PMHS with H* = H*}.
The automorphism group 037@ is the complex unipotent radical of the centralizer

C, = {g€Aut(V) | Ad;JN=N,V N €}

of the cone. We have C, C Py . Notice that every g € C, induces a well-defined
element of Aut(W,/W,_i), which we will also denote g. Let

OCI: = {g e C, | g=1¢ Aut(Wg/Wg_k), Vg} = C, N P‘]fv
be the normal subgroup acting trivially on the quotients. Set
FO’ — 001.72 .

Then the extension data of the limiting mixed Hodge structure (o, F') is given by

(3.16), and the iterated fibration (3.17) is given by

Ep = (exp(Co)ly - Cot\(Coc - F) = Cot\Eor
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