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Errate

The following errata have beon noticed. The list can make no pretoence

of completeness.

Page 11. Eg. (34) should rcad

=

'97‘{: Le fci%’t%.

#
Page 12, In Eqe (36),the * on b, should be omitted in the formula for 4% .

Page 24. In Eq. (73), the last term should be y/"e% and not C}T%,

&
Page 27. Eq. (87) should have the EmEn in the integral replaced by ufu, .

I'd

Page 33, below Bq. (109)., The suffixes on the N's in £ eare missing; 1t should

read an(Nl, eeey Nn, ooo) -

)
Page 94, line 1l. Replace /3 =1 by /3 = E;zf- .
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THE THEORY OF THE POSITRON AND RELATED TOPICS

by

WOLFGANG PAULI

The general program of the seminar, so far as the early part is con-
cerned, can be stated now. Leter there will be time for the discussion of
topies that cen be decided on during the course of the lectures.

We shall discuss first the recent theory of Pauli snd Weisskop{ deal-

ing with the relativistic wave equation for particles having zero spine It may

well be described as the Anti-~Dirac Theoryl We shall then consider the Theorz

of Holes in the Heisenberg formulation, which encounters very bad singulerities,
and, later, an application of the thedry,by Euler and Kochel, to the problem of
the scattering of two light quenta with each other. This process has the same

,
relation to the generation of pairs as dispersion to absorption, so it is proba-
ble that such o process takes place. But it is not yet decided whether the the-
ory agrees well, quantitatively, with experiment.

" The scattering of light quenta by light quanta occurs on any theory in
which the Maxwell equations for the vaéuum are modified by the introduction of
non-linear terms, Two recent theories of this type, the one starting out from
the theory of holes and the other, due to Born, from the electromagnetic field,
have recently been propounded. There is an interesting connection between
these two theories that we shall discuss in its turn.

e begin with a discussion of the scalar theory of Pauli and Weisskopf.

First of all, some general remerks.
Tt would seem that Dirac overestimated the rigor of the a priori argur

ment that the density of the particles must be of the general form




(1) P = Z VAR

This density requires the use of linear differential equations of the first or-

der, of the form

(2) X 3% Hy.

<
where H is a hermitesan operator.
Now before Dirac's work there already existed the relativistic wave
equation, due to Schr8dinger, which has the form
131‘7” z

3 = 2 —_——_n 2 n Y :

(3) s = At Ay-micty,

(m will throughout denote the rest mass)

with the corresponding density of charge

* K

@ p=-2(3E¢- v
2;522 thought that one could exclude this /5 for reasons taken from the general
transformation theory of quantum mechanics. These reasons are correct only if
we have to do with a one~body problem, and the vhole idea of Dirac's theory was
to treat the relativistic one~body problem. But the further developments of
the Dirae theory have led to the discovery of the significance of the negative
energy states, and to their interprebation in terms of positrons. And in this
new interpretation of the Dirac theory we no longer have a one-body problem
since the generation of electron-positron pairs is an intrinsic part of the whole
theory. We shall see, in fact, that the number of particles is, in general, no
longer an integral of the mo%tion. Thus Dirac's argument for his /3 cannot hold.

However, we know. that the electron .has a spin and for this reason we

must introduce spinors. The most convenient way to do this is as in the Dirac

equations,
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The scalar theory will not give spin. But it has some advantages
over the Dirac theory from a logical point of view. For, when there are pairs,
we have not to look for the density of particles but for the density of\charge,
which is independent of pair production, This charge can take on both positive
end negative values. Thus we should no longer require that the density of en-
ergy shall not be positive definite, but that the density of charge shall be
capable of taking both signs. '

In the SchrBdinger theory the energy density is actually positive def-

inite, being, in fact,
u X
) W= —ﬁ B\P B‘P‘T{C ?AML({/ ij} + m* cl"k}) kf)

In the Maxwell theory the energy density is also positive definite. But this

is not the case in the spinor theory, for there it has the form
td

/(6) lP*H\;P , (szo(ﬁs%ﬁ-#(s'mc")‘

From the point of view of pure invarian£: theory, one could try to introduce the

different expression

y* . 2
(7) 2 n Y
for the energy density. But this expression too can take on negative values be-

cause the matrix

(8) /3 ~ o
o
(@)

has negative eigenvalues. It seems that the spinor representation can never

give a positive definite energy density.
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In the scalar equation, then, the charge density can teke both signs

while the energy densiby is positive definite. But if we want a quantitative

theory of pair production we must, as in the theory of holes, introduce second
quantization. In the theory of holes this step is necessary in order to make
transmutation between energy and matter disorete instead of continuous. The

introduction of second quantization in the scalar theory makes no difference to

the annihilation of metter, but is necessary for a good theory of the production

of pairs. This is gquite analogous to the effect of the field quantization on

the theory of absorption and emission of radiation.

The Dirac theory and the theory of holes are in some ways similar;

but in the latter we must introduce some artificial operations to obtain the
right expressions for the density of energy. The second quantization and this
subtraction process save the fheory from the dangers of the infinities, as we
shall see later.

Artificial subtractions of infinities are not necessary in the scalar
theory with second quantization, but the results of this theory are very similar
to those of the theory of holes, even quantitatively. For example, the proba-

bility of pair production takes the same form in both theories, only the numeri-

cal coefficients being different. The same is true for other effects, but this

unfortunately includes some undesirable results. Thus the polarization of the
vacuum and the self-energy of particles become infinite, just as in the theory

of holes. In both theories the polarization comes out as the logarithmically

divergent integral in momentum space

. d [£]
(9) | 4]

The infinite polarization of the vacuum implies that no free charge can exist,

for if we should place a charge in a vacuum it would surround itself with an
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equal and opposite charge. And, again, since the photon cannot exist without
virtuelly generating pairs, it follows that its self-energy is also infinite in
the seme way as the particle self-energy.

All this indicates that the electromagnetic field and the material
wave field are not to be considered as independent entities. It is not natural
to make a difference between the electromagnetic energy and the energy of pairs.
We cannot even know how much of the energy is due to pairs since we cannoﬁ know
how many pairs there are == only how much energy and charge. In all experiments
that measure the density of particles, we always produce, if the wave-length 1is
small enough, an undetermined number of peirs; but the charge density (es also
the current density) has a well defined lecalization in space and time so that
we can have a well defined function'r)(x, t) to deseribe it. TWhen second quan-
tization is introduced this still holds, since in this case, if the charge densi-
ties at two different points of space~time are /3(x, t), /g(x', t'), there exists

-
the commutation rule (at least for t! = t)

(10) ip () £), P (=, t)]= 0.

We do not know about the possibility of measurements of field quantities in re-
gions whose spatial dimensions are of the order of the radius of the electron,
but such distanoes are outside the domain of the present scalar theory. It is
indeed characteristic of wave mechanics in general that one always assumes that
the apparatus of measurement is itself not atomistie.

The relationship between spin and statistiss has an interesting math-
ematical interpretation in the quantized scelar theory. Experimentally we
know that if we have Bose statistics the spin will be zero or an integer, while
if the spin is an odd multiple of a half the exclusion principle holds. At
first this was merely an initial postulate'in theoretical work, but it seems

that in the relativistio theory the spin and the type of statistics are mathe-
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matically connected since the exclusion principle is necessary for the development

of the theory of holes. We ask, ther&éfore, whether it would bé possible to ex-

clude mathematically the possibility of particles having zero spin but obeying the

exclusion principle. Such particleq, of course, do not exist physicélly. It

turns out that they can be excluded methematically by the following reasénable

postulates:

1) the theory must be relativistically invariant; .

2) the operators of physical quantities, such as energy-momentum and density~
current, must be hermitean;

3) [/g(x,(:) , o(zje)] = Q.

This result is an advance over the non-relativistic case. We shall prove it

later.

We shall now consider the mathematical details of the Anti~Dirao Theory.
7~
It is convenient to begin with the case where no external forces are
present since the whole of the mathematical structure is exhibited in this case,

and we can then discuss the general case rather briefly later, We shall find

that the use of second quantization in the manner of Heisenberg and Pauli leads

automatically to the result that in this case we have to do with particles of op=-
posite electric charges which will be able to transmute into each other.

As usual, we must start with the wave equation. We can derive a rela=
tivistically invariant wave equation from the variational principle
(11) 5j L de'datelxdolx® = O,

where*

* We shall always use Greek indices to take on the values 1, 2, 3, 4, and Latin in-
dices for the values 1, 2, 3. The coordinate x% is ict.

Do o,

TR S

L L AR
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A=

(Note that, as always in the relativity theory, the signs relating to space and
to time come out opposite.)

The wave equation obtained in the usual manner from this variational principle

is
15) AP - é%»t—f— - '-”-’3,2-:%19/ = O,

and the energy-density tensor tekes the form

e L/ 3YE Y PV
a0 T, =-Ae (S 3 T 50 "‘“") L Sy -

Thus the total energy is

and the total momentum

——

=~ P YAkl J:L cgich
(16) G&—*—:Jﬂng’ -H(%Z’if 3R 3 ) V.

(ile shall always placc a bar over integral quantities to distinguish them from
local quantities. The arrow denotes that the gquantity beneath it is a vector, )

The component T¢9_ of (14) is positive definite so that the totael energy H is
4

also positive definite. However the energy scalar =, T,,. can take nega-
tive values.

Before we can introduce second quantization we must bring the theory

to canonical form. Denoting hermitean conjugates by means of a *  we inbtroduce

e

wrm i mmme— m @

— % eeed e trow

T  —
A . ———— g S d———

3



the canonical conjugates 77, ¥ * of Y/, q)* by the usual equations

_ L 2L Dy « 1 L .

The equation of continuity is

z,u
2S, - O

(18) S 7
Vz!

where

Sk
(19) SY = eﬁct’(%f&ﬁu” %%

thus the charge density is

*
(20) P= Y 9 %%‘(//W‘S?
which we can now write in the canonical form
(21) p= -l (M- ¥y,
Dirac himself long ago pointed out that this charge density is not positive def-
inite.

To carry out the second quentization we introduce the formelism de-

veloped by Heisenberg and Pauli. Tt is a generalization of the ocase of a finite

mmber of degrees of freedom, for we now have a non-denumerably infinite number.
We shall later see how we cen replace this continuum by a denumerable set of
values.

In the second quantizetion (7, W ) will be analogous to the (p, q)
of the ordinary theory. But this analogy is not exact since here , QU are

not hermitean operators. Were they hermitean the density-current vector would

{

vanish identicallys

The Heisenborg=Pauli formelism of second quantization is applicable to

any classical relativistic field thoory and will always lead to a relativistic
quantum theory. But this thoory will alwoys deal with particles obeying the

Einstein-Bosc statistics, This is becausc in the case of large gquantum num-




y

bers the fields become classical only if we have Einstein~3ose statistics. It

is not always possible to find a scheme of quantization that will lead to the

exclusion principle.

The commutetion rules of the present theory are

(22) L [meae), Prxie)] = S(x-x)

(23) [T, Wi ] = S (x-x),

there being commutation between 7r and 77 *, 7r and L//*, or * and k// , and
Y and Y *.

In the above commutation rules the time is always the same for both
quantities, It will appear later that if no forces are present we can write
down explicit formulas for the commutation rules for different times. The
adventage in writing down the rules for the some times is that if we use dif-
ferent times, the quantities *w, 4’ must satisfy the wave equation identically
and so the commutation laws must agree with the wave equation. But if we take
the times to be the same, the values of 77, kﬁ are erbitrary for the common
time and so in writing dovm the commutation rules we no longer need to take ac-
count of the wave equation. This procedure, however, ceuses the relativistic
invariance to be far less obvious than in the classical theory; but this is per=
haps merely an aesthetic inconvenience. Dirac has occupied himself in bring-
ing the relativistic invarionce back to the surfoce.

Since (_f:I., ?}'ﬁ) are the canonical conjugates of (%, xﬂ'), we obtain
the well-known rules that, if f is a function that can be expanded as a power

series in W, r * ) W) s& *, then
2 M
(24) S—é = % [H, f:] 5

¥s L =
(25) S-alé% = —-%__ [Gg,ﬁéj‘

— .

P e I T T

AB By Ay S W .. M PP Ph P BT a
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A very important consequence of the formalism, ard one, moreover, that is trivi-
al mathematically, is that
(26) E/o(x),/)(x’)jzso , (& -—-é’)
For, if x = x', this is obvious, while,if (x-x') is finito, it follows from the
infinitesimal character of the commutation rules. (We shall talk of commuta-
tion rules as having an infinitesimal character when all quantities cormute for
t = t' and (x~x*') finite, The cammubation rules of the presoent thec;ry are ob-
viously of this type.)

In order to see the physical significance of the theory it is conven=
ient to introduce the momentum spaces To go over to momentum space, we expand
all quantitics in terms of plane waves. We can avoid Fourier integrals and ac-
complish this expansion by means of Fourier series by cmploying some convenient

’ —_—

artifice. TFor example, we could assume rocflecting walls. However, we shall
here accomplish it by introducing, merely formally, the condition of periodicity,
which means that the functions arc not changed when the variobles are increased
by an amount L. If we write v for the volumo L? , we nay then expand any k}l
; ~4
in the form L{/(I): \_L_NZL,U egﬁ(ﬁ.-?)

i -
From (17) it follows that any #* x) may be oxpanded in the scme form, while

the L/J*(x) and ’7.7’(1) will require minus signs in the exponents. Thus we

may write PN
2 ([ﬁ.zJ ¢(ﬁ- %)
q)(x) = ;E: ‘ﬁé 5 77%?) = Cé;—;;: 7TJ,
%€

—L(ﬂ )

(@
Yo = ZL@@ , M= L )

(27)

and inversely,
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(28) N M(g,() P )
‘7‘)# = J\f’(r) € co | M = 75 W(x).e_((g‘ c}w
.)

The vectcer ’g (the propagation vector) will now always have components that are
integral multiples of 2’77’/L. By this artifice, applicable to every qvjzantity,
we obtain a denumerable number of variables.

The x's are c~numbers, but the Fourier coefficients f& are' gv»numbers,
and it is easy to verify that the commutation relations conserve their canonical
form:

@) < D%, 4] =& e, 9 =8

£¢ ) Te ¢
This conservation of the form of the commutation relations is due not so much to
the fact thet we have used pla}le waves, ag thet these plane waves form a com-
plete orthogonal set of functions. The form will be conserved if we expand in ;
terms of eny complete orthogonal set of functions.

Let us, for the sake of brevity, write

(30) E, = +c /2L |

Then we find that the Fourier coefficients of the energy and momentum are

(31) H Z_Hﬁg /.Jﬂ_ 77;:77 +E€2tﬁ:%7
@ G=-TZG; G=A (MU~ TR¥;).

In the same way we find that, if o, ? are respectively the total charge j/_so&f
and the total curront (590&1') then the corresponding Fourier coefficients
v
are
— . ¥ % )
(33) -eﬁ,: - 21 (WQ%“W,{‘ W,ﬁ J

and

(34) é

-
&e /fcﬂ//f % .

<l
fl

t
¢

[ Y]

O e m— - — s —— Wy N N e
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It will tuen out that, unlike the other gquantities, the 9,;;_ will still depend
on the time.
We have, ror H {{ , and e‘f, quadratic forms in the variahles
Wﬁ , gh/{, ’77/;* s \-{/ﬁ , and it is easy to see that these forms commute with
each other. 1o may therefore bring them simultaneously to the normal form.

We do this by means of the interecsting change of variables

W (s v ) (o dered 00,
where
L}Ez - ¢ *
7;%-, = (Qg+ ), (/2‘:' Jg“”j;—.;g’—’ (“qﬁ"’@{i )z
66) ) v JES ‘ £ < &
. VEg pg—
kB0 dy), Hp=virm (k4

with the inverse
- e ’ , %
U — ¢ JF S S NS S 1
QK‘O’L("EA L Eﬂ'%), Qk“Ji(Vfﬁ * TE/E %’4),

(37) . ,
b~ (5 70 T 9y ) B (98 TH BN )

We find that the comutation rules still retain the canonical form:

(38) [aﬁ/az]: S{p 7 [gﬂ/g;]: gﬁg’

while the various Fourier coefficients take the forms

(39) Hﬂ (Q‘K Qﬁ + g‘ﬁg )/

(20) _G;=/fﬁ'(azﬁﬁ”4§*£ﬁ ),

e = e(aag- 434 ),

’71 O?rﬁ 0”"’@2# {& a, +/)

(41)

(42)

YT

The (+1) in the formula for —ﬁ& is the zero point energy.

axa

e e wma

rwwr o oTT TTTET T T T T
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The total current does not commute with the energy:
-
(43) LY, B]#O.
Thus we cennot simultaneously bring the total current into a similar form.

vrom (43) and (24) it follows that the total current is not independent of the

time.
It is the quantities
3
at
(44) __ ag ’Pg'g s aﬁ éﬁ .
in /4 that prevent it from commubing with the other expressionsa Such guan-

tities are well known from Dirac's theory of rediation. Indeed, we know that

if we write

+ N - ol
(45) N,=a*a , Ny =4¢2¢,
the quantities Ny, Né will, in view of (38), have the integral eigen-values
0, 1, 2, 3, «oo o And from the relation between the energy (39), the momenbum
(40), ond the charge (41), it follows that Ng is the number of particlos having
-
momentum /f A and charge +e whilo N:é is the number of particles having momen-
—9
tum (-'K/g ) and charge (=e). We can therefore interpret a, , bJ?l s o.}: R bi

as operators of a very simple character. We must introduce the SchrBdinger.

functional @(, N‘E , seen, Ng‘:, seee), and then wo have

g B (s NG o) = T B (Nl ==-),
az@(“‘“/ Né?"') = m @('" N;i""/)’“)/
LB (o Nz, ) = g D (= Ng-i, =),
’g‘;@(-—v ‘é)ﬂ—’) = L A/‘g’-f/ @(“"} N‘g+’) "““)_

The operators N. and N correspond to the production and snnihilation of pairs.
R P =

£ =

Let us investigate how the expressions (44) that enter _9 vary with

(46)

the time. Applying (24) we find that




I ]

m £
: [ . 1 ﬁ
{ | a = - a X - ! e &%
: }' wn 1 F zZ 8, %=rFF %,
- i 2R j % . Eg g
i which, on integration, give

’: @y = Qo). exh (—é%é}) azsa;/o). e«/m(ﬂf&l-),
M s 4 * . &
i lg ﬂ(o). ) (“:%f’)J Aﬂﬁ: ‘&{o),%ﬁ(-{»»t ,:gié)

-
-

i 2 - %

] i Hence the terms (44) oscillate with the frequence ZE_‘/;f"', This corresponds

] ;i to the "crembling movement of Sohr8dinger's interpretation of Dirac's equatitns.
It is characteristic of the present theory that though we have both

positive and negative frequencies, we have only positive energy states, Physi-

cally, the formulas (36) mean that we have made = separation of the quantities

lf_’g“ , Wg* , kﬂ&* into tetms having positiye frequencies and terms hav=

l
| l]
! [ ing negative frequencies. This will turn out to be of great importance when
;. Pi

' |‘ we come to discuss the exclusion principle.

| t It is not possible to find a relativistically invariant expression for

the density of the particles since we cannot define, in an unambiglhous way,

T

quentities of the type N¥(x), N(x) that would have the significance of the

density of particles of charge (+e) and (-e) respectively. This is also the

case in the theory of holes.

The charge density p(x) does not commute with total number of posi*

i‘iz tively charged particles Nt Z N‘& , nor with the total number of negatively

charged particles N~ = § P bu‘b only with their difference (N - N ). Hence

f
"2- we must conclude that, in this theory, every measurement of localization of the
|

charge density will make impossible a simulbaneous knowledge of the total number

of particles, and this means that an undetermined number of pairs will be pro-

duced whenever such & measurement is made.
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The whole theory is actually symmetric between positive and negative
charges. Ve cen see this directly if we apply the transformation HJ"5 \Y*:
QJﬁ—a |+) to the originel formulas since this leaves the energy and momentum
and the commutetien rules unaltered and merely changes the sign of the density-
current vector. Thus this transformation smounts to merely changing the sign
of e throughout. We shall find that this symmetry between positive and nega~
tive charges is characteristio also of the theory of holes.
We proceed to the question of the possibility of obtaining the Fermi

statistics while retaining the relativistic invariance of the theory. This

work is as yet unpublished end will appear in the Annales Poincare.

The question is not a triviel one. For, though we can always obtain

a theory leading to the Einstein-Bose statistics, it is only a fortunate acci-

Ed
dent when we can make a theory that will give the exclusion principle.
d We must first consider in more detail the signifiocance of the wvaria-

bles & and b, and the possibility of generalizing the Einstein-Bose case. Only

then can we discuss the possibility of a theory leading to the Fermi statistics.

Now equations (48) show that there is a separation of the &Hi's and
7Tﬁ 's into two parts, one part having positive frequency, the other negative
frequency. We can go back from the \+éh's to the original \%"s by means of
(27) and the parts of positive and negative frequency will still be separated.
Since a Lorentz transformation does not mix up positive and negative frequencies,
the two parts will each be relativistically’inVariant -~ at least for the case
in which no external forces are present.

We find that

+ -
(49) k(J=‘P+‘P;
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B where B * 7

S __i:- ag (.(K?) - o ™ =L Qf& -g(%,?)
; {P(ZJ(;) = \,L-T § H ;E,ﬁ. 2. 3 \":(")é) - ﬁi" Z Ea: e }
! ; e 'y A

| (50) , (B2 o+ , k)
| Pt = = =t fﬁ- e \71)"((%4») =1=) X :gﬁ. elh->

? Y= = = - 7 Bl ) Vo - VE, .

These two parts must now satisfy differential equations of the first order in
the time derivatives, namely
! -+ <
" . "
] Ké%: =+4 ,’—J?CA#—M"C-" v, '
3

i (51) —

7 3F - i HATE P

kA B 2 -«
These equations contain the very disagreeable operator \):’& A Fwmict .

! It is really an ebbreviation for the introduction of the Fourier series since we

can only interpret it in terms of a Fourier expansion.

1
I
{ Fd
“ The equation (51) is equivalent to
| ‘OCP&. o7 52 +
. 2 .
| . AN - +i AR gy, ate,

A‘L
so that the operator \/-—v‘ﬁ A +wiet is equivalent, in the Fourier case, to

multiplication of each component by a constant. It is not a point operator,

but owing to the infinitesimal nature of}the commutation rules, it actually de-
pends only on a finite domain of the sm,a:11 dimensions ;K /’Mc . The introduction
of this operator was not necessary for the results previously obtained, but for

’f the discussion of possible generalizations of the theory it is essential.

We shall need to introduce a function that is a generalization of the

Dirac S -function. The Dirac S-function can be put in the form

S ot R, AR,

(52) da) = 51;)'3

[I+ which converges after integration of the x's over a finite domain. We intro-

duce the 8,—functi-on by
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d( k%)
2 Al A, dA, .
J/{"—/gz_}_,mz‘_a

(53) cg(x) = @"’{)3

Thu
(54? 3(1) = J— . 8(")»
~FEL\ +met

and we have
. { == -x’ )l’) (7{1)'/4
(85) \/—"-:RlAiw'c‘ f(x) 52(1 ) f[

It is now possible to formulate the commutation rules for the LV and

——

\.}). Using (50) and (38), we find

["I’(x,(‘)) :‘5'&(1',(')] = —-2'—3 (X-:L"))
[\P (= €, “?*(1’, EB = +3 8,(26-—34'))

while there is commutation whenever s <+ and -~ are concerned together.

(56)

If we want commutation rules for t 7! tt we must first generalize the

definition of the g-function by writing
(%6) = Gy X oop, A1)+ JERSE ] yfif o,
2 - (LT
g* /’,—Eagz_,w-.cz
3,_(75!*\): i+ (1,-—(’).

We can also give an implicit definition of these g's owing to the fact that they

(67)

must satisfy the wave equation. We have, in fact, for some arbitrary time t =0,

8,,,(:00) = g_[%o): ~FW d¢x) ,
L) - L (3) = iy,

~
X0 xX,0

r et —_
PR P

(58)

The commutation rules are now expressible in the form
+ + % £
[P, ¢¥xie)) = =43, (376 ¢),
- -~ - it
[P0, §¥t )] = +4g- (b 72,

(59)

[esen

P



all this being for the case of no external forces.

If we put into the expression for the density-current vector the sep-

"‘ eration of LP into two parts, we find, after same rearrangement whose purpose

will appear lster, that

| S, = Q{'CL[( S i) ( QF V)kl)
i g% v ’
1 S - S%“’ Y bx"”'

| 5 i
k| We may now consider the important question of the possible ways in

which the theory can be generalized.

If we require that all physical observables shall be represented by

that the density-current vector shall satisfy the eguation of continuity, but

'If‘ no longer insist on the Hamiltonian canonical formalism, nor on the infinitesi~
: I . -
mal character of the camutdtion rules, we may generalize the theory by intro-

i ’ hermitean operators, that the theory shall bé relativistically invariant, and
|

|/ ] ducing three arbitrary constants in &,, so that it now reads

|

|
yl (61) sz-e‘ﬁ'c«,}’-c,( ) + -ﬁz( ) + C3( )].
1 (.
] H It is easily verified that the three parts separately satisfy the cquation of
Tl continuity, and the Lorentz invariance of each parenthesis is obvious from its
form when it is remembered that each \P is a gcalar under the Lorentz group.

Let us investigate the physical significance of these constants. The

I
; value of the total charge is now given by
X
-
(62) @:z J(JGZ‘U" = 'QZ (CI«Q%Q"R'~ Ct‘g‘ﬁ_‘gﬁ ) )
A

the ¢, not entering this expression. It follows from the form of e that
(¢, o) and(-c:,)- are respectively the charges of the positive and negative particles,

¢ . determines the magnitude of the part of the current démnsity /_)(x) that gives

3
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rise to the process of annihilation and generttion of pairs, and if it is zero
there will be no such annihilation and generation.

It must be admitted that we have not shown that the extension to this
more general theory is possible if external fields are present, and it is almost
certain that difficulties will arise in this case.

The cenonical or anti-Dirac case is given by o = ¢ =04 and in this
case we can eliminate the non-point operators. We have proved that it' is an im-
mediate consequence of the canonical formalism and of the infinitesimal charac-
ter of the commutation rules that in this case |
(26) [ pe,pee]= o,

This result is very desirable on physical grounds and we therefore ask what
values we can give to the c¢'s without destroying it. The c's must all be real
if /3 is to be hermitean, but if we work out the conditions thab (26) shall

hold we find we must have

2 2
¢f=ci=ctl 5 ¢ = C,C,

4 3
so that
(63) €= ¢y cy==*¢,,
This seems to hold the new possibility °, = cg = "oy but it is actually the

+
canonical case over again. This is easily seen if we change the sign of \*}

—~——c

relative to that of k*} throughout the canonical theory, since the only

We are now prepared to investigate the possibility of obtaining the
exclusion principle. We make the postulate that the equations for the Fourier
components of the energy and momentum, (31) and (32), shall still hold but that
the N's, instead of having the eigen values 0, 1, 2, 3, ..., shall have only the

eigen values 0, 1. We can satisfy this condition, in the well-known memmer due

to Wigner and Jordan, by means of the equations

éffect of this change is to alter the sign of Cy Thus the canonical case is

the only case in which we may still have (26) satisfied.
L y A v ( ,
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e o=, (. 4], =5,

where

2 [A,B] = AB+BA

With (64) we of course also requtre, not that a&, a‘e , for exemple, shall com-
mute, but that [a&, aé]_}shall be zero.

Now these rules mean that the N's of different proper oscillations
will commute and every N will have only the eigen values O, 1. Therefore this
mathematical scheme is completely equivalent to the exclusion princir;le without
any arbitrary postulates, and it does not seem as if we can introduce the prin-
ciple <in an essentially different manmer. We cannot postulate an equation of
the ’cvpe €] if we want aﬁ to be hermitean,

We can work out the commutation rules for the &P's for the present
case, and it is necessary to bf very careful of the signs. It turns out that
we now have | _ T
[Pze), PH(e)]pe =g (===, = Loyl

4y r
CPet), F*ie)], = +4 g (== Y, Pt i
with (:%«F*_]; 0 etc. bt ¢t =0

It is ehsy to see that the plus signs on the left of (66) must prevent

the setting up of quantities obeying commutation rules having an infinitesimal
character. Tor let us evaluate [’if(:(-,f:)) ‘{)[156)] + for this theory..

We have

¥ X
[raayEs], = [ M”*ﬂ s Pl "35')]
gt w« e—JJ F [, 9], =
= +4: \/':tr'A +'m7‘c‘ [‘F{z,ﬁ')} i}’[’;t’)]*"’f—'j -*A.M“!LL L.;,,;‘:";‘/"')J ¢(Ijl—-)]+ (%'(51))

= 44 JFari {4 § o] L [ p T - £ g ()] (G 6)
O.

i

e

Y R s
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Thus ¥ and HP will not commute at all, but will enticommute everywhere. In

the Einstein-3ose case the single minus sign on the right of (56) changes the

sign of the second term in the analogous argument for [?76 94]__ so that in-
stead of zero we get ~i g;(x-x') by (54). On the other hand, we have

(W8, P ¢)] L= [ % ¢ ), qj/x,’z-}]j BP;’)H; Plxt ):L: 3 (x-x")

whereas in the Einsbtein-~Bose case, there was
[¥8 , pe)] =0
Yle have shown, however, that it is possible to construct a relativis-
tically invariant theory that leads to the exclusion principle.
We can introduce the some :?v as before, and the c's must still be
real. If we now require that (26) shall be satisfied in this theory, we find
that

2 T .

2 5, CiCy=0C.Cy

which have no real solutions!

Thus if wo want (26) to be satisfied, the theory to be relativistical-
ly invariant, and physical observables to be represented by hermitean operators,
the exclusion principle is impossible. But if we renounce (26) we can obtain
o theory leading to the exclusion principle, though even in this case difficul-
ties will arise when external forces are present.

In the non-relativistic theory both types of statistics are possible,

but in the theory of holes the Einstein~Boso statistics is not possible, while

in the scalar theory, which has zero spin, the Permi statistics cannot occur.

We may say therefore that there is)in the relativistic theories,a close connec-

tion between the spin and the statistics.
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The mathematical significance of the requirement of relativistic in-
variance cen be seen from the following considerations. In the commutation
rules (56) and (66) the operator g(x) is relativistically invariant. It is,
moreover, the only relativistically invariant operator of this %Type, for in so
far as the relation

(68) A - (’ﬁ,zﬁ'{:—{— ﬁ:) = m’-c’/,ﬁz

is fulfilled, we have the invariant expression
dﬁ/ G/K.z ‘11€3 _ C’[ﬁ, dgz 017?3
J R4 mrcg? %o

which is a surface element of a three-dimensional surface in a four~dimensional

(69)

space.

The form of the denominator in g(x) is therefore determined by the re-
quirement of relativistiec invariance, If we were dealing with a non-relativis=
tic theory wo could substitute any other function for this denominator == for
exomple, a constant. Thus the requirement of relativistic invariance imposes
o very stringent limitation on the choice of the function g(x). .

We can save the infinitesimal character of the commutation rules if we
arc prepared to sacrifico the requirement that the operators be hermitean. For,
instead of y; N vb *, ¢ *, where the * donotes the hermitean conjugate, we |

can introduce &’J U g}af s TY T by means of the formulas

N.B,
b [ p®\ e JEr o ¥
* "Ji@(“fé ), o= 5 (%% = %),

(70)

T < (*& t_ V& St
= a; + 4 ) o= -——5-( )
%ji ﬁi'JE§E A ‘Q\:s B) £ vz CL& *—’4% >
which differ from the corresponding f;rﬁﬁlas (36) only in the signs specially

indicoted aboves If we use these ({}'s end 77 's we now find, from (64), the

Y
.
o
4 .
'z
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infinitesimal commutation rules

i[ﬁf(.r,é),t]f*(zjt)]+; $(2-x"), ele.,
[y, lxe)], =0, [w(e), $lxle)], = O, ete.

To sum up the results of our discussion of the possibility of general-

(71)

izing the original theory, we may say that if we are prepared to ignore one of
the three postulates given on page 6, we cen obtain a theory that will lead to
the exclusion principle, but if we insist on all three postulates we must have

the Binstein-Bose statistics. Tt should be noted, though, that if

EPIZJ&)) (Isé.)] is different from zero this does not mean that the ex-

pectation value of f) cannot be concentrated, and in many physical problems it

is only the expectation value of f} that is important.

rd

We now go back to tho original canonical theory leading to the Bose=~
Einstein statistics and discuss the effects of introduclfg external forces. We
shall introduce these forces by means of the electromagnetic potentials
which we shall treet as c~numbers. They will thus be treated as being unre-
lated to the field of the particles themselves, and in this way we shall avoid
the difficulty of the infinite self-energy of the particles. Since we do not
include in the Legrangian or Hemiltonian tho onergy-momentum of the external
field, we shall, os in theo classical casc, no longer have a conservation of mo-
mentum, though if the potentials do not contain the time explicitly we shall
still have o conservation of energy.

To introduce tho externmal field we make the usual substitution

. - <

(72) ’1)‘*—“}’7}; E'Cyf‘"
which is in conformity with the principle of gauge invariance. The minus sign

implies that ¢ is the actual chargo, so that the chargo of an elesctron will be

(=0).
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The resulting Lagrangian, Hamiltonian, wave eguation, energy-monentum
tensor, and density~current vector are very well known, having been discussed
in print by meny theoretical physicists. ;
The Lagrangia% is
-ﬁz;(%{v*(e fv ) )x "%-f?vW)
" - et Py,

and the wave equa‘c:.on is

g (?;z %)(},ﬁ ‘;éi ?ﬁL)\V’
ot %’, vs ,.g ‘S’o)

The 7y ‘'s are defined formally as before, and we now have
4
4 aL __f ?’..‘ﬁ-— - @ ¥ !
W:zb(a)"’fa&“%"*’: '

(75) ~ ) I - A,
™= 7 (2 E5e t ety

(74)

w’cz L}) O,

&%

The above relationship between the 7r's and the time derivatives of the w ts is
no longer that given in (17), but the commutation rules between the present .
T 's and ‘f)'s introduced by the second quantization will be of the same form

as beforee.

The Hamiltonian H is obteined in the usual way, and can be broken up
into an unperturbed part ﬁo and a perturbation energy -ﬁl. We have, in fact, !
76 L= | VL )dxr:—' H+ H
(76) H f(ﬁ?ryw?vr v*-L Ho+ H, _
where

o A, = [frreesg P2 i Py e o

and
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—

Hl: tej? (/rr W 75")5&"*
(78) -f[ 42%922?&( ;{‘*{: —?if‘f))+€ «‘%g’/%}a’»

Note that H is not independent of the y ts since they enter in the 77 7%
o —

term.

The density current vector is
(79) 'QKCb[—(a v +lf€ )‘f’ (l—g- ?V “P)*/*]

so that, in particular,

0= -inm —ec[(F3F 8 )y (83 iestly’] =

= —el (TP-wyr).

Fd
This P hes the same form in terms of the 77 's and k}’ 's as before, and since

(80)

the commubation rules for the new I 's and \})‘s are also the same as before,
we shall retain the result that [{)(1’)6—)1 [’(Iié)] = 0-
The perturbatidn energy El can be expressed in terms of plane waves,

and we find that

N T ok -44) ] +
(81) ZZ [M(c&,gé’) J@%J(Q‘Q{i% Qgﬂ”’ﬁag)

It will be seen thet the operators a:ﬂ b& and a’_*ﬁb_’i that correspond to the gen-
eration and annihilation of pairs are present in this perturbation energy. It
turnsg out that this property of the theory of accounting for the production and

anmihilation of pairs has the very disagreeable consequence that it leads to an

.

A ha s et . o
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infinite polarizebility of the vacuum of the same form as in the theory of holes.
Owinz to the presence of the non-diagonal terms %ﬂ_bﬁ ’ aﬁibik in ﬁa no station-

ary solution exists that will correspond to the vacuum.

As a final point in the present theory we discuss the treatment of

the hydrogen atom.

Tt is clear that we shall no longer have an exact solétion because of
the infinite polarizability of the vacuum, and the question we wish to discuss
is to what extent an approximate solution is possible.

We shall show that we get the right values for the energy levels if

we ignore the commutation rules. Wo take g%i to be zero and 4% to be in-
4

dependent of the time, ,Then we can always find solutions of the wave equation

that are stotionary in the sense that their absolute values are independent of

t. Thus we take
<
. =Lt tT
z
(82) &}) = 2 CoL(x). % h

where, as yet, we do not kmow that En is an energy.
The wave equation now gives

(83) (E% -~ e;?o)"u_%:: ?u% ,

where E¥— is hermitean. And, instead of the usual orthogonality relations, we

find
(84) gwf u,, (E.+ Ew-aeﬁ)a&% 0, E.F E -

If wo assume that the c's are c-mumbers, the total charge takes the form
— ¥
(85) e.—;g/aeéu—: e‘Z':CM Cu. &

where Eﬂw is a normalization factor given by

(86) E,o | [uaft Q(F-edy)olun

Ay

=

=

LT
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We cannot be sure that 8mwi11 be normalized to *+1 since (Em - {’fc )
can be negative and no normalization of </ ,, will change the sign of ,LLQ,/%
So we can normalize &, ouly to within the choice ti.
If we calculate the energy we find, after making some simple brans-
formations that use “he wave equation, that
— 3k X W

3 = C.c & =

(67) E=Z ¢l ﬂ( iBo (EaEu-2e8,\ £ cor
which, by (84), reduces to .

(88) E:—: Z £ EM C’iCq .

N

nth state.

Thus E is seen to be the energy of the

If the nuclear charge e is small, the sign of E;b will be, to a firs®
approximation, the same as that of En so that E will be positive; but e will
have both positive and negatite values. It is, however, not necessary that the
energy En shall be positive since it contains the potential erergy.

All this was on the assumption that the c's are c¢c-numbers, but actual=~
ly, owing to the second quantization, They must be g-numbers, And when we 'bl"y
to take account of this fact we meel great difficulties. If the commutation
rules were of the type [on”;, On} = 5mn it would not be very bad, but owing to

the peculiar form of the "orthogonality" relations (84), such simple commutation

ules do -not hold,

positron. This theory is an attempt to find a new interpretation for the nega-
tive energy states, and makes an essential use of the exclusion principle. In-

deed, the exclusion prineciple finds its most natural expression in the g-number
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formalism of the theory of holes, for physically the second quantizetion of the
k’/ -function does not introduce a new assumption but merely brings into the open
the fact that the number of particles in each state can only be zero or one.

We must start from the \}J-functions that satisfy the Dirac equations.

These equations, in the field-free case, may be written in the =matrix form

2

2 b V¥ e
(89) ‘é'*‘g;'*‘ﬁZ“ o SRR T

with the conjugate complex set

bl ¥
QY 0! 3 ;e
o0 ~EGE I S - (F O

The O 's and the [3 obey the commutation rules

(o ohs “ﬂo‘lt') =54,

(91) ) a P
/3 =/, /.’3+/$a( =0,

The form of the Dirsc oquations given in (89) is such that the time

coordinate is distinguished from the other coordinates in that the coefficient

of the time derivative is a multiplo'of the unit mabrix,. This is useful if we
wish to discuss questions of reality, but if we are interested in the relativis-
tic invariance we must put the equations (89) into a more symmetric form. This

£

can be done by multiplying them by (1 {3 ) on the left and writing \a/ for

..,L'ﬁ o(ﬁ‘ and Yq' for ﬂ. e then find

(92) Z B//”%%—t-t‘iw = O,

where

(%) YTy YTYr)E Sy

PO
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&

and x ' = ict. This form of the Dirac equations is very convenient for proving

the relativistic invariance but, owing to the imaginary character of x4; it is
now unsuiteble for the discussion of resality properties.

We shall first introduce the second quantization for the case in which
there is no external field, and we shall see that the existence of both positive
and negative energy states gi7es rise to the possibility of modifying the inter-
pretation of the theory.

We must begin with the normal, orthogonal set of (f/-functions for the
force-free casse, These are the plane waves, bub unlike the corresponding plane
waves of the scalar theory they cannot be characterized by the values of the mo~
mentum p alone. We must add an index n that can take four values. This cor-
responds to the notion of the polarization of waves and is quite analogous to
the electromagnetic case where we have two orthogonal wave functions correspond-
ing to a given amplitude and direction. In the present case two of the four
states corresponding to a given p will belong to a positive frequency, and the
other two to a negative frequency.

If we let <4fm’h)(f522) be the part of a monochromatic (4/ that

is independent of the time we may express it in the form

n, i) m ‘ '
(94) a‘ F (/>)?2) = cf (ﬁ).w <L

where the momentum p is here a constant. Some remarks are needed in order to
clarify the significance of the various suffixes. The index n is the "polari=-
zation" index and takes the values 1, 2, 3, 4; The X is the set of spatial co-
ordinates, each of which has a continuous range of values. The E{ as already
explained, defines the momentum, and /O is the spin variable, taking on the
four values 1, 2, 3, 4. It is.important to distinguish betwoen the polariza-

tion index n and the spin index /0.
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Owing to tlie multiplicity of indices “he normalization and orthogonal-
ity relations will be more complicated than in the scalar case. Ve have, in
fact, the relations
-
X -
2 CT.QT (M) = San

(95) (”'_/t

_ C“(ﬁ) <L (k) = 8/,,/,/

=)

which are respec’c:.vely consequences of the corresponding relations on the u's,

namely

[

- +* ('u ) (ﬂu ,1')
U ’ -
fO&)’ /Za-» (/) x) . AL (/)J,x) = S " S(P_’_./))
(96) 4
* (v, p) ( )
gd/’- Z (/),x) (/‘/1 ) g/)/)/ S(x-x:).
(Note that in these and several other formulas the arrows denoting that a quan-
tity is a vector have bheen amitted. There should be no confusion if the possi-

bility of such an omission is always borne in mind.)

A general will be oxpandecd in-the form
g P

(97) v//’(z( fol/’L a”(ht). u x),

where the a's will contain the dependenco on the time. Thus

¥ Et

(98) alt) = a(o). e * ’

The minus sign in the exponent is inconvenient in that it means that a positive
energy must be associated with a negative frequency, and vice versa; but it
seems Lo be an unavoidable consequence of the Lorentz invariance since it is

(X — EE) that is invariant.

Now in the relations (95) end (96) the summation is over all states.
But for many physical applications it is necessary to have a knowledge of the

values of the sums when taken over only the positive energy states, and when
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taken over only the negative energy states. Ve shall therefore calculate these

partial sums. We want to compute the two matrices

'(S/f(h) Z ). Ey

&
(99)

=
~

S (=2 Crn. i,

mezl, 2

where we know, of course, from (95), that

(100) 52 (k) + 5 (r) = 00..

Note that the * is placed over the second ¢ in each sum in (99). It was Dirac
who showed the importance of this order, and its significance will appear short-
1ly.

The calculation of Sﬁc‘ and S /,6 is made very simple ny the introduc-
tion of the following artifice. We merely note that, in virtue of the field

equations (89), the operator

(101) 1+ © .\/71—3;::/” J

will take the value (+1) when operating on a state of positive energy, and the

value O for a negative cnergy state, provided we always interpret the i/
as having a positive sign. Thus we have the matrix equations

— Zjlz + (M ﬁa)-+wmac/3 :](f; :S:

ezt

A (d. ,) wC, -
z[l—i— \/%;mtij-Oa

Prom these reletions and (100} wc at once obtain the matrix equations

(102)
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(8" = [T M_l:‘f‘]
| S - _Lf‘lg(""[«)-:—wc/s}
{ Ve ‘

Prom (99) and (95) we at once obtain the further metrix relations
Y S*H.SR) = ST(M,
(204) S(R)-S(R)= _O‘)
Z S*HEY-STR) =

These would not be true if the *'s in (97) had been placed over the left-hand

(103)

i

cls.
o . . EIN
e can rewrite the valuos of the matrices S in terms of the repre-

sentation in which (ii /D ) are diagonal. Introducing Dirac's notation, we

write ’
+ («,’r\ VY 3+ "o,
o [ 4 Dl = (ST ),
and then we have directly
'y )L ?, E%\ + fAmc ("‘JC”)
(106) (/)IZ// Si//a;’)"'z S'ng( I) 2 {( 4 }r) f %/’?]/13 }

where g(x=x') is the same opcrator as that defined in (63). In our present
slightly different notation it is given by
L
Q*(ﬁ,z)
«a) ‘“-~“~§ c( ——————
(107) g (z7%)

He now introduce the second quantization. This seems a trivial step
since it leaves everything as before exceplt that the 9)’5 are now g-numbers;
the u's are still c-numbers, Ve assume that

¥
x
(108) Q .. Qa + Ao, a, = o
. R S
a, a,+a,a, =0,

}

)
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or, more accurately,
% o &
(1082.) a (k) a,, )+ o (h)a. (k)= S S(I-f), otz
This merely means that the quantities N = ak a, can have only the eigen-values

0 and 1. If we introduce the Schrddinger functional @( /sz ==y N,.” - ))

we have

2. Qs N UN)s(N M) DMy 1N, )
) @, P, M) = Ny &, (N oty -y PNy Ny ==

where E(Nl, veuy Nw’ ees) has the values il, the sign depending on an ar-
bitrary ordering of the states and fulfilling the relation
(110) E, (N, I-Ny, .o} = — & (Noy-- N =) .

Since (108) is not changed if we interchange a and a*, we may replace
N, by (1 = N, ) for some stabes. In particular, it is convenient to make use
c;f this possibility for the .neg;ative energy statos and to in‘broducei?‘:’llowing

definitions which correspond physically to the introduction of holes instead of

the negative energy states. For positive energy states we write

+ ""* +
(111) = Q
N. a, |
and for negative energy states
- - - ¥
(112) N = @, @ -

The whole theory can now be transformed in the following way. The
Hamiltonian can be written in the form
— " nw) _%‘*)M’g *);_
-2 0B . - =
H: %sdﬂl;;(yp(ébt (L ot %
(113)

; * *.\
Z ZEM (Q«Qu"’ aaa%' J

~Mm

!

where the order of the quantities has been altered, and E, can take on both

signs:

. -
A




(114) "

The total charge, in a similer way, can be written as
* e

e = o Ao - ¥ ) =

< = z <€ j‘ ;’: (W/o Ll?: % f

(115) - N N
EE"Z;(Q«Q"'*QMQ )

™M

By means of (111) and (112) we now have
we) A= & B JONT=4)4 (NI- )]
and
(117) € = Q; {UV:“%)“ (N,:"i")i)
the plus sign coming in (116) because of the change of the sign of E , when we
go from states of positive to states of negative er:ergy. Thus H is always posi=~
tive, but e can teke both signs. There is, unfortunately, a kind of zero-point
energy in H which is infinite,owing to the summation, end when we come to the
case whore external forces are vresent we shall have to alter H to remove this
infinity., There is no corresponding infinity in e — but, in general, we must
be careful in meking cancelations like that of the A's in &.

Ve separate k/'/ into the two parts corresponding to the positive and

negative energy states by means of the definitions

(118) Y= g+ ¢,
/ * n_"n ad
(119) W/ﬁ (%) = [o&;l/ % (]S //) z) % { ),
and we obtain from (97) and (105) the commutation rules
+ + % _ / " oay
[4, &), k], = (=71 STI=p ),
- [ — ¥ Py I - o
o) {1 [, ten ], = GplST=p),

[‘7‘)+) L//“]_}_ :O) < lz,

|
— 34
E = < /p+wie? . ' ‘
|
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When no external field is present it is not difficult to generalize
these commutation rules to the case when the times of the two \}l's are differ-
ent., The method is similar to that used in the anti-Dirac theory, the general
commutation rules being completely determined by the wave equation once their
form for t' = 4" is known. In order to write the results we shall require
some new quantities. We shall first recall the generalized g-function already
considered in the scalar theory (cf. (57)). 1In our present notation it is giv-

en by

bxﬁ [U’- x)“‘"\/‘zli—w <, Ct’] d3/

Ih+wc1

i
( 34—(%“) = (znR)’
(121)
a-(x-)[-) = %+(7)‘b))
and is such that

(122) ( - “2[-{) = F §(x)

t=o

We shall find it convenient to introduce the operators

(123) D=3%(%"%4), F=£(3.73-)
which satisfy the simpler initial conditions

D(I’O):O) ’#(-L S?)(. — (7))
(124)
F(IJO): 3(:()) ?(EL S‘E')t:c) = O,

The operators g _(x, %), g_(x, t), D(x, t), F(x, t) all satisfy the second order
relativistic wave equation for no external field, i.e. the DeBroglie wave egqua-
tion.

We next introduce gencralizations of the operators s* and s~ given in
(103) and which ;nter the restricted commutation rules (120). The generalized

forms are given symbolically by the equations




13—- ~m°{3) DI

The commutation rules for the full %U's when t! # t" are
¥
’ "4 — {_1ps 2y 74
(127) [%,(J,H),%,,(x,f')]+ = (pxt|S, }p ’é'),
while those for the partial 9/'8 are

Chutie), 6], = (@xe|s]pe),
(128) _ ! e e
| Dy e, )] = (] ST piat

That these are the correct relations is easily verified. For they reduce to
the correct form for t!' = t", and they each satisfy the first order wave equa-
tion since the application of the first order operator of the Dirac wave equa-
tion to S (x, t) gives, by (125), the seme result as operating on gi(x, t) with
the second ordersDeBroglie operator, and we know that this result is zero.
That SF also satisfies the first order wave equation is now obvious.

The metrix SF corresponds physically to the case where all the states
are occupied while S corresponds to the difference in the number of positive and

negative states that are filled. The matter was discussed by Dirac in Camb.

Phil. Soce XXX.(1934), 150.

For most physical applications we shall not need the generalized com-
mutation relations (127), (128), and we have written them here only for complete-

ness and to show the reletivistic invariance.

., 0
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The matrix S has singularities everywhere on the light cone, the

singularities being all of the type

. ;S ~a
S — C Cr‘f’(d'-?’) + ar -rw%g(f?‘“’”??);

I

(129)

where C is a constant and u, v are regular functions of the coordinates and the
spin indices. F has singularities of the 8 -type but fortunately we shall

not require F in future work.

'le must now consider the density matrix belonging to the present the-
ory. Ve can define what we may call the formal density matrix by the equation
(130) (p’,f’/R/,o:'x") = & fﬂ{;,’f,{r") Bo(') = y;,(*’) Y’;/Y”)? .

This is the mathematical expression for the particle density, but it contains
elements on the diagonal which, on integration over all space, give rise to
terms corresponding to a kind of negative zero-point energy which is infinite.

We therefore introduce what we may call the physical density matrix given by
) = P VP ()~ P e (2)
(oox'ivipoxy =, (x") o, 0 = 9,00 ¥, () +
+-* I - + i
J " bl i 7 " (J/
+‘ L}»/”[)’)L}))’(Y) + V?)” [7 ) %’ ))

(131)

which no longer has these zero-point terms.

The total charge and total energy are now given by

(132) € = ejclx 2 (rx|r]px) = -6; (W)= N) )
f

)

W) B = (de I (priklpa) = Z (NFND)[E,

where

(134) H = « zf@-. +mc®

¢ 9dx

“I
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and acts, in ( r x] Hr [/0, x), only on (x', ') and not on (x", t").

The extra terms in (131) vanish when integrated over all space, but
they prevent the charge density from commuting with the total number of parti-
cles. These extrg terms have interesting consequences for the fluctuation of
the density in the vacuum. Similar terms, of the type L}-/r‘{/j S&‘-\é W-.;:
arose in the scalar theory in the formula for the current vector. (Compa;e
(60) and (131).)

The difference between the matrices R and r is of special inbterest.

We have in fact, by simplc algebra,
/ 'l Yz — -..L +
(o' [R=[ =) = ~£ [ i), %(f"z [Wv) ot x") ]

= S(H:t”) (by (128) and (126)).
Thus s

(ss)  (pa!] Tplan) = (A [Rfpyzt) = (Pix'] S{p'x"),
where, of course, &' = t" throughout.

The matrix 8, for &' = t", is given by
(136) 5 (o( ?532 +/3wc) ?(z
so that it is & universal function, indpendent of the N's and thus independent
of which states are filled. It is remarkeble that the separation of the VU'S
into positive and negative parts does not enter the formula for S.

The matrix R is infinite for x £ x!' - x" = 0, but so also is S in this
case, and their difference r is finite. Physically we nced only the expressions
for the energy-momentum and chargo—current, and these involve the values of the
elements of r for x = 0. The values of the non-diagonal elements, whorc x £ 0,
are thus a luxury. We have here a method of giving the difference of two in-
definite quantities a definite moaning; we introduce the difference of two

functions of an auxiliary variable x and proceed to the limit as x approaches

L o e e o
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zeros This process is hot very satisfying physically, but it is unambiguous
and it eliminates the infinity that is inherent in the Dirac theory. The re-

sults of this terrible formalism are comparatively simple, and are no more com=
plicated than are the results of the scalar theory, in which, since no such in-
finities exist in the first place, no artificial subtractions are necessary.

If external forces are present we can no longer give a definite mean-

+ -
ing to the separation of HU into \*/ and HU. Dirac has shown that the singu-

larities of R will be of the same type as before. The simplest assumption

about the wvalue of S turns out to be

!L 174
olx¥
9y

(137) S S %/1 g""‘“J /

where S, is the value when no external field is present (i.e. S, is the § of
(136)) and the integral is to Be teken over the straight line joining (x!', t')
to (x", t"). This S is relativistically invariant and gauge invariant and is
a universal function deponding only on the electromegnetic field. It leads to
an infinite polarizability of the vacuum.

We can try introducing a more complicated S to avoid the infinite pol-
arigability. For example we could try taking

t!
I/

(138) S = S e“/’/ ~§J

For many applications we do not need the S' at all, but it is useful for getting

/_”
Pl + 5/

L6

finite results for the polarizability of the wvacuum. It is doubtful if it can
really be justified since we still get a self-energy that is infinite, and if

the self-energy is infinite there is no reason why we should complain of an in=

finite polarizability of the vacuum.

| e

¢ e g
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Remarks and Addengg

Though equation (109) is correct if we define both N end N, with
the a* to the left of the e it must be changed for the definition (112) of N
here used. For in (112) we have made use of the possibility of changing N, in-
to 1-N, without altering the commutation rules (108). Thus we are now talking
directly about positrons and not of holes, and the equation (109), ‘Which is still
correct for a+,ﬂ and e.,:* must be modified for a-;‘ and a;*. We reguira, in fact,

to replace the two equations (109) by the four equations
Ay QN L) = (WD), £ (N ), § (W 1 ),
(1097)) G BN Ny = T (N oy 1o ), BN 1= ),
GG NNz, ) = N B (N 1o, ) B o 18D ),

NGB = ). (Vs ) Bz, ),

It was not explained how the formula (131) for the physicel density
matrix 7 was obtained,

The density matrix is identically the same as
¥ -
W () o () = (P3| ST[PUx)

This expression was derived by Dirac in a previous formulation of the theory in
which all the quantities were c-numbers., The matrix S corresponded, in thet
formalism, to the contribution to the density when all negative states were oe-
cupied and was subtracted from the formal density metrix in order to remove the
infinite electromagnetic field due to such a distribution. The matrix 4 of the

present theory is just the g-number analogue of the physical demsity matrix of
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the c=number theory.

Tinally, it is to be remarked that in the theory of holes the trans-
formation
W P H“’* ) /92 ¥/ :;:jt /O‘Z <
changes the sign of the charge e but does not affect the theory in any other
way. Thus the theory of holes is symmetric between positive and negative

charge.

o

The Scattering of Light by Light

(Reported by ¥M.H.L.Pryce)

We shall discuss briefly the work of Fuler and Xockel on the scatter-
ing of light by light according to the theory of holes. A short account of

this work has appeared in Die Naturwissenschaftemn, 23 (1935), 246, but the

lengthy computations have not yet been published.

Breit and Wheeler have discussed the scattering of high energy photons
by high energy photons. This scattering takes place indirectly; the incident
photons create an electron-positron pair which, on recombination, gives another
pair of photons.

Such & process cannot occur with ordinary light since the energy is
far too small for actual pair formation. But there is still the possibility
of virtual pair formation and this gives rise to a definite probability of photon-

photon interaction. This process involves four stages and the final energy and




42
momentum must be the same as the initial energy end momentum; but only the mo-
mentum can hope to be conserved at each separate stage. It turns out that mo-
mentum is actually conserved at each stage.

Euler and Kockel, using the perturbation theory, were able to obtain
s value for the cross-section of a photon for such photon-photon scattering.

If the energy is expanded in terms of the parameter e, the zeroth or-
der term corresponds to the case of free particles and free radiation, Whilq the

perturbation energy consists of the four terms

V= Jaj‘V‘“(‘x A) y dw,

@) _ 2 .

V = £ g [guantity of the second degree in AJ tiv
(139)
ve = e?g [Quantlty of the third degree in A |dv,

v i%{ﬁﬂiﬁ_&v

12w R3c3 "o i
wherse Aﬁf) is the four-potential of the radiation field and r is the quantity
(§~ f’) . The last three terms arise from the subtraction process that elim-
inates singularities in the theory of holes, and if S were replaced by Heisen-
berg's S + S, the final result of the present work would be unaffected.

The metrix elements of Vm ar

T :ef@i(?lfl(a ﬂ? Jﬂ(}' )
w vy 112

J

the upper value applying if momentum is conserved while the zero ig valid if con-
servation of momentum does not take place. The suffix i denotes a state with
no radiastion, the electronic states being described by A, ,o“‘) while ﬁ_ refers
to a state with one photon ﬂJ of polarization {{ ? and with the electron
’

states given by A{) g All transitions due to the first order interaction

energy v{) will thus be such that the momentum is conserved.
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The scattering of a photon by a photon involves four stages since it
requires the absorption of two photons and the emission of two others. v(1) is
linear in A and gives rise to only one absorption or emission of a photon. It
must therefore enter the transition probability we seek in the fourth order.
It turns out that the transition probability can contain only terms of the fourth
order. ror v corresponds %o cases in which no electron jump takes place
and thus, from considerations of energy conservation, cannot give photon-photon
scattering in the first order. Also V(g) combines three photons with conser-
vation of momentum and thus cannot avnply to the present process in the first or-
73 ¢ ©

der. Similarly gives no contribution. Thus the transition proba-

bility becomes

ol Ql

0
aa)  H %) Vit Ve Ve V... . N \/,4)
= > S — I . ,
tn Bw EoB)EE)(FimEn) b

where the dots represent the interaction terms involving V(z)VJ?), VCL)V('}V(” ,
and V{3)V*!). From general considerations Huler and Xockel were able to show
that these terms cannot comtribute to the transition probabilities. We arse
thus left with only the terms explicitly indicated in (141)

Rhe following teble shows the various ways in which the photon-photon
scattering can take place through the first term ef (141). Since momentum is
conserved at each stage, we may permute the order of the oolumns*in any way so

that there are twenty-four times as many possibilities as are actually shown in

the table,

* Relative to lheir labels on the fop lime
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(1) @) )
Absorption of 4 Absorptlon of & ¥mission of —%% Omission of-o,}("‘)
Peir production Electron jump Slectron jump Pair annihilation

Eh " Positron jump "

" Positron jump Electron jump "

- " Positron jump "

! —

M Pair production Electron 1 and IElectron 2 and
positron 2 com~ positron 1 com-
bine bine

1 i " Electron 2 and Electron 1 and

positron 1 com~ positron 2 com-
bine bine

rd

Tt is shown by Euler and Xockel that F1 g.can be regarded as the ma-
) trix elements of the space integral of a function that is of the fourth degree

&
in the potentials, and on expanding the first term in {—{ié according to fre-

& quency this integral can be expressed as a sum of integrals of the type
| 24 ‘ A 28 _ A A A
g(AAAA)ouf, {(by AAA)dA, , g(hhAA)oU , “753737 A)()LU',

, where these expressions are meant to give mere-

(%3258 )
ly an indication of the type of fourth order homogeneity that is involved. Now
since we must have gauge invariance, it is evident that only the last integral
can ultimately survive. It can be shown directly that the zeroth order term

03“’0&“" I‘(AAAA)(){A" "5— 05,“) cancels the Heisenberg term V{"') That the
other terms vanish is not so easily proved explicitly. It has been proved for

{ the first order term, but only for special cases for the second and third order

) terms. If the zero order term did not vanish we would find a finite cross-sec-
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tion of scabbering for light of any frequency. The introduction of Heisenbergh
more complicated subtraction process involving S, mekes no difference to the

terms we are considering here.

Instead of working out the fourth order term Euler and Kockel restrict-

ed the possibilities by considerations of relativistic invarisnce. They proved

that since the Ffirst order perturbation is relativistically invariant, the H(y}

1

must also be. Thus the general form of the integral of which Hq:; are the ma-
<

trix elements must be
ey -k & “«(Bao,)t,,p(a.oﬂou—, (= (25)7) .

A term involving 30) (87- Dz) would chenge sign under an improper Lor-

entz transformation and is therefore inadmissible.

The values of the pure numbers ¢ and /3 were found by considering
two special cases. In the first case two equal pﬁotons with the same polariza-
tions were converted into each other (i.e. they went right through each other!)
while in the second case the polarizations were changed by a right angle. The
comparison of the results given by the two forms for the transition probability

gave the values

/7
! -
(143) K= 37T o [T 3cow?

The differential cross—section OIQ for the solid angle el {1 in the case
when equal photons traveling towards each other are scattered through an engle

97 comes out as

o= S (g SR (Y AT

3“

|

where )&. is the wave-length. Tt thus veries inversely as the sixth power of

the wave-length.
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~36
For visible light the cross-section is of the order 10 cm,, for X-

- -15 . . . .
rays it is 10 %%., and for yrays, 10 oﬁ. However, the approximetion will

break down for high energy photons,

Let us imagine two 1000 Watt beams of visible light concentrated into

the thinnest pencil allowed by the diffraction. If these beams meet head on

16
one photon will be scabtbtered, on the average, every 10  yearsi

Euler and Xockel point out that the theory is beyond the range of ex-

perimental confirmation]

A

close analogy exists between the present work and the theory of

Van der Waals forces between two atoris since these forces arise from virtual

transitions
back. The
stay in the
actual pair

interaction

of electrons in the atoms from low energy states to higher and then
ordinary Coulomb interaction is not sufficient to let the electrons
excited states, just as the photons of visible light will not permit
formation, but the virtual electron transitions caused by the Coulomb

lead to second order interaction terms which are just the Van der

Waals Torces,

Note:

We add some details of the reasons for rejecting the terms of (141)

involving V(Z)V<2), V(Z)V(l)v(l), and V(S)V(l).

V@J is independent of the material fiecld and its matrix elements

will therefore vanish except for transitions in which two photons interact and

conserve their total momentum. It is easy to see that, in the process we are

interested in, this momentum conservabtion places restrictions on the directions

of the guanta. For if we want to make two V(z)'s convert two light quanta in-

to two others we must consider them as absorbed in one process and emitted in




the other, or else we must consider each process as changing one photon into
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another. The letter is trivial since the conservation of momentum at once
shows thet nothing can happen to the photon. The other possibility is re-
stricted, by the conservation of momentum, to equal and opposite photons in
each case, and we may ignore such processes since they are not relativistically
invariant.

Similar considerations will dispose of the possibility of having a

term involving V(Z)V(l)v(l).

Tinally, since V(B) combines three light quanta with total momentum
equal to zero and V(l) involves an electron jump, e term containing V(S)V(l)
will always imply a resultant electron jump so that such a term cannot be con-

cerned with the present scattering process.

On Fluctuations of Charge Density in the Vacuum

(Reported by G, Breit)

We discuss a paper by ggjsenygxg_appearing in the Sdchsischen Akademie

der Wissenscheften, Leipzig, 86 (1934), 317.

Heisenberg considers the problem of teking some portion of space of
volume v, finding out how much’charge is in this volume, and seeing how this
charge fluctuates. We consider here only the part of Heisenberg's work refer-
ring to fluctuations in a vecuum. This work is done without the use of the
subtraction process and it can be understood from the original Dirac point of
vieWw.

T+ is sufficient to assume that we heve a wave function Kk’of the

type

(143) \f) = 2’;: Q’A@. U, (xJ é—/ 0‘) 3
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where the U, represent plane waves and the a  are quantized, satisfying the
usual commubtation relations
(144) a,am +aXa = 5, <t
The index n is the (n, p) of previous lectures, and ¢ is the spin variable.
This Lf/ is really an operator and it is only a convention to continue to talk
of it as a wave function.

The total charge in the volume is given by the operator
(149) e= e Yiydw,
where §& 1is the electronic oharg;r(a c-number!). We may write this in the
form

K %
(146) @ = Ej‘ Z q—m Qw U, U, O(’U-'
» m

—_

Let us now consider the expecﬁgtion value e of e. It is given by

—

E -& %
MJW
but since the "vacuum" is the configuration in which every negative state is
filled while every positive state is empbty on the average, we must have
& |
(147) ata, = 4, . {of,

the zero going with the positive energy states.

Thus

—_ 2 * -
= £ N% U.M Ad A 5{()’ =
i
(14:8) E"L<O
< -
£ N.. Ve
£,<0
where V is the volume of the "box" in terms of which the second quantization is

i

defined and N, (the number of electrons in state n) is 1 for all terms in the
sum. © is ectually infinite since we arec ignoring the subtraction process.

This infinity does not constitute a fundamental difficulty in any case, and par-~

ticularly in the caleulation of the fluctuation. The operator which represents
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the fluctuation of charge from its mean value is
_ o [ s s
~e——-e = E[Zamawj;fuﬂ(’)cf) U,ww(rj(‘;g') EZ<ON

XK
One may replace here the number Z NM by the operator ZQ«QM because
=N de)

we are only interested in the expectation value which is expressible in terms of

the functional @ as “@:E)'— = ((@“(pwé‘»)((e—?i) @) and because
Z Q ., @ b3 N @ e may use therefore .

E, <0

ce s Qe[S Ul e uate)

(149) 2—-€
v

MEm

and obtain
P S— a /
(150) (e-2)i= £7 2__ @ «%Q«.r A a, & ul dede!
”\-}‘:M\ 6'0'" 11 wuf )
""‘i'w' 15’

yhere u' denotes u(x!, t!', of) and @ denotes the spin coordinate.

In evaluating the expectation values occurring in (150) we have to take
into account the terms with n = m' and m = n'.  We therefore bring the a  two
places to the right. The first interchange merely alters the sign since m! 7! nt,
while the second interchange brings the sign back to its original value since
two unstarred at's always anti~commute. Thus we have

> ala.a)a, = 2 (afaw,)(qmq‘fﬁ)

M = w ’H#:M
migw! n#w
and if we now take the expectation.value the terms on the right for n 7( m' and

for m 7! n' will vanish, and we are thus left with

> N.(1=Nuw)

mEm
the summation being essentially over all occupiocd states n and all unoccupied

states m.
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The suffixes of the u's in (150) must be changed in accordence with

the above manipulation and it is easily seen that we have the final result that

(e-2)* = Z £’ Nﬂa <I~N“‘) J:m/

hEm

(151)

where J__ are the exchange integrals

JV /
l‘vn = E L{;fltiﬂq llmx 'tiin cx&;'dlﬁr.
5
o '

(182)

{j I+ is interesting to see how this result comes out of the more ele-

mentary treatment using the configuration space.

In this method the charge density operator is given by
(153) ﬁ(z) = 5{5(1-2‘.,)-# S(x-x,) +--- + S(z-x“)i

so that the total charge is

re
—
(154) e = gf?é(r-r,)+8[r~ra) o 5(1"‘«%0& .
To.find e we must take the sum of the diagonal elements of the matrix e for a

particular state and for this purpose we must introduce the antisymmetric wave

function

LL.U)) az(/)) - el (4]
U, (2), 1 —
c _ R, Ue(r) U (2
(155) gy = YT ', ! J ’ y ""() )
'

4 '
! {

U, o), — o ()

As is well known

(156) e = (\P}e{ ?) = Ejiﬂf(x)aé(:r)o&(z
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where for simplicity we omit writing explicitly the spin coordinate. The oper-

ator for e2 is

We let 92 = (\P}e’} ?) and we have
€= EZZ fu’f (1) A, () S +
) “‘Zﬁ‘“‘ i By T -,

(158)

H
ere fu (x)A a-(x,) = Su_ (1)4,(, (g()dx)
while the term under Z is

itf

oyt e iy [ ta a (x) - Uy(x) 1§ ()] .
(159) qu B‘“é Hatx a()ﬂ()[u uj ) -

In order to transform the above result into the form of (151) we introduce an

index k which runs over sll unoccupied levels and en index s which runs over

2ll levels., We have Z B Z B
?;:1 BaJ ‘c (',ZS 75 S(‘, é éi"’" {"ﬁ ‘:ﬂj%i

Zju:(x)a{(x)alzx.,zgju (’)Q(I } ZBLH Ri >
¢ <

and using this with (158 )}(159)
([e-€) = e*- T = ezzfa ()4 x)de + €7 ZJB"J' t.j‘*
zz[égju;‘m “eede - 5 { [ o} 3 B.a.he |-
- e (S fui ez )’ = f’% Bia ke

which is the same as obtained in (151). It will be noted that an essential part

(160)

of (157) is an operator which represents the simultaneous probability of two

electrons being found in the volume v.]
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To return to the main argument, we must now calculate the values of
the integrals J, .. The averaging can be exterided over a four-dimensional vol-
ume and the Jnm ere then generalized into

, ’
asr) . = H S W) 4, (345 W riEe) w, (x'ta’) A2 AZAAE,
S’
And they give infinite results!

In order to obtain finite results it is necessary to generalize.these
integrals by assigning different importance to charges in different parts of the
volume and also for different times. /e therefore introduce weight functions

g ), £(t), normalized by
(162) fg»(?)dﬂ?’: 1, ff/é)a‘sz 1.

The integrals Jn.m now become

/ *

= ‘ K 4 Xl - [ -7 /
(163) J:“ f(z Uy o UL, U, . KDLIJY c/t‘a/f)

g6’
= 3(?) 3(?’9 Vi, //t") )
Now from (161) we are actually interested only in the swmation of J  over all

occupied states n and all unoccupied states m. That is, we want to find the

value of Z‘an »

£ >o
E, 0O

“Then we sum u:‘l u! over all negative energy statos, we obtain, by (103),
n

the matrix

i‘(l“ «; h; +'/3:_«c)
/7'0 ‘60', .

Similarly, on summing u. u;;' over all positive encrgy states we get
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Murther, it is the matrix product of these two matrices that enters the inte-
grand; in fact, only the spur of this resulting matrix. And since the spur
of the product of two matrices is independent of the order of the matrices we

find that

TJ - ‘z’gj?i"’}( Ml;—/?'/?1W?cze%[-z’”*"f"‘"«f";)—C(h:tra’)(z-’—b)]
164) w JFG(F’ /‘Zo/'lo, %6 )

Eh(o
where the primes refer to negative energy terms.

If we now introduce the quantities f(p ), g(g) defined by
I

i) = (de. frr) ¥4
P

g(,‘?) = job? 5/7) € )

which are the functions of which the weight functions £(t), g(x) of (162) are

(165)

M.

the Fourier components the integral in (164) becomes

O/Il‘ "'Iﬁ 2, )ﬂ-{—aﬁc“ - /.02 h! 2
f /'//f/{’, [o (k)| [ £ (P }<)]

and if we now write _

— - Y e ﬁ’):F’
(166) [w—/v"‘/f ,  E(FHE )
we have

-

olﬁrJP L JA - PR E e
foipo %)
(167) »oJ;"‘ f/ e //3 / ﬁ
where - 5|2
FA ﬁf MQCZ 2—‘ IP '
(168) A ~ ([70/10’)?’5;()04-4 *+ ) (ﬁ )

£
E,<0
If wo take the weight factors to have infinitely sharp boundaries we get an in-

finite result. For in this case we have
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%’
(169) , x/.w JChat bl T/288
{(/’0"'/“) {Cﬁo*}lo/)CT/Z 3#}2 3

for large P P, + p! —3 2P so that the integration over P involves approximately

S

(PT/2)2 5z - el

and the integration over k mnow becomes of the type

it Bl o Bl 2 Al :
#’4? A 2= I wadﬁz OM&

GéiAqu Aifa .!19-p . T 4{,%2 o4

which is infinite. [’I‘he first two ’in’cegra’cions are convergent but the third

diverges.J
We shall obtain finite resulbs if we let the spatial weight function
L4

have gentle ends, even if we take the boundaries of the temporal weight function

to-be abrupt. We take, in fact,

) ~ | L
o T —
5@~ [

16—
where the diagram for g(:?) is a profile of the actual three-dimensional function

20t
‘g'ﬂ/’ft, Tt

sible to evaluate the resulting integrals for certain limiting cases:

(170)

J

and the ends are the Gauss error curves 3,(1?) ‘L is pos-

If T << % and T << & /mo?, it is found that
/3

o T~ g [ E AT~

while if T << 2 end T >> F /mo?, it turns out thet
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dE e 2 (FT) £ PP
ZCI‘LW e /3/ (ET)L ' P2t

(Reg(R)AR ~ A 0% /mc LT

(172)

‘————_—.‘-—v—x—-«—.
A (mc)eT)?

The occurrence of the factor ftfaé in both (171) and (172) is signif-
jcant since it shows that the value of the charge depends not so much on a volume
as on a surface, and this is related to the fact that the best way to measure the
charge i a given volume is to measure the tobal normal flux over the closed sur-
face bounding this volume.

It can be shown directly from the form of (171) that the charge fluctu-
ation will depend on the gradient of g(g) through a factor of the form

j.[ra:wl 3(?)(20(.?
It is thus spparent that an infinitely sharp boundary must lead to infinite flue-
tuations.

. There is a physical reason for the inclusion of the spatial weight
function. For, the nearer a given charge is to the boundary, the more diffi-
cult it becomes to decide which side it is; and the greater the accuracy with.
which this is to be determined, the greater will be the chance of producing pairs
which give rise to fluctuations. Tor sharp boundaries the fluctuation is in-
finite.

~

3ohr and Rosenfeld have shown that the mean value of the electromag-

netic field components over & finite time interval is always finite. To find e
we have to calculate fE,,,C’//S’ and the introduction of the weight factor
f(t) will perhaps correspond to taking the integral over a three~dimensional

sub-space of space-time:
t+T A
e = ‘L’S’ 616‘Sl ’YchY6169‘/§L =, .
¢ .

T
af!

m— o mp—
.
. -
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The question whether we can really make such measurements in small re-
gions is not a simple one since in a formalism containing no limitations con-
cerning the use of heavy particles in small volumes we can make measurements in ) .
volumes whose diameter is small compared with the Compton wave-length of the
electron. We do not know anything about the possible limitations of measure-
ments with heavy particles, but we cannot draw any conclusions about this from
the vresent theory.

The result of Heisenberg's calculation can be understood qualitatively
from the following point of view. If all 15:; were = ZTﬂ’ we would have & con- -
dition in which the charge in v would be e with certainty. Such a condition
could be obtained if it were’possible to trensform the wave functions so as to .
have a division into two classes of functions: (a) Those wholly confined to v
and (b) those wholly outside v. The states available in Dirac'!s negative energy
distribution do not form a complete set of functionms and it is impossible to form
out of them linear combinations which will fall into the above classes. It is '
particularly difficult to do so if the boundary is sharp because of the well .
kmown difficulty in forming localized wave packets with Dirac's functions of one )
sign of energy. Heisenberg's calculation can be interprcted to mean that such
a localization is quite impossible if the boundary is sharp and that it can be
aoproximately satisfied if the boundary is diffuse. Thoe occurrence of‘égl/“*C1g§

in the result is also readily understandable from this point of view as well as

dimensionally,

s

According to (149), (151) the value of (e - )% is obtained because
when(e - Eyoperatcs on the functional §§ ,now states are crecated in which a par-

ticle has been transferred from the state n to the state m. In this sense the . ,
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value of 223555 owes 1ts origin to pair production. This fact is also in agree~
ment with the qualitative explanation of localization of wavepaclkets because the
occurrence of pairs in (e-e) d; owes its origin to the fact that an eigenfunction
of e-e is a linear combination of functionals referring to populations of nega-

tive as well as positive energy states,

The Polarizability of the Vacuum

D — SRR

(Reported by ., Pauli)

e discuss the polarizability of the vacuum by an external electro-
magnetic field, This is an application of the theory of holes which is wvery
characteristic of the theory, and though we do not know if it is physically
true it leads to consequences that can be compared with experiment. It is al-
so interesting historically as the starting point of the whole subtraction form-
alism,

If we introduce an external field (E?o ;?5) electrons in the neg-

) b
ative energy states will change their wave functions, and this can give rise to
the goeneration of an electric current and charge density.

Let ‘Lcﬂ(ﬂxjﬂ) be the eigen-functions for the force~fres case, and
1et U, (1)/0) be the cigen-functions when an external field is present.

(To be accurate we should not refer to the v's as eigen-functions since if the
external potentials depend explicitly on the time, the v's, though still a com-
plete set of orthogonal functions, are no longer eigen-functions.)

To avoid infinities we use the old trick of starting with expressions
for the elements of the constituents of the density matrix for which x! % x",

and later proceed to the limit as x! and x" approach each other.  But, through-

L
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out, we shall take t!' = t".

As Dirac discovered, it is more convenient to deal with the difference
between all positive and all negative energy states than to deal with only the
negative energy states., The matrix corresponding to the case when all states
are occupied is always the 6 ~-function. Actually, when an external field is
presént the states are in the most general case no longer separated into posi-
tive and negative states, but for many fislds, including the important case of
the H-atom, we can still speak of the difference between the positive and nega-

tive energy states.

le consider, then, the matrices T, So’ defined by
* X
ars) (& p | Tlaipn) = & UG v (xipt) = Tl (xip)
. EXD £E,50

174 ‘5! z n) ! *, *, .,
ar) (7 Sa|2p") = S aldtiplantzp) - Sunp) wfxp).
£.<0 £,>50
The matrix T will later be seen to be closely connected with the ma-

trix R of the g-number theory. We are here concerned, of course, with the c~

number theory.
Por the physical density matrix r we must have
(x,p| v 2ipr) = (2 p [ T=S|2""),
but the question is, what are we to take for S?

We might try taking S = SO but, as Dirac showed in his Solvay report,
this leads to an infinite electric density even for weak fields. We might al-
so try the other extreme S = T, but this would give zero electric density by
definition and would thus spoil the possibility of pair production,

It is reasoneble to postulate that S shall be independent of the pre-

vious history of the electromagnetic field, and that if this field should vanish

on the straight line between x', t! and x", t", then we shall have § = S,» The

Py
e

B s =

W i
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+

B dm GRS e Bt s an s
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simplest essumption for S would bLe that considered some time back, namely

(157) S = Soemﬁ?%g
L

but we shall see that to get finite results for the eleciric density and current

et
x,t

0 el

we shall have to subtract more terms than this.

Let us consider the quamtity (T-S,). We can compute its matrix ele-
ments approximately if we use the perturbation theory. We shall retain only
first order terms, neglecting terms involving ez. In his paper on the theory
of holes Heisenberg calculated (T-SO) for the special case in which the exter-

nal field has only a scalar potential. If we assume this at first, for sim-

plicity, to be of the form

, 7 Pk
('g' /4 “"’f’ ﬂ/?
(175) L(x)= ae, + a e |
and introduce the notation
- =y
3:‘ X+ —_> = >
§% Tz, ¥ AT
(176) -~ r , — TV
- % 2 - -
£= 5=+ (y5), &7 =t (pm2)t )
his result may be written =

i I I3 /,) == “ﬂ' —_
(177) (z//o l T“SO,Z// s (,377)3
where the integrand ...Q is given by

@3 s e L P
R A S R TR S

£+¢!

€

2' 7 +-£ 4 Bac 5>
(178) +;/_ (‘U Z)E'I*{)gl""‘"‘?(?_i&)‘k Bruc f?“
+ (the conjugates of these quantities )]

“Te shall not work out here the terms that contain the products of two different
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Dirac matrices since we shall ultimately have to take the spur either of the ma-
trix (177) itself,or of this matrix multiplied by one & , and these terms will
thus not enter the result, Cmitting these terms, then, and also the highep

order terms, we find that (T-SO) becomes, in units such that the unit of length

is z/mc 3
N . - "éﬁ? I_. _ ‘ ? ‘
(119) @' T=Solzp")= =2 o(e)'@,-j,fol’,e/ [ff 7t~ 1+ ﬂ/4:) '

(e+e)ee”

This integral diverges logarithmically whey x — O, It is this fact, which

was contajned in Dirac's Solvay paper, that led to the introduction of the sub-

traction process.
e shell develop the subbraction formalism in terms of the above for-

mulsae If we develop in powers of { we find that

(180) g5’ ~ /+7Z+¢ ' ? (rb—-—)-
t+ p
ang that the part of (179) in square brackets thus becomes
£ (‘Z/’ F)Z/( r+y2)
L ! —
181 e 4--- = f + - - .

I+DZ
We shall now meke use of this quantity fo(q) in order to obtain an additional

subbraction term. We write, in fao)c,

0e2) (pfs, <p) = fz(zvr)J /(ﬂ) %

and subtract this also from T. If we write

(183) I(E) :“ J'f_&'i’-;s{:ﬂ(’;’/;iﬁz) _fo/v)gal% ,

we now have

(184) g;« Z(f" ol T-%-5,1§+%, ): Sﬁ
- :;‘*gg‘i’?rl- y/’f‘v/"o")
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where
R 4

(185) w2 .
By the above subterfuge we avoid a divergent integral and are thus led to finite
results. The subtraction terms we have used are really the same as those ob-
tained quite generally by Dirac and Heisenberg to within the approximation in e
considered; we have obtained them here in terms of the perturbation method.
The subtraction has been made in such a way that the total charge is not changed
by the polarization.

It will be noted that the induced charge %/9 is proportional to the
original charge /q9 in the unperturbed state. This is not trivial physical-
ly since it contains the result that a light wave does not give rise to o polar-

2

ization density proportional to e“. Furthermors, in the case of a pure scalar

potential field, the polarization current vanishes.

"hen the magnotostatic case is treated it turns out that we now have
an induced current given by —
- _ e? ‘
(186) 5 = z—a F(F), 4o -
This induced current is proportional to the current in the unperturbed state,
and the factor of proportionality is the s-me as in the electrostatic result
(184),

The integrel F was computed ?9 Sorber in The Physicol Review, 48 (1935)

49, but it is possible to improve his result and express F in terms of elemen-

tary transcondental functions. e find that

(187) C?:(ﬁa?): ""3’7ﬁ+ T “‘gw J‘“/"fﬁ ,

At first sight the right-hand side does not look like an even funection of k, as
is implied by the notation F(kz). Actually the log term is oven, for

%(‘)kl + 4 + k) and~}(vféa + 4 ~ k) are reciprocals so that

st
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oty Bk b B o8

The extension to the non-static case -
['ﬁ(-'?b) - é(ﬁ' -,Vt) .
£ = ae .4.(,% q'= Qe + comg.

was begun by Heisenberg and finished by Serber. Heisenberg found that we get

the same integral as before except that we must substitute for 5/é#gdthe ex-
vression (51?’)/{ E+s5)* 'ﬁo?f p where k_ = ")/c, v beiﬁg‘ the fre=
guency of the time dependence. Serber treated the non-static case by arguing
that the equations must be Lorentz invariant and so if we know the result for
the case. of no time dependence we can introduce a moving coordinate systém and
obtain the solution for the time-dependent case. It is known that the expres-
sion

(188) K% = k2 - k2

is Lorentz inveriant, Serber states that the general result may be obtained
by substituting K? for the previous kz. Thus for the time~dependent case we

Sp = 3 FK), %z
SJ g(/ﬂ) j

There is one difficulty with the above argument since it is applicable only if

(189)

K is space-like, i.es if K2 > 0. But Serber, from an argument of continuity,

was eble to show that the result is valid also for the time-like case. Actual-

1y it is possible to compute the integral for the case where k is small and ko

arbitrary, and also for the genoral case, and to check Serber's result directly.
P can be expanded in terms of X% and the serics will converge if

-4 < ¥% < 4. There is an essential singularity ot k% = -4, but none at k = 0

or k = +4, This corresponds to the energy 2me? and is thus at the point where
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pair production by the external field begins. The singularity is therefore a
real one physically,

The singularity in F(Kz) is connected with the integral

|
o
(190) ﬁ( K%)= _go 1/~+K2_alf?zz

since, when 72 ~4, the integrand passés through an infinite value., Thus
P(K2) must be defined by enalytic continuation. We may write it as follows:

Por K Kz :

(192) VIVE

For -4 < K2 < O

. ,4/4#/# + J 4K )
k?(lf- +Kk2) J 4

YT, Adn

NP:

P3 / el
aory  JK) fe]. (= 1)

(There is no singularity at K = 0, but the above form is preferable to the loga-
rithmic form in this range since it is explicitly real, whereas the logarithmio
form, though implicitly real, contains imaginaries.)

Finally, for K < =4, owing to the infinity in the integrand, we must take the

principal value

(193) j(/{?) OZfM (r ' ) o 22 p

§—0 U+ KR K

/
where x, is the point of singulerity of the integrand. The &€ 's on each side

of x, must be equal. If we write a2 for (-Kz) this principel value becomes

-] atly +a
———— ] N AR
\/ a'(a*4) o8 2

and thus, since (X% - 2) = =(a® + 2), F(Kz) is given in the present rangs by

a0e) HK)=§F-£& +2 fz—?(qz+z) 4y JiTT + 2
2 .
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Tor very long wave-lengths compared with the Compton wave~-length, i.e.

for kz < 1, we have

) ?
(195) FE) ol
/5
This corresponds exactly to the result obtained by Heisenberg in the g-number

formulation since X2 corresponds to the Laplacian operator and we get therefore

- - 7 )z )
(196) S/O = e o (“% (A/o) +1€46ﬁa.r f\m.,‘ﬂ‘g_ o Afma:@r A,
For the general case k? is replaced by % ond thus A\ must be replaced»ﬁyﬁiﬂv

It kz >> 1 we have

(197) F#) ~ Flg(F) -7

which approaches infinity.

We are now in a position to discuss the effect that the polarization
’
of the vacuum will have on the Klein-Nishina formula. Heisenberg and Dirac

have remarked that such an effect could occur since a light wave will give rise
to a scattering momentum for the electron and this in turn will give rise to

polarization currents which will thus alter the scattered radiation. However,
we heve seen that since, to the order of approximation considered here, and al-

so by Heisenberg and Dirac, only the terms in the current induced by the ex-

ternal radiation with a vanishing %2 = k2 - kg give rise to a scattered radi-
stion field in the wave zone, there will be no polarization effect. Thus we

shall have no correction terms in the Klein-Nishina formule up to terms of or-

der ¢° in SI/I. This is contrary to a staotement in Heisenberg's paper. In

the next higher epproximation correction terms will occur already owing to the

damping radiation.
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It is interesting to consider the relationship hetweeh this c-number
theory and the g-number formulation.
In the g-number formulation the matrix R was defined as
IR} = 4 Byl ey 60 gt YR
When an external fleld ( 370 f) is present, the }U's can be ex-

pended in terms of the eigen-values of the Hamiltonian

H = e99+oc(? v 2F) +pme
that corresponds to this field. Ve shall thus have
R, (n,p)= E, 15 (xp)
and the v's will be orthogonal so that the difficulties encountered in the
scalar theory do not arise and when we write

V= ;&’UL (%)

the b's will obey the simple commutation rules

%
g [gm)’g«].*_z M oA e

It follows now that

%' [R|2p)= X Sty eypl), 4 (L4485 ©5.)-

(198) .

(xp T =2p),
where
) £, = fimEe

and T does not involve g-numbers.
The physical density matrix r is given by
’ / / — /gt =
(x ’)"; //"”) Cﬁ% (Illp IR Slx"f )
*yr'yx
(200) = 5 wlap ) No) vicr)nepm N+

£&,>0 E,.<o

t 0 (Ve ) + L G IT-SI0p").

M X9 —){
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The terms indicated by 2{:_(vhvm) will vanish on integration owing to the
orthogonality of the v's.‘:$;he first two summetions refer only to electric
particles that are really present and are therefore both zero for the case of
a vacuum. Thus in this case the physical density mabtrix reduces essentially

to (T - S)t

The energy is given by
E=[ELN +EIE [N, +
+[OL,, > (op | HT=HS [%,p) .
‘ r

Here again, in the case of a vecuum the first two terms will be zero and only

(201)

the integral will survive. In the H-atom it corresponds tothe nuclear field.
This is, however, only a first approximation since it neglects the change in
the wave functions caused byrthe induced density; and to this approximation
it turns out that all the energy levels are shifted by the same esmount so that

the spectral lines remain unaltered.

- -

Polarisation DBffects in the Positron Theory

(Reported by M. E. Rose)

We discuss a paper by Uehling in The Physical Review, 48 (1935), 55.

Uehling considers, from the point of view of tho c-number formulation
of the theory of holes, some special effects resulting from the polarizability
of tho vacuum. He first investigates tho charge density induced by an arbi~
trary static external ficld. Then, in the special case where the external
ficld is duc to two point charges, he considers the effoct of the induced dis-

tribution on the energy of the systom and thus obtains a modification of the
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Coulomb fi’]"ed. The effect of this modified interaction on the Rutherford
scattering formula is investigated, and also its effect on atomic energy levels.

Let there be an external electrostetic field given by the eleotro-

»
static potential ﬁ(f). The physical density matrix r can be computed in

B
] the manner explained on ppe. 57’61 . If we write (f§ ,”f[ f)
e ‘
z (gfl 'f! £ 5‘) we find that,lf f) is the charge density when no ac-
a\
|

count is taken of the polarization effects, i.e.

g =~ A $.(E)= —47p(3),
] l‘ (zosﬁ (f’}'r/f*): 471 fU(t ?;),_A/;(:,‘J) olr,

where

| oo 00 - et A, (e ),

3 the logarithmic integral llCe Y) being defined by

B et {
b - dt —3’ :’3

| 4.€3____j —-*je SR
’, The function U(F) can elso be written as

| U(E) - 7’§>\ ycmcpalemﬁfz@a(/f ‘o) o/fi

It turns out that this can be expressed in terms of Bessel functions.. We have,

] in fact,
| , e . o |
B e UE)- 3}%{ W)k ao-Basokan: 8 +3)B(zf)} ,

where X , ¥. are Bessel functions of the second kind, and B is given by

l Beey= - 2 K.(F)E.

The asymptotic behavior of U is important. For small § we have from (205)

con) UlS)= sy 3+ & + 43(5)+ O(3)]

where y is Buler's constent, while for large f
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(207) (J({\)" ;2 ”Zf{ [+ O <%~>§? '

The induced charge density is given by
-3 -
(208) op = e(flf/ﬂ.
If we take a slowly varying external field we can expand the JQVD

in (203), retaining only the first term, and thus obbtain

(209) 5/!(?)= X N2 ApF),

/$‘7r

which agrees with Helsenberg's result for slowly varying fields.

Let us consider two point charges Z'e, Z"e, distant R apart, If we
calculate the energy of this system taking account of the polarization of the
vacuur: we find that in addition to the Coulomb energy there are extra terms al-

Id

so reproscnbing an interaction energy between the particles which must there-

fore be regarded as correction terms to the Coulomb law.

The additional energy due to the polarization is given by
4 / 4
(210) E = apur (2,6 |Hr)2 5"
wherc r is the physical density matrix. This energy can be broken up into two
parts, (Ee + Ekin)’ where E, 1s olectromagnetic energy while Ekin is kinetic

energy. It turns out that EL = ~IE so that E = ;E . Since

E,= —4e}® ym (%) «/;)o/f
there will arise two kinds of terms; terms involving Z'z, Z"2, and terms in-
volving Z2'Z2". The former consist of divergent integrals but may be ignored
for our present purposes since they refer to that part of the solf-energies of
the particles due to the polarization. The term in Z'Z2" is ovidently an inter-
action c¢nergy between the two particles. This cnergy is finite (for finite R)

and is found to have the wvalue
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/ /4
(211) EM = - %“Z Ze’ U{R>)
where U(R) is the function defined in (205). This energy constitutes the cor-
rection to the Coulomb energy according to the present theory.

It can be seen from (204) that U(R) is always negative.  Therefore
the correction to the Coulomb energy is of the same sign as the Coulomb energy
itself., Tor large distances the correction is negligible, but when the dis-
tance between the charges 1is small the correction term can dominate the Coulomb
energy. However the present theory is not valid for very small distanoces.

(It is asser%ed that the limiting distance for which the result is valid is

vV )w> where ¢{ is the fihe structure constent. At this distance the

correction term is less than one percent of the Coulomb potential,)

I'd

The deviation from the Coulomb potential implies an elteration in the
Rutherford scattering formula.

Uehling argues that if the incident particles are to feel the devia-
tion from the Coulomb potential they must come very close to the nucleus.
They must therefore be particles of high energy, and in this case the 3orn ap-
proximation may be used. For the scattering of probtons we may consider ener-
gies up to the order of a million electron volts before the theory becomes in-
valid. Tor such energies, end for a considerable range of smaller enecrgies,
the paramcter Z'Z"ez/ﬁv, tho smallness of which detcrmines the valldity of the
Born approximation, is indced smallor than unity.

Tho spplication of the Born method leads to a modified scattering law:

(212) %/,9): ._%/\;I M‘;KL \/('Y)qr’&.h}

o




70

where ¥ = 3%2 sin.éi and V(7 ) is the modified potential. Here M is the mess,

of the incident particle and v is its velocity at infinity. On integration

this gives

2 ywsizg. mom

(213) N T

——

- "22'22‘” fi . 2
P10 G e 1 0 2 F0)]]
/ﬁ e A "7, 2

where G% is defined in (187). Unfortunately the effect of the extra energy

terms is too small and varies too slowly to permit of verification by scatter=

ing experiments.

was
.

!‘ -
The extra terms in the interaction energy lead to a displacement of
the swectral lines of htomg.
The chenge in the energy of an extra-nuclear electron due to the pol-
arization caused by the field of the nucleus is given by
AN
- Z
(214) 5&' JE,M,‘, /“/{,g%/ 01’7’. '
For 1s and 2s levels the displacement is downwards:
[
~Fo32 °R :
(215) SE,. = R+ owxz)), .
/5T
- &322 i
(216) SEZQ = Rﬁ(/ + O(«Z))
) /5‘7T ) J
where R is the Rydberg constant., }
For p-terms the displacement is of the next order in (&,2:), Thus,

at least for light atoms, it is only in the s~terms that the effect will be l .
noticeable, But the polarization effect leads to en increase in the doublet

separation and experiment shows a decrease to be necessary.

N — g
.

’
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On the Production of Pairs by Fhotons in the Field of a Nucleus

(Reported by G.Breit)

The theory of the production and annihilation of pairs was initiated by

Dirac with his theory of the negative energy states of the relativistic electron.

At the time, the positron had not been detected and Dirac tried to regard his the-

ory as referring to electrons and protons, but his computations of the mutual an-
nihilation of positive and negative particles are applicable when hisktheory is
considered as applying to electrons and positroms.

If we begin with no positive energy electrons.and with all the negative
energy levels filled, two photons, of sufficient emergy, can give up their energy
end momentum to an electron in a negative energy state and raise it to a state of
positive energy. This "creatgs" an electron and a positron. The inverse pro-
cess, when a positive energy electron jumps into a hole in the negative energy
levels, corresponds to the annihilation of an electron-positron pair and the cre-
ation of a pair of photons, These simple processes can be applied to complicated
situations such as arise in the interaction of cosmic rays with matter, by means
of a method due to Weizsilcker.

We shall begin with a brief discussion of the theory of the collision of

two lizht quanta, following a vaper by G. Breit and J. A. Wheeler in The Physical

Review, 48 (1934), p. 1087.

The two photons may be represented by two plane waves whose potentials

are

-
c(VE-4 F
f a, e ¢ ! @’ T) + conjugate,
-
) Oy -8, 7)
e

G

If these photons act simultoneously on an electron in a negative energy state they

+ conjugate.

will cause a perturbation so that the final state will lie partly in the positive
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energy region, thus giving a definite probability of an electron and positron be-
ing created. The density of electrons represented by the perturbed wave function

can be put in the form £ SW.

7z
2\2 |- e
(217) (;%’-?) Ja[?]a.(* B. < ;W ) )

vhere B is a function depending on the initial polarizations of the photons and on

the momenta and spins of the positrons,. The parenthesis contains a resonance
term, S W being the change in the total energy of the system.

Let us suppose that there are N. photons in the first beam and N_, in the

1 2

second. Then we must have

s - ,ﬁc ? 'f:i)c.
(218) fa, @ = Pra N, [2:|% = = N, .

If we now denote the energy-momentum of the positron by (Wl’ pl) and of the elec~-

J

tron by (WB’ pz) we mayv express the probability of pair formation as
I — ?
&
ez (AL NN/ 2picle B (%)
(219) (’WLC1) 477-?_\)‘))1 %3 ‘ 2 — y -y = ]
/ C [_h:/w,-f/"-,lh/[?,wg},

where the term involving the N's reduces this to a probability per unit volume of

?

the space in which the photons collide while the factor (2pl dml/hs) reduces it %o
a probability per unit solid angle for the positron for both directions of polari-
zation. The quentity B® is the average of B over the spin of the positron, the
spin of the electron being completely determined once we know the spin of the posi-
tron and the polarizations of the initial photons.

To define a collision cross-section < for the photons we equate this
probability to N, Nz %‘L‘. ”(4*)( . Thus ¢ is given by

2 B”
s R [P+ o B/ e ]

Actually this ¢ is twice the ordinary cross-section in the special case in which

(220) o= (X Y’

X

the photons travel against each other iM the same line; for ¢ refers to the situ-

]
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ation where one volume of photons is regarded as fixed and the other as moving

f against 1t. Though, according to the theory of relativity, if both groups of
@ photons were moving, their relative velocity would still be that of light, the
mmber of photons passing each other per second would be twice what it was before.

The probgbility of emission can be computed in a similar way. It was

first caleulated by Dirag. The emission probability comes out as

(et e )

4»*r‘f

-“‘“’/PP]

I 2
- where the final V" reduces it to a probability per unit density while the Vl/

| | nakes it per cubic contimeter. The P's refer to the momenta of the photons and

O[-Q to the element of solid engle in-which they are found. The guantity

/3(51, §1.) is a function similar to the 3 of (217), S1, Sy referring to the

iR polarizations of the photons. When the photons move in opposite directions

p~1t 8B
Tn & frame of reference in which the photons travel in opposite direc-

| tions the emission probability becomes

W) BT 10— 5 S)[ BT
(222) c 4«(1 JAD /PP,_ ' [ ¢ )

~ where ;5‘7 is the average of B over all polarizetions of the photons. We define

L o cross-section of capture, S, by setting the above equal to O . %-Z—b 3 °?vc\/'z
being the relative velocity. Thus

2ech _

W

If we take the average of ¢ in (220) we find

— DR BT dlo,
@) 7= ) T [Cho ) (FF[potar)] =5

(223) e .

) Sﬁfﬁddw,.




Thus we actually find

G, 5

e
(225) (/7{’/;53 - 4 (</v)?

The relation is even closer since the factor 1/4 cen be explained away. It arises
from two sources. Firstly a factor 1/2 comes from the faoct that O is not the or-

dinary cross-section and secondly a further factor 1/2 enters because when the
9 2
final product is a pair of photons we cannot make a distinction between ¢ —=>

2 i
nd  ——— ———>

Tt is possible to calculate the collision cross-sections for photons of
parallel spin and for photons with pervendicular spins. The results are similar

but their differences are significant for small energies, Roughly we find

N
1 Id

o g . /. I'W.A (\Quz ‘LCL.-chr Ill r—eo;\ b,,\j_‘?mw
//T‘\"‘\_\'ri !
s ! \
A .
7 ! T TGN

| ) \
/ // I ™~
L ~—

™ C

where the horizontal exis refers to the momentum of the positrons while the verti~

cal axis gives the collision cross-section of the photons in units QF(:;%‘Z?>2 .

For large energies the two curves coalesce and behave like [:1og (E/wcz)J /(E/wc—z)z"
It is possible to integrate (224). We find that

o= I (az; ) = -

& SP[ae 35 S - &
a4 o as N BE

(226) 7 )
A hore ;\é:; = O=‘- C(Q,ﬂ_ &/ ,
..t. = S = /“A«‘/f 9/ .
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The above results for the collision of photons with photons can be used in calcu-

lating the effect of the collision of a photon with the field of a nucleus. The

method was first applied to allied phitnomens in detail by V. Weizsleker, Zeit-

schrift fir Physik, 88 (1934), pe. 812, although it had been previously used by

Tormi end the- qualitative ideas for high energy particles were also used previous-
ly by villiams,

The trick is to discuss the problem in a frame of reference‘in which the
micleus is moving with e velocity approaching the velocity of light. Let K be
the frame in which the nucleus is at rest and let X! be the frame in which it is
moving with approximetely the velocity e. Tn X the field of the nucleus is sym-

metrical

Hv g /

but in X! the lines of force will bunch together perpendicularly to the direction

n
A’ \\l/ f /!
T N~— T T Ty é‘“*‘”md&uo r\

il

To an observer fixed in X' the field of the nucleus will now appear as a sudden

of the relative motion

pulse moving with approximately the velocity of light, and the motion will also
introduce a magnetic ccmponent in such a way that the whole Tield approaches a

trensverse field of photons. This field can how be analyzed into a set of pho-
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f tons, end since the original photon has merely undergone a Doppler change the

E problem has been reduced to that of the collision of photons with photons.. This

| treatment, however, ignores the phase relations that must exist between the pho-

tons inbto which the nuclear field is analyzed, -
In ¥ the field of the nucleus is inverse square. If we use cylindrical

coordinates with x as the direetion of reletive motion and ﬁ as the radius vec-

I tor perpendicular to x, then the component of the electric intensity'in K perpen-

diculer to x is

o) & T

P ['-r"wp-/li_lj/ 2
In ¥' it turns out that only this component of thé electiric intensity is important
since it acquires a factor S?:E: V/JI=e?, The magnetic intensity induced

by the motion is approximately perpendicular to this é; and to x. In XK' we
I'd
heve, in fact,

A
(228) P [ECrvtrp]

and we analyze this into photons by means of the Fourier in'begrd'l
PRECWSINEADET SRS

s

(229) C(/T: g C:;? 6“27[-(:))‘;{))'

oo
At this point Weizs#cker rather brutally says that we cam obtain the number of
2

photons by picking out a perticular /.) and then taking the awerange of 6; over a
long time interval T. This gives

—_— S0

X 2
(230) Tt/ = j 4 /&v[ ol v

= oo

and we can now treat the Fourier components separately. For if N, photons are

in the range 0/)7 their energy is 'kVNyoN and the comtribution to fv N,, 0[\/

due to a unit ares st a distancse /o is

(231) =282l .
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If wo sum over a small ring frqm/) to ,0 +(’// we get

) KN, = (218, F 2madp (sl p.

If we write

|
st I (239) §(x+vt)
“. r}l LS %, _._,/_;--——-' = S °
] l! then ¢
a = .3 S )
H & = FiwsT
; ! and
< f= LS _ X
1
gt

|
|
‘ so that
|

, PR <% ” e.?f,-,ys/;v L ofs
3 Ei:: €3 . )' - zJ , —— .
« o M (234) ‘{Dﬁv: r* < (/‘*5’)3‘ fv
1 - - D

]
B  WeizsHcker has poipted out th,at if /) > f), B (/I" 'U'/V) then C;)y will be
‘ approximately zero,while if p £ gl
i
i

- I‘ 27t T
| + Re 2’>‘r 2e 2—-7""’
— ~ = € .
- (235) AV PV s

Thus the number of photons is now given by the equatiom (232) with the above value

|

' of E;y and with the upper limit of the integral taken as ?/‘( . It is not
possible to take the lower limit as zero since this introduces a logarithmic in-

| finity. One must therefore, integrate from some lower Iimit /’o e At first it
was thought that ﬂo v "ﬁr/uc‘ since in a smaller region it is impossible to
, ' build wave-packets. . ’

,‘ The number of photons; when we leave the lower limit of/) as /)o , comes

out as

A
(236) Nv’ %Z?&/gz(% )

After we have found from this the number of pairs produced, we must go back to the
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original freme ¥ to compute the effective cross~section. fe find

-_ 3

V= 7—/};’- 0{

4 2 _ Jcv, /2p v
(237) G, = %‘Zo( O‘(v)/é — .
" 5V
e e’
-«

where 3 is the frequency of the two photons when they are transformed so that
they are equal and opposite. The quantity f no longer enters the formulas.
This was to be expected since ; contains the relative velocity " which has a

merely auxiliary significence. Actually we have

T2 Lo -
Vi v = 22 vy,

c+v
/ ) / . .
the change to W), from ‘P, being necessary because ‘)7/ was measured in the moving

system.  Thus

ct ctv_ ik

——r - ——

Pl P st 1
and the /=% canc 1s ihe\s wnile the (’ //H v/c contributes, in the

limit v~>c, a factor (/_/(/E ) :

)

Tn the sbove calculations it is assumed that the nucleus does not absorb

eNergy.

The effective cross-section for a Coulomb nuclear field can be computed.

If we write

[ iy, \ | Fifwe
(258) C = whd = )G (//._

it is found that for this case

6 = Z Xa \? L.

FANER A 2[7 ga’ BRI 36@475

(239) ~ #3 5 _ 1 S o -
360, 77 3 3¢ C/;

/
v 22/ Zf.jéuﬁ 28, (Afwc) _ 3¢
37 (71 LT T A 7 {

where €, = ’g\), /m«cz') the energy of the photon in units mc?,

—
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Tt is interesting to compare this result with the result obbtained for

B the same problem by H. Bethe and W. Heitler, Proceedings of the Royal Society of

London, 146A (1934), p. 83, using a direct method that evoids the introduction of

s moving reference system. Thelr result is (ibid. p. 109)

22 /28 4 4. 5212)
(240) o~ (3 lyae, - HE).

The fact that the dependence on £, is the same in the two results shows thab
Weizsfcler's approximations are not unsatisfactory. The two formulas "san be

brought into agreement by a suitable choice of ,J, in (240). It turns out that

~4029
we must take /'c = (/ﬁ/m() e % (/2/««) (//4"4‘) . But we
should not teke this value of ﬁ{, too seriously in view of the approximations

that have been made in epplying Weizslcker's method and the uncertain validity of

the Bethe-Heitler formula as applied to experiment.
rd

The problem first worked out by \iv_e_i__g_s‘_{_i‘c__lgg_:_r_ when he introduced the‘ idea of
using a moving frame of reference was not the one we have been considering, but hed
to do with the emission of photons by the collision of fast electrons with a nucle-
us. There are some slight differences in the two cases, the chief of which is |

that the passage to the limit v —> ¢ is no longer necessary when we are dealing

with electrons since the velocity v is part of the physical problem and is not a

1t is in fact most convenient to transform to a system in

w

methematical auxiliarys;
which the electron is at rest.

As in the case of the impact of photons with a nucleus, the nuclear field
in the moving freme of reference is analyzed into a set of photons,

The value of the impact parameter p, the classical distance of clogest

approach, is essentially bounded both above and below. The lower limit is of the
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order of the Compton wave-length h/me and arises from the fact that it is impossi-
ble to consbruct a wave-packet for the electron of sraller dimensions than this,
ising sbtetes with one sign of energy. Thus if the nucleus approaches closer than
h/mc, its effect on the wave-packet will be partly in one direction and partly in
the opposite direction, so that the net acceleration of the packet will be small
end therefore the radiation will also be small.

The upver limit of the imoact parameter is given by
(241) b < F(#/wc)
and arises Crom the fact tlat the width of the moving field depends on._§, being
of the order (p/if), and that this, for reeasons similar to those used in esbablish-—
ing the lower limit, may not be greater than the order of magnitude of the Compton

wave-length. .

ow the Ylein-iiishina formula shows that the scattering of the photons

will be strongest in the original direction, with the wave-length not much changed,
while the long wave-length photons are scattered backwards with a smaller intensi-
ty. But in the framo of reference in which the nucleus is at rest and the elec-
tron moves, the forward photons appoar softer and with lessened intensity while
tho backward ones become harder and their intensity increasos. Tt thus bturns
out that quite large energy losses in the frame of the nucleus are due to the pho-
tons that are scattercd backwards and sideways, and these photons have the by no
mosns small wave-length - (h/me).

The total enorgy loss increcases with the velocity of the elcctron since
as v increases the guantity gr incrcases and thus the range of valucs of the im-
pact parameter p increasos. Howover, experimentally, wo have to do with screened
nuclei Tor which the ficld venishes if p is too greab. As a rosult, the incroase

of energy losscs with vclocity turns out to be much smaller for screcnod nuclel.

DU
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Weizstcker found that the differential oross-section for & collision in

the range of energy (fm sz) (&' £ + 85_) is given by

- 42° ) 4 zgj <) 7 e
(242) As = 137(——3 F(- e)+s]@a, ( ﬁ € )
where we.cannot be sure of the value of the constant k.

When soreening is taken into account the total collision cross-section

becomes

2 4y (137/27
243 - -, f e
(243) g 137 ? ( ) P ‘

whére the 7 ¥/3 comes from the fact that, according to the Fermi<Thomas distribu-

tion, the effectiveness of the charge of the nucleus reaches only to a distance
aHZ—9§ from the center of the nucleus:

A recent paper by Bhebha is of interest in that he considers an impor-'
tant effect that leads to thé possibility of an experiment that will tell about
the nature of the positron. For, if positrons are scattered by electrons, the
hypothesis that the positrons are holes in the negative energy states of the elec-
trons should show itself as an exchenge phenomenon.

Tor exsmple, suppose that initially we have an electron in the state E
end an electron hole in the negative energy state P, and that after the collision

we f£ind an electron in the state E! and a hole in the negative energy state Pt}

E
L1 ‘
7 “E
mc?
41 1d
———————————— bl B L T o
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| If the electron and positron had no relationship there would be no exchange and

| the only way in which the cellision could ocour would be

E—>B!, P—> Pl

| 25 shown by errows 1 in the figurs. But if we have exchenge there is, in addi-

L tion to the. above, the possibility that the electron in state E jumpé to £111l the

nola P while the eleotron originally in the negative energy state P! jumps to the

positive energy state E!, thus leaving a hole at P'. This process is indicated

. by arrows 2 in the figure.

Bhabhs says that the transitions of the second type can be considered
as occurring in two steps. The first jump will creatd a virtual photon which
will be resbsorbed to produce the two final particles arising from the second
jump, Thus the second type of process can happen on eny theoerwhich the possi-
bility of crestion and ennihilation of light and matter is a part. In particular

it will occur in the theory of Pauli and Weisskopf, even though this theory does

not contain the exclusion principle. The results, of course, will be different

for different theories, in genepral.

This point of Bhabha's is, however, somewhat misleading without the fol-

lowing consideration. The photon emission which is considered is a virtual one,

without conservation of enmergy, Such emissions also occur in the theory of the

interaction of two charged particles of any type end it is, therefore, misleading

to attribute the excheange effect to the possibility of electron-positron recombin-
ation; in fact, excharge terms were already known to be of importance from Méller's
caloulations on scattering of electrons by electrons. It is also wrong to at-
tribube them to virtual photon emission because there are no exchange terms for
scattering of electrons by protons while virtual photon emission is present.

Prom the point of view of virtual photon emission, the condition is as

There are two kinds of virtual photon emission possible: () Electron

follows,




E emits a photon and goes into E'; +the photon is absorbed by positron P which
then changes into P'; an essentially similar process occurs in reverse order
P— P! + vy E + hy ~> Et; (b) ¥ and P disappear and form hv; hv disappears
and forms E! and P!, Or else L', P! and hv are first created and then hv, E, P
disappear. Only type (&) is possible for unrelated particles liko electroms

scattered by protons, while on the Dirac and the Pauli-Weisskopf theories both (a)

and (b) oan occur.
The actual calculations are quite straight-forward and the interesting
point is that they show that there is an appreciable difference between the scat-

tering cross-sections with and without exchange. The formula obtained is

2 F(y,
(244) AR = 27 (:ﬁ::)z ();—,)(3 :3 oA,

where Y is the original energy of one particle in units mec
I'd

2 when the other parti-

cle is taken to be at rest and & is the fraction of the original kinetic energy
that has been transferred to the second particle.

The figure shows the behavior of the function F under wvarious conditions.

1.0,
:\
AN
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' The solid lines refer‘to cases when exchange is taken into eccount, the broken

lines to cases when exchange is ignoreds There is seen to be a lerge difference

between the two formulas for large energy transfers. The first term in the dif-

ference is of the order (vz/oz) and the second of order (v4 s%),

On the Failure of Quentum Mechenics for High Energies

(Reported by W. Pauli)

We have seen that the theories of radiative collision cross-sections
lead to a logarithmic inorease of these cross-sections with high energies. It
seems that this result is a fundamental one and is not due to the approximations
that are used since all investiga?ions show that these spproximations are good for
high energies; furthermore a similar result comes inzg%her effects, notably in
the‘%heory of pair production and the theoty of energy lossed by ionization im-
pacts.,

On the other hand, experiments by Neddermeyer seem to show that the en-
ergy losses in ionizatilon imoacts are, for energies of the order 137m02, much

smaller than those given by theory.

The method of Weizsdcker is particularly suited to our present discus-
sion of & possible change in the theory owing to its mathematical simplicity. We
shall rewrite the formula for the total cross-section for the radiative collision

of an electron with a nucleus in a new notation. We write

X =

-e?‘ | 0{ .p‘l
A ~ 37 = =37 = electron radius,

3 uc?
E? = relative total energy,

:fwc7
A = Afuc = e/ .

(245)
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Then the cross-section is
(246) o= 4 27" //0)? (‘*ﬁ'//’t) )

where, theoretically,

h /\? for no screening
(247) /Z _ '
i A

e for screening, éftéué?) being the

me*
Bohr radius.

Different proposals have been made for changing the theory. Oppen-

heimer in The Physical Review, 47 (1935), p. 44 hes discussed the guestion in

M e Mg e um e
»

some detail. An interesting point is that we cennot resolve the difficulty by

introducing a finite shape for the electron since we have seen that in the co-

ordinate system of Weizsdcker it is not the short wave-lengths that are important

e~ Comttip

Id

but only those larger then the Compton wave-length.

Also, though we have impacts of a very short duration, we meke a Fourier
gnalysis of these impacts and then sey thet it is only the longer wave-lengths
that are important. These wave-lengths form only a small fraction of the whols i
field. !
Thus the theory must be so changed that we can justify the fact that the E

]

Fourier expansion is no longer valid. If we no longer have a linear relation be-

tween the acceleration of the electron and the magnitude of the external field we
can hope to explain why the theory no longer holds., We ought then to show that
the smended theory will give a smaller cross-section but that is a much more com=
plicated matter and we shell be content here with discussing merely the first i
point. .

Oppenheimer pegins by making the quasi~empirical assumption that all im-

pacts whose duration is less than (3/¢) have no effect in producing radiation from
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the electron. This restriction leaves the upper limit Py unchanged but the
lower limit becomes smaller:

(248) o= fd = S AT

The cross—section is now given by

(249) o~ 4 szz»/(a(//d),for no screening,

Tor sereening we have

(250) J‘«,szzc[z//ﬁ?(’/”zwf)

if 0<7;Zioe_§, < 1‘, ise. if Py is smaller than the atomic radius. Ir Py is
greater than the atomic radius, the oross-section is zero since by the origirel
assumption all impacts are then excluded.

The above assumption is, of course, rather arbitrary. e can intro-
duce a different point of view by reguiring that the Fourier analysis breaks dov.
when the field strength becomes greater than some eritical value. It seems
reasonable to take this oriticel field strength to be the field at the "surfac>"
of the electron; thas

(251) E = e/a/? = meY o3

ex
This restriction leads to

(252) he ol (2 %)

— V2

which is smaller than the previous value (248),at least for t? > L . "In the

present case it turns out that when there is no screening the cross=section in-
creases to inlinity for increasing\fi , but since our experiments are all with
sereened nuclei we cannot say that such a result is in contradietion with experi-
ment.

COppenheimer discusses Lagrangian functions that depend not only on the

field strengthsbut also on their derivatives, and findsthat the break-down now

takes place earlier, Tf he introduces the otP gorivetive in a non-linear manmer

-~

py

I
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in the field equations -~ that is, in a non-quadratic manner in the Lagrangian

function -~ he finds that
| )/(.n v2)

fewa2)
otz
In the limit M —> 20 which corresponds to an integral operator, this gives

fz,ﬂu:?ci

(253)

L3

which is just (248). Oppenheimer therefore regards this 1limit as coming from the
entry, in the field equations, of non-linear terms depending on the derivatives of
the field strengths.

Recently Nordheim in The Physical Review, 49.(1936), ps 189, has propdsed

the critical field strength
(254) : — X . 1=,
Eo, = X I3 137 Jd*
This gives
/2

= Z €a
(255) /L, A ( f )
and leadss for screened nuclei,Lthe cross—~section

2 ’ Y 3/ 576)
(256) <§=4y2%¢,4%« JE o L )

% Y — Y%

if ? (L 7 < 1 , and to zero for the other case: However, it does
not seem that the experiments are good enough to distinguish between the proposals

of Oppenheimer and Nordheim, and there are no essentially new ideas in Nordheim's

papere.

Casimir, in Helvetioa Physica Acta 6 (1933), pe 287,has made celculations

on the scattering of photons by electrons bound in atoms. It would seem that, in
the case of photon energies large compared with the binding energy of the electrons,

we could treat the electrons as free and epply the Klein-Nishina formula; but the

¢alculetions show that there enters an extre term that, relative to the Klein-
5 .
Nishina part, is of the order (0{ Z) log (/ﬁ V/W c.z) . For very large

energies this term will be bigger than the Klein-Nishine term. There is, how-

—
s

LN
Fhel
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ever, no comtradiction with éxperiment since we do not find such large energy
photons in practice.

Another application of the theory would be to cosmic rays, Here we
would obtain theoretically so large e cross-section for fast electrons that they
could not be responsible for the penetrating components of the cosmic rays, It
is not easy to decide experimentally whether these components ere electrons. or
heavy particles, but the energy distribution of the secondary particles seems to
be in favor of the first possibilityi If this were the case, the present theory
of energy loss would be completely wrong for such fast electrong.

It seems on the whole that the characte?istic logarithmic terms of the
present theory are not correct for energies of the order (nudc’zQxh) R although
for wave=lengths of the order of the Cpmpton wave-length they give no bad resulvs.
The sbove considerations are not sufficient to show that the cfo§s-seotions shcula
be smaller, but they do show that the present theory is incorrect and that it °s

the principle of superp&sition thaet is probably at fault.

On Polerization Effects in Homogeneous Electric and Magnetic Fields

(Reported by W, Pauli)

We shall discuss a new paper by Heisenberg and Euler that is to appear

in Zeitschrift fir Physik.

The paper deals with & particular application of the general theory of the
polarizebility of the wvacuum. The case considered is that in which the external
eléctromagnetic field is homogeneous and in which there are initially no electrons

or positrons. The discussion is restricted to the case of unquantized wave func-
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tions and for this case the correction to the Maxwellian Lagrangian function due
to the pair generstion is obltained.

The general preocedure for subtracting the singularities has already been
explained in this seminar. The mathematicel density matrix (see p. 58, gggﬁ(153),
(154)> is given by

f/771f = Z:’v‘(z ) 47(zpj

= J‘(EZ«, Z VR I + 45, 3G,
where the v's form a complete orthogonal set of eigen-functions of the Dirac equa-
tions for the given external field. The first subtraction term S, involves the
matrix corresponding to T in the case when no forces are present,while the second
subtraction term Sl involves the external field quadratically in the field
strengths and linearly in their derivatives. After the subtraction we have tc
proceed to the limit x = x' - x" — 0.

In the present case we are interested in an external field that is static
end homogeneous. This means that we neglect all terms containing the derivatives
of the field strengths as factors, but we place no restriction necessarily on the
magnitudes of the field strengths. We compute the quantum mechenical energy den-
sity corresponding to the transformation of matter into radiation and of radiation
into matter and express this as a function of the initial field strengths. The
total energy density of the electro-magnetic field in the vacuum is now obtained

by adding the energy demnsity so obtained to the ordinary energy-density of the

Maxwell theory

(257) U = 57 s (E%+ 52)

Now the energy density is not a relativistic invariant since it is really the 4~4-
component of & second order temsor. However, the Lagrangian function L which is

a true relativistic scalar can be defined in terms of E, B and U. We have
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‘(zss) U = <E ) L,

B where L is a function of E and B.
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The vectors D and H can now be defined in the

usual manner by

(259) 5 =

| Since the whole subtraction is made in a relativistic manner, the L that we shall

ultimately obtein will be a relativistic invariant. It will thus be a function

of the two invaeriants

(% - 8%), (2. B)%,
because these are the only independent scalars that do not involve the derivetiver
of the field strengths. The reason for taking the square in the second is that
without it we would not have invarisnce under reflections. Since L will depend
only on two functions of the field éfrengths, it will suffice if we carry out the

calculations for the case in which sthe electric and magnetic fields are parallc™,

Before we give the result for this case we shall consider in more detail
P .

the cese in which only a magnetic field is present, This case is much simpler

than the more generel case, and yet shows up the mechanism of the calculations.
There is an essential physical difference between electric and magnetic fields

that we shell discuss later.

The Dirac wave functions for a homogeneous magnetic field were first dis-

cussed by Rabi in Zeitschrift flir Physik, 49 (1928), p. 507.

In this case we can choose the gauge so that

= = £
(260) % Q/ @5 c /B} 'a;
end then the Dirac equations will not contain x or z explicitly. We may there-

fore take plene wave solutions for the x- end z-directiong and write

(261) %,a e—?—(ﬁzx +/7$3'~Eé)dm/° (‘5‘) )

where p.» P, and E are numbers and not operators.
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The Dirac equations are now

(z62) (E+ afa+ K)W =S

where
2 @]
(263) K= —o tff'%" — ds(~f3= Zl8lg) +pwc

The operator K has two interesting praperties. It enticommutes with o, ,

(26) A K+ K« =0,
and its square has the s:unple form
(265) k2 -+ Hs, T ‘c bk (B IBIg ) e,

)22

where O, 1is (-4 o, 03),

Now we use the following representation of the matrices &}, ,, an

+1 ) {
X, = - O 6, = +H -
’ D+l A ‘ O"lo /

—

Then we have

(266) K: /%QC + IB‘% (2'\4*‘-}-0‘) 5
whete we can byeat g as the pair af pasnble values F*71.
This operator is essentially the operator corresponding to the harmonic

oscillator in the Schxfdinger theory and so, if we introduce the new variable K
by

(267) 4= T/ 18: E/Bf )

we can write the dependence of k}J on y, namely the part ,A»{.,.,/a in (261), as

-“l’%r
(268) aply) = Hm)é S S

The energy is related to n and p, by

(269) ‘/ -fK? i/j;-:dlw‘ /, + f/i/# C?""*/f‘f/)

-*

a K:
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The 4/'3 are normalized by the condition
(270) T’j c, /‘4( |, (3)}2 1.
G o e

In order to give small weight to the higher energy components of the

wave-packet Heisenberg introduced a factor
—o (57/4'1- w’lc'?)

(271) ,
where & is a constant. For the case we are investigating we shell introduce
the factor
__q[h,"* g—é—?-ﬁ('lu-iﬁlﬁ)]
(272) < ‘

Merely for the sake of simplicity we take X instead of x =x' - x" as our extra
paremeter. In the end we have to go to the limit X —> O.
If we limit the x- and z-directions by the usual box, we can sum over

the states for these directions and obtaim the energy demsity in the form
-«[}u 1 S8IZ (2usi4g, ‘»‘

(273) U" ‘ZZ {dh db i, {é ) /1+e’312(?"*”°”) e,

nzo cr-i1

: om e e L . =2 :
We introduce Eci = =F T Fe 42 with = Acr ) and write

(274) 4= |Bl [Eor,

so that b is the value of IB] in terms of the limiting electric field strength.

Then we have, after integrating with respect to p,,

(275) ( ) wct, 9, E

where
00 i(x+28 o ~gx? ]
Z +/42 - af/x
(276) _Zwﬁ[_y;@__:(u Y ') $da ST e
€ being written for (“/wc) . The subtrcction of the second integral in this

formula is not part of the general subtraction formalism for the removal of singu-

lerities. It arises from the fact that when we tock the (2n+l) and the ¢ = %1

together as one coefficient, all the values of 2n occurred twice except the value
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n =0, and it is precisely a half of the integral for the case n = O that is sub-
tracted off in (276).

If b is small we can replace the summation over n by en integral and it
.1 is easily found that this corresponds exactly to the case of no external forces.
We have in fact -5l
(277) "‘Z .,?5 jc/:xo//"/x +I+p e 2(‘ +7)

For small fields we may use Euler's summation formula which gives the

difference between a sum and the related integral. The first term is

(278) =2, L (24 ) 4[ (ZJ“"' - s J?ﬁ'/‘) —Ex

This is infinite for & = O and corresponds to the subtraction term that refers
to the infinite constant polarizability that is independent of the field strength.

The next term is finite fgr & = 0O:

~£¢
(279) L 2, =
e 2 0o
We seek an exact expression for the reguler function

(230) Y- Lu[s-5.-51].

£E—0O

This may be obtained in terms of the generalized zeta function defined by
2 é*d‘h.

(281) }a(SJGJ“) i -nZ:o (atw)?

It is known that we have

_P(-s) e et
(282) ffs) = awd J( £) o (6o At

where the path of integration is as shown:

~ g
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For our purposes we need the case s = --12— for the part Z .
It turns out that the subtraction terms correspond to .the residue of
this function at the pole t = - &, If we expand in the mneighborhood of the pole

£t = -0 we find, on letting & tend to zero, that
© dt -t Ly
Yo (AL gtistathbl-I- 47,
(283) /3
o

where the (-~1) in the brackets is the contribution of the field-free term and-the

?
(' 3'# éz.) corresponds to the subtraction term Z, that depends on the
field., The whole bracket is of the order t% for smell t so that the //L‘s is over-
compensated.

To obtein the asymptotic behavior of F for b >> 1 it is convenient to in-

troduce ﬂ = #. Then (283) can be put in the form
%c ’
/7%_ L A prS Lot xf,
< - /5'? 52 e e 2 v 12
o
If we now differentiate the integrand with respect to ﬂ we can expressﬁﬁ as
L 8 , .
(284) j{: = ;Iz %ﬁ‘* C"'jofr}ﬁg f’(.:)—(-’f«~z’)-@Jz+z -4 &do 2’7/”} 5
f3 o !

the constant C (Compaere Whittaker end Watson, Modern Analysis, p. 249) is given by

C= B THF-AGpp [l vt r e ]

(285) fe - Tz
- 45 Se D _
= ??‘Z‘ +ﬂ%— (M+I)(qu')§'— O- 4.0/._,,)

where g 0
Z‘ -t
5 Sg = . ~ ]

-1

(286)

and
J= 05 Y- is Fuler's constant,

For b >> 1 we now have

(287) ﬁL"‘/“?/?[TzL‘ 6?4 "C]*z«é[%gj”*/“/ﬂgzﬂv‘
e - £ (32,




or

g'/v - ;‘£7[7'7L6Jg - 0'/7/] + %Z-ﬁﬁéwo'/¢$‘:] +
+”EL£%‘4 -+ O 202 ?z .

(288)

Let us now consider the case discussed by Heisenberg and Euler in which
the external field consists of parallel homogeneous electric end magnetic intensi-

ties. Exact eigen-functions for this cese have been obtained by Sauter in Zeit-

schrift flir Physik, 69 (1931), pe T42. " But in the present cage we meet a physi-

cal complication that was ebsent from the case of a purely magnetic field sihce a
homogeneous electric field, even if very weak, will induve peirs, while” & homogen-
pous magnetic-field has no such power. This is cdnnected with the fact that a
homogeneous magnetic field exerts a force perpendicular to the motion of & class=
cal electron and thus cemmof alter its kinetio energy. If we have a homogeneous
electric field "in the x-direction given by the potenﬁial

= -278]«,
then cléssically-the domain where the ‘electron is present is limited only by the
condition

E-e[@]z >me®

while in quantum meéhanics-we also have the different domain
E“ e/éD/? & — wmc?.

These regions are shown in the figure. The boundaries of the regiopns are the

lines E = elé’lz:t-mc‘ .

classical and . e
qu.d'nhnn Tegion

uantum
vegion
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Thus' e meré translation along the x~axis can cirry us from any region to any other,
end it- turns out that even if we start with a wave function that is large only in

region I, say, then after & time we shall find that it has seeped through to region

III as if region II were a Gemow barriers This process corresponds to the Kloin

paradox and the transparency coefficient for these transitions is given by

$ |
- g cy .
D= & (5T

1 It is thus not possible to neke & sharp distinction between positive and negative

‘ energy states. But if the electric intensity is small compared to the criticel
electric intensity at the surface of the classical electron, the pair production

‘ will not occur with great frequency and so an approximate separation of positive

‘ and negative energy states will be possible. Thus if we write

B (20) 1el/e. = @

we must take & << 1 in order to be sure that the calculations will have meaning.

Heisenberg and Euler begin with such an epproximate separation of the

positive and negative energy states and make use of the relativistic invarience in

the manner already expleined. The calculations are very complicated end lead to

1
l the result -
| oy - [t [oatat, bt O =1~ § (err)].

[

2 .
(D gy ek (Frio)t + cak (£-in)t L
(291) :;Y'foe £ Z;Q ¢ k(B e (e j - ?(#Em)]

\
l
This can be written eas

which is more convenient for our purposes since we cen expand in even powers of

J the arguments and
J

| (f+ia) = (BTa?)+ 2<(28)
(@'-wa)?: (67’“1) - 24 (at)
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snd since the result is real we shell have a and b entering only in the combina-

tion (b2 - az)z and (ab)2 which gre just the combinations needed for ‘the relativis-

" tically invariant expression of the result,

For a << 1, b << 1, we have

7z p1)7 alﬂ)z
;ﬁf - [f.cz ¢ :) + :y(

(292) /%y

¥

which leads to the Legrangian function (compare (279), obtained for the case a = 0)

- - 247 )" 7%J 2z
AR L L

This corresponds exactly to the result obtained by Euler and Kockel given in eqs.
(142), (143) on p. 45, as can be verified at once when account is taken of the

fact that Euler and Kockel use ;?‘apd not h and also use a different value for

the criticel field. (The verification is murch faciliteted if the misprint in

rd
(142) is corrected! The definition of E should be Ey = (m?cé/és).) The dif-

ference in sign arises from the fact that Euler and Kockel give the change in the

Hemiltonien while Heisenberg and Euler discuss the change in the Lagrangien; fer

en infinitesimal alteration in the field strengths we have actually

SU(DBY= —~SL(£,B).

Euler and Kockel expanded in powers of the frequency for large wave

lengths end this corresponds to the assumption of homogeneous fields. The pres-

ent caelculations are not so complicated as those of Euler and Kockel, so that we

have o real step forward as well as a confirmation of the result they obtained.
In the case of the electric field the integrand in (290) has poles st
~7/a
t= Nor/a, +tne residues being of the order a’te ) The existence of

these poles corresponds exactly to the real pair production in the electric field.
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1f we had started with quantized wave functions there would have been
& big difference in the whole computation since we should have metrix elements
corresponding to radiation and pair generation from the initial state, and this
would agein lead to infinities. Thus we do not know what our result means for
the quantized case. We are not even sure whether it has meaning unless & < 1.
The connection with the Born theory is not very close. The Lagrangian
function is quite different, the main difference being that there is, apperently,
no direct connection with the question of the self-energy in the present theory.

And, again, in the Born theory there is no pair production.

I'd

On the Neutrino Theory of Light

- l (Reported by M.H.L.Pryce)

The neutrino theory of light was initiated by L. de Broglie in a series

of papers in Comptes Rendus, 195 (1932), p. 536, pe 577, Pe 862; 197 (1933),

p. 1377; 198(1934), pe 135; 199 (1934), po 445, pe 1165; and 199 (1934), pe

v

813, the last with J. Winter. The theory has been further developed by P. Jor=-

den in Zeitschrift flir Physik, 93 (1935), p. 464; 98 (1936), p. 759, by R. de L.

Kronig in Physica, 2 (1935), pe. 491, pe. 854, D» 965, and by O. Scherzer in Zeit~

schrift flr Physik, 97 (1935), ps 725.

In the neutrino theory of light photons are regarded as physical conse-
quences of the interaction of metter with neutrinos. Neutrinos are particles of
spin one-half and rest ma;s zero., There are two types of neutrino transitions
which correspond to tho asbsorption of light; (1) Absorption of a neutrino and

emission of enother, or re-emission of the original neutrino, the two cases being
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of course, indistinguishable; (2) Simultanecus absorption of two neutrinos. In
each case the two neutrinos entering the reaction, or the two states of the same
neutrino, must have exactly the seme direction of motion since if the whole pro-
cess is to be equivalent to the absorption of a photon the change in energy must
be equal to the change in momentum multiplied by e¢. In the first case the ener-
gy of the photon is the difference of the two neutrino emergies while’in the sec-
ond case it is the sum. Since the photon has zero spin the tuwo neutrinos in the
second case must have opposite spins.

De Broglie considered the Dirac equation for the case in which the rest
mass is taken to be zero. Let f) L'U be two solutions of this equation. Then
we can form a sot of six quantities from them that will transform like & six-
vector and which we can identify with the electromegnetic six-vector. If we
write g + ’ "

A E ~ l,§901,on#%c P o, Ay Y, §Tz0, ¥,
H i ’Lftﬁ(zo(sd*% (371‘0‘3 6(;0(9.% q_’_d/'d,,ﬂq. k/})

this six-vector (E, H) will satisfy the Maxwell equations provided f and K/)

(294)

refor to neutrinos that have the samo direction of motion.
Let the common dircction of motion be the z-axiss Then we may teke

a representation of the & ts with 0(3 diagonal:

! ) '([é' o - o=
(295) “. = tl J MZ - "('.L) ) 3~ l—l ) A ll ,

We consider the ncutrino wave functions to be analyzed into Fourier components

end teke orily thosc components that represont motion in the z~direction. Wo con-

sider four solutions of the Dirac equations for zero rest mass of the forms
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oo . 2miRN(E-t) /oo iy (E-4)
LS LA
© ; 92]1«: o )
% o
© 9,
o
0 o
o 3 3
Qo ‘Z‘N"t'gia (f’é) - o0 o,_ i 2 ;
| Foye ) EPE > D{{z 4y (#2)

These four @ ts contain all possible types of neutrino moving elong the z-axis;

QI refers to neutrinos having positive momentum &nd positive spin, \Pn to

those having negative momentum and positive spin, @m"bo,. positive momentum and

negetive spin, and @7‘7 to negative momentum and negative spin.
—r

We now have ,

) . i[€ P9 w49y + < Pg 40Py +
(297) +4.e9L2EWa,, Ewe@gp_yu%?ﬂl

etc., where ? is & phase.
- >
The corresponding Fourier seriss for E, H are now given by

E- };[F((ne,m BB ‘Z"‘ﬁ"'cL

(298)
H=£xE
where -27¢ ﬁﬂt
F (k) =< [cop 7 AdCy. o+ By Dggle
T _zmﬁvt
(299) 5(@"" ‘L[M‘f,ﬁ‘:A(Cg- —cof ZB{ Dy f]

)= 0.

- -
From (298) we see at once that H is perpendicular to E and to the direction of
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motion k.

The theory of De Broglie was ooncerned mainly with the possibility of
linearizing the wave=squation for photons and of obteining in terms of the solu-
tions of the linearized equations & six-vector that would represent the electro-
magnetic intensity six-vector.

Jorden and Kronig are concerned with a different aspect of the theory.
They start with the quentized wave functions of the neutrinos and build up from
these the quantized wave functions of the photons. The artificiality caused by
the need for exact equality of direction of the two neutrinos representing a

photon remains, of course, in the Jordan-~Kronig formulation. Jordan has con-

sidered the simplified problem of the absorption and emission of light in one
dimension and here this artificiality is not so prominent., We may take the di-
rection of the neutrinos to be from left to right along the x-axis, and can sep-
arate thsm into two classes havipg opposite spins. Then one class can be repre-
sented by a wave functionx? and the other by a wave function.%ﬁ If we assume
thet the wave functions arc periodic with periodieity d we may express 99 and}ﬁ

as Fourier series

(-
X

wherec \% = c/ﬁ.

Q ﬂf"’:(f‘ )

(300)

2}
zfﬂ(f%)

)

"'\’k v Ms

In the samc way we may ropresent the correspwnding photons by e wave

function sp’expr0351b1e e.s the Fourier series

(s01) \.// ; % Hf’x? (lf’--—)

The photth (301) are not to be regarded as existing in-addition to the neutrinos

.

(300). They are merely the expression of a part of the neutrino field. We
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mist therefore express the Fourier coefficients 4@% of the photons in terms of
the Fourier coefficients Q&) Cﬁ_ of the neutrinos. Before we discuss this
we shall consider the commutation rules for the neutrino eamplitudes. The neu-
trinos obey the Fermi-Dirac statistics. We must therefére introduce commutation
rules appropriate to these statistics. We make the convention
+ +
(302) - O =
Q‘E’.. Q__ﬁ) C,& C_,ﬁ (ﬁ¢0>
and take the commutation rules to be
Qp Gy +G,Gp = O
£ e R 4%J—f? )
(303) - =
R <:e +Ce €% éiﬁJ"{?)

QeCp +Cpap = O.
Q_);‘B\g £ U
These hold for k,/<f )\ . To extend4them we write
- +
Vza,= do+ o,
VZCo = Yo + Yot

and then the 0o, Y, ¥ into the scheme (303).

(304)

Sinco only pairs of neutrinos of opposite spin can represent photons,

Jordan reletes the b's to the a's and ¢'s by the equation

. )
(305) ‘g - e ZQ C
= JIR] L eS¢

In view of the requirement of relativistic invarience it does not seem possible
to take a simple relationship essentially different from this. It takes account
of the conservation lews end includes all the possible types of interaction that
we would expect to represent photon emission or absorption; for a,, ¢ represent
the crestion of neutrinos in thé k state if k is positive while, by (302), if k
is negative they represent the sermihilation of noutrinos. Thus if, for cxample,
both Zgnd (k;z) happon to be positivé, the opecrator j&ck— sporresponds to the

A

creation of a pair of neutrinos of opposite spin, which in turn corresponds to

the absorption of a photon.
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It is essential to show that the photons defined by (305), (301) obey

the Bose~Einstein statistics and it was shown by Jordan tliat the b's defined in

(305) satisfy the commutation rules
e + +
- - S
‘éq’(ﬁe é"%" A,
(3086) ,gg_ge, g%gﬁ = O,
+ P+ +t o4
( éﬁ@e“é#& =0,

which are precisely the commutation rules that lead to the Bose-Einstein statis-

tics.

There is an apparent difficulty connected with the fact that the total
energy of the neutrines is not the same as the total energy of the photons. Ve
should, of course, expect this to be the case since it is essential for the theory

’
that there be a reservoir of unattached neutrinos that are not vaired off as pho-
tons, but a difference in the Familtonians for the photons and the neutrinos seems
to imply a difference in the equations of moticn and e falsification of the ener-
hy relations of photons. However, it is merely nccessary that the difference
between the two cnergies shall commute with all the b's since then the photonic
proccsses predicted by the neutrino Hamiltonian will be identical with those pre-
dicted by the photon Hamiltonian so that, so far as the behavior of photons is
concerned we shall not notice the difference betweon tho Hamiltonians in experi-
monts in which the unpaired ncutrinos are not dectected.

Now the occupation operators for the ncutrinos arc

L/;: Q_’é@{:Q_&Q{ ;'N‘)?:C:EC—K:C-&C&J )
thesc operators having the eigen-values 0, 1. The occupation operators for the '

photons are

Mﬁ: gﬂ?é - ﬁﬂ 4?)

.

a2 i
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which have the eigen~values O, 1, 2, 3, ««a o Thus the energy of the neutrinos

is given by

oo
(307) E = /{V,Z ﬁ(a-ﬂa£+c_ﬂC{))
and that for the photons is Sl
W = A, }; A /fia Ly

1308)

E and W are not equal. Ezgnig shows that (E~W) actually commutes with the b's,

and we shall indicate the line of pr%gﬁ. We introduce the quantity

(509) B=i2 a,¢c 4,

~ o
Then, by (305) and the commutation rules (303), we have, ignoring the numerical

factors,
ey oo

B,ﬁﬁ Mf?,;_é Lo C oQ n fne =
=2 2(A%S, )l C =

R —ru
=22 aua, C.¢Cyo. ’Zc'éc-/ue -

=22 a
< uChoy Qe “Z(Q(Qg_(f"c_@ o) =

= Ago B - 5
But £ 2 (a G
uo( €2+ Coe Cﬂ+€§'

Z @y = 5
'€:—00 ( {_ = " q ’ /: "q...
and therefore € €'z =0 A-€' Q ¢ ( € A ’é )

Ao o0
;ae@4_€ = zL_%D (‘?(Oﬁ_€ +a1€_€q€) = O, @(303) )

Similarly

0

2 GGe = O
Hence

(510) B 4 - 4 8.
Kronig now proves that
a 2 )
311 — ((E-W) = - 5
from which it now follows that (E-W) commutes with the b'!'s so that there is ac-

tually no difficulty with the fact that E and W are not equal.

»

_ ‘ ' .
e a o um  om e o
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Kronig has shown that B can take the values
(312) B=#m+3z,
where n 1s an integer. Thus

(313) E = WH Laa(wri).

Kronig discusses the derivation of the Planck radiation forrmla.

Since we have shown that the photons defined by double neutrino interactions obey

the Bose-Finstein statistics it is rather redundant to prove in detail that we

also obtain the Planck radiation formula. However, the derivation is not with-
out interest and it introduces the concept of the thermal equilibrium of meu-
trinos with matter.

We can teke a representation in which the operators Ly, Nk,that denote

the numbers of neutrinos in cach state,are diagonal. The corresponding operators

Mk for the photons will not be diegonalin this represeutation owing to the non-

cormutetion. But this docs not comstitute a real difficulty sincc in deriving &

statisticel formula such as the Planck formula we ere intorosted only in the ox-

pectation values of the M's, and thus only in their diagonal elements. It turns

out that the diagonal clemont corresponding to the K stete is siven by

%‘%ZL Ny +Lg N, z_ (1-Ms) + N (1= ) ] +

+,n_4 Ny.. +z>: [Log MY+ Mg (-1 ]

We now assumc that the ncutrinos are in thormal cquilibrium with the walls so

(314)

that, since the noutrinos obey the Fermi-Dirac statistics,

_ BT
(818) Ng= Lg= [+ VERT

where ve have written k' for the Egltzmang.constant to avoid confusion with the

nomcntum X. Tf wo toke the volume of the cnclosurc to be large so that we moy

N

[

7 ¥ed }
L EY
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replace the sums in (314) by integrals, we have, on writing

AvB/K'T ”
< ::.5#3 ;g' = &2,

IS}

ﬂﬁ’-’fi 2% +2f% — & : -
o Crg g ) e L)1y

(316)
|

(317) = %—[/-*M - T%—[ &3(7%) =.
T

i

| T g )
/ ‘3, ,_eﬁo/«ﬂT

which is Planck's distribution law,

! i
ok The two integrals in (317) have a physicel interpretation. If we have

two neubrinos, of energy wﬁv and [/-w)'f\) the probability of finding

|
. oA ~€‘»f{we/‘fi"l'
|
|

-; i one of them in the.mal equilibrium is proportional to

d w#w?/‘gl-r
€ .
| +e&"e\’/1f T

ili and of finding the other is
| ’
(l-—w)‘ﬁv/'ﬁ—r

. H
§ T T AR T
"lé | +€

irst integral is the total probability of finding two neutrinos s

Thus the f imal~-

taneously absorbed as & photon of frequency ’pﬁ?. The secohd ihtegral, on the

o the probability of a neutrino being absorbed and a

the whole

1‘ other hand, corresponds t
! different nmeugrino being simultaneously emitted in the seme direction,
1

effect being once more that of the absorption of a photon of frequency /{3) .

From the fact that a factor 2 multiplies the second integral, we must infer that

In his second paper Jordan gives a better interprotation to some of

ronig's results. Instead of the quantized wave funotions used by Kronig, ho

i
i
the second process is twice as probable as the first.
!
|
1
{




107
introduces new wave functions whose quantized emplitudes (X,{) :f1. are given

in terms of the quantized amplitudes G Cﬂf of Kronig's work by the relations
)

QA +4C + Froset
o(«z_l\./_._z._.t. , A= B317<Cq :a,, <C.y -
»Y
(318) he ’
/«‘ Q-f"th» +
o D T O

The relation (305) between neutrinos and photons is now given by
A-1
(319) Z( dﬂ”"j,, jﬂ-m> Z{X,,y’q_f %.>0

and the quentity B defined in (303) now takes the form

(520) B = 2.(0(4 K=Y V) + @oCo
The commutation relations satisfied by the A s and‘y's are

I
Koy g+ ols Ay = S,,.s
Yo ¥
(321) - Yo Js*t s o= A5,
which are of the same form as before and show that the new quantized waves also
obey the Fermi-Dirac statistics. The transition from the a's and c¢'s to the
M s andjy's corresponds to the rotation of the directions of the spins of the

fundamentel spin states through a right engle.

If we call the neutrinos in states given by the O(;o positive neu-

trinos and those given byjyrs negative neutrinos, the number of positive ncutrinos

in the 1“th statc is given by the cigenvalues of the opcrator
) +
Ny = o ol

and
' the number of negative neutrinos in the ﬂrth state by the cigenvelues of the

operator

NGy
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So (320) can be written as o
A )
(322) B-roo-:'Z(N,, — /\/_,),
where &%, has the eigenvalues t4, This gives a physical meaning to B, for it
shows that B measures the excess of positive over negative neutrinos. q}We have
elready seen that the photonic energy is
W= A4 4
, (O
in natural units. The energy of the neutrinos can be expressed in terms o.f the
A s 'andlv's as
) 7€ N .
E = (a +C =
2 R4 *4C4)
SK(«} '
= " ).
= (A g * N )
With the present B we have
I'd
W = E-£ 8%

Thus tWe neutrino energy and the photon energy will be the same only if B = O

(323)

which requires that N(+)' = N(~) so that the neutrinos end entineutrinos will be
paired off. The other exbtreme case where there is no radiation but we still
have neutrinos is given by W = O so that E = %Bz.

It is possible to improve on Jordan's formalism. We retain the rela-
tions (318) but work only with the O( 's and o(+’s, the range of r being
(- co, + 0©)., For symmetry we introduco
: X", = %(/7‘ a) ) o= 1.

Thoen we have, without exception for r = O,
+ +
o("f d3 + D(s O(,( - grf S )
(324) ’
o(d O(s + «s D('{ = O ,

The expression for bk bececomes simply

A
(325) JRT b = 2 %4 %g, -
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We define the occupation operators by

(326) fn.,f*’z oL:o(,, = o, a(_': PO,

~ .

J

and assume that only a finite number of energy states are occupied. This means
that the eigenvalues of the n's are to be teken as zero for large r, and this
ensures the convergence of the series for b, for such states.

For k %ﬂ it is easy to prove that [bl';, by'] = 0, The case k = f;, how-

ever, involves an interesting point. We have

A64" 61 = 5 Z (otxdig, , 0g,, s~ Hgug e O e I

T g

where k # O. By means of the commutetion rules (324) we may reduce this to
A +
(327) (‘/ ég /,g) Z COrs LY I T )

and apparently the right-hand side is zero!  But actually, though the summation
on the right converges it is the difference of two divergent series since O('Y O(—r
is unity end not zero for ’7"———-}(\00. If we were to write (327) with the o 's
in the order X o(+ on the right, we would meet a similar-condition for

Y~ + 00, It is a formal mattor to show that the sum on the right is actually

k. The situation can be illustrated in terms of the limiting case of continu-

ous r« The dotted line represents o(l-;-;.r A while the solid linc represents

k+r

_.—.—..._\

/A

O(,: D(,, The partial sums are the areas under the two curves, but though

e a2 of

these are each infinite their difference is tho shaded part of the diagram which
has finito arca since the two curves arc identical in shape and merely scparated

by a translation along the r-axis.

KA de A A e AR e
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If we write

2 “) T (- -)
(328) 2 /n4(+): N U >3 ’nd( & N< J
[ {
we may define B by

B — (N(-#L N(—-)+ _?1:0_)

from which it et once follows that its eigenvalues are (n+%) where n is any in-

(329)

teger. The proof that B commutes with every bk is now quite short, and the deri-

vation of the rolation between E and W is simpler than before. We omit the de-

tails. |
Scherzer attecks the problem from a different angle. He considers

that part of the Hamiltonian that refers to the interaction of the neutrinos

with mattor. His neutrinos are not quitc the same as thosc previously consid-

ered since they have trensverse polarizations just as if thoy were photons.

This is not a very important matter;'%pwever. The interosting thing is that he

obtains rosults that agrce with those obtained from the quantum theory of light,

with a féw exccptions that can givo no exPerimentaily dotectable offoct,

The enorgy of interaction botwoen matter and radiation can be written
as —
(330) W = A, A
- —3
where A is the vector potential of the radiation ficld and ¢ is the vector

whose componcnts are the Dirac matrices.

For "classical™ light wo have, assuming periodicity, a Fourier expan=

x

sion of-z?in the form ‘ - —
-3 - ‘ =
(331) A:‘Q‘Ql/%\-gag‘)g{m(@ﬁ* g’ﬂﬁl’>)

: —->
whorc'az is a unit vector in the dircction of A. There arc two mutually orthogo-
nal basic directions for'E; corrcsponding to the two possible statcs of polariza-

tion of the light wave. The Nk arc, as yct, still c-numbers.
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We introduce the ebbreviation
—
—
(332) Yg = £ Tg X .
It is counvenient for the later work to rewrite (331) in the form

-3 _ > ~
(z33) A = 2 J% % 5} |/N&V& Co‘;)/@;{ ‘L)//{)\/&{é)ﬁ, O{\Jﬂ )

where CB/\/ = \7;'0{6)& c/\)& and a/a)& is the element of solid angle.,

The adventage in using this form comes from the fact that we shall be intercsted
in double processes for the neutrinos and shall thus have this expression enter-
ing quadratically.

The interaction obtained from (333) and (330) will contain one cosine
term, but in the neutrino theory we deal always with pairs of neutrinos and thus
we shall want two cosine terms,  Scherzer takes for neutrinos

54)A 2JTZCI rm[@'ﬁ)’, w:(@f)’g (5’) 53).)6’60«9’\’1\}-«);0(1)5‘/-5(?-«5)

where the factor (ar i as) ensures fhat only ncutrinos with parallel polariza-

tions can interact to give photons sincc if ‘é.i,?s are perpendicular this term
vanishes. The _ﬁi, 'ﬁ: are unit veotors in the directions of the wave normals
and the entry of the 8 -function prevents the combination of neutrinos having
differont dircctions of motion.

The corresponding interaction cnergy is given by (330) with the ox-
pression (334) used f‘or\j?.

The ncutrinos obey the Fermi-Dirac statistics end we therefore impose

the scheme of scoond quantizetion first discussed by Jordan and Wigner. It was

shovm by Jordon and Wignor that we can rcpresent the quantizod N's diagonally as

matrices of the type
)

and that the corrcsponding phasc @1 is givon by

(336) Q‘@" = (Pl = &, =y,

the following commutation rules then being satisfied:
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Nr{ zq: Sd(/-'N’f): Qt; 3 Aa?,
€4 N = (/‘.N")E«' = Ay, may.

The a: and & +thus defined differ from the usual gquantized amplitudes by not

(337)

possessing the Jordan-Wigner sign function. This means they commute for r f Se

We have now

~% Y,
(338) 2 N, oo P, + Vg ):: ae ]Lr Q+€1j )

the rts still being c-numbers., Thus we find

(339) W= -FZ(W +U1*W3>(°<¢G )(Qq QS)JS(’M - 5\}:(;40/ 0(1)44/%» Er L

where
= (1=Na)(1=ns) & EOTT)

Wz: My Ns €+<C)('Y+]$)
/ ’
C(Yu~
Wiz 2Ny (1-Ns) e ))l" %s)
W. corresponding to the spontaneous’emission,‘w to the absorption, end W, to

1 2 3

the stimulated emission.

(340)

We can write this in analogy with the theory of light and find what
the interaction of the light field with matter will be in terms of the neutrinos.

If b;, bk are the quantized amplitudes of the light, we have

”-(]ﬂ ‘l‘i]g
(341) } ) )
9 Np <o (@g *fa *g #
. — .
If we now compare the two values (331), (334) of A, we find, writing bk =P
Qg Clﬂ__

(342) m}: % | s(ﬂ-s?/ )

the summation avoiding s = k.

-

Scherzer's paper implies that & neutrino has two states of polarization
t
and that only similar polarizations can combine, their law of combination being
(242). However, there seems to be a flaw in Scherzer's scheme since it can be

shown that

|
ew e o o,

S —

Rt

g Tomee e e

e




(343) Cf—{)@ﬂ,] FO, * 7€/)

so that the b's do not satisfy the Einstein-Bose statistics. Thus the theory

cannot be equivalent to the usual theory of light, and indeed, §E§§£§E§ finds
thet the stimulaeted emission given by his theory for the case in which one neu-
trino is absorbed and re~emitted in the same direction does not agree with the
result obtained from the theory of light., He assumes that such a case should
correspond to absorption of a photon, and even in the Jordan theory a field with
one neutrino present does not correspond to a field with a definite number of

photons present.

Remarks on Theories of Light
Id

(By W.Pauli)

The guantity

B= > (N¥-N®)

introduced by Kronig and Jordan is an important operator. For if we start from

the Dirac equations for the neutrino we cannot easily avoid the procedure of the
theory of holes that makes the energy positive; i.e., we must separate thc states
into two parts corresponding to positive and negative enorgy and we must then re~
place N(-) b& (1 - N<-)) as already cxplained for the case of electrons and posi-
trons, In the neutrino case we shall then find, in complete analogy with the
electron-positron casc, that there exists a "eurrent" density vector satisfying
the equation of continuity, and the corresponding 4-component will have both
positive and negetive eigenvalues. B is the volume-integral of this density and
will be the direct analogue of the total eloctric charge, but we do not know

what its physical moaning is whon we are dcaling with neutrinos. Naturally it

=

B ek s

Ll -t ™

""’.'
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cannot be regarded as an electric charge, but it will imply that there is a real
physical difference between a neutrino and an enbineutrino. Whether the Fermi
theory of /3 -emission requires that we treat neutrinos and anti-neutrinos as
different we do not kmow.

The whole theory of Jordan and Kronig may be right or wrong, but even

if we avoid entirely the idea that photons are manifestations of pairs of neu-
trinos we cannot, in the theory of neutrinos, avoid the operator B{

If we consider only processes of light emission and absorption we caﬁ
simply add es an extra condition on the neutrino theory of light that B shall be
zero. We shall then get a theory that is absclutely identicel with the present
theory of light; but to explain /3 ~ray disintegration we require thet B shall

not be zero.

In the three~dimensional case, the whole neutrino theory of light be-
comes very artificial because only neutrinos having exactly the seme direction
can combiﬁg to give a photonic interaction with matter. This mekes the whole
formalism very inelegant. For instance, we shall have a conservation of B for
every direction, '

It is not easy to see how we can express the electromagnetic potentials
in a gauge invarient way in terms of the X s and‘y’s, though there is no-ncces-
sary contradiction if we cemnot do this. If we consider the interaction with
matter, the potentials occur explieitly in the Hamiltonian., Thorefore it would

not be very satisfactory in this case to take some fixed gauge since this particu-

lar gouge would not be Lorentz invarient.

There are theories analogous to the neutrino theory of light in which,

however, the particles of which the photons arc composed are identificd with the
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electron and positron and not with the neutrino and anti-neutrino. We encounter
here e serious difficulty since we must assume that in the first approximation
the rest mass is zero and must try to understand the actual rest mass as a result
of the interaction between particles. .Bloch tried to do this, but without suc-

CESS,

Heisenberg has made the attempt to describe the external field in terms
of the singularities of tho mathematical density matrix of the theory of holes.
The work was done some years ago, but has not been published.

Heisenberg argucd that since the singularities of the mathematical den-
sity matrix depend on the external electro-magnetic ficld, if wo know the type of
singularity we can calculate the cxternal ficld.

If we write Py for (mzc2 + pzf%, we may write the mathematical density

motrix for the quantized wavo functions in the momentum spacc as

(B IRIF )=

Fo

j‘ My
+-

}

[N

(54:4:) + ‘\.._’!'7011 .
_dﬁ *[5wmg . — T >
! Ay °"€=9(/1 )(Hxﬁ'ﬂ“ﬁwﬁ +
po — J
A+ fo fo
+ hermitean conjugate ¢ +
+ higher order terms,
- = - —
We sec that for given (p' - p") and large 39 we can calculate §> from this and

thus also the field strengths, To do this, however, vwe must introduce o limiting

proccss that involves a function f(p, & ) such that

(345) 5}74#—%[/52): 1,
T //ﬁ £)=0.

£—=0

TV Rl ¥
N x"\&
gz; 1 1 P Y-

5
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As an example, we could take
—&
(346) ff- cg? @

tn terms of such a funotion the Fourier components of the electromagnetic poten-

/‘n.

tial are given by

(347) & 3%( R) = oZZ.,m {(T‘/o\‘/ ,,n)(/b’jp”//?/,é ,0,/,) //,4 £) 0{%//}

and the Fourier components of the corresponding field strengths by

[ = (k1o 1) s (' IRIP )f(/l,gj(,{ /e

(348) §E€(P)— £ -0
Hp(P)= [ PX cg”(ﬁ]

The corresponding formulas in ordinary space are

" -2/ =341 el
(349) %/ﬂ): f’géﬁzjw Z”O(/’"’ A'IRIP x") D(x" x| 2% /0[1))

Ne = BT At «/IR] o) X
AGREES AR P CLY R y
op fiﬁ /lJ [D(( y) /4/ -9/1/ ‘7;0{4/

where the limiting process is the tending of D(x) to the Dirac Sl—function in

(350)

such a way that Lim D(x) = O for x ¥ O while

5:‘{0(7)(’/{3( = 1 for all a > 0.

These expressions contain only the density matrix for a given time © so that we
do not have to make use of a wave equation. It is essential, however, that the
density matrix be singular since if it were regular the field obtained by the
above process would be identically zero.

There is a similarity between this and the neutrino theory of light

since R is éxpressed as a bilinear expression in the \70'3 and it is a bilinear

composition of the neutrino spinor field (70, satisfying the Jordan-Wigner commu-

tation rclations, that leads, in the neutrino theory, to the Bosv-Einstein statis-

ticse.
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Heisenberg tried, by -introducing the commutetion rules for E and H, %o
obtain a relation for ez/fgc but this was not possible because of the ambigu-

ity of the limiting process.

The New Field Theory

(Reported by M. H. L, Pryce)

The theory we shall discuss was proposed by Born in The Proceedings of

the Royal Society of London 143A (1934), p, 410, and has been developed in fur-

ther papers with Infeld, and by Pryce and others,
We begin by discussing the derivation of the Maxwell electromagnetic
Id
field equations from & variational prineciple, since this will form a convenient
introduction to the generalization that will follow,
In the Maxwell theory there is a magnetic vector potential ?and a
— =3
scalar potential j) s in terms of which the field strengths E, B are given by

= —
(351) q:-%—f——oraa)fj B=cw A .

—)
We use B instead of the more usual?for reasons that will appear later.

These equations are equivalent to

oy
(352) : alt'u’g)‘:o) %E-+M{E=O

which form one part of the Maxwell equations. The other part 1s, for empty
space —> —
= dE £ —
(353) ﬂ‘A]‘E = 0/ ‘5‘&' - 5 O‘
It is well-known that if wo begin with the first set of equations (352) we cen

obtain the second set (353) from the variational principle

Fr.S
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) %(E",Bz)a&ffo/é':a)
(354)
R E? 2. . s s
where the variation of end B is such that the equations (352) are satisfied.
: >
This means that we may consider the variations afi?and B as caused by variations
q-a
of & end .
The formalism becomes clearer in the notation of the theory of relativ-
ity., We introduce the four=-vector g% by
2, -¥)
A~ -
(355) g ~ (A,-F
and the antisymmetric second-order tensor fi' by
fi= /it

(356) f;@ ;gz4<’ ,f?q v E,, F,, E;,

oo, for, fro V HL By s

We may now form the relativistic scalar

- e r=t 4"

end it can be easily shown that, in the Galilean case,
~

(358) F= EXB
The veriational principle (364) is thus
(359) Sy i1 F /5y ol ol Yoloc oA ¥
where the yrtﬁsis necessary in order to give, in combination with the

ﬁhlﬁhlﬂhsﬂ&* an inveriant volume element in accordance with Jacobl's
theorem.

If we try to obtain a theory of electromagnetic mass in terms of the

Maxwell equations, we encounter the serious difficulty that the total electrostat-
ic energy of a point charge is infinite. Egzg_decided that this difficulty could
be avoided by a suitable change in the field equations, and that this change could
best be made by keeping the relation between the potentials and the field strengths
tnchenged and altering only the lagrangien function. We shall discuss first some

of the general statoments that can be made about this procedure before we consider
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Born's particular choice of lLagrangian, Born has advanced various arguments to
show that his Lagrangion is specially significant, but these arguments are of

doubtful velue and his Lagrangian is not elegant.

In addition to the scalar P defined in (358) we can form just one other

scalar that does not involve the derivatives of the field strangths, nomely

(

tors but merely parts of an antisymmetric tensor. To bring the invariance into

- =9 . -
E * B) In this form it is not obviously invariant since E and B are not vec-

prominence we introduce the completely entisymmetric tensor of the fourth renk

jkfﬁn given by

O if two or more indices are equal,
Alon, ,
o Jo
(360) J =+ 3 V:?'
/

{ ~==— if they form an odd pcrmutation.

""z*u’:%

That a quantity so defined is cctually 2 tonsor is a standard theorem of the ten-

if k, ﬂ,xn,zlform.an even permutation of 1,2,3,4,

sor calculus. In terms of this tensor we ean form the scalar

+ Al n
(361) G = # 7% ‘“"07

which, in the Galilean case, reduces to
o~
(362) Q:(E»B).

Since jkﬂmn changes sign under an improper Lorentz transformation it is G2 that

is a true scalar under reflcctioms.

We may introduce the notion of thc dual £xik op on antisymmetric ten-

sor ., by the definition
ik . .
-#-tff R
(363) % = Cf

)

which is such that

bk A ‘A
(364) % T = “f .

e . —,
In the vector notation, if f_kAﬂJ (E, B) then £alk A (E, i), In terms of the
i
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dual we now have ,
* A
(365) G = f /{’é’ .
If we wish to obtain a relativistically invariant theory we must take
a Lagrangien tilat is invariant, And if we require gauge invariance we cannot
have 4?1: entering except in the combination of its curl. Mie's theory used a
Legrengien that involved the 41 not in this combination and was therefore not
gauge invariant. Thus for relativistic invariance and gauge invariance, if we
assume that the derivatives of the f., do not enter the Lagrangian, we must take

ik
(366) L= LCFG).

In the Maxwell theory we have simply .

(367) sz < F.

We introduce the antisymmetric tensor p:"k by
AL _ <R
(368) Q m - /L )
. < -
the plk in the Maxwell theory being just flk, as 1s readily verified,

The equations (351) can be written as

f, . o9 _ 2%
17{ }[,: }Iﬁ'

and we must take as our variational prineciple

(370) s[e(r6y g dr =0,
where p{'?; is written for a& /aéy%saé.’{f

On performing the wvariation we find
I GE S A
[ 4 et g),

and on integrating by parts and taking the variations td be zero at the boundary

(369)
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of the region of integration we find that this gives

s B(ﬁ{ﬁ(j““’
o= g Oz 1 _3) Scf’ﬂ &/7;

so that we have the field equations

(73t -0

‘A
(371) /b S, A = 0.
If we introduce the vector notation by writing
Pres fraes Pse ™ B/

/713J /1'3.J /2,7_ ’\Jﬁ_)

we find that these equations are

-

=5 220 Vi

(373) A D=0 , 3 = cuwt H.
-7,

(372)

In the Maxwell theoryﬁ3==i?andi? but in the general case the relationship is
not so simple, being given by the definition (368) of pik. The equations (373)
arc analogous to the Maxwell equations for o medium whose dielectric consteant and
magnetic susceptibility are functions of the field strengths.

The field equations are now (369), (371), end (368). We con make them
more symmetrical if we note that (369) can be replaced by
(374) . E.fﬁ+a‘?+3€{ = O

L o k24

which is the same as

(375) 2 [f*dff%}—) = O,
RE AL

Thus, starting with (375) and the Legrangian (366), we have doduced the second

set of field equations (371). We shall show that it is possible to begin with

(371) and, by a suitoble choice of Lagrangian, to deduce the first set (375).

e st e A
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Then S < Sf—-%s;gzﬁ{ﬁ' %fﬁ.ﬁ,g/f'f:
_ %ﬁaogﬁ,_é, Sﬁ(lﬁiﬁ%f'&ﬁ' ik
= -4 fk spk,

so that if we regard ng as a function of the pi
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(377)

k we have

or

(378) 3 Bﬁ = -if(_' %)

~
which is snalogous to (368). We have here merely performed the usual Legendre

transformation.

% such that

* A4 9w
(379) /"[f{ N, Sz R

and, from the variation principle

(380) ‘é Sﬁ/‘)—’} A7 = O,

we shall now obtain (375).

We thus have two different methods for obtaining the field equations
from & variational principle. We shall return to this matter when we congider
the case of point charges.

We must now intrpducé the stress-energy-momentum tensor of the electro-

magnetic field. This is defined by

A
(381) Tf“ = ofgf - /‘{ 22

Thus if we assume (371l) we can infer the existence of an "anti-potential”

o ostsras L ugmm Gl it M mes @
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where we are now considering only the Galilean case. In the Maxwell theory this

is ﬂ { /ff
(582) T, = Fo. - f ,{%’

and in this case the symmetry of 71K 45 quite obvious. In the gencral case (381)

the symmetry is not so easily seen, but it has been proved by Mie that if weo begin

with oZp = oZo (5 6?) the tensor 71X dofined in (381) will always be symotric.
We shall show that this tensor satisfies the conservation laws. = These

laws are contained in the statement

(383) Tif‘g’ = O,

and their significance is best understood in terms of the physical meoning of the

various components of Tik, We may write -
i ih
(384) 47T T = : Va \‘/jJ
3 pd
¢

end then the X's, Y's, and Z's arc the componcnts of the ordinary stress temsor,
—)

S is the Poynting vector moasuring the flow of momentum, and U is the cnergy.

The conscrvation laws in tho Galilcan oasc, when cxproessed in this non-rclativis-

tic notation are just -

(Ts

~
+ oar ¥ O
-
+ Air 2 =G,
4+ AT =0 .

2V
£ ;

The first thrce statc that the rato.at which momentum is leaving a given volume is

o/ o
W
(-3

|

(285)

o
T

|

o/| o/
o

equal to the total normal componcnt of stress across its surface, whilc the fourtl

—> .
a_éi(+0k(r)<:o, .

Ty T
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shows that the rate at which energy is leaving is equal to the total normal flux

—3
of the momentum S across the surface.

We wish, therefore, to show that (383) holds for the tensor defined in

121 24
> g _ 2% ?’f{z -£ [ ) 7 )
T L 2 st i G
' but by the field equatlons (571) we have, in the Galilean case,

}xﬁ}z(’& =0,

end, from the definition (368) of p* , wo now find

27k o 4 pAE ) UG S

A3 21 2 3
= “ZL /" Jr"fﬂ?-"ayﬁ f"!_r&({’f)fi] (from the antisymmetry of p and f),

which vanishes because of the field equations (374).

(381)., We have

Thus we have shown tha'b

(386) ~ ap‘i T

which is the Galilean form of (383).
Let us consider the spherically symmetric electrostatic case. Here we
shall heWe‘]-a5 and—}?zero, and the field equations will reduce to
(387) div D = 0, curl E =
while, since G2 vanishes in this case, we shall have
(388) f = DZD (E* )
so that N 3 rf ?_E_C_
(389) - D="353 = 2EF °
Using spherical polar coordinates, we obtain, from the first equation of (387),
(390) D.( = ‘;:;i )
which shows that *Da is the usual Coulomb field, The quantity e is here an inte-

gration constant. The second equation of (387) is identically satisfied. The
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’ pokential is not prominent in these equations but it can be obtained from the

relation

—_—
(391) E = grad S? ,

-> \ > =
end the value of E is found from (390) and the relation (389) betwoen D and E.

- =

The energy density U, which is here just cﬂf7* E # D, can now be obtained as a
funetion of r.

The condition that the cnergy of the point charge shall be finite is the
same as the condition that E shall be regular when D is infinite since con-

-
tains only E in the present case.

Born chose as his Lagrangian

o) L= 223 J-FF-drpe _ |1,

where b has the dimensions of an clectric or magnetic field, ¢ being teken as uni-

tyo Fd

If we take units such that b = 1, we have
L= Ji-F-gz —|

[ and for small fields this tonds to the Maxwell value

L= —4F.

In the spherically symmetric case we find in the Born case that

L= JREE

so that
D= £
vV I-E*
or

% E= Ve

and sincec

we have
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As r tends to zero this tends to the finite value unity instedd of the infinite
value of the Maxwell case. But, unfortunately, Er contains a singularity since
the direction of E at r = O is not determined. If we wish to avoid a singularity
in E. at r = 0 we must have Er"—ﬁ 0 as r—> O and the faot that in the Borh case
Er~—a~1 is merely due to the inconvenient type of Lagrangian discussed by Born.
We could have any functional relation between-§§and7?irmtead of (393) end the
relativistic invariance would then give the dependence of éif onqﬁband E?corroct-
ly. |

The energy density in the Born case is given by

) ey
(395) 4 U = Al I= _n I

so that the total energy of the field is,
Bo i o

(396) W= _( Uncdy = y (./e’+-f"‘ —-’Y'L) Oi/?f}
L >

which is_finite. If we go back to conventional units so that b is no longer ig-
nored, we find that

(5e7) W = (r23¢1---)€ VT,

If we oquate this energy to the mcz of an electron we find

(598) A= 9x 0% e, s .

which is a very lerge field. The largenoss of b ensurcs that for ordinary

ficlds the Maxwell equations will hold to & high order of accuracy.

The field equations ore just sufficient to give a solubtion in every
casc when the world lines of tho singularities are given. But they do not dec-
termine these world lines and we therofore need further conditions that will mako

the theory complete. These conditions will be, essentially, tho cquations of

S M




127
motion of the singularities, and we may obtain them from & variational principle
leading to the field equations. It is necessary to use the second form of the
variational derivation of the field equations involving (380) since it is only
when we use this method that we are able to introduce the variations of the co-
ordinates of the singularities. This is done by replacing (371) by
(399) ?J’_‘,f.ﬁf _ 5[ <

o ’

ji being the charge-current density caused by the singularities, and then build-

ing the corresponding /%/, which will now involve the coordinates of the singu-

larities, and performing;‘ the variation in accordance with the condition (399).
We shall begin by assuming that the particles are represented by world

lines whose spatial singularity is in the form of a 8 ~function:

w = . o
W0 = pu B, Fhu = S(XFu)
where ?« is the position of the nth singularity. This is actually a relativis-

tically invariant relation,
We assume that the effects of the singularities are additive so far as

their charge~current densities are concerned. Thus we take

(s01) Ji= ZTui .
We now write )f ﬁ
< i
(402) /7- = /50c -+ Z/’Lﬂtﬂ)
ik

where the p; satisfy {ﬁ

3 , ’
(403) E—BL_%_ = 7 .-

X

The manner in which wec have broken up pfLk is, of course, by no means unique, but

we shall see that the final result will be independent of the particular menner

in which (402) is satisficd. We want the p:lk to be functions of §“ and

o

? ; thet this is always possible is evident from the ecxample

= © - —y - =D
= == 7 ¥ = |-~ ‘ )
(404) D f;l P) E J

H= xD.
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From (399), (401), (402), and (403), we have

2 foi

3 R
which implies the existence of an anti-potential Lf/% such that
b

(406) /15{,{{ — 3%& _ 9¥

- et A

If we proceed at this stage to the veriation of (407) subject to the conditions

=0

(405)

ld

to be satisfied by the pik, we shall encounter a difficulty in commection with
the entry of the 8'-funo’cions. For since ?i’s infinite in the neighborhood of
a point charge, we shall cause arbitrarily large changes in? with smell changes
in the ? ts, We must therefore smooth out the 5-i‘unctions and suppose that
the charge is spread out in a small volume that is constant along the world line.
This finite size is not related to the, structure already obtained for a charged
par:bicl_e;/ it is to be regarded, for example, as having & radius much smaller than
the radius of the classical electron.

There are certain fundamental properties of?and ?tha’c we shall need.
We have, from the equations (403),

-

(408) o—éw bz = /’;(?‘ ?« )} -
(409) D,,, :We Hmm/)"’(?—g\)-?ﬂ )
where m (?—?“> is the distribution function of the charge. From

~‘> —— “‘B
(409) we can show that Dn will be a function of (7( —‘E.. ) alone and not of its

time derivative. For we have

6 _ DD & L, P £
SZ’: - ...._;_. 2 ff‘td—” e ggmd J
S~ma Sma

and & comparison with (409) shows at once that
rog4
2D, _ o
¢ ‘
3ng

(410)

N
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2 2

Again, since 'S’i':"" S‘: when operating on_I?, we have
(411) D, s — (§,,‘ . V) D
From (409) and (411) we now have
R 2 _ e (“"
CAU(‘QH,,'—D« +/ﬂq'§’“ ‘/Mgm" _?-..n v> Du)

and, by elementary veotor analysis, since g_" is independent of x, y, %, being

a function of + alone, we have o
2.3 > —
{ =
/ﬁ ? V) D,
and & comparison with the previous resul;t gives at once

et (Ha= 5.2 D)) =0

from which we obtain the importa.nt relation

(412) ?M + f’“"(}{q )

Xm being an arbitrary funetion.

~

We must now consider what modificetion of the conservation laws is
caused by the introduction of the charges. The computation is straightforward

ond lesds to the result that in the Galilean case with which we have been working

2, - & X [ 5 fer) - felB ) -
wo = s ] e fe) P 7
1 fee

T T
- .
. 0 I5 -

T ok,
R A P
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a result that is of exactly the same type as that in the Maxwell theory.

We must introduce the concept of the total force acting on a charge;
first for the casce of real point charges given in terms of S-functions. In
this case T behaves like {V'Y?') and not like the (V»T‘t) of the Maxwell the-
ory, but in the Maxwell theory the field is always symmetrical and so the term
in (yrf‘f‘) vanishes on integration over a small closed region surrounding e
charge. In the Born~Infeld theory we have no symmetry for-f),in the ncighbor-

hood of a charge; for instance, in en extreme caso we could find even

/2
Nl

It is precisely this asymmetry that can lead to a non~vanishing limit to the

value of the surfacc integrals of stress and momentum in (414), etc.
e
If we have a charge at A we may surround it by a small region 2 and

may then omit the charge by cutting out

Z

a still smaller region ¢ that contains it,
If we considor the conscrvation theorems as applied to thc region
bounded by Z and G we find

(414) .é?a_SS a&r:—g?,pl&?#‘yxﬁ,ﬂ/éﬁ) P/&,
(z-) z

= e
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As 6§ —> 0 the left-hand side tends to a finite value vhile the first integral
on the right is not altered. Thus the second integral on the right has a def-
inite value and we call this value the value of the x-somponont of the total
force on the charge, which we denote by Fy:
= —>

(415) ;g’ggsxp&fs—-gx,al?+l:¥

) ~
similarly <

(416) % J(S)Uoiv' = -—SZ S_“}, a"(? + G

where G is the total rate of doing work on the charge.

J

b

For the case of the smoothed out charge we have from (413)

%?ﬂég: ﬁ(/;+ T.xB ), o,

(417) y{ufg . =X% - Z_/’ E EM

B(’

If we integrate over a volume oontalnlng the charges we have

(418) %jjyol@ :—S;E)?.a/&_}+g 5/%(?—# ?x?}o@; efE.)
@)

and by comparison with the previous discussion we have

AY

([p-(Bx ToxB)ede
G [ EE A

Thus

(420) GT«, = ?::c

We can now perform the variation

55%’4'@ =0,

We have
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SH = 8/2 = %fﬁa?é‘/ziﬁJr; 5/12“,]%}:
- /*”“ ¢4 S (l:_ e E’Z’H“‘)S i

(421) + 5 (B30, ._a_t’::
5 (E. A s ;ew

:-fnia sy + 5 (B2F '___5 £
= 23 (Bxp), - Bz}::.@gsg«q ,

wheore in the lasp step we have made use cf tHe 'ixact that D is a function df

=
F - %.. ) while Hn is given by (412). The variational principle now gives,

since the Z 's are functions only of %, - .
0%-11£ >
O = gé;;é{¢%’7; = (—*— , )Yﬁ' S #j 6/ T+

FE[TSEL(( yao] s -
(A2 S5 f( Do ] =

= sgil;qf” Sy of 7+
([ 55, [1BL P 25 -2 (B AuB)fdsr],

I f
-  JE . . . -
where the term (+D : *5;" ) comes from an intcogration by parts of the original !
- a[) ol
term (-E «

D% )- .

From this we obtain, in addition to the usual field equations

> * ¢ R O
ot f - !
the cxtre conditions

2 2E =
(e22) O = g [ B. ‘5%; “I). gy’;*f;{&%@)]ﬂw.

—-’
In the latter we have used the fact that div B = O which comes out of the above
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y field equations.. We are interosted in these oxtra conditions. We can trans-

 form them by means of the ficld equations (403) which teke the vector form '

i ° =3 .
| (e22) Cu/rﬁﬁ«*b_f:f~fﬂ) Wﬁ‘f«/

\
|
and the field equations

— 3B Lo |
(351) et E S—-t—;=0) ”&”’g“ o i
|
|
|

We obtain, in fact
—>
s Pl ) L D 2B -
025[5’,5;; ( Bxowf F, )+ Pr 32,

— (Do X cun? E)d-/m(:fx?’)]cbf , i E:
il

and further manipulation involving various identities of the voector calculus final-

1y leads to . fé_ﬁ - i
(424) - O:-—ff),,[E'\“fﬂX.ﬁ’)qa&r:-—E‘d' '
|

Thus, just as in the classical theory of Mexwell, a charged particle moves in such

—
& way that the total force Fn acting on it will venish. The total forcc hore

used is & well defined quantity and does not depend on the way in which the field

s
.
BN

was broken up. This condition that the total force on a ‘charge shall be zero is

4

equivalent to the conservation laws for momentum and energye

It is of interest to compare the result just obteined with the corres-

ponding result in the Maxwcll thcoxy. In the Maxwecll theory we may not go to

— ge e meAepe——————— S
a - - - S
. oot
. . N

the limit of a point charge, but if we introduce some rigid distribution of elceo-

tric density we cen write

N N
Air B = p(P-F), etH-tE=TF PE-F) -

|

| (425)

1f we now bresk up the field by
|

|

|

\
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we obtain fro@
(427) SS[E?-H?) o= O

-
on verying A, A, ‘}?Ct), firstly the field equations

N
M#-‘—'O) cuﬂ’eg*é H =0,

end secondly the equations of motion

O = g/)(g-:» L‘gxﬁ)&&r
which give the condition that the total foree on the charge is zero. However,
if we have a rigid distribution of charge density we cannot have Lorentz invari=
ance, while if we try to use a point cha;ge we encounter infinities that spoil
the theorys The adventage of the Born-Infeld theory is that it allows us to go
to the limit of a point charge and thus %o retain the Lorentz invariance. If E

itself were regular at the point charge we could write the condition governing

the motion as — 23—
(428) (EE‘/‘ [§X8]>r=§ =0.

It is of great interest to discuss the motion of a charge with the ap-
proximations allowed when the external field is weak =~ that is, weak compered
with the large absolu%e field given by be. We may divide space into three regions,
the interior of a sphero whose center is the conter of the charge and whose radius
is of the order of the elcotronic radius, the "jntermediate region" lying botween
this sphere and a concentric sphere 22: of such s radius that the ficld et this
distance is approximately classical, and, finally, the region exterior %o this
second sphere, where the field may be troateB as Maxwellian, We may assume that

in this mecroscopic region the superposition prineiple will hold, but a rigorous

LY PR
i
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discussion of this point has not been given. Again, sine. we are dealing with
weak external fields we may assume that the acceleration of the charge will be
small compared with (02/}0), r, being the electronic radius. This means that the
reaction of the radiation will be small. The field in the classical region will
now be just the sum of an external field and the field of a uniformly moving clec-

tron according to the usual Maxwell theory. From the relations

s%% S;E):S c7LQD*' = - E;i_sgp. 6{6F? ) <a/4t5 - )

-'d

since the right-hand sides are just the classical force on the charge, we have

5?('— g{)fo&r = e(E+TXx8).

(429)

But the volume :éi is such that the Poynting vector of the external field gives
only a small contribution so that we may regord the integral on the left as a
measure of the electromagnetic momentum p of the moving charge. Thus we may
write (429) as ?5j_9 N - N

(430) 7=CE+§X5):

By a suitable Lorontz transformation wo can reduce the charge to rest. The momen-
tum will now be zero and the total encrgy W con bo rogerded as a moasurc of the
rest mass m, of the particle. [Actually we want W = m, 02, but the units are such

(8]

that ¢ = 1. From the rolativistic invariance we now have the well-known rele-

tion wo‘é
(431) - T 4
JI €

with the important advantege over provious theories that the m entering this form-
ula has beon related direetly to the total encrgy of the clectromagnetic field of
the particle.

We can put the condition that the total force on a charge must vanish

into a rclativistiec form. Vie havo

%g@)g;&@ + gzz’,d?z O, .,

Treet "’\:‘ k
:sa..‘.: :y‘df

o4
3

[ 14
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whether the surface QE: encloses charges or not. If we integrate this with

respect to £, and let the three-dimensional hypersurface bounding the new region

of integration be given by

(432) .X":-;(“’(U)/U;W)/(i.:ljz)}Jq_))

j T{’ﬁd‘{ A Aot = O,

where <52 arc components of the hypersurface clement and are given by the four

we get Just

(433)

functional determinants that form the three-rowed minors of the matrix
D! T dx7 V¢
e’ du due ? duw

'

]

o T T
L E N 44 ’
“ YA 2 ’ éw

By Gauss's theorem the left-hand side of (433) can be transformed into
the four-dimensional volume integrals
o TiA
oAr 5
et
the domain of integration being the four-dimensional volume contained in the hyper-

surface (432). We thus find that
TR
v *a =

even where there are singularitics, and this cquation is, in fact, just the rela-

tivistic formulation of the law that the total force on a charge is always zcro,
when it is applicd to singular rogions. The connection between the laws of mo-

tion end the laws of conscrvation is now apparent.

O

53

4




137

Remarks on the New Field Theory

(by We Pauli)

The derivation of the value of the absolute field strength b is not very
remarkable, for from (397) it is evident that b is essentially the critical field

strength already discussed in this seminar; the numerical value 1 * 2 3 6 1 of

T ) e

is rather accidental, the important point being merely that it should be of the

the integral

order of unity. And all integrals in physics ere of the order of unity!

The Legrangien of Heisenberg and Euler previously reported on in this
seminar does not possess the property that the total energy of a point charge is
finite but lecads to a logarithmically irfinite value.

In & sense the Born theory is not a unitary theory since in addition to
the field quantitics the positions of the charges must be treated as independent
variables. This is not in accordance with yégfs intention; for Még_wanted a
compleéely regular field and hoped to derive from the field equations alone the
completec behavior of what we call charges. However, in the more rostricted sense

that energy and momentum ere purely clectromagnetic, the theory is unitary.

Quantization of the New Field Theory

(by M.H.L.Pryce)

We shall discuss the problem of introducing & quentization into the
classical theory previously reported.
In the Lagrangian formulation of classical dynemics we start by forming

a Lagrangian function 6(? that involves the g's and a‘s and define the conjugate

(25
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momertbe. by the equation
fe= ——-——,—-a .
In the case of the electromagnetlo‘gz 1d, however, we meet & somewhat different
situation. For the quantities Gﬁ? and ;%y that we have been referring to as lLa-
grengisn functions are really just the densities and it is'their integrals over
ell space == not space-time =~ that are the true Lagrengian functions in the sense
of classical dynsmics. This is at once evident from the fact that classical dy-
nemics is derivable from the principle of least action which states that
§f[Laott =0,
whdre Etf is the Lagrangian function, while the field equations in the clectro-
magnetic déase come from

gafafwlao/m/(‘aar Sj?"‘/&éwémﬁvff 0,

which, when written as

St [ ke tyeh] =O , 5
[Lobiey g, [ Hetecly 5

are the analogues of the lLagrangian function of classical dyrmemics. This point is

-
show that

of importence since the introduction of sommutation rules depends upon the defini-
tion of canonically conjugate veriables in accordence with the methods of classical
dynemics, and if we have the Lagrangian

(434) A= fﬁ(%( ?MJ? )a&)‘

q{& being the anti-potential four~vector and entering only in the form of its
curl, this lagrangien is a function of the values of the HV's at all points of
space end is thus a function of an infinite numbor of variables. It is, in fact,
e, functional and if we wish to dofinc the conjugates of the quantities »L’we must
make use of the notion of the functional derivative, as was done by Egg}i_and

Heisenberg in their pioncer work on the quantization of the Maxwell field., The
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functional derivabtive is defined by

L4

(435) §__A_ = j[ﬁ(‘/@é‘g(?-fo) —}?)?) //y(q/f;j]

89/ E‘>O £

If we define the conjugate of ﬁi/ to be

Ld

? - grad %)0 == o

and therefore for A

Nn_—;._—
we find, since 8 ?

_BE‘-— o 3—-—-
. -y

that the conjugate of YI is
Ry
SN _ X _ F.
°y e
S oH
It turns out that the conjugate of the scalar enti-potential vanishes:

(437) éL&? = 0.
P &y,

l.et us introduce the usual Poisson bracket notation

(438) [§,+] = Z%‘(g“?'"?g)'

Then, by analogy with the case of a finite number of variables where all quantities

(436)

commute unless they are canonical conjugates, in which case their Poisson brackebt is
equal to unity, we assume that
/ - - —Jy

(439) C%&)Bﬁ]- S (F-Z) Sqﬁ)
where the notation means that ‘-,Vd is taken at the point (;?, t) and B{s at the

/
point (?J t) ) the times being taken the same throughout all this work., The
symbol 8(?—?0) is written for the product of three 8 -functions,
(X-20) §(4~40) 8(3735) -

-~
Since D, the residual part of_a in the arbitrary separation of the field

-
discussed in the classical part, is Jjust the curl of 31/ we find that

(420) [Dz) Bx, ] = O

123
'
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while
(aa1) [D., By ) = 8(7 ), ek,

just as in the quantized form of the Maxwell ficld given by Heisenberg and Pauli.

The equations (440), (441) have the advantage of being gauge inverisnt,
end, moreover, it turns out that if we retain the SUZ as fundamental quantities
.,.)
ontering the commutation rules we will find the equation div B = O inconsistent

with the commutation rule (439). In the Pauli-Heisenberg formalism the thoory is

formulated in terms of the ordinary electromagnetic potentials and in this case it
is the equation div3 = f that is incomsistent with the commutation rules in-
volving these potentials. We shall thercfore use only the gauge inveriant com-

mutation rules.
uﬁ

When particles are presont we have the oxtra coordinates ; and it is
An
therefore nccessary that we find their conjugate variebles. We have
(2
°f oF
“ ~

3 - -
but A is a function of D and H, and we have already shown that D is independent

of ? « Thus
"~

2y _ 24 DH

= — I
. - a 65
a fn Y ﬁ " o
and we find now tha’:’c/ the momentum /1 ¢
~

(442) ?;;',. ‘= 5-(5:)( ?}0&;’,

Since ‘g’"al and

(243) [ s gy )= Omem Sup

——9
conjugate to ; is given by
M

are conjugate we want

We must have § and L/J commute since they are not conjugate. Thus the only

simple way in which we can obtein (443) is to alter the definition of /’Z,g by

Ll

’
mwlir e

- —

e

o
]
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adding some quantlty TT . &s: —
(444) /’2? g(D x Bk + 77:; .

We shell now obtain the correct commubtation rule (44.3) if we toke

(445) [ 8y Top] = Snn S

-
This quentity 'Tf corresponds to a spetial translatlon operator and can always be

found. The total momentum 1s now
y BxB)dv + 5 .
and it is easily verified ‘that this obeys the correct commutation rules with bf;
Since we wish to use only gauge-invariant quan‘tltles, we ‘take gs coordi-
nates the quentities —152, :?j and as conjugate momenta B, /i?“ This means
that we must have

(446) 3 B‘f B ] O

which is the same as

(7 *ﬂb*x"yw D=0

This lepds-to the condition

o -+ ABDO
(Do, Ty | = ~Sap ¢ (¥ "53};&

. D D
ED“F’T@QB 5 v = -

-3 ——y
and we therefore have, for tho total field ( Dz> = 2 DM ) 5
“m

CDOO( *..Z:D'ud e 77:«/31 = "'S(?“ v

= S
i.c. . " d/& ’

(447) [Dcx) 77«/1] = - 5(-?1"35) S"f"

The commutation rule

(448) [E: ﬁ] =0

is sutomatically satisfied, and the rule

(449) C /‘tgmu , hf‘ /3} =0

leads to the condition

(450) [Tfma, 7&/5] - 5,“, S S(? ?) 80‘(’)’ B)‘ ot

N

But
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To sum up, we have found the commutation rules

/" [p,0'7=0 , (8, 8]=0,
[Dat)ax,]:OJ '9/{(.-, [D 3 7“’" S('}f ‘él)—%

(451) [50] =0, Féj Bj=0;
[gmeu 77:«/&7 W‘M 80(/3 3

[37‘13] o, [%K‘NJ [23] = oaqg S({i? gﬂ.) 5
(Tee, Ty 1= =S [ (52D By by, e

In the case of a vacuum we have, os in the Maxwell theory, div D = O,
and then the operator p defined by

= (5%

acts as a space differentiation operator; that is, we find

[Ren- -3 -2a s 32, ot »

D*é, dx )

In the case of the p's defined by (444) we have

dD _AD D Dae ) N
(452) [/“x)D,]-‘ Nl \_si L/g xw.,,Z/)M~ D.

5’3' } - bx ™~
If, therefore, wo assumc that p aots as a space differentiation operator so that

b
[pen]= 32
we obtain, as a consequence of the commutatlon rules, the ficld equation
A >E
= = .

In o similoar manner we obbain the field equation

74¢lf E; = (:9,

This procedure is the same as in the Pauli-Heisenberg theory.

It is now nccessary to define time differentiation as cormutation with

rospect to a Homiltonien function. It hoppons that we cannot take as the Hamil-

tonian the quantity

\A/=5Uolu-

‘sit‘

Ty
NN I
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. - e
since U is a funotion of D and B, and W would therefore commute w1th.‘§:, leading

#-0.

In order to avoid such a result we add to the above W a term linear in 77 that in-

to the result

volved the first three Dirac e 4 ;9:

(454) W = S‘UM + 2 &iifi .
We now find that

—y
(455) fm [?w W] = Ky

(456) /1 = Q, and
. —_
(457) ;7M = F;; . the total force.

Further, we f£ind from the commutation rules, the remaining fleld equations

L

ﬁ”MH‘ZW&pM cwrff‘?*z-/’;
N -3

Eg = - C>¢“¥t? EE. e 7
The angular momentum is defined by

(458) [-\‘/ﬁ S x(Dx B A’)a&m&Z(‘g’xﬁw‘-LO’ )

and by means of the commutation rules we obtain the conservation law of angular
momentum ° -
(459) /:7 = [M, W] = Q.

Tn the classical theory, there is no analogue to 77; , or rather, it is zero.

Y
The quentum dynamical condition of motion is (457) while classicelly we have F = O.

Remarks on the Quanti;ation of the New Field Theory

(by W. Pauli)

The physicael significance of his quantized theory and its relation to the
previous theory which was, at least in a restricted sense, a unitary ¢classical the-

ory, was not mado sufficiently clear by Mre. Pryce. The distinoction between the
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classical and quentum theoretical parts of his report is that in the latter the
equations 'ZZ“ = ¢) and therefore also'EZ = 0, are not valid. This has not
only the consequence that Pryce's quantum theoretical assumptions are essentially
duelistic but also that the classical unitery theory cannot be considered as a
limiting case of the quantum theoretical part. Indeed, the non-commutability of
the 77>$ expressed in equation (451) prevents one from adding the equations
77 =¢ as extra conditions to the theory. If we can speak at all of a class-
jeal limiting case of the quantum theoretlcal assumptions of Pryce, it can only be
valid if / 77,. } >7 ‘B(fcr)’ and the limiting process then leads to a
classical formulation which is dlstlngulshed from the previous classical theory by
non-clectromagnetic extra terms ;; 75& in the momentum, 3&'21_\/ in
the energy, and (f'57i ) in the equations of motion. (These extra terms alono
— without the electromagnetic torms w=— would describe particles heving zero rest

mess, moving always with the veloelty of light, and having positive end negative

values of the energy.)

Apart from the Pect that a solution for a particular case has not yet been
obtained, it is to be remarked that even the finiteness of the enorgy in the case
of a pure radiation field with no charges present is not proved for the quantum
theoretical formulation of Pryce.

Summarizing, we can say that the gquantum thcoretical formalism, though
mothomatically self-consistent, has no adventage at all over the Maxwell thcory
and can herdly be considered as of any physical significance. One has the im-
pression that Born's attempt to construct a unitary electromagnetic field theory

for charged particlos is esscntially classical and has no natural connection with

the quantum theory at all.

[ A Y

- e, <

e
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We can characterize Pryee's assumptions formally as follows: We can

‘obtain his Homiltonian from that of the ordinary Maxwcll-Dirac theory by first of
all striking out the rest mass torm and soccondly replacing the Maxwell energy
density Q(E + B ) by the more genoral U(D ‘A) of a class:Loo.l wunitary theory cor-
responding to a finite rest mass.

As in the Maxwell-Dirac case, two different but completely equivalent

formulations are possible. The first (sece W. Pauli, "Quontentheorie", Handbuch

der Physik XXIV/l, §6) uses only gouge-invariant quantities such as the field-
o]

*
».

3
strongths ond the operators 77; , and §M for the matter. The second (see

W. Pauli and W. Heisenberg, Zeitschrift fir Physik, 56 (1929, pe 13 59 (1929), p.

;L_§_8_) , which may be the morc fomiliar formulation, uscs the eloctromagnetic poten-
tials and the wave functions W, gf ;&) for matter. Tho lattor fulfil the
commutation rules

(460) . %/(I) %,, (Z).:t ‘-{) y/,(;)z 8(3"'.;/) Sf,/” )
where the upper sign corrosponds £o the exclusion principle end the lower to the

Einstein-Bose statistics, the latter boing also compatible with the first formule-

tion, The functions ‘71/) V*commute with the electromagnetio quantities.

For the sake of completoncss we shall give hore the equivalent formulation
of the second typc to Pryce's assumptions, which are of the fn.rst type. At a giv—
en timo t we have, in addition to thc clectromagunotic potontials L? C?) — not

———

the an’cl-potontlal ‘-/) —_ whlch determlne B and E by the equetions

(461) C’*"fe 4) = ‘”% T“"[ 4)0 J

the quantitics where D and satisfy the commtation rulc
q /i J ¥

(462) CD:U §y ] S(;--)) g:(?,

Wo introducc furthor an suxiliary operator p wh:Lch satisfies

(463) [p, 9 ]=8 (7-3)
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and commutes with all quantities except fﬁ; , while E;L commutes with all quan-
tities except pe.

i .

We then have the Hamiltonian
A= (pt *’(*‘—-—-«e?’w)dwfucé’,wf?) ol +
(464) +f§> (QY/ (//‘O&V‘E)ol(}' j/) V3o ofr

and the momﬁntum

R @ F YW e+ [[Bxcut F] el
e +§;§‘/w Y -cis B Yo +§p Y

Further, we have the extra conditions

(466) fﬂ 3" O,
(467) (etf - J«f\a)y O,

where é?ﬁ is the "SchrBdinger functional". The only conditions of compatibiliby
that such extra conditions have to fulfil is that their commutators with each other
and with the energy and momentum shall venish as a consequence of their own valid-
ity and the commutation rules of the quantities involved. It is easily seen that
these conditions are fulfilled in the present case. !

The last two integrals in (464) and (465) vanish as a consequence of the

extre conditions (466) and (467), but it is necessary to add them in order that

for. every quantity f the equations -
(468) B\tf: '[ijjb—-—é:).{bf]

shall hold. According to (467) the commtation rules for a?%/@f’are completely
arbitrary.

Applying the first of the rules (468) we can verify the second eduation

(461) dlrectly, and on putting

(269) . E’: g{é ) f?:

U

o/

|

2

=

d
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we are now able to verify the field equation
= —>
*=3
(470) %..LD: _:.ame“*?(Wo(t//).

{
Furthermore we find for ;gqéi the Dirac equation.

The equivalence of this formulation with that of Pryce can be proved in

the same way as in the Maxwell-Dirac cese. .,

@

Quantum Mechemics of. Infinite .Systems

(by J. von Neumann)

T wish to discuss some rather incomplete ldeas concerning difficulties
that arise in some parts of quantum mechanics., In general there have been no
gerioug difficulties when we are deali;g with a finite number of particles, but
very esséntial difficulties arise as soon as we treat a system having an infinite

mmber of degrees of freedom; for example, the theory of holes, which, because of

the pair generation, requires an indefinite number of particles; also the Dirsao

»

non-relativistic theory of light end the Pauli-Heisenberg relativistic quantum
electro-dynamics, these being equivalent to systems consisting of an infinite num-
ber of particles.

In dealing with a continuum we £ind two types of infinity. One arises
from the fact that we have an infinite space, but this does not lead to serious
difficulties and can be avoided by considering e finite box, ory better, by assum-
ing periodicity in space. The second typc of infinity is much more serious. It
comes from the fact that in a continuum a field quentity has an infinite number of
proper values. The sssumption of periodicity does not remove this difficulty at

all. Neither does the assumption that space is discrete solve the essential aif-
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ficulty sinte if we pass to the limit Mattice —~» continuum" we get just tlre con-
tiruum result, -which divérges.

Tt is the faet that ‘we have an infinite number of degrees of freedom
thet causes the difficulties, and we shall therefore discuss how we can chamge the
formal pert of the theory in stme way so thet We osx treat & system having en in-
finite number of deprees of freedom in a less divergent way.

The thing that seems to be wrong with the usual theotry is the use of
wave functions, or, in'the language of Dirmc, of maximum observations. For, sup-~
posé we wish to find out experimentally what state a given system is *.in. The nor-
mal method, scéérding to the quantum theory, is to meke the meximum humber of com-
patible measurements; from these we carn find not only the state of -the. system but
also, by means 'of the Schr8dinger time=dependent eqtation, whet happens to this
stete aftorwards. However, if our system has an infinite number of degrees of
fr.oedom,we/ require an infinite number.of observations before wo cen determine its
state, and this seems unreasonable. The difficulty onters in field theories as
_well as in particle theories since in the former the wave functions depend on all
those field components that arc simultanecusly measurable and those are, in the -

Pauli-Heisenberg theary, for example; infinite in number.

We teke tho attitude that this is the real cause of ¥he 4rouble and we
shall show that we can perhaps avoid the divorgences by using a model which avoids
tho wave, functions. We shell first discuss not the electromagnetic field but the
casc of a system consisting of an jnfinite numbér of Fermi-Dirac particles; ile.c. &
system in which it is essential that we do not know the numbér of particles, as is
always the case whon we havo pair goneratién, If we assumo thet the universe is
large but finito, the cnprgy levels will form a diserete set and we can describe '

the situation by telling which are the states in which a particle is presemt. Lot

us considor the question of how meny particles are’ fn a cortain box, We can find

*
o
e
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a complete set of standing waves in the boX and a complete set of states outside.
Then any particle definitely in the box will be represented by e wave~fumction con-
sisting of a linear combination of the standing waves alone and there is thus a
definitg meaning to the number of particles in the box. We can actually make one
simple observetion of this number by merely weighing the box. But in faét the
weighing will not give the number of particles in the box unléss the walls are im-
permeable, and, morcover, impermeable not only to the particles in the box but to
all types of particle or energys Experience shows that such a box cahnot‘bé real-
ized in practice. There is an upper limit to the molecular weight of the sub-
stance of the box and thus an upper limit to its impermeability, Even if there
were a sharply defined energy at which the box changes from,.complete impormeabil-
ity to relative impermecability we could -not say that cnergy would be conserved
within the box; for particles of very high enorgy could enter the box and give up
part of thgir energy by collision with particles inside ‘the -box, thus inercasing
the total energy. They could also.cause a decrease in the total energy by giving
to perficles in the box enough energy to allow.them to pass through the walls.

Another question of fundemental importance is this: Can wo assumc that

particles of extremely high energy esscntially do not interfere with particles of
low cnergy? We must .certainly assume that particles of very high energy exist
since with every relevant advance in oxperimental technic particles of higher cner-
gy aro discovercd and we connot. 1imit the number of such particles &mgﬁigzi since
the number observed by us is dependent on how short wave lengths we arg¢ able to
measure. Thd faot that we oxist and do not fool any ill effocts from the high
energy particlcs seems to show that the ¢xtromely large intoragtion demonded by

clectrodynemical theory is incorrect and that high enorgy particlaes do not intor-

act with those of low onergy. Tho known devigtions from tho Klein-Nishina law

of absorption also point to such a conclusion. We shall thercfore assume that
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this conclusion is corpoct. The situation is similar to that which arises in the
Newtonian theory of gravitation. In that theory, although matter distributed
uniformly over a spherical shell (r, r + dr) will have no resultent attraction at
the center, if fluctuations occur there will be a resultant attraction and in an
infinite universe approximately uniformly filled with matter the effect of the
distant masses will lead to divergent results. In the present electrodynamics
the particles of high energy lead to an analogous divergence. One might say:

The distant regions of the momentum space have the same divergence~generating ef-

feet in (Maxwellian) electrodynamics as the distant regions of common space have

in Newtonian gravitation theory. Thus in both theories the fundamental postulate
which requires the oxistence of "closed systems" is violated.

We shall look for a theory in which closed systems exist in momcntum
space. To discuss mathematically what sort of change we must cxpect, we must
consider how we can describc systems of which we do not know the maximum informa-
tion. We must also considor how we put two systoms togebher since we get in-
finite systems by applying this proccss repeatedly.

A single particle of the infinite sct of particles constitubing the sys-

- -

tem will, if left alone, have certain stationary states, say Z::) Ez:z; P -
J <@

In the Bose-Einstein case we have a complete doscription of the system if we kmow

the numbers ry, Yo, Tz, «ee of particles in the respoctive statos 41_‘) ‘;_2
J
:E:S -—-— These r's are troatcd as coordinates and there is an in-
J
finite number of them, the system bchaving as if it were the sum of tho separate
: > < - . ) , .
states ‘) ., &3 R corresponding to the equivalent oscillators of the
) J
classical theory, In the Fermi-Dirac casc the r's can have only the values 0, 1,
and the states :E: bohave like spins rather than oscillators. Thus a Bose-Ein-

stein assembly of indistinguishable particlcs can be considered as a classical as-

scmbly of distinguishable oscillators, while a Fermi-Dirac assembly of indis-

-
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tinguishable "particles can be regarded as a classical assembly of distinguishable
"spins". It is the putting togéthér of &uch™spin" systems that we wish to con-
siders The subdiviséon d1iko Z 's is not ;izrx;iigu,e, b}jt this causés no diffitulties.
In order to aveid iUnessential infinities wé make the following idealization; in
quentum theory .any state ? can be expanded ih terms of an infinite number of
eigen-stateg ﬁr as e
() L P =gy,

Tz )

bat- we shall assume here that only a finite number of eigén-states are nedessary
to Torm & ‘basis for this ©ype of expansion. Thos the state of a system is now to
be ’reg&rded" as given by a finite number o:i'“ C‘,' “§‘. - This 'is the same as if we
had taken & lattice instead of the contirmwim (in & Pinite voluhe). This simplifi-
cation is Purther justified bechuse for the "spin" systems which we shall ultimate-
1y considor/ these numbers are really finity, We shall 'sge later thit the infin-~
ity we got is dulte independent of what we take to charactérize eigem—s’ba‘t‘;s -
enorgy or some other quantity. Let the nluiber of eigen-states of a given system
’5\' be ¥ pnd let the imdices i, j go from 1 to N.  Then any state O of ‘thé system
will be described by e vector x; such that , ‘
(a72) ‘(: Z / ‘It /7‘ = j_ R k )

4r -
and an obsertvable :0& will be- reprOSen'bed by a he:'ml“’c'ean matrix e, T The expecte-

tion value of @ for the gtate O is glVen by

(473) &% (ﬂZ G*Z) J’ »“‘. ?

[Thé usual notation is I\A l?(}) ?(:r) a&z énd hers fp‘bz "'""Z),'“‘A‘)O —aJ'ZQlj 4
ant c? — zj J . ‘
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1f OZ and Eﬁ arc two simultaneously observable observables, their ma=-
tricés must commute,.

The product of two observables is given by

(474) aC"'" OZ‘;gJ C{j = %: ng’ gf’(}

and their sum by

(475) OC UZfoﬁ ,. =qQ; : 3 .

The product has o meaning only when 0Z $' are simultaneously observable ==
that is, when the matridos commubto. > Tho sumi-however 48 alwoys dsfired. The ob-
servable ﬂu has the matrix Laij)n end we -can thus compute Exp (-OZ: 0*) for
ell n. It follews that the pc;ssible wvalues of ngiare the eigenvalues of a5

and that theip probabilities are the squdtes of the corresponding exp.a®sion co-
efficients of the vector Xy, esey e -

All .of this describes a system given by a.maximum observations  But we
7~
mst consider how we can describe a system whose state might be eny one of the sev-
oral states G vV X, 4y ) Y =1, .., n, Le% the respective probabilities

f

be p, (pv 2 O}. Then, if the totality of the states 0‘; js defiqted by O"

‘.&%(UZO') Zﬁ,éz% (Z6v) -

Wo can write this as

&ap. (U,a)= 2,/11' 2 aézb.,,zﬁ
f ‘J (Z ﬁ“qt?x" )

The parenthesis on the right depends only on the states and their probabilities

certainly want

and is independent of the observable .0_1, We have thus broken up Exp(OZLO' ’)
into two parts, the onc depending dnly on x end tho ofher only on the states

and their probabilities. We thercfore regard the latter .as the correct descrip-
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tion of these states for our present purposes and denote it by uji:

(476) Z/le v 1;9 )
e &/» (4,5) = Z At

We shall call a state in which a maxlmal observation is not known a mxture, and

the corresponding Usg the statistical matrix of the mixture. If we denote the

matrix of 853 by Q@ end that of Uiy by 4o we can write (477) es
(478) Exp, (0-[)0") = Trace (au) . \
These matrices Q*)_»u. are not erbitrary. The matrix Q must be Hermitean while,
since %/zy: 1 and the x's satisfy (472), it follows that 4L must be a positive
definite Hermitean matrix having the trace unity.

There is a disedvantage in thg Vs in that it has two indices instead of
the sing,lefindex of a state xi. However, since for a single state we have

uij = x:?:x,,
we see that the statistical matrix is independent of the phase of the wave func-
tione. Thus the u's are in one-to-one correspondence with the states, whereas the
x's are not. Again for states we have the "linear superposition"
f‘ <, 4/ + c'z#)?« )
which must not be mixed up with the somewhat analogous operation
w= [c|*e, + [C, )T s

on statistical matrices. This operation, "Uniting", as contrasted to the previ-

ously mentioned "linear superposition", deals directly with the probabilities,which

are the physical quantities.
Having discussed how we shall represent a mixture, we mast now consider
how we can put two systems together. Let us assume there are two systems t) J

7 and see what can be said concerning the system consisting of these two togeth-

o ‘

g =
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ore Let DN heve N different states (i, J = 1, eess N) and .? have M
Pairs of indices (ik), (Jf) +to denote them. Let the observable 0(: in UU have

-

the matrix aij in U\f We can leok for OZ in (5 + 9‘) and so we must have a
metrix for it in ( T" }), We write this matrix es aik/j¢ and make the cus-
tomary assumption that .
(479) A48 = 9 Ske -
This means that we do to the variable that characterizes F’ the seme as we do to

it in 5" alone, and that we do nothing to .?, Again, for 06‘ in ? we ‘take

ror (U4 Z) tho matrix

The & and b so defined commute with each other, end this is necessary on physical
grounds since the corresponding observa?bions are evidently compatible.
~There will be a statistical matrix uik/jg for the mixbture (JV-* 9"),
What can we say aboub ‘5\' elone? If there is a statistical matrix uij that re-
fers to F alone and we meke an observation of OZ on b,v we must find the some
result as if we had made the observation on (vv‘f ?), Thus we want
S a i« S Sy, g -
14 ’ ( L - ‘ "ﬁ ’e s -
74 {4 ik /ge i ke “j€/ih
= 2 Qu
-~ 4 i
4 {Rich

and therefore
(481) ei = & Ugii8 -
= g Hekiih
We heve here an operation that carries us from the statistical matrix of (5"—7\ ;{)
to the statistical matrix of- Jv, It is analogous to the operation of forming

the trece but only partially carried through, and corresponds to the operation of

contraction in the tensor calculus. If we forget T we have for ? the statis-

tical matrix

(k, £ = 1, seey M). The sum {mg) will have NM states and we shall use the

= .
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(a82) Vg = Z drgie .

We now ask, if we know u; 3 about . rand vk Jabout } how can we find

J
efor ( U"‘i“ g ) Z Actually we have not enough information ehout (_@:‘ 3‘ )
since there are (N2+ Mz) componenits of ug 13 and v Lwhile there are NeMR components

of LITe /3 a However we o8I o'b’cain thd stdtistical matrix for (b"’f ;‘) in which

oy

there are no correlations between ?’ aﬁda“,}'. If thére are 1;0 correlations we
will have, if A is in § alone and. a('ﬁ iﬂ(} alone, .
Exp"(.dz) Euxp(é) = Exp- (‘Qz-ff,) -

This leads by simple computations to the result that

(483) 'uik/jéq VT g .
If we start with a general Uy /j 2 form the corresponding uij a_md jvke, and then

%

form a u, in accordsnce with (483 e will not obtain the u., /. pwith whigh
11/g 4 37 Socordsnce IEh (485, we vl » sic/g g TS

we started, but this u, without the coérrelations.

ix/3g

We are particularly intefested in putting together a certain amount of
information with no information at all. The case in which we have no informatiqn
is .
oal

Ao * - J— )
(484:) 1.\" ‘LJ hadl N . S‘&
(It is easy to see that 'i:his is the mixturd of all states of & cotiplete orthogonal
set of wave functions, each one having the probabi;l_.;j_.ty .'- » This is true for

’ ?

every choice of the complete orthogonal stte) Thus if we know ujy ebout the sys-

1]
tem bﬂe and nothing at all about the system 3‘ we cén form the corresponding
statistical matrix for (‘J“*f" ;‘) by the fornmla

485 ‘ e A ] = o A
(485) . My Wikl = W a% S4¢ .
This process we shall refer to as expanding u.

Agein, if we know;usy /5 8c"oncerning (r‘f Q' } we have already séen
(eqe (481)) that we lmow u, 13 about aﬂ wheére

3

(486) ’u‘&/ﬂ ~ M' - T Z: n{/‘“g
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This process will be called contracting u.

The operation of expanding followed by contracting gives the identity .
'operation, but if we contract first and expand .afferiards we no longer get what we .
started wi’cvh..

At this poink-wo shall intrpduce & change in normalizetion. We alter
the normalization so that instead of the trfwé of uij ‘beihg unity, it is equal to
N:

(487) *,’:"' Traco(t Y = 1 .
With this normslization, (476) hecomes
(4761) je = Nﬁ. ﬁ’v —o’xa »3 '

while (477) becomes

(47‘7') Exp. [ﬂj 3") :5 "é" Trace (Q Qf). ’ E v
The operations of expanding and contra.ct;ng‘take the form
(485°) , “
(4861) : sl

tﬁ,(“"?’»ﬂg. R z‘:u‘ﬁq{_

The operations of expand:.ng and contracting cen be applled also to observables.
If we have an observable Qwithi the matrix %y 5 in vawe’ can call it mn observ-
able in (B“+ ;} : )
] . L) o ,
o‘w "écl ,'M 1’ }’ "‘l 3"« "gx

Here we have expé.nded the observsble ( , Thé formula for contracting en observ-

e g W e fmes e e e
-2 N YO L

e

able is
] ;“ b~+ : '-.9 1 I3 Mr s "ah ig—v i :“ ’ .‘, u”

09) Coapge (TP Y > 00T 5 Q= 07 Cutyyg,

and arises in the following manner. We adsume that the observable cik /31 in

[6‘?‘ g) ie being observed by an observer who can see only « This observer

will describe the state of things by a stetistical metrix of § : ¥y, If wo

use this Uiy for (O‘-}- 9) we mfst expand it %o uik/jf uij ;! (see (477')).
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Thus the expectation value of this observable in ( 0"3‘-9’ ) for our observer is
which we méy write es /J)

f\’) (M%Cvﬂ/fﬂ)

showing that (M ; C‘ﬁ/]J{) is, from the point of wiew of our obsserver, in-

-~

distinguighable from what he would call By4e We therefore call it a, 13 and thus

obtain the formula (489).

Let us now consider the putting together of a sbghende of systems
Z,) Z.,) Z-;, -~ ‘Zv_, Zv«n, -e- . We shall take these systems as re-

ferring to Fermi-Direc particles so that N = 2 for each system. (Bose-Einstein

assemblies will be discussed la’c'erj Let us assume that the first ¥ states have
been put together end that the (V-i— 1) st has not yet been added. The total numi~

ber of states at this stage will be Zv: and we ghall use &8 indices Ffupning f¥om 1

to 2’\) the sets of mumbers (i,, :'Lz s swes iv) and (j", Jg o ;.j,f'jvj. Then

when we wish to describe the mixture of the first (’)}-Hj‘ shatés wé mérely add an

extra number to each set, as (L1;, sees iy, -}, etos  With this notation we

V4I

mist write a statistical matrix for the first ”y‘states s

u(i!nguiy)(j,ninju)

and an observable as .

¥

| a(i..-o',iv)(j"iol-’jv)
while fopr the first ()’+ ) ) states. we. mist write’ coyprespondingly

W(i"’...'. Wiy 95-9*1 )(Jl ""’iﬁ 'jv+')

»
and PR i .
7

c.(i)'f-'-uiw i»).(jg,"""jv e )
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Wo expand and contract between the first V and the first ()74 1) states by the

following formulas:

expanding:
w ] ] B
( ‘ ‘.-I ‘ [ - u : . ' .
T ')(!U'"JV“) (1"'"'”*\’)(1: =9dv) S"wu j»m >

(490) c("’h“ )“-Wl)(l‘n‘ ‘JaWc) = Q’("U ,tv)(]:;

contracting: 7J V) 1:w' ) 3 Vi)

A .
<, "')’)(ju J”) = 2 Z (‘U"' "’)ﬁ) (3“ 12\’ 'ﬁ) ?
a 4

{)- 1’)('1'1’ ’11’) -z Z ('-'1 Sy R4 ‘)9*’»7‘)

Also, in the present notation, we ha.ve for the first p states,

(491) 5% [ﬂtf) QV Z" a’“u"'/‘l'y)(.f,/";jy) a(“"h")f-v)(fu"‘ljrvs :

l,ll’ 01

fode

As we have already pointed out, it is suspicious that when dealing with
the properties of systefs having en infinite number of degrees of freedom, i.€s
systems in which eath particle has en infinite number of states, we use desorip-
tions in which it is assumed that we are able to make the infinite number of
megsurements necessary to obtain the maximum information. - We theréfore want o
restrict ourselves to descriptions in which an infinite number of observations is
not implied. An observer who cannot measure more states than the first Vis to
be considered as kthe system corresponding to the states(z + Z, + --- 7 X\,).
We do not want an absolute upper 1imit for M ; we went to deal with observers for
whom ) can become arbitrarily high, but we want their measurements to be such
that they approech a limit as )} ine¢reases indefinitely.

Thore are measurements that are not of this type. For example, if we
have. s box &nd try to measure the energy inside, the measurement of the energy

will not be approximatecd by any measurement restricting itself to a finite number
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of states. The same is true for the total number of particles in the box, The

. -
S UL - SN

measurements we wish to comsider are those that can be approximated by taking W

arbitrarily high.

Let OL be an observable referring to the sum of any number of systems.
Then we can always take an observer who sees only, say, the first V) systems, and
his observations of OZ will give us an observable OZ-(Y)J.n (Ef T4 Z‘;) ’ )

Thus we have a series of observables corresponding to observers who see only the

first, the first two, the first three, ..., systems: -
(I ) (7‘ a(-’) o
pz / 0[ J s T et ¢
o ; L
To these we may add the belonging to en observer who can make no observa=- - . s o
- ﬂ(") I

tions within the systems Z , The matrix of will be an ordinary number .
. ‘;l

expressing the & priori expectation value of Oz (corresponding to "complete ig- * -
" ()7) . "
norance" of the state). Since 0{ is what an observer who can only see the .

{v+i
first )) systems would see when he tried to measure OE , 1t follows that

& 7 (9+1)
0( )mus’c be a contraction of OZ . Thus we have for all v

V) _l_ Z (V41)

(492) s o o

(1")’ A V}(JU % 1!’) '0 , 1 (") *itlvy é)(“u"']JY; ’f') ::
For V = O we have merely a nuwiber a(°). -
For V =

1 we have the matrix Y

a0

and (492) says that al0) i the diagonal mean of this matrix:

o) . Q) (I)
a® = £(af, 0oJ -

For VW = 2 we have a four-rowed square matrix indicated below:

b ameexm
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Q(L)’U ' “e ? | ‘“o

and the means of the elements joined by dotted lines are respectively equel to the
corresponding elements of the matrix of OZ (/),

For V = 3 we have an eight-rowed square matrix related to the matrix for OZ(Z)
in the same general manner, and so on for all V.

Thus, if we look at an observable very roughly it looks like a number,
if we look more closely it turns out to bg a two-rowed square matrix, if more
closely still, a four-rowed square mabtrix, and so on.

For the states we use a similar description. Each mixture will be de-
scribed by giving its statistical ma‘tri,x, as seen by an observer who is restricted
to the states E, ;777 ZV , ‘this being done for every VYV =1, 2, «vee So the
description will consist of a sequence of statistical matrices

U(l)’ U(z), ves U(V),

. vee

» ¥)
where U( ) refers to the first ) states. We require that U( shall be a con~

V4
traction of U( ):

™) 4 Z (o)
(493) M(t’,,--‘,{v)('jn,--)j,) =+ 2 £- o1 afi'.,---, iv,?q)(jr,"; }'v,‘i)
This formula is of the same type as (492) for the observables.

Although the theory presented here seems to be the same as the usual
theory, there is nevertheless a real difference, Consider, for example, what
happens when we deal with an observable whose nature is such that we do not wish
to include it in a valid theory. Let us know that there is exactly one particle
in the state X’ and none in any other of the states Z_” Z}j - Z\) P

This is a statement about all the systems and if we contract to the first Y

v

D

NN
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systems thig meens tha} we khow that-there is no particle in the state ,Z\) <vf1) )

and this is true for any large W But if we kpow this .for arbitrarily large V
::veQ&n say further that the toial number of particles is unity, which we could not
say for fipite VW, Thus as W —»0O We jczb‘te.in more informstion than we could
for lafge but finpite ') and we wish to avoid such-a sitmation., For the statement
thet we have only one particle in a given hox has no meening, as we have already
pointed out, becauge it implieg a knowledge of sn infinite number of systoms.
We cen look at this- question mathemetically. Let the state 3, he
given by the indices 11 = see T i = 0. Then the state vector is givén by
= - =
(452) (‘ o ) = Z if i) =1, 5 8ee" ',i? ,0!
O‘Qkiermsez

and tho statistical matrix is given by

(495) u - a '-‘lf iu :‘VJ} OJ
i de) T 0 pbieind

Thus we have the following sequence of statls'blcal matr:.ces:
)u(1)¢ -1~ 1’

22 A

Ap——

u(3) &

.

o6 Om
Soo0od 008
leXeRo ke
ogoo

-

0000000

-3
ROBY

0-000 000 m”

and 56 one And as Y-3100 , we see. that the top diagonal clement becomes er-

bitrarily large. We shall later meke a restriction that will have the effect of

preventing the occurrence of such divergences in the statistical matrices.
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We shall now describe a dual procedure. We have been goncerned with
e stete; we now discuss an observable. Wg went to consider a meaningless ob-
;emble, such as the total emergy in a box, apd for simplicity we take the obﬂ-‘
sorvable that is defined to be unity if there is one particle in the state "2:,%
end no particle in any other state, and to be zero if this is not the case. Thus
our observable represénts the decision whether or not the total number of parti-

cles is one or not. Let us consider the corresponding observable referring to

the first. V states, and let us order tho states as in (4%4). Then the observ~
able will have the matrix

1 b f:“:,”,'{'.,; =0,
ae) . . = 1Y wg=e
J (‘I/u’lti’)(éq”flé\)) N "o . ’% 3 . . .

Consider how thi§ would ‘be desdribed by an obs&¥¥er who can see only ths fi!"s’c?.c

states (/A “-‘)?)‘Q. Since ’ ‘
. IT°00 ... 0 )
00-¢-- { )

t
'
(497) a® -t | 2
.n :“

we have, by (492),

and so on, and ultimately we find that

igh T i
) fg—, 0, 0piap0 | T
(498) o) - . 04 0, O ar

; ] a

Q .o -0
If we now consider a f;;;zed.y(‘, end if WV > & )"ghen' this matrix tends to the

O ~ww-

zero matrix, which mesns that if we know we haye, e particle in z: ) end no parti-

cles in 2, """ Z/‘ ) thon the & priori probability that this is still true

L 2
P .
v

-y

o, sEEeRs a
P .
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P

for Zz) -y 2 v as Y -—>oo is zero.

We neced some regularity assumpbion. I+ turns out to be best to make
this assumption refer to the observoblos. An instrument connot measure over an
infinite range and we therefore do not actually measure unbounded observables;
only observables that are 1ike them over & certain range but arc in fact bounded.
We therefore imposc the condition that only bounded observables are permitted in
the theory, where by a “"bounded" observable we mean one whoso range of values in
Z“ 2'1) --- Z‘; is uniformly boundod for all ), In symbols, our regu-

larity condition can be written as

(499) Lin “ l) shall be finite.
Vo0

~

(By “ bij ” we mean the "absolute velue" of the matrixz (bij)‘ The moaximum length of
the vector (yl) vy = Z bs%s, if the vector (x;) is of length 1. This is, for
Hermitean (bg ) the grea’ces‘b absolute proper value.) Lot us consider the stat-
istical matrices. We desire the normalization

a> Trace ‘%M = _1 .
Since U(v) is o contraction of U(‘”l) it is evident that the left hand side is at
any rate independent of V. We must therofore require only that u(°)= 1 end then

be careful that U(v) remain definite for W > O. We define Exp,(ﬁ?)o') as

Ep(A0) = L &/» (Ae) =

= \7fmce, ¢ a®™ U )

and thercfore we require that for all allowed Olts the limit

(501) cZi« L Theea (APU) e

Voo ,
shall exist. This 11m1t9.tlon is of the following nature; if we write U (4 por

()

the expansion of Uq") to the some size matrix as U, then we went that

(502) ozf1~L (f ZL(CV) /C/“{) O.

J4yV—> o0

/i$v

(500)

!

LA A2 2 £ 53 4

H
[

5 4
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(We will not give here an exhaustive enalysis of tHis "limit"-relation.)

We have seen that the matrices entering the theory obey two types of
restriction. Those representifiy observables must satisfy (499) while those rep~
resenting mixtures setisfy (501). We shall refer to those of the first type as
being of class L, and.those of the second type as of class ILj. We car intro-
duce & rostriction intermediate betiween (499) "and (501) by requiring that the mean
squared proper value gshall be bturded. Thj.s"cond::x.‘cion can be stated in the form

that for all W,
(V)
(603) 3 \, Z , ’ ~ shall be bounded,

end matrices satisfying it may be rgferred to as of class Ly. We have
(504) Glass L  ( Class L, & Cless Ly,
but the advantage of (503) is that it is selb~duals, Undér it the range of the
sta‘cis’éiolgl matrices would be %the same as that of the matrices of the observables.
We must now discuss the formal properties of. our matrices. The follow-
ing ‘terminology will be ugeful; we say that two "consecutive matrices in a se~ .
quence a(l), a(@), 2(3), ..., are identical if fhey are connected by expemsion,
for expension is merely the adding of & system concerning which we know nothing
new. If we take same matrix of ordet 2¥ and ‘then-form those of higher order by
expansion, those of lower order beiﬁg, -of course, related to it by -contraction,
then we shall remain in olaess LGO aid will have & system whigh rofers to ¥nowledge
of the first ¥ systems. We ghall vall it a finite system of order ), The
totality of such systems will form B basis end ahy element oan be gpproximated by

such matrices. If we thkd -two matricos .A, B of cla,s.s Lw, then

Bim 2" z GL ﬁ» exists

and singe this quantity has the algelbaraic proper'bles of an imner product, the ma-

trices we are considoring Portn something analogous. to & Hilbert space,

———

[
i
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We ask, What elements of order Oy +1) are orthogonal to all elements of

ordery ? We may consider the element of order VY as
o 2V >
lalg]cl---
f 1 , ‘ l gt 3N
{ | )
} iy ,’
which can be expanded into the identical element
e 2V amabicces — 3

adigolco | - —
oalotl |po ¢
[~
{ { ‘ - . -

, | ’ ' .
‘ | | | \

Thus the general matrix of order {V+1)

e &vmqjﬁéa/: ——
a,a.l’d,
a’-'a?’(, ‘&:glz € Caa C T

-611 CI: c'l

I i {
} ) 1

} ' | |

Bqq 8o |
1
will be orthogonal to this if the traces of the individual matrices 1 111z ,,

otc. are zero. This mesns that if we take a matrix of order (V +1) "2l Pezg
that is orthogonal to the matrices of order Yy and meke a contraction, the result
will be zero. Thus those matrices that are identical with the matrices of order
}) are essentially unaffected by contraction while those that are orthogonal to
them are destroyed by this process,

We may make use of the Paull spin metrices in forming a basis. For
VY = 0 we need only the unit matrix 1. For VY = 1 we teko, in addition to the

1y

)
expansion of the unit metrix, the threc spin matrices 0_,(‘)_' G'; , d’s .

For V = 2 we may divide all the possible matrices into two classes, those that
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are identical with the previous ones and those that are orthogonal to them. The
matrices of the first type are just the oxpansions of the previous matrices. To
obbain the metrices of the second type we note that since they aro orthogonal Yo
the original matrices they mist be the direct products of these matrices with two-
rowed square matricos whose traces arc zero, and a basis for the lattor is given
by the EEE.:.LE spin matricos. Thus for Y = 2 we have, in addition to the oxpan-
sions of the previous mabtrices, 1) G-(,”/ 6‘(;’} 6‘(3”) also their direct
products with the Pauli matrices which wo write at this stage as O‘,"i 0‘{: ), d'g),

Thus at each stage we add a set of spin matrices O'(,v)) O'T, G'L:\:))
form direct products with all the matrices of the previous stagoe, and teke these
new matrices together with the oxpansions of the now (7 's and oft all the previ-
ous matrices to form the new basis.

o)

Consider some O It wilY be a 2 ~rowed square matrix having zoro
trace and bging orthogonal to all provious G s, It will thereforc be orthogon-
ol to any linear combination of thom end since any matrix will be a lincar combin-

otion of all the ¥ 's, it will tend to zoro in tho woak sense that

!
(505) Lim 53 Trace: YW= O
Lin 35 treco (O, ™)
for all OL. This meens roughly that most of the elements in tho matrix

will be zoro in the limit, and such a result is glso cvident from the fact thot

the matrices form a Hilbert .space and (505) expresses the orthogonality of G‘“(v)

to all provious clements.

We may hero mako o comparison with the second quantized theory of Fermi-

Dirac assemblies, as doscribed by Jordan and Wignor, with the theory of holes and

with Jordsn's noutrino theory of light., Wo need consider only two new ( 's at
each stage since tho third is always the product of the other two. The ¢ !'s
proviously considered are such that they anticommute if the upper indices dre the

semo, bubt commute if these indices are different, However, when we arc concornod

o i e



167

with only two new O 's at each stage we can teke all the O 's so formed as anti-

commuting by taking the new G 's et each stage as, say, CT(:)J (5’1:) and mul-

Vi
tiplying on the left by O‘, G“ d" 3. CT‘,( ) . We may call the (§''s
}
so obtained again dg;_?) 0‘(:’ and now all these O 's will anticommute. We

mey now define new metrices X, o(+ in the Jordan-Wigner manner by the equa-

tions
LV) ’ \3‘ &~ . A _ -+
(506) | ey +ca§“: o, , UOn -loy = oL, .
v v =
Since 0£-¢ —> © and J3; —> O it follows that &~ O end O(;“—?O.
Again we have
V)_ ) 5 w> ; ) (V)
6( 0_’ 3t [O"I 5 03 J
vy . &)
- [ &~ (¥, (v)
[ 2 t 03 P 62 >+ 1 ] y J Qv-] .
Hence as Y —*c0 we find
+
(28 O(V'~ CX\! 0(Q+ —> O .
But since the O 's obey the commutation rules
+
[D(l“'/ 0(\)]+; 8 v oy
it follows that
+ +
end therefore that
+ > + N
o<\) d\) 2 p) Q/v dv 2 -
Thus our O 's will satisfy the following limiting conditions:

"‘ i
(507) XKy — O/ oly —> O

+
O(V(XY '_’}%

In the original Jordan-Wigner theory we have, on the contrary, the different lim-

+ /
, Xy Xy =3z -

iting conditions that

Ky — O Xyt ->» O
(508) v / v g

-+
XS oy >0, Xyoy —> 1,

PO
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while in the theory of holes we have (508) if YV runs over "positive" states, and
(509) oy = O d;ﬁ N

oytky —=> 1_) Ay Ol = O
if Y runs over "negative" states. The situation is the same in Jorden's neutri-
no theory, Thus in the theory of holes most of the positive high-energy levels
erec assumed to be filled, while the negative ones are assumed to be empty; but
in the present theory there is en oven chance “hat they are occupied or note.
When a statement is made within the framework of the usual quantum the-

ory, we can transform it into a statement belonging to the present theory by sim=

ply replacing the O{ 's of the old theory by the O('s of the new,

We must now consider the rqle of tho _Sgp__r_l}_c_i_:_.m oquation. In the or-
dinary c;uantmn theory it is
(510) S%@ziAg? (A= ";,—-(}TH)J
where A is a Hermitean operator, being & multiple of the energy operator H. Ir
H is independent of the time we can solve this oquation explieitly:
(511) f} = aettAng .

For the statistical matrix corresponding to this statc we have

:t it
(512) U, = A U, " A
For an observable we obtain tho result

' .y
(513) Jlf = ettA a:o Qt A,

These give an isomorphism of the system on itself of the type called inmer. (An
jymmer automorphism is of the type

K =K' = VIRV,
where V is a fixcd unitary opcra’cor.)

In the prosont theory the Schr¥dinger equation cannot have this form
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We must see therefore to what extent

since no total energy operator will exist.

the form of the Schridinger equation can be modified.

With the lapse of time & system, if left undisturbed, must undergo an

automorphisms The observable JZ = dz o Vill thereby become OZ £ The meaning

of ﬂzf is merely that jnstead of making the observation :Q'o now,

Let us denote this isomorphism by

we wait a time

t seconds and then perform it.

ﬂzf— = ‘7/:070-

ifference between the moment O and the moment s, we have

496?“ sz—ﬂzs

(515) e Je s
i.e. the ‘7&. form a one-parsmeter group-,

(514) -«

Then since ther® is no d

and hence

Now if the ty are inmer 1somorphlsms, that ig if
O, G- Vi %N,

thon (515) implies that

(516) ~ (Vg unitary) .

vs+t = t;S“l';v-l:vs

, purely methematically, the result

(cst o constant).

From this one cen derive
vy = 4 eith,
wheroc d is a constent and £ & fixed operator. Thus

(517) Qé.- J" dz (‘:Aq -tfﬁ

This gives for the observables

@ S -

end, from the inver jence of’ Tr'('{ dlt’

(519) c- e =" i (Al =

lthough the deduction does not necess:.ta‘b

t) wo obtain for the stetistical matrices

%ﬂ H, where H is the total energy op

once) argumonts make 34 wery hard to have A be anything else.

e the identification- of A with

orator, the woll-known physical (correspond-
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So we see that the customary form of the Schr8dinger eqpaéion is essen-
&1ally dependent on all isomorphisms ‘57 being inner isomorphismse
‘3 In the usual theory, wheré all bounded operators correspond to observ-
ables, this ig inescapable since it can be shown methematically that the system
of El}_bounded opergtors possegses inner isomorphisms only.

However, the system of matrix sequences such as we have described can
be shown to possess also nonrinner,isomorghisms. We can thus avoid the present
form of the Schrddinger equation and therofore we no longer need the existence of
a total energy operator. This is necessary for formal rcasons also, for it can
be shown that in our present system no four-operators can form a four~vector for
any unitary representation of the Lorentz group == not even if wo introduce un-~
bounded operatbrs, Thus, if the rosulting theory is to be spec}al-relativistical—
1y invarient, the total energy and the total momenta gggggﬁ_bc observablos.

Consider the systems Z“ Z-;., Zh —~ = with the corresponding
properjenergles £,J C, , €3, °" divergent. If we try to handle this as &
Fermi-Dirac essembly, we mast form en energy

Z: £, ot oy .

The only reason thet this does not diverge is that in the usual theory we have

()(30(\,—-} O sufficiently strorgly ta-overcome the divergence due to the €'se.
In tho present theory, since 0(3' oy, > %, we would get & divergent resulb. Bu’
though the Hamiltonien ig divergent end & Schr8dinger equation would thus have no
meening, we can still obtain an automorphism.which will leave both the commutation
rules and the limiting valued -invarient, Ve merely replace ™y by Q( é"tcfv .
The point is that this is not en inmer awtomorphism of the system and yet it is
actually the comfnon type of autcmorphism,in the present theorys; the inner iso=
morphisms are not the usual ones, &8 our simple example has shown, and thus we

=

caxmot look for & differential equation in the present theory analogous to the

Schrddimgor equation.
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We cennot treat Bose-E:Lnstem assemblies directly by the method we have

‘jus*b deseribed since the corresponding distinguishable classical oscillators each
have an infinite number of dimensions. It is necessary to use the De Broglie-

Jordan trick of replacing each Bogp-Einstein perticle by several Fermi-Dirac par-

tloles. 1f we write 34, [3¢ cor the mEtrices describing the Boso=Binstoin

particles, Weo have ‘
P/‘p" {3‘ /3/‘- /“"1
{"fﬁv "ﬂv/S/,, = 3 - '

while for Fermi~Dirac particles we have

(520)

o Iy + AT o= S,
/‘ qv + Oy o M =0.
Jordan succeeded in obtaining (520) from (521) by means of an eigebraic trick.

(521)

He wrote a relation of the type ’

(522) . B % A“ 0(,\ Gy
end .from this it is secn that the sums of /6 t5.are given by the sums of their cor-
responding A's, while thotigh the rolation of the products of ﬂ ts to those of the
A's is not simplé, the cotmutators of the ﬁ ts correspond to the compmtators of
their Ats. Thus the equations (520) vecomo

»AﬂAv-* A\}-r‘A/t 8/4
AN - AV A= O,
whero A/LZLS the matrix (}At XV) . These mebrix equations pOSSESS solutions.

Actually Jordan took
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s these matrices commute so that it seems impossible that we should. get eny-

| thing but zero on the right of (520). However, the aotual result is
YV =+40

. + .
o(\)+ d’“’]v, o and since Oy O:v-}l-for V-3 4 oo’ 8nd = 0 for V b ~ o0,

we get the S;n; we need. (This is explained also on ps 109 of these notes.)

It really emounts to summing the infirite series
0'o+1-1+1-1+l-t’0

and in sccordance with the principles of the subtraction physics we may say that

since the two ends of the series are each (+1) the sum is (+1)¢

Finally, a remark concerning Lorentz invariahce. The systems we have

deseribed can be considered as genera?u'ed by ebstract clements &, which satisfy
’ A

(a) the Jordan-Wigner commutation rules, and (b) the limiting relations (50T7).

Under the Lorentg group the O 's are tra.nsformed by
(523) gy —> qq Z v f\. )

where (3" is unitery. We can show that th:.s converges and that it gives en 1so-

morphism of the system on itself, and this is enough to ensure the Lorentz invari-
gnce since the matrices (d"?/t) may be chosen soO &8 to fofm a representation of

the I.orént_z_ group., The isomorphism (523) is not én inmer isomorphism so that we

shall not have infinitesimal generators for these isomorph:.sms.
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-

THE FOUNDATIONS OF QUANTUM THEORY

. L ’

Professor: Wolfgang Paull -

(Lecture given Vefore Professor Ladenburg's Seminay. Notes by. M.HsL.Pryce)

T% is impossible im. ons hour to do anything but pick out a few arbitrary
things in the quantum theory that come into minde In partic;ular, I should like ‘o
talk sbout the applications of ‘thé. concepts of the quantum theory to light and the
electromagnetic field, But .first, & ‘few generalities about thé duentum theory in
jtg application to matier. -

It is well Jmown that it atazvb:i from the corréspondeme between energy
and frequency givem by Planck's rule -

‘ _ Brhy

end from the generalization of this. by de Broglie to ‘the relation betweon momentim

and wave-number: -

in & wave given by .

' - = -

CLRY) — vL,,l

Y = @ @ L
This is & particular ocase, yamely = plene. Wave, smd ‘corresponds Lo, a knowledge of
the momertum and eNergye InSwidér generality we apply & superposition prifc iple,
and build up & wave function: - = o
- \.‘_(K-)L) —1~'L]
R P -

We take the rplation «between‘E‘ end p from tho classical theory. This -gives us &

dependenco of Y upon K
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Now what does L//’ ( X, (") signify? Ve interpret it as meaning that
fa (k)| zdl? is the probability that ]Zwill be between _lg}and ¥ + dk, and that | LP("ﬂ
is the probability of the particle 1ying between X end ® + dx

\P has therefore no direct conmection with physical measurements, It
is o mathematical concept that ensbles us to compute all probabilities that we
want. This limits the applicability of the wave picturs and on the other hand of
‘the particle picture, and mekes the theory self-consistent. This leads us to the
fundamental uncertainbty principle of quantum mecharics, which is alien to the con-
cepts of classical theory:
AP . OXN 2 K

The meaning of this has beon widely discussed, and i:b will be of inter-

est to go imto it a 1ittle here. It tells us that wo cannot simultancously give

eyact values to two such variables as ﬁ and f_. There is & difference between the

steto of affairs in quenbum theory, and that described by saying that we do not

-

v

know the velues of X and P simultancously} it insists that we cennot know them,

It is very closely connected with the quantum~-mechenical concept of the state of a
system, and the reconciliation of the wave and particle picture.

In classical mechanics the state of a system is given by the values of
all the wvariables gimultaneously. In quanbum ‘mechanics this is impossible. The
most we cen give is the values of all those variables which are simultenecusly
measurable; +this is half the number of all independent varisbles., The knowledge
of the quantum mechanical state therefore gives mudh less definite information
about “the sys{:ém than we should Have in clessical mechanics. TFurthermore, in
classical mechanics, it 1s possible to find out whet the state of the system is
by performing & measurement of all the independer;t veriables. In quontum mechen-

ics. every measurcment in general changes the state of the systems Only if we re-

peat e certain measurement twice in rapid succession are we sure of getting the
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seme answer, and so we can sey that theygecond measurement left the state unchanged;
but this is a very particular case. We can therefore know the state only after
performing a maximum number of compatible observations. If we do not perform a
maximum number, we connot know which state the system is in afterwards, but only
that it is distributed among certein states. Such a condition is called g mixbture,
and a condition whére s meximum observetion has been made is called a pure state.

-

If we have two states, we can form now states from them (mathemqtically)
by superposition; these are pure states, and different from the pixtures that can
aléo be formed. An illustration of this is affor@ed by the following system. We
have a soreen with two holes in it, and we allow an electron begm to strike the

screen, If one hole X is closed there will be a certain probebility of observing

an electron

— i

S

£

hitting a plste P (or some other means of observation), If thoe other hole Y is
closed, end X is opened, there will be a different probability of observing en olec
tron at P, If it is known that cither ome of X or Y is open and the other shut,

but not which, then the condition obtaining is a mixture of the two states de-

seribed before. If, however, both holes are open, the state of tho system will be

a superposition of the two statos. In the first case the probability of finding

an electron at P is a linear combination (the cocfficients boing the probabilities
of X and Y being open respectively) of the probabilities when X or Y are open sep-
aratelye. In the second case it is not, but interference takes place, in a manner

similar to the interforence of light.
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It may happen that the wave=function vanishes except at one point;
theré is then a certeinty sbout the position of the particle. This is expressed
statistically by & unit probability.

In the quantum theory kmowledge can get lost by observation. In the
classical theory this is not the cese; one cen only incpense one's Mmowledge by
observation. For instence, in astronomy one can compube the orbit of & planct
with gregter and greater precision by meking e larger ntmpPer 6f observations. Bab
such a procedure is 30 longer possible with an eleotron in the region of the un-
certainty principle. Every observation ceuses sn uncertain smount of interaction
with other systems, which we can only observe by meking them interact with yeb
more systems, snd sO on without progress. We can never know sll about the dis-

turbence imposed by measurement.
s

A deep problem is commected with the composition of two systems to form
enother system. About this there has been a good denl of controversy. How can
one conclude from the state of the whole system snformation ebout the state of one
of the parts? If we have a system consisting of two particles moving on & line,
with coordinates X, and X, the state of itigescribed by LP (%71 xz), but this is
by no means equivalent to two wave-~funoctions, one for each particle, even when
thoro is mno intoraction between the systems. This is closely connected with the
essentially statistical nature of the theory. The interpretation conteins condi-
tional clauses of the type: nyp I measure this, I will get that", and gives cor-
relations botween the systems a8 woll as kmowledge about them independently. Tho
viowpoint of Einstein, that the guantum mechenical state roally describes an en-
semble of systems, rather than one system, is probebly corpoct. The essential
difference betwcen classical and quentum thoory then lios in the fact that there
arc irreducible ensembles, corresponding to pure states, which cannot be split up

into simpler ones, whoreas classically an ensemble cen plways be reduced to a

N —
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single system in & Ymown classical state. The simplest gquantum mechanical en-
gsembles must still be regarded as ensembles, and not single objects.

Let us pass to other importent issues. The one which I wish to discuss
now is the theory of light end elootromagnetic field. The quantum theory of
light started from the idee that the classical theory exaggerated the difference
between light and mattor, We know now that light can communicate momentum and
energy in discrete amounts, and that matter shows interference phenoment. Ein-
stoin put forward the hypothesis of the light quanbum to explain the phenomena in
which light gives up its onergy discrotely. The equation E = hV, ';? = hJ?is fun~
demental in such processes. We ask at once the question: "Is light really prop-
agebted in spherical waves, or is it shot out in a direcctional manner, like & par-
ticlo?"  How could we answor this quostion? We might teke an atom, and set
about vorifying the cohorence of the r;diation wavos issuing from it, or the con-
sorvation of momentum in tho recoil, depending on which aspcct we woro invosti-
gatinge

In the first case, to prove that the light from sn atom is coherent end
cen be made to interfere in a certain region, we must know the position of the
gource, i.ee the atom, to a certain amount of accuracy. In fact, if the test
region subtends an angle o at the atom, we must
Imow the position to within a distance A x given by

Ao < N[ o

On the other hand, if ome wanted to prove

the directed nature of light by recoil with the atom,
one would measure the momentum of the atom before and after emigsion. To do this
with sufficient accuracy to give the experiment any sense, one must know the x-

momentum to within A p, given by




vi
The uncertainty principle, applied to the atom, therefore excludes the possibility
of observing both aspects at the same time.

Tt is interesting to notice that directed emission is not in any way in
contradiction to the Maxwell theory, because we can heve currents extended in
space when IN > PN /Q_ Saned which gi've rige to a directed emission. In fact,
if the current varies like a plane sine~wave, the direected nature of +the emitted
radiation is complete. This of course corresponds to & knowledge of ‘the momentum
of the atom and total ignorance‘of its position.

All this, however, is merely an introduttion to the wncertainty prineci-
ple for the field. We can quite well esk what the application of quantum theory
to the field in the vacuum will be. Tn some senses this is an empty theory, be~
cause any ettempt to test it must be through the interaction of the ficld with

Id

matter, which is not considerad in the theory of the vecuum, Nevertheless it is
possible t; the guentum theory of the ficld in a menner ebstractod from any con-
sideration of the sources of £he ficld. “The moasurements cen be considered phe-
nomenologically to be performed with ‘non—we.'bOmis’bic tost bodies, such as mirrors
and bounding walls,; ctc,

Classically the Ffield J.s equivalent 9 & sot of osgillators, infinite in
numbor, and of every frequency. In the quantwm theory of the field these oscil-

letors are treated as quentized oseillators, Pauli and Jordan first investigated

this, and found that it lod to certain commitption rules for the field strengths:
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and the upper index ( ) or (2) jndicates that the field strengths are taken at the
point (xl, V1 21° tl) or (x5, Vo» 22 t5), end the suffix x, y labels the compon-
ent of a vectors The square bracket means
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We cean interpret sugh formulae by finding the commutation rules for
quentities which are the average values of the field in certain space-time regionse
In the figure such regions are shown, rith only one space dimension drawn in, in-

stead of three.
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is bigger then the time extension, iece L > eT, the wncertainty principle corres-
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ponding to the above commutation rules Pecomes
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So far the theory makeg no appeal to the use of any test bodies: but is
purely formal in charecter.  Bobr a,nd Rosenfeld have given & very thorough dis-
cussion of the problem of measuring field strongths from & phenomenologloal point
of view. They find that if the dimcnsions of the test body used to do the meas-

urements with ere large compared to ‘l\:«/Mc, where M is its mess, and the charge on
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it is large compared to J;;:;‘_ (ie0e J 137 times the olectronic charge), then
it is possible to oarry through the measurements consistently in regions compar-
eble to the size of the test body, provided the atomic nature 1is di sregarded.
They reach the same uncertainty reletions.

In the Pauli-Jordan theory there is no characteristic length or mass,
and the theory is independent of any 1imitations or abstrections of matter. The
uncertainty relations for the field therefore seem to me %o be independent of
those for matter, snd to arise from the quantum.treatment of the‘field alone., I
£ind it difficult to believe that & rebturn to any classical form of field theory
will help.

The quenbtum theory is very satisfaétory es it stends in two fields:

1) in the non~-relativistio theory of matber, where it gives excellent results in
the field of spectra, atomic collis{ons otce; and 2) in the theory of the electro-
megnetio field so long a8 one does not try to treat the sources of the field as
well, where it gives a correct theory of the transmission, interference and par-
ticle~like nature of light. In other words, it works very well so long as we can
treat one or other of the field or metter as e given "external® influence, but when
we try to unite the two to give & theory describing the interaction, we find that
it is not at all so satisfactorye. ‘

This is closely connected with Direo's attempt to give & real relativisv-
jo theory of the electron. In this ettempt the sucoess 5eclmS to have been on the
side of Dirac rather than of logic. His theory consisted in a number of logical
jumps, First he made & theory for ggg_particle; tir.6 is allowed so long as the
number of partic}es in a system is conserved, From certain postulates he derived
an equation which describes the reletivistic motion of an eleotron, and in & natu-
ral memmer, the spin of the electron, and its magnetic moment. But the equation

allowed the electron to bo in states of negativo energy, and if one allowed it to
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interact with the eloctromagnetic field there was nothing to stop it from making
transitions to these states. To avoid this conflict with observation, Dirac madé

& logical jump; he assumed that all the negative states were filled up with elec-

<o,

trons, end then transitions to them were forbidden by the gxclusion principlé.
This leeds to the theory of holes for the positron, which I do not like at all.
There is no longer 8 conservation of the total aumber of particles, when one con=
siders positrons, end so Dirac's argument for the form of the wave-equation is mo
longer cogent because then ‘there no longer exists any & Eriori reason that the
wave equation shall be of the first order and the charge density shall be a sum of
squares. From whet has been said here, it appears thal the creation end ammihil-
abion of particles in pairs is closely comnected with relativity.

In spite of those logical objections, the theory gives results of the
rigbt dimensions. It has important qfnsequences for the deseription of the vacu-
um, For instance it is mo longer possible to measure the donsity of charge in
some region, because any moasurement will causc an unknowvn number of électron-~
positron pairs to bo created, and so there arisos an unknown fluctuation. Only
the total charge present can be moasured, since this is unchenged by the creation

of a p%%giﬂ_ The theory of hqles in this way modifies the theory of the electro-

{ 1__@“_;&.
magnetics eccording to the work of Bohr and Rosenfeld, it should have been possi-
n

ble to peasure the charge included in eny region, howeyer small, sipce it is givea
by the flux of E, if one had sufficiently small apperatus, end one could cansider U
as non-atomistic.

The analogy between light and matbter is oxtended further by the similar
phenomenon with light. VWhen measuring field strengths one orecates an unknown nuh-
ber of photons.' There is, howeyer, & fundamental difference because of the gon=

servation of charge for matter, which has no analdgue in the field. The concept

of charge is very fundamental, probably more so than the concept of matter. An-~




other difference is that electrons obey the exclusion principle and photons the
Einstein-Bose statistics.

Tt seems that quantum theory is always successful when describing systems
with a finite number of degrees of freedom, but that when .dealing with systems
possessing infinitely many degrees of freedom it tauses divergent results ‘to ap~
pear. The field in a vacuum possesses &n infinite number of degrees of freedom,
since it is equivalent to an infinity of oscillators, but in this case the infini-
ties teke on a fairly harmloss form, T+ turns out that the energy of the field
is infinite, but oxne may éubtract this infinity 'in a well~dofined way, end get
finito results for the differerice of the énergies .of two different states of the
system, Onc alréady sees nere the beginning of the 'subtraction physics" which is
such an unsatisfactory foabure of the Presont thoory. A worse infinity turns up
when we ovaluate the gravitational energy- of a photon. The essential fact to be
dravm from this is that even when the underlying classical theory is perfectly reg-
ular, the quentum theory loads to infinities; and this is quite gencral whenyyue
have an infinite numbor of dogrees of frecdom, and non-linear field cquations.

The theory of holes postulated. am jnfinite number of electrons, and
therefore comes into the same catopory. Here the infinities arc far worsce. Not
only is the cnergy infinitoc, but also tho polerizability of the vacuum. An exter-
nal clectron field will create pairs of clectrons ond positrons; which polarize the
vacuum, and o charged particlo will surroond itself with the particles of opposite
charge croated by its field; +the thoory leads to infinite results for those phe-
nomena.

At the prescnt moment J. von Neumarn is trying to develop & theory which
will avoid these difficultios for systems with infinitely meny dogrecs of freedom,

with a different concept of stato for such systcmse
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It seoms to me that our present methods are not fundamental enough, and
that there are two possibilities for overcoming the difficulties. The first is
to change our concept of space and time in small regions. The second, to change
the concept of state for systems with an infinite number of degrees of freedom, as
von Neumsnn does. I believe that the development of the theory along the correct
1ines’ will then lead to & numerical value of the fine-strueture constant
X = € / 4 ¢ = 1/137, and to an explanation of the fact that arbitrarily high
masses do not appear concentrated in e given space region,in nature. It seems
likely that the future theory will be unitery in the sende that the duality of
light and metter will disappear. By this I do not c¢leim that we shall necessar-
ily expla:in one in terms of the other, but perhaps both in terms of some more
fundamental concept. Certain unitary theories have been tried, to describe the
interaction of rediation and the light particles, but I do not believe that it
will Be possible to found a satisfactory theory without bringing in the heavy
particles as well from the start. I beliete that the numericel value of X is
"closely bound up with the heavy masscs and the ratio of the mass of the protom to
the mass of the electron. This seems so to me, because the logicel possibility
of having arbitrarily high masses concentrated in small space-regions would pre-
clude the possibility of altering the space-time concept, which seems hecessary in
view of the infinities inherent in unitary field theories. There is ho indice-
tion in either present day theory or experimental datum that seems to me to justi-
fy the hope that a return to a classical form of field theory will help. On the

contrary, the classical concept of a field seems no more fundamental than the

classical concept of a particle.




