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APOLOGIA

It was at first decided that no notes would be taken of these lectures.

| But the listeners finally rebelled, and requested that some sort of mentally re-
J freshing outline, however sketclty, be made atvailable, The following meager re-
'i sponse to their cry certainly satisfies the sketchiness requirement, yet at the
’ seme time an effort at completeness has been made by giving exact references %o

the literature and to notes of previous years.
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’ A fervent apology must be mzde for the poor stencilling. The followw

ing list may give the reader a clue in his moments of despair:
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THEORY OF INVARIANTS

Introduction

Al

Let G be an abstract group with elements s, t, «e. o Let s -— A(s),
5 ~>B(8), eees 8 —2» C(s) be a finite number of representations of G in a field
X. Let X, ¥y eee, 2 denote variable vectors in the respective representaticn
spaces; the element s of G induces the linear transformations x -» A(s)x,
y - B(8)Y, eees 2 => C(s)zs A form £(x, ¥, eees 2), homogeneous in the com-
ponents of each variable vector X, ¥, eee, 2 §E§arﬁﬁel¥} and with coefficients
in X, is ah invariant of G, relative to the given representations, if for all s
in G .

P(A(s)x, B(S)Y, wees C(5)2) = £(x, ¥, eous Z).
This is the situation with which the "general problem of invariants"

has to deal [pp. 5~7 of Elementary Theory of Invariants, by Prof. Hermann Weyl,

1935~36, Notes by Prof, Weyl and Dre Leonard M. Blumenthal; mimeographed.
Cited A5 1935~36 Notds.] The "first main problem" is to discover whether or
not there exist a finite number of invariants in terms of which all others are
rationally end integrally expressible ("rational integral basis"), and to con-
struct such a set if possible, No exemple is known of a group for which, this
"Pirst main theorem" (existence of a rational integral basis) does not hold. (
The "second main problem" is to discover whether or not there exist a finite
number of reletions ("syzygies") among the basic invariants such that all other
relations are algebraic consequences of them, and to construct such a set if
possible. The existential part is enswered in the affirmative ("second main
theorem") for all groups in which the first main theorem holds [1935-36 Notes,
ppe 13=20].

In the classical theory, G is the full linear group, and the repre-

sentations are those generated by indeterminate algebraic forms (the “symmetric
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tensor representations" of G) [1935-36 Notes, pp. 22-26, 110-130], Strictly

speaking, the invariants considered are relative andmnnt_ﬂbsoluta*Lthey are ab=

UMD ——— -, —_ P

solute invarients of the unimodular group). If ih the above definition

— e e —— -
- - ——

£(x, ¥, ess, z) appears on the right multiplied by a numerical function ’l (s),

it is a relative invariant and ’((s) is its weight [1935-36 Notes, pp. 26~30];

if /L(s) =1 for all s in G, it is an ebsolute invariant.

The "special problem" ("vector invarients") deals with the particular
case of a linear group G in which the representations are either G itself or its
contragredient representation, and the correspondi?g variable vectors X,¥,c..,2

are called respectively covariant or contravariant [1935-36 Notes, pp. 20-22].

In Chapter I of the 1935-36 Notes both the first and second main problems are

solved constructively for vector invariants of the more important groups: uni-

modular, orthogonal, complex, and their extensionss«

CHAPTER I, GENERAL THEORY OF INVARIANTS

A.Differential and Integral Methods

le Groups, their realizaetions and representations

By & r'ealization of an abstract group G we mean & hom$omorphism of G
onto a group H of transformetions (onc-to-one correspondences) of any abstract
class ("point field") onto itself. The realization is truo if the homeomor-
phism is one~to-one (isomorphism). Every group G has a true reﬁlization, neme-

ly that afforded by the loft-translations s — as of G [pp.'2%4 of The Struc-

ture and Representation of Continuous Groups, by Prof, Hermenn Weyl, 1934 (sec-

ond semester). Notes by N. Jacobson; mimeographed. Cited as 1934 Notes. )

A representation of G is a realization of G- by means of a group H of

linear transformations; <the point field is in this case a linear space ,if

To each element s of G there corresponds & linear transformstion or metrix A(s)
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obeying the law A(st) = A(s)A(t) for all s, t in G. We refer to the 1934 Notes
for the following fundamental definitions: equivalence of two representations
(pe 11); invariant subspaces of '/f reducible and fully reducible representa-
tions (p» 10); chéracter of a repreosentation (p. 16). The whole first chepter
of the 1934 Notes is recommended as an introduction to repregentation theory;
the samc matorial will be found in Chapters I and III of Prof. Weyl's book,

The Theory of Groups and Quantum Mechanics.

2. Lie's infinitesimal approach: first stage of difforentiation

Se¢ Sccond stage of differontiation: commutator product

4, Third stage of differentietion: Jacobi's law

5. Inversion problems

Those four sections are a repetition of Chapter 2 of the 1934 Notes
(ppe 32-44). By "inversion problems" we meen Lie's fundamental theorems:
first, the realization of en abstract infinitesimal group (Lie algebra) by &
"velocity field"; second, the extension of a velocity field to a "group germ".
The proof of the latter amounts to showing that we can determine functioms
):’(s) such that the equations (1.9) on p. 34 of the 1934 Notes are complete-

ly integrable: Dyl - -

) i ' ’ i
..... et 3 t <) A i
y / '.-c_ ()( « {\—/

The theory of total differential equations tells us that a solution -

x" = tjﬂl(xo; s), depending on arbitrary parameters x‘g, exists for a finite do-

main D in the space of the s* containing the origin s* = 0, The equations

(1.11), pe 34 " - o« -
e Jopl ()N ()

2sé ¢
are likewise completely integrable, and have a solution f?.= 9’“1/57;-f) in
some finite domaein about the origin, We can restrict the latter to a domain

D' such that if to and s are in D', then t will be in D. Within D' the finite

conditions for & group are satisfied:




pily o ths)ms s (650,

That this "group germ" can be extended == by some sort of continuation process

-~ to a continuous group in the large has been shown by Cartan [Theorie des

Groupes Finis et Continus et l'Analysis Situs (Memorial 42), pe 18].

6. Representations of ebstract infinitesimal grouys; the derived grioup

&~

If the given continuous group is & linear group / its-velocity

vectors U, V, sss &re linear:

;'(‘:(9\’)‘ ‘= ’l‘k x{b = /&3,},’)} 5 a = ///Etk_ I,/

, . M J
1‘_(/)"-'%1,4"_“, '\/’( - (6')(),: b é‘”“"él"ll

¢
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Conversely, a Lie alge‘r;ra ¥y of linear velocity vectors will generate & linear

-
continuous groéup /.

The commutator-product [uv] of u and v is

= P 19 RV
[ 7 - ) / R T ¥ S -
L& g, = s, tu 3 . /
: J A XJ 7 9)‘,{
e =" :/ - P -', xX
s Z—‘ \ ﬂ; . @, - (l.‘:', (ha rk 7/ r( .
i j 4" i 4

Hencg [uvlx = (basab)x;
the matrices &, b, »s» themselves constitute & Lie algebra under the definition
[ab] = ab - ba.

‘¢
In general, by & representation of an irfinitesimal group - (or an

sbstract Lie hlgebra) we mean & homeomorphism of ? onto a Lie algebra Y of
matrices: if a and b in F correspond resPecfively to the matrices A and B in
/  end A is o number, then

Ja-» A A, a+Db->A+B, [ab] — AB - BA.

If & linear group /" is a reprosentation of a continuous group G, and
if ¥ end g are their respective infinitesimal groups, then Y is & repre-
sentation of ? in the sense just defined, Conversely, if }/ is & represen~
tation of the infinitesimal group of a given G, then will the linear group

/7 gencrated by 3’ be a representation of G? See §7 below.

et
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If is an infinitesimal group, then the lincar space spanned by all
P ¥

the commutator products [ab] of elements a, b in ;z is an invariant subgroup

'
/

;7' (invariant Lie subalgebra) of ;ﬂ, 57/ is ¢alled the derived group of
;7 ; it is the infinitosimal group of the commutator group G!' of the finite
continuous group G gonerated by ;z (G* i5 the group gencrated by all the elo-
ments sts' 4" with s and t in G). 57'757 for the unimodular group and for

the orthogonal group in n dimensions (n> 2),

7s Topological link botweoen representationsrof the infinitesimal group and the

whoig group

-
To answer the question in the last scetion as to whether or not /  is

a roprescentation of G, we can set up a single-valued continuous homcomorphic
correspondence y? of G onto /rv within a certein domain of the. identity element
of G; +that is, the group germ of /-1 -is a representation of the group germ of
G. Assuming that the group manifold of G is cornected, we can extend this cor~
respondence jﬁ along any arc in the manifold of G from the identity element to
any eleflent s of G. Bubt if G is not simply connected,}we cannot be sure that
the element y'(sj of /F¢ will be independent of the path chosen. If, however,
we pass to the universal covering menifold G of G {1934 Notes, ppe 106-1101],

then G is a simply-connected cortinuous group locally isomorphic with G (hence

having the same infinitesimal gréup and the same group germ), and we can be cer-
tain that the continustion process defines the homeomorphism § - y:(é) of G
onts /7 in unambiguoué fashione

The answer is, therefore, that /7 is a representation of the universal
covering group G of G. For exemple, the orthogonal group in n dimensions is not

simply connected; its universal covering group is two-sheeted:, and this accounts

for the occurrence of double-valued representations,

E -y




8, Invariants characterized by differcntial equatlons. absolute and relative

invariants
Returning to the general scheme presented in §1, we replace the ab-
stract group there by an r-parameter continuous Lio group Gr (i.0. one which
cen be genorated by its infinitesimal eloments). Under the influence of aa
infinitesimgl -olement e of Gf’ the vectors x, y, «s., 2 are transformed ingg
x+ dx, y+ 4y, see, z + dz, where the increments dx, dy, ..., dz are lincar

(8§5): —_

- —

olx, = )a/. x. e :2 sE L ,,(‘g_, :‘) VL A
2 ;-«' 4(; n: v (/4. = I’ 1’; <4J 7 I j I.) ZJ ‘;
A form £(x, y, +ss, 2) is transformed correspondingly into f + d £,
(- L .. J}—-
whero | T of RS S £
0(‘ mF = 2, ?k"- "(i; * 2, ;"I, ‘/"‘. .o 6;!' 1
‘ -
.5 s <t
- ;'J’- (J P »-l (/ 17[_1 t 4 /,}J J ‘/Z

£ will be an (absolute) invarisnt of QT if end only if def = 0 for

every infinitesimal element o of Gr' It el, 8o esas er is a basis of the in-

finitesimel group 77 of Gr’ then the invariants of G are characterized as the
solutions £ of the linear homogeheous diffeorential equations

def=0, dof.:Op ‘.,v,«def:O,
1 2 r

If £ is a rclative invariant, then

def=ccf (x=1,2, l..,r),

(% -3
W] arc constant If 0= C.e, 4+ 40 + ¢ 01 element of
here the cen 1S Se 1°1 8y 18 any é?
then ol F = ¢, F | adee g =i g, w4,
A (dcdo' - dé'de)f = (ceco' - Qe'ce)f =0

every relative invariant f is an absolute invariant under the derived group 5r'
of ¢. This is evident also from the fact that the wcight function /1(s) is
a one-dimensional reprcsentation of G:  ju(st)= ;&(s) /m(t); hence for commu-

tators Sts “t * we havo /&(sts-lt-l) = 1,




In the case of the real full linear group, /t (s) must always be a
i
power of the determinant of s, while for the complex full limear group it always
has the form ) T
/u (s) = /o ? /J]'y)

the bar indicating complex conjugate.

9, Taking the average over a finite group

If £ is a form, and s an element of the group G (as in §1), then we
define the form sf by
s£(A(s)x, B(8)Y, eee, C(8)2) = £(x,y,000,2).
We then have the rules
s(f+g) = sf + sg; s(fg) = (s£)(sg); (ts)f = t(sf).
G is an automorphism group of the ring generated by all forms: in what follows
we might replace it by any ring containing the rational numbers.

If G is a finite group of order h, and f is any form, then
’ 1 ;
’7 = [ f:/ = 7 L, SS

is an inveriant: sj = j for all s in G. This averaging operator [ ] is linean
[vf + {‘3g] = a«[f] + P[g] ( ¥, 3 numbers) ,
and if j is any invariant,
lar] = 5lgl.

As a first spplication, suppose j is & form such that sj = j for all
s in G, not for all x, ¥, .ss, 2 but only for those points (5, Voo e L) 1y-
ing on some menifold 3”7 (in the product-space /?; X :éy; X aos X';%;Z). Then
there exists a "free" invariant J coinciding with the "bound" invariant j on
Y/ /4 namely J = [j]. -

As a second application, every representation of a finite group is

equivalent to a unitary representation [the "hermitian argumont" - 1934 Notes,

Pe 51].

o e e o Db s

T am




10. Invariant volume meesure on e compact Lie group

[1934 Notes, pp. 76=78.]

11, The unitariasn trick

It will be shown in §13 that the first main theorem holds for any com-
pact Lie gx.'oup [1934 Notes, ppe 79-80]; +the most familiar examples are the uni-
tary group end the real orthogonal group. The real unimodular group is not
compact, but we can reduce the proof of the first mein theorem for it to that
of the unimodular unitary group in the following way.

Consider & relative invariant J of the full linear group relative to
representations s =» A(s), s = B(s), «.. which are of homogeneous, integral
rational cherscter, like those defined by forms. The invariance of J will
hold for all complex transformations if it holds for all real ones: reality
restrictions are algebraically irrelevent. In restriction to unimodular trans-
formetions, J is an absolute invariant, and satisfies the differential equation

. d,eJ = 0,
where €= g 08, €4

is any infinitesimal unimodular transformation. That is,

(11.1) e ;T =
Lo Gy "

-
L

for arbitrary gsik subject to the single restriction
(11.2) cfsll + 5822 + eee + ésnn = 0O,

1f (11,1) holds for all real Jsik subject to (11:2), it will hold
for all complex Ssik subject to (1142), end hence in particular for all 5sik
satisfying (11,2) and
(1143) gsik = - 531{1.
J is thus an (absolute) invariant of the unimodular unitary group.

Conversely, if J is a real jinvariant of the unitary unimodular group,

then (11.1) holds for all complex Ssik setisfying (11.2) and (11.3), We cen

o o wprgn S bwsmees
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write gbu = V1 0C,
\
o Se )
BS“'& = E(E,, + Tl ik ({
53“ O N Y1 éC: j (1< k):

where the Sclik are n2 real parameters subject only to

-~

¢ e . a2 = &
a(;'” "' %bljv + + {"Jhri \)I

When we substitute these in (11.,1) and observe that the de J are all
ik

real, we get, on equating to zero the imaginary part,

5 S =
2 Scia A, ﬁf] o

e

Hence J is an invariant of the real unimodular group. The two groups thus have
the seame invariesnts, and once we hawe proved the first main theorem for the uni-
modular unitary group (§13) the safie follows immediately for the real unimodular
gZroup .
In general the procedure would be like this. Let €15 €ns seey O be
e

a basis of the infinitesimal group of & real continuous group G. Every infin-

itesimal element e of G is uniquely expressible in the form

= ¢ + +
- e lel X X) Gvrer 'y
with real numbers Ci, P G}. We now endeavor to pass to a new basis
1 = :/‘ .
°1 & xlkek

with complex A, such that
(1) the commutetors [e{ei] are Eggl_linear gombinations of the ei; and
(ii) the group G' generated by e}, e}, ..., el is compact.
If wo can 'do this, our unitarian-trick is successful: G end G' have the same inn
veriants, and we know that the first main theorem holds far G!'.
As a second example, let G be the group of all real linear transforma-
¥ i

tions leaving invarient a non-degenerate quadratic form /, g inxj {Lorentz

Lees

group). The infinitesimal elements of G,
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dx, = 5 s9x:
i e slx3’

are characterized by the assertion that the matrix

It z:: glngg
r

is skew-symmetric.

By a linear trensformation A we can change § glax.x. imto

N
xi + xg % eee M xﬁ. A"1sA leaves the latter invariant, snd hence A tsa éﬂ<75jﬁ

is skew-symmetric. On restricting Cij to real values we sre led to the real

orthogonal group, which is compact.

12, Simple connectivity of the unimodular unitary group

[1934 Notes, ppe 111=113.]

B, Algebraic Methods = Hilbert's Theory

13, FPirst Main Theorem

Section B deals largely with Hilbert!s two fundamental papers on the

classical theory of inveriants:
-

Ueber die Theorié der algebraischen Formen [Meth, Arnn, 36, 1890, 473-534; num~

ber 16 in hig Gess Abh,, vole 2, 199-257. Cited as H 164

Ueber die vollen Invarientensysteme [Math, Ann, 42, 1893, 313-373; number 19

in his Ges. Abh., vol, 2, 287-344, Cited as H 19.  All page numbers
cited will refer to the Ges, Abh,]

The two pillars upon which Hilbert lays the massive lintel of the
classical theory of invariants are his finite-basis theorem for polynomial
ideals and the Cayley (! wprocess. An easy proof of the Hilbert basis-theorem
will be found in van der Waerden, Moderme Algebra, vol. 2, ppe $3-25, On pe. 25
we find the corollary: if ib? is any set of polynomials whatever (not necessar=
ily an ideal) then there exist in #7 a Pinite number of polynomials
fl, fz, ede fr such that every polynomial £ i11§7Z' is expressible in the form

£ = alfl + azfz + 30 + arfr’
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where 2., &5, ws., & are polynomials, In H 16 [Ges, Abhe, pps 199-203] Hilbert
proves this directly without using the concept of an ideal, If the polynomials
in 7/[ are forms, then (by omitting superfluous terms) we can assume -that
al, Bos eves ar are forms.

If we take for'?yr the set of all non=constant invariants
J(x, ¥, eve, %) of & group G relative to certain representations (as in §1),
Hilbert'!s basis-theorem asserts the existence of e finite number of invarients
Jl; cees Jr such that every other invariant J can be expressed in the form

171

where the A's ere forms (not necessarily invariants). If Ji is of degree A 5

(13,1) J = A J, + eee + ArJr,

in x, /4 s in y, sse, Vi in z, and J is of degree A in x, F in ¥y, ssey ¥ in
z, then Ai will be of degree A - A‘i in x, ;& - fb 5 in y, eee, ¥ - )/i in z,
or will be identically zero if any of these numbers are negative.

If we can show that every invariant J of G cen be expressed in the
form (1341) in such a way that the A's are invariants, then J;, e« J. consti=-
tute ;/ratibnal integral basis, end the first main theorem holds for G. We
merely use induction on the. total degree of J: noting that the totdl degrée of
each non-vanishing Ai is less than thet of J, the Ai'are-polynomials in
Jl’ ectes Jr and hehee so also is J. This is the essence of ‘Hilbert's ptroof;
the [) ~operator applied to (13,1) will convert the A's into invariants (§16 be-
low).

We can effect this second part in the case of a finite group G by
means of the averaging procoss (§9). 4Applying it to (13.1) we obtain

J = (A1) + eee + [A 10,
and each coefficient [Ai] is an invariant. This proves the first main theorem
for all finite groupse. We can do the same for any compact Lie group by inte~

gration over the group manifold [§10; -i.e. 1934 Notes, ppe. 79-80]. The first

mein theorem is thus established for all compact Lie groups, end for all groups

-

4
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-- such as the unimoduler group -- wlich are reducible to compact groups by the

unitarian trick (§11).

14, Second main theorem

Filbert applied his basis~theorem also to show thet there exist a fi-~
nite number of relations ("syzygies") among any set of basic invarients
Jl’ vees Jr such that all others are algebraic consequences of them. By a
"relation" we mean a polynomial ?f(u1,~..., ur) in r variables Ups eees U, such
that

 (Jps wees 3) =0

identically in the variables X, ¥, eee, Z UpON which the J's depend., The set
of all such polynomials is evidently an ideal; a -basis y?l, Y ?5 thereof

k
evidently has the desired property [1936 Notes, pp. 19-20].

15, Proof of Hilbert's basis=-theorem

[Van der Waerden, Moderne Algebra, vol. 2, pp. 23-25.]

Ve

16. The Cayley (2 ~precess

Let G in §1 be the full linear group over any field of characteristic
zero, and let the representations bo rational, integral, and homogeneous: each
companent of the matrices A(s), B(s), ees, ¢(s) shall be homogeneous polynomials
in the variable components sij of the matrix s. [ s is defined to be the dif-

ferential operator [1936 Notes, p. 41]

.
2 >
~ e “ "o
“ ?’Sh 33’“ v 2
| D L
3 P ; ) o -
: . = = Djfé 941& 95, ;
4 )
Po- o &
V':’nn ’5:":,\_’

If £(x, ¥, eees %) is any form, then [squ(A(s)x, B(8)y, eess C(s)z), where |s |
is the determinant of s, and g is an integer:Z 0, is a homogeneous polynomial

in the variables Sij’ say of degree p.
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I(X, Vs eees 2) = _(lgg}squ(A(s)x, B(S)Y, eves C(s)zﬁ'
is a form no longer involving the sij; {ilbert shows that it is a relative in-
variant of weight p~g [H 16 Ges, Abhs, ppe 249-250]. While ostensibly dealing
with ground-forms, Hilbert's proof holds without modification for this more gen-
eral scheme,

7

A second essential property of [} is that
Rl -,
where Nb is a positive integer (# 0) [H 16 Ges. Abh., p. 250].
If now we transform (13,1) by a variable s in G we obtain
[s|Pg = & (a(s)x, B(s)y, cee) [siPLI + ou0 + A _(a(s)x, B(s)y, ...)!sfprJr,
where p, Pys eees P, BT the weights of J, Jl’ sees Jr' Applying the operator
flg, we get
NPJ = I J. 4 see *+ IrJr

171
where Np # 0 and

I, =,fl§{jstp’ A, (A(s)x, B(s)y, ...)}
are invarients ( X = 1, eee, ). It then follows immediately (§13) that
Jl’ coes Jr constitute a rational integral basis for the invarients of G.
It should be observed that Hilbert's proof, which is of a purely re-
tional character, holds for any underlying number field of characteristic zero,
whereas the representations considered are restricted to be homogeneous, ration=

LU
N o o ——

al, and integral. On the other hand, when we restrict the number field to the
— e
real or complex numbers, we are allowed a compensating freedom in the represen-
tations; +the method of integration over the group manifold is at least velid
for all continuous representations.
All this may be extended to allow among the given representations
those of a contragredient nature, such as that afforded by tensors with some

contravarient end some covariant indices. We simply modify the law of trans-

formation of a conbravarient vector in that we replace the matrix contragredient

oz

A T 3P AT T

T
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to s by the matrix of the minors of s« The latter differs from the former only
by the factor ls|, and the only effect is to change an old invariant into a new
invariant of different weight.. In particular the first main theorem is thus
proved for covariants I(a, b, ...; x) as well as for invariants I(a, b, ...) of
any number of groufid f_,ox‘mé a(x). b(x), ...;- the variable x is .of course transe
formed contragrediently. The same it provod for ground-forms involving both

covariant and contravariant wvectors.

17, The adjunction argumont

Every invariant j(f, £*, ...) of a set of forms f, £*, ... under the
orthogonal group is obtainable froth a_projective ih?rariént J(E, £%, o3 ¥ ) of
the set of Forms f, £*, ...; 7{ » Where y is an indeterminate quadratic form
transforming contragrediantly to the forms £, £*, ..., 'by specializing Y fo be

2 a—

. .2 : 2
the unit form B/D(x) =X F Xy b oees X

1
J(E, £%, ses) = J(E, £%, wees Yo )e
(1936 Notes, pp. 128<129,] The first main theorem for the orthogonal inverients
P . !
J can then be inferred from its holding for projectivé invariants J. We pro-
ceed to apply the semé argoment to the extensions [1936 Notes, pp. 56-63] of the

unimodular and orthogonal "groupse ..

We take first the proup (I, of affine ‘gecmetry:

™
]

X! + 8.%X1 + .00 + 8 X!

fo2 o} 171 nn

X = Sllxi + ees slnxz’1 (homogeneous plane-coordinates).
= 1 2

xn Snlxl + see + Smxn
1 =

%o A3 o
1 = s:L Eo + sllgl + eee *+ Snlén (homogeneous pbin‘b-coord[inaj:es),

=180
i

(]

=
(%8
Q

+
um
=

R%y
[ Sand

+

.

+
A
B

wny
(=
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secocevedevy

N e e

S

- — - n - Fm

ee S
nl **°* “mn *

We consider the invariants of ohe or more ground<forms &, D, eee:

N
~— Tl
a = _.._........_.*.‘_G. 5 ...E
had LN X} ee (¢} + + . + . = etce
Z—-—-rol oo 4 T eeeTy n § T, Ty eee T =T, tC.

Adjoin to this set an indeterminate linear form
; o .
A? = /(Z'Som+ 4& Ei poo t '"”E; ’

Our group 67' is characterized by the property that it leaves invariant the par-

ticulsr linear forme = (1, O, ess, 0) = j;o. We assert that every inyariant
jles b, ee¢) under CQ: is obtainable from a projective invarient J(g,é,...;/()
by specializing A to e&:

j(g, by eee) = I(a, By eess o).
This meens that every affine invariant of a set of élgébraic surface; is afpro-

jective inveriant of these surfaces together with the plene at infinity. The

converse is eotident,

s
Proof:

Write the ground-forms symbolically [1936 Notes, ppe 113-115]:

» T

= (f)", = = 8 Cue. 8 Bf
- r esel o] n
o} n s

v < S [ bﬂ’ G'tc

= (b; )S, b = b o** n 4 g

S eseS (o}
o n

jo’

Expressing j symbolically,

»¥

jy= j(a{’p; a', .o’;, b, b‘, XYY og,p‘),i,
we see that j becomes a vector invarianmt of 0@. A full table of typical basic
vector invariants of 57, is [1936 Notes, pa 58]:

nx ER N ] x

n] ’
iyoyl ies 'yl .'yl cee Yni
[Xy soe ‘Z]n+l = E..c"i'ool.l [y b Z] B "'......'
% |
?Zozl .o Zn} ;Zl Xy Zn'
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Hence j(a, &', «aes b, D', cie; ees) is a polynomjal in bracket factors of the

type [ab ase c]n+l and [b see O]n‘. B.ut

[T 0 4,00
!o O

(b eae q]n = = [eb cee GIn+l' N

‘ Beveesscssse
¢ 1 4

0 cl ese cn,

If in j we replace. fterms of type [B ees c]n by [£ D eoe Q‘]n+l we obbtain.a projec-
tive igvariant J of the forms &, 13_,, e} 4{) which reduces to ,jqungi‘"er the special~

jzation /( = B,

We can apply’the seme argument to mixed forms
I A,
/ El A 1 IATTT S PRy

- = s DU AU o ™ L .
6 - b/-/.! :/; '.-' 2 -’ f'D‘I" J‘D"“ llo" Z" 'Pn Fv; ja "’L s N P

o "

R s

Writifig A symbolically as (a f)r(oc x)f en inveriant j(A, B, «se) under ﬂ’
becomes in symbolic notation a vector invariamt jla, b, eses , (3 . «see) OF
/4 , depending on both covariant and contravariant vectors. Hence [1936 Notes,
pPe T8¢ appropriately specialized] j is expressible as a polypomisl in invarients

of the following type:

(a) [eb .ev ol . () [b wae 8], (oovariont)
(¢) (ax) = B By gt e B % (mixed)
@) - [ =« é cen ,..)) ]n+1 (e) «, _ (contravariant).

Again a single linear form ,{? suffices, For tyﬁeé (a), (c), end (a)
are already projeétive invariants, while for (b) end (e) we have -respectively

[eb ace Q.-]

i

[b Y G]n n+l,

o

o

)

CI DR

We take next the affine group JZ o Oof rank twos Its elements have

the form




1 1

; x] x5 :lcs eoe xljl
X —~ : * ——..
xl s- ] * *
JCz ? * co e *
xs 0 0
. . . S .2
b4 0] 0
n

(homogeneous plane éoordinates),

-
51 IZ 23 "'En
! O 4.0 0
h31 s
;’é 0O +¢0 0
?é * *
- BT S}a2 -
) 13 * ®
~An

(homogeneous point coordinates),
where/Sz and Sn—z are arbitrary unimodular matrices of degrees .2 and n-2 re-
gpeckively.

Applying the same method as before, our symbolic j is & polynomial in

the typical basic vector invariants of Qz [1936 Notes, pe 781]:

"'9'3 owe a.n

() [8b ase c]n (®) [2 e b]n_“z = | eveineace

;bs w e s bn .

() [wfproy] @ [<p1, = |7 %
( Y ‘ ( ¢ (S
In this case we introduce as absolute an arbitrary skew-symmetric bilinear form

\ Yl \fz
[ = Zk ’Zik Ei’?k’ which we specialize to & = ¥, Do~ YL ) = l‘ - };
i, ! s

(a) and (&) are elready projevctive invarients, while for (b) and (d) we have

respectively
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[8 «ee D] = % £y 4 8y eee by (alterngting sum), [ ¥ 51, = ,5
n=2 T il o ig ln 2 2 O3 Xy

But Zi !i].izgi‘s." bin andz: ’fik oy (’51: are projective invarisnts, in-
volving covariant vectors a, b, sees contravariant vectors &, (3 , eses and
the covariant skew-symmetric tensor /ij' Putting these in j in place of
- b]n_z and [ o (5 ]2, we obtein a in‘ojec-bive invariant J of the forms
&, b, s togethor with the indeterminste skew-symetric bilinear form §, which
reduces to j under the speclalization /_( - £ .

Finally we consider the group Ol of Buclidean motions [1936 Notes,
pe 56; enumeration of basic vector invariants, ppe 79-~87, listed on extra sheet

preceding pe 75]:

1 .
xé xi vee X !fo f]_ ’::gn
x, 1 ¥ hee ¥ j fé | O..t"‘ 0 .'
2 ; et i Bt * O Om
* . . : . . . .
x, 0/ Onl"' Onn ;;1 % oln"’ On_n

u Oij l’ being a proper orthogonal matrix. The typical basic vector invariants

for covariant vectors only are

[xy oo Z]n+1’ [¥ oo \z]n, (xly) = Xy¥p * oes * K Tpe

Their trenseription into projective inverients is respectively

[xy ace t]n+l, [[Y sew Z]n+l: / Xl

m

; v
Hence we need only adjoin a covariant linear form /_{f = [_, (‘ 5. and

. A _ 3 . _
s contravariant symmetric bilinear form ?_} = 2. Xtikxiyk to the given ground

fPorms under consideration; weé specialize f to. 3 ° and 2/ to %V + see F XV

The projectively invariant relation

=

{:' Yiu €4 =0,

holding for our special / and / is disregarded.

>

The typical basic vector invariants of {/ for both covariant and

SN




]

contravariant vectors are: h
(8) [xy wew gliygs (0) [y wee 2l (o) (xly) = mpyy + ou # myys i,
(d) [?’/ TN ] Z, ]n+l§ (e) E ) f

St d T = T (T, £ )Ty Syl T e |
€ (Fph¥ )= 2. (37~ o ) |

(x%) = %, § +xrgl+.u+:%§n

[x", oo-p~y,, ,F; coey 7] (a = 1, 2, coey n); XI = (O, xl, evey xn).
¢----@--2 §ontlea---l

y (g)
| (h)

Their projective transcription is as follows:

(8) [xy oee 2l (8) fee Yor 0 Yen o )
(b) ['é Y oo Z] n+l \K‘,c Yn B)’n, ,{, ))l
(c) Z: Xlkl L ¥ R
Z X"O }’}h[ Ynm " )r\.

(@) [F 9 e Ely ,
R ¥ 1 13 o @
(6) (£E) © PR
70 7‘ , y."‘ [

(g) (x¥) )

(h) i :{. Y;k Xy s /1)-— ‘Y;if ;71 , 7

The' adjunction of £ and Y

is sufficient in this case also,

[o——,

18, Hilbert's zero-theorem
Hilbert's zero-theorem (Nullstellensatz) states that if a polynomial

f(xl, cens xh) vanishes at every common zero (fl, veos f&g of the polynomials

[P R CE

fi(xl’ evey xn): (i = 1,2, eee, I')s

then some power £° of f is in the ideal generated by fl’ ceey fr:

¢

f + 4ee + 8 f ,
rr

815y
where 8y, ees, 8 8TO polynomials in X;, eee, X [H 19, Ges. Abh., pe 294].

o

Van der Waerden, Modern Algebra, vol. 2, gives two proofs: the first .

(ps 11) by means of elimination theory, and the second by means of polynomial
: ideals and algebraic menifolds (top of p. 54 in combination with the result on

pe 61 that every prime ideal "belongs" to the algebraic menifold it defines).

e



19, Using the zero-manifold of all invariants

Hilbert's proof of the first main theorem for invariants of forms un-
der the full linear group [§§13, 16 above; H 16, I and V) consisteé in showing
first the existence of an ideal~basis Jl’ voes q{ for all invariants, and sec~
ond thet this ideal=-basis is mlso a rational integral basiss The first part
-~ which is true for any class of polynonials whatever == is of a highly set-~
theoretical characters In his second paper [H 19];«Hilbert attempts to put the
whole matter on a more constructive basis. The essence of this paper is that
he -departs complotely from that old hobby-horse of classical invariant theory --
the symbolic cdlculus -- and subjects the whoie theory of invarients to the

arithmetic theory of function~fields, already largely developed by Kronecker.

By a complete null-set of invariants Jl’ 5%, eeu) J{ we' mean o set

such.that their vanishing for particular values of the ‘argument vectors (ieca,
for particular values of the coefficients of the ground-forms) entails the Van-
ishing of all invariants. In other words, the equations

- J1 = Q, J2

define the zero~memifold (Nullstellenmanigfaltigkeity of all invariants.

=0, eesy 9 =0

The first result is that if Jl, Jos eeey Jh is a completc null-set,
then every invarient i is integral with respect to Jl’ seuy Jh’ .o, it satis-
fies an equation

R I

with leading coefficient unity, Cl’ sen) Cn being polynomials in Jl’ eves Jh
[H 19, Gese Abh,, ppe 299-300]. The prodof involves both Hilbert's zero-theorem
(§18) and the () -process {§16).

On p. 342 [H 19, Ges, Abh.] Hilbert summerizes the three. steps by
which he constructs e finite rational intégral basis, This theorem reduces

the first step to the construction of a complete null-set., Assume that this

has been done. The second step is to construct from Jl’ Y Jh a rational
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basis for all invariants. In the last section of H 19 [Gese Abhe, Ppe 324-344]
Hilbert menages to avoid the second step entirely. None the less, if we wish
to retain it, we can use a general theorem of E, Noether [GBtt. Nach,, 1926, 28~

within the field of all rational functions
35] to the effect that any algebraic extensioqéof a field of polynomials is fi=
nite. In our case, if K denote the underlying number field, we have shown that
every invariant i is integral with respect to the ring K[Jl’ PN Jh], hence in
particular algebraic with respect to the fiocld K(Jl, cons Jh).w- brackets denot-
ring-adjunction, parentheses denoting

ing/field-adjunction. The field generated by all invariants (" InvariantenkSr-

por") is thus algebraic over K(Ji; veos Jh), and by Noether's theorem it is e

finite extension thereof. Since K is of characteristic zero, the ficld of in-
[ variants can be obtained from K(Jl, Ty Jh) by the adjunction of a single poly-
nomial J [Mprimitive element" ~- van der Waerden, volse 1, Do 120]; +this abstract
theorem mey replace Hilbert's proof [H 19, Ges. Abh., pp. 291-292]. Tydyseeesdy
then constitute a reational basis for all invariants,

But we know more than this: c¢vory invariant i is intégral with respect

-
to K[Jl’ ey Jh}. The converse is obvious: every rational functioh belonging
to the fielé K(J, Jl’ cees Jh) and infegral with respect to K[Jl, cees Jh] is
necessarily a polynomial, and hence an integral invariant‘[H 19, Ges. Abh., pe
292}, The ring generated by all (integral) invariants thus coincides with the
ring of ull "algebraic integers" of the ficld K(J, Jys evey Jh) relative to
K[Jl, cens Jh]. Hilbertt's third and final step is the determination of a "modul-
basis™ Ji, eess 3y every Yalgebraic integer" i is expressible in the form
i= Aljl + ese t Am'jm

With.A.l, " s ey AminK[Jl’ L ¥ ] J The h+m in'V'&rian’tS Jl, 0 0y Jh’ jl’ eo8y j

h]°

are then obviously a rational integrael basis for all inverients. This third

o

step is of a purcly arithmetic character [H 19, Gese Abhe, p. 293; van der Waer-~

den, vole 2, pp. 93-941],

- N v g i
LR prdieini-rial Y
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The problem is thus reduced to that of finding a complete null=set

Jlg deey Jho

204 Construction of a compléte set of null-invariants

This is the most difficult of the three steps. Hilbert shows how it
can be- done for the case of invariants of a single ternary form & of degree n
[H 19 IV, Gesa. Abhe; pps 319-325], by showing (ps 325) that. if, for perticular
values of the coefficients of &, there exists & non=venishirg invariant J(a) of
&, then there must exist a non-vanishing invarisnt of 8 of weight < 9n(5n+1)8.
Hence we may take as a complete null-set a vector basis J.'L’ ceey Jh of the (fi-
nite) linear space of all invariants of weight < 9n(5n+1)8,

The procedure is as follows: If a possessed a non~-venishing invari-

ant J(a) of weight g, then the equation

; %11 ®12 %13
g"‘J(a) - J(a(s)) = 0, S = ll Sp1 Spa. S| )
- ls3l °32 %33

shows that the fungtion X of the nine independent variables sij is an integral
algebraic function of the fransformed coefficients a(s) -of .a. The converse is
then shown (ppe 320-321). Hence & possesses a non-vanishing invariant J(a) of
weight g if and only if g is - an integral algebraic function of degree g of the
transformed coefficients a(s~) of &,

On pe 324 Hilbert proves the lemmn that among any h+l forms of degree
m in'h variables there must exist an algebraic relation of degree < h(m—hl)h-l.
Of‘ the transformed coefficients .efs) of m there are at most nine which are al-
gebraically independent. “Suppose for concreteness there are seyen. Then by e
lemma on pe 290 we can find linear combinations fpl, vens b7 of these such that
all the a(s) are integral algebraic functions of them, We can supplement

and 8g9 such that bl’ esr) b7,

bl’ sesy b7 with two of the Sij’ which we call Sg

P e P e




""3‘“'?"’: 23

%
. 0 gL O ST TY .
£ | 8gs Sg &re algebraically independent. Applyingf%ﬁe‘%%ﬁmﬁ to %he 10 forms
§T, bi, weey bg, §§n, sgn of degree n (h= 9, m= %), we £ind that ™ satis-
fies an equetion of degres'§ 9(5n+l?8, and hence & ifself an equation of degree

8 . .
< m(3n+l)”, in By eves by Sgs Sge

If now & has a nor-venishing invariant, then we kiow-that $ is an in-

tegral algebraic function of by, «.s, b, elone, since the a(s) are integral with

ssey D The irreducible equation satisfied by 5 in

1’ 7°
K[bl’ eses b7] has leading doefficient unity, and gannot become reducible under

i? respect to b

the adjunction of Sg and bg,*which‘ére transcendental over K(bl' ehey b7).

Hénce its degree g must be 9n(3n+1)8; wo then infer -the -existente 6f a non-

venishing invariant of -a of weight g < Qn(3n+l)8,
g€ &

21, Chain of syzygies _
[H 16 III, Ges, Abhs, pPpe 215=233, ]
Suppose Jl’ ceey Jh is a rational integral basis, and El(tl,.:.;th),..q
Fr(t{, cons th) e basic set of §yzygies:
Fi(Jl’ 0':: Jh) = O: (i = 1: 2:* (RN I‘),
and every other syzygy F(tl, esus i eves th)*is expressible in the form
F(t) = A (B)F (8) + wee + A (6)F (%),
The question ari¥ed #s to the unicity of the expression for F(t); we are led to
, examine solutions (Al, Aoy eses Ar).of
' ) =3
| (211) AlFi + Aze + se0 * ArFr O
‘ As an easy consegquence of‘Hilbert‘s basis-theoren, there exist a fi-
nite number of such solution-vectors
s 8 s
At = (A': XXy 'A‘;)! send A( )= (A:E )’ see AI(‘ )>
such that every solut;on~vector A= (Al, YY) Ar);is & linear combination of

these with polynomial coefficients:

A = UIAT + UMY 4+ e, + U(S)A(S),
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that is,
Ay = UMAL + UMAY + a0 4 U(S)Af)“, (11,2, eres )
[(H 16, Geses Abh,, ps 208, An easier proof is to associate with (Al'AZ"°"Ar)
the form,ulAl + uZAZ * eee + WA with new indeterminates Ups sees U3 and ideal-~
basis of the latter leads back immediately to & basis of the solutionsvectors. ]
We then consider all solution~vectors (U!, UY, ..., U(S)) of the r
equations
(2142)  U'AL + U"AY + 400 4 U(S)A:.ES) =0, (1=1,2, ey, )
Agdin there exist a finite number of solution~vectors of these equafioﬁé such
that all others are linear combinations of them with polynomial coefficients,
and again we consider the vanishing linear combinations of these solution-vectas.
In this way we get a "chain of syzygies™ «(21.1), (21e2), +.s, and Hil-
bert shows [loc, cite] that if n isathe number of variables on which Jl’ ooy Jh
depend, then the chain must end after at most n links, the last basic set of
soluﬁ}on-vectors being linearly independent with respect to polynomial multiplie
ers. The proof is too long even to outline in thes¢ brief notes. Suffice it
to say that induction is used on the number n of varisbles. It is true for

n=1l, for every modul of vectors (Kl, seey Ar) of polynomials im'a single varia-

ble has a linearly independent modul-basis ("lattice argument", using division

algorithm). In the general c¢ase, the chain of equations can be so fashioned
that we can associate with it a parallel chain involving n=-l1 variables; by hy-
pothesis for induction the latter ends after n-1 steps at most, and from the
manner of its construction it is then clear that the given chain must end after

one step more.

22, Invariants of & single infinitesimal transformation

This is an account of the first two sections, pp. 236-242, of a paper

by R. WeitzenbBck, "Ueber die Invarianten von Linearen Gruppen" [Acta Math. 58,
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1932, 231~293], which follows early attempts by L. Maurer [Bayer Ak, Wiss. 29,
1899; Mathe Amn, 57, 1903] %o prove the first main theorem for &ll solvable
linear groupse In ‘view of the fact that the first main theorém has been shown
for all semi~simple groups, reducing them to compact groups by the unitarian
trick [Weyl, Math. Zoit. 23, 24], the next step would logically be to attack
the other oxtreme -~ the solvable groups. Unfortunately there is a gap in
this paper by Weitzenb8ek; none the less, his proof for g one-paramgter group
is corrcet.

Starting with a single infinitésimal linear transformestion

dx:.L = z;::aikxk’ WeitzenbBck throws the m@trixlﬁaikﬁginto the Jordan normal form:
diagonai except for occasional 1's immediately to the right of the main diagon-
als¢ We may correspondingly write the differential gperator d as.a sum
d =d! + & , where d! is the diagonafvparts A relative "invariant J satisfies
dJ = o J, where & is a number (§8). Evidently d'J = «'J, and it is shown
that o =« Hence §J = O.

/ %
If we broak the vector space up eccording to the consecutive l's in

the matrix of 5:
y

(X]., ceey xn> = (ylv ..".yf"; Z“! -o,p).z H acq_n)‘,

v

then

5~,:J.L - Sz, S

<J % .

&yz b4 (}lr ?‘;‘ = g.& =
(22.1) ’- PPN o ee e e‘bc-‘,

Sy, = S, =%,

&'W 97” Sr -0

(20 - (2 -

Jt g

end the equation §J = O takes the form (16), pe 241:

2T g N 2J ‘\+{/' 2J 2 2] >+
aé]z Dy

<

: 2 S T4z, T
(i3 ()(71, - ’y(’?,;—a' o az, Ik, A"Ly—l
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But this is the differoptial equation whith characterizcs the semi-~invariants of

the binary forms (18), which we modify slightly:

-3
VIV < AT R VNPL VI £V MY B
(f (f)»}) = f f\(!p-l}(?r,.l.) /f‘/( «)(/u z.)/[.,‘_ )+ +(/ ),(/ )}

- . ‘)’-L_ s ( ,‘I,)"I z‘ )’],‘_I
tf,(f, ny = %, e r(',/-:)z,,,f ))+ » g

For o semi-invariant is by definition en invariant of thesc forms un-
der the onc~parameter group of transformations
= A v =0,
(2242) ¥'= ¥r 759 =)
which is gencratcd by the infinitesimal linear dransformeticn
5§'=7,57)-'0.

Under this infinitosinal bransformstion £y > f + Szﬁ] whore
) -

b

g'.'fg :(’/4.4).»,;” ‘I/M‘? + {:u—/)(/wz,){"]'/,_' .?/4—-37,*““ )
and similarly for ?; ) But this means that the coefficients
;7f"/27f‘_' e l; , of ff? have suffered preéisely the increments (22.1).

The group (22.2) is a "stop-group" [1936 Notes, ps 61, heading 5)],
and we know o full table of typical basic invarients: 1257.] and'y. By the
adjunction argument (817), we can infer the first main theorem for semi-inveri-
ants (in general, as well as in the binary casc), and honce for tho invariants
of a single infinitesimal linear trensformation.

This is extended to sbsolute invarients in §5 (pp. 246-247).

Passing now to the cége of & solvable group, we might attempt o proof
by induction on tho number of paramoters. Assuhing it £rue for overy r-param-
cter solvaeble linear group, let /"' be tho infinitesimal group of an (r+l)-par-

ameter solvable group G

41 By definition of solvability, Gr+l has a composi-~

. - . > ves \ " . . . ;
tion=~serics Gr+l 2 Gr Gr-l 2 ’ J Gl, and hence in particular it has an
r-~paramcter invariant solvablc subgroup Gr’ The infinitesimal group ¥ ofv‘Gr
is an inveriant Lioc subalgebra of | of one less dimension. /'1 is therefore

Al
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obtained from ?/ by adjoining a single matrix ¢, and if x is any matrix in Y y
then x! = [x¢] = x¢ - ¢x is in X

If ﬁD is a (relative) invariant of B/' then so also is cf, To show ‘
this, let x be any matrix iny. Then
x' = [xe], " = [x'e], x" = [x"c], oo
! are all in \1 and hence .

x(p féf,X'f—'fl'f,x/lff:f_‘f)"‘ E
where f , fl_ k3 ”, +.,. are numbers., Set %
3/.‘) - c;'!-f , (¢ =7,2,3,. - ).

Let 'f (h) be the first which depends linearly on the preceding; such an h i

oxists since the matrix ¢ satisfies an algebraic cquation with numerical coeffi-
cients (e.g. its characteristic equation). We have then

cj’) = lf

g

weboosoeese

C(.P(h-z) = Cf(h-.l)

Ojv'(h"l) = dl(f(h'l) + cchJa(h'2> +oese + Xy Lf

/

il

o e seciean AT Wamek RS GG

ez me RN

Now
xcﬁv=[xc]<)o+cxj7= E"cf+ Ey y
xf’)" = X0 if' |

[xc] T’ + ¢cx Lf'

x
=
n

i

i

X'GT+C( f'af + fcf')
[x’c]«f + cx! <f + .\f"f' + 3 ff“
\EMT-"C\?IY R gl(“p/+f$u

[t}

e o 2Ty e g

o mTER A REE s sl

Continuing in this way we get a sequence of equations
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rg- Ty

xcf'= f"f‘" fcfl
xff" s (f+2’{(f’ + fy

- o

x[f(h-l) _ f(h-l)‘j
' (h"l)

The h-dimensional linear spaece spanned by 55" C)P , P 3:

N (hzl) .f(h—z)(f/ v us € y(h-l).
is in=
is invariant under c¢ and under every x in )) It thus affords a representa-
tion x = X, ¢ -7 C of /ﬂ, The trece of X is h }: where f is given by
xjﬂ =‘? . But x! Lr = flnfa , 8and hence the trace of the matrix X! correspond~
ing to x' is he. But since x! = xc¢ = cx, it follows that X' = XC -~ CX, and
hence the trace of X' is zero. We conclude that f’= 0, xjv'*—‘ gc)c' , and
Qfl =oqy is invariemt under Y.

The opecrator c¢ thus maps tho ring ﬁf gonerated by the inveriants of
)( upon itself, By hypothesis for induction, ;}{ possessos & Finito rational
intog}rgl basis ‘(]Vl, ceed (fk' The queostion then reduces to this: givon such
a finite ring 71_; of polynomiaels, and a linear difforential operator c¢ mapping
% upon itself, does the ring gonerated by all polynomials ff in 7{/ for
which ¢ ¢ = E‘f possess & finite rational integral basis?

As we have shown in the case of a single differential oporator,”the
answer is in the affirmative whon ’7{ is the ring of all polynomials, but the

general case seems to be moch more difficult.

23, E.Noether's elementary proof of t}}e first.main theorem for finite groups
[Mathe Ann, 77, 1916, 89-91]
Given a finite group of linear transformations
x(k) = A(k)x, (k =1, 2, veu, h), -
if F(x) is an invariant of ?,

Fx®) = F(x), (x

n

1, 2: ooy h)o
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then F(x) =

h
5 rE).
k=1 -

ST

Honece if wo write out the components:

1 1 Q1
RO ORI}
L) 2 (x£2) (2)

3 000y in )

[EENENENENNN)

X(h) = (x](_h), es e’y xI(lh))’

we sce that F(x) is a sytmotric function of the columms:

- (1) _(2; (h)y

xl = <x1 ’ xl ?: cee) '-751 2 3
: (1 (2 (h)

xn = (xn ), xn )s oy xn ﬁ,):

which wo look upen as n vectors in an h-dimensional spacos

If we regard all fho xika 5 nh indeterminates, the function .

%i > F(x(k)) is a vector invariant F(xl, cviy xn) of the symmetric group, de-
(1) _(2) L)
i * i

. .
pending on n covaeriant vectors: the compofionts x.”’, s T eee

of each
vector xi undorgo the same permutation. But we know a set of typicgl basic

invariants for this group [1935-36 Notecs, p. 34], namglnghe fully polerized

clementary symmetric functions:

ot = =@ v e 1)
- 5 (1) _(3)
oy (x’Y) = > X y
Colryoe) = 3o xR

T o .
i,j,k all 7

»
I AR ERE RS RN A

Thesc can be obtained as the coefficients G, . ., o of the power productsg

v

of the indetorminates u, Ugs ese u, in the product

"

£ ‘ "
TT (e ¢, X(,hf-- o ou, ’C'(U) .= Z A P N C I (%, % ).
BV d*‘ﬂ,f"'+~n='ﬂ;

(k)

Replacc the indeterminates x in the polynomials G
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(k)x (x) are evidently invariants

by & . The resulting polynomials H_ , .

o M“‘
of (0/. They constitute a rational integral basis for the invariants of 77
Foz‘%l- E F(x(k)) is a polynomial in the G!'s; and if we replace x(k) by A(k)x

in this identity, we obtain F(x) expressed as a polynomial in the H's.

24, E.Pischerts "Formenstasten"

[Crelle 140, 1911, 48-81; specifically 48-52, 66~68 (Satz 1).]

A1, xIn 3 i
- 1 | : }
£(x) ?i ail”"‘inxl ek, 1y 4 dee + 1) T pe

= "E"" k), ..5% -
g(x) T bklOODknxl oooxn ’ kl + Y kn q_,

are any two forms of degree p emd q respectively, we define

If

/D , = P
Gl )= 2 4y g 55

where the bar indicates complex conjugates This is zerp if g > p, otherwise

a form of degree p = q. If q = p,

o j(g?>f(x) - % ASLEAI U AU T SO I
and this defines an Hermitisn scalar ppoduct in the (finite) linear space of all
forms of degree p. If this venisheés, f and g-are orthogonal; 3f f is orthogo-
nal to itselfy

£( %’2—; )£(x) = 0,

then £ vanishes identically,

A Formenstaat is .a set 'f{) of forms £, gy wes Such that if £ and g
are in 7{ then .
() «f is in ‘ferwhere % is a numbéry
(1i) £ + gis in 2’€ , brovided £ and g have the seme degree;
(112) 5( & )2(x) is i K - -
The main theorem [Satz 1, p. 68] is that%y'f), £l gees .fh are in a

FPormenstaat 71/: s and
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(24.1) ' £ = [lfl T esee *+ [hfh’
where [1, cees fh are forms .(not necessarily in 7{ ), then £ is expressible

in the form

(24.2) £ = klfl + eee * khfh

with ki, euo, kg in i

A
Let 7? be the set of all forms in % of degree p, 2’(4 the set of
and 7? ok the set of all forms in f{_ expressible in the form (24,.2),
all forms 1n ftyp expressible in the form (24.1),_/_ ﬁ; and g2 ** are linear
subspaces of the linear space %p’ and evidently Z?I*; ) W;*: The theoremn
a5 | * * %
asserts that %EP ¢ %?
Let P; and P;* be the subspaces of }’{P crthogonal respectively to
yf* and 4f**.  We have only to show that P** £ Px*,
-P P b b
Let f (x) be in P;‘* This means that
x = =
x(h)“ux g(x) =0 (=1, 2, veu, b)
for arbitrary k_ (x) of degree p=p, in r 4
_ By postulate (iii), the form of degree p-px' ,
S F L)
b (x) = 5, (52 )57,
is in % We may therefore in particular choose k (x) = Y, (x), and this

entails the identical venishing of ‘7"/« (x), ieee

f(ax)‘f(x) =0 (€ =1, 2, veay h)a
But it is then evident that § ( g—)—“) ¢(x) & 0 for eny £(x) of the form (24.1)
Hence (f(x is orthogenal to all £ in ’ﬂ* ieee (f(x) is in P;, and P}’)"* < P;.
The application to group theory is this remarkable result: The first
main theorem holds for any linear group LJL with the property that if s is in
g then the Hermitian conjugate s!' of s is in %7
We need only convince ourselves that the set of all invarients of ?
is a Formenstaat; that is, if F(x) and G(x) are invariants, then so also is

G( % JF(x). This is evididontly so, for the differential operators

ot : 1

1
9 transform contragredicntly to the mononials xi‘l ey x;n.
?x - X"
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A =, 2 .
On asccount of the bar, the operator G( 5T ) -» H( S ) under the influence of
x -» sx, where H = - G. If &' is in %;' then H = G, and G( g% JF(x) is in-
variant.
The rest is as in §13: indeed, Fischer's result is that any Formen-

staat possesses a rational integral basgis.

CHAPTER II. APPLICATIONS OF THE INTEGRATICN METHOD

1. Generalization by Haar and von Neumann

This account of the Haar measure for locally Euclidean, separable
groups is a repetition of ppe. 106-106 of the 1934 Notes. [A. Haar, Annals of
Math, 34, 1933, p. 147.]

For the von Neumsnn theory [Transactions 36, 1934, 445-492] we again
refer to the 1934 Notes: periodic functions as functions on the (closed) group
of rotations of a circle (pe. 100); Bohr's almost-periodic functions as func-
tiéns on the (open) group of translaticns of a straight line (pp. 102-103);
von Neumann's theory of almost-periodic functions on any group whatever, using
Bochner's definition (pp. 103-105)., Regarding the question of the dzstinguish~
ability of elements of the group by almost-periodic functions, H. Freudenthal
has shown [Annals of Math. 37, 1936, pe 57] that the only groups G having the
property that if 8 and s, are distinet ele%ents of G then there exists an al-~
most periodic function f(s) on G such that f(sl) # f(sz), are the compact groups
and the translation groups (end direct products of thesc), from which the whole

investigation startedi

2e Volures on the unitary group

[1934 Notes, ppe. 117-121; Groups and Quantum Mechanics, pp. 386-389

in the English translation.]

o T TP LY

g
»

e W

o e b

e W g

B g =4

EA R S E R

s o
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. {E :

3 !‘ 1 .
E Every unitary matrix is conjugate to a disgonal matrix !i ek,, I:.
: i &l
The € 's are of absolute -value 1, and hénce the “"angles" ?l’ cens Yn e
s .3 ;
defined by EK: PRMRS are real. The volume of that portion of the

unitary group consisting of all unitary matrices whose angles lie between (fk
and ‘fk + a lfk (k =1, 2, ees, 1) 12 found to be AA djdldf'z...“dyn, where
A= !,7{7;(6; -~ f’&)

3« Determination of the primitive characters

[1934 Notes, ppe 113=116; Groups and Quantum Mechanics, ppsé 377-381.)

Since the thatacter X(s) of a representation is a "e¢lass function",
)((ts‘c-l) = X(s), it depends only on the! angles of & and mMmust be a syumetric
function of them, Eveory primitive character of the unitary group (character
of an irfreducible representation) is shown to hive the form

4 A b
X(E/)"') 6’\.): ;6 < '”6:;’/* ) (’6)’&,?:--)‘8“)1
6’4—! f“’?"-ll.‘ f

rd
A
4 4 DI
£,
where If e € ”'/ € ,éf' C—‘f" E;("'
67» "67\@. o énn -

Conversely, every such function is a primitive character, The denominator is

simply the Vandermonde determinant of «51, esay ‘én' and is thus
A (e) = 117; (e, — €). Tt divides tho numoratop, o that K(€ seee, € )

i,
is actually a polynomial in €., wes, € .

4, Enumeration of vector invarients and covariants

[Weyl, Acta Math. 48, 1926, 255-278,]

! . & . . ' b L.
Every form f(x", :? » aesy X ) in e variable vectors X = (xl,:"cz,.:u.,zlcn)

. i . r . - . . .
of degree r; in x (1 = 1, 2, eeey ©) is a linear combination of monomials

. 1y z, 2 ) (fia ien
()’Cl,,"')(:.m)(xlu..,x:n ven X ey ,
+
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Where ill + see *+ i

n
b ]

In 1

i

+ eee + i

21 an T2

sPeevs s

i + + i = *
el eee en. Te®

Under transformaetion by a diagonal unitary matrix

\
3

e
i 6" |
i

€

!
!
i
t
{
;
n |
!

such a nonomial is simply multiplied by

(6,"" - ei"* )(e,"“ e,f“‘ ) (6,2""”” : 61‘"&).

P .
Hence the character Xrlrz coar, (e prseer € n) of the representation

Ozrlrz...re of the unitary group induced in the space of all forms

12 2 . .
f(x":/x » esss X ) of fixed degrees Tys Tps eeey Ty is

| Xonoon, (6,0 €00 = Z (el em)(efn ein) o (€ e2)

L i b b =
¥ 1"'{' + Y '

DR

y T
Lo bk, T

A set of forms f., fz,‘ eees L

1 of degrees Tys Tos eees T such that

03

£, = p s (8)f,
s 2 o%a(s) f

-
is called a covariant quantity of %kind / » where F is  the representation

s 4>f|cij(s)u. It is primitive if " is iredueible. The problem of finding

the number of linearly independent primitive quantities of kind /—' of degrees

t

Tys Tos eeses ry respectively in 'x", X 5 esey %c s is precisely that of finding
how often the irreducible representaticn /—' occurg in the decomposition of

Q’ into its irreducible components.
T Foesel,
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. - , /'.’ ! ‘
If %r ...r = /'9'/ '!' /4‘ + ssaey aIld ,X(S,)J X (BY)? are -the
characters of [, /—' I, eess then N
'Xrl-.oure(s) ¥ 74 'z‘ (S) + /“"' z'(‘S) + pee o

)A. cen be computed by means of the orthogonality properties of primitive char=-

po= <X(s) )?-(s)>

where < > indicates the average over the group manifolds

acters:

If we set n
f(?iIF);‘JU(/’?E‘) ? '(i=l’ 29 seey e)’

then we have formally

' - 7 e
X 2.z ¢,
JL(Z,IG)"')C(ECIE) ) A ! e

From §3, X must have the form

x - lef <
e A(E)
If we set

4|

B CANNOFI0)
end F(zy,eee,2.) = %_}_A fr, 1 zze,:chen

P I i BV

F(zl)"') ze.): ;,_L— Jo f }(} If‘) f(ze}e> Fa f f

©

l"lr

In the case e = n (which evidently contains the case 6 < n) this in=

tegral can be evaluated very simply by means of Ceuchy's identity:

Alz)Ale) M} j l

Hi

(- z) [-€%

The result is 6R=1 ? £, )
Fe z.) EAREE.

B B )= T ]

Strangely enough, F turns out to be the same polynomial in the z's

that X is in the € 's. The desired integer Ar r is the coefficient of
ll‘oo n
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zil cee z;n in the polynomial F(zl, cees zn). In particular, to determine the

number of linearly independent invarients of weight g we must find the number

of times C’Zr - contains the one-dimensional representation s — Is] €,
1°°%n
The character of the latter is (6162...€n)g, and hence

F(Zl,'. . .,Zn) = (lezoo.zn)go

Thus every A = 1.

15¢Orn Elesef
Hence there is only one linearly independent vector invariant of wolght g de-

r vanishes except for rl = eee =T % g and A

pending on n covariant vectors, and we know what it is: [xlxz...xn]g. Thus

we have & new proof of the first main theorem for this case,

For e > n it is shown by induction that
£-n-| z[n*('"‘ ?/"—r‘*e-"',l_z(:'e"“'/

{1 =z « Z

L2, E o ° ’
[ ) [ /-'/z_ f}‘.,.* /

a*




