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SOLUTION OF LINEAR SYSTEMS OF HIGH ORDER

Chepter I - Survey of Methods

‘1. Introduction. In many problems in applied mathematics it is

necessary to solve a system of several equations in several unknowns. Al-
though many of these systems are non-linear, it is nevertheless true that
the linear case is of great interest and importance. It is the simplest
.case and many probMems lead directly to it. Aside from this it i; im~
kﬁortant because an approximate solution to a non-linear problem can often
be improved by solving a system of linear equations,

Linear equations arise in statistics, in electrical networks, in
approximating the solutions ofAlinear differentialvand integral equafions,
and in many other places. The exemples which we have mentioned and others
are such.that n, the number of equations and unknowns is often quite large.
In order to obtain a fairly accurate approximation to the solution of a

.partial differqntial equation it may be necess;ry to choose n=20, 60, 100,
"or even larger, and equally large values of n mey be expect;d to arise
. in other problemse

The number of elementary steps necessa;y,to solve a linear system
" for ‘values of n of this size is so great that the solution can only be

carried out conveniently by means of a high speed computing machine. This

* will become clear from the discussion below.

In the present report we first review some of the methods available
* for the solution of such problems, particularly as regards the number of .
ﬁ elementary steps involved and make a few remarks about the accuracy of the
ot .
: results obtained. We shall be led to suggest a variation of a known itere-

~ ¥
& tive process as a very satisfactory method. Although 1t leads to a large
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mimber of elementary steps it meets the requirements of stability end ao~
curacy, and it appears praotical to use this method for very large values
of n with the help of a high speed machine. The error in the method ocan
be disoussed with completeness, as we shall show, and to obtain acouracy
to any partioular number of significent figures may take a great deal lesa
work by this method than by what a priori seems to be a simpler method,
beoause in this "simpler" method the control of accuraoy may not be 80
favorable.

| The number of elementary steps is by no means the only oriterion
for the amount of lebor involved in the asolution of a linsar oyastenm.
Where there is poor control of acouracy, as in many mothods, it may be
nscessary to oarry several times as many digits in the computation as
are wantoé in the finel result. The number of extra digits required is
groatly out down by the iterative method which we shall discuss,.

For our discussion, elementary operations consist of addition,
subtraotion, multiplication, and division. On all known digitd com=
puting machines the time roquired for a multiplication or a division is
‘mnoh greater than that roquiroq for an addition or subtraction. It is
therefore reasonable and oustomary in estimating the total time required
for a given computation to merely enumerate the /mltiplioationa end di-
visiona,

In ooimootion with the solution of linear systems, Hotelling has
written a useful article which summarizes o munmber of mothods and adds

new results, The exact referemce is Hotelling, "Some New Methods in
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Matrix Calculation®, Annals of Mathematical Statistics, Vol. 14, (1943),

pp. 1-34. This paper also includes a bibliograrhy.

2. The Elimination Method. Suppose there is given the following

system of equations

allxl +."...0.0‘..‘..+ alnxn-bl
(2.1)

anlxl Foooeoesecssnssnet annxn- bn

We shall describe the method of elimination and calculate the numbér of
multiplications and divisions involved., As a first step in the.elimination

method we form the following equations:
n
(2.2) 8y,% = b],"}l-:;; )%

n a .a a
- A}y o3
(2.3) : Eéji —aﬁ“)"i Rl

Renaming the coefficients, (3) may be rewritten

(205') . éajixi.b; q-- 2,.‘00., n

4=

We make the following table to help us in calculating the number of steps

involved in forming the system (2.3) or (R.5!') from (2.1)

step involved divisions multiplications
14&11 1 0
a:n/a11 0o ‘ n-1

(ag/8y7) by 0 -1




step involved divisions multiplications
2
ali(ajl/all) 0 (n-1)
TOTAL 1 n?-1

We then start from the system (2.3') and carry out a similar step

which we see involved 1 division and (n-lz-lﬂmultiplications. Proceeding

inductively, we reach an equation

' (n-1) - win-1)
(2.4) an: Yx =

and we see that to reach (4) has taken (n-1) divisions and [(nz—l) + ..
+ (4-1)) multiplications. To continue with the method of elimination we
must now gradually work Back and obtain a value for each xi. As a first
steé we obtain 1

(- QAGD) oD
which takes
. 1 division and 0 multiplications
The remaining steps are indicated below together with the associated num-
ber of operations. l :
X1 " 1/a(n-2) (o2 _ ,(n=R) ) ? muitiplications

n n-1l,n-1 \'n-1 n-l,n "n

. Y . . . . !

n
x, = l/a11 b, - galixi) . n multiplications
We see that in all we have used

n divisions

and a number of multiplications equal to



n(nel) (2n+l) _ _, n(n#l) 5 _ (0°-1) (wr3) 5
6 S | 3 |

If we agree that divislons take an amount of time comparable to multipli-
cations or at any rate that the time for n divisions is negligible com-
pared to that for n5/5 multiplications we may sum up the above discussion
by saying that the time required for carrying out the elementary opera-
tions of this method is about
‘ n5/5 multiplication times,

What we have said above refers to the solution of the system
(R.1). However, a matrix may also be inverted by the elimination method
and as the number of elementary operations required is then different, we
make‘the count for this case below, For this purpose suppose we are given
%he systenm, |

a11x1+....+ 8y x =¥,

(R.5) “

+...l* -
anlxl annxn yh

and that we want to solve so as to express the x's in terms of the y's.

We first form the equations

(2.6) | *n"1 "N l5"‘1:11

(2.7) . F";éﬁ 13 31)i 7, fﬁ

The differences between this case and the preceding one come about be-
cauge of the fact that the y's are variable and no arithmetic operations
are performed upon them. Therefore in the step which eliminates x4y there
are (n-l) fewer multiplications than before, those of line 3 of the table

being ommitted. Hence in this first step the count is



1 division and n(n-1) multiplications.
After Xyseeses Xy have been eliminated, we obtain a system in which the
left hand side contains (n-k) equations and the right contains expressions
of which the one in the ith line is as follows:

- alk)y (k)
yi ail yl -o-ooooo--oo"aik yk

In eliminaﬂing xk+1 we need one divisions and -in anology with the first
step we need (n-k)(n-k-1) multiplications. Because of the changed form
of the right hand side we need an additional k(n-k-1) multiplications.
Hence the totals for this step are

1 division and n(n-k;l) multiplications,
vhere k runs from O to n-R, Byﬂthe last elimination we arrive at an

equation of the form

-1
(n-1), _ . _ & _(n-1)
ann xn : yn iZ=l an:’L y‘i

In order to obtain x as a function of the y's we must perform
1 division and (n-1) multiplcations.

By the elimination we have obtained equations of which a typical one is

the following. ( k-1 n
1 (k=1) (k-1) (k-1)
X, = Yay K Ei=1 ki Vi T iz:=k+1 by ¥

(k-1)

where 1/&;;1) as well as a,, ' and p{k-1)

ki
after xk+1 has been obtained as a linear expression in the y's, then

have been computed. Hence

xk+l,..;,xn must be inserted in the preceding expression. The number of

multiplications involved in obtaining'xk is

(k=1) + (n-k) (n+1)
so that altogether in the first series of operations and in the second the

combined totals are n divisions and (1+2+...+n-1) (n+1;n+1) = n(nz-l)
multiplications

If we count a division as a multiplication this is



n5 multiplications
and In any case this is certainly the correct order of magnitude.

As far as the number of multiplications is concerned this is a
very efficient method of inverting a matrix because it requires no more
multiplications than are required in forming’the product of two matrices
which should be considered a much simpler problem, By this method the
inversion of a matrix requires only three times as many multiplications as
the solution of a system of equations. In many cases it is necessary to
solve a number of systems of equations having the same coefficients aij
but different constants on the right hand sides, If the number of such
systems is suffieciently large it would be more économical to solve them
by first computing the invegse and then by operatiné on the vector bl""’bn
iith this inverse. The process of operating on bl,..),bn, with the in-
verse involves n2 multiplications. If the number of systems i k, the

total number of operations needed when inversion is performed first is

" kn2

whereas the number of operations in a direct solution of each system is

about k ( n5 /5 ) .
Hence the process of inverting first has, in general, the fewer number of

steps if k is at least 4.

'In practice, elimination would not be carried out quite as we have
described it because at any step of the elimination the coefficient in
the upper left hand corner might be zero or very small., In any case it
would be natural to rearrange the equations so that as large a coefficient °
as possible appears in the upper left hand corner. This would not affect
the number of multiplications involved; however it would increase the com-

plexity of the logical control in any machine computation. We shall later

make a few comments about accuracy in the elimination method.
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3, Partitioning of Matrices., We shall now describe a method ag

jnverting a matrix based on successive partitioning into matrices of lowey
order and we shall computé the number of divisions and multiplications jp.
volved. This method can be considered as a generalization of the elipixm-
tion method and it has been discussed by authors including Hotelling [loe,

Cito]
If annbyn matrii is given we may express it in the form

A B

c D
where A, B, C,D; are of type (p,p), (Psa), (q,p) and (q,q); a matrix is
said to be of type (p,q) if it has p rows and q colums. Clearly ptq=u,
In order to invert we look for matrices U, V, X, Y of the same

types such that

A BllU V 1 0
cC Dlix x 0 1
This means that the following conditions must hold.
(a) AU + BX =1 , (¢) AVv+BY =0
(b) CU + DX =0 (d) cv + DY =1

We assume that D has an inverse. Then from (b)
(&) X = ~(0"c)u
By (a)
(£) (a-BD"C)U = 1 .
In order to avoid the computation of AL we use (d) to obtain
-1, -
(g) T=D =~ (D C)V
and inserting in (c) gives
(h) (A.-BD C)V + BD -1 =0

The things which must be computed are, then the following:
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1) p~t

II) J=D ¢
III) I=BD~*
IV) K=A-IC=A-BJ
V) pex L
VI) X=-JU
VII) V=-UI

VIII) Y=D t-gv=p t-xT

Let ,l n be the number of multiplications and a n the number of
divisions involved., Divisions can occur only in I) and V), With regard.
to multiplications we remark that the formation of the product of two
rectangular matrices of types (p,q) and (q,r) involves pqr multiplications.
If we denote b d and J the multiplicati

ote y/“p, p /U @ %q p] ons and divisions

1

used to compute D~ and K — we then obtain

2 2
,AD-/‘AP +f‘q-+ 3pq” + 3p q; 3 n- Bp +bq

1

If D~ and K_l are computed by an analogous partition method, then a

corresponding set of equation will hold for J and P .
P g q /A p* p ﬂq: q

For n=1, /Al =0 and J 1" 1, If we make the inductive assumption
that bp . p and /Up = ps-p, then we can conclude for all n that, indepen-

dent of the mode of partitioning we have
? R ’ /‘n = n°on
The ordinary elimination method deza\czfibed in the previous séction
arises when p = n-1 and =1 and when, furthermore, the successive iﬁverses
are computed by a similar type of partition,
.4, The Orthogonalizing Process. Another method wﬁich can be

used to invert a matrix is the Gram-Schmidt orthogonalizing process. If

we denote by

> -
a,l,.......’an
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the rows of the matrix (a.i ;j)’ we first must obtain n vectors

- —~
'1,...."11

which are orthogonal to each other and are of the form
' ' >

b6 Wl |
3, P37
2 "% T %

* L] ] L]

(4.1)

_? - p — . . é bar 4 . ->

k klal ceobee B k’k-lak-l ak

In order to avoid the computatioh of square roots these vectors have not
been normalized, and the square norm of Ve ('"klz +..--*Wkn2) is equal
to a number 6,  Which is computed during the process. Then if W is the
matrix (wi j)

(4.2) ‘ : WeS.V

where V is orthogonal and S 18 the diagonal matrix with elements

VZ“1 seeeesV€ o From (4.1) it follows that

(4.5) w-BA
where B is a triangular matrix with 1's on the main diagonal and elements

ﬁid below the main disgonal. From (4.5)

A=~ Yw

and hence :
27t - v,
From (4.2)
W aylstaysg

where V# 4is the transpose of V. By (4.2)

‘.V*'W*S .



Insertiﬁg this in the preceding equations we finally obtain
(4.4) a7l - s, |
The Matrix S 2 is a diagonal matrix with the elements
1/67s+eneneesXby o
Thus we see thét no square roots are necessary.
We proceed now to examine the process in more detail and to
enumerate the multiplicatiéns and divisions which are involved. For

- -
any two vectors X, Y define

& -
(X’Y) = - ini .

Then the Gram-Schmidt process is explicitly defined by the following

formulas,
5 5 : - > - -
'1'8.1 » 6.1'(1’1! 'l) ’ zl (1/‘.1) '1
> -—) - > > b4 6 - - g - = =4
'2 8.2 (8.2, Zl)WI ’ "o ('2) wz) ’ 22 (1/{2) '2

(4.5) L] * 'Y ® e [ . *
k -
- - - 2 > ‘
Mie1l” ak+1_¥1,(ak+l’ 2075 %™ M Mind)
- —
Zea1” (V641"

* * [ * . [ ] . .

We might proceed simply by orthogonalizing the a's in the order in
which.they are given. In the interest of stability, and at the expense of

a more elaborate logical control, it appears necessary to select that a,

for orthogonalization which leads to the largest value ofégi so that di-

vision will be by numbers as large as possible.

From (4.5) we have
(4.6) 6 g

) |
kol ™ (M M) ™ (Oenr ) - T1 Sy (s 2y)
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The first step in the computation should be to find
da - (3> ;; ) (8 =1,2,..,n)
which involves
n2 multiplications,

After the kth step compute

which requires
n(n-k) multiplications.
Next compute '
which requires
2(n-k) multiplications.

Then compute

k ‘AR
-l ..gé@
Y res,k " Ckes T 1 0kes, 1
which requires no further multiplications. Choose the largest')’k+8 X,
b

which occurs say for B=8 and form

K+s
o’k

-»> k.=~ o
o1 ” ak+a° = El(slﬂso,iw i
6 Y,

- >
2y * (/€ 43) Meua

which requires

1 division and (k+l)n multiplications.

We assume that 8,4 ROV becomes the vector in the position (k+1) and that

o
the remaining ones are left in their original order.

Adding all the multiplications together we obtain
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(4.7) nz(n+1) + n(n-1) multiplications
If we follcw’the Gram—Schmidt process without rearrangement it can be
seen that the number of multiplications is
n2(n+l).
The number of additional multiplications in the more stable procedure is
nz—n which is negligible,

If the coefficientsfg are computed up to the kth step, then by in-
gerting the corresponding expression (4.1) in the expression for-;i+l in
(4.5) we obtain the coefficien@sfs J+1? i""";ff;+l,k' In computing the
coefficients@ as just described, let us assume that they are computed up

to the k™" step, We then observe that to obtain the's in the (k1) *P

step we must have
k(k=1 multiplications
2

that is a total of

(4.8) n(n-1) (1=2) 1tiplications.

6 .
We have now calculated all the multiplications and divisions used in

Q

finding the matrices W , S =, and B, According to (4.4) what we must

now calculate in addition is the number of multiplications necessary to
o -

form the product of these three matrices. Forming the product of S *

and B requires (since the diagonal terms of B are all one)

(4.9) _n(n-1) mnltiplications."
2 o
Then forming the product of W¥ and S %g requires
2
(4‘10) : _-E;LEIEQ—— multiplications.
2

Adding (4.7), (4.8), (4.9), and (4.10) and neglecting quantities of

. lower order we see that the number of multiplications required to invert

a matrix by this process is about
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(4.11) C(5/3)n8

The number of divisionsvis negligible,

! in
Although the number of multiplicationg is somewhat higher than
some of the other methods it is not greatly so,

5. The Method of Determinants.
—— ——— = Elerminants

The solution of linear equations,
| | not
or the inversion of a matrix, by the computation of determinants is
‘ er n
& practical method. The direct calculation of a determinant of ord

' R . There
from its algebraic definition requires (n?) (n-1) multiplications

the
exist short cut methods of calculating determinants as for example

method
Doolittle method which ig cesentially equivalent to the elimination

. In

described above, ang therefore requires about n5/5 multiplications
therefore

solving a linear system n+l determinants must be computed, giving

a total of about n4/5 multiplications ¥hich shows that the

method is
definitely inferior to the elimination method,

For inverting a matrix,
the method of determinanta‘compares 8till more

unfavorably to the elimi-
nation method, :

6. gggarks on

- o lled
Instability, j method of computation is ca

~+— = 2[8tability
stable if the rounding errors, which

not tend to accumulate in g serious

he
¥ay. - Very little is known about t
stability of the methods sq far describeq

t
s and it appears to be difficul
to obtain 8ccurate estimates of the error

8 involved. What information

' tical
rounding errors accumulate go seriously that the methods are imprac
for large values of p,

, ree
The number of multiplications involved is larg
but not excessive for g

The real difficulty is

tion on stability, is so
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the number required in the answer. This large number of extra digits .
increases the amount of work to the point where it becomes prohibitive,

In considering errors it is essential to make a sharp distinction
betweentwo different types. The first type of error arises from the fact
that the given data may not be exact. The error from this cause is by
definition the difference between two rigorous solutions, one with the
exact data, and one with inexact data. It does not depend on the method
of solution, but only on the given data., It can be discussed quite
accurately, and in general is far less serious than the second type of
error,

The second type of error is that arising from the nature of the
method of solution, being the result of an accumulation of round off errors.
This type of error is very serious and must be kept under strict control
in order to have any confidence at all in the final results. It depends
heavily on the methéd used and no method can be regarded as satisfactory
unless it includes a rigorous discussion of this type of error.

In the elimination method a sefies of n combound operations is
performed each of which depends on the preceding. An error at any stage
affects all succeeding results and'may‘become greatly magnified; this ex-
)plains roughly why instability should be expecied. It should be noticed
that at each step a division ie performed by a number whose size cannot
be estimated in advance and which might be so emall that any error in it
would be greatly magnified by division. 1In fa;t such small divisors must
occur if the determinant of the matrix is small and may occur even if it
is not. The divisors used are essentially principal minors of the ori-

ginal determinant, and even when-that is safely away from zero, some of the

principal minors may not be. Another reason to expect instability is
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that once the variable x is obtained all the other variables are expressed
in ﬁenms of it. ‘

Hotelling (loc,cit.) has given a rough estimate of the error to be
expected in the elimination method for a special clags of matrices, namely
statistical correlation matrices. For this case he ha; estimated that the
error ﬁay be magnified by a factor whose order is 4n. Assuming this to be
correct we see that to obtain accuracy to k digits it would bé necessary to

use n log;,4 * k= .6n+k

digits in the computation.

As we shall remark laterit is sufficient to consider positive
definite matrices (at the expense of two matrix multiplications), and
it is likely that restriction to such matrices will yield more favorable
estimates in certain caées. It is also likely that the’method of par-
titioning would yield more favorable estimates., Nevertheless, it is
reasonable to expect that stability under the methods so far discussed
will not be as good as in the iterative method which we discuss below.
Forming the determinant from the definition, aside from the fact that
the amount of labor involved is prohibitive, would appear to be a quite
particularly unstable process.

It is rather natural to turn to a method of successive approxi-
mations, for by its very nature such a method has the advantaée that
rounding errors are not very serious. This is because the rounding
errors in each'stage of the process are not combined with those in pre-
ceding stages. Furthermore we shall show below that it is possible to
estimate accurately what the errors will be, and it will turn out that

the number of extra digits which must be carried is not excessive,

-
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Chapter II - Theoretical Determination of Maximal and Minimal
Proper Values of Symmetric Positive Definite and Positive
Semi-definite Matrices

N

7. Reduction of Inversion of Matrices to the Case of Symmetric

Positive Definite Matrices, A symmetric matrix A is called positive de-

finite if the quadratic form (A;;;) is positive unless';?vanishes, and
it is called positive semi-definite if (A;c’,;) is always non-negative.
The first condition is equiﬁalent to requiring all proper values to be
positive; the second is equivalent to requiring all prope; values to
be non-negative. In the sequel whénever the terms definite and semi-
definite occur, they will mean positive definite and positive semi-
definite.

We shall show why, in the study of linear systems, it is suf-
ficient and even desirable to consider only symmetric positive'definite
matrices. Sﬁppose theré is given the following arbitrary system

-7
where M 18 an arbitrary non singular n by n matrix and x and y are vectors
with n components. ‘lhen

M*ﬁ;?- M*}f
where ¥# is the transpose of M, and we know that M#M is symmetric and
positive definite. The second set of equations is equivalent to the
first and hence a knowledge of how to treat the second case will enable
us to treat the non-symmetric case. The same is true for the problem of

inverting a matrix as we see from the following equations:
Oeat) ey he

vl (wm)'lu*

-1
Thus once (M¥M) — is obtained, one additional matrix multiplication
vields M-l.

and
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One advantage of using symmetric matrices is that in squaring such
matrices it is only necessary to cdmpute the elements in the main diagonal
- and above., More generally; the same is true in multiplying two commutative
symmetric matrices, and only such matrix multiplicationé occur in the processg

to be proposed, since the result is sure to be symmetric. Hence we need make
n®(n+1)

2
ral, In addition, positive definite symmetric matrices have other properties

only multiplications instead of the n3 which are required in gene-

which are very convenient. For example thé proper values are positive real
numbers and the largest one of these is the bound of the matrix. |

A matrix A can be inverted only if it is non-singular, that is if
none of its proper values is equal to zero. In computatiocn, numbers‘become
distérted by round off errors and hence in the case of practical computation
the question is not whether some proper vaiue is zero but rather whether some
‘ proper.value is smallef than some given small quantity ¢ . In the case of
a symmetric matfix this is equivalent to the question of whether or not the
bound of the inverse is at most 1/g .

In finding the inverse of a matrix A by iterative procedures there
are two general methods eithgr of which might be followed. First a process
might be devised which would converge to the inverse when its bound is less
- than 1/¢_, and otherwise would yield a sequence of matrices Bk whose bounds
increase beyond 1/£ and such that ,BkA does not Ycome near 1. This method
would then either yield the inverse or the information that the bound of the
inverse is greater than 1/g , and that consequently the inverse can not be
obtained with the number of digits being used. A second method would be to
estimate in advance the valug of the minimum proper vélﬁe, and then to use

this information to decide whether the inverse can be computed, and also to

speed the computation. It is this seoond method which will mainly
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concern us, and we shall discuss practical methods of obtaining maximal and

minimal proper values. These methods are also of interest for their own

sake.
.-
8. Summary of Facts about Matrices. For any vector x we define
n
~3 2 %
1= '_(:1:1- "1}
Clearly

> > 2
(x,x) = |x|
- > - -
and by Schwarz's well known inequality [(x,y)| s \x|lr] .
We define next for any matrix A the trace as follows
n
) e

and norm as |

2
TV LA T LN MY L

The bound of A is given by

=N

ax  |ix

|+ - \!’%" Y

so that, clearly, .
Max | AX|

Furthermore for‘;#'o, ?'-‘F 0
B I Ve e
R T BB

- -
and when y = Ax

Gy . WP Ie]

foncs | 17| ' fcllﬁl H] .
| o Max . lMax (
V4250 %‘ 2740 3 y) .

The triangular inequality (in n dimensions)
|2 +F| < 1E+ L

is well known. In n2 dimensions it gives
N (A+B) < NA +NB
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The vectorial triangular inequality gives immediately
el
From the definitions it follows that
NA#* = NA ,
We also have
WD = G = D)
and hence the second expression for lAlgives
ax{ = {al.
The estimate .
laB] < a8
is immediate, and iterating it gives

[] <l4°

If the 3*® colum of B is denoted by u, then the 3' column of AB 1is v,

3

- Auj. We see that

| LRI L PR A
and

‘vjl § IA ‘ Iuj‘ b
Hence
N(AB) <|A|NB .

Replacing AB, A, B by (AB)* = B¥A%, B¥, A% and using our previous re-
sults, transforms this into
N(aB) <|B| ma .
For any matrix A,
NA-N(IOA)SMO A-n% A,
where 1 i8 the unit matrix,- Zlif‘-vr> is the jth row::iof A, then the vector

, = J
Ax has the components (WJ,I) and

NA = [; ':lelé °



Hence |

12 - F @D s WP EAE - 1]
so that \Al < m.
Summing‘up, we have

lal s m g af |l

We see that

T M T A v N I {

= 2 B -

Comparing the second definition of bound as applied to A*A with the

original one for A gives
|asal 2 |af®
However
|asa]s lod o) = lA)z
and therefore
Leal = pa)?
If A is such that

a <c
-

1J
then |t (1)) ne

NA < nc

|A', < ne
The equality signs in the above may hold as they do in the case where
each aid
to the vector whose components are all unity,

is equal to ¢c. In the case °f,lAl we see this by applying A

In any mechanical computation it 1s wise, so far as possible, not to
deal with numbers of different orders of magnitude. Hence in carrying out

the computation of the maximal and minimal proper values it is desirable



2

to make sure that the matrix elements occuring are less than one in ab-
solute value, and on the other hand do not get exceedingly small. In
order to insure the first it is sufficient to keep the bounds of the

matrices occuring at most one. For suppose that A is a matrix. Let

? 1,00 ? be the unit coordinate vectors. Then the matrix element
H

is given as follmrs:
13 -

~>
o137 (g, APy

O N e PN AR )

Therefore if A has‘ bound at most one all elements occuring have absolute

value at most one, From the pbreceding, if 'A I < 1 and IB’S 1, then

|48 | < 1. Thus |A| S 1 18 a property hereditary under multiplication

vhereas the property of havixig elements with absolute values at most

one 1s not hereditary, as we shall see later,

’ It M‘ 1, ““’n 1~A has an inverse, It. is sufficient to show

that (l-A)x } oirx t 0. This follows from the inequality

\(I-A)xl ‘x—Ax‘ = lx‘ = lel |xl - ‘A“xl = (1~ lA‘ ) |x’ >

which holds for x # o, Furthermore in this case

! 1
Jan] Y

In fact we have

1= (1-a) (1-0)72 (-1 - a7
and hence : '

WHe-0™) 2 e o )t lzla-n -

(1~ |a]) l(l—A)‘ll <

If A is symmetric then the relatiop Jaxa | 'iﬁ'z

o
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:becomes
2 2
|3 = |}
Iterating this glves
t t
2
|| -1l
Given any s, choose t with 2t greater than s, Then
IAB‘flAls

\ Az"’-m <] Alz"’--a:

DL sl el <l ele <
The fact that thé first and last terms above are equal, as has been seen,
implies that all the -inequality signs above are equality signs and that
TSR

for any symmetric matrix.

The definitions of bound, norm, and trace are invariant with re-
spect to orthogonal coordinate transformations. It may therefore be
assumed that a symmetric matrix is in dlagonal form with proper values

)1 eees A_ . It is evident that
’ s 1

t (a) = f:—'l-?\i
NA '(1- A:
e O

From the last equation we again obtain a proof that 'Asl = 'A Ia for
symmetric matrices., For a semi-definite symmetric matrix A all proper

values are ngn—negative and hence
|als ¢(x)

’
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It will ncﬁ be seen that the property of having elements of
absolute value at most one is not hereditary under multiplication. Let
A be symmetric positive definite matrix with ‘Al > 1., Then
- b
and \Als tends to infinity with s. Since
| PR I
t(AB) also tends to infinity with s and some diagonal element must be
unbounded. As we have seen, if a matrix is such that
leagls 2o
‘ A‘ may be as large as n.

9. Determination of Maximum Proper Value. Ve now d escribe the

process to be used in estimating the largest proper value of a semi-
definite matrix A (the smallest is obtained by a very similar method as
wé shall see)., We first néglect round off errors entirely and then later
return to consider how these may be comtrolled.

We have already noticed that

(9.1) o lAsl -‘Ala
and
(9.2) i< [l <1
n t (4)
Applying this inequality to A% we have
8
1 < ,iél__ < 1
n t (AS)
or taking roots

VL I £ 7040 ) e
Since n;/a approaches 1 we see that
[4(a%)12/2 —o |4l
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The convergence can be speeded by successive squaring, that is by taking

i

8 = 2k. Hence

-k
-2 tad
(9.3) s K ok =
(£(=7 )]
Note that '
-k ~k =k
o2 . e {logm™2 " >1-(27") logn
so that
1l- 2.k logn < 'ﬁ‘ - < 1l
[+(aA™ )]

This formula shows that the approximation will be good for moderate
values of k, because the sizes of n under consideration cause no serious
difficulty. For example for n = 100, log n = 4.6,

The above formula can be expressed by an iterative scheme:

. 2
, 2"k
n = [e(a)]

and then

1-2%0gn < A<
m.k

Unless tAl'- 1, Ak will tend either to zero or infinity and in either

case the requirements we laid down for the matrix elements are violated,
In order to circumvent this difficulty we could make use of the device of
normalizing all matrices which occur so that their traces are 1. This
would guarantee a bound between 1/n and 1,

Ac#nally in order to control the computation we modify the scheme
still more as we now indicate. We will choose a number r slightly less
than one in a menner which will later be described exactly. This number

will be so chosen that even with round off errors, bounds are < 1,
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We assume that A has trace r and if not we divide by the trace
ang
multiply by r. Then

(9.4
) B. = A ’ ,Bk - E;_.... (Bk-l)z
Tfhere
(9.5) 2
. ‘ e = v (By)
%8 for ayy ]
t (Bk) -r,
Then B, {
k 8 proportional to Ak' that is
A= ckBk ,
4nd the Tecursive definition gives ‘
Py 2
Ce -.l » Ck - ‘-"""‘"r . ck—l
80 that, k-l 21(-2
c -@' @2" .Ill-.-.l."...‘.... l‘
k r P . r
Next /
t(Ak) = rey ’ .
and henge : 3 /4 2-—1( ) v
- e - ('3.1_) (_“33 @ r*
Ty k r r r
-k
3 1/4 .n %
. nl n2 ....-ooooouor:y
1.7(k-1)
r
As we have geen before X ‘
n"2 f ' A ' s 1
.mk
Substitution gives X (k1)
('_152 = l - l ™ rz - 1
X 1/a ~k
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-k
Thus @./r) (n% n;/ 1.... nlzc ) is a very rapidly converging product
development for ‘A ‘ o

It should also be noted that t(Bk_l) = r implies

rz/n < t (Bi-l) <r
that is

rz/h s s
Also t (Bk) = r implies

r/n < ‘Bkl <r
Hence the algorithm jus£ stated produces only quantities in the desired
r#nge, that is matrices with bound less than one and numbers of absolute
value less than one,

We now add some remarks which will be useful in what follows.,
The procedure discussed for obtaining the bound of a ﬁatrix holds for ?n—
definite symmetric matrices, It is true that (9.2) holds only for semi-
definite matrices. However since (9.1) holds for evéry symmetric matrix
and since in (9.3) only even powers occur we see that (9.3) is always true.
The same remarks apply to the procedure defined by (9.4) and (9.5) so that
(9.6) always it true. Thus if it-ié known for a symmetric matrix that its
largest positive proper value is greater than the absolute of any negative
proper value, then these procedureb determine this largest proper value.
Once the maximum proper value is obtained we may proceed in the

folioying'way to obtaiﬁ the minimum proper value. -Letj>be any number be-
tween the maximum proper value and 1. Then the matrix

gI-A A
is symmetric and positive definite and we may use the previously discussed

method to obtain 'its maximum proper value., If we subtract this fromf we

obtain the minimum proper value of A,
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Chapter IIT - Numerical Computation of Maximum and Minimum

Proper Values of A

10a, Calcnlation of A from My VWhen a matrix M is given, it is
\

necessary to Prepare it for the methods used below, In this section we
discusg this preparatioﬁ and the errors involved. Numbers are assumed to
be given in termg °f a bage b which can be any integer greater than one,
but whicp for a1 Practical purposes will be either 2 or 10.

As we have already remarked the error in the final result of numerical
vork arises frop two distinct causes 1) errors in the given data and 2) errors
arising from the Particular method used in the computation. 'In the succeeding
Sections we discygg errors of the second kind, that is we discuss the errors
involved in finding the proper values or the inverse of M as though M were
rigorously glven; later gome remarks are made about the first type of error,

The elemehts of ¥ are assumed given to a certain number of signi~
flcant figures. As will be shomn in detail it is usually necessary to carry
‘more figures than these in the computation so that zeros will have to be
added to obtain the number of figures required in the computation.

Let p be the number of digits to be carried in the computation.

Our first step is to move the decimal (or binary) point in a way we shall
now indiéate. Since it is desirable that all numbers occuring have absdlute
value less than one, we shall multiply M by bh'whére h fill be chosen as

follows, LetfAbe tte maximum of the elements my y° Thenh is chosen such that

P f< /) (e S0}
1 A > (/m) fan)d )R,
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where J . = (1/2) b P ig the maximum round off error in a multiplication.
Then the matrix
(10.1) = b
is formed with no errors at all simply by shifting the decimal (binary)
point. All the elements of Hl have an absolute value less than |
(10.2) & = (/) (1 -oF (1) F )

This choice of o« will be justified a little later,

We wish to calculate a matrix whose mathematical definition is

!

t(g ¥y)
where the following conditions are satisfied

(10.3) r

9 <r s 1-4n33'

(10.4) n’d < 1/50
nx>3 _

As will be seen later it will be desirable to use a greater
accuracy in computing Mi Ml than in computing the largest proper value.
We therefore distinguishd, which is used in the first procedure from 6'
which is used in the second and we assume

d. < d -
The number r will be kept fixed in the followiﬁg discussion.

In forming ui 1(1 an error matrix X is introduced so that what is
really obtained is
(10.5) MK + X
The numbers invoived are less thb.n one so that the multiplication of two

numbers introduces a round off error of at mostt;;, and therefore each
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element x, 3 of X is such that

lxij'fnJ °

This shows that

(10.6) IX'fnza., Msnza. » t (X) fan. .
The matrix . |
(10,7) u{u1+x+n23'.-1

will be definite and for convenience we work with this matrix. The addition
of nztg » * 11is, in any case, a small error and in finding proper values it
creates no error at all since its effect is known and is to add nztf o to
each proper valge. Possibly it is worth remarking that symmetry in the
product matrix is assured by computing the elements on and above the
main diagonal and defihing the remaining elements accordingly.

Since HI Hl +X+ n28 o ®* 1 18 semi-definite, the absolute value

of each element is less than-the trace, and for this reason the numerical

computation of

M{H1+X+n2¢g.l

t(nqu’l+x+n28. . 1)
glves a matrix

(10.8) uiul+x+n2<f. .1

+Y

. t(uiul + X +-n23. 1)
where egch element of Y hés absolute value at mostd » 80 that
(10.9) “Yh: nd , , NY < ng. s t (I')‘ < nd.
The last step is to multiply the matrix (10.8) by r which gives a

new error matrix Z each of whose elements is at most ts. in absolute value,

and hence
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[z} snd., msnd., t (2) gné.

This operation, then, leads to .
0 2 '
+X+n J.
fan
t (Mil(1+x+n2¢f,)

(10.10) A +Y)+2

We shall first see that all the numbers occuring in the cal~
culation of A are of absolute value smaller than one. The elements in
(10.5) and (10.7) Asatisfy this requirement because an element of g u
is smaller than the trace in absolute value and

t (m{ “1) < n2¢:<2

Furthermore the absolute value of every element in (10,7) is majorized by
t (H-I l.{l) + NX + nzts. < nzc;g2 + -2n25.

Also
t (wlsu1+x+n25,"l)<n20(2+n2<$.+n55.-1

The number & was so chosen as to insure the last inequality.

We shall next consider the norm of B, = A, and we first recall
that if a semi-definite matrix is divided by its trace ihe norm of the
resulting matrix is at most one. Hence

Mgr(1+N)+N<r (1+ n*d.) . n'd,

It is easily seen from (10,4) and the above that

(10,11) NA < 41 - n°d

In particular it follows that all elements of A have absolute value smaller
than 1 and this completes the proof that this is the case for all elements
occuring,

By (10.10) we see that t (A) is given by

t(A)-r+rt(Y)*t(Z)
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and hence

(10.11) fe (a) - < 204,

By (10.10) A is expressed as the sum of a semi-definite matrix
and the matrices r Y and Z. Hence by Courant's theorem stated in section

11, all the proper values of A are larger than
(10.11b) - (rlYl +|ZI) 3-—2115.
On the other hand

t (A) > r - 2nd,

so that the largest proper value of A is at least

r - 2nJ.
n
From the conditions on r we see therefore that this largest proper value is

positive and greater in absolute value than any negative proper value.

10b, Control of Numbers Occuring in Computation of Largest Proper Value.
In the computation of the largest proper value we shall begin with the matrix
A. We wish to make the computations which are rigorously defined by the

following inductive procedure
'B'-A
2
Bk

+ (ch)

Bk+1 = r

- In carrying out this proceduré.round off errors occur so that the actual
computation will proceed as in the four steps listed below. Instead of the
theoretically defined sequence Bk’ we will obtain by computation a certain

. sequence Bﬁ’and we now describe in detail the computation of B k = 0,1,2,...00

1'<+1’
Let Bg = A,
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Squaring Bﬁ we obtain

2
I. Uk+1 = Bﬁ + Xk+1
where Xk+1 is the matrix of round off errors.

Then the trace is computed and is

2 .
I, t(U,,) = 8(BL7) + ¢ (X,,4)

Multiplying I by r gives

III1. vk+l = rUk+l + Yk+1
where Yk+1 is the error matrix. As a final step we have
v .
k+l
Ve BT sy T
Pkl
'This last step can be written in two parts
: U
- k+1 4
IVB., B'k”'l r -t—(—U————) + Dk”‘l
k+1
Y
‘ = _k+l :
Wbe' Dypy = ——— * I
8(Uyyy) |
We know that the following two inequalities hold when k = 0.
"(10.12) NBy < J1n §
(10.13) r-e < t(B)sr+o , @ =2a°8

We wish next to prove that if (10.12) and (10.13) hold for k,
then (10.14) hold for k+l. Then (10.12) and (10.13) (i.e. (e) and (f) in
(10.14)) hold for k+1 too. Hence (10.12) and (10.13) hold for all k=0,1,2,...,

and so (10,14) holds for all k=1,2,....

(a) MU,y <1, ) o) <1,
(10.14) (C) va+1 < 1, (d) va"‘l < t(Uk+1)’
(e) NBQ+1 < ,l-an' , (f) r-¢© < t(Bﬁ+1) <r+@

Conditions (a), (b), (c), and (e) insure that all numbers occuring have

absolute value less than one. Condition (d) insures that in the division,
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the divisor is greater than the dividend.

By (I.) elements of X147 2T, in absolute value, at most n  and hence
(10.15) lt(x )] < n°d 1x | < NX < n°d
kel |3 ’ el 5 kel S

But

2 2
MUp,q S N(BET) + NI 5 (NBE)™ + Xy

< 1-n?F + n°d =1
vhich proves (a)
Also
2 . 2 4 ' 2 2
|t(Uk+1)|‘ s kO] ¢ fux)] = BT ¢ [ax,y)| s 30E 4 n’E =2
which proves (b).

Thfa elements of Y are at’ most d in abéolute value, so that

k+l

- (10.16) Jt (Yyy)} € nd lYk+1‘ s My S nd .
We see-that condition (c) follows from (b) and (d).
Now’

t(0, ) = t(Bl'(z) *4(X,,4) 2 t(B}'f) - n°d

and hence

W1 TNUy y NYy41

t(ukﬂ) o t(u

Y1) k1)

2
N(Bl'c )+ ka+1 nd

+ —

t(Blf) - n?dé t(Bﬁz) 24

2 2
t(B!™) + n"d
<r (k . nd

4(8;°) - n°d t(8%) - nf8

Let )‘i be the proper values of B¢ . Then

n
t()) = 2. A4
1=1
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and by (10.18)

2 no_ o 1{EB P 1 2 -6 2
) = 2Ry oz g (f:l A) - R (aep)y eX
Therefore

t(B%) + n°d 2 . 3
(10.18) p=r k < r (r-e)z + n°d

t(Bl'cz) - n°8 (r-8)° - n°0

Y .
t(Bl'()-na (r-8) - %8

It may be shown from our assumptions, that

(10.20) (r--G)2 - ns& > 2 5.5
. 2n-1

Hence

(10.21) q < 2n &

We shall now prove that

2 ] »
(10.22) p (r€)" *n 3 , 2n2§< 1-n* &
(r-8)% - 0%
This is equivalent to
‘ 1 - ..P.?.;{
’ (r-8)
r< (1-5n2c$) % ¥
1+ L_z_._
(r-8)
It is sufficient to prove that
| ' )

r < (1-3 n2$) o (12 E:-_QT)

and since r <« 1-4n5J it is also sufficient to prove

1-4n%3 < (1—5n26) (1-2 —’f’—d‘——v)
(r-e}
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This is equivalent to requiring

2
4n§5> 2 n56 ( l—Sn és + 3 )
. (r-8) 2n

The number in parentheses is smaller than
.} + 1 < 2
2 (.88)
and this proves the inequality. From the inequality (10.22) and previous

results
ptqgqc< l-nztg

which proves

va+1 <1 - nzs

)

so that (d) is true.
Now that (d) has been proved it follows that every element Ziep 18

smaller than d in absolute value and we have

(10.23)

From (10.25)

t(zkﬂ) < nJ

2

12,01

'5 NZ < nd

ktl =

NV
< ktl + HZk 4 S 1l- n25 + nd <Jl—nad.

which proves (e).
We see that
t (B'k+1) = p + ¢ (Dk+l)
and

It )|
sl im—

’t (Dk'*l)' < + ’t (Zk+1)l

2
t (BJ° + X )
< nfd < 2n-1 2 2
5 +nds 3 28+ n8= 22§,

(r-8)%-n3d n
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Therefore -
A r-6 < t(Bk+1) <r +60

which proves (f). Thus, as pointed out before (10, 14), this hold for
all k=1,2,...0

This concludes the proof that, under the given assumptions on r,
all numbers occuring are iess than one in absolute value.

11. Formulation of the Method. The theoretical method of obtaining

L]

the maximum proper value has already been given, and we have also shown how
the sizé of the numbers involved may be controlled. We turn to a discussion
of the errors involved in carrying out the process numérically. The matrix A
and the numbers r, n, and nscf are taken subject to the samé restrictions

as in the preceding section.

The theoretical procedure is the following

Bo = A
(11.1) Bi—l
B, = —_—
k
t(BF_;)
and we use the notation
n*t (Bk+1)
s, = n n2 2k—1
(11.2) k 1( k-l otlorll
-k -k :
pd 1/2 1/4 R
mk 5y nl n2 cosedlly
Vie see that
2 Sy
(11.3) S * T8 , n = ;2____.
k-1

By the numerical procedure we obtain the following

(11.4) B} = Bo=A
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2
Bt". + X
Bl'c -y k-l k + Dk
t(By, * X
and here we use the notation
2
o= v (B, v X)) |
(11.5) A 2 2k-1
. . Bﬁ .- nk' %-l et P00 00s000 n]'-
From this
s' .
(1z.6) % nish nf *—g—
k-l

In what follows we shall have occasion‘to use the following theorem
(Courant~Hilbert, Methoden der Math. Phys. ,Vol. I. (1931) p. 27, implies this

theorem)

Theorem, et R, S, and T be three symmetric matrices with

R =S +T7T

Then the proper values fl’ .......f)n of R andd'l s .......6n of S may be

arranged in such an order that

ey als 7|
Letfﬂk’l, seceranes "f‘k denote the proper values of B!, arranged
’

in a suitable order. Since the proper values of Bkzl are ,(. [=1,127 70T

f-l. it follows from the theorem that the proper values of Bl'cal + xk
k-1,n a

_are
(1107 . 2 +
) | [, t s
where ' |

_l£ il S5

We have seen that every element of Xk has absolute value at most n 6 .
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If we wish to take into account the statistical distribution of errors then
for large values of n the absolute value of each element will be at most a
number whose order is \/?1_ & . To avoid committing oursel;fes at present
we assume that each element of Xk is bounded by 2z o , where z <n and |

consequently that

' Xk| < nz é
and

Jt (x| s nzd
Tﬁerefore * .
(11.8) &ak,i‘f nz &
Then by definition ' : .

2

(11.9) | nt = Xj-,.(t*ku,j € . |

From (11.7) 2
P, *€ s

(11.10) R > e, nlk,i
&y P15 * 5k,
where ‘ l S
D 2
2n
(11.11) < Kl 22
Mwkss — .
For convenience we let
= . = E
7‘ k %}zk,i ’ £k i1 k,i
and
Ai - ,“-o’i .

We take z;nd (3 such that
M k) s 8, "1 k-l,i'

IC }c—llf a, lek.l,d'

A
>

(11.12)

5A
R
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‘ ' 2
These inequalities will be satisfied if = nz & and@ = =22 | because
D r
k .
& K" t(xk), and ‘qk = t(—r-—). From the d:fmitions,
k =2 : k-1
2 1 R 2
(11.15) t(Ak) = t(A ) =l=(;"‘) b nknk_l ooaoanl
that is . ,
n
2 =2
(11.14) %’_1 A{ «r 5,
What we wish to estimate
“’3'. s! . S'- ¥
(11.15) 5. K (Sk 1)
. : k k k-1
We define
. ] .
(11.16) y k,i /"'k’i sk
Then n
\’ = . U
. é k1 12-"1 FK,1 8! r(1l+ T(k) st
n n
2 o w12 2 o a1? . - €
(11.17) .if:'.lvk’i s} ‘g.:l"k»i sy (nfy 1s1)
n
2 \ ' 2
i.lvk:i Skﬂ € k1 %%

Multiplying (11.10) with Sl'c gives

Vi,1 ™ Tl 12<-1,1 Slﬁl *E i slﬁl *My,1 5k
Since Slz = iZf_lvi_l,i +& K s}ﬁl R
e have Y, " T ["12<~1,1 8y g Ny, € slﬁl Mk,1 éy i‘l,j]‘

From (11.17)

Zv
' < Vi1
Sk =
(10 7 )
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and hence
2 (e . %1"“'1’3) Zn 2
Vit TV (€ My i Fy) z X Nk,i =1 1

That is, 1f we define

* Ex,1 ‘M1 &k
(11.18) £y y4 =—2 =
) r (1 "'nk_l)
then
o % n 2 n 2
(11.19) k1™ T [Vk_l,i €y g (%1 "k—l,;j) My,1 jz_‘l"k-l,J]‘
We see too that ‘éi
v
Sk .1 1m kel 1
5. T I+m k, n .k
k k2R 2R
Zn i"l
’ v
K. 1 K
Pe -t Z.Ai SR
1=1
and iéi
v
(11.20) il =
. k n k
L Z.ai
i=1
n n n
8 k-1
i”ki b2 S L Z Ve
I T i=] T2 =1 5 i=1 7
= ‘ e - soe n S"‘l_v XX n k
r S v F > 2 Z Vi RV Z
Lo Vk-1,4 = k21 r {5 k-s-1,i r :m;\i

m"k"B ] ng

then



n
N 42
Z vm,i
I T ) S
(11.21) % " W "~ n gy
r
Vm—l,i
i=1
In this notation -
s .
k 1
(11.22) —-S-l'(—""' = q,9; cerenely g ——
. 1 +')‘
v k

12. Estimate of sy / Sk « We wish to ootain upper and lower bounds

for s / By * Since from (11.12)

, # and
(12.1) Jeg, ) s *emdin, 4] 5B
where
(12.1a) “* " «(1:1/?/33)
r L

we have n
Hence | n ( -m,i ) N
(12.3) 9 = = 7T = Qs

| Z—‘vm-l i’

n
| 1

Put n 12‘ m-1, i

Then it follows that Es is of the form

I r r
Z a Qtoo.r pll p22"' ptt

r
(rl..rt) 1 t » .
, 2N

where the coefficients a are non-negativé constants (independent of the
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9 n—i,j , but depending on n, s, %, and e ), and where, because of the

homogeneity of the expression (12.3) ry * 2r2 * .. ttr = 2N
We now use the following facts: |

rl

r r
(12.4) | Py Pp2 « = . Pyt

1.

=
pgN
This is proved below.

(12.5) If all Vo1 3 are equal to each other, then the equality sign
2

holds in (12.4)
This isevident from the definition p, .

Hence q < Z_ a = § and §_ may be computed by setting
- Ioeseel s S
(r,..r.) 1 t
1°°°t
all Vm-l,j equal to ¢ . We then have
K
...—_Ln_’.}-_. -c2(1+n/+n2°(*)
r
Hence with
(12.6) K-.-.1+n/1+n2o<* .
we have «
8
(12.7) Max q, = K = K2

Proof of inequality (12.4): Consider n non-negative numbers i g ¢

Z g? R ’ph'u .].“ Zn‘g?_

1
Set p, = ~ =1 =) ,
n
n .
h=h'
Py ap " 1 3] , h >0, ht >0 .
n i=]1

Then P 4. ~ Ph . Ph' may be written in the form
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ﬁ_( iZn' Rh‘h' Zl:: th Z’(h) l; Z_ (§2+hl +‘1:-;+hl- k;l _}g §}£')

J=1 i<}

1 2 h ¢h ht ¢ h
Since each product (g: - §g) ( ﬁ?'-};") is non-negative, we find that

:POP

h h and by induction P, P, ... P <PF

hl h2 hk hl+h2+....+hk.
If some of the h; occur repeatedly we obtain the inequality (12.4). (Cf. Hardy,

P h+h!

Littlewood, Polya, Inequalities, Cambridge 1934, p. 43).

' We wish to obtain a lower bound for q,. From the preceding work we

see that n 2 e ¥ n o, ' n o N
va—l,i ¥ m,1 va—l 3 N om,1 . vm-—l,j
im ’ = I ] 4=
(12 8) - - ﬂj_l 3=1 IR .
y A4 n N
2N
v
=1 n-1,]

We discuss 9 for fixed values v -1, § as a function of the variables
x, = fg,i , yi =M p,q + Since the denominator does not depend on x; or

¥y we have n '
q, =const. 2. £, (x, ,7)=¢ (X,
] i=1 i i i
where x and ?denote the vectors with the components X3 9 V3 respectively,

We see that £ (0,0) = 1. The £y is of the form (a, + b,x, + ciyi)h , Where

N is an even number, or 1 (for s = 0). Since o' is convex, that is
(12. 9) IR (2 )Y

?

We have for every i

exooyen
(12.10) £, ()ci y ¥i) * £, (xi » YY) > 2 £y ( s ’ 5 )
Since all coefficients a5 bi’ cy in the expression for i‘i are positive ) cf.

(12, 8) 1t follows that £, (xj s yi) > f (0,0) if both x; and y, are
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non-negative. Hence

9
(12.11) f@D @D =1
i 4 > ->
if x and y have non-negative components. Denote by e the vector with
components l......ls Because of the inequalities (12.1) bothot*-g-:x?

> >
and ,3 é - y have non-negative componentz,

By (12.10) and (12,11)

> - : '
> > o >
f(?,‘y))*'f(a(*-e}-x,/ﬂe-y) ;zr( Xe ,,ﬂe)>2f(0,0)-2
2 2

and therefore )
» - > >
f(x,% > 2-f(«(* e-x , /5 3-5'7.
2>> D>
The absolute values of the components ofe(* e-x, pe-y are at mostel¥*

and /B respectively. For this reason we may apply here our estimate of the

maximum of q, and we find

> > 8
(12.12) a, = £ (%9 2 2-K*
We have now shown that
8 8
2-—1(2 < qs < K2

From this it follows with the use of (11.22) that

' q.q 'O.oc.q- -1
(12.13) k - 1 k=l < K

By 1 +"(k

A lower bound for 81‘: is given by

—
k K
1
Sk - q.ql e e o qk—l > 2-K2 —1
19y = 1A
- 2¥-1 5.1
where we assume explcitly that 2-K > 0, and hence 2—K2 > 0 for

(12.14)

Ogsgk-—l.

In order to see this we prove by induction that
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2
q. ql ceve qs 1 > =K l
It is clear that this is true when 8 = 0 by (12,12), Assuming it to be

. 8
true for s, and remembering that 9, 2 2-K2 » We have by multiplication

8 s+l
Qg weeneen 4 2 (2K L) (242 ) = 2o L, 2(8% 1) (% "L

s
' 2 8.
The term (K™-1) (xz 1--1) is positive and this completes the induction proof,

135. Computation of the Maximal Proper Value, After ni 3 eee o nl'(

have been computed it remains to compute nil/ 2 nél/ 4 cecee nl'(l/ 2k

in order
to obtain an approximate expression for r A where/\ is the largest proper
value of A. Since this final computation will introduce new errors we must
specify the manner in which it is to be made. It seems best to make this
final computation by means of logarithms rather than by taking successive
square roots, and in our estimates we assume that this final computation is
done in this way. .

From section 9,

(15.1) | rd
| ( ) 1/2 1/4 % 51
so e nk
and consequently
-k
(13.2) ‘logb (rd) - logb (,,i/2 n;/‘l veves ni )|$ 27k log,

Here we use logarithms to the base b. The natural logarithm of y is denoted

by log y so that if ¢ = log bthen (10&b}') ¢ = log y. Let 0‘12 be the com-

<k

1 1
/2 /4 ) and letT" " be defined as follows

puted value of log, (nl n," " eeles vn2

' O'I'K-log (111/2 1/4 cene nli;-k) '

Then
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-k n
(13.3) '5'12 - log, rAf< T, *+2 log =z
and we now proceed to estimate ‘I‘k and find conditions on k and 6‘ such that

the value of (13.3) is smaller than a prescribed error. We see from (11,3)

and (11.6) that

. ' . R
(13.4) Ay _ % ( sk--lw)
Ty " Sk-1
Also from (12.13) and (12.14)
k_ . K
(15.5) (- @)% (2;K2 h_oo X awe? ¢ '1k i
1+ B) g2 2 P (1 -) 2k L2
The numbers nl'( are such that
2
{r-8)" < <1
n = nk

Clearly in taking the logarithms of these numbers we are.forced to abandon
the assumption that all numbers which occur are between -1 and +1, Since k
will be a small number, we are actually concerned here with‘ a very small
number of operations by comparison with what has gone before.

Taking logarithms is assumed to introduce an error whose absolute value

is bounded by E o
Denoting by log! the logarithm obtained by computation we have

’IOgb'x - logbxl < Z

for any number x which is such that

2
.(..I;gl.__.._ E x 5 1

In coxﬁputing :
(1/2)logbn:'L + (1/4) logng + eeoo *

e 108,

- I Rl
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two kinds of errors are involved (1) errors from taking logarithms (2)
errors from division. Moreover, we must remember that there is an error
coming from the fact that nl': may differ from n. As we shall see, the first
two kinds of errors are negligible compared to this last kind. '
1
Let ¢a be the computed value Qf =g logbns.

2
Then

1=

¢s = =5 108 1y +§8 i -];8 (logbng +¥—s) +,s

N

where § 5 is the error arising from division and § 5 is the error arising

from taking logarithms. We also have

_1 1 ng 1
(13.6) ¢ s ;8 ZlogbnS + ;s logb ns + ‘2'5 g s + ;8 .
Since Kk
o)- Z; @,
g=

k k n
1 1
13. ' - = = -8
(13.7) lqk 8 logbns < SZ- g 108y 0 + g + k S ,

Let
k nt X 1

c

proceed to estimate I‘k'

From (13.5) and since

(1 -R)* 1-/8

8 Kk s ‘

(13.8 1 K2 -1 ' 2—K2 -1
) s m{i::l 2° llog 2571 zl ’Ze’;l 2 Ilog ® I
- ex® THA 7L 2 k* 2
k
+ 3: log 1+ /3
ga1 2° (1-8)7
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Now let

(13.9) Kul+a
and we assume that

(15.10) a5 3

]

In section 12 we assumed that 2 - K >0 and we shall now show

that the assumption (15.16)'implies this earlier assumption., We see that

(using (13.10))

sz—l = (14»8.)21{"l = e(zk"]‘)1°g (1+a) e(zk-l)a < e% <?

and this completes the proof of the fact that (13.10) implies that

k .
2 -k 1o,
As a first step toward obtaining an estimate for L notice that

Kt - (l+a)t - et log (1+a) < eta

and hence '
t
(13.11) log K~ < ta,
Therefore
s 8

(13.12) gt < B-la .,

2 2 ‘
We write .

1+ £
R iy
2
(1-8)
where
k 8
(13.13) LYy = 2 -1-8 log K* %
’ s=1 2
and K
1l 1

(15.14) ! - e log

Lk2 s=1 2° 5_1_1 °

(2-K )
k
- ;Z: __}Tf—— log —t
s=1 28- 28-‘1 1
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Thus L! is the suﬁ on the right of (13.8) using the first of the two terms
-in the max, end it will be necessary to obtein e tcund for Lle
From (12.12) we heve

(13.15) Ly T e(k-1+27)

Notice now that
k=1

. ' e 1 :
(13.18) Lo g;l—z-g. log .
- 1-(X -1)
We will meke use of certain inequslities for positive numbers. :
5 2
X_y x” / 2 < 1 . x
(13,17) , e-l\x+—2~(].+x,«3+x/9+....)=x+-2—--i—_—x7:,-5-<x+ >

. . -1 . o .
where }3_<.T:;73— if x, is thre largest value of x occurring end if x< %

then 9, < 6/5.

fnother inegquality of use is
., 2 2 3 . .2 $#
(13518> v 108 'l—__}- = N + 2 + eeee < Y + %— + %—— -_F:‘-< Y + %—4’ xz 3

13

J

Wwhere Y o mey be chosen as T%;— if y, is the largest value of y occurring,

Lot
(13.19) v = ;{28"1-1 yox, = (2%-1)e,

Then .

(13.20) Yo T 0(25—1) log (1+a) -1< 6(28-1)a -1 = exs-l

Y
< % (1 + ?l xs) *
Since x < i | < 13 and may be chosen &s 20 Using (13.18), (13.19)
s T YgS350 ) PR : T b *2F/s .

end (13.20)

1 1 1
(13.21) =5 log 7= < = iy (1t gyt 5T b))

. €«
2 vs b
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1 + 20 2)

1 3
<ow (xg Wrgxgd) gy, * 377
N -2 3 1,20 2
< (1 -—g-z)a(l-ij-s—xs) (1+§}’s+§1—)8)

Lexing use of (13.19) and (13;20) we chenge this into an expression in

powers of a. We also use the inequality

k"l m m k"l ms (zk )m
L x < =a Z_ 2 < ALY
s=1 ° s=1 2m-1

Omitting the details we obtain, (also using o¥s < %.)

k

(13.22) L, <= [(k-z+z““"1)) + 2% (1.1 + (25))]

Together with (13.15) this gives (since log %—*_—f%g S 44 ifr B < 3

and this is the case by our previous requirements).
(13.23) Ll'<< a [2k-3 + 3,275 4 2% (1.1 + (Zka))] + 4/

Letting ]"1'; be 8 bound for the sum on the right of (13.8), using

the second of the two terms in the max and also letting .

k ]
2. log g% "2

"oz
L &
x
n 1 l 1
' = -y 408 —/—7s°7
M2 g—;l 2 1-(x2 "1-1)
It follows “that .
A R PRV

and we see that
L;l 5 a(k-2+2-(k-l))
The seme procedure es vefore epplies to 11';2, the only difference being

that sums run from 1 to k: instesd of from 1 to k=1, Te obtain

(13.24) L§2< a [ (k-1 + 27K) 4+ 2K (2.2 + 4.(2ka))]
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and therefore

(13.25) L}'; < a[2k-3 + 3,275 4 2Kq (2.2 + 4(2ka))] + 4,9

The estimate for L}': is larger then that for L} so that L, is at

most equal to Ll'é end as e result
(13.26) L<al %3 +38.27%+ 2% (2.2 + 4 (2Xa))] + 4,8

Since a = n2 %+ + n/AQ, and since o * itself contains a fector nz it
is clear that § »end k d are negligible compared with é Lk' Thersefore 't‘k
. 1
is essentially given by Py Ik'
Returning to (13.3) and inserting the .values we have obtained

'.klogbgi-%j_.k-o-g +kd .

(13.27) | ‘ [ey - 1ogbr)\ <2
In’computing A » two pdditionel errors are introduced, the first in computing
logbr and in teking the exponential, As s matter of fect, the numericel exemples
telow show r can be chosen so near to one that within the error of the method /\
cen be repleced by A r. These are negligible compared to % Lk_. Suppose we
went en accurascy d Ly which we rﬁean if A is the computed value
(1-4) A < A< (14d) ) .
Then essentiallyg- is the mexinmum error to be permitted in the computed value

of the logarithm, <this eccurocy cen be obtained by requiring

n
r

2™ log, = < d/2

which determines the numler of steps k, and Lk' < g- which determines the

number of digits to be cerried. Wiriting these more expiicitly, we have

n d

< 7

44+ a[20-3 +3.275 4 2% (2.2 4 4 (2Ka)) <a/2

(13.28) 1 1
2F %

Summerizing the definition of the quantities involved end the requirements
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we pave made
of , 2 r
«* - (1+ﬂ) , D<r f 1"41158" d. - an ’ﬁ - 2: {

T (1—/3)

a-nza(*-o-n’s, n>3% , nsd'fl/so ,2ka 5%.

(13.29)

It is al;waya best to choose r as large as possible and in the
estimates of (13.28) r can safely be regarded as one,

Without any statistical estimate, z = n liaking a statistical
estimate we prbceed as follows. The number z is to be the error ina
single element of a product matrix. It is the sum of n errors which we
assume are independent and uniformly distributed between -8 arzld +$

For a single error, the mean is zero and the dispersion 1s -és-- Con-
sequently for . sufficiently large n, we will probably obtain an approximately

normal distribution \52
- -—7
13,30 1 i e 20

‘ 2
where § 2. ncs With a probability > .99 the absolute value of an

5
element of the error matrix X is smaller than 2.330 = 1,55 Vn d so

that z may be taken to be 1.35 V.

Tt should be noted that we base our estimate for the bound on the
highest bound attainable for elements with a given maximum absolute value.
If we analyze the statistical distribution of the bound of a matrix whose
elements are independent are all distributed according to (13.30); we may
gain another factor of the ordef fn‘. However we do not attempt this at

this time,

14. Remarks and Examples, In this gsection we give some estimates

on i,he values of k, and the number of digits necessary in some typical

cases. If we take o= 124 we get estimates not using the statistical
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distribution or errors in multiplication. If we wish to take account of
the lattver‘we must take « = 1,35 n5/28 .

In the following examples k is the number of steps necessary £o
gttain an accuracy d, 19} is the number of decimal digits which must be
carried if we make no statistical estimate of the round off error, and P,
is the number of steps with such a statistical estimate,

Example I, n = 10 , log n = 2,%

ol 6 T 6
.01 9 8 T
0001 15" 9 9-

Example II, n = 20 , log n = 3,0

d k Py P,
.1 | 6 8- | 7
01 10- O . 8+
-001 13 10~ S+
«0001 16 11 1l=
Example III, n = 80 , log n = 3.4
d k Py P2
ol : 7~ 8 8
.01 | 10 | 9+ 9
.001 | 18 11~ 10

.0001 16+ 12w 1



Example IV, n = 50 , log n = 3.9

4 ' k Py Py

.1 7- 9 g+

.01 10 ' 10+  10-

001 13 11+ 11-
.0001 17- 13- 12
-00001 20~ 14- 18

Example V, n = 100 , log n = 4.8

.1 9 1 | 10

0L 10 12 1
.001 13- 13 12
.0001 17 14 13
.00001 | 20 15 14

Example VI, n = 1000 , log n = 6.9

d k Py Pp

1 8- 15 13

.01 n 16 14
.001 BT 17 15+
,0001 18- 18  17-

+000001 24 20 19~

Although at present it is not practical to deal with matrices
of order iOOO, the last example is inserted to show the dependence of

Py and P, gn nNe
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We observe that the number of digits required is fairly moderate
even in case n = 1000, and that k, the’number of steps required increases
very slowly with n. These two facts imply that the amount of labor involved
is roughly proportional to n3 and not to some higher power of n as might
conceivably be the case if either k or p increased rapidly, For large
values of n the amount of labor is very great, but there is no doubt that

high speed electronic machines now being bullt will tremendously increase
the size of n available,

15, Computation of the Smallest Proper Value, In this section it

will be shown how the above discussion can be modified to abply to the
computation of the minimum proper value,
‘ Let A be a matrix of the kind we have been considering, where r is
subject to the limitations stated previoﬁsly. We assume that A s the
maximum proper value of A, is known with arelative accuracy d,that is that
A ', the computed value, and the actual value satisfy
(15.1) M) <) < At (1+d) .
The computation of the minimum préper value of A can be reduced to the
computation of the maximum proper value of /°. 1 - A where f)is so chosen
that /o « 1 - A 1s positive definite. Since A'has a bound smaller than one,
fD- 1 ;g always a possible choice. Our diecussioﬁ will shoﬁ that it is

édvantageous to choose /o as small as possible, and for this reason f1is

chosen as follows:

(15.2) p = minl 1-end  , Xt (14) 1.
With this choice the matrix -
(15.3) . H = ¢ .1-a

is positive definite and

—— e
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(15.4) t(H) = nf - t(A)
Also the largest proper value of H is less than one (10,11b), We wish to
form the matrix |

(15.5) ¢~ LH
t (H)

but by computation we obtain

(15.6) gt = SH_ 4 xt
t (H)

where we first compute 2 and then multiply by r. Since H is positive
definite, every matrix 2121211?, of H has absolute value; at most t(H) so that
every division involved will have an error at most equal to §'. The quan?-
tity &' is equal to % 10P" or 2 2P’ 4f pt 1is the number of decimal or
binary digits., In general it is advisable to have p' larger than the p

used in compﬁting the maximal proper value. Since multiplication by r

_ introduces errors whose absolute values have the same bound, each element

of X' has absolute value at most 2 ' and therefore
(15.7) [x¢] s 20 &, t @] 52 &
From (15.6) we see that

(15.8) r-t < t(G') <r + 6
where
(15.9) : @1 = 2n° FL

80 that (10.13) is satisfied. Let )\ 1 be the maximum proper value of G.
Then if ) od is the minimum proper value of A,
(15.10) A~ £

. nf LA o

If }\ 2:ls the maximm proper value of G!, we have )2')1*'&

where
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l§l§ (x" < 2nd
Let us assume noﬁ that /\é is the computed maximal proper value of G' and

that is has been computed with an accuracy d! so that

(15.12) (1) Ay s A, s (man Ay,
and ‘
(15.18) (1-d*) ’}\é < % + g < (1+d') ‘,\é .

From this follows
P-lp-r) ) Ag+ (np-1) s
$p-(np-r) (1=dn) Ag+ (mp-1r)§.
Since from (15,10)

(15.15) ’L-P - (nF -r) Al

1t 1s natural to use this for finding the computedwmlue of fofrom the

(15.14)

computed value of Al’ Of course making this computation itself in-

volves an error so that if /4,' is the computed value of pve have

(15.15) : ’\4.' -p-(nf~r))\é~; §
where ,
(15.17) § < ndt

Then, substituting in (15,14},
Prp-p 5 s« mp-nfgp
sP- - +f) ) + (mp-

) @)+ Lnp-n) § -par - (sa)f T 5

jS"_l (1—d') + [(nfn r)§+Pd' - (l—dl)f]
Rearranging and dividing by’a.' |

or
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1+d'+[(_d'*nt)_fpa+—r§-(.1+dv)§]5 -/%-r
(15.18) ' r '
<1l-a + [(ar +n§) .,&_-4- :E_g;‘(‘l‘d)ﬁ_]

Remembering (15.11) and (15 17) we may write

].--(d'+2n2 o) %4.(1'- r2nd!'+(1+d') nd ' a4

f‘" 'P'
.2 P ren '+ (1+4d") n o
1+ (d'+ 2n" M -dr +
< (4 )/‘“' /A‘l
Since r £ 1 and d' < 1 we may also write
!
1—(d'+2n2¢f')—,%-—*d"4 B s A
(15.19) 9 ) nd !
$1+ (a*+2n" d") —,‘B,,-T'd'*‘*—l;;-r— .

In general it may be expected that the dominating term in this
expression for the accuracy of /,‘,' will be L , and it is for this
reason that we suggested the desirability of keeping as small as possible.

To sum up, if we let

(;5.20) dw = (d' + 2n2 Jd') ../%.'. + 4 L/{__.'_:. - d
‘we have A
(15.21) (1-d%) po ' € pus (1+dx) o'

From a statistiéal analysis which will be discussed in a later report, we
may draw some conclusions about the probable size of -f%,— . In this
analysis it is assumed that ¥ is a matrix about which we know pnly that
its elements have the same normal distribution. Under this assumption it
is shown that if A = M#M, then at least for large n, the probable ;‘atio of
the largest to the smallest proper value is about nz. This ratio can also

" be used in -the case when the matrix is not given at random but arises from

the attempt to solve
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approximately an elliptic partial differential equation by replacing it by
n linear equations. In view of (15.20) it is therefore reasonable to expect
that d' must be in general of the order 1/52 .

By this computation we shall find either that the smallest proper
valué is safely away from zero and that we may proceed to find the inverse
or that the smallest proper'value is not greater than a certain positive
number € so that within the given accuracy we can not decide whether or
not the matrix has an inverse. In this latter case it is impossible to
proceed fyrther.

If we have decided that we wish ,J.to be greater than £ , we see from
(15.19) that a sufficient condition for concluding this to be the case is
(15.22) L) g +2n° §1) + 4n &1
If this inequality is satisfied we are certain that A 18 positive definite
and only in this case would we proceed to find the inverse,

It may be pointed out that it is not necessary to know the highest
proper value with great accuracy because changing P by a few percent does
not affect (15.22) appreciably. On the other hand it is clear that con-

siderably greater accuracy is required in the computation of Iio .

16, Theoretical Determination of the Ihverse Matrix. One method

which has been suggested for finding the inverse of a matrix (Hotelling,
loc, cit.) is an iterative procedure; If A is a positive definite sym-
metric matrix of bound less than one, this iterative scheme may be de-
fined in the following way:

Fo =1

(16.1)
Fk"‘l - Fk (2‘AFk)o

In order to discuss convergence and to show that Fy approaches Aﬁl let
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Co = A

Cl‘c = AFk .
Then

Gk+1 = Ck (2-Ck)
and hence 2

1Cpey ™ (1—ck) |
so that 4 k

2
= (1-A
| 10, (1-A)
Taking bounds we see that
2K 2
= - = (1= v
‘l_ckl |2-4] (-p)
where ,u..ia the emallest proper value of A. Iff+> o , then 1-C, must
converge to O and the rate of convergence is given by the above equation,
From the definitions
: k
-1 e - 27t an)®
L AR o A (1-c,) (1-4)

2k

(1-pr)
[

1 with a rate of convergence given by

Hence
-1 -
‘A -F,, ]

and we see that F, approaches A

k

this equation.

It should be noticed that for the definition of this procedure it

is unnecessary to know the largest and smallest proper values. It can also *

be shown (Hotelling, loc, cit.) that estimates of the error involved may

sometimes be made without knowledge of the minimum proper value.

-1
We show that when Cy approaches 1, F,_ approaches A ~ and for this purpose

we proceed as follows:

\ -1 a1 _ -1
(16.1a) At-r c " =F (T (1, )]

Hence
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-1 -1 .Yy . _ -1
27 = B {0 (e 1) - R (0 [1 - (1))
At any stage of the iterative process this formula can be used to estimate
-1
A< k * Taking bounds 1 ll’ck ‘
| - 1, |

and replacing bounds on the right by norms
N(1-C, )

[a- kl < NF)
1-N(1-C)

" For this inequality we assume that not only the bound but also the norm of

l-Ck is less than 1, This will certainly be'true for sufficiently large k

if Ck converges to 1 and it is advantageous to use norms because they are

readily computed, '

If fhe minimum proper value is unknown in advance then it will be
unknown whether or not Ck converges to one. In case it converges it will
- also be unknown how rapidly it converges and it will be unknown in advance
how big Fés will become, Tﬁerefore it will not be known in advance how
many digits must'be used.,

If the minimum proper value is known invadvance then it will be
known whether or not A~l exists. Furthermore a knowledge of the minimum
proper value can be used to speed the convergence as we shall point out,
'This can be done by modifying the iterative proceeﬁ.

In considering the preceding method in general terms we notice a)
that Cy47 18 a quadratic function °£‘ck b) that the maximum proper value of
Ck'is at most one, The question arises as to whether there might not be a
quadratic function satisfylng these conditions and at'the same time making
the minimum proper value increase more rapidly. This quadratic function must

be such that it also defines Fk+1 in terms of Fk which means that it should

be of the form
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(16.2) Cy (X -ﬁkck) .
If we consider the function
(16.5) Y- x(¢- fx) = £(x)

we must require

(16.4) if0< x €1, thenxgysl,

1 nothing is known about the smallest proper value, However, if the
minimal proper value is equal to ,l.< 1, then we must require
(16.5) S ifpc x £ 1, ‘then p4< ¥ 3 1.

In the first case, that is the case where nothing is known about
the smallest propef value, we ses that f(x) must be monotonically in-
creasing from O to 1, as x increases from O to 1, Among functions of
this kind the function £(x) = x (2-x) is the best choice, It increases
the minimal proper value most rapidly, that is for this fuI,‘lction, at
every point in the open interval O to 1, f(x)-x is greater than the
corresponding increase for any other function compatible with the con-
ditions, as 1s easily verified, This coincides with the choice (16.1)
of the iterative process already described.

In the second case, that is the case where /(_ is known, a more
advantageous choice can be made as we will now indicate., The best choice
in this case would be the one in which the minimum of f£(x) in the interval
/LS x < 1 is highest, By means of an elementary discussion it can be
shown that this function must be symmetric about the midpoint of the in-
terval ( ,u. s 1) whére it reaches its maximum value one., From this it

follows that fl is of the form

(16.6) £f(x) = {‘,‘_—"—\? (1~ :*f"'
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Then the minimum value of f in the intervallu,f x < 1lis

£(p) =1 (@) = -34t232
' 2
e () = (B)

Using the function (16,6) the iterative procedure is defined as follows:

/u.k+1 'S

2
1+,k

(1647)
We also notice that

(16.9)
Foip = (1- iTFk—

F =1
. o
It Ck - AFk, we have .
: C =A
°
(16.10)
e Ck
Oea = (1= =)
H s
and hence :
1 2Ck 2
(16.11) 1- Ck+1 “« (1~ F—Fk‘")
With this method the smallest proper value of Ck is /A,kvand therefore
) wia) |
16. - - - =
(16.12 ) '1 Ck+ll T e
k

When /‘Lk is small we see from (16.9) that one of the iterative steps

multiplies it approximately by 4 and when fbk is near 1 we see from
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(16.12) that, approximately, 1- /.Lbl = 1/4 (1-A )%, 1In the previous

case when,&k was near zero it was approximately multiplied by two irn

each step, and when/uk was near one, l- ,1k+1 (1- )
Consequently we see that in the second method/.c.k increases more

rapidly than it did in the first method. As an illustration of the com—

parative speeds we give here two numerical examples. In both cases we

assume we want an accuracy of 1 per thousand in the inverse matrix which

~implies for the two cases different bounds for l—ck.

Number of Steps

[ 1-C l Number of Steps

- k for Method I for Method II
.01 1070 1 6
.0001 1077 18 .10

Although the second method looks more favorable it must not be for-

gotten f.hat in order to obtain rbseveral matrix multiplications are neces-
sary. It sﬁould, however, also be remembered that each step in the in-
version procedure requires two matrix multiplications, as compared to only
one multiplication in every step for the procedure for obtaining an ex-

treme proper value. Also in the later stages of the inversion process it

In the examples above there is a

is necessary to carry more digits.

saving of 10 matrix multiplications in the first case and 16 matrix

- multiplications in the second case when method II is used instead of

method I, Below we shall point out that a knowledge of the maximum

proper value saves considerable labor either by method I or method II,
and therefore in either case it is certainly advisable to compute the

maximum proper value., When we compute the minimum proper value and use

method II, there may be a small percentage of extra labor as compared

with method I, but we must remember that it gives us more information.
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A knowledge of the maximum proper value saves labor in the com—

putation of the inverse, because with this knowledge we may normalize the

matrix so that the maximum proper value is about one, This increases the

minimum proper value by a corresponding amount and, accordingly, fewer
steps are required, since we have seen in both methods that the rate of

convergence depends on the size of the minimum proper value,

17. Numegigg%_Comggﬁation of the Inverse. In applying the theo-

R . e

retical discussion of the preceding section, certain slight modifications
are necessary in order to take into account the occurrence of round off
errors. We now proceed to rigorously describe method II, thus suitably
modified for computationf One important.consideration is that round off
errors must be prevented from accumulating so that the bound of the com-

puted Ck becomes greater than one, We must also keép in mind that while

we cannot expect to know the minimum of Ck precisely, we must be sure

that some definite lower bound for this minimum incréases as rapidly as
possible toward one, .

We also point out that we no longer attempt to devise a process
in which all numbers occuring are between -1 and +1 , although it would
be possible to do so by fairly simple changes in the following procedure,
We aéeume that a fixed number p of digits occur at the'right of the
decimal point,

We assume that A is a symmetric matrix. We also assume that the
maximum and minimum proper values have been determined within certain

specific limits of error. In what follows it is only necessary to know

numbers Iu,* and )* such that if l,(. and Aare the smallest and largest
proper values of A then ‘ )

0 <:/‘4t < lu_ , J\ s )r* < 1.

s e e e g

—— Am——— —— | T | e
e et et
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For the reasons mentioned in the preceding section we wish to normalize A
so that the maximum proper value is less than one but as near one as pos—
sible, Choose a number ko such that 1f & " is the round off error in a

single multiplication or division, then

A *
(17.1
) Ao T TTo g

We next divide A by ) o + Remembering round off errors this leads to a
matrix

¢

(17.2) A - ji_ + X
where °
(17.3) IxY < n &
Then

+n3"§1'

TN
and for the minimum proper value we obtain the following estimate

(17.4) Min A 2 5“:'__ ~nd" =€

(¢

o

We assume explicitly that &o > 0.

| We proceed to describe in detail the method for computing the
inverse of A, . Ve change the procedure described in (16.9) by in-
serting a safety factor o, which 1s slightly less than one and by re-=
placing Px by a certain lower bouﬁd £ k for /4'\: « The relationAbetween
& e o0d &ki 18 not the same as that given in (16,9) for the relation

between Pki-l and /.pk but must be changed accordingly. The procedure
thus becomes

F =1
o

4°‘ka AOFk
Fk*l - 1+ £ h 1+& )
k k

(17.5)
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with constants p(k and & , to be determined later. The actual computed

matrices are denoted by Fl'c and we have

o
(17.6) A
Aokl L
. 1 k Fk - o Fk +
Flyyy % e Ry
k k
where Rk is the error matrix. We have also, if Cl'c = AoFl'c s that
(17.7) oy - ___u__.(l- _1;__)+ " .
1+ ¢ 1+ &
k k
The numbers o(-k and ek will be so chosen that
0 < Qﬂk < 1
(17.8)
0 <« 81( < 1 -
We wish to make this choice in such a way that
lC'k, < 1
(17.9) e
Min Cl'c > " .

From the definition of CL » we see that

(17.10) el < 13 |- Loy ] -

Hence if we can control‘ ¢y |we will also be able to control I'FI’C "

Since 4 " is the round off error in a single multiplication

1+ E.k

. 4
(17.11) Rk < n{.—__k_. [n (n+1)8n{Fl':'+n SN]*J!'}

80 that except for negligible terms

T e m———————— S~
——————— ——
e . -t
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‘ -4
(17.12) le’s .]_...;_lé_ nS ‘Fl'{ I Sn

If we wish to estimate errors statistically, this absolute bound could

5 2
be lowered, essentially by replacing n” by n .
Let

(17.18) Py 2 ‘Rk l

and recall that

Eo < minA -minC' o

We also assume Pk < E-o « It is clear that (17.9) is satisfied when

th
k = 0 , and we assume now that we have reached the k' level with (17.9)

satisfied. We shall prove it at level k+1 by induction.
If 'a‘ 'k 4 are the proper values of Ck , in a suitable order,then
' 1
4 “ka i

(17.14) 3’1:':*'1,1 - — Q_k, (1- 1+2 ) 72kifk

where

M uls -

Now consider the funtion

4 . x
P 4
(17.15) f(x) - ; (1 - . E ) .
1+ " 1 "
We see that
| 4oC, £y
(17.16) flo) =0 , £( & )= £Q) = ———-
1+ € a+&y
and also that the maximum occurs at x = p k and is
« 1+'8 K
(17.17) foax ™ k when x = >

Clearly for ek < x < 1 we have
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4. €
(17.18) ‘ f(x) > —K_k_ |
1+t )
k
By the hypothesis of the induction '
€ SYgy s 2

and this implies

- 4k, € '

(17.19) ——— "-fk SYh,s SEe Py o
(1+e)
We now choose
(17.20) C «, =1 P
and | ' o( .
4
-1 €
(17.21) . €, - k-1 = "fk-l‘
‘ (1+8&, )

Then
(17.22) [6fy]s 2, andmtncy 28, .

From this it follows from (17,10) that
. 2y
(17.28) [F{‘ ‘f ’Ao l,
It may be desirable in some cases to let rk be variable but it may also

be desirable in many cases to choose F K as constant and in fact as follows:

(17.24) e - f;k' - wXW/g ) 3.
We see that
4 4 K
€1 2 Gee )2 A-pl)-pz e ) -2F
(17.25) l'£k+l < (.:.L_:__E_k.. +2[).
1+€, L

We shall now see that in the process we have described, € K Bets
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to get nearer to 1 t_.han a certain very small positive quantity. We shall
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Of course the existence of round off errors makes it impossible

first prove that some Sk must be greater than 1/10. If on the contrary

€ i Yere never greater than 1/10 the following formulas would always be

true

Exna = (-1—‘{)‘2'

We can then see by induction that’

f 2 ((11)><£ ]

(17.26)

> (5.8 (&~

Since it has been assumed that f < 8

k -ZF.

gy

(1 1)

z5p) -

(1.1)

this formula shows that for

sufficiently large k, 3 must get large, in particular it must get

larger than 1/10.

Hence we have been led to a contradiction by assuming

that & i 18 always less t.han or equal to 1/10 , and we have therefore

established that some Ek > 1/10 .

We now assume further that

(17.27) 29 < .0

which would appear to be a very ‘modest restriction. From (17.25) we see
> o7 and £

that once any Ck, is > .1, then

- Beginning at this point we have the following inequality for all

subsequent k

€y

3, 8k'+2

1-¢ %_}_(1-8 ¥ +2p0.
S K .

This shows that € e is monotonic increasing as long as

that is (a ;f.‘ort._iori) as long as

k'+5

> .95
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1-€ l-ek

1-.95 kK -
Ps(l— 5 —3 2:6.3,or€k§ 1- 203 p

and this gives us a good estimate of how near 1 we may approach,

Let us return to the step ‘by step process we described above., If
2p 107%, then & ,,,,> 1-.0026 and it 2p < 107(4*7) then at a fifth step

1-10"°

&

>
k'+5
1 - 10 (44r)

whichever is smaller. If F is sufficiently small then, depending on P ’

one more step would probably give £ K146 > 1--10“9 .

To sum up, we have seen that the process is sure to increase £ X

above 1/10, and then for sufficiently smallf that in six more steps &€ "

is increased beyond 1—10-9.

The number of steps r_equired to increase £ " from 10™2 to 10"1 is

about log 4 loa-l.

This completes our discussion.of method II as modified for computation.
Method I could easily be modified to be suitable for computation in a similar
way. Without giving all details we may remark that the iterative formulas
would be

F =1
o

(17.28)
Fiap = O\ Ty (2 - AF)

or if the maximum proper value has been estimated (Cf. 17.)

Fk +

1 .ackrk (2 - AoFk) .
Here again we must assume that lA'< 1.

Again the number o , will have to be chosen as a real number slightly

k
less than 1. Since in this case we will know nothing about the bound of Agl
the numbers O , will have to be variable and be chosen at each step either

by using the norm of F, as an estimate for the bound, or by noticing that
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k
- B LY A
The last remark is true because from (17.28) the bound of Fk+1 is less

than twice the bouna of Flc .

18, Computation of (M1“1)-1 « The matrix A was obtained by the

following steps: '

Belgh +X+n°d o1

t - ¥(B)
- £ + S

A T'B

where 5) = 7T + 2, |5, | < nd

1’ 1

Then a matrix 4 was computed as follows:
= L » < n
T TR |7 -1“5 .
and we obtained an approximate value F, for A, .

Therefore 1 F, is an approximate value for A -1 sand » r T}
A, K TA,

v L
approximate value for (Ililll)-l . R |
Hence we have the following p rocedure?
First step: Compute
(18.1) 6 .t‘l;\o + ’zl (7 1 18 the round off error)
Second Step: Multiply Fy by 6 which leads to a matrix
(18.2) F" = c’rft + Yt

. -1 :
We now have to estimate the difference between F" and (lqlll) » and we

use the following inequality:

_ - A |
- o il b
-1 -1
e i - oy
o
In order to estimate (18.1) notice that

(18,8)

has been computed before.

1
Ao
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Moreover, the computation of %introduces an additional error 4" so that

the computation of E—E— introduces an error of at most ( Al +2)g" ,
o

o
that is

(18.4) | ‘ "Q l( ( + 2)54"

If F* is computed to the same number of significant digits as F}'c the

error in one multiplication is smaller than
r n
| (w55 + )
and hence
(18.5) ] < nd'*( + 1)
, -1 ,
Assume, next, ‘Fi - A l skso that
. -] r
o [543 I %
To estimate the last term in the inequality (18.3), observe that for any

two matrices Wl, Wz, we have

18.6) - , -1 ,wl . ol . -1
(18.6) Wy -cwa Wy (W, - W) W,
and hence
-1 -1 -4 -
18.7 - ‘ - ‘
(8.7 It -2t < W oy -
Observe also that
(18.8) A = mbe X = L (Ipss)ex = oF Be 1 4y
: o A, 1T A,'T 17T TaA 2, 1
(L X2 e R ey e T v,
73 5 o’ A, 1 ‘FXO i ’
where 2‘(' sl
L= -—--— ( X +n 1) + e +
TA : Ao xl
Hence: 2

2n¢f 2n J‘
lL‘ < 2n J. FX—— —-—r—— + nJ" - ?_x____ (1-0- ...) + nJN
From (18.8) it follows that TA min (u-iml)‘ > Ao - lL\ .
[ :
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Since for a positive definite matrix U, \U-l‘ # oo , We have
min U
\(M M )-ll < r 1 — I -1 1-
il TA, min A - [¥ TA l ° ' 1-‘Ab1||L|
Hence 1 .
\1'; : Ay - () '
rA _ TR |
5\( ro Ao)l‘ \(Miml) ‘\ ro lu‘o“lqml\
(18.9) | 2 o
s (Fbt) — e lal
Yo e (Y
a1% il |
R 5 \Al‘ L
o " ° 1 - a2 el
Combining (18. 4), (18.6), (18.9), we find
\En - (Mi“l)—l‘
TA ay? il }
r 0 "
e (e Do sl

For all practical purposes we may neglect the first term in the paren-

: R

: 2n° o

thesis (18.10) and we may replace \Ll by Erjr——ias . Sincer <1,
o

we finally have

2
\E'n (MM )'ll § : \A;1| 2n2<f o
- < +
0 1- .20
' TA
To the same degree of accuracy:

1|

(o]

- = lA-ll

hence
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¢ . 2P| =id
TA, - ? . e 0Y 2 d

r
We turn now to the computation of lli'lﬂ Starting from the formula

| (18.,11) - |F- - (uiul)'l] <

(uiul) ]q l!l s the last step is the multiplication of F® by lti ’
which leads to a matrix

(18.12) Q= F"'lq + 12

20 that Q.—an-xz,arnq-u'l'l-q—rﬂut+(rné(ll§u1)"1) 1y
that 1s \ N |

(18.15) ’Q - K{ll < lxz' + |;n - (“1“1)-1‘ » !“Il

where an estimate for ‘r- - ,(”I"ﬁ-ll is given by (18.11) . If the
multiplication in (18.12) 1s carried out to the same number of signi-

ficant figures as the computation of F! we find

k
|%, | (t_’; +1) nfdn, since ¥t |z 1,
8o that, with sufficient accuracy, °
(18.14) lQ - u{l, < f . lrll 22 on*d o
7, v 2 a7 ano
‘ Sk
R d

T A
o
In this formula we may insert any estimate for [A™% , » that is it
holds for both methods of inversion which have been discussed, but the
greater the accuracy with which this is knom, the better the estimate
(18.14) becomes, Making use of the knowledge of the highest and lowest
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Proper values we can replace ‘A-ll by ,.~ 7 Where ) is a lower

bound for the 1owest proper value of A, which leads to

1 2n2 Jo ‘;2 In

(18.15) \Q-Mllf ‘F%—;+ nzd“v ’ TA,
R * 1‘2"‘#?‘0
/.p* ( )

If /u.* has not been computed, we have to rely on estimates based on the

equation (16.1a). These, in general, will be less favorable and might
lead to the sacrifice of a factor of order about nz.

In (18.15) the third term on the right is negligible, but the
first two termé are of comparable size as will now be shown. From re-
marks already made it is reasonable to expect /&* to be of order l/ns
while 7° might be assumed to be of order 1. The second term on the right
of (18.15) therefore has order .

(18.16) n 4
This shows why it is necessary to choose 3 o as small as possible.

We examine next the g;robable order of magnitude of the first |

term on the right of (18.15). From (17.25) we see that 1-A Fy cannot

be made smaller than 2 P where
p - dr

Thus we are forced to assume thatg gas order equal to

ns 6 "

€,
because lA l has order (l/e ). The order of E. is 1/n and the order
of A is 1/n 50 the order of the first term on the right of (18.15) 18
(18.1'7) | 8n’d n

From (18.16) and (18.17) we can \estlimate the probahle number of

decimal places which must be carried to get any desired accuracy,
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remembering that for a more accurate estimate in any particular case we
nust return to (18.15).. To evaluate these errors correctly it must be

remembered that they are absolute errors and that lui lmay be expected

to be order n5/ .
So far we have spoken only of round off errors and have assumed

the matrix M to be given exactly. In any practical case the matrix
elements are given only to a certain number of significant digits which
means that they are given with a certain small error. We now add a
few remarks about the accuracy with which the inverse is rigofously

defined undqr these c¢ircumstances,

Let the theoretical value of the matrix be L and let the
matrix actually given be M, + Ho If every element of H is at most 3 in

’

absolute value then
[2] s am .

(If the matrix elements of H can be assumed to be statistically dis-
tributed then [H | may be assumed of the order nl/2 n .

Now

i+ = (1)
g+ e el m7ag?
ll;l - (Hl + H).l . (M-i. H) (1 + lﬁ-l H)-l u]-_l
~1]2
!'l-( s < bl =]
R ey e Ty

provided that || m|< 1,
If it is required to have the difference (18,18) small compared

to lulllthen C |”;11l5"
- [3flx]
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must be emall compared to one, or what is equivalent
-1
Pl N B
must be small compared to one., It has been observed that uil may be
5/2

7

expected bo be of order n/Z. Hence the order of|u | | H[will ve n

80 that"l must be small compared to n-s/ 2. If the statistical assump-

tion on H is made then )z must be small compared to n?,
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<

19, Summary. In this section we summarize the procedure to be
used for the numerical computation of A, the extreme proper values of
A, and the inverses of A and M. It may be convenient to use different
accuraclies in these various operations and our notation is as follows;

éo = rouhd off error in computing A
6 = round off error in conpuﬁation of thé largest proper value
§ ' = round off error in computation of smallest proper value
§ " = round off error in computation of A™>
We assume
. &
a) Calculation of A"

The elements of the matrix M are given to a certain number of
significant figures. and 4 o 18 the maximum round off error in multi-
Plying two numbers of absolute values less than one. If b is the base

of the number system and P, is the number of digits to the right of the

decimal (binary) point then ‘ -p
- 4 =@/)b °

Let(S be the maximum absolute value of the elements mi j and choose h such

that | bh/',< (1/n) (1-n2(n+1)Jo)1/2
Ay (/) (1-n¥(ns1)d )2/

Then

(19.1) | u, = b

1
. is formed without error. The next step 18 to calculate

2
.(19.2)‘ A=r7p l‘illl i Jo
v o + 0°d)

Here and elsewhere we do not attempt to indicate round off errors, As




has already been remarked it may be desirable to choose 30 considerably

smaller than J . Tﬁe numbers r, n, and J are 'required to satisfy
9 r < 1-4n5 6

(19.55 | n"’Jg 1/50
n >3

b) Calculation of Maximum Proper value of A,

The following inductive procedure is to be followed:

B! = A )
(19.4) ° 2
. By y
t(B1%))
Let
: 2
(19.5) o = tay)
and compute
1 1 1
: (19.6) (l'( -Elogbn]'. '.'Zlogbné + ooooooo"-zr—logbnl'{ .

 Then to guarantee that
(19.7) lrl'c --logb rAl<d

to a high degree of accuracy, we have only to require that

(1/2%) 10g, (n/r) < 3/2¢

(19.8) -
afr a3 + B2 ko, oK (224 40@%)] <5

where the symbols involved are defined as follows®

¢ =logb o* = M)_._
-3
(19.9) '3' - 2n25/r '

x-l.ss nS/ZJ a-nzd*fnﬁ'

8l

When (19.8) and (19.7) are true then to a high degree of accuracy we will
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have that the largest proper value A and the computed largest proper value 2'
satisfy ’
(19.10) (I-A' <A< (M) A
assuming that A' is computed from @* } @8 indicated in (19.7).

¢) Calculation of the minimum proper value of A.

Let |
(19.11) p = min [1-2n d, A' (1+a)]
and compute |
(19.12) H -P°1-A
and
(19.13) gr =~ FH_
t(H)
If ')\ is the maximum proper value of G and /U- the minimum proper value °f
A then :
(19.14) Ay - (alng

‘np-r
To estimate the error, let fu be the minimum proper value of A and let,/p'

be the computed value of [& + Let dt be the accuracy with which the

maximum proper value of G has been computed and let

(19.15) a* = (dr + 2n° & 1) (P/pet) + 4th/lu,: -aq*
Then
(19.18) (1.4*)/,,_'- 5/,,,5 (1+d*)/u,'

d) Calculation of A™2,
Let I‘i and A be the smallest and largest proper values of A and

let IA,* and A * be numbers such that
O<pr spos A= A* 5 L

> A*
B l1-nd*

Choose /'l o such that’

(o)



Calculate

(19.17) A =

so that B
min A 2 -2&-— -n;"-go.

‘ o
We assume Eo > Qe

We carry out an inductive process described as follows?
F'=1
)
(19.18) '
4“-1‘ Fl-" A F

k
Fi - 1- ..o_.._....
Bl 1+g, ( 1+€, )

where € ° has already been defined and e K’ and a(k will now be defined
in such a way that 0 < Ek <l, O <a(k < 1. We wish to choosep,

2 lel and for this we may choose [Ok to satisfy

(19.19) Pk > an{4[n(n+1)lF}'cl +n]+l}
Then let

®y =1-pPy
(19.20) ' '
4%y €yl
£ x s 2 Lr-1
1+ &,,)
In many cases it may be desirable to let P K be constant and in fact
(19.21) P =f- > d /¢ .
Then |
4€
€1 2 — -2 £
(1+e)°

1-¢g, \°
18.22) 1-€. _ % L3 T
s £

1+ek
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vhich 1s a way of testing how near we are to a solution. We see also that

éince l1-¢ " is the known estimate for , 1l - AoFI'c )we can not expect to make

°d
8n "
this last quantity smaller than 2 F - —
€ °
Let
: -1
(19.23) g 2 b el

We may choose

(19.24) = ——y—
e o
Then if ¢t =t (MM, + n* Jol)
2, 2fn
(19.25) ‘ Q-lel < __i___ + 2n J Q +0 d
7:2 0 an o z) [o]

2
/4,*2; (1-2 /"*t’ ,
As a rough probable estimate we may say that the right hand side of (19.25) is
at most |
(19.26) W d_ v endd
and this will show approximately how many decimal places must be carried
in general, To get exact information in any speciél case we must use (19.25).‘

In case we use the method of inversion in which we do not have in-

formation about the proper values, then the estimate (19425) must be re-
placed by the formula (18.14) and in this case the result will not be

as favorable as (19.26),

0. Examples. We 1ist here some examples as an illustration of
‘what may be expected to happen in inverting a matrix, We choose i = 20 and

M = 50, and for each of these values of n, we choose two different values



of A/?» ’ namely‘n2 and 10n2. As has already been remarked it is
reasonable to suppose that A/,a. is of the order n2. We assume that

/u.' is 1/n in every case so thai the bound of\)ql is ns/ 2 and 101/ 2n5/ ?

in the respective cases., The accuracy chosen for the inverse ig 1 in
1000 gompared to ‘this bound., Without great expense this accuracy can be
increased, for example if an accuracy of 1 in 105 is desired it is only
necessary to take two moredecimals and'at most one more step in the
process of finding the inverse, The results are displayed in the

table on the following page.
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Examples for Inverting Matrices

M R0 20 - 50 50
/g 1/20 1/20 1/50 1/50
)Vé‘ 400 4000 2500 25000
No. of deci-
mals for A 12 14 15 17
LARGEST | Accuracy 1:10° 1:10 1:10 1:10
PROPER Steps 6 6 , 7 Vi
VALUE Decimals 8 8 9 9
LOWEST Accuracy 4:100 4:100 3:100 3.100
PROPER Steps 16 . 1€ R0 23
VALUE Decimals 1 12 13 14
Accuracy 1in '
lareest proper 1:10000 1:100,000 1:100, 000 1:1,000,000
value of G '
reonired,
Decimals 13 14 15 17
INVERSE Steps 8 10 10 12
Relative
accuracy 1:1000 1:1000 1:1000 1:1000

Total symmetric matrix
multinlications 38 45 47 54

. Total matrix multi-
plications 2 2 2 2

’(jg;}éy

o








