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LOGICAL CALCULUS

by
PAUI, BRRNAYS

l. Introduction of the logical symbols

The purpose of these lectures is first to introduce the usual ele-
mentary logical calculus and at the same time to make the first steps sowards
the exposition of some general logical theorems, the precise statement of
which refers to this calculus.

These theorems are obtained by the meta-mathematical method which in
the domain of theoretical logic has been more successful than in the prosesu-
tion of the aim for which it was intended by Hilbert.

By speaking of the usual elementary logical calculus I mean the eal-
culus which was at first established in somewhat different ways by Frege,

Peano, Schroeder, Russell-Whitehead. In the elementary part, which we shall

be considering, the different sorts of the calculus ocome out nearly the same,
so that there results a formalism which is independent of the initial conven=
tions and which is delimited, from the mathematieal point of view, in a rather
natural way.

Another naturally delimited portion of logic is the combinatorial

logic whose investigation was begun by Vr. Schdnfinkel, continued and brought

to a certain conclusion by H. 3. Curry, end which has now developed by the re-

searches of Professor Church, together with Mr. Rosser and lMr., ¥leene, to a

general theory of constructive functionality.
The calculus on whiech I have to speak is adapted to the axiomatie
treatment of theories now applied in almost all domains of theoretical researeh,

especially in mathematics,
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So a natural way of introducing this calculus will be to start with
an example of an axiomatic theory, and to examine how the symbolic treatment
gan be made,= first of all with regard to the symbolic representation of propo-
sitionse.
Let us consider the theory of groupss We have here

l, & domain of individuals, the "elements" of the group. The ref-

erence to this domain is formally given by a kind of variables
@, [7; fry M

With the Iconcept of element the notion of identity is immediately connected.
This notion generally is regarded as belonging to the logic and therefore not
to be specific to the axiomatic system. To denote the identity we use the
ordinary mathematical symbol of equality =. (We do not distinguish between
"identity" and "equality".)

2+ le have an operation of compounding two elements "a b". This has

the character of a binary mathematical function, that is, a function which with

each ordered pair of elements associates again an element. The properties of
this funetion are expressed by the following axioms:
1) a(be) = (ab)e (law of associativity).

{"To each a and b there is an x such that ax=0G6"
2)( To each a and b there is an x such that xa= b

Te formulate this, we need a symbol for existence: (Ex). Using this symbol,

we have: (Ex)(aX=(7),, (Ex)(xa=b).

Let us consider here the role of the variables. In the formula
a(bc)= (ab)cC
we express, by means of the variables, the generality; the formula is to be

understood in such a way that arbitrary elements can be taken for a, b, c.
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The variable connected with the symbol E of existence has quite an=-
other character. It is only required to denote the places on which the
existential=symbol operates Its role corresponds to that of a summation-
index or an integration variable. Such a variable of the character of an

integration-variable shall be called a bound variable.

And to make the reading of logical formulas easier, we shall denote
bound variables by other letters than free variables.

It seems very unsymmetrical that generality shall be expressed by
free variablés, existence by means of bound variables. Indeed that is not
true: there is not always the possibility of expressing the generality by
free variables, but only in the case that the generality is extended over a

whole formula. That will be clear at once by taking an instance,

The formula
(E x)(ax =a)
expresses that to every element @ there exists an X such that a compounded
with x gives again e. This statement is contained, as a special case, in
the assertion of the axiom
(Ex)(ax=6)
But there is a stronger statement (which, as we shall see later on,

holds also), namely that there exists an X such that for every a the composi=':

tion of a with X gives again a.

The difference between the two statements is that in the first the
element x may depend on a ; whe;eaS'in the second it is required that the ele-
ment )( is the same for all a.

To express the second statement by a formula, we must apply a symbol

of generality with a bound variable, In analogy to the symbol (Ex) one might

take for the generality the symbol (Ax), but it has become usual to write sim-
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ply (x).

In the present case we have still to observe that the bound variable
belonging to the symbol of generality must be distinguished from the variable
belonging to the existence-symbol, So we come to a formula

(E X)(Zr) (%‘:‘3)

(As is seen in this case, the process of binding a free variable
by a sign of generality generally changes the meaning of a formally expressed
proposition. Thus the formula

(Ex) x=2)
expresses the fact that to an element a there exists always an x equal bo it
(namely the element & itself), But the formula
(Ex) (ptx=9)
expresses the statement that there is an X that is equal to all 3r, which
holds only in the case that the group contains but one element.)
It may be remarked that for the use of the bound variables we have
quite the same conventions as in the mathematics for the integration-variables:
1) Bach bound variable has a scope over which it is extended. (This scope is
generally denoted by brackets.)

2) It shall be avoided that in the écopo of a bound variable w there occurs the
gyrhal (w) or (Ew).

3) A bound variable can be replaced throughout its scope by another bound vari-
able (under the restriction 2))q

I wrote w to denote an’arbitrary bound variable. This is a sign
whish doesn't belong to the formalixm itselfs To distinguish such letters,
which denote expressions of our formalism, from the variables of the formalism,

I shall write them as Roman letters, whereas the variables shall be italics.~=
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The formalization of our system of axioms suggests the following re-
mark: Instead of the binary mathematical function G{,A we can introduce a
ternary predicate:
"e. compound with b gives Cc ",
for which we may introduce the symbol [ (&,Fb, )
(The term "predicate" shall be used in the following to signify not

only properties of one thing, but also relations between 4wo or more things.

We are speaking of "uninary", "binary", "ternary", e.., predicates. A predi-
cate defines a logical function,- that is, a function with the values "true"

or "false", So for instance M(a,b,¢)  defines the logical function of

three arguments a,lr,¢ (ranging over our domain of elements), which has
the value "true" or "false" according as (a,b,¢) nolds or not. )

The question now is how to translate the conditions for the function
al  into axioms for -F(a,b,C)' We must first express that € is
dniquely determined by a and k. This statement can be divided into two
parts:

"To each @,b there exists an X such that Fla,b,x)
which is- expressed by the formula

(Ex) f'(aﬂh")

"3t [F(&ayb,¢) and 08,080 bhen W
To express this formally, we introduce the symbol —> for "if -- then",
("Implication"), and the symbol & for "end" ("Conjunction"). With
these symbols the last condition is expressed by the formula

[(a,b,¢) & T(a,b,d) — c=d.

(To spare brackets we agree that the implication-symbol gives a stronger sep-

aration of expressions than the conjunction-symbol, provided that no brackets

are applied,)
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Now our former axioms for w@' must be transformed into axioms for
(&b, ¢ s
The existential axioms give immediately

(Ex) T(a%b), (E.x) (x5, b)

The translation of the law of associativity is a little more complicated; we
get : " J
(Fo,c,) & T b)) & M(d,0— T2 )

We may observe here that by introduecing the predicate r(a>l’>c) instead
of the function a/?r we are obliged to add two axioms. These axioms express
the necessary and sufficient condition for solving the relation r(a-’(” C)
for (¢ by an equation C= aﬂ—
(They may be denoted as the "uniqueness axioms" for [ (a, (J,C) in rela-
%ion to C )

Let us briefly consider still another simple system of axioms: the
axioms for guantities. Here we have again a sort of composition; we denote
it by *.

The axioms for it are:

a+ b= b+ (law of commutativity),
a+ (6= C) = (a+ L) +¢C (law of associativi‘by))
a+b #a,

and still one axiom expressing the possibility of subtracting the one of two
different quantities from the other. To formalize this last axiom we need
a symbol for disjunction: v ("or"); it shall correspond to the meaning that

at least one of two possibilities holds, Then our axiom is:

a%l — (Ex)a+x=6) v (Ex)(b+x=0a),
(e agree again that the implication-symbol gives a stronger separation than

the disjunction-symbol).
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The symbol % is here regarded as giving an abbreviated expression for

the negation of an equality. As the gemeral symbol for the negation we take the

bar extended over the expression to be negated, using at once the following con-
ventions:

a = b may be replaced by a # b,

Tw)B(w) may be replaced by (w)B(w),

TEw)B(w) mey be replaced by (Ew)B(w).

(B(w) denotes an expression containing w.)
The symbols (w) and (Ew) are called the "all-symbol" and the "existence-symbol";
both are called "quentifiers" in accordance with the classical terminology, us-
ing the term "quantity" for the distinction between general and particular propo-
sition§.

Ag an example of an explicit formel definition we may take the defini-

tion of a < b, which is given by the expression (Ex)(a + x = b). Using "a < b"

as an abbreviation for this expression we can write the last of the axioms for
quantities: & ¥ b—sa < b vb< a, As an exercise it may be suggested to
transform the axioms for quantiﬁies by introducing a ternary predicate instead of

the binary function +,

In the course of the preceding considerations we have been led to intro-
duce already all the logical symbols which are used for the elementary logical

calculus, s

2. Rules of the Balculus, first form

It is now our task to formalize mathematical proofs. For that purpose

two things are required:

l. to establish the rules which regulate the handling of the logical symbols

’ Wi R &, V,—, (W),(E:,W),

Bernays
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2, to formalize the properties of identity.

e shall do this by a method dealing with the concept of assumption that has
been established by G. Centzen ("Untersuchungen Uber das logische Schliessen",
Math. Zeitschrift 1934, Vol 39), and also by St. Jaskowski "On the rules of
suppositions in formal logic", Studia Logica, Nr. 1, 1934), (Jaskowski fol-
lowed é suggestion given by Lukasiewicz.)

I shall give here the method of Gentzen. His heuristic idea is
that to each of the six logical symbols two rules belong, the one introducing
the symbol, the other eliminating it. (A little modification will be neces-
sary for the negation, )

To formulate the rules, we begin by defining the notions of term and
formula . Por this we have to remember that our calculus applies to a mathe-
matical theory in which we have a domain of things (individuals) over which
free variables

a, b, e,
range; furthermore we may use, in formalizing the theory:
symbols for individuals, A

i " mathematical functionms,

i " predicates;
the symbol of eguality = is a predicate-symbol.

The free variables and the symbols for individuals are the primary
terms, and genérally a term is an expression which is either a primary term or

composed of primary terms by means of the symbols of mathematieal functious.

A prime-formula consists of a prediocate-symbol with terms as its argu-

ments. Fenerally a formula is an expression whiech is either a prime-formuls

or is formed of one or more prime~formulas by means of the logical operations:
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cénjunction (&), disjunction (v ), implication (— ), negation (™ ), generality
((w)), existence ((Bw)).

3y avplying the operations (w), (Ew) to a formula A(c) containing the
free variable ¢ and not containing w, we get the formulas (w)A(w), (Ew)A(w), w
standing in A(w) instead of ¢ in A(e).

Concerning the bound variables belonging to the quantifiers (w), (Ew),
we have the same agreements as in mathematies for the swmation-indices and the
integration-variables, that a bound variable can be replaced throughout its scope;
(that is: the scope of the binding quantifier). : - by another bound

variable, and that in the scope of (w) or (Ew) neither (w) nor (Ew) shall occur.

Now the essential rules are the schemata for the introduction and elim-

ination of the logical syxnbols; e have the following rules:
Introduction Elimination
WAy A
Implication : A— B
B B
A—>B
y : A,B A& B A & B
Conjunction i B i 5
- : A B Av B A B
Disjunction g i > TvE g .
C c
N C
o
A(b) (w)A (w)

Generality TTheT T

(A(b )

s

5 At Ew)A (w
Existence TETV%IA%EH (Bw)A ( )C

Negation

we - B
wg..@

=] =f)
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Explanatory remarks:

w denotes a bound variable, b a free variable, t a term.
A
The notation § means that under the assumption A the formula B is to
be derived (no matter if the assumption is really used). Such a process of ob=

taining a formula under an assumption may be called & "subsidiary deduction'.

Tt is to be observed that, within a subsidiary deduction made under a certain as-
sumption, new assumptions can be introduced. ‘

The bar means that under the conditions denoted above it, the formula
denoted below it can be taken as deduced.

In the cases of a schemg with one or two subsidiary deductions the ap-
plication of the schems has the effect of "discharging" the assumption-formulas
denoted in the schems., so that the availability of the resulting formula is inde-
pendent of these assumptions,

So in the Implication-Introduction and the Negation=-Introduction the
assumption A, in the Disjunction-Elimination the assumptions A, B, in the

Existence-Elimination the assumption A(b), is discharged.

Restriective conditions:

£
In the Cenerality-Introduction the variable,is not allowed to occur in

A(w).  (That means: +the replacement of b by w must be made for all occurrences
of b in A(b).)

In the Existence-Elimination the wvariable b is not allowed to occur
either in A(w) or in C. ‘ Iy 3

Condition for the subsidiary deductions: If a subsidiary deduction
contains a Cenerality-Introduction or an Existence~Elimination, then the variable

b of this schema is not permitted to occur in the assumption-formula.
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We still need the rules for operating with the equality-symbol. A
natural way is to take the axiom

Q= 0

and the scheme

r =g, C(r
S r)

C
which means that for a particﬁ;gz occurrence of the term r in a formula the term
s can be substituted, if we have r = s. (The schema formalizes the principle:
t7f r» is equal to s, then r can be replaced by s").

To become better acquainted with our system of rules and to see how it
works, it will be desirable to consider some examples of formal deductions. For
this purpose it will be obvious to choose examples from the axiomatic theories
which we have already considered: +the theory of groups and the theory of quan-
tities.

Let us teke first an example of the theory of quantities. Here we

have the axioms

a) a+b=bt+a

b) a+(b+c)=(a+b)+c

c) a+ b *a

d) a = b—-> (Ex)(a+x=b) v(Ex)(b+x =a)

and the definition
a<hi (Ex)(a+x=b)
which allows us to write the last axiom in the abbreviated manner
ar
) a*xlb—> a<h v b<a

The formula to be deduced is

a+b=a+C — b=¢
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Preliminary remarks:

——

1, The system of our rules contains no rule of substitution for the
free variables. But we can, by means of these rules, perform such substitutions.
Tndeed, from a formula A(b) with a free variable b, we can pass (by a Cenerality-
Introduction) to the formula (w)A(w), (A(w) containing w in all places in which
A(b) contains b), and from (w)A(w) we get (by a Generality-Elimination) A(t), %
being an arbitrary term substituted for each occurrence of w in Alw). The ef=-
fect of these processes is to substitute the term t for the variable b. In the
same way, from a formula A(b, ¢) with free variables b, ¢ we get, for each pair
of terms r, s, the formula A(r, s), . r and s replacing respectively b and o
for all occurrences of these variables,

To abbreviate the exhibition of proofs we shall immediately perform
substitutions of terms for free variables and also use the axioms in such a way
that we immediately replace each of the free variables occurring by some term.

2 If we have r = s, r and s being terms, we get from the formula

-t Rl

(which is obtained from the axiom & = A ), by means of the schema of equality,
8 = v,
For an abbreviated exhibition of a proof we shall immediately perform

the passing from r = & to s = r.

The remarks 1 and 2 are instances of "derived rules". A derived rule

summarizes a process of passing by means of our rules from one or more formulas
of a certain structure to another formula; after this derived rule is estab-
lished the process in question need not be carried out explicitly in each case
occurring in the exhibition of a formal proof. So a derived rule can .

.

be used in the same way as a proper rule of our system, the domain of deducible

formulas not being thereby extended.
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Using the two derived rules resulting from the remarks 1 and 2, we can

give the proof of the formula

A+b=a+c—>b=C

in the following form (the assumption-formulas we have to introduce are numbered

1), 2), ..., these numbers being placed at the left of the first occur-

rence of the assumption-formula in question):

1) a+b=a+¢,
2) r*C
b+c—> bece vi<l
t<c ve<b
8) b< e

o= 6
a+ (b+d)= (a+b6)+d
a+ b+d)= (axc)+ LK

4) b +d=c¢,

a0 = (o.+C)+(£
@a+)+d=a+c¢

(a+e) + d =% a+c
@+ C*xa+C

(Ex)(6+x)=(;
R+CHa+C

S h :
0 we have b e

a+C==a+cC

In the same way we get from

(by exiom d4')
(Imple = Elim.)

(by axiom b))
(by the equality-schema, using 1))

} (by the equality rules)

(by axiom c))
(by the equality schema)

(by 3) and Def, of <)

(Fxist.=Elim., 4) is discharged)
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5) el
a+b=+axl
at+c=Fa+C (by the equality scheme, usirgl)).
B4 e< by
e v eel &l ol ! (Disje~Elim,,
v . 9 bl 3), B) are discharged)
a+C Fa+C
Now we have: \bt}:(‘. P
o+ '=;=a+¢'- avyc=a+C (equality axiom)
b=cC (Negation=Intr., 2) is discharged)
O LT s
b==C (Nego=Elim. )
o+ b6=a+C —» b=0C (Impl.-Elim., 1) is discharged).

The second example of a formal proof made by our rules shall consist

in deducing from the axioms of groups

a) a(é‘c)z(ﬂ/é)('.
b) (E_x) at = b
) (Ex) )ML‘—"-(T

the formula
(Ej) (x) ("*(] =K.

by which the theorem of the existence of a right-side unit=element is formelized.

) wh=a,

(ea) b = elak) (from axiom a))
ea = (ea)lr (by the equality-schems)
2) La= é____;
Cen )l = " I (by the equality-schema)
‘_ﬂx)( X O = d) (from axiornhc)) i 0(6-;:&(( i e --)
6{ fr = A (Exist.=BElim,, 2) is discharged;

the var. b of the schema is
here C )
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(%) (x b= X) (Genery¢=Intry)

(Existe=Intr.)

(E:D(x)(x;-'-")
So we have |a.6'=0~

.
L)

= rom a;Io ) ) (E . ( =X)
(Ex) (ax=a) (¢ LY 1)(0) (xg (Exist.-Elim,, 1) is dis-

3. Derived rules, especially equivalences

I want to give now a more general survey of the formalism which results
from our system of rules. The natural and almost indispensable means to this
end is to establish some derived rules. Most of them will be rules for trans-
formation of formulas, corresponding to logical equivalences.

Let us first consider how "equivalence" shall be defined in our logical
calculus. One would think that the suitable definition of equivalence consists
in defining A equivalent to B if B can be deduced from A and A from B.

This conception of equivalence (we may use for it the expression
"equal deducibility") is surely important, and it would be quite sufficient if we
had not to deal with free variables.

The use of free variables is advantageous for the caleculus; on the
other hand it requires some attention, especially with regard to the following:
A formula A(c) with a free variable.c is to be interpreted in the same way as
(x)A(x), provided that ¢ does not ogeur in A(x). Correspondingly, (o) is to be
interpreted as representing the same propésition as (x)A(x), A(c)=—>B (if ¢ is
not contained in B) as representing the same proposition as (x)(A(x)—>B), and

A(e) v B(c) the same proposition as (x)(A(x) v B(x)). On the other hand, each

Bernays




Mathematics-Natural Sciences Library, Institute for Advanced Study, Princeton, NJ, USA

16
of the formulas A(c), A(c) —>B, A(c) V B(c) has A(c) as its part; but if one
would replace here A(c) by (x)A(x), one would not agree with our previous inter-
pretation.

We have here an example of two formulas, A(c), (x)A(x), which are of
equal deducibility, but are not equivalent in the full sense: that is, we cannot
replace the one by the other everywhere.

We are therefore led to seek a definition of equivalence in a stricter
Sense. Such a definition can be given in the following way:

A is said to be equivalent to B if the formula (A—s B)3(B—>A) (it
mey be abbreviated ty "A ~—~B") is deducible, or -- what comes to the same thing
-= if the formulas A—> B, B~——»A are both deducible.

Remark: This definition is not meant to give us a general method of de-
ciding whether two arbitrary given formulas are equivalent.

In the case of formulas without free variables, equalith(according to
this definition) is no other than equal deducibility.

Indeed, if from A we get B, and from B we get A, and the two formulas
contain no free variables, there is no restriction on the application of the
implication~-introduction rule, and we get A—»B, B—> A,

The inverse holds for quite arbitrary formulas: if A—>B, B—>A can
be deduced, then A, B are of equal deducibility.

To justify our definition of equivalence, we have now to show:

le Equivalence has the formal properties: each formula is equivalent
to itself; if two formules are equivalent to a third, they are equivalent to
another.

P If A is equivalent to B, then for each occurrence of A in a formu-

la it can -- by means of our formal rules -- be replaced by B.
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1 results from the facts that A—=A is always deducible, and that from

A—>B, B—=C we get A=>C ("Syllogism"). Indeed

Ay A—D
B B—>C
g
so we have A
g e
L

To prove 2 we have to show that from equivalent formulas we get again
equivalent formulas by applying to each the same logical operation. Thus we have
to show:

a) if we have A ~~ B, then we have also

(A-~>C) ~ (B —>C), (C—3A) ~ (C—>B)

Lo ~p Ko, e % aruo BB

Av CABvC, 0w kim0 w B
E~TF

b) if we have A(c) ~& B{(c), we have also

(w)A(w) ~ (w)B(w)

(Bw)a(w) ~~ (Bw)B(w)
provided that ¢ does not occur in A(w), B(w).

To prove &) it is enough to show: If we have A—>B, then we have also
1) (B—Q)—> (A~—>C), (C~—a4) —> (C —> B)
2) A¥c—>3B &
AwvwC~=>»BwvC
and generally we have
A& B»B&A AyB—sBwvAi,

3) If we have A —> B, we also have B —> A.

1) results from the syllogism, to which an Implication=Introduction 2 )
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to be added.
2) is easily shown
3) is the rule of "contraposition"; it results in the following way:

We have A —» B and the result follows from the deduction

B A A3 A
B B
A (assumption A discharged by the Negation-Intr.)
B—A

To prove b) we need only to show: If we have A(c) —>B(c),and c does
not occur in A(w), B(w), then we have also
(w) A (w) === (w)B(w)
(Ew)A(w) —>(Ew)B(w).
Indeed:
w)A(w),
» A(e)=—>B(c)
A(c)

‘Ble)
(w)B(w)

(w)A(w) —= (w)B(w)

(Bw)A(w), Afe) , A(e)~>B(e)

B(e)
(Bw)A(w)  (Ew)B(w)
(Ew)B(w)

(Ew)A(w) == (BEw)B(w) .
Now it is the question what transformations can be performed by equiva-
lences. TWe state some essential pdssibilities of such transformations.
1) Elimination of implication: For arbitrary formulas A, B, the formula
(A—>B)~~ X vB
is deducible, We have to deduce A v B—» (A —>B), (A—>B)—=> X v B, Let us

make two preliminary statements. From A, K we get B, For with A, & we can
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deduce

L
A

& feot

(Assumption B discharged)

B

For every formula A we can deduce A ¢y A, in the following way:

Ay E
A Ay Ly Ay
Aeah B il X B E s A A
z )
4wk
AvE

Remark: The two Bormal possibilities correspond to the two principles of contra-
diction and of excluded middle, the first appearing in the form that if we get two
contradictory formulas then every formula is deducible.
Now we make the two required deductions:
o Loy By il

Ly B, g (Asse A disch.) 5

KyB A-~sB A=3B

(.A.SSQ A dischc)

A= B
Ewy B—» (A~»B)
Remark: On the way we have deduced:
K «» (AL—> B)
B—> (L-> B)

The formula (A—>B) —» L v B is deducible as follows:

A== B
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2) The negations can be reduced to the prime-formulas. This reduction

results from the following equivalences:

T ~a, AXB~Ev B AVBNI&TB';
(w)A(w) ~u (Bw)ETw), (Bw)A(w) —~ (w)Ew),
the first three being provable for arbitrary formulas A, B, the last two for
every expression A(w) derived from a formuls A(c) by replacing the free variable
¢ by a bound variable w not previously occurring in it, E—>14 is immediate,

A—=1 ig got by the deduction:

B
> ||§>I

A—sX
Application: From E —>B we get by contraposition F——%-f; here A
can be replaced by A; so we get B—>A.
In the same way we see that from A =B one gets B—>A and from
A —> B one gets B—>A. So we have four forms of generalized contraposition,

Deduction of A v B —» A & B:

A&B""A A&B——»B
A i

Bud m A&D
A XD
A v — A QB

Deduction of £& B—>X v B S
A=>AvD B A ¥ B
ﬁv/-'l- s A F)’v%'—’B
AvB AL,
B
A&B
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At once we get for arbitrary formulas A, B:
AEB~ AVB
A &B~ AvD
m ~ AvB

Thus conjunction is expressible by disjunction and negation, and disjunction is

expressible by conjunction and negation. Furthermore we get:

Now to obtain the equivalences for (w) and (-E-'V-V-) we first introduce the following

derived rules:
(&) From i G(2)
we get F—w (W) Gw) if a does not occur in F nor in G(w)

( ﬁ) From & (@) —F
we get (Ew)G(w)—" m L R " R ATt TR e T

Indeed o F—G) L w) G(w), G(a), Gla)—>F
G (a) Ew) Gw) g
(w) Ge(w) F

(Remark: We can also infer in the inverse direction: Indeed, if we have

F—s (w) (w), we can deduce
F F == (W) Ge(w)

(w) G(w)

G(a)
and if we have (Ew)G(w)—=F, we can deduce
: G(a)
(Ew)G(w) Ew) Glw)—F

F

Here we do not need a supposition about the ocourrence of & ,)
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Applying the rules (& ), ( p) we have the following deductions:

Mﬁ.,(._“.lzl (The variable ¢ can be chosen
A(c) as not ocourring in A(w).)

w) Alw)— ALC)

A_-(c—)*-%‘(;’-) Alw) (Contraposition)
(1) (E v) Ao — (w) At (Rale (f3))
(W) Alw) —= (Ew) At (Contraposition)

(2) e (By application of
W) A(w) — (E W) /—](w) the former formula
on A{w) and cencel-
ing the double
Al ) negation,)
(Ew) AW
Ale) —> (£ w)AW)
(E—'-"m A(w) —=> Alc) (Contraposition)
(3) (Ew] Atw) == (w) ACw) (Rule ( o))
W) /T(Wml‘ — (£ W) Alw) (Contraposition)
(4) (WYA (WY == (E w) Aw) (Application of the former

formula on A(w).)
From the formulas (1), (2), (3), (4) the two required equivalences follow. At
once we get (by taking on both sides of these equivalences the negation and can-
celing the double negations): ' A £

i e (Ew) Alw) ~ w) A(w)

So we could eliminate ome of the symbols (w), (Ew). By the iterated application
of the five equivalences 2) every formula which contains no implication can be
transformed into an equivalent formu’la (which also conteins no implication), in

which the negation is reduced to the prime-formulas. For a formula of this kind

818 gets the negation by interchanging 3( with v , (w) with (Ew) and a prime-

formula with its negation.

We have here a sort of duality, similar to that in projective geometry.

And, in a way analogous to that of projective geometry, the duality is effected
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by extending the elementary Euclidean geometry (that is, by adjoining to it the
jdeal elements); the duality in the logical calculus comes about by extending
the usual method of logical reasoning.

There is the following general way of using the duality: Given an
equivalence:

g ey (:; ,

where the parts, of which F and G are composed by means of the logical operations,
are left arbitrary (eventually with the indication of some arguments); among the
logical operation;:F, G implication may not occur, and negation may be only ap-
plied directly to some of the arbitrary parts. From this stated equivalence we
get first _FT el a,
using the equivalences 2), we can here make the negations apply directly to the
arbitrary component formulas, and in the resulting equivalence we can replace the
arbitrary formulas by their negations (because the negation of an arbitrary form-
ule is a case of a formula); finally, the double negations can be canceled,

But the equivalence we get in this way is to be obtained from the equiv=
alence F ~ G by replacing every conjunction by a disjunction and inversely, and
every generality by an existence and inversely.

Thus this interchanging can be performed on every equivalence F ™~ G,
which is of the kind indicated above, and we may speak of it as an application of
the duality.

A corresponding duality ruie applies to a statement on deducible impli-
cations

F—>G

where F, G are of the same form as before, Here we can pass at first to

G—>F
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and then perform the same processes as in the case of the equivalence.

Thus from a statement F - G by means of conjunction, disjunction, gen-
erality, existence, in which F, G are composed of parts which are left arbitrafy
(eventually with some indicated arguments), containing no implication and the
negation only applied on some arbitrary parts, we can pass to the implication de-
riving from

G—F
by interchanging the conjunction with the disjunction, the generality with the
existence. |

Instances: As we stated, for every A, B, the implications

A B —B&A, AvB— BvA
are deducible. Using the duality, we can immediately pass from
A LB — BA&A
(where A, B are arbitrary) to
Dy /‘) He /qv i)
We could also proceed in this way to infer from
ALB-~BE&A
which (because of the arbitrariness of A, B) gives at once
BiA— A4
the equivalence
ALB ~ BAA
and from that, by the duality, the equivalence
AvB~ Bv A
Another example: By the deducibility of B v B we get for every A, By G

the equivalences:

AX(BeB)~A
A &({’BVE,)VC)"JA
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Applying on these our rule of duality we get at once:

AV(BK%) "VA)
Av(CBEB) &)~ A.

Further instances are contained in what follows.

We have now to consider the third kind of reductions, concerning the
operations & 5 Vv, (w), (Ew).

3) The following equivalences are meant to be deducible for every form-
ule A, B, C respectively. In all these cases we have pairs of equivalences the
one of which is obtained from the other by using the dvuality, so that it is suf-
ficient to verifly one of them.

a) Algebraic equivalences for 8<Jv

AkA~A A Ajis

b

The commutativity

A&BMBQ’A, /-}V.BNBVA

has already been stated.
Associativity:
AR(BYC)~(A&BEC,  AvBVO~ (AVBIC

(The deduction of the first equivalence is rather easy.) According to the
Associativity of conjunction and disjunction we can speak of conjunctions and dis-
Junctions with several members, omitting the brackets.

Distributivity:

A&B)vC A AEY &I BwE)

(a.B0) &L ~(ASC) v(B AC)

We verify the second equivalence by deducing the two implications

(AvB)AC —(A&C)v(BEC)

(52C) y(B&C)—(AVE) & C

that is done in the following way:
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AvB, C -ﬁa -..I‘_ '-‘E)J _a_(
AkC BRNE
Av D (AGCY, (B A (A%C)e(B&C)

— —— A——— A ———AA 7 —— A ottt e | e B S SINEDESES: e e o s+ i« e

(A&C) v (B &C)

(AyB) &C—»(ndC)vlBELC)

) d S
(A50) v (B 8C), AKC B 5
b R B

B Ay B

o be— - — it . " —— - ———

(ARC)v(BEC)

(AR EC  (eB)EC
(Av B) &C
(N&ECW(B&C)—> (AVB) &C

Consequences of the equivalences:

a) Every propositional oxpression composed of A.f")A« ﬁa veand of

——

8{ Y , cen bo brought to a conjunctive normal-form, that is a conjunc-
PIELE )

tion of disjunctions each member of a disjunction being one of the formulas
A,, o .0 /ﬁk or its negation. Correspondingly we can obtain a disjunctive
normel-form, which is the dual to the conjunctive normal-form. These normal
forms can be used to recognize the equivalence of expressionse. For instance
the expressions
ALB—=C, A—=(E=>C), B—(4—=C)
have respectively the conjunctive normal-formss
(AvB)vC, AvlBet), BelAre)

which can be transformed into another by virtue of the associativity eand commuta=
tivity of the disjunction. So we &ave the equivalences

(A&B—=>C) ~ (A—=(B-=C))

(A-—»(B-—*C}) ~(B—= (A—>())
(The passing from A & B-—=C to A-——» (B ~>() is called "exportation"j the in-

verse operation is "importetion".)
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b) Equivalences for (w), (Ew):

B may not contain w; then |
(w) (Alw) &% B) ~ (w)A(w) & B
(Ew) (AW) v B) ~v (Ew)Aiv) v
Cwe ) { Awke BY A (w)A(w)vB
(Ew)( A & B) v (Ew) Alw) £B

(W) (/Hw)g’B(w))’V(w) Alw) & (w) BwW)

i vi£ (w
(Ew) (AW v Bow)) ~ (Ew) AW (£ w)B(w)
()v ) Alw,v) ~ (v)(«) A (uyv)

(Eu)(Ev) Aluw) w(EVNER)Aa,V),

If one considers generality as a conjunction extended over the domain of individ-
uals, and the existence-operator as a disjunction over this domain, then, for a
finite domain of individuals these equivalences b) are consequences of the equiv-
alences &). By means of the two first of the equivalences b) we can transform

every formula in a"prenex" formula, that is, a formula in which the quantifiers

are all at the beginning and their scope extends to the end of the formula.
Example: A(x) may not contain y, B(y) not contain x; then first
() Ax) &Ey) Bly) ~ Eq( o) & By,

furthermore, we have
(x) Alx) & Ble) ~ () (A & Blo),

and from this we get

(Eq)(crAra & B (E 4)00) (2 & Bly),
thus in the end we obtain

0 A) &(E ) Bly) ~(ED) (Ao & By,
It may be observed that we generally can procecd in the way we have procecdfd in
the sccond step of this exemple, by using the general possibility of passing from

an equivalence
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Ale) v B(e)
(not conteining the variable w) to

cay Brwy e L) B,

and to
(Ew) Arw) ~ (Ew) Bw),

thus performing an equivalent transformation within the scope of a quantifier
(w), (Bw), quite as if a free variable stood in placc of the bound variable w.

From this remark it follows in particular that every formula can be
transformed into a prenex formula in which the expression in the scope of the
quentifiers (or, if there are no quantifiers, the whole formula) is a conjunctive
normal form, or, if we prefer it, a disjunctive normal form.

Remark: The equivalences 3), b) can also be used for a process inverse
to that of getting a pronek formula, namely, to distribute quantifiers on differ-
ent members. For instance, a formula

(%) (Eg)((/)m vB(;)) v C ()

can be transformed by these equivalences first into

(x)((Eg) (A v BI;;))) & oy Coo,
and further into i
‘<(><)/9(¥-)\/ (Ey) Bly)) & (0 C(x),

There are generally many different ways to get a prenex formule equive-

lent to a given formula, and also different possibilities of getting a conjunctive
or a disjunctive normal form.

For the conjunctive normal form we may take the following instance:
(AvB) &(BvC) MCvA)
(A B 4B.C) 5 A)

Indecd, if we meke the distributive development of

ls equivalent to
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(3, B) X (BvC) & (T A,

we can omit, by the equivalence

AV((‘BQE) g L)~ A,

every mombor of 'which-contains two oomjunctive members, of which the one is the
negation of the other. So we ebtain:

(A %BEC)(BECEA)
which is equivalent to (A g, Bng) v (,/—-\- & E & C)

" Now if we examine the two given conjunctive normal forms, we see that
the second is got from the first by interchanging A with C and performing then
equivalent trensformations; but this rearrangement doesn't alter the formula
(A&B&C) v EZA&AT AT except as to the order of members; so the initial two
formulas are equivalent,

The disjunctive normal form we meet here, namely
(ARB&C) (A& BEC)
has a special character: each disjunction-member contains exactly once every com-
ponent A, B, C, and no two disjunction-members are composed of exactly the same
con

Jjunction members.

A disjunctive normal-form of this kind may be called a principal dis-

Jjunctive normal-form. This notion refers to a certain finite set of components

Al: secey Ako
Every principal normal-form which is formed with the components
Al’ evey Ak can be got by performing at first the distributive development of the

(AvA) LA VA) & B (AR

expression

and omitting eventually some of the disjunction-members, (Indeed every disjunc-
tion-member of a principal disjunctive normal form composed out of Al, seey Ak

is also a disjuncti®m-membor of the distributive development of the indicated ex-
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prcssion-') Now every disjunctive normal-form can be transformed, by using the

equivalences A (B %) r~ A Av A ~ A
AV(BE-BXU"‘A Al A~A

AV(‘BQ(TE,)NA;

either into a principal disjunctive normal-form, or into a formula A& A, For
instance, if we have A

(A &B).C,
C can be replaced by (C & (A v X)) X (B v B), the distributive development of

which gives N

(CRA&P)V(CE AR v(C &A LBIL(CRALE)

A % B can be replaced similarly by
(A%BRC) v(A&BRC)
Since the member A A B % C now occurring twice in the disjunction can be canceled
one time, we get o R
3 t ) ) ) / 0 =3 A ¢ &ﬁ‘ X

Corresponding to the principal disjunctive normal-form we can define
& principal conjupctive normal-form, and we have the fact that every conjunctive
normal-form can either be transformed into an equivalent principal conjunctive
normal-form or be transformed into a formula A v K, Since every expression

formed of some components by the operations —, Z_, WV s , can be transformed
into a conjunctive as well as into a disjunctive normal form, we have the result
that every such expression can be tré.nsformed-.

either into a principal conjunctive normal form or into a formula A v A, and
either into a principal disjunctive normal form or into a formula A & k.

As to the different possibilities which enter into the processes of

transforming a formule into a prenex formula, we may consider the following

eéxemple:
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() (Ey) Alrg) B0 BO — B gl Cley),

or

[
o m——

Here you can at first change the variables:
Ex)p) ACryy v (£ 2)Bio v (wE C (w5v),
Now according to the order in which one applies the equivalences

A& w)Btw) ~ (w)( A & B(w)
A (e BW) ~ (Ex)(A 2 B(w)

A vimBw) ~ wm(Av B (w))
A v (Ew)Bw) ~ (Ew) (A B (W)

one can attain many different orders of the quantifiers, for instance
(EQCEDCAEY), (Ex)iy) i (FaXE), (o(Ea)EMNE N g), s

The only restriction is that (Ex) comes before (y) and (u) before (Ev), so there
are thirty possibilities. But we can proceed still in other ways, by applying,
together with the equivalences just indicated, also the equivalence

(£ P (Ew)Rw) ~ (Ew)(Plw) v QUw)
In our example it is possible to apply this equivalence either to two of the dis-
Jjunctive members or to all three. To do the latter, we have to replace first
the variables z and v both by x. The result of epplying the equivalences is
5 wy (E) (G (AT B v C o).
It may be remembered that generally it is not allowed to permute quan=-
tifiers of different kinds, nor to contract several quantifiers of the same kind
into one. We have equivalances

Oy ALY v ) ACK )

and the corresponding equivalence for the existential quantifier, but

(x) (By)A(x, y) is not generally equivalent to (Ey)(x)A(x, y), nor (x)(y)A(x,y) to
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(x)A(x, x), nor (Ex)(Ey)A(x, y) to (Ex)A(x, x)s Only the implications are de-

ducible: (E’g\ (%) A“»y) sl (“(E‘,}) Atxiy)
(Vl"‘(t.a) /\(i.‘J) ity L0 A(“:X)

(E+) Aty —={ExXEyY) Alr,g),

Finally, the following two equivalences concerning the equality may be

mentioned:

Ale) ™ (w)(w=2—= A(w)

: %
Alc) ~~(Ew)(w=c & A w)

To get the first, we have to deduce the implications

AC) -—= (W) (w=C == A(w) | (wy(w=c—> Aw)) —>Alc).

That is to be dome in the following way:

‘_,__/—‘\_(_Nc-)._,_ i '—(j::—(;—l (b & variable not occurring in A(ec)
Alt) (by the equality schema)

£ e v R L0) (the assumption b = ¢ is discharged)
(w) (w=¢ -—> Aw) (Generality-Introduction)

Ale) —==(w) (W=C —> A(v.)) (the assumption A(c) is discharged)

W) (w=¢ il S.V.";))o

& (Generality~-Elimination)

C=¢C ——=> Alc)

Ve (from the equality-axiom)
Ale)
(w (W 2¢ — A W) —> A (c) (the assumption is discharged).

To the equivalence

Ale) ~sw)(w=c —= A(w)
thus to be obtained the other indicated equivalence is the dual one. Indeed if
we apply the first to A{c) and express the implication by disjunction and nega-
tion, we geb Wies v ter T v KWk
now taking on both sides the negation and applying the rules for transforming
negations, we obtain A (C) ﬁJ(EW) (w=c 2 A (w-))

which is the stated equivalences
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4, The Propositional Celculus

We have considered the possibilities of deduction in our calculus, es-
pecially regarding the equivalences; now we are prepared to treat the systemati-
cal questions,

For that purpose we restrict ourselves at first to the "propositional
calculus", that is, the calculus which we obtain from our whole calculus by omit=
ting the rules concerning generality and existence.

In this calculus we have to consider the formulas with regard only to

e

their composition by the operations — , SL’ ¥

To make this point of view explicit, we introduce a special kind of
letters (we may take capital italies), which are to be regarded as prime-formulas .,
A formula consisting of such a letter or composed of such letters by means of the
operations —s é&) v, , shall be named a "letter-formula".

It will be sufficient to make all deductions of the propositional calcu
lus only with letter formulas. Indeed if we have a deduction made by the intrc-
duction =- and elimination =- schemats for —» 2( | v_’—-— only, we may colleot
all those expressions occurring in the deduction which have the property of a
formula, but are not of any of the forms

A—B, A%B, AvB, A
and are not contained in the scope of a quantifier. If now we replace each of
these expressions by a letter (capital italic), equal expressions by the same lot-
ter, different ones by different letters, then the applications of the schemata
remain valids Thus we get a deduction made only with letter-formulas, differing
from the given deduction only by the replacement of some formulas by single let-
ters,

So the whole propositional calculus can be represented by deductions on

letter-formulas only.

Bernays
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Our rules here are the schemata of in*roduction and elimination for
—_—, éLJ v, T in which for the arbitrary formulas only letter-formulas are to
be ‘taken.,

In the deductions performed in this way, we have no restrictions on the
assumption-formulas. So if from some formulas

Al’ vees Ay
a formula B can be deduced, then, by applications of the Implic,-Introd.-Schema,
we get
Al--—'b(Ag—.-)... "'"(Ak '—’B) o-o).
If two formulas are of equal deducibility they are equivalent. (Notice, that we
have no rule of substitution in our calculus!)

Now the system of the deducible letter-formulas and the system of the
letter-cquivalences can be characterized in a very simple menner, so that the per-
forming of the deductions becomes quite superfluous.

This characterization is accomplished by a method of valuation:

To each of the letters we assign one of the values, +, = ("true",
"false"). Furthermore we agree that

PR M ST QTS SO - P LN

S EL i T Y A e i -y
Vg AR
. O

By these conventions, for a given letter-formula to each valuation of the letters

]
I
1

V + = 4+ =D+ = 4

I
!
1

V = & = -y - = 4

belongs a value of the formula. Thus the letter formulas represent "truth-func-

tions", that is: functions with a finite number of arguments ranging over (+, =),
k

every value being + or =+ There are 2(2 ) different truth-functions with k argu-

ments, sinee the number of possible valuations of the arguments is Zk.
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Qur first statement now is that each of these truth=-functions can be
represented by a letter-formula. In fact, to each valuation of the arguments

_141, esey ,,‘ﬁ{'k there belongs an expression
, B0 K vin &0
in which

Gi is ;-4'1, b i ,4'1 has the value + l
._4_ g (i=1, LR ] k)l

n n n 1 n n "

,&;L-i, "
This expression has the value + for this valuation of )szl, & W ,”%k. For each
other of the Zk possible valuations it has the value =-.

Now a truth function is defined by making correspond to each of the gk
valuations one of the two values X,

If we take for a given truth function < all the valuations of
}4’1, coes }4’1{ for which it yields +, we can join the corresponding conjunctions
Gl, esss Gp in a disjunction

Gl . ek N Gr‘

So we get a letter-formula which is a principal disjunctive normal form and which

has the value + for exactly the same valuations of 54’1, vees ;4* for which C,‘>

»
has the value +. There is only one exception, in the casc that <> has alwoys
the value =; but then < is represented by ‘)’#1 X/ _,;1:1.

So the Z(Zk)— 1 different prineipal disjunctive normal forms which can
be formed out of s sees C}é ~= ("differcnt" in the sense that they do not
differ only by the order of disjunction members or of conjunetion members) ==,
together with 3 4’1 ,?( ;—;1, represent all truth functions end each of them but
once,

This statement remind us of our former result about the principal dis-
Junctive normal form, saying that every formula formed out of some comp'onen‘bs

Al’ ceey Ak by means of the operations —3 g( , \/D is equivalent to a prin-
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cipal disjunctive normel form composed of Ay, ees, A or to A1 ji'zi. To bring
the two statements into connection, we have to show that equivalent letter formu-
1as represent the same truth function, or, in other words, that if A,B are letter-
formulas such that A ~»B, B-->A are deducible, then A represents the same truth
function as B

This will be a consequence of the followiﬁg more general statement: If
from the letter-formulas Al’ iein Ak the letter-formula B can be deduced by our
calculus, then for each valuation of the letters occurring in Al’ oeey Ay, B, for
which Ay, eee, Ay yicld +, B also yields +, Especially if B is deducible with-
out an assumption, then for each valuation B yields +,

We prove this by an intuitive induetion on the number of applications
of our rules.

A deduction without application of a rule is one in which B is one of
the formulas A., see, Ak. For this case our assertion is obvious.

Now we suppose that our statement holds for deductions with less than n
applications of the rules, end we take a deduction of B from Ay, ese. Ay made by
n applications, the last lecading to B.

If we now look at the eight rules in question, it is easy to infer ir
each case, from our assumption made on n, that our assertion holds:

Let B have the form P ék Q and let the final schema be the Conje-
Introd, T%t%% « Here P, Q are sccured by less than n applications of our rules;
thus for each valuation of the letters, for which Al’ oy A.k yield +, P yielés A+

€ yields +; therefore P Q also yields +. d; é%
Let B be obtained by the Disje=Elim. schema Fva BB 3 « Hero Py «

is obtained by less than n applications of our rules; hence for each valuation

of the letters for which Ays sees By yield +, Py Q yields +; thus for each of

these valuations ecither P yields + or Q yields +. Furthermore the subsidiary du-
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ductions are made by less than n applications of our rules. Hence if P,

Al' eees Ak yields +, then also B yields +, and also if Q, Al’ seey Ay yields +,

then B yields * +4 Therefore our statement is right.v Let B be obtained by the
Imple=~Elim, schema éi"%::E « Here A, A—»B are obtained by less than n applica-
tions of our rules; so for each valuation of the letters, for which Aj, ees, Ay
yield +, A yields + and A->B ylelds +; so B must yield +.

Let B be obtained by the schema
b7

_?:%;Q_ , Where P—>Q is the formula B. Since the deduction of Q from

2y Al’ coey Ak is made by less than n applications of our rules, it follows from
our assumption that, for each valuation for which Al' veas Ak’ P yield +, Q also
yields +; at once P-->Q then yields +. OCn fhe other hand, if P yields ~, then

P-—>Q yields +, Thus our statoment is right for this schema.

Let B be obtained by the schema

po.EU
ol + [y

¢

n applications of our rules, it follows that, if for a valuation for which

Al’ cos s Ak yield +, P also were to yield +, then for this valuation § and Q

cause the value of Q for a given valuation is uniqqely detormined). Hence fou

every valuation for which Al’ eess Ay yield +, P must yield =, and thersfcore F,

that is B, yield +.

For the three remaining schemata (Conjunct.-Elim., Disjunct.-Introd.,

Negation-Elim,) the discussion is rather caslly made, using the facts that for «

Valuation for which

wherc P is the formula B. Since the subsidiary deductions are made with less th-:

would yield +, and thus Q would yicld both = and +; but that surely camnot be (ba-
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P & Q yields +, also P, Q both yield +

P " ", " PyQ yields +
Q. n n ’ n P Q n "
? n 1 5 n P n n

Thus our theorem is proved.

Let us now take the consequences of it. We have first the result that
equivalent letter-formulaes, each composed of some of the letters }#’1, esoy /,'L "
represent the same truth function of )f‘l, e ,-?fk' For, if A is equivalent
to B, then from A we can deduce B and from B deduce A; hence, according to our
theorem, for overy valuation of the letters }4’1, g )’)“k, for which A yields +,
B also does,.and inversely. Thus A, B have the same value for every valuation,

Also the inverse holds: if a letter-formula A represcnts the same truth-
function of /44'1, o .f¢k as B == (it is not required that }f’ s BANE f’fk all
occur in A, nor in B) =-- thon A is equivalent to B. For let Ny, see, Nz,zk—l
be different principal disjunctive normal forms composed of Sfl, ...,gfk("dif‘--
forent" in the sharper sense, as defined above) and szg the formula Al&'ﬂl.
According to our former theorem (proved in §3), there is a formula A* ecquivalen®
to A, being once of the formulas Ny, eee, N R and a formula B* eguivalent to
B, being also one of these 2 2¥ formulas. From the cquivalence of A to A* aad
of B lto B* it follows that A* represcnts the same truth-funetion of .)7/1.0..,);/417
as A does, and B* thec same as B. Therefore, since A, B arc assumed to ropreseitt
the same truth-function, A* and B* must represent the same truth-function. On
the other hand the truth functions ropresented rospectively by Ny, eos, N,}K
arc different from onc another, as we found. Hence A* must be the same formula

as B*, and therefore A, B, since they are both equivalent to A*, are egquivalert +o

onc another,.
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Thus two formulas A, B are ecquivalent when and only when they represent
the same truth-function (with respect to the letter-arguments occurring in at
least one of them).

Our proved theorem includes the statement that a deducible letter=form-
ula B has for each valuation of the letters ocecurring in it the wvalue +. Such a
letter=formula, which for every valuation yields +, may be called a "+-formula",

We have then the statement that every deducible letter-formula is a
+=formula. Here again the converse holds: every +-formula is deducible. For
if B is a +-formula, it represents the same truth-function as /Pf‘gffgf(considered
as function off}fiand the letters occurring i#t it), Hence B is equi valent to
/gﬁ'vfgLand therefore deducible from ‘}f’v f*‘But this formula is itself de=
ducible, and so B is deducible.

As a conscquonce of the fact that every deducible letter-formula is a
+-formula, we state that a letter-formula and its megation cannot be both deducible.
For the negation of a +-formula has always the value =-.

A simple criterion for the deducibility of a letter-formula is connected
with conjunctive normal form. From our considerations of §3 it results that

using the equivalences eliminating the implieation, the negation of conjunctions
and of disjunctions and the double negation, furthermore using the distributive
law
Ay (BXG) ~(ayB) & (A va),
every letter=-formula can be transformed to an equivalent conjunctive normal fozu
AN K o & AR
where every [Si (1 =1, eesy 8) is a disjunction of letters and negated letter:.

Now the necessary and sufficient condition for the deducibility of &

letter formula is the deducibility of one of its equivalent conjunctive normal .

forms, For the deducibility of a conjunctive normal form
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O, kv B B,

the necessary and sufficient condition is that every [ki'(i = L ....5) is de~-
ducible, or also that every Zﬁ.i is a +=formula. But a disjunction JCXi of let~
ters and negated letters is a +-formula wheﬁ and only when there is at least ome
letter which itself as well as its negation is a disjunction-member of Zﬁj}
(For otherwise the values of the letters can be sc chosen as to give Zﬁj_the
value =) Thus a conjunctive normal form Al 8' “ee g [)S is deducible when
and only when every disjunction Zﬁ_i contains two members, the one of which is
the negation of the other. This criterion is useful for deciding practically
on deducibility of given letter-formulas.

The main point of our results is that in the propositional calculus
with letter-formulas every question concerning the equivalence of two formulas or
the deducibility of e formule can be decided according to a general method of com-
putation, Thus the performing of deductions becomes supcrfluous.

We have here a similar situation to that in elcmentary geometry, wherc
the inventing of special proving methods for the single theorems becomes on prin-
ciple superfluous as soon as the analytical method is recognized to be applicable;
indeed by this method every question concerning an incidence or a betweemmess c-
& congruence in a configuration composcd of a given finite number of elements, cou
be decided in a way preseribed in advence.

The way of establishing the propositional calculus we considered iz not
the usual onc,

In the usual propositional calculus one does not introduce assumption
formulas, end most of tbe schemata are rcplaced by starting-formulas which have
the role of formalized axioms, their application being mede by mcans of a sub-~

stitution-rule.,
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The passage from our calculus with the assumption-formulas to this more
usual form of the propositional calculus can be performed by interpolating a
third form of the calculus, which is advantageous for the purposes of metemathe-
matics in so far as it requires neither the operating with assumption-formulas nor
o rule of substitution, Here one has to deal with formula=schemata, a formula-
schema being a rule saying that every formula of a certain kind of composition can
be taken as a starting-formula.

(The using of formula-schemats instead of formal axioms for the purposes
of metamathematics was suggested by Professor von Neumann in his paper "Zur Hil-
bertschen Beweistheorie", Math,., Zeitschrift, vol, 26, 1927.)

Let us consider how we can pass from our propositional caleculus to a

calculus without assumption-formulas, in which all the schemata with exception of

A, A>B
B

is to be understood in the sense that the replacing schomata give the seme possi-

A

the Implication-Elim, are replaced by formula-schemata. The replacement

bilities of deduction as the replaced schemata. Thus the schema can be re-

B
-AL
placed by == we may also say "is equivalent to" == the formula-schoma A % B—>A,

saying that every formula of the form A.EQIB-*%A can be taken as a starting formu-
la. Indeed the "equivalence" of the two schemata holds in virtue of the Impli:-.-

Elim,-schema, as is immediately seen.

E% t%J
The Negate-Introds-schema B‘K B can be replaced by the schema
‘é."’B’_.A:.’E; for by moens of the formulas A-»B, A—>B and the Implice.=Elim. i~
can frﬁm A deduce B and also By ond if from A wo can deduce the formulas B, © we

got by the Tmplic.-Introd. A-»B and also A—sB. The schoma 2=2B: £-2D

ageEin
can be replaced by the formula-schema

(A~>B) —>((A—>B) ->1),
So this formula=-schema is equivalent to the Negation-Introd.=-schema by virtuc of

the two implication-schemata.
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In this way we see that the schemata for sonjunetion, disjunction, nega-
tion can be replaced by the following formula=schemata:
AR s-why AR BB, A-wiBuwi L)
A—>AvB, B->»A vB, (A~>G)—>» ((B~>G)—s>(A vB—G))
(A —»B) —= ((A=9B) —>4), A—mA.

Besides we have still the two implication-schemata, , Now we are to show that in

iy
B

this modified system the Implic.-Introds-schema can be replaced by the two

A—>B
formula=schemata

A—»(B=ap), (A-2(B-2G))—>((A->B)-—>(A-nG)).

First it is easily seen that these two schemata cen be derived from the two impli-

cation=schemata. On the other hand, if we introduce the two formula=schemata in

our system instead of the Implice=Introdes-schema, this schema becomes a derived =
rule. To prove this, we begin with the following statements:

1) From a formula F we get P—»F by applying the schema A—= (B--»A) and the
Impl.-Eliﬁ.-schema.

2) From P—>F, P —> (F—>»G) we get P—2G by applying the schema
(A=>(B—5G)) —» ((A~2B) —» (A--»G)) and the Impl,-Elim,-schema.

3) Every formula of the form P—3»P is deducible by means of the two introduced
formula-schemate and the Impl.-Elime,-schema, For from the two formula-
schemata we get, for an arbitrary formula P, the formulas

P == ((P—»P) —»P)
(P—>((P~>P) ~>P)) == ((P—» (P~=P)) — (P-=P))
P—s (F=P);
by the Impl.-Elime-schema the two first of them give
| (P ~» (P->P))—> (P—>F)
end this formula, together with P —= (P—sP), gives

P"—,P‘
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Now to recognize that the Implices=Introd.-schema becomes a derived rule
by the introduction of the two formula schemata, it is sufficient to state that,
in every deduction made in our modificd system with the application of the Impl.-
Introde=~schema the first application of this schema can be eliminated by means of
the two adjoined formula-schematea,

Let

p..EU

P—=Q
be such a first application, Then the subsidiary deduction of Q from P is made
by means of the formula-schemata and the Impl,-Elim.-scheme only.

Now we show that for every formula G which we get on the way of this
subsidiary deduction (by means of the assumption P) the corresponding formula
P—oG is deducible without an assumption by means of the formula schemata and
the Imple.-Elim.-schema. Indeed this holds for every starting formula token from
a formula-schema, according to our statement 1); furthermore for the assumption
formula P, according to 3), and if it holds for the premises F, F—>G in an appli~
cation of the Impl,.-Elim.=-schema, it holds also for the formula G, according to 2).
So by an intuitive induction we find it to hold for all formulas in question, ecs~-
pecially for the formula Q. But that means that we can get the formula P—-=C
by the formula-schemata and the Imple-Elim.-schema in the way that we first ac joi:
to every formula of the subsidiary deduction the formula P as an antecedent of =u
implication, and afterwards interpolatc the deductions by which first the fosruls
P—=>P is to be got; furthermore, the new starting formulas (with the anbesedzil
P —> ) are to be got from the former starting formulas; .:nd thirdly, the antc-
cedent P is carried through the passages made according to the Impl.-Elime=sche: .

Thus the possibility of replacing the Impl,-Introd.-schema by the o
adjoined formula=-schecmata is proved, and so we come to a system of rules consist-

ing of the ten formula=-schcmata
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A -~—>(B—»4), (A—=(B-—=G))—> ((A—=B) = (A—>G))
A% Blewd, bk B DmB, A-aniBend B B)
A-oA vB, B—2>A yB, (A-2G)—>((-B>C)—=>(Av B-»G))

(A—>B) —> ((A—»B)~>1), A -—>A

and the schemg .1.“_’_%'2_3. ,(which in the calculus without assumption~formules may be
colled simply the "implication-schema").

As to the independence of the schemata, there is only one undecided
point, nemely the question of the independence of the schoma A-—=> (B—=d); but
if we take instead of the schema A -—= (B-»A & B), the schema

(A—>B) > ((A—=~0) = (A—>B & G))
(by which it can be replaced in the frame of the system), then also the independ=
ence of A —> (B—aA) guaranteed.

Another remork referring to the formule=-schemata is that the schema

(A—>B)== ((A-=>E)~>1)
can be replaced by the simpler omne
(A~»B) —> (B—s1).

The application of the new system of rules depends, in the same way as
our former system of the introduction- and elimination-rules, on the concept of a
formula. For the propositional calculus with letter-formulas we have to restric’
the notion of formula to letter-formulas.

The rules of our former system are derived rules with respect to the .cu
system; only the Impl.-Elime~schema is a fundamental rule in the new system.

Now to come to the usual form of the propositional calculus, we state
another derived rule: From a deduéed formula we get again a deducible formula if
we replace a letteor occurring in it for each of its occurrences by the same lcri-
ula F. Indeed in the place wherc that letter has been introduced we can take i -

stead of it the formula F, sincc, according to our rules, no property of the lelie

can have been uscd other thon that it is a formula.,.
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Thus the system of deducible formules remains unchanged if we introduce

a rule of substitution, allowing us to pass from a formula A containing a letter

L to a formula we get from A by replacing I. for each of its occurrences by the
seme formula F; such a replacement is called a substitution, and the formula
arising in the described way may be denoted (according to the notation of Professor
Church) by S;A i

The introduction of the rule of substitution in the propositional calcu-
lus enables us to replace the.formula-schemata by corresponding formulas (formal
axioms)s To write them down, we simply have to put instead of the Romen letters
denoting arbitrary formulas, the corresponding italiocs. The ton formulas we get
in this way, together with the implication-schema and the rule of substitution
constitute a system of the propositional calculus in the usual form. (For the
pure propositional calculus we have to restrict the notion of formula in the rule
of substitution to letter-formulas.)

The system of formal axioms can be chosen in many different ways. A
great deal of research, containing many intercsting remarks, has been done about
the possible axiomatics for the propositional calculus, and also for pertial-
systems of it. (Literature: Lukasiowicz and Tarski, "Untersuchungen tbor den
Aussagenkalkll", C. R. Soc. Scis Varsovie, wvol, 23, 1930; Hilbert=Bernays,
"Grundlagen der Mathematik I", Berlin, Springoer, 1934, pp. 64-82,)

@5 complication arising from the rule of substitution is that our formc:

¢
vk

schema T BEB is no longer a derived rulec, unless we make a restriction on it.
o

Indeed, if we want to apply again the mecthod by which we proved that the schoma

is valid (as a derived rule) for the calculus with the formula schemata, we have
P
ol

to show that from a subsidiary deduction * , mado with the assumption P, we get ¢
Q

deduction of P-»Q without an assumption by adjoining everywhere the anteccaort
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P. In order to extend this proof Lo the calculus with the substitution~-rule we
would have to show that the antecedent P can be carried not only through the steps
according to the implication-schema, but also through those according to the sub-
stitution-rule.s Thus it would be required that if a substitution made for a let-
ter L leads from F to G, then we also can pass from P—=TF to P-—=2G. But this
is not always true (as may be seen from the case where F and P both consist only
of the letter /g‘ and G is 5;7). However, in case P does not contain the letter
L, the substitution which leads from F to G leads also from P—>»F to P——=>G.

Thus we have the result: If in the propositional calculus with formal
axioms and the substitution-rule a formula B can be deduced from an assumption-
formula A in such a way that no substitution is performed on a letter occurring
in A, then A—B is deducible without an assumption.

The complication we have here to deal with is due to the following fact:
though the system of deducible formulas has not been changed by the substitution-
rule, the possibilities of deductions from assumption-formulas has been extended.
For instance: from the formula consisting of the letter )f’, taken as an assump-
tion-formula, every formula is to be got by substitution, whereas in the calculus
without the substitution-rule from }f’, only those formulas can be deduced which
have the value + for every valuati;n for which fWL'has the value +.

It is also a consequence of this fact that the propositicnal calculus
with the substitution-rule has the following property of completeness: If we
adjoin to the formal axioms any lettér=formula not deducible in the calculus,
then every letter-formula becomes deducible.

For if F is the adjoined letter-formula and N a conjunctive normal form
of it, then F—2>N and N—=F are deducible formmulas. Therefore, since F is not
deducible, N is not deducible. On the other hamd N can be deduced from F, and

also every conjunction-member of N can be deduced from F. The conjunction-
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members of N are disjunctions of letters and negated letters. According to our
proved criterion, since N is not deducible, there must be at least one such dis-
junction in N, in which the negated letters are all different from the unnegated
oness Let now A be such a disjunction in N, and A an arbitrary letter-formula.
If we substitute for each of the unnegated letters in /\ the formula A, and for
each of the negated letters in /A +the formula A, we obtain a disjunction ZSF,
every member of which is either A or A. From this disjunction we easily deduce

¥
the forimla A, Thus from F we can deduce & , from A by substitutions N and

from Affk the formula A, So indeed every letter-formula can be deduced from F,

5, Different Forms of the Logical Calculus

We now have to extend the systematical considerations to our whole logi-
cal calculus., Let us recall what has to be adjoined to extend the propositional
calculus to the whole calculus which includes operating with the individual-varia-
bles and the quantifiers,

The first extension is that we take instead of the letter-formulas the
more genefal logical formulase This is done:

l. by taking as prime formulas, besides the letters ,/Q; 3 ;/,3, oo s BLBO
the formulgs consisting of such a letter with frce variables as arguments (the
frece variables a, b, «ee boing the only terms in the pure logical calculus);

2+ by adjoining to the logical operations—érJéi, v, T the process
of forming out of a formula A(G) with a free variable G the formula

(w)A(w) or also (Ew)A(w),
w being & bound variable not contained in A(G).

The other extension is that we have to add to the system of rulcs the

four schemeta for generality and existence:

Bernays
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Generality Existence
Introduction Tﬁ?{% '('E‘%(X v
i 2T,
Elimination S%%%l {Bu) A(Wc); ¢

To the Generality-Introd. and the Existence-Elim.=-schema belong these
restrictive conditions: The variable | is not allowed to occur in A(w) nor in G
nor in the assumption-formula of any subsidiary deduction of which the application

of the schema in question is a part,

(Besides, we have, for all the four schemata,the condition that the vari-

able w does not occur in A(b).)

As we have seen in §3, the Gene-Introd.- and the Exist,-Elim.-schema comn

be replaced by the following schemata:

G —aA(b) " A(b) —GC
(): G»——:ar)A(WT ) (@) : (Ew)A(w-)-j’»G

where the restrictive conditions are the same as before.
We can now again eliminate the assumption formulas. First we can re-
place the Gener.,-Elim,- and the Exist.-Introd.-schema by the two formula-schcmata
(Y): (w)A(w) —>A (%), (8): A —s@EnAm.
The possibility of replacing the four original schemata for gencrality

and existence by the schemata (9‘))((3)) (7/>, (5 ) arises from the two im-

plication~sehcmata,
But in order to come to a formalism without assumption-formulas, we have
to eliminate the Impl.-Introd.-schema, as we did in the propositional calculus.

Thus we have to show that if we take as fundemental rules our ten propo-
sional formula=-schemata, the formula=-schemata (7/) (S)} the implication=-schema
yR 8

1}_,__-‘_&__"1;__:2 and the schemata (0() L (ﬁ)‘then the schema
iR
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! the 'E>

becomes a derived rule,

For this purpose it issufficient to extend our corresponding proof for
the propositional calculus (cf. 84, ppe 43-43) by showing that a premise P can be
carried also through the schemata (o()) ( G) provided that none of the vari-
ables to be taken for b in the occurring applications of these schemata is con-
tained in P, (The last restriction can be made according to the condition pre-

seribed for the application of the schemata (d)) ((_’,:) in a subsidiary deduc-

tion,)

Now this supplementary proof is easily to be given; we have to show . .

that, from a formula
P—>(G--—2A(b))
where b is not contained in P, we get
P> (G—> (w)A(w))
and from a formula
P—>(A(b)—=>G),
where again b is not contained in P, we get
P—> ((Bw)A(w)—>G).
Indeed, from
P—>(G—=>A(b))
we deduce first, by the propositional calculus,
P & G —=>A(Db)
thon by the schema ()
P ¢ G—=(w)A(w)
and again by the propositional calculus

P—>(G—>(w)A(w)).
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And from
P —>(A(b) —>G)
we deduce first, by the propositional calculus,
A(b)—=> (P—>a)
then by the schema ([3)
(Ew)A(w) —>(P—>G)
and again by the propositional caleulus
P —=>((Ew)A(w) ——>G).

So we have now for our whole calculus a system of rules in which the no-
tion of an assumption-formula does not occur. This new system of rules applies,
as well as the original ome, not only to the pure logical calculus (in which the
only terms are free individual-veriables end the only prime-formulas are letters
or letters with free individual-variables as arguments), but also to the deduc-
tions to be made in a formalized axiomatic theory, where we have the special sym-
bols belonging to the theory (symbols for individuals, predicates, mathematical
functions). We then have to deal with the more general concept of a term, as it
was defined in §2, p. 8, and as prime formulas we have the predicate-symbols with
terms as arguments.

Remark: By the extension of the concept of a term especially the appli-
cation of the schemata.(yl)) ( 8) becomes more general, because the t here de-
notes an arbitrary term (whereas the b in the schemata (o()) ( FS) denotes a

variable).

There is always the possiﬁility to include the pure logical calculus in
the formalism of a special theory, simply by adding the letters without arguments
and the letters with terms as arguments to the prime-formulas. This incorpora-
tion of the pure logical calculus, though in general dispensable, is required if

we now want to pass to a third form of our calculus, by introducing a rule of sub-
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stitution for the letters corresponding to that of the propositional calculus.
This substitution-rule allows first the substitution for a letteralf in a formula
F, in the way we have denoted it by S;F/,‘where now P can be taken to be any formu-

la of our formalism. But also substitutions for letters with arguments are al-

lowed. Such a substitution in the case (for instance) of the letter }4L with two
arguments is to be indicated in the form
" S (b, o) o
P(b, o)
(P(b, &) and F being formulas), end it has to be performed so that wherever in F
an expression }f%r, s) occurs, r, s each one being either a term or a bound vari-

)

able, it has to be replaced by P(r, s).l

1) By this rule of substitution the letters )f; ﬁ3, eeo without argument get
the rdle of propositional variables and the letters with arguments the rdle

of variables of predicates.

A restrictive condition is that we have to avoid "collisions" between
bound variables, that means we have to be careful that in the expression arising
by a substitution from a formule F no one of the quantifiers (w), (Ew) occurs in
the scope of one of these quantifiers with the same variable w,

It may be observed that the same formula can in different ways occur as
a formula P(r). For instance, the formula a = a can occur as the formula P(a )
or Q(&) or R(a ), where

P(c) is A =¢

Qe) " ec =0

R(cj R Y
By the int¥pdiction of the substitution-rule no formula becomes deducible.which
was not before. To prove this it will be sufficient to show that in a given de-

duction made with application of the substitution=-rule the first ocecurring substi-
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tution can be eliminated.

For instance, let

54’ (e)
S F/
P(e)

be the first occurring substitution and F* the formula arising by it from F. Then
from the given deduction of F we get a deduction of F* by replacing every expres-
sion ;%P(r) by the corresponding P(r), only the following accessory measure being
required: we have to prevent that by the replacings to be performed some applica=-
tion of the schemata (0() 3 (6) may no longer satisfy the restrictive condition
concerning the variable b of the schema. This could occur in case one of the
variables takon for b in the formula G—>A(b) of the schema (&) or in the formu-
la A(b)—>G of the schema (C)) is contained in P(e¢). But in every such case we
can change, throughout the deduction of the formula in question G —>A(b) or
A(b) —>G, the variable b into another one not occurring in P(c) (and also not oc-
curring before in the deduction of F), without disturbing the deduction of F.

So we get a deduction of F* containing no substitution, Besides it we
have, in general, to keep the deductions of F, because the formula F or also some
preceding formulas may have to be applied in the later part of the given deduction.

In this way every substitution made for a letter with or without argu-

N AR I

ments can be eliminated., And so our earliier substitution-rule hai;the rOle of a
derived rule,

We can also add, without extending the scope of deducibility, a rule of
substitution for the free individual-variables, which can be represented by the

schema

A(b)
A®)

to be applied in such a way that the replacement of the variable b by the term t

is made for all occurrences of b in A(b),
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Indeed this is a derived rule. For from A(b) we get first (by the

schema A—> (B—>A))

(@ -y @)éA(b) ,
then by the scheme (&):

(C — () —>(w)A(w)
and by(f)
(w)A(w) —A(t);

from bothe¢those formulas we get, by the propositional calculus, A(t).

If we now take the two rules of substitution as fundamental rules, we can
replace the ten propositional formula-schemata by the corresponding ten formulas

and the formula-schemata C)/,\) (5 ) Y

(w)a(w) —>4a(t), A(t)—>(Ew)A(w)

by the formulas
(=) 5 (x) —>F(a), Sfa) —s ) &),

provided that we still adjoin a convention allowing us to change a bound variable,
within its scope, into another bound veriable not occurring before in this scope.

So we come to a formalism in which we have

le twelve formel axioms, 10 of the propositional calculus p & °

ore A ool (ds_a’?/—) (4‘“> (43"@))-’((#‘—» 73)=>(A—> @))
HEB>H  AEB->B  (F>B)—((F>C) —(d-> BEC)
/°/'-—»>(;;7Lv@_ ) s ;C’( 4 (5 (H— Cl=((B>C)-> (ﬁ"vﬂ-qp/\
L ) (B > | e s o
and two->for the qua:l‘cifierf) . }f -9)%—
(=) ¥ (x) — H(a), ¥ (a)—> (Ex) & )

A, A—B
2, three schemata: the implication-schema == B—’ , and the schemata (o()> ' {3\.
“a

3+ two substitution-rules, one for the letters and one for the individual-varie -?é?-

ables, and finally the rule for changing the bound variables.
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As an example of a deduction performed within this formalism we may consider the

deducing of the formula
Gt WP b 9o £ G5 W s 9,

which can be done as follows:

(G) (x)ﬁ/‘(X)-’ﬂ"‘ () (axiom)

(F)  (x)(y) }4’(:{, y)-—> (y)'}f(a«, y) (from the preceding formla (G) by the sub-

stitution i }H(J) ( i
i § A, (6)

D) (¥) ;lf (y)._»%*(b) (from (G) by the substitution C-; 0(@)
“ &

of x into y)

and chenging

, Hle) ‘
(y)}f’(a y J)—> Pf (a,b) (substitut, g, A a ) (D)‘

() () o (x y)-== (A (4, y) (doduced formia (F))

(x)(y) # (x, y) —> Fla,b) (from the last two formulas by means of the

propositional calculus)
(x) (y) #‘(x, y) —> (x) )‘f(x, & ) (from the preceding formula by the scheme
()
(x) (y) }"”(x, y)—>(y) (x)/‘)& (xy ¥) (from the preceding formula by the
schema (& )).
We have now three equivalent forms of our calculus, the first with sub-
sidiary deductions, the second with formula=-schemata, and the third with substitu-
tion=-rules. So we can choose for each problem the most suitable form of the cal-

culus. i l:A.J

Remark: Concerning the schema (which in the first formalism is

B
A-—->B
a fundemental rule), we found that it is in the second formalism a derived rule

with the restrictive condition that in every application of one of the schemata

(«)’((55) ogéurring in the subsidiary deduction ¢ , the variable to be taken

B
for b has to be different from any variable contained in A.
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In order that the schema may also hold, as a derived rule, for the

third formalism, we have to adjoin still the condition that every letter or free
A
=2
variable, for which a substitution is to be made in the subsidiary deduction : ,
B
is different from any letter or variable contained in A. That this accessory
[

condition (together with the former) is sufficient to make the schema hold in the

third formalism, can be shown in a way quite analogous to our proof of the cor-

responding part for the propositional calculus (cf. §4, ppe 45-46).

The two restrictive conditions can be taken together in the one condi-

tion saying that every letter and every free individual=-variable contained in A
1Ay
has to be kept freed throughout the subsidiary deduction ; .
B
As to the formalization of the equality it may be remarked that the

schema

r = s, Alr)
Als

has to be replaced in the formalism with the formula-schemata by the formula-

schema
r=s (A(r) —>A(s)).
This schema again can be replaced in the formalism with the substitution-rules
by the formal axiom
a= b —» (Fla)—s (1))
(We could already in the formalism with the formula schemata take the

schema

1}

a =5 (A(a) A(b))

n

instead of r=s (A(r)—>A(s)),
because this more general schems. can easily be derived from the former by means

of the schemata (d)) (‘/) and the propositional calculus.)




Mathematics-Natural Sciences Library, Institute for Advanced Study, Princeton, NJ, USA

56

6. Consistency; k-formulas; cases of deciding on deducibility

The immediate question now concerns the consistency of the pure logical
calculus,

We shall prove at once somewhat more than the consistency, namely that
every deducible formula of the pure logical calculus, if applied to a domain of k
individuals, becomes a formula provable by the propositional calculus,- or what
we found to be the same: +to a +-formula.

Before explaining this assertion generally, let us consider first a spe-
cial case, The formula "

(x) (S (x) —>(5y) ()
can be deduced in our calculuse

To apply this formula on the domain of the k individuals a,,---,<xk
means to replace (Ey) by & disjunction and (x) by a conjunction taken over
‘7\1. eees; A e Thus we get

( () —> () Veer v (X)) K oo (A () —> H (X ) V- v 5 ()
If we here replace 9(’(0(J) by }4} (for j = 1, eee, k), the resulting formula

()f,——a)f; e vﬂf;) R oo &(}4‘;——9 54»' i V9f’&)
is a +-formula.

Now our general statement is that from every deducible formula of the
pure logical calculus we come to a +-formula, if we first replace each of the dif-
ferent occurring free variables by some of the symbols Okl’ cess ka, every gen-
erality by a conjunction, every existence by a disjunction, taken over G(l,...,C{k,
and afterwards replace in the arising formula each of the different prime-formulas
containing O 1, e+ X, by letters (capital italics) different from another and
from the other occurring letters.

Generally a formula which is transformed into a +-formula by the two

indicated processes may be called a "k-formula", Our assertion then is that

Bernays
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every deducible formula of the pure logical calculus is, for every finite positive
number k, a k-formula.

To prove this we take the logical calculus in the second form, where we
have the formula schemata, the implication-scheme and the schemata () 3 ( (S),
Let k be a finite positive number. We now show:

ls Every formula obtained by a formula-schema is a k-formula,

24 If A and A—>B are k-formulas, then also B is a k-formula,

3e If C—>A(b) is a k-formula and b is neither contained in C nor in
A(w), then also C—(w)A(w) is a k-formula;

if A(b)=—=C is a k-formula and b is neither contained in C nor in A(w),
then also (Ew)A(w) is a k=-formula.

1l is obvious for the formula schemata of the propositiocnal calculus but
also for the schemata

(w)A(w)—>A(%), A(t) = (Bw)A(w)

(in the pure logical calculus t can only be a variable).

2 results from the fact that if A and A—>B are +-formulas, then also
B is a +-formula.

3 results from the possibility of deducing from the formulas

P—3Q, P—>Qy, evsy P—>Q,

the formula
P—»Q &Q’Z & coe g(Q.k
and from 0
Q—>P, Q3 —>P, ees; Q—=P

i)

the formula
le see \/Qk'—)Po
Thus indeed every formula deduced by the pure logical calculus must be

a k-formula, for every finite positive number k.
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From this result we can immediately infer that the pure logical calculus
is consistent, For if A is a k~formula, then A is surely not a k-formula; so
A and A cennot be both deducible by the pure logical calculus,

The property of a formula to be a k=formula can also be described in
the following way. We first define, what is a "k-valuation" of a formule A of
the pure logical calculus, generalizing the concept of wvaluation we used in the
propositional caleulus, in the following way: +to each letter (capital italic)
without argument in A we assign a constant value + or =; to a letter with n argu-
ments we assign a logical function with n arguments ranging over X 12 eees ka’
the values of which are + or =, and to each free variable we assign some of the
elements Cxl, cses O‘k; the general and existential quantifiers are interpreted
as symbols for conjunctions and disjunctions taken ovcr49<1, eoss O‘k. Now the
property of A to be a k-formula is that for every k-valuation the value of A, re-
sulting from the definition of —— 2,’ ¥, T as two=valued functions (truth-
functions), must be +.

That this characterization of a k-formula comes out to the same as the
above definition will easily be seen by applying the definition of a +-formula,

A slight generalization of these considerations, useful for Some appli-
cations, consists in removing the restriction to formulas of the pure logical cal-
culuss Indeed the notion of a k-formula can easily be extended to formulas which
may contain symbols of individuals, predicates, mathematical functions. This is
to be done in such a way that the individual-symbols are treated as the free vari-
ables, the predicate-symbols as the'letters with the same number of arguments and
the function-symbols are treated as symbols for arbitrary functions with the given
number of arguments ranging over'C‘I} e G‘k end having their values out of this

domain, Thus, to see if a formula is a k-formula in the more general sense, we

-
have to replace first every free variable and every individual-symbol by one of
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the values 041, oo c*k; after that we assign to each function-symbol the mean-
ing of & fumction, whose values for the different possible sets of arguments to
be got out of the domain (X, ..., o(k), are chosen in an arbitrary way out of
the domain (G(l, P o(k); having chosen the definition for the different func-
tion-symbols we compute the terms; every term then turns out to be one of the

values 0‘1' iy R finally we replace the different prime-formulas by differ-

K’
ent letters. Now the condition is that we must come to a +-formula.

According to this generalized definition of a k-formula it can be
shown, quite in the same way as before, that every formula which is deducible by
our calculus without auxiliary axioms (it itself, or its deduction,may contain
symbols of individuals, predicates, mathematical functions) is, for every finite
number k, a k-formula.

The necessary condition for deducibility given by our proved theorem
turns out, in some special cases, to be at once a sufficient condition, and so we
get, for some kinds of formulas, a method of deciding on the deducibility, being
a generalisation of the method we have already for the propositional calculus.

A simple example of such a pos$ibility is that of the formulas without
bound variables. We consider first the case of a pure logical formula., Let

Alsy By sass 1)
be such a formula, in which the only occurring individual-variables are the free

variables a, b, esey r; let their number be n. In order to be deducible, this

formula must be an n-formula; so

WO e )

must turn out to a +-formula if we replace the prime formulas by different letters,

But that means that A(o‘l, . an) and also A(a, b, ses, r) is to be got from
a +-formula by substituting prime-formulas for the letters. This condition of

course is also sufficient for the deducibility of the formula.
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So we get the result that a formule without bound variables, in order
to be deducible by the pure logical calculus, must be deducible by the proposi-
tional schemata alone.

Now we can extend this result to the case that individual-, predicate=
function=-symbols may occur in the formule to be considered. This is done by the
following argument., Let a, b, «es, r now denote the different primary terms
(free variables and individual-symbols) in a formula A(a, b, eees T) containing
no bound variable; the number of these primary terms may be n.,

Now we want to apply the condition for the deducibility of Alasbonswst)y
saying that for every k-valuation, k being a finite positive integer, the value
of this formula must be +e For this purpose we have to assign values to the
terms formed out of O(l, boasy a{k == 8, ses, I are each to be replaced by some of
these symbols -- by means of the function=-symbols.

By taking k sufficiently large, we are able to choose the functions so
that by the computation of the values different prime~formulas turn out again teo
different prime-formulas. Indeed, if we take for k the number of all different
terms in Ale, sesa ?)» including the terms which are parts of other terms, then
the values of the functions in the domain X 17 e GKk:can be chosen so that dif-
ferent terms in our formula have different values, because for every new term
occurring we are free to choose the value in an arbitrary way out of the domain
5‘1, snsy c‘k and this domain is large enough for making correspond to every new
term a new value.

So the situation becomes Auite the same as in the former case, and we
agaih got the result that the formula A(a, eee, r) in order to be deducible by
our calculus, must be deducible by the propositional schemata alone.

Let us now consider another case out of the pure logical calculus, We

take a formula with no quantifiers other than existential ones, operating over the




whole formula, for instance

(Ez)A(a, b, z),
where A(a, b, z) contains no other individual-variables than the free variable®
a8, b and the bound variable z. If this formula is deducible, it must be a 2=
formula; so /
A (oo, 00) v A (K &y ,Ky)
must arise from a +-formula by replacing the letters by prime~formulas. On the
other hand, if this holds, then
A(e, b, a) v A(a, b, b)
is deducible by the propositional schemata; but then also our considered formule
(Bz)A(a, b, z) is deducible. For by the schema (S) we have
Ala,b,a)—=>(E3)A(a,6,3)
A(a,b,b)—> (55) Ala,b, b>

and from these formulas, together with A( 4, 6')0.) VAla,b, b ) we get by the
propositional schemata
E(3) Ala,b,3),
In the same way we generally recognize that a formula
(Byy) ses (Eyp)A(a, b, eees ks F1s sees ¥p)

in which a, b, «ees k, Vs eves ¥y Bre the only individual-variables occurring
the number of the free variables a, b, ees, };’ is m, is deducible when and only
when it is an m=formula.,

But a formula of this kind is of equal deducibility with the corres-

ponding formula

(xl) s (xm)(Eyl) ese (Eyr)A(x]_’ eses Xpy Y19 sees yr)
thet is obtained from it by replacing the m free variables &, ses, It by the pound
variables Xj, see, X, with the corresponding all=-symbols at the beginning of the

formula,

and
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So the necessary and sufficient condition for the deducibility of a
pure logical formula

(x)) eee () (Byy) ove (Byp)hlxy,s eees Xy ¥y eees )
containing no free individual-variable, is that it is an m-formula.

This result can especially be applied to the uninary calculus, that is
the part of the logical calculus in which every letter has at most one argument.
Indeed the question, if a given formula of the pure uninary calculus is deduecible,
can be reduced to the case considered just now. I will give here only the gener-
al lines of this reduction,

One shows that every formula of the pure uninary calculus cen be trans-
formed into a conjunctive normal form, each of the components of which is of one
of the forms
1) 4, A(0)

2) (W)(A () v eee v AL(W))

3)  (Bw) (A (W) &K vuu KA ()

Al’ PR Ar being each a letter or a negated letter. Passing from this formula
by equivalent transformations to a prenex formule (cf. §3, pp. 27, 30-31), one can
manage in such a way that one gets all general quantifiers before the existential
ones. Finally, if there are some free individual-variables, we pass from the
formula we obtained to a formula of equal deducibility by replacing each of thess
free variables by a bound one and adding the corresponding all-symbols (in some
order) at the begimning of the formula.

Thus one comes to a formula

(27) eee (xp) (Byp) oo (Byp)A(xys eees Xps ¥1s eoes Ip)
without free variables which is deducible when and only when the given uninary

formula is deducible,
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To come back now from these special cases and to get a more general sur=-
vey, it will be suitable to state first the following facts about k-formulas.
Every k+l)-formula is also & k-formula. For, every function of 0(1,...,6*];
with the values I defines a special function afG‘JJ ceey O<k+1 with the values ¥,
by the preseription that the value shall not change by replacing X K+l 0¥ X k?
and therefore, since repetitions of members in a conjunction of disjunction don't
influence the final value, every valuation for the domain<9(1, AP O(k gives the
same value as some valuation for the domain.G(l, ssny X

k+1*
On the other side, to every k there exist k-formulas that are not k+l-

OO v OFE) vk ) v ) (e b A ) (F ) stvtn)

is a 3-formula, but not a 4-formula, and in the same way we get for any finite pos-
itive number k a k-formula which is not a (k+l)-formula. We may call a formula,
which is a k-formula but not a (k+l)-formula, a "proper k-formula",

Thus we come to the following classification:
1, formulas that are not l-formulas (for instance (x)}ﬁ‘(x))

2, proper l-formulas
Q= n

e ®
3¢ formulas that, for every finite positive number k, are k-formulas. We have
showm thét every deducible formula of our calculus belongs to the class 3.

Remark: From the method by which we proved that every formula deducible
by our calculus is (for every finite positive number k) a k-formula, we obtain at
once the following theorem referring to the calculus with substitution-rules:

If we adjoin to our calculus some k-formulas as formal axioms, then every deduci-

ble formula is still a k~formula,
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On the other hand Mr, Wajsberg has proved: If to the logical calculus
with the substitution-rules, a proper k~formula is adjoined as a formal axiom, thewn
every k=formula becomes dedueible.

(M. Wajsberg "Untersuchungen Uber den Funktionenkalkiil fir endaliche In-
dividuenbereiche", Math, Amn, vol, 108, No, 2, 1933.)

Mr, Wajsberg's method of proof consists in reducing the theorem to the
case of the uninary calculus.

Now the question arises, if the formulas of the class 3 are all deduecibls,
or if, on the contrary, there are formilas which are k-formulas for every finite
positive number k, but still are not deducible.

As we shall see, such formulas exist.

7« Consistency of an Elementary Axiom-System
in combination with the logical calculus,
Heuristic introduction. First part of the proof.

!

We were on the point of putting the question whether there erc firmila.
which are k-formulas for every finite positive number k, but nevertheless nch o=
ducible by owr calculus.

This question is nothing else than that concerning the impossihilit - L.
inverting our theorem that every deducible formule is & k-formula for everv k. ®%
there is still another relation between this theorem and our question. Nemely,
this theorem can be formulated in a second form, to which we are led by cousilieriag
the deducibility of the negation oé'a formula F. A deduction of‘E.mgy be ca.led
a "refutation" of F.

According to our theorem, & necessary condition for the deducibility o7

EF(that is for the refutability of F) is, that for every k~veluetion T has the

value +, and so F has t e value - ("false"), whatever finite positive number = may

Bernavs
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be. Now the same can be expressed, by the more usual terms of axiomatics, in the
following way: If a formula F can be "satisfied", i.e., made to be true by a
finite model with k individuals, where k is suitably chosen, then F cannot be re-
futed.

By this formulation we see that the consistency our calculus has is not
only an interior property of it, but also in agreement with the statements about
finite sets.

Now the question we raised can easily be reduced to the other, if the
connection between the existence of a model satisfying e formula F and the irrefu-
tability of F that we stated for finite models holds also for infinite models.

For there are formulas which can be satisfied only by an infinite model.

Teke the formula

(@) (1) (2, 1) Z WGy & Ay, )41, 3) 2((%)(53)97%,32

One easily sees that it cannot be made to be true for a finite domain of individu-
als, that is, it cannot be made to give the wvalue + for a k-valuation with a fi=-
nite positive number k. But it can be satisfied for the infinite domain of the
numbers 1, 2, «.s, namely by choosing for }41ZL)4£) the predicate 0L<</£Z (" &
is less than/ﬁ ud 1"

Now if it holds that a formula which can be satisfied in the domain of
numbers is irrefutable, then the negation of the formula G is an instence of a
formula which for every finite positive number k is a k-formula but is not deduci-
ble, Thus, for answering our question, it would be sufficient to justify the as-
sumption that a formula which can be satisfied for any (finite or infinite) domain
cannot be refuted. And if we have no scruple about the infinite case, there is
a rather trivial method to prove this,.

Indeed, we may define a formula of our calculus to be generally true in

the domain of the numbers, if one obtains from it the value + by replacing every
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free variable by a number, every letter without an agreement by one of the values
* and overy letter with r arguments by a logical function of r mumber-arguments,
using the definitions of é;) V) -‘,'-€> as two=valued functions (truth-functions)
end taking (w)A(w) to be + if for overy mumber n,A(n) has the wvalue +, otherwise
to be =, and taking (Bw)A(w) to be + if for some number n, A(n) has the value +,
otherwise to be -, .That means, the formula is generally true in the domain of
the numbers if for every valuation with respect to this domain it has the value +.
We can also take, instead of the domain of the numbers, an arbitrary domain,
Similarly we may say that a formula can be "satisfied" in a domain if there exists
a valuation with respect to this domain, for which it has the wvalue +.

We then have the relation: If a formula F is generally true for a do-
mein D, then F camnot be satisfied for D, and if F can be satisfied for D, then F
cennot be generally true,

Furthermore one seecs that the property of a formula F to be gencrally
truc for the domain D, as well as the property of a formula that it can be satis-
fied for D, is not changed if instead of D we take o domain Df which is in a one-
to=one correspondence with D; for by means of this correspondence, cvery function
defined in D corresponds to a function defined in D', whose valucs for the corrcs-
ponding scts of arguments arc the sames Thus the refercence on the domain D con-
cerns only tho cardinal=-number of D, If a formula F is gonorallj true for the
domain D, thon it is gencrally true for covery sub-domain of D, or -= what comes to
the samec == if a formula F can be sttisficd in a domain D, it can be satisfied in
cvery domain containing D.

This is the sot=thcoretic aspcct of the logical calculus. From this
point of view we easily prove the theorem, that every deducible formula is gen~

erally true for every domain.
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The proof is quite corresponding to that for the finite domains; in-

stead of the properties of conjunction and disjunction we are using now the defin-
jition of the values of (w)A(w), (Ew)A(w), according to which it is obvious that
from the formula schemata

(w)A(w) —>A(t),  At)—>(Ew)A(w)
only generally true formulas can arise and that the schemata (?K), ((3) lead
from a generally true formula again to such a formula.

Now from the statement that every deducible formula is generally true
for every domain we immediately infer that a formula F, which can be satisfied in
any domein D, cannot be refuted. Indeed, if F could be refuted, then I would be
deducible and therefore generally true for the domain D, and so F could not be sat-
isfied in Ds

Thus it results, in particular, that the formula G, which can be satis-
fied in the domain of the numbers, cannot be refuted.

But this manner of reasoning presupposes the set-theoretic idea of an
arbitrary assignment of values ¥ to the elements (respectively to the pairs,
triples, .e. of clements) of a domain, for instance the domain of the numbers; by
introducing this idea we are neglecting the question about the possibility of ef-
fectively determining the values to be assigned. Even in simple cases this ques-
tion leads to unsolvéd problems. For instance, if we take, in the domain of the
numbers,

for }{'(x, y) the predicate x< y
" P(x) i i "x is a prime-number"
* Blxes ¥) " " x+ 2=y,
then the question, if for this valuation the formula
(x) (By) (B2) (# (=, 3) & By, 2) & P(y) & P(2)

has the value +, is an unsclved problem,
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Thus the statement that a formula turns out for a given special valua-
tion to the value +, in many cases has no concrete meaning. If we agree to in-
troduce such conceptions, most problems of metamathematics become rather simple.
put we turn to a more concrete treatment of the problems.

In particular, for our purpose of showing the formula G to be irrefﬁt-
able we want an elementary proof. On the other hand, it will be desirable to
have a proving method which can easily be extended to similar cases.

To come to such a proof, our first remark is, that for proving the ir-
refutabi%ifz_gf the formula G:

oL #0on X exyX )()f(v,g)&%’;f)é)—»ﬁ‘(x@)}_,& (1)(15(;,)7"/’('1,;1),
it is sufficient to show that the system of axioms .
S (3) L €%
(1) 4 (%,)(_7)(5)(‘)l<(3 &3‘:?"“5)
(%)(Eg )(’K;<‘('()

(containing the predicate-symbol <) together with our logical calculus in the sec-

ond form (with the formula-schemata) is consistent. For, if Gshould be deducible,

then (after the introduction of the predicate-symbol <) the formila

-~ )f—([:,@) F’

\

b k<ce X

would also be deducible, since the substitution=rule for the letters is a derived
rule in our calculus,
On the other hand this formula is the negation of The formula
r) A< ¥ &(41.)(5)(5)(%5 K yey—=rcy) B (7‘»)(53)“‘-4(3),
which is the conjunction of the axioms (1) and therofore can be deduced from them.
Thus the axioms (1) would lead to a contradiction.
We also ecasily see that from a deduction leading to a contradiétion we

should be able to eliminate all occurring lotters (cepital italics), by replacing
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overy letter without an argument by the formula (x)(x < x), every letter with one
argument a by & < a, every letter with (n+l) arguments 815 sees 8.4 bY
al< a9 &(al < ag (_& cee E(al < 8p4qe

Thus we can restrict our calculus by the condition that all occurring
prime-formulas are of the form r < s,

A further remark is that the axioms (1) can be deduced from the axioms

a<a
(2) a< 4 —>(b<e —>a<e)

L < a’

where the prime in a' is introduced as a function-symbol corresponding to the con-

cept of successor. If the system (2) is consistent (together with the logical
calculus) then (1) is consistent; thus it will be sufficient to prove the con-
sistency of the system (2).

The axioms (2) contain no bound variable; they can be interpreted in an
elemenbary way as oxpressing relations between arbitrary given numbers, put instead
of the freoe variables.

To make use of this fact it will be suitable to represcont the numbers in

our formalism. For this purpose we introduce the individual-symbol O. The terms

Wwe get from this symbol by means of the function-symbol ' (as for instence Of, 0"!),

and also the symbol O itsclf, may be called "numerals".

From the intuitive definition of a numeral it is obvious that if a, b
are difforent numerals, then either the process of forming b is a continuation of
the process of forming a or inversely. In the first case we say that a < b is
"true" (has the value +), and b< a is "false" (has the wvaluec =); in the othor
Caso b< a is said to be truc, a < b to bec falsec. A formulg o < a with a numeral

8 is defined to be falsc.
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Thus we have a valuation for the "numerical" prime=-formulas, that is
for the formulas a < b where a, b are numerals. Applying the definitions of the
operations-—eg)zg() v.)_—" as truth-function, we come to extend the valuation to
general "numerical formulas", that is, to formulas which are either numerical
prime-formulas or formed out of such formulas with the operations —=>, é;) v)'—-
By means of this valuation of the numerical formulas the property of

the axioms (2) to express elementary number-relations can be formulated more dis=

tinctly in the following wey: if we replace in the formulas (2) each of the vari-

ables a, b, ¢ (for all its occurrences) by some numeral, then the formulas become
true formulas.
Now our problem is the following: We have a formalism in which

l, every term is either a numeral or a free variable, or obtained from a free vari-
able by applying (one or more times) the funetion-symbol *.

2. cvery prime formula is of the form r < s where r, s are terms.

3. cvery forﬁula is either a prime-formula or formed out of prime~formulas with
the operations ——"'9')&_, vV, -‘N) (w), (Bw).

4, the starting formulas are the axioms (2) and the formulas arising from our form-
ula~schemata, the schemata being the 10 propositional ones and furthermore
(¢/) ana (§).

5. the rules for passing from formulas to others are the implication-schema and
the schemata (0()) ( @).

We have to show that by this formaliFm no two formulas A and A can be deduced.

This statement of consistency can still be replaced by a positive asser=
tion. First we remark that the consistency will be proved as soon as at least one
formula is shown not to be deducible. For in case o formula A and also its nega-

tion could be deduced from our formalism, then (as we stoted in §3, pp. 18-19)

every formula of the formalism would be deducible. Thus it is sufficient for our




Mathematics-Natural Sciences Library, Institute for Advanced Study, Princeton, NJ, USA

71
purpose to prove that the formula O < O cannot be deduced.
But 0< O is a false formula, and so the impossibility of deducing it
will follow. if we show that every deducible numerical formula of our formalism
is a true formula. Now we go on to prove this theorem. First we observe that

we got an equivalent statement by replacing the axioms (2) by corresponding form=-

ula-schemata:
t<t

(3) r<s—>»(s< t—ar<t)
t <t

where r, s, t are denoting terms,

Our demonstration will consist of two parts: First we restriet the
logical calculus by excluding the bound variables and thus applying only the propc
sitional schemata. For this restricted calculus we are to show that every numer-
ical formula which is deducible by it from the formula-schemata (3) is a true form-
ula.

Afterwards we show that from a deduction of a numerical formula made by
means of our whole formalism we can eliminate the bound variables aﬁd thus obtain
a deduction by the restricted caleculus. From the two statements together the
proof of our thcorem results.

The first part of the demonstration is rather easily accomplished. In-
deed if we have a deduction of a numerical formula G from the formula-schemata (3)
which is made only by means of the propositional schemate end without using bound
variables, then we can first replace every occurring free wvariable by the symbol
0 without disturbing the deduction or changing the formula G.

By this replacement every formula of our deduction becomes numerical,
Furthermore the deduction has the following properties:

Every formula is either a starting formula or it is obtained from two preceding

i
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formulas by means of the implication-schema é;;ﬁﬁjji;

Every starting formula is obtained either from one of the 10 propositional formula-

schemata by taking for the arbitrary formulas some numerical formulas, or from

one of the formula-schemata (3) by taking for the arbitrary terms some numer-

als.
In the first case the formule is likewise to be obtained from a +-formula, by re-
placing each letter (for all its occurrences) by some numerical formula; in the
second case from one of the axioms (2), by replacing each free variable (for all
its oceurrences) by some numeral, |

But from this we immediately can infer -- according to the characteris-

tic property of the +-formulas and to what we stated about the formulas (2) .
(¢fepe70) == that every starting formula of our deduction is & true formula.
And, since the implication-schema, if applied to true formulas A, A—3B leads
agein to a true formula, all the formulas of our deduction must be true formulas,

especially the formula G.

Thus our theorem will be proved if we can show that from a deduction of
o numerical formula performed in our comsidercd formalism (c¢f. p. 70) we can
eliminate the bound variables and thus get a deduction of the same formula by the
schemata (3) and the propositional formula-schemata.

We shall prove somewhat more, namely that this possibility of eliminat-
ing the bound variables holds not only if the deduced formula is a numecrical onc,

but more generally in case it conbains no bound variable.

8.The € -schema, Possibility of Eliminating the € -symbol

We are now to exhibit a method for eliminating the bound variables from

a given deduction of a formula M, which itself contains no bound variable. The
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deduction is assumed to be performed with our formalism containing the ten propo-
sitional formula schemata, the implication schemata, the schemata (X ), ((3),

(7/), (5.) and the axioms (2). The formulas of the deduction are assumed to con-

tain no other symbols than

=l
2

——~>)é§) Wy T kwy AEwD, =, 0,
and no other variables than the free and the bound individual-variables.,

Many of these assumptions, as we shall see, are really not required for
the possibility of the elamination. But there is no harm in keeping them at
first, because the possible generalizations of our assumptions will afterwards be
rathor obvious.

As the result of the elimination we have to get a deduction of M which
uses only the propositional schemate and the formula-schemata (3) which correspond
to the axioms (2)., (That we have to take here the formula-schemate (3) instead
pf the formulas (2) is in order to get along without adding a substitution-rule
for the free variables,)

Our process of elimination consists of several steps, The first of

them is the introduction of the Hilbert € -symbol

EﬁACW).
This symbol is closely related to the ¢ =symbol

¢ Alw)
by which the concept "the thing that has the property A" -- which is called a
"description" by Whitehead and Russell =- is formalized.

According to the usual and also to the scientific languege, an expression

like "the thing that has the property A" has a meaning when and only when there is
a sole thing of the property A. Corresponding to this notion we can establish

the following rule for the ( -symbol:
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If A(c) is a formula and the formulaes

(E)Ax),  ()@)AE) & Ay)—>x =)
(x, ¥y being different bound variables) are deducible, then
¢ A (x)
is a term and
Al ¢ A(x)]
can be taken as a starting forfm.xla..

Explanation: The notation A[{ xA(x)] with the square bracket is to in-
dicate that the expression standing as argument may differ from (,xA(x) by the
changing of some bound variables. Such a changing is compulsory in case that by
taking (, xA(x) itself as argument a collisic;n between bound veriables would arise,
"collision" now to be understood in the extended sense that in the scope of a var-
iable w belonging to a quantifier or to a { -symbol, an expression

(w)B(w) or (Ew)B(w) or (,WB(W)
with the same variable w occurs.

Remark: Because of the occurrence of the symbol = in the rule for the
( -symbol, the epplication of this rule presupposes the introduction of the cqual-
ity-rules.

From the rule for the ( -symbol we come to the schema for the € -symbol
by
first, romoving the condition of the deducibility of (x)(y)(A(x) 3( Aly) —>x = y),
then, taking instead of the condition of the deducibility of (Ex)A(x) en anteced-

ent (Ex)A(x), so that, corrcsponding to the starting formulas A[ éxA(x)], we
get the formulas
(Bx)a(x)—> Al€ A(x)],
and finally, replacing this formula-schema by

Als)-—>Al€ _A(x)],
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(the corresponding formulas arising from the two schemata being of equal deduci-
bility).

In this way we get rid of the restrictive conditions we have in the rule
for the ( =symbol, and so the rule for the € -symbol is simply the following:

If A(c) is a formula not containing the bound variable x, then EExA(x)
is & term; and we have the "€ =schema":

A(E) ~> AL €,4(x)],
where again the square bracket indicates that some bound variables occurring in
éfo(x) may be changed into others.,

To have an instance for the case where such & change of a bound wariabls
is required to avoid a collision between bound variables, we may take for Alc) *he
formulae

(u) (u < o);
the corresponding term €EXA(x) is
€, ()< %),

If now we should put this term in the place of ¢ in (u)(u< ¢), a cci=
lision between bound variables would arise and so we should not get a formula of
our formalism,

Thus to apply the € -schema

A(t)—> A[€ A(x)]
to the formula (u)(w< ¢), we have first to change the variable u in
E;x(u)(u‘< x) in another bound variable, say v, and so we get
(Wu<t)—u)(uw< €, (v)(v<x)),
where for t some term can be taken. (If © is of the form Q,WB(W) we have again
to take care that it does not contain the varlable Us) i;o Yﬁi.yi%ﬁ q{ ZKIA (x)
According to our rule for the € -symbol, this symbol & xA(x) Ain the

case that
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(Bx)A(x), (x) () (Ax) & Aly) —>x = y)

are deducible formulas; in case that only (Ex)A(x) is deducible, it gives a for-

melizing of the principle of choice ("Auswehlprinzip") in a specialized form.

Furthermore the quantifiers can be defined by means of the € -symbol.
In fact, by the € -schema and the schema (S) we easily deduce the equivalence
(1) (Bx)A(x) ~VAL € A(x)]
for any formula A(c) (not containing x).

Applying this equivalence to m we get

(Ex)A(x) ~ Al€ A(x)]
and from this, by using the equivalence
(x)4(x) ~ (Ex)A(x)
we get
(2) . (x)A(x) ~ AL € A(x) .

If now we regard the equivalences (1), (2) as definitions of the quauti-
fiers and eliminate the quantifiers by replacing, according to these definition:,
every formula (Ex)A(x) by the corresponding A[GXA(x)] (with suitably chosen bour -
variables) and every formula (x)A(x) by the corresponding A{GxKG:-).], then
1, the schema (’S) becomes identical with the € =-schema;

2., the schema (‘/) becomes

ALE Al ] —a(t),
.which can be obtained by the € -schema as follows:

A(t)—>A[€ A(w)] (€-schema applied to a(e))
A[GWA-m]——-)A('b) (Contraposition)s;

3e instead of the schemata (ﬁ) . (o() we have the passage from a formula

A(b)—mC
to

Ale 1',{A(W) ] =ipC
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and from
C —ai(b)
to
c—=al€ A(w)],
where in both cases b is not contained in C nor in A(w); but both these passeges
are nothing else than substitutions ﬁade for the free variable b,

Thus the quantifiers together with their schemate (o) (6)) ({)) (S)
caLn be eliminated by means of the € -symbol and the € -schema, if we still adjoin
the rule of substitution for the free wvariables, allowing us to pass from a formu-
la A containing the free variable a to

SiAl
t
where t is some term (provided that no collision between bound variables arises).

But also this substitution-rule can be avoided if we take instead of
the axioms (2) the corresponding formula-schemata (3). Indeed we cean argue here
quite as we did in §5 (cfe pe 52) for showing that the substitution-rule for the

letters is a derived rule in the calculus with the formula schemata. Let

B(a)
BT)

be, in a given deduction, the first application of the substitution rule. In the
part of the deduction leading to B(a) -- (this part contains no substitution) --
we replace everywhere the variable a by the term t,- performing at once suitable
changes of bound variables, wherever it is required for preventing collisions be-
tween bound variables. (We may observe that t can be of the form ijA(w) or
contain a part of this form.)

By this process we get from the deduction of B(a) a deduction of B(t).
For, since the schemate (&), (@) are eliminated, and the axioms (2) have been
replaced by the formula-schemata (3), and the deduction of B(a) containé no sub-

stitution, this deduction uses only formula-schemata and the implication~scheme ,-
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the formula=schemata being : 1) those of the propositional calculus, 2) the € =
schema, 3) the schemata (3).

Now in each of these schemata the variable a can occur only as a part of
an erbitrary formula or as an instance of an arbitrary term or as a part of an ar-
bitrary term. Thus all that is done in thc deduction of B(a) with the variable a
can also be done with the term t, only with the previously mentioned restriction
concerning the possible collisions of bound variables.

So we have now a deduction of B(t) without a substitution. To this we
add the former deduction of B(a), in order to have at our disposition for the fur-
ther part of the deduction all formulas we had before., By this procedure one ap-
plication of the substitution-rule has been eliminated. Going on in the same way
we can eliminate all substitutions.

Let us now summarize our last results: we are to prove that from a de-
duction of a formula M containing no bound variables, the deductions being made by
means of the logical calculus in tﬁe second form (with the formula-schemata) and
the axioms (2), the bound variables cen be eliminated.

For the purpose of this elimination we can effect the following prepara-
tory reductions: first introducing the € =-symbol and the &£ -schema, then replac-
ing every formula (Ex)A(x) by Al€ xA(x)]
and every formula (x)A(x) by Ale xﬂzgj],
then, adding the rule of substitution for the free variables, we can eliminate the
quentifiers and the schemsta () “((3) ({)) (4y.

Furthermore we can replace the axioms (2) by the formula-schemata (3)
and then eliminate the substitutions, bringing them back to the starting formulas,.

By all these processes the formula M at the end of the deduction has not

been changed, since it contains no bound variable.




Mathematics-Natural Sciences Library, Institute for Advanced Study, Princeton, NJ, USA

79
After the reductions have been performed, the schemata of our calculus
are only the propositional schemata, the formula-schemata (3) and the € =-schema,

AIn this calculus we have, in particular, the simplification that the
=

schema

A-BQB » as a derived rule, holds without any restriction,

On the other hand we have a complication with respect to the concept of
a term, arising from the possibility of getting from a formula A(c) a term €xA(x).
Such a term may be called an "€ -term".

The problem of our proposed proof is now reduced to that of showing that
from a given deduction of a formula M containing no bound variable, which is made
by meens of our propositional schemata, the formula-schemata (3) end the rule of
the € =symbol, the € -symbol can be eliminated,

For this again it is sufficient to show that the applications of the € -
schema can be eliminated, because, if no application of the € =schema occurs in a
deduction of M, we can replace every € =term by O without disturbing the decnetion
nor changing the formula M,

Thus the whole problem reduces to the elimination of the starting formu-
las of the form

At)—> Al € A(x)]
arising from the € =-schema.,

A starting formula of this kind may be called a "critical formula",

"belonging to the term € xA(x)".

To perform the elimination of the critical formulas we have first to con-
sider somewhat more closely the possible structures of € -terms,

Since the € =-symbol can be applied to a formula already containing € -
terms, we have to deal with various compositions of & =-terms. There are two dif=-

ferent ways in which an € -term can occur in the formation of another such term:
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Let GxB(x) occur in the formation of another € -term, say €WA.(W) ;s then either
éxB(x) is a part of A(w) or the expression obtained from € ,B(x) by changing
some free variable into the bound variable w is a part of A(w). In the first
case we shall say that €xB(x) is "placed within ewA(w)", in the second that the
expression arising from € xB(x) by the changing of the variable is "embodied in
€ A",
For instance the term y

€, ('< €, ©%4))
contains the term 63 (Ol< a) as placed within it, whereas

€, (¥ <€, @'<y) f
contains Eafx"( g ) as embodied in it, Observe that 63 (%= 3) is not
e term because of the occurrence of the bound variable x without an € =-symbol be-

longing to it. We may speak in general of "€ -expressions" to denote in common

the € ~terms and the expressions arising from€ -terms by changing one or more w
free variables into bound ones. And we may use the word "embodied" generally
where an& =expression is a part of another € -expression €WA(W) and contains
the bound variable we
Let us consider what € -expressions occur in the formula we get from
(x) (Eyg) (% <y)
eliminating the quantifiers by means of the € -symbole (EJ (a< tg) is to be

replaced by A < €, (a< Z), which may be abbreviated to B(a ). Thus

J
(%)(Ea e a) is first to be replaced by (X,)B(’[,), and further by

e

B[ €LB(’L)], where

.81 b €, (L<E, (x<y).

To form B[ Ex B(X)1, we have to change the variable a occurring in €1B(’¥a), in

order to avoid a collision between bound variables, into another bound variable,

sayé,.



Mathematics-Natural Sciences Library, Institute for Advanced Study, Princeton, NJ, USA

81
So we get as the formula replacing (K)(Ey)( 'X'<a) the following:
€, (X<€, (<) <€4(€, (%< €, (<) <y).

This formula is already rather complicated, and we see that, for the practical pur-

poses of formelizing,the technique of expressing (w), (Ew) by means of the € ~-
symbol is not advisable,
For considering the different formetions of € ~terms this exemple is

very suitable., We have here the term

€y (Ex (X<€ xag)=y)

which contains the term E% L £, (%= }) placed within it, but no € -

expression embodied in it.: The ’cermé 6 X 35:?;6225) contains
éz (X~ 5) as embodied in it but no € =term placed within it,

Referring to the kinds of composition of € ~terms, we define the "degree"
of an € -term and the "order" of an € =expression.

An € -term conteining no € =~terms placed within it is of degreec 1l; an
€ -term containing at least one € ~term placed within it of degree k but none of
higher degree, is of degree k+l.

An € -cxpression containing no €-expression embodied in it is of order
13 an€ -~expression containing at least one € -oxpression embodied in it of or-
der k but none of higher order, is of order k+ ' For instance the €-term

€4(€ (% <& (X< y)
is of degree 2 and of order onc, whereas
€, (K<€ (< 2))

is of degree 1 and of order 2. This cxample shows at once that an € -term can be

of lower order than enother placed within it,
A general remark we have to use is that the order of an € =expression is
not changed if a term which is a proper part of it is rcplaced by auother term,

This follows from the fact that an € ~term camnot be embodicd in sny € =exprossion,
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After these preliminaries we now come to show how the critical formulas

can be eliminated from a given deduction made by means of the propositional schem-
ata, the formula-schemata (3) and the € -schema, provided that the deduced formu-
la M contains no €-expression.

To explain the Hilbert idea for this elimination let me first consider
the special case. where all critical formulas belong to the seme € =term €WA(W).
Let the critical formulas be

Alty)—>A[€ _A(w)]

.
-

Al )—> A€ _A(w)].

We first adjoin the formula A(tl) as an axiom and replace every term equal to
GWA(w) occurring in the given deduction by t;.

Remark: For this replacement as well as for those to be made later in
the procedure of eliminating the critical formulas,it is to be understood that
€ -expressions which differ only by some bound variables standing in corresponding
places, are considered to be equal and that in performing the replacemcnts we have
to be careful to avoid collisions between bound variables by suitable changes of
bound variables. The replacement to be performed does not disturb the applica-
tions of the propositional schemata nor those of the schemata (3). The critical
formulas are changed by it into

Ay —> A(%q)

Aj—> A('bl) "
where A, ees, A are some formulas we do not need to consider more closely.
(A[EWA(W)] must change into A('bl), because €WA(W) cannot be equal to a part of
Ale).) But these formulas
A m2A(8]), eeey A —2A(Y)
can all be deduced from A(’bl).
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So we have a deduction of the formula M by means of the adjoined axiom

A(-bl), in which the € =-schema is not used. WNow, according to the fact that in
LAy

»

our formalism the schema __B is a derived rule, from the deduction we have of

the formule M by means of A(tl) we get a deduction of
At )— N
in which neither the axiom A(tl) nor the § -schema is used.
In quite a corresponding way we get deductions of the formulas
A(ty) =M, ees, At )—>M
which are all made without an application fof the € -schema. The implications
A(tl)——)M, o A(tk)—am
together give us, by the propositional calculus, the formula
((1)) A(t1) V eee VAL )—M.

On the other hand, if we teke as an axiom the formula

A(t)) V vee v A(Ly)

which can be transformed into

k) & oee & AR,

we first get the formulas

A(tl)! eoe0y A(tk).
But from A(tj) (3 = 1, eee, k) we get, by the propositional calculus
A(tj)-—-;A[e'wA(w)].
(Generally from B we cen deduce B—>C.)
Thus the critical formulas in our given deduction of M become now de=

duced formulas and we get a deduction of M by means of the axiom

A('bl) O - \/A('bk), in which no epplication of the € =schema is made. From this

deduction again we obtain a deduction of the formula

((2)) K(ty) v ooe V A5 —> 1,
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which is made without using the axiom KZtl) M see N A(tk) nor the € =schema,

The formulas ((1)) and ((2)) together lead to M, by the propositional
calculus,

So, finally, we come to a deduction of M containing no application of
the € =schema, ~ This deduction censists of (k+2) parts. In the j-th part |
(3 =1, eesy k),leading to the formula A(tj)-—éM, the € =terms equal to € A(w)
have to be replaced by tj; furthermore the antecedent A(tj) has to be everywhere

adjoined (and to be carried through the applications of the implication-schema).

In the (k+1)-th part, leading to ((2)), the antecedent A(tl) V ses VIA(tk) has to
be everywhere adjoined (but no replacement has to be made). The last part is

the deduction of M from the formulas

ACt) )=, weu, Al )M, At)) v oo v AlE)—H
by means of the propositional schemata.

Thus in the considered special case the elimination of the critical
formulas can be performed.

Now to come to the general case, we have to deal with a deduction which
may contain eritical formulas belonging to different € -terms. To eliminate all
these critical formulas we shall proceed in‘such a way that we distribute the
critical formulas into sets, joining into one set all critical formulas belonging
to the same € ~term (or to equal € =terms), bring these sets in a certain order,
and then apply to each of them, proceeding according to the introduced order, the
Hilbert eliminating method.

The difficulty we have to face here is that, by the replacing-processes
we have to perform for the elimination of the critical formulas of one set, new
sets of critical formulas may arise or, also, what would be still worse, some

critical formulas may lose their form as formulas arising from the (E-schema.
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So we must consider somewhat more closely how a critical formula

A(E)—>4[ € A(W)]

can be affected if we replace an G-term GuB(u) occurring in it, which is differ-

ent from GWA(w) , by a term S.

The classification of the possible cases will be made according to the
place where GuB(u) occurs in the critical formula. There are the following
possibilities:

1. EuB(u) can be identical with t or a part of t, whereas it does not occur else-
where at all,

2, It can occur in A(w) and A(t) outside of the argument; in this case it may al-
so occur as a part of t or be t itself, as in 1, but it is not permitted to
occur in any other way.

3+ It can occur in A(t) containing t as a part or in A[EWA(W)] containing GWA(W)
(or a term equal to it) as a part. Both these kinds of occurrence may hap-
pen together, or together with the first there may still be the occurrence
in A(t) end A(w) outside of the argument,)

In case 1, after replacing € B(u) by S we get a formula

A(r)—>ALE A(W)],
which is & critical formula still belonging to €WA(W).

In case 2, we get a formula

ar(2)—p [ € 2+ ],
which is a critical formula belonging to €'WA*(W). A(w) has the form C(GuB(u), W)s
thus
€ Aw) is € (€ B(w), w)
and

€WA*(W) is QWC(S, W) e

As we see, euB(u) is placed within €WA(W), and so EWA(W) has a higher degree
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than GuB(u); furthermore EWA* (w) has the same order as EWA(W), since it arises
from GWA(W) by replacing a term which is a proper part of it by another term.

In g&gg_i, the critical formula can possibly lose its characteristic
form. But this case can occur only if lQWA(W) is of higher order than €uB(n).
In fact, EFuB(u) must have one of the forms

€ D(u, t), €., € alw)),
A(c) must be of the form H(€uD(u, ¢)) and GWA(w) of the form GWH(GQD(u, w)).
But EuD(u, w) has the seme order as € uD(u, ¢), and also the same order as each
of the terms GuD(u, %), EuD(u, ewA(wD, one of which is euB(u). Therefore
€ A(w) has a higher order than € B(u).
Thus we have the following results: The formula
A(6)—> ALE L AG) ]
remains a critical formula belonging still to GWA(W) if the order and the de-
gree of the ternxéEuB(u) to be replaced by another term is at least as high as
that of €WA(W). And the formula turns to a critical formula belonging to en € -
term of the same order as €WA(W)- if the order of euB(u) is at least as high as
that of € Alw).

Using these statements we can proceed in the following way: We bring

the different € -terms to which critical formulas belong, into a succession
©qs sees Opy O 0y sees ses Oy
such that always Ol has at most the same order as L and if en+1 has the same

order as o, the degree of e is at most the same as the degree of e, Let

n+l )
Oy v waes O be the terms of the highest order.

Now if we eliminate the critical formulas belonging to ey the formulas
arising from the critical formulas belonging to Ops sses Op by the change of e

into other terms are again critical formulas belonging to 62, sess S respectively;

and the formulas arising from the eritical formulas belonging to e .7, ««s oy are
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critical formulas belonging respectively to an € -term of the same order, Thus
the number of different € -terms of the highest order to which critical formulas
belong has become less by one, and there is no€ -term to which critical formulas
belong of an order not occurring before. Going on in the same way we can elim=
inate all the critical formulas belonging to € ~terms of the highest order (occur-
ring in our original deduction).

So we have a method of diminishing the number of different orders of
€ -terms to which critical formulas bolong, and by repeated applications of it we
can reduce this number to zeroj that means eliminate all the critical formulas.

This accomplishment of the Hilbert device is due to Wilhelm Ackermamn.,

(Not published.)

9. Extensions of the Result of our Consistency-Proof

Let us now discuss what results we can inf'er from our method of eliminat-
ing the bound wvariables.

The theorem we proved in the last section says that from a deduction
made by our logical calculus in the second form (with the formula-schemata) and
the axioms (2) leading to a formula M which contains no bound variable, we can
obtain a deduction of the same formuls M made only by the propositional schemata
and the formula-schemata (3).

From this statement, together with our arguments of §7, we get the re-
sult that the axioms (2) together with our logical calculus are consistent, and
that in the strict sense every numerical formula which is deducible from the
axioms (2) by means of our logical calculus, is a true formula,

As an immediate consequence of this we may note that every formula

formed out of the arithmetical symbols <, O, ' and the logical symbols — é;)
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Vv, __) and free individual-variables, which is deducible from the axioms (2) by
means of our logical calculus, has the property that by replacing the free varia-
bles in it by numerals we obtain a true formulas A formula of this property may

be called a "verifiable formula".

That indeed every formula F of the kind described is verifiable follows
simply for the reason that every replacement of the free variables in F can be
performed by a deduction-process in our logical calculus (cfe §5, ppe 52=53) and
therefore a formula obtained from F by replacing the free variables by numerals is
deducible, as well as F itself, from the axioms (2) by our logical calculus, so
that our result about the deducible numerical formulas applies to it.

There is still another kind of formula to which we can apply our elim-
ination-methods Let M be a formula

(Bxy) eee (Bx )H(xy)s eees =),
containing no other bound variable than :xl, sees Xps for which we have a deduetion
by means of our logical calculus and the axioms (2).

Let us consider the effect of applying to this deduction the method of
§8.

First we have to eliminate the quantifiers by means of the €~-symbol;
hereby the final formula M is changed into a formula

H(sl, sees 5p)
where 8,, ees, 8, are certain €-terms. (This is easily shown by an intuitive
induction with respect to n.)

At once the schemata (o), ( (3): ('l/)» (S) are to be eliminated and
the exioms (2) to be replaced by the schemata (3).

Now the different sets of critical formulas have to be eliminated.

Here a little modification of our procedure is required, because the final formula
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can be changed by the replacements to be performed. Iet
A(tl) —-").A.[ G'W'AW] s ecey A(tk)—%A[ eW'A(W) ]
be the first set of critical formulas to be eliminated.
Proceeding as before we obtain from the deduction we have of the formu-

la H(Sl’ eeny S first k deductions, corresponding to the k critical formulasa

W
In the j-th of these deductions we replace everywhere GENA(WO by tj and afterwards
adjoin in all formulas the antecedent A(tj), whereby we get, instead of the k
critical formulas to be eliminated, formulas of the form

Aleg) >y —>4(5)), weey Alt,) —>(hy—3A(E5))
which are deducible by the propositional schemata. The final formula of this

Jj~th deduction has the form

. (3) j
((9) Ale)—>E(s,") o.n, 80,
where siJZ evey séj) are some terms which in general will be different from

Slp LR} Sn.

Furthermore we obtain, by adjoining in all formulas the antecedent

ml) V see VAG];)

(but not performing any replacement), a deduction of

(k1)) Aty) Voeee yA(t) —2H(sy, eee, 5.)0

Now this situation differs from the corresponding one in the procedure of §8 in
that in the k+l formulas ((1)), eees ((k)), ((k+l)), which we are now obtaining,
the second member of the implication is not the same. Denoting the secord impli-
cation-member in the formula ((i)) by. Hy (L =1, eee, ktl) we have

A(t)—>Hy, eee, Alty) —H,

from these formulas we get by the propositional calculus, using the deduecibility

of

Bernays
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the formule
Ve VE VE
that is
H( ](_];)--st.x(ll)) V ese VH(S§k2 ev ey Slgk)) v-.H(slj evay Sn)-

Thus by the process of eliminating the first set of critical formulas the final

formula H(sl, sens sn) of the deduction is changed into a disjunction; this change

however is not essential since every member of the disjunction has the form

H(ry, eees r),
rl, ev ) rn being terms, Now after the elimination of the first set of critiecal
' formulas the final formula has the form of a disjunction of members H(rl, end3 rn),
which remains unchanged by the further eliminations performed in a way correspond-
ing to the first elimination-processs For if F is the final formula we have be-
fore the elimination of some set of eritical formulas, then after this elimination
the final formula will have the form

Fl sz V see VF ,

where Fh is F and the other disjunction-members differ from F only in that some
€ ~terms are replaced by other terms (which may be €=-torms or not). But if F is
a disjunction of membors H(rl, oo rn), then each Fy (1 = 1, sses h) is such &
disjunction, since a.n € ~term to be repleced in F cannot occur in any other way
then being onc (or contained in one) of the terms Tis eess rn in a member
H(rys eees v )e  Thus

FiVoees VI
)e

Aftor the elimination of all sets of critical formulas has been carried

is again a disjunction, the members of which have the form H(rl, sesy T
out, we replace all remaining € -terms by zero.
We then have a deduction of a formula M* of the form

B sves 252 v e vER(E L., 28)),
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containing no € -term and no bound variable whatever; end this deduction is made
only by the propositional calculus and the formula-schemata (3).

It may be observed that from the formula M* we come back to the formula
M by means of the schema (X) and the pfopositional calculus. Indeed, by several
applications of the schema (X) and the syllogism, we get, for i = 1, sees &

Blegt) ves 2l m(Er) vn Ex)H(xys ves 7))
that is
H(r{iz caes rz(li))———>M,
and these formulas together by the propositional calculus give
(TS IR CODVIRRIVE (3 B BT
that is
M* —> M,

In case M contains no free variable, the formula M* becomes a numerical
formula., According to our consistency-theorem it must be a true formula, and so
at least one of the disjunction-members must be a true formula., This member has
the form H(al, Fonp an), where 8., .ees &_ are numerals,

1 n

Thus we have the result: If a formula
(Bxy) oee (Bx )H(xys ooe, xh)
containing no variables other than X)» seey X is deducible from the axioms (2)
by means of our logical calculus (in the second form), then there are numerals
81 eees 85
to be found by our method of climinating the bound variables, such that
H(ay, eoes ay)

is a true formula.

Till now we have been confining the applications of our method of elimin-

ation to the formalism of the axioms (2) together with the logical calculus in the
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second form, This formalism is a rather special one end for the purpose of prov-
ing it to be consistent we could have got along with a more direct method.

But our results really have a much higher generality., Indeed, as has
already been indicated, a great meny of the assumptions we made can be replaced by
more general ones, and to come to the main applications of our method we have to
extend our statements in several respects.

First regarding our procedure of eliminating the bound variables from a
deduction, it is obvious that it does not depend on the special form of the axioms
(2) nor on the special kind of arithmetical symbols they contain, The only ref-
erence to these symbols we made was that after the critical formulas had been elim~
inoted we replaced the remaining € =terms by O. But instead of that we can re-
place these € -terms by a froe individual-variablo.

Moreover, the assumption that no letters (capital italics) occur in the
given deduction has not been used; indeed in the frame of the second form of our
logical calculus the lctters with arguments arc to be trecated in qrite the same
way as predicate-symbols with their argument and the letters without argument in
the same way as prime-formulas.,

Still the restriction to the second form of our logical calculus is not
necessary, since the statemonts we made in §6 about the equivalence of the three
formsiof the logical calculus hold also if some axioms are added, provided those
axioms contain no letters.

Remark: The case of an gxiom containing onc or more letters has to be
oxcepted, since in passing from the third form of our logieal calculus to the
second form we hawe to undo the substitutions made for the letters in the starting
formulas (cfe ppe 51=53), and so an axiom in which a lecttor occurs would in general

have to be changed into othor formulas. In this case a suitable way of perform=

ing the passage from the third form of the calculus to the sccond would be to let
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correspond to the axiom in question & formula-schema containing, instead of every
letter occurring in the axiom, an indication (by the use of Roman letters) of an
arbitrary formula (with the same arguments). But then the difficulty is that the
formulas arising from such a schema in general will lose their characteristic form
by the replacements to be made in the elimination-process., Thus every case of
this kind requires a special discussion, such as we shall soon give for the equal=-
ity-schema (or -axiom).

Taking together the different extensions, we come to the following elimin-

ation-theorem: Let there be given a formalism consisting of the logical calculus

in one of the three forms, including the pure logical calculus, individual-, pred-
icate= and function-symbols, and some axioms Al, soes Ak containing no letter and
no bound variable; thus the axioms are formed out of terms, predicate=-symbols,

%

2 > B

and the operations —2, &

If by means of this formalism a formula containing no bound variable is
deduced, then we can obtain also a deduction of this formula which is made only by
the propositional calculus and the formula-schemata Sys sess Sy which we get from
the gxioms Al’ eces Ak by replacing every free variable by the indication of an ar-
bitrary term which is the same for all occurrences of the variable in one of the
axioms.

Furthermore, if by the given formalism a formule

(Bxy) eee (Bx)H(xps eeey %)

is deduced, where X715 eeey X, 8re the only bound variables in H(xl, swas xn), then
we can obtain a deduction, made by the propositional calculus and the formula-

schemata sl, eses By of a formula

H(I'{l)p evey I'r(ll)) Veoe VH(I‘.Eg), soe s rr(lg))o

where r£iz ha réi) 1 S AR, 3*) are terms.
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Remark: At once our proving method gives a stronger result, namely that

the two statements of the elimination=-theorem hold also if, besides the quoted
means of deduction, the given formalism also contains the € =schema,

Indeed, in our proof it comes out to the same whether we have the -
schema from the beginning as belonging to the given formalism, or introduce it in
the course of the argument,.

From the second statement of the elimination-theorem there is a relative-

ly easy way to obtain the general theorem that Jacques Herbrand proved in his the-

sis "Recherches sur la théorie de la démonstration" (Paris 1930).
Let me briefly indicate this connection. The Herbrand theorem concerns

deducible formulas of the pure logical calculus. As we know, every formula of

this caleculus is equivalent to a prenex formula (cf. §3, pe 27). So our atten-
tion can be restricted to deducible premex formulas. Moreover we can assume that
in the formula to be considered the first quantifier is an existential symbol.

For if the Tormula begins with an all-symbol and thus has the form (x)A(x), we can
teke instead of it the formula A(c), where ¢ is a free variable not occurring in
A(x) ,~--the two formulas being of equal deducibility. By repeating this procedure
we either come to a formula without a bound variable or to a prenex formula begin-
ning with an oxistential quantifier. In the first case we kmow already that in
order for the formula to bo.doducible.:it must ariso from a + formula by substitu-
tions for the letters. The Herbrand theorem will be a gemneralization of this re-
sult. So we can now assume that the deducible prenex formula F in question begins
with an cxistential quentifier.

The formule F will in gencral contein some all-symbols. To each such
symbol we assign a function-symbol, the arguments of which are the variables be-
longing to the existontial symbols preceding the all symbol; then we cancel the
all-symbol and replace the variable belonging to it everywhere by the function syme

bol assigned to the cenceled all=symbol.
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According to this prescription a formula of the form

(F-x ) (Eg )NE3)(v) Alx, “, Yo 3,7}’)

in which X, %,3, }) 7?7 are the only bound variables, has to be replaced,=

if (L), W(’)L)g) é) are the function=symbols assigned respectively to (w)
and (2V) ,- by
| (ExXE,NEZA(+M), 4, .Y 1.4, 3)
Now the formula F°, by which F is to be replaced in this way, can be deduced from
F by the logical calculus, if we adjoin to it the function-symbols assigned to the
canceled all-symbols. It will be sufficient to show this for our special example,
by dedueing the implication
(E)(EgXEZ@I AL 45 5> v)—> (Er)Ey XE3)A (7‘3’("))3,5,&!’(1,3
This deduction will be performed by means of the Schema ()/ ), the syllogism and
the derived schema of passing from a formula
A(c)—=>B(c),

where ¢ is a free variable not occurring in A(w), B(w), to

(Bw)A(w)—> (Ew)B(w) .
This last process (efe §3, Pe 18), which is here understood as an abbreviated in-
dication of the passage

A(e)—>B(c)

B(c) —>(Bw)B(w) (schoma ( 9

A(c)~—>(Ew)B(w) (syllogism)
(Bw)A(w)—>(Bw)B(w) (schema ( (3))
may be quoted as " $ - (3 =schema”,
Still we have to use the fact that, according to the adjunction of the
symbols 4’, Y  to the calculus, < (a) and \P(a, b, ¢) are terms, if a, b, ¢
are free variables. Let a, b, ¢ be free variables not occurring in

ACK, w, . 3)’0'); then we have:
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(¥)A(a, #(2), by 0, 7)-—>4la, $ (a), b, o, ¥(a, b, o)) (schema (¥ ))
(83 )(¥)A(a, #(a), b, 3, ¥)—>(E PAle, $(a), by Fu ¥ (es by 3)) (5= (s‘-

schema

Eg)(E;})(v\A(a. <+ (a), 'y 3 v)—-a(Eg)E’g)A(a, $ (a), L J\Péa qho,)g
=gschema

(u)(EJ )(Eé)(V)A(a,u.J.9,7r)—>(Ea)(E 5)(9‘)A(a.¢(a),3 ,é.zr)(schema(’/))

(u)(EJ )(ED)(V)A(a‘“’J’D’ﬂ——-}(EJ )(Ea)A(a, 4’(&)’3'3’ “P(azgyl.lzcr)gsm)

(E%) (u)(Dg)(Eé)(’lJ’A(‘L “alys 3 V)—-é(E’lL)(EJ)(Ez)A(’)C s k(%) 242

¥ (£,9,3) (8- @B ~schema).
Thus the formula F° as well as F is deducible, (In case F contains no all-
symbol, F° is identical with F.) The formula F° being of the form

(Bxy) see (Bx )H(xp, osey %),
we can apply to it the second part of our elimination-theorem; this gives the re-
sult that we can deduce by the mere propositional calculus =~ (we have here no
special axioms) == a disjunction
Flv oes qu:

every member of which is to be obtained from F° by canceling the existential sym-
bols and replacing the bound variables by terms, By virtue of the connection
holding between the formulas F° and F it follows that every disjunction-member
Fi B PR q) is also to be obtained from F by canceling the quantifiers and
replacing the bound variables by terms; these terms are formed out of free vari-
ables and the introduced function-symbols, and the term replacing a variable be-
longing to.an all-symbol (w) consists of the function-symbol assigned to this all-
symbol having as arguments the terms which rcplace the variables belonging to the
existential symbols preceding the all-symbol (w) in the formula F.

For instance, in the case just considered, wherc F has the form

(£ x)(«)(E EyNEDW) AL, 4, y,3,7)




Mathematics-Natural Sciences Library, Institute for Advanced Study, Princeton, NJ, USA

97
and <P, ‘V are the introduced function symbols, every disjunction-member Fj has
the form

Alr, P (r)s s, &, P(r, s, t)),
r, s, t being some terms formed out of free variables and the function-symbols

¢, V.

Now since

Fl V ese V Fq
is deducible by the propositional calculus, it must arise from a +-formula by sub-
stitutions made for the letters. Thus the same must hold for a formula F* we get
from this disjunction by replacing every term standing in the place of a bound var-
iable in F and containing at least one function-symbol, by a free variable not oc-
curring before, taking for equal terms the same and for different terms different
variables.
From the structure of the terms in the disjunction-members Fi
1" Ly weds q) we described, it can be concluded == the proof is not difficult --
that from the formula F* we can get back the formula F by means of the schemata
(X ), ( g ) end the propositional schemata.
So finally we have the result: to every deducible prenex formula F of
the pure logical calculus we can find a formula F* of the following properties:
ls F* is a disjunction every member of which arises from F by canceling the quan-
tifiers and replacing the bound variables by frece variables (which neced not be
all different from one another) .
2. F* ariscs from a +=formula by substitutions for the letterse.
3¢ From F* we cen deduce F by means of the schomata ( & ), ( g ) end the proposi-
tional schemata.
This is an abbreviated statcment of the theorem of Herbrand (cf. J. Her-

brand "Sur lo probldme fondamental de la logique mathématique", Compt. rend, de
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la. soc, des sCs see de Varwovie, Vol, XXIV, 1931, Classe III; pe 3}, footnote l)J
A detailed statement would include some conditions on the variables in F*, deriv-

ing from the structure of the terms in the disjunction F F

1 see q°

Gerhard Gentzen recently gave a new proof of the Herbrand theorem, ob-
taining it as a consequence of another general theorem of logic proved by him,

Let us now come back to questions of consistency, for the treatment of
which the elimiqation—method wa.s intended.

To obtain from our elimination-theorem results concerning consistency
we have to assume something more on the axioms Ay, .., Ak' Indeed the assump=-
tion made in thé elimination-theorem on these axioms, namely that they contain no
letters and no bound variables, surely cannot suffice for the consistency.

The property of the axioms (2) by which we proved their consistency, was
that they are vorifiable formulas, or, in other words, that they turn into true
formulas if we replace the free variables occurring in them by any numerals. Here
the concept of a truc formula referred to our valuation of the formulas a < b in
which a, b are numerals, Besides wo recquired that in the formalism we considered
every term not containing a frce variable be a numeral,

Removing in an obvious way some inessential pceuliarities of this case,

we come to the following consistency-thcorem: A formalism arising from the pure

logical caleulus (in one of the thrce_forms) by adding some individual=-, function-
and predicate-symbols and some axioms Al’ ooy Ak containing neither lettors
(capital italies) nor bound wvariables, is consistont in the scnse that no two
formulas A,TK are both deducible by it, if the following conditions arc satisfied:
1, There is a kind of term containing no free variable == they may be called
"N-terms" (as a generalization of "numeral") -- and a valuation rolated to thom,
such that every formule consisting of a predicate-symbol with N-terms as arguments

ig eithor true or false and it can be decided which of the two holds.
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2¢ In casc there are terms containing no free variable without being N=terms,
these terms are formed out of N-terms by means of function=-symbols and therc is a
process of computation by which every such term turns into one and only one N-torm,
which therefore can be called its "value".
3¢ Bach of the axioms A., ssss A is "verifiable" in the sense that after each
free variable has been replaced by an N-term, and afterwards the terms which are
not N-terms have been computed, the formula we obtain is a true formula according
to the valuation of the prime-formulas and the definition of the operations —>,
Z& L " as truth-functions.

Moreover, whenever the conditions 1, 2, 3 are satisfied we can conclude:
every deducible formula containing no letter and no bound variable is verifiable;
and to every deducible formula

(Bx)) oo (Bx )H(xp, eees x),
which contains no wvariables besides Xys sees Xy and no letter, we can find (by
the process of eliminating the bound variables) some N-terms Bys sees By such that

the formula

H(al, cens 8)5

after the terms, which are not N-terms have been computed, becomes a true formula.

Quite the same property continues to hold if to the given formalism the
Ef-schema is adjoined. (Cfe the remark to the elimination-theorem, Pe 740 Thus
the conceptual methods which are formalized by the rule of the € -symbol (ef. §8,
ppe 75-76) preserve the consistency’of a formalism satisfying the conditions of
our consistency theorem, |

For the application of the consistency-theorem an essential remark is
that from the consistency of a formalism.{F} we can infer the consistency of any

formalisnl{G-b which is"included in F", in the sense that every deducible formula
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of G is also & deducible formula of {F}. By this arpument we are able to apply
our consistency-theorem indirectly to formalisms which do not themselves satisfy
the assumptions of this‘theorem.

That is the method by which we proceeded in §7 (cf. pp. €8-69) in re=-
ducing the question of consistency for the axioms (1) to that for the axioms (2).
We are now going on to apply this method to the equality-schema and to

the axiomatic-geometry.

10. Possibility of Replacing the general equality schema by special axioms.
Example of axiomatic geometry

Since the question now concerns the application of our consistency-the~
orem to formalized axiomatic theoreis, we first meet the difficulty that the form-
alisms +to which the statement of this consistency~-theorem refers do not contain
the formelization of equality.

Indeed, for operations with the equality-symbol in the formal deductions
we have the axiom

a = A
and, according to the form of the logical calculus, cither the schems

r = s, A(r)
A(s

or the schema

r=s—>(A(r)—>Aa(s))
(instead of which we may also take

an b u (M) —w A(ED )
or the axiom

a=b—>(Ha)— F(8)
Now neither these schemata nor this axiom belong to the pure logical calculus, nor
cen this axiom bo taken as one of the adjoined axioms Ay, eee, A, since it con=-

tains the letter }f
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So we cannot immediately apply our consistency=-theorem to a formalized
theory which contains the equality-formalism, as most of the formalized axiomatic
theories do.

But this difficulty can be removed in two weys. One is that we extend
our elimination-theorem to formalisms containing the axioms

a=a,  a=6—=(F(2)— H(6)
-- or instead of the last axiom,one of the corresponding schemata. This indeed
can be done by modifyying the process of eliminating the fi-expressions. (One has
to consider still a second kind of critical formulas which have to be eliminated.)

By this method one obtains a stronger result with respect to formalisms
containing the fz-schema.

For the purpose of meking the consistency theorem apply to formalisms to
which the general schema of equality (or the corresponding axiom) belongs, we can
get along with a simpler measure. In fact, as we will show now, for the deduc-
tions to be performed in the formalizing of an axiomatic theory the equality-
schema can be replaced by a finite set of special equality-axioms.

Let us take again the second form of the logical calculus and the gen-
erality-schema in the form

r = s> (A(r)—>A(s)).
We first state some simple deducibilities. As an immediate application of the
generality=-schema, taking for A(d) the fornula & =¢C and for r, s the variables
- & (4' we get
A=4-—>(a=0-->b=c¢)
This formula, together with the axiom @ =& gives, by means of the propositional

caleulus and the substitution Sg(a =@ —» 6 =¢ )| (the substitution-rule for

the free variables being a derived rule in our logiecal calculus), the formula

a= & —> §=a
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For a function-symbol f with one argument, we get by the equality-schema,
taking for A() the formuls f(a) = £(A) and for r, s the variables a, L

a=6-—> ('f(st'):f(a)m—'»f(a)xf((r))
and from this formula, together with
f(a) = £f(a)
(to be got from &« = @.), we obtain by the propositional calculus

a= bt —> fra) = £¢6)

In quite a similar way we obtain, for a function=-symbol f with two arguments, the

formula
a = 6 --> f(d,C) = f(é.: C.)
and also
2 == é—--—) f{e,d) = f(cJ é)
For a predicate-symbol,as for instance <, we immediately get by the
equality-schema

a=b-——> (‘l‘:<:"—-"¢;‘:CZ)
;z = b ——> (€Cca-— CL< é,),
Thus for every argument of a function-symbol f a formula
a=6 «...;.]((...34,...):]((..., byree),
and for every argument of a predicate-symbol P a formula
t=b —>(Plersayeee yFP(er, 6,0 )
is deducible by means of the equality-schema (in the case of the function-symbol
using also the axiom &£ = @ ), where ‘in the places of arguments, besides that of
the distinguished argument, stand variables different from & and é and from one
another, and for both occurrences of the function-symbol, or the predicate-symbol,
the same variables in the places of corresponding arguments except that of the dis-

tinguished argument.,
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Such a formula may be called an "equality-formula belonging to the argu-
ment" in question of the function-symbol, or of the predicate-symbol.

Now we are to prove the following equality-theorem: every formula

r=s-=»(A(r)—sA(s))
which arises from the equality-schema and which is formed of individual-variables,
individual-, function- and predicate-symbols and our six logical symbols, cen be

deduced, by means of our logical calculus, from the formulas

(e) j ol =

& A=zt —»(a4z¢—> =)
and a set of equality~forrmulas
(dl) [l":é‘ i ﬁ‘,-c) ‘1) .“)::'JL(”.’ 6):-.)
~ o o
(62) Q:ﬂ 6...—-.)(’73[00-,@_,0;.)"% 135‘..) (")l.l))

in which there is for every argument of a function- or a predicate-~symbol occur-
ring in A(C ) one equality-formula belonging to it.
In fact, given a formula
r = § w3 (A(r)—>A(s))
of the kind described, it is easily seen, first that for any E_e_r_l_n_ t(¢) formed
out of funetion-symbols occurring in A(C ) end free variables, the formula
a =6-—» Tia) = ti6)
is deducible from the formulas (e), (el) by means of the (derived) rule of substi-
tutions for the free variables and the propositional calculus.
Using furthermore the formulas (ez) we can deduce, for every prime~form-
ula Q(¢ ) formed out of symbols contained in A(¢ ) and frge variables, the formula
a =& —=2(Qi)—>» Q)
The substitutions occurring in such a deduction are only to be performed on ths
variables contained in the formulas (e), (el), (ez). (Observe that the subshitu-
tions for the free variables have to be effected in our calculus by means of the

schemata (& ), ()/').
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Now we take two free variables p, q not occurring in (e), (el), (92) and
consider the formula
p = q —>(A(p) —>4(q)).
In order to show it to be deducible from the formulas (e), (eq), (eg) it will be

sufficient to prove that from

P=q
together with (e), (el). (92) we can deduce
A
A(p)~—> A(q) 3
B

in such a way that the variables p, q are kept fixed. For the schema FTT3F
(to be applied with the restrictive condition).is a derived rule in our formalism,
as we stated in §§4, 5 (cfe ppe 42-43 and 48—50).

Now this deducibility of A(p)—>A(q) from p = q and the formulas (e),
(el), (ez) results in the following way. For any prime formula Q(¢ ) formsd out
of symbols occurring in A(C ) and free wariables, as was stated just now, we can
deduce, using (e), (el), (ez),

a=6—>{Qla)—> G (&)

and thus also

q —>(Q(p)—>Q(aq))

e}
1

q = p—>(Q(q)==>Q(p)).

Moreover, from p = q and the formulas (e) we get
' q = P
Sc we obtain
Q(p)--—>Q(q) end Q(q)—>a(p),
which together give
Q(p) ~~Q(a).
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Thus, according to our statements on equivalences in §3 (cfe ppe 16-18 and bottom
of 27 to top of 28,- observe that the schemata of the assumption-calculus are de-
rived rules for our calculusi), in every formula which contains Q(p) somewhere as
a part, we can replace this part by Q(g); and furthermore, if an expression B(p)
arises from Q(p) by putting some bound variables in the place of some free vari-
ables different from p, this expression, for any one of its occurrences in a form-
ula, can be replaced by B(q).
Using ‘these possibilities of replacement, which hold for any prime form-
ula Q(C), we can pass from the deducible formula
A(p)—>A(p)
to
A(p) > A(q).
In the deduction thus performed of the formula
A(p) ~—>A(q)
the variables p, q remain fixed. Indeed, since p, q are different from the vari-
ables occurring in (e), (el), (ez), we never have to take p or q as the variable b
in one of the schemata (& ), (‘3 |
So in fact it results that by means of (e), (el), (62) the formula
p = g ~>(A(p) —>4A(q))
can be deduceds But from this formula we get
r = s ~3»(A(r)~->A(s))
by substitutioﬁs. This formula thus is deducible from (e), (el), (ez), as we
wanted to show.
Now we are to apply the proved equality-theorem to a formalism of an
axiomatic theory, to be obtained from the pure logical calculus by adding some
individual=-, function=- and predicate-=symbols, the symbol = included; furthermore

some formal axioms Fy, es., Fy, one of which is the equality-axiom @ = & they
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all containing no letter and no bound variable, and still the equality-schema
r = 5-—>(A(r)—>A(s)).
Our purpose is to extend to such a formalism our consistency-theorem. Since the
statements of this theorem concern properties only of such deducible formulas as
contain no letters, we can restrict the consideration of deductions to those of
formulas containing no letter.

Now taking the logical calculus again in the second form (with the form-
ula-schemata) we can, from a deduction of a formula not containing a letter, elim-
inate the letters altogether from the deduction.

After this elimination has been performed, every application of the
equality~schema satisfies the conditions of our equality-theorem. Thus, accord-
ing to this theorem the equality=-schema can be replaced, for each of‘the deduc-
tions we have to deal with, by a finite set of special equality-axioms consisting
of
1. the formla

A= —>(a=c—>6=c)
24 for every function-symbol f of our formalism a set of equality-formulas
2 =h 3 £larss Byiase) = £lonas 4 sus)
belonging to its different arguments
3. for every predicate-symbol P of our formalism a set of equality-formulas
a =G = (Pleses @, o) =2P(eea, &y oe0))
belonging to its different arguments.

Romark: It will not always be necessary to assign to every function-

and predicate~symbol as many axioms as it has arguments; for by meens of the

axioms Fl’ & i Fk and

b 3
aAa=4—>(a=¢—=4=c¢)

some of the equality-formulas in question may be deducible from the others,
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But by replacing in this way the equality-schema by special equality-
axioms we come to a formalism of the kind to which our consistency-theorem applies,
the equality-symbol having now quite the same role as the other predicate-symbols.

And so finally it results that for the two statements of our consistency-
theorem holding with respect to the original formalism it is sufficient that for
the modified formalism a valuation of the prime formulas formed out of the in-
dividual-, function- and predicate-symbols can be defined which is in accordance
with the conditions 1, 2, 3 of the consistency-theorem.

By the methods now at our disposal we can prove systems of axioms for
Euclidean geometry = not including the axioms of continuity - to be consistent.

Remark: As to the Archimedoan axiom it would be possible by an addition-~
al consideration to include it in the comnsistency-proof.

An axiomatization of Euclidean geometry especially appropriate for our
purpose is that which we obtain by adjoining to the axioms for projective geome-

try of Professor Veblen ("A system of axioms for geometry"? Transe Amer, Math. Soc

Vols 5 (1904), ppe 343-384) the metrical axioms of R. L. Moore ("Sets of metrical

hypotheses for geometry", Trans. Amer, Math. Soc., Vols 9 (1908), pp. 487-512),
For the sake of simplicity we are restricting our attention to plane

geometrye. Exeluding the continuity-axioms, we have to use the statements of

J. L. Dorroh ("Concerning a set of metrical hypotheses for geomotry", Annals of

Moth., 2d Sers, Vole 29 (1928), ppe 229-231). For the parallel-axiom I shail
take the Hilbert form of statement. The structure of the axiomatic system to be
considered is the following: '

We have only one kind of individuals, the "points" -- and two fundemen-
tal predicates:

" é’ lies between & and € ", or "the points 4., b , € are in the order & tﬁc =3

notation: Cd [-1, 6’, C,)
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and
"the distance of & from (/r is equal to that of ¢ fromég "s notation: ﬂéi = C’(
The identity is considered as belonging to the logic in the same way as it does in
the systems of axioms we eonsidered in §1; we take as before the notation & = 6;
for it,

There is also the derived predicate "the points 4, 4 , C are on a
straight line"; mnotation: $%# (2,6 ,& ); for this we have the explicit def-
inition:

Def. 5#(a,6,¢); Olabe)vBL(6,¢,a)y Od{c,a,6) vaz=bvé=c c=a.
Mathematical functions do not occur,
Now the axioms written down by means of our logical symbolism -- I some-

times shall adjoin an explanatory comment =-- are the following:

1) a) Od (a,6,e) > (¢, 6,a)
b) &d (a,6,¢)—> L (a,e,¢)
c) oL {a,t,a)
& a6 & s#ta 6 )8 Stla, bd)——> S¥(a,c,d )
6) (Ex NEgNES) SP(2.9,3)
o Sta,be) (& OU,e,00 X ra (ce,0)—>(F 1) (OA(2,1,6) Astide

(Triangle-axiom)

D

" #0a,6,0) —Ay) (St en) & (57a,6,2)v 5H(ae,n)

(Parallel=-axiom)
§) @) a o= Fa
b) a&ue/&cda{e/_.—;aégcc(
7) e) 2t bhesd —= (Ex)(Od(de, 1) & ab2en)

) Bd(a,be) 5ed(a,6d) K be v 64— c=4.
(Existence and uniqueness of a point in a given distance and direction from

e fixed point)
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8) OA (a,6,¢) &C%/a(e,f)& 2l ede X be :‘.49/ — G 24/

(Additivity of segments)

y w60 ke 5te f) Koo pt)fotiefh) K at2ef b b xfy keaxgy
,___q>¢3gﬁ C!é? 7(.

(Axiom on congruent triangles)

These axioms are sufficient to permit us to deduce from them, by means of the logi=

cal calculus, all theorems of plane geometry which follow from the Hilbert axiom-

system of geometry (cf. Hilbert, "Grundlagen der Geometrie", 7th ed., 1930) with-
out the continuity-axioms, and which are expressible by relations of collinearity,
betweenness and equidistance holding for some specified points.

Remark 1. Theorems concerning polygons with an arbitrary number of sides are mnot
expressible in our formalism.

Remark 2. In order to meke provable the existence in our geometry of all con-
structions with rule and corpasses, we should have to add still one axiom, for
instance the following proposed by R. L. Moore

10) A2, b,¢) (& St (a, 5’,1)""‘*(51)(/&"(&’ £, 1) S( AxXq c)‘

In order now to apply our consistency-theorem to the system of the axioms

1)-9), we first have to remember that for this purpose we need to regard only such
deductions gs are performed -- in the frame of the logical calculus in the second
form == without using letters. = (Cfe pp. 105-106.)

So we can apply our equality theorem and, according to it, replace the
general equality schema by spec{al equality axioms.

By virtue of the axioms 1 a), b), and 6 a), b), we need here only two
equality-formulas for Caﬂq and one for =¥ Thus we have the following equality-

axioms

Bernays
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a4 = a
agé‘"_"(’ﬂ_z’c‘-—,é:@)
((e)) @ =6 e (O laye,d) —> O (6,0,4))
e ”

\ A = ly—> (B (c,a,d)—>GAL(c, ¢,4))
{ d=é‘_>(aCﬁ'4:{€’“" e = de)

-

and by introducing them we place the equality on the same level in our logic as the
fundamental predicates M , =

To the application of our consistency-theorem there is still the obstacle
that bound variables occur in our axioms. These bound variables all belong to
existential quantifiers. (We wore able to avoid gemeral quantifiers in the axioms
because every generality occurring in them operates on & whole axiom, so that it
cen be cxpressed by means of a free variable,)

To eliminate the existcntial quantifiers it will be suitable to use, in
an houristical way, the Hilbort € -symbol. As we know, a formula

(Bx)A(x)
can be expresscd, using the € -symbol, by
ALE€ ,A(x) ).
Now let, for instance,
B—~>(Ex)D(x, &, ses, k)
be an axiom, where B contains no bound variable and X, &, .ess kX are all variables
occurring in D(x, &, ee., k). Expressing here the existontial symbol by means of
the € -symbol, we get
B-—~»D( €xD(x, &, sees k), 8, eee, k).
Now introducing a new function-symbol g by the explicit definition
gla, snes k) = €xD(x, 8, «ses k)

we come to the formula

B*"D(g(a., ecey k), &y eeoy k).
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On the other hand, from this formula the axiom
B~-»(Ex)D(x, &, eees k)
can be deduced (by means of the schema (é;) and the syllogism).

By this consideration the following device is suggested: +to replace in
the axioms every bound variable belonging to an existential quantifier by a new
symbol (individual=- or function-symbol) having as arguments the free variables con-
tained in the scope of the existential quantifier canceling at once this quanti-
fier.

In this way we get, ;nstead of the axioms 3) and 7a), introducing the
individual-symbols X , (3 ,)/ and the function-symbol l4)(62., é‘, - ﬂ{), the
following _ i
31) st (e, (3, 1)
7a) akb & crd—> A (de,Pabe,d) & 4 ~c¥(abe

(Y(a, &, ¢ . 4 ) represents "the point lying in the continuation of the seg-

ment dC beyond C , having the same distance from C , as é has from &.'.)
Concerning the axioms 4), 5) there is the simplification that for re-
placing them by axioms without quantifier we can get along with only one new func-
tion-symbol <p (&, 6, c, 0(), representing "the intersection-point of the lines
ab ana Cd ", provided that such a one exists.
Herc the formal passage can be effected again by means of the € ~symbol.

In faot, the axiom 5) cen first be transformed into

A———

SH (4,6 c) —>(E 2 ) (2,60 & stte ) vER)(SH @, e, 1) & St (de, )

Now, defining tho function-symbol <= (a, &, ¢ ,d ) vy

b(a,be,4)= €, (51(a,6,%) & stce, 4, 7))

we get (by means of the logical calculus and the € -schema) from 5) the formuls

sty S (a,6,¢)—> { (Sf[d,é, Ala,bde) A SH(he, #(a,b4,¢))
v ($ta,e, $e,d)) & A e, +lae, &,eN)
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and from 4), together with 1 a), 1 b), 1 ¢), 2), and the definition of $77¢,6,¢)

the formula

2y SHabey KO Rsdle,e.a)—> CF (04t 42),6) K SHTde, ol e

On the other hand, from 4') we come back to 4), from 5') to 5), by our logical cal-
culus., Thus 4') and 5') can be taken as axioms instead of 4) and 5).

Remark: Obviously for the purpose of our proposed consistency=proof we
need not adjoin equality-formulas belonging to the introduced function=-symbols.

Now the bound variables are eliminated from the axioms and the question
now concerns the counsistency of the formalism arising from our logical calculus in
the second form by applying it to the system of axioms:

1)-3), 4'), 5'), 6), Ta'), Tb), 8), 9)

end the adjoined equality axioms ((e)).

This is a formalism of the kind considered in the consistency theorem.
But still we have to take care to satisfy the conditions 1, 2, 3 of this theorem.

So we have to introduce a kind of "N-terms" and to define by means of
them a valuation satisfying those conditions.

To this end we start from that roel number-field [R] which consists of

the numbers we get, beginning with 1, by the 5 operations: addition, subtraection,
multiplication, division, and taking the square-root fz;.of a positive number (G,
In this number field [R] the five operations can be constructively per-
formed on expressions formed ouﬁ of natural numbers (0, 1, 2, ese) by mears of the
usual symbols for the five operations, with the necessary restriction for the divi-
sion and for the applying of the square-root; furthermore, the question whether a
given expression represents a positive or a negative number or 0, can in every
case be effectively decided; and thus also it can be decided whother two given ex-

pressions represent the same number or different numbers.




Mathematics-Natural Sciences Library, Institute for Advanced Study, Princeton, NJ, USA

113

Also the laws of computation can be intuitively seen to holde.

To show this we can argue by an intuitive induction on the number of ap-
plications of the operation 1[", Indeed it is sufficient to prove the following:
Let [F] be a real field, which has the described elementary character with respect
to the 4 operations =-- addition, subtraction, multiplication, dividion =-- so that
these operations can be effectively performed with the usual exception for the
division); the questions whether or not a given expression has a value > 0, < 0.
or = 0, can be effectively decided and the laws of computation can be intuitively

seen to holds Let p be an expression which is known to have a positive wvalue.

a+be 1/~;:

where a, b are expressions of [F], the four operations and the relation < cen be

Then in the domain of expressions

defined in such a way that the same conditions as before are satisfied. This is
to be shown in the usual lines of algebra. Only one thing is to be observed:
since we have assumed no more about p than that it is positiwve, it can happen that
a+b 1/“;—has the value O, without a, b both having this value. But no diffi-
culty ariées from this fact, because for any given expression a + b * ﬂ”;.we can
decide whether it has the value 0; indeed the necessary and sufficient conditiongs
for that are:
al - bzg P =0 e+ bSO,

and according to our assumption on [F] we can effectively decide whether these re-
lations hold.

Now from the field [R] we go on to the field [G] of complex numbers
s +t(, where s, t are elecments of [R]. In [G] again the 4 elementary operations
of computation can be constructively performed in the well known manner,. Further-

more we have .here the operations
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ety —————

s+tec=s -tc',

Nis+t?) =t
v

(62 + 42, if 62 + ¥2 > 0
ls + tif= {
0 otherwise.
An element s + t( is said to be "real" if t = 0, and
it is said to be "positive" if t = 0, s> O.
Adjoining now the elements of [6] to our formalism, taking them as the y:—_;b_g__r_n_l_s;
(in the sense referring to the formulation of the consistency theorem) end replac-
ing & , Fﬁ - 7/ ,» respectively, by the terms
0 + 08, 1+ 04 0+ 1¢,
we can define the truth-values of the predicates =, M , =, and the values of
the mathematical functions < , \P in such a way that the conditions 1, 2, 3 of
the consistency~theorem are satisfied.
In fact, denoting by a, b, ¢, d, elements of [@¢], we define:
a = b to be true, if and only if a - b has the wvalue O,
M (a, b, ¢) to be true, if and only if (b—a)'z;;.‘)‘ is positive,
ab & cd to be true, if and only if {a=b| has the same value as flo=d| .
Bach of the predicates is defined to be false, if it is not true.
According to these definitions St(a, b, ¢) is true if and only if
(b=a)(c-a) is real.
Furthermore, we define:

¢ (a, b, ¢, d) to have the value a + ‘Q_((i:;) (g:d)) ¢ (b=a) provided (a=b)(c=d)

is not real, and otherwise to have the value a;

L‘P(a, b, ¢, d) to have the value ¢ + -%z{—g:— + (c=d), if c=d is different from O,

and otherwise to have the value c,
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According to these definitions we can compute every term which contains
no free variable, and effectively decide for a prime-formula in which every term
is an N-term, whether it is true or false. Furthermore, by means of elementary
computations it can be seen that mnll the axioms of our considered system are veri-
fiable; that is, that they turn into true formulas if the free variables are re-
placed by N-=terms and afterwards the terms containing a function-symbol are re-
placed by their valuess

Thus by the consistency-theorem it follows that from our considered
formalism no two formulas A,‘K:can be deduced. And from this we can infey, by
virtue of our preliminary considerations,that our original system of axioms 1)-9)
together with the logical calculus in one of the three forms and the corresponding
general formaligation of equality is consistent.

Remark 1., According to the usual manner of proceeding, the proof of
consisténcy for the axiomatic geometry is already finished as soon as the arith-
metic interpretation of the axioms is established. But this mamner of reducing
the question of consistency for the axiomatic geometry to that of arithmetic is
not sufficient for our purpose. Namely we have the following alternative: either
the arithmetic is understood in an unrcstricted sense, and from this point of wview
its consistency is not beyond all doubt; or arithmetic is understood as element-
ary intuitive arithmetic,-then we are not sure that according to the arithmeticel
interpretation of the fundamental predicates of the geometry, also the reasonings
of geometry as they are formaljized by the logical calculus, can be translated into
arithmetical reasonings.

So from the point of view of eleomentary evidence there is no immediate
inference from the elementary arithmetic interprotation of the geometric axioms to
the statement of the consistency, since this statement concerns a propefty of the

axioms not in themselves but in comnection with the logical calculus.
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The intervening argument, which is required here, is given by our con-
sistency-theorem,

Remark 2. There is no difficulty to include the axiom 10) (cf. p.109)
in our consistency-proof; only one function-symbol more has to be introduced and
a corresponding arithmetical definition to be given, which is still possible in
the frame of the field [G].

Remark 3., Also the non-Fuclidean projective and metric geometry can

be proved by our method to be consistent.

11. The Number=theoretic Formalism

We are now going on to see what can be concluded from our method of
proving comsistency with regard to arithmetic, or more precisely: to the number-
theoretic formelism,

As is well known, number-theory has been axiomatized by Peano. His
axioms are:

1) ¢ is a number,

2) If 7 is a number, then %' is a number,

3) If @' = Y, then a={,

4) 72/7( 0O for every number 7,

5) If A(Q) is = predicate such that A(¢ ) holds, and for every number 7 for
which A(77) holds, also A{ ') holds, then A(7?7) holds for every number .

To formalize these axioms we do not need a special symbol for the con-
cept of number, because in ’ch;a whole theory we have no individuals other than num-
bers.

According to this device the two first axioms are formelized already by
introducing the symbols ¢, '; 3) and 4) can be formalized by the formulas

@'s b/ am b
d/-.# O
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and 5) by the schema of "complete induction"

A(0), A(n)-—~=A(n")
A(t),

where n denotes a free variable not occurring in A(c) and t en arbitrary term.

The necessity of the restrictive condition on the variable n can be seen,

for instance, from the case where A(c) is the formula

c=0Wec =n';
here A(O) and A(n'), and therefore also A(n) —-»A(n') are deducible by meens of
the formula a = a; thus without the restrietion on the wvariable n we would come
to A(0'), that is

0t = 0 /0! = nt
and further, by substituting O' for n, to the formula

Ot = 0y O = 0",
which together with the axioms

6Z/== éft_—qp'd =’é;
a’#o

leads to a contradiction.

For operating with equali‘bsr, as we know, special equality-axioms are
sufficients Here, since we have but the one function-symbol ' and no predicate
symbol besides the equality-symbol, only the three equality-axioms

a=a, a=k —(fa=C—>f=¢c) a = F
are required.

One might think that the five axioms

1)) a = a
2)) Aol (G ul g wE)
3)) a=6 —>a’= €

6L/== é;/~_—~§r o é;

a0

4))
5))
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together with the schemata of our logical calculus == let us take it again in the
second form =-- and the induction-schema

A(0), A(n)—>A(nt)
NED)

give already the full number=-theoretiec formalism. :

But by considering somewhat more closely the formalism just described
one finds that it is a quite narrow and rather trivial one., We are not even able
to express with it the relation A< A’ nor the function & + 6’.

In order to get the formalism of number-theory we have to add the re-
cursive equations

a-+c=a QD=0
i a+b =tas4) atbt’=ab+a
introducing with them the function symbols for addition and multiplication.

These equations are regarded in Peano's "Formulario Mathometico" as
definitions, also in general it is usual to call them "recursive definitions".

In some respect surely they have the character of definitions; we shall have to
use this fact. But on the other hand we must recognize that they are not defini-
tions in the proper sense, that is abbroviations for some expressions formed by
meens of symbols introduceﬁ before, but really are enlarging the formalism.

At all events, in our formalism we have to adjoin these equations as
formal axioms, though we may call them in the usual way "the recursive definitions
of sum and product",

There is no necd of adding equality-formulas, belonging to the symbols
of sum and product, to our axioms, sinece all the equality=-formulas belonging to
these symbols are deducible from the rccursive equations (r) and the equality-

axioms 1)), 2)), 3)) by means of the induction-schema.
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Regarding now the formalism obtained by the adjunction of the equations
(r), thus consisting of the logical calculus in the second form, the axioms
1))-5)) and (r) and the induction-schema, the gquestion concerns the possibility
of applying to it our method of proving consistency.

In the first place, it is easily stated that the formulas 1))-5)) are
verifiable if we take for the numerical equations the obvious definition of the
truth-values, according to which a numerical equgtion a = b is true if and only if
a is the same numeral as b,

Furthermore, for the functions, sum and product, the recursive equations
can be used to assign numerals as values to the terms

a+b,a*hb
where a, b are numerals. Indeed, this is nothing else than the very elementary
mamner of getting the values of the sum and the product of two numerals by iterated
applications of the recursive equations (r), the possibility of which is due to
the facts that every numeral is either O or of the form n', where n is again a
numeral, and that the iteration of the process of passing from a numeral n' to n
comes to an end and leads finally to O,

From the process of computing the values of a + b, a * b for numerals,
it also results that the recursive equations (r) turn into true formulas if the
variables in them are replaced by any numerals, cach of them for each of its oc-
currences by the same numeral, and the resulting sums and products of numerals are
replaced by their wvalues, ’

So with respect to our axioms, the conditions of the consistency-theorem
are satisfied, and so at all events we can infer that every formula containing no
bound variable which is deducible in our formalism without applying the induction-

schema is verifiable.
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And the same will still hold if we adjoin to the axioms any verifiable

formula.
But if we now attempt to inelude the induction-schema in our consistency-
proof, then we come into difficulties. LJ}J
One of them arises from the requirement of proving that the schema,A_zbBT

is still a derived rule in our formalism. Of course our method of eliminating
the €-schema depends essentially on the presence of this schema. Now to show
this schema still to hold after the induction=-schema is added, we would have to
show that an antecedent can be carried through the induction-schema. But if this
antecedent contains the variable n of this schema =-- let us denote the antecedent
by P(n) -- then the schema

A(0), A(n)-—>A(n?)
A(T)

turns into

P(n)—>A4(0), P(n)—>{A(n)—>A(n?))
P(n)—>A(t)

From the second formula we can deduce
(P(n) —>A(n) )—> (P(n)—>A(n')).
but still the resulting figure is not an induction=-schema.,
Another similar difficulty occurs in the process of replacing the =~
terms. Let e be an € ~term contained in a formula A(c), on which the induction-
schema is applied, so that this application has the form

' Ble, 0), Ble, n)=spile; at)
B(e, ) :

suppose that e has to be replaced by a term s(n), n being the same variable as in
the considered induction=-schema; +then by the replacement this schema turns into

B(s(n), 0), B(s(n), n)-~>B(s(n), n?)
B(s(n), t)
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Here again the form of the induction-scheme is disturbed.
Thus there is no hope of extending our former proof of the elimingtion-
theorem to the case in which the induction-schema is included.
However, if we restrict the induction-schema by the condition that the
formula A(c), to which it applies, contains no bound variable, then in another way

we can include this restricted induction-schema in the consistency proof we have

for the axioms 1))=5)), (r).

The argument is the followings. We consider in a given deduction of a
formula F, containing no bound variable, the first application of the induection-
schema

B(0), B(n)—>B(n?)
B(E)

Here the formulas B(0), B(n)—>B(n'!') are deduced without applying the induction-
schema, For any numeral k we not get from the second, by the (derived) substitu-
tion-rule for the free variables, the formulas
B(0)—>B(0'), B(0*)—>B(0"), «es, B(k)-—>B(k'),

which, together with B(0) give, by means of the implication-schema, the formuls
B(k').

Thus for any numeral m the formule B(m) is deducible from our sxicms
1))-5)), (r) by means of the logical caleculus. On the other hand, according *“o
our restrictive condition on the induction-schema, it contains no bound wvariable.
Thus, according to what was proved just before, B(m), for any numeral m, is a veri-
fiable formula. And so also B(b) with a free variable b, is verifiable, But
from B(b) we get B(t).

Thus the first application of the induction-scheme cen be replaced by
the introduction of the verifiable formula B(b) as an axiom. Still now, accord-

ing to what we stated before, (cfe pe/20), the system of the axioms has the proper-
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ty that every formula containing no bound variable which is deducible from the
axioms by means of the logical calculus (without the induction-schems) is veri-
fiable.

Thus we can apply the same argument we did for the first occurrence of
the induction-schema; also for the second occurrence, And we can continue in
the same way, At last we come to the result that the final formula F of the con=-
sidered deduction (which was assumed to contain no bound variable) must be verifi-
able,

So indeed it is shown that in the “restricted number-theoretic formalism",

consisting of the logical calculus, the axioms 1))=5)), (r) and the induction

",

schema, applied only to formulas without bound variables, every deducible formula
containing no bound variable is verifiable. This statement includes the consist-
! ency of the restricted number-theoretic formalism.

At once our proof gives the sharper result that in every deduction made
by the restricted number-theoretic formalism the application of the (restricted)
induction-schema can be replaced by the adjunction of some verifiable formulas as
axioms.,

From this and the last part of our consistency-thecorem (cfe pe ;7) it
follows that, if a formula

(Bxy) ooe (Bxp)H(xp, eoey %),
where xl, PRPS xh are the only variables, is deducible in the restricted number-
theoretical formalism, we can find (by the process of eliminating the bound vari-
ables) some numerals 81s eess 8, such that
H(ay, eees a),
after the computation of the occurring sums and products, becomes a true formula.
A consequence of this result again is that the negation of a formula

(x7) oo (xn)G(xl, R [N

n

!
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in which X s eses X, are the only variables, cannot be deducible by the restricted
number-theoretic formalism if for every set of numerals

813 seey B
the formula

Glays sesy Oy)
is deducible by this formalism,

In fact, from the assumption and the proved consistency-property of the
number-theoretic formalism it follows that for every set of numerals 815 eeey By
the formula

G(ags sees ay)

after the computation of the sums and products must turn into a true formula, and

therefore

G(alo svey einT
turns into a false formula. On the other hand, if the negation of
(xl) see (Xn)G(Xl. ceey xn)

were deducible, then also

(Exl) ses (E&)G(xli evey 551)

would be deducible, end, according to the theorem stated just now, we slould be

able to find some numerals 815 eees By for which

G(ags ooy ay),
after the computation of the occurring sums and products, would become true.
Remark: The property we have proved here to hold for the number-theo-
retic formalism is & part of what GUdel calls "¢O -consistency". It would be
the same if the formula
(1) eoee(my)G(xys aves x)

should be permitted to contain, besides Hys eees xn,still other bound variables.
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Still the following consequence of our elimination-theorem may be men=
tioned: every formula deducible by the number-theoretic formalism, which contains
no bound variable, is deducible also by the formalism consisting only of the prop-
ositional calculus, the restricted induction-schema, and the formula-schemata cor-
responding to the axioms 1))-5)), ().

The different theorems which we have obtained here coneccrning the re-
stricted number-theoretic formalism can immediately be seen, by means of our
method of proof, to hold also for some more extended formalisms,

Indeed our method of proof applies still to the following extensions of
the number-theoretic formalism:

14 Goneralized forms of the restriected induction-schema, as for in-
stance

A0, b)

A, 6.) K oee Aln, t)—>A@, b)
% A, 5)

where n, b are different free variables, which are not contained in A(0, 0). where-
as t, tl’ o tr are arbitrary terms.

Remark: PFor the full number-theorctic formalism this schema gives no ex-
tension,

2 Replacement of the axioms (r) by schemata for recursive definitions,
for instance the definition by "primitive recursions", consisting of a sequence of
pairs of recursive equations having each one of the two forms:

r(a)
s(a, nf(a, n))

i

r f(a, 0)

£(0)

]
i

f(nt) = s(n, £(n) f(a, nt)
where f is a function-symbol, n, a are variables,

o is a term containing no variable,

r(a) nn n " u " besides a,
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s(n, £f(n)) arises (by substitution) from a term s(b, ¢) containing no variable
besides b, c,
s(a, n, £(n)) arises from a term s(b, ¢, d) containing no variable besides b,c,d,
and r, r(a), s(b, ¢), s(b, ¢, d) contain no other symbol then O, ', and the func~
tion=symbols introduced by the preceding recursions.

Still a quite general device, according to Herbrand-G8del=-Kleene, for
introducing constructive ("general recursive") definitions of functions can be
adopteds

For proving the consistency of the whole number-theoretic formalism
stronger methods are required and the finite point of view has to be extended in
some way,- as was first indicated by a general result of Kurt G8del ("Ueber
formal unentsch. SHtze ...", Monatsh. Math, Phys., Vols. 38, 193%.)

A proof by reducing the question of consistency for the number-theoretic
formalism to that of the Hyting formalism of intuitionistic arithmetic has been
given by Kurt GBdel ("Zur intuitionistischen Arithmetik und Zehlentheorie",
Ergebnisse eines math, Koll., Heft 4, 1933),

Recently Gerhard Gentzen proved the consistency of the number-theoretic

formalism by using a transfinite induction extending to the first Cantor € =num-

o
ber (that is the limit of the sequence €U, ouuu, cucu y Buwle

("Die Widerspruchsfreiheit der reinen Zahlentheorie", Math, Arm,. Vol.

112, 1936. Hoere also is quoted previous research of W, Ackermann, J. v. Neumarn,

Je. Herbrand, G. Gentzen, concerning the consistency of arithmetic.)
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