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ON _UNDECIDABLE PROPOSIPIONS OF FORMAL MATHEMATIC.AL SYSTEMS

Notes on lectures by Kurt GBdel

1. INTRODUCTION

4 formal mathematical system is a system of symbols together with rules

for employing them, The individual symbols are ocalled undefined terms. Formulas

are finite sequences of the undefined terms, There shall be defined & c%afs of

formulas called meaningful formulas, end a class of meaningful formulas called

exiomse There may be a finite or infinite number of sxioms. Further, there shall

be specified a list of rules, called rules of inference; if such a rule be called

R, it defines the relation of immedinte consequence ., by R between a set of meaning-

ful formulas My, oo, M, called the premises, and a meaningful foymule N called the
oonolusion (ordinarily k = 1 or 2)s ,VWe require that the rules of inference, and
the definitions of meaningful formules and axioms, be constructive; that ig, for
each rule of inference there shall be a finite procedure for determining whether a
given formula B is an immediate consequence (by that rule) of given formulas

Al, vee, A, ond there shall be a finjte procedure for determining whether a given

formule A is a meeningful formule or an axiam,

A formula N shall be called an immediate consequence of Ml' vae, Mn it N
is an immediate consequence of Ml, ‘.en, Mn by any one of the rules of inference., A
finite sequence of formulss shall be a proof (specifically, a proof of the last
formula of the sequence) if each formula of the sequénce is oither an axiom, or an
immediate consoquence of one or morc of the preceding formulas, A formuls is
proveble if a proof of it oxists. Lot the symbol ™ be one of the undefined terms,
and suppose it to oxpress negation., Then the formal system shall be s€id to be
complete, if for overy meaningful formule A eithor A or VA is provable. We shall
prove later that (under conditions to be stated) a system in which all propos#tions

of arithmetic can be expressed as meaningful formulas is not complete,
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2. RECURSIVE FUNCTIONS AND RELATIONS

Now we turn to some considérations which for the present have nothing to
do with a formal systom,

Small Roman letters x, y, %, ... will denote arbitrary natural numbers
(1.e4 non-negative integers); and German letters will be used .in al;breviation for
finite scquences of the former, ocege )gfor Xys eeey K3 ')9/ for ¥y ...., Ve
Greok lotters (}S, ,)ﬁ s ﬂf s ses Will represent functions of one or more natural num-
bors whosc valucs are natural numbors. Romon capitals R, S, T, ... will stand for
classos of, or rclations emong, natural numbers. R(x) shall stand for the proposi-
tion that x is in the class R, and S(xl, . xn) for the proposition that Xys eee, X,
stand in tho rolation S. Classcs may boe considered as rclations with only one torm,
and relations as classes of ordored n-tuples. .Thorc shall corrospond to cach class

or relation R o ropresenting function ¢such that ¢(xl, vee, xn) = 0 if

ROy, vees %) and @Blxy, wun, x)) = LAE QORGEy, aee, x)

Wo uso the following notations as abbroviations (p, q arc-to bo roplaced
by any pxi)posi‘cions): (x)[A(x)] (for every natural number x, Alx)), (Ex)]}k(x)]
(thore oxists a natural numbor x such that Alx)), exgi(x)} (the loast natural nun-
bor x such that A(x) if (Ex)EA(xﬂ; otherwisc 0), @p (not p), p V q (p or q),

p &q (p and q), p —»q (p implics q, i.o. (evp) q}’p 2 g (p is oquivalont to g,

L.00 {(p +>q) &.(q-—*p)).g ' - .
Tho function ¢(x1,, eve, X,) shall be ecompound with respoct to

/yl(xl, vee, X,) ond %i(xl, eesy %) (1 =1, oo, ) if, for all natural numbors

xl, ses, xn,

(1) NS D3y AR RS A S x )

¢(x1, vee, xn) shall bo said to bo rocursive with respoct to l}(”-(xl, cee, Xpyo7) odd
%(xl, veen, xn_,_l) if, for all natural numbers k, Xo, eee, X,

(2) ¢(0, Xo, eevy Xy) =’%‘(xz, cesy X,)
¢(k 1, Xp, eee, X)) =//K(k, ¢(k, Xg, seey Xp), Ko, eee, Xp)e
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In both (1) and (2), we allow the amission of each of the variables in any (or all)
of its ocourrences on the right side (eege ¢(x, v) =r}h(X1(x), %z(x, y)) is per-’
mitted under (1)) We define the class of recursive functions to be the Jco’c?Llj.'t:y
of functions which can be generated by substitution, according to the scheme (1),
and recursion, according to the scheme (2), from the successor function x + 1, con-
stant functions £(xy, +ue, x,) = ¢, and identity functions Urjl(xl, veey X ) = X
(1 § J =< n), In other words, a function shall be recursive if there exis;ts' a
finite sequence of functions ¢1, toe, ¢n which terminates with ¢such thet each
funetion of the sequence is either the successor funotion x + 1 or & constant func-
tion £(xq, eeu, x,) = o, or an identity f‘unc’cionug(xl, ceey Xy) = X3, OF is b~
pownd with respect to preceding functions, or is recursive with respect to prdceding
funotions. A relation R shall be recursive if the ropresenting function is rocur-
sivo.

Recursive futictions have tife important property that, for cach givenh set
of values of the arguments, the value of the function can be computod by a finito

1 . .
procodure, Similarly, rccursive relations (classcs) are deéidablo in tho sonmso

i i

Tho conversc seoms to be true, if, besides recursions according to the scheme (2),
rocursions of othor forms (c.geeqwith respoet to two variablos simultancously)
arc admittod. This cannot bo provedesince the notion of finitc. computation is
not defined, but it scrvos as a houristic principlo.

that, for cach givon sot of natural numbors, it can be determined by a finite pro-
cedure whother tho rclation holds or does rot hold (the numbor belongs to the class

or not), sincc the ropresenting function is computable,

Tho functions x + y, xy, x¥ and x! are olearly reocursive., Honce
¢(«8) +n’bl.(r)9'), ¢(A€)/}h(79,)’ ¢«6)W7?)’ and ¢(/g)f aro rocursive, if ¢(/L0)
and'ﬁ(l? are, )

I. If tho reclations R(@) and S(‘)ﬁé arc rocursive, thon NR%),

R(ﬁ) Vv s(f)y), Rég)g(s(zg), R«g)-—as(r)#), R%) s s(&) arc recursive,

By hypothcsis, the roprosonting functions /(708) and d’(‘)y) of R and S,
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respectively, are recursive. Ir

- &

& (0) = 1, Kk + 1) = o,

thon 0f(x) and nonce (P (7)) ere racureive. But, sincs (P () 1s 1or o~
cording as /0(/6) is O or 1, o ((a(g))' is the representing function of NR%&).
Thus NR(@) is recursive. Ifﬁ (0, x) = o,(ﬂ(k + 1, x) =& (A (x)), then

ﬂ(o, x)=é(x, 0) = 0 andﬁ(x, y) = 1 vhen x, y > O.
Hence ﬁ(‘ﬂ (,g), J(oy)), which is recursive, represents R(/{g) 74 s(f)y); that. is,
RWY) V504) 15 recursive.  Sineo R(g) &s(%) = CO(RUY) Vo (a)), 3 Tolioms
that R(g) &s(yy) is recursive, Similarly R(Ag)—-—?S(’)?), R(,Lﬂ) = s(%), and all

other relations definable from R(,(() and S(’)?) by use of &V and Y/, are recursive.

II. If the functions ¢(/€)’ %(’29,) are recursive, then the relations

Pur) =iy, dp) <H0p), Pugp) SHYAGY) are rowursivo.

Let

5 (0) = o, S 1) =k,
and x~0=x, x> (k+ 1) = §(x-=k). Then 1
xSty=x=—yifx2y and x=y=0if x 32y, ‘
Hence (X(y = x) is a representing function for x < y, and o((’)(’l(‘l?)—'- ¢(»$ﬂ))

for ¢(4f) </)bl(99»). Thus ¢(4g') </}h(’)?) is recursive, ¢ ('g) =¢L(‘9~) and f

¢(<6) é%(%) are. likewise recursive, as may be seen directly, or imferred from

the theorem for ¢({€) <f¢l’(%) by use of I.

III. If the function ¢(/g) and the relation R(x,/)gg) are recursive, then |

the relations 8, T, where
s %)
T(lg,’)g)

and the i‘unction/}&\e where

V) £ s pup brisg ],

R

(e § Plg) &, 2]
()] 4 ¢«g—»~a<x;4;%],’

il

are recursive,

Let the representing function of R(x, 9?) be /0(::,, %). Let
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T(0,29) = £(0,%)) ena 7 (k + 1,&) = T (x, 2 plk+ 1, %), Thon T(x, 2)-
f(O, ‘3?){0(1, 7?) cee (d (x, %).‘w Hence T (x, 9?/) is O or 1 according as sqme or

none of (0(0, 2?), ves, (d(x, 9?') are O; that is, according as there do or do not
exist natural numbers n & x for which R(n,A)) holds. Hence [ﬂ'(gﬁ(g), %), which
is recursive, represents (Ex)Ec g ¢(’%) &R(x, ﬂ? 2]. Thus, .

(Ex)Ec £ ¢(¢(g) &R(x,'iﬂ,)‘] is a reeursive relation, It folldws from this. result

end I that (X)Et s ¢6({)—-—>R(x,%ﬂ is recursive, since (x)[:x £ ¢(4D/)——>R(x,7£)j =
s © ):(Ex)Ec s ¢(Aé) &wR(x,?? )]], Let [4.(0, ‘)9) = 0 andf'_((k + 1,99) -

= (e v V[T (6, 9) 2T+ 1,%)] + e, B[R (T, Y L7 + 1, ).
Since.1 3 (lT(k,')y.) > Mk + 1,%) 20, hx+1, 7?‘) =k + 142Nk, ) = 1 and

Mk + 1, ').9') = 0, and othorwise },-L(k + 1, 7?’) = /U.(k, 7?). Both Tk, ’)#) = 1 and
Mk + 1, 99») = 0 hold only when NR(g, Qg), eer, OR(, 2(9—) and R(k + 1, 99), that
is, when k + 1 is the least value x! cgf x such that ,R(x,%). Hence if such an x!
exists and is > {, /_1(0, 99,) T e ="/,L(x‘—- 1,_99-) = 0 and },L(x, 9#) = x! for all
x2x'e Ifx' =0, or x' does not e?cist, all },L(x, 9#,) arc O, Hence F(¢({6),%')

is the least x ¢(»g) such thet R(x, ”)9,), if such exists, otherwise 0; i.0.
BP9 = €= $ pugp) &enx, % ]

3+ A FORMAL SYSTEM

We now doscribe in some detail a formal system which will serve as an
oxample for what follows, While a formal system consists only of symbols and
mechanicel rules rolating to them, the meaning which we attach to the symbols i; a
loading principle in the setting up of the system.

Wo shall depend on tho thevry of types as our means for avoiding paradox.
Accdrdingly, we oxclude the use of variab}es running over all objoets, and use dif-
ferent kinds of variables for differcnt domains, Spoeifically, p, q, T, «.. shall
bo veriables for propositions. Then thoro shall be variables of successive typos

as follows:
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X, ¥, %, ses for natural numbers,
- at?

f, g, h, ees for functions (of one 4variable) whose domain asnd values are natural
numbers, ;
F; G, H, «.o for functions (of' one variable) whose domain and values are functions

f, g, h, s ey, --' '

and so on,> Different formel systems are determined according to hew many of

2 Functions for several variables need now be provided separately, since n-tuples
of objects of each of these types can be mapped one-to-one on single db¥ects
of the same type.
Variables for classes and relations are unnecessary, since we cen use, in-
stead of the classes and relations, their representing functions,

these types of variables are used. We shall restrict ourselves to the first two

types; that is, we shall use variebles of the three sorts P, 9, T'5 eve}

X, ¥ Z, see5 £, g, h, voo « TWe assume that a denumersbly infinite number of

eaoch are included among the undefined terms (as may be secureld, fer example, by the

use of }“et‘cers with numerical subscripts).
The undefined terms, in addition to variables, .shall be the following:

0 (the number 0), N (N(X) denotes the next greater number than x, i.e. the success-

or of x), &, \/ , 8( ,—7, 3, Tr (Tx(F(x)) mesns "F(x) is true for all natural num-

bers x", and may be regarded as the legical product of F(x) over all x),

Z (Zx(F(x)) means "there is at least one natural number x such that F(x) is

true", and may be regarded as the logical sum of F(x) over all x), 6, = (equals),

(,) (f(=) is the value of f for the argument x, ( and ) being then interpreted as sym-

bols for the operation of application of a function to an argument. Parentheses

are also used es signs of inclusion, as in W}‘(A), (A) =~ (B), ei:o.).3

8 C\%T’" }/3 Q{, —>, 3, and & have the significances assigned to them in §2. ‘
x{A |

end 3_x(A), when A does not involve x, mean the seme as A. The fact
that the logical notions emong our undefined terms are not independent does not
matter for our purpose.
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Nexé, the class of meaningful formulas must be defined. Tb dé this we
describe two classes of formulas which have significance - formulas which denote
numbers, end formulas which denote propositions. The first comprises numerical

;ymbols or expressions representing numbers (as 0, N(0), ...) together with func-

tional expressions or expressions which become numerical expressions wiren numerical

expressions are substituted in a suitable manner for variables which occur ifn them

(as €x[y = N(x)] )« The second comprises propositions (e.ge 1 x [00(0 = N(x-)ﬂ},

together with propositional functions or expressions which become prqpositféns when
numerical expressions are substituted in a suitable manner for varisbles which occur
in them (e.g. 2: x[? = N(x)| )« The exect definitions we give by complete induction,
thus:

le Oand %, y, 2, «ve (variables for numbers) are oxprossions of the Ist kind, and
Dy Gs Ty ese (variables for propositions) are expressions of the IInd kind.

2. If A and B are expressions of the Ist kind, then L = B is an expression of the
IInd kind,

3 If A.oxpe I, then N(A) exp. I.
4. If A exps I, and £ is a variable for a function, then £(A) exp. I.

5, If A and B exp. II, then ®(A), (A) V (B), (A)& (B), (A)—>(B) and (A) = (B)
oxp. II,

6+ If A oxps II, and x is a variable for a number, then-TTk(A) and :E:x(A)‘exp. II,
and € x(4) exp. I.

7, If A oxpe II, and f is a variable for a funection, then 7Tf(A) end 32 £(A) exp. II.

8, If A exp. II, and p is a variable for a proposition, then 77%(A)‘and 2 p(4)
oxpe II.

9. Tho class of expressions of the Ist (IInd) kind shall bo the locast class satisfy-
ing 1-8.

A formula shall be meaningful, if it is eithor an exprossion of the Ist
kind or an expression of tho IInd kind.

Tho occurrences of variables in a moaningful oxprossion can bo classified
as frec and bound in the following manncr: Thore corrosponds to oach occurrsuce of

TT'in a meaningful oxpression A a uniquo part of A, beginning with the ocourrenco of
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7T: of the fomm 77%(8), where t is';‘;ariable and B is meaningful. This part of A
will be called the scope of the giwmen occurrencé of 77—in A Similarly we define
the scope of an otcurrence of ;ET or € in A. A given ocourrence of the varisble
t in A shall be bbund or free acdording as it is or is not is the scope of a‘77j
Z or € followed by t.

In the above definitions of functional expressioﬁ; and propositional
functions, the substitutions whicH are meand are substitutions for the free ococur-
rences of variables . (y is free and % is Bourd in ¢x Bg = N(xﬂ and
> [y = N(ac)j.) . ; ;

We use Subst (AE) to defiote the expréssion obtaiked Frod A by substituﬁing

G for each occurrence of t in A ad a free vau':i.d.ble.4

i o ragen i enrieaiomimialosme

4 . . \ .
Subst by itself is not a formuls of our systemi

o,

We may use F(t) to represeyt & meaningful formula in whioh t ocours as a

free var:“table,5 and F(A) to denote Subst (F(t)?).
F3y

heiil,

> Then F by itself does not represent a formula.

If A is a meaningful f’ormula, and £ a varieble for a function, then the
ocourrences of f in A as a free symbol are as the first symbol of parts of A of the
form £(lJ). We may list these parts as £( Ul), cee, f(Un) in such an order that,
if Uj contains f( Ui)" then i < j. Let G(x) be a meeningful formule in which x

occurs as a free variable, Let A!, f(Ué), eon, :(U;l) be obtained from

aoe(Uy), o, £(U,) by substituting 6(U,) for f((’Jl);6 then lot 4", £(U1), ...,

i 6 More explicitly, let A' be tho expression obtained from A by substituting G( Ul)
4 for the part f(Ul)., and let £({J!), «vs, £(LJ') be the perts of A' into which
the parts f(Uz), csa, f(U‘n) of “A are transfBrmed by the substitution. |

#(U1) ve obtained from at, £(UL), oeu, £(U2) by substituting a(Uy). for £(Uy),

and so on., We shall denote by Subst'(Ag(x)) the expression A(n).
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An expression A in which the distinct free variables t y eed, tn occur
shall mean the same as?T-tl(...(7T£n(A)) ves)e
The axioms shall be the .following formulas (Al - (}2):‘7 -

- =

In writing dovn these axioms and other meaningful formulas e employ the usual con-
ventions concerning the omission of parentheses, ’
411 a¥ereviation of formulas is to be regarded as extraneous to the formal

system; and each statement about a formuls of the system refers to its un-
sbbreviated fornm.

Ao Axioms conecerning the notions of the osaloulus of propositions
lo (p—=q) — ((g— r)—>(p—>r)),
2+ ((eNp)~>p) = p,
3. p-rf{ewp)—a).

4 p&aq.z .N[pr) V (®q)],

5 PVa.® (ONp)-dgq,
.
6, P2 g.= (p--*q)g((q——ep).
T PEq.—>.p—>q,
8. P=q.—->., q—p,
-~
To

give the theory of this group of axioms would require a study of the theory
of the ealculus of propositions,
B. Axioms concerning the notion of identity
ls. x=x,
2. x=y.3.£(x)=1£(y),
3. (x=1y) Sl (y = z2) o=

Cs Axioms which correspond to certain of Peano's axioms for the natural numbers

1, Q0 = N(x))

s 2 =X,

2¢ N(x) =N(y) +=>.x=y

To complete the definition of the formal system under consideration, it

remains to list the rules of procedure., Each rule is to be interpreted as a state-

ment of the conditions under which e formula N shall be sn immediate consequence by
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that rule of the meaningful formula(s) M(Ml, My).

-

8 N also will be meaningful, whenever the conditions are realized.
Rule 1, for example, can be written more, explicitly thus: N shall be an
immediate consequence by Rule 1 of meaningful formulas M, and M,, if and only if
there exist formulas A end B such that M; is (A)—>(B), o is A, and N is B.

1, If (A)—*(B) and (A), then B.

2. Suppose that A is mea.n:i‘:ngful,9 that ¢+ is a variable, and that + does not occur

%n)A. o IL (8)—+(B), then W)—(TT¥(B))s b, If (4)-—~(Tt(B)), then
A)w>(B)a ‘ .

v

9 This condition ensures that, when (A)—>(B) is a meaningful formula, the occur=- |
rence of —» which separates (i) from (B) im (4i)~> (B) should be the last ‘occur- *;
rence of —» introduced in the construction of (A) —»(B) according to the defini- |
tion of meaningful formula, (We may say then that the mein operation of |
(A) =>(B) is an implication, whose lst and 2nd terms are A snd B, respectively.)

It exoludes such possibilities as that A be p when (A)—>(B) is ixiom Al,

. Suppose that t does not oocur in Bs ae If (4)=¥(B), then (it(A))-—r(B).

b If Ft(A))—»(B), then (4)~>(B). ;

4e, Suppose thet x 1s a variable for m number, that A contains x as a free variable,
thet G is an expression of the first kind, and that no Pree variable of G is
bound in F.  If A, then Subst (AT).

4b. Suppose that f is a-variable for a funotion, that A voubains f as a free veri-
eble, that x is e variable for a number, that G(x) is an expression of the Ist
kind in which x occurs as a free \,rar%able, and that no free variable of G(x)
is bound in A. If A, then Subst (AG(x)). - !

40, Suppose that p is a variable for a proposition, that A contains p as a free var-
iable, that P is an expression of the IInd kind, and that no free variable of

Pis.bound in Ai  If A, then Subst (aF).

4d. Suppose that x is a varisble for a number, and that F(x) is meaningful and con-
bains'x as a free varisble. If (A)=>(F(x)), then (A) —>(F(¢ x F(x)]))a

5. Suppose that x is a variable for a nmumber, and that F(x) is g meaningful formula
iIE v);hioh x occurs as a free variable., If F(0) and (F(x))—> (F(X(x) )), then
F(x). . N
6+ Suppose that § end t.are variables of the seme kind, that s does not occur in A
a8 n free variable, and that 4+ does not occur in A. 4ot A' denote the re-
sult of subgtituting + for s thioughout A, If A, %hen A',
' One process used in mathematical proof is not repredented. in this system,

nemely the definition end introduction of new sﬁbplsr However, this process is

not essential, but merely a matter of abbreviation.
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4, A REPRESENTATION OF THE SYSTEM BY . SYSTEM OF .POSITIVE INTEGERS
San !
For the considerations which follow, the meaning of the symbols is im-
material, and it is desirable that they be forgbtteh. Notions which relate to the

system considered purely. formally may be called metbhathematical.

" The undefined terms (hence the formulds and proofs) are cohnta%le, and
hence a repres%ntation of the system by a system of'ﬁositive integers can be con-

structed, as we shall now do.

e order the numbers 1kl3 to symbols thus: v
o N = & v & — = T ¥ € )
1 2 3 4 5 8 7 8 9 10 11 12 13,

the integers > 13 and 2 0 (mod 3) to the variables for propositions, the integers
> 13, 2 1 (mod 33 to the varisbled for numbers, and the integeré > 13, & 2 (mod 3)
to the variables for functions. Thus a one-to-one correspondence is established
between the undefined terms and the positive integers.

We order single integers to finite sequences of positive integers by means

rd

of the stheme

i

ki, e, k, corresponds to Zkl. 3k2. 5k5 see B,
whére p; is the i-th prime number (in order of magnitude). A formule is a finite
gsoquénce of undefided teérms, and a préof a finite sequence of formulas. To each
formule we order the integer whidh ddrPesponds to the sequence of the integers or-
derbd %o its symbols; antl to ecach proof we order the integor which corresponds to
the s;quence of the integers which are then ordered to its member formulas. Then
a one-to~one correspondonce is dotormined between fortulas (proofs) and a subset of
the positive integers.

We may now define verious metamathemeticel clesses and relations of posi-

tive intogers, including ono corresponding to oach class and relation of formulas.

x shall bo an f numbor (ig'number),.if thero is. a formula (proof) to which x corros-
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ponds.lo The relation x, y(j_z betWéen numbers shall mean that x, y and z are f

g 10 for "Beweis"i  Below occur U for "unmittelbar Folge", Gl for "Glied",
for "einklammern™:

] i

-
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numbers, and the forﬂmla which z represents is an immediate consequence of the form-
ulas which x and y represent. x,g’ y shall mean that x is d ﬁ nimber end y an £
number, and the pro’of‘ which x represents is & proof of the f'orniula. which y repre-
sents. Also there are metemathematical functions of intégers such as the follow-
ing: Neg (x) = the number representing ®V(X), if x represents the formula %; dnd
= 0 if x is not an £ number., Sb (xZ) = the number which depresents the rebult
Subst (Fg) of substituting G for the free occurrences of t in F, if x, z represent

the formulas F, G, rospectively, and y the voriable t; and = O othorwise., Theso

relations and funoctions, which we have definecd indireotly, by using tho corrospond-
ence betweon formulas and numbers, aro constructive. Honce it is not surprising
to find that thoy arc recursive. Wo”shall show this for some of the more impor-
tant of/j:hem, by defining thom diroctly, from relations add functions proviously
known to bo rocursive, by mothods shown in §2 to genorato rooursivo rolations and

functions out of rocursive rolations and funotions.n

L e e s meiniia & -

g uso formal notations (including thosc oxplained in § 2) in the following dof-
initions for tho purposoc of mbbreviating the discussion., Thoso formal nota-
tions must not bo confused with tho formulas of the formal mathematical systan
unhdor consideration,

A

1. x , v = (Ez)[zéx&x=yz1,

"x , y" means "x is divisiblo by y". (yz is rooursive. Honce, by II of

§2, x = yz.is recursive. It follows by III that x , ¥ is rocursive. ¢ £ x is in-

sortod in tho definition to makec it cloar thet III appliocs ond could be cmitted with-

out changing the mcaning.)

2 Primo (x) = x7 1&N(E5)[z§ x &O’( z = 1)8(&) (z=x)% xl zj,

"x is a primc number". .

B g




RN e e

3. Pr (0) =
Pr (n+ 1) =¢ yEr {Pr (n)}‘ + 1 g( Prime (y) 8( y > 8r (nﬂ
Pr (n) is the n~th prime number (in order of ‘magnituste )i

Gt = €y § x & [for WY Rootx| for () 1

nG-)./x is the n-th member of the sequence of pos:.tive integers which x

)

o

k
represents (i.e, nGxx is kn if x =,_2k1' 32 ,,, 0p§n‘ cer ‘pli/i).
5, L(x)=€yE/___<x8<(y+ 1)G,fx= O]. »

L{x) is the number of members in +the sequence represented by x (if x rep-

resents & sequence of positive integers).

.6- @y = Gz{z Y [Pr (L(x) + L(y))]x*'y&(n)[n S L(x) > nGYz =

nG—,ix] 8‘ (n)E) <n S L(y) =—>(n + L(x))GXz = nG—lﬂ}.
P represents the operation of joining one finite sequence to another

1/1 ky k:r 11 Xs

k k z ,
(ie6e, if x= 21 ,,, p.’ end y = 2 e pe°, then x@Py = 2 ~ .., Pp Ppiy o+s Prag)h

Note thet the number of the sequence consisting of the single number x is

2, -

7, ,g (x) = 21'2.@ 5:@213%

If x represents the formula A, ,g (x) represents (A) (for then the sequence
of the numbers ordefed to the symbols of (A is 12, Ry, 4eey kn,13, where Ry, i,
151 is the sequence of the numbers ordered to the symbols of A).

8., Neg (x) = 24@£ (%),

If x represents the formula A, Neg (x) represents & (A).
9. Imp (x, y) =/€(x) @27@ »g(y)-

1f x, y represent the formulas A, B respectively, then Imp. (x, y) re‘pre-
sents (A) —>(B).

10. uBen x = 2° @.zu@'&x)

If u represents the varieble ¢, and x the formuls A, then u Gen x repre-

sents Trt (a).

Similarly for F_t(A) and € x(4).
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11, xE](modnj;é. (Ez)Eaﬁ.x+y&(bt=y+ znVy=x*zn) .

x % y (mod h) has the usu;iJsignificance.

t > 13 expresses "t represents a variable", Also, using 11, recursive
clesses Varp(t), Varx(t), Varf(tj can be defined to express "t represents a va;iable
for a propositionﬁ, "t represents a variable for a number", "t.represeﬁts a variable
for a function", respectively. ‘

Recursive classes My(x), Mpp(x), M(x) expressing "x represents an exp, I",
"x represents an exp. II", "x represents a meaningful formula", respectively, re-
cursive relations corresponding to the relations "t occurs in A as a free (bound)

variable", and recursive functions gorresponding to the operations of substitution

12
used in the rules of inference, can be defined.

12 For the details of the definition of classes, relations and funotions of these

sorts, relating te a formal system similar to the one under consideration, see
K. GBdel, Uber die formal unentscheidbare SHtze der Principia Mathematice und
verwandter Systeme I, Monatsheft€flir Hath, ue Physik, Vol. XXXVIII (1931),

pPpe. 173-198. Specifically, see the definitions 1-31, pp. 182-<184y

”

- 13
12, x,yUsz = x = Imp (y, 3) &M(z).

13 M(z) is addod to insure that z be an f number (i.e. reprosent a formula.)

"2 represents a formula which is an immodiate consoquen’ce by Rule 1 of the
formulas represented by x, y" (if x, y reprosent meaningful formulas),
13 xUp 2 = ?éEé, v, w)[’c, v, wsz &M(v) 8(M(w) &x = Tap (v, w)& 7z = .
= Imple, t Gen w) &t > 13 &N(Ek)[k $L(v) &kG—Xv = ﬂ].M

4 565, v, mft, v, w$ 2 &...] stands for (B)[(m0) [(B)[t & 2 v Sz & w Sz & ],

Similarly, (x,‘y, z)[A] stands f?r (=)L (»i(2)[A7

"z represents a formula which is an immodiate consequcnce by Rule 2a
of the formula represented by x" (if x represonts a meaningful formula).

Similarly for each of the other rules of infereonce.
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14, x, yUz = x, yUle xUpez ¥V oous VxUsz.

-

"z represents a formula which is an immediate consequence of the formula(s)

represented by x (x and y)" (if x and y represent formulds), .
Each axiom is represented by a number. Let the numbers corresponding to

the axioms be O(l, ceuy 0(15.

15, Ax(x)=x =1 ¥ x = KoV veeVix = oy,
"x represents an axiom."

ﬁ(x) (n) [O <n % L(x)—-}@x(n Gl x) y E(p, q)[O <p, q< n&p Glk,

q Glx U nGli}] &L(x) > 0.

"x represents a proof."

17, xﬁy Eﬁ' (x)g( L(x) 61 x = ¥y,

"x represents & proof and y a formula, and the proof which x represents is
e proof of the formula which y represents,"

The assertion that the systefr’x is free from contradiction cen be written as
a proposi}ion of arithmetic thus: (x, 7y, z)[c\)(xﬂz& y;@Neg (z))] (i.e4 for all
naturel numbers x, y.end z, x doee not represent a proof of the formula A, and y of

®(A), where z represents A).
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5. REPRESENTATION OF RECURSIVE FUNCTIONS BY FORMULAS OF OUR FORMAL SYSTEM

We abbreviate certain forn;a? expressions as follows: z, for O, z:L for
N(0), zp for N(N(0)), etec. The z's then represent the natural numbers in the form-
al logice Again, if ¢(x1, X5, ees) is a funoction of positive integers, we shall

say that the formal functional expression G(ul, U, ces) repr;esents ¢(xl, X, cee)

if G(zm, Zys eee) = z¢ (m, n, “‘)‘is provable formally for each given set of natu-

ral numbers m, n, ...; 3in other words, if G(zm, z ces) = z) is provable formally

n’
whenever ¢(m, N, see.) = k holds. If the value of ¢(x1, Xg, ses) is independent
of some variable xp, then G(ul, Uo, «+o) need not contain the corresponding varia-
ble up. Similarly, if R(xl, X5 ees) is a class or relation of matural numbers, we
shall say that the formel functional expression H(u;, uy, +.s) represents

R(xl, Xg, ess) if we can prove formally H(z,, Z, ess ) Whenever R(m, n, «..) holds,

and NH(zm, Z,, «ee) whenever R(m, n, ...) does not hold.

We now sketch a proof that e?rery recursive funotion, class, and relation

is represented by some formula of our formal system,

The recursive function x + 1 is represented by N(w), because N(z,) = 241

can bs proved formally for each natural number n., The proof is immediate, since

under our abbreviations Y is N(zn). The constant function f(xl, Xoyese, xn) = 0

n
is represented by Zys and the identity function Uj (xl, vee, xn) = xX. 1s represented

J
by ug.
M

If 95 (xl, oo+, X,) is compound with respect to ’\%ﬂ(xl, cee, X,) and
%i(xl, ees, %) (=1, .4, n), and if G(wl, cee, W) represents/y/‘(;cl, coe, xn)
and Hi(w , eee, wn) represents xi<xl’ ees, %), then G(Hy(wy, ses, W), eeo,
Hy(wy, oes, w,)) ropresents ¢(x1, ceey Xp)e

If ¢(xl’ eee, Xp) is recursive with respect toﬂ//‘(xl, cons xn-l) and

‘%(xl, ceny Xpyp), and if G(wy, ..., wn-l) represenﬁ:sf%‘(xl, ven, xn__l) and

H(W,, eoe; Wn+1) represents "X‘(xl, cer, xn+1), then

é z[Zf{f(O)_ = G(Wy, ees, Wy) & Tu [f(N(u))\a' H(u, £(u), Wy, oo, Wnﬂ}g{f(wl) =
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represents ¢(xl, vee, xn). This formula (call it K(Wl’ eoe, Wn)> intuitively

has the desired significance, For each sef of natural numbers Wy, e..; W, there

1 ’
is one and only one function f satisfying the conditions £(0) = G(wy, .., W, ),
£k + 1) = H(k, £(k), oo, W, ess, W), and therefore K(wy, ..., W,) means "The
value, which the function f satisfying the above conditions takes on for the argu-
ment wy". This value obviously is ¢(’W1, eeey W,)e The proof that K(w,, ..., wn)
actually represcnts ¢('xl, ey xn), if G represents ’\//' end H represents x, is too

-

long to give herc,

If R(x, ¥, ees») is & recursive class or relation, there is & recursive func— |

tion¢(x, ¥, ees) such that ¢(x, Vs eee) = 0 if R(x, ¥, ees) and ¢(x, Vs eee) =1
if @ R(x, ¥, ees)s Thon there is a G(u, v, ..) which reproesonts ¢(x, Yy eae)e

G(u, ¥, ses) = O represonts R(x, ¥, ess)e For if R(m, n, ...), then

I

G(zy, 2y, ees) = 25 = 0 is proveble formally; and if OOR(m, n, +es), then
G (2gs Zys sos) = 2, and therefore.C\)[G(zm, Zp, see) = OJ, is provable formally.

~ Because cortain metamgthomatical relations and propositions about our form=-
al system can be expressed by recursive rclations and statemoents, theso relations
and propositions can be expressed in the formal system. Thus parts of the theory
whose objoct is our formal system can be eoxpressod in the same formal systom.  This
leads to interesting results.. - _

Wo havo noted that x,g’ y is a rccursive rclation; ianédwc can also prove
that @V(x, y) is rocursiﬂv’e, where gq/(x’ y) is the numbor of the formula which re-
sults whoen we roplace all froe occurrcnces of w by’zy in the formula whose number is
Xe <In fact, if a is the numboer of w and %(n) the number of z,, T(x, y) is
Sb (x /Xr?y) )). Henec there is a formula B(u, v) which reprosents xg’y, and a
formule S(u, v) which roproscnts W(x, v)e

Lot U(w) be tho formula TTVEC\) B(v, S(w, w)):[, and let p be tho numbor of
U(w). Now U(Zp) is the formula which rosults whon we replace all froc occurrences

of w by z_ in the formula whose number is p, and honce has the numbor ﬁq/(p, Pe

P

]
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Hence if U(zp) is provable, there is a k such th?t kggv(p, p)e But since S(u, v)
represen‘bs’b’v(x, y) and Bu, v) re;:esen;bs xﬁy,ﬁ 11; :;’ollows that B(zk, S(zp, zp))
is provable. Als\o, it is a property of our system that if Ter(v) is provable,
then F(Z,Z) is provable for all Z; consequently, if U(zp) is provable,

C\"B(zk, S(zp, zp)'), as well as B(zk, S(zp, zp)), is provable, and the system con-
tains a contradicklon. Thus we conclude that U(zp) cannot be proved unless the
system contains a contradiction. ' .

Next we raise the question of whether C\DU(zp)' can be proved if the system
is not contradictory. If the system is not contradictory, U(zp) cannot be prov:ed,
as just seen, But U(zp) is the formula with the number T’(p, p), so that, for
all k, OO kg z\l(p, p). Therefore Q\JB(zk, S(zp, zp)) is provable for all k., If
furthermore NU(zp), iee. NTrvE’v\)Bgv, S(zp, z"p)ﬂ, is provable, then we have that
a formula is provable which asserts that NB(zk, S(zp, zp)) is not true for all k,
and this, together with the faot that o B(zk, S(zp, zp)) is provable for all k,
makes the system intuitively contradictory. In other words, if we tonsider the
system to be contradictory not merely if there is an A such that both A and COA
are provable, but also if there is an F such that all of the formulas NTer(v),
F(z,), F(zl), ves are provable, then, if C\)U(zp) is provable, the system is con-
tradictory in this weeker sense. Hence neither U(zp) nor O U(zp) is provable,
unless the system is contradictory.

If our system is froe from contradiction in the strong sense (i.e., if
A and OV.A are not both provable for any A), then U(zp) is not provaeble, But
(x, vy, z)[t\: {xﬁy &z %Neg yﬂ is a statement that our system is free from con-
tradiction in the strong sense. Hence we have shown that
(=, v, z)[m {x ﬁy &z j%Neg y}] —> (x) N,x‘g Zv(p, p)e The fairly simple ar-
guments of this proof can be‘paralleled in the formal logic to give a formal proof
of

Contrad ""‘*—TTV[NB(V, S (Zp: ZP)X,-
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where Contrad is a formula of the system which expresses the proposition

(x, v, 2) [N {x‘“%y 8( z :g’Nég y}] .M“ Then if Contrad could also be proved formally,

we could use Ruie I to infefr Trv[C\JB(v, S(zp, zp)ﬂ‘or U(z;),' in ‘which cese &s Wwe

have seen, the system would contain a contradidtion. Hence Contrad cannot be

proved in the 8ystem itself, unless thé system dontains & bontradiction,

6. CONDITIONS THAT A FORMAL SYSTEM SHOULD SATISFY IN ORDER THAT THE FOREGOING ARGU=
MENTS APPLY

No# consider ahy fdérmal system (in the sense of §Li) satisfying the fol-
lowing five cénditions:

{1) Supposing the symﬁols and formulas t¢ be numbered in a manner sime
ilar to that used for the particular system considered above, then the class of
axioms and the relation of immediate consequence shall be recursive.

This is a precise formulation of the requirement of § 1 that the class of
axioms end relation of immediate consbquence be constructive.

(2) There shall be a certain sequence of meaningful formules z,, (stand-
ing for the natural numbers n), such that the relation between n and the numbei rep-

resenting z, is recursive.

n

(3) There shall be a symbol & (negation) and two symbols v and w (vari-
ables) such that to every recufsive relation of two variables there corresponds a
formula R(v, w) of the system such that R(zp, Zq) is proveble if the relation holds
of p end q and R(zp, zq) is provable if the relation does not hold of p and g;
or, instead of a single symbol ©9 , there may be a formula F(x) not containing v or
w such that the foregoing holds when 9 (A) stands for the formula F(A).

The formulas R(v, w) which represent recursive relations, and their nega-

tions @ R(v, w), shall be called recursive propositional functions of two variables;

and R(v, zn) and ©R(v, z,) recursive propositional functions of one variable.
Tisuch that 1if

(4) There shall be a symbolé:ﬂ—vF(v) is provable for a recursive propo-

n)

sitional function F(v) of one variable, then F(zk) shall be provable for all k;
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or, instead of a single symbolin’, thére may be o formula G(x) not containing, w
such that the foregoing holds when —ﬂtv F(v) stands for G(F(v)).

(6) The system shall be freoe from contradiction in the tw; following
senses:
(a) If R(v, w) is e recursive propositional funotion of two quiableé, then R(zp,zq)
and C\)R(zp, zq) shall not both be provéble;
(b) If F(v) is a recursive propositional funotion of one variable, then the fofmulas
T, F(z_), F(zy), F{z,), +.. shall not all be provable. :

Now, ¥sing condition (1),‘:: g/y, 7‘/’("' y) (defined as before))a.nd
kj;irﬁxﬂ %) svo yeeurciwe. Then, by (3), there is an R(v, w) sugh that %;Zk’ zr)

. ond o9 R(zy, zy) is provable if O k& PV (Y, 1).

is provable if k ﬁ’m(}’, ,Y),[ Noting that R{¥, w) plays the same role as
B(v, S(w, w)) in our special system, we oan prove by reasoning similar to that of
35 thatyif p is the number ot T v r(s, w), (5a) implies thet ||v cOR(, zp) is
not provable and (5b) implies that O] v ®R(v, z ) is not proveble. Also, as
before, (x, y, z)[ﬁ) {x ﬁ’yg( zﬁ’l\feg y}]-——) (x)Nxﬁqu(p, p) oen be established.
We shall ;ot list the further oonditionswunder which it is possible to convert the
intuitive proof of this into a formal proof of Contrad —*?17’v'b>R(v, zp) (Contrad
defined as before). Howevér, they are conditions satisfied by all systems of the
type under consideration which conbain a certain amount of ordinary arithmetic, and

these systems therefore cannot contain a proof of their own freedom from contradic-

tion,

7. RELATION OF FOREGOING ARGUMENTS TO THE PARADOXES

| We heve seen that in a formal system we oan consbruct statements about the
formal system, of which some can be proved and some cannot, eccording to what they
say about the system.l We shall compare this fact with-‘the famous Eéimenides paradox
("Der Lilgner"),  Suppose that on May 4, 1934, A makos thé single statement "Every
statement which A mekes on May 4, 1934, is false," This statement clearly cannot be

trues  Also it can't be false, since the only way for itrto be false is for A to
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have made & true statement in the tig; specified and in that time he mede ohly the
single statement, hd
The solution suggested by Whitehead and Russell, that a proposition cénnot
;ay something about itself, is too drastic. We saw that we cen construct proéosi-
tions which meke statements about themselves, and, in faot, tpqse bre arithmetic
propositions which involve only recursively defined functioné, and thereford are un-

doubtedly meaningful statements. It is even possible, for any metemathematiocal

property f which can be expressed in the system, to construct a propdsiticn which

says of itself that it has this property. For suppose that F(zn)'means that n is
the number of a formula that has the property f. Then if F(S{w, w)) has the number

v, F(S(z . }) says that it itself has theé property fls. This construction can

15 Of course we can find properties f such that F(S(z ‘P))is provable, just as we
found ones for which it was not provable,

I'd

only be carried out if the property f can be expressed in the system, and the solu~

‘tion of the Epimenides lies in the fact that the latter is not possible for every-
metamathematical property. For consider the above statement made by A. A must
specify a language B and say that every statement that he made in the given time was
s false statemont in B. But "false statement in B" cannot. be oxpressed in B, and
s§0 his statement was in some other language, and tho paradox disappears.

The paradox can be considercd as a proof that "false stetement in B" can~
not be exprossod in B, We now will establish this faot in a more formal menncor,
and in doing so obtain a heuristic argument for the oxistonce of undocidable proposi«
tions.,  Supposo that T(zn) means that the formula whose number is n is true. That
is, if n is thec numbor of N, T(zn) shall be equivalent to N. Thon we could apply
our procedure to T(S(w, w)), obtaining ODT(S(zp, zp)), which says that it is
itself falso, and this leads to a contradiction similar to the "Epimcnidos"ﬁ But,
on tho other hand, lz:v B(v, zk) is a statement in tho system of the fact tﬂat the

formule with number k is provable. So we sec that the class C<of numbers of truc
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formui;; cannot be expressed by a propgsitional function of our system, where;; th;~
class ;3of provable formulas can. Hence o %[3, and if we assume/37§ X (iees
evér§ provable formula is tyuc) we have/fa <:o(, i,ey there is a proposition A
which is tpue but not provable., O A then is not true amd therefore not provable

oither, i.e.. A is undecidaeble..

8. DIOPHANTINE EQUIVALENTS OF UNDECIDABLE PROPOSITIONS
Suppose F(xl, ees, xn) a polynomiel with non-negative integral coefficients.

By use of logical quantifiers (x) and (Ex)ls, we oan meke certain statements about

16 Where x is any variable for a natural number.

the solutions in netural numbers of the Diophantine equation,F(xl, esey xn) = 0,
Thus (Exi)(Exz) .o (Exn)(F(xl, cee, xn) = 0) says that there is a solutionj
(xs)(Exl)(Exz)(Ex4) oes (Exn)(F(xl, ces, X,) = 0) seys thet for any assigned value
of xz, the resulting equation has a solution; ete. We wish to prove that there
is a sequence of logical quantifiers, say (P), and a Diophantine equation, F = O,
such that/;ur undecidable proposition is equivalent to (P)(F = 0).

To prove this we find it convenient to meke use of* the intermediary con-
cept of an arithmetical expression, that is an expréssion built up out of e , V ,
g&,‘ﬁ>, S, +, X, =, natural numbers, variables running over hatural numbers, and
the quantifiers (x) and (Ex)16, acoording to the following induection:

1, If £ and g ere built up out of variables, natural numbers, +, and X 17, then

f = g 1s an arithmetical expression.

A7 That is, if £ and g are polynomials with natural number coefficients.

2, If A and B are arithmetical expressions, then ®A, A V B, A & B, A — B, and
- A 2 B are arithmetiocal expressions,
3. If A is an arithmetical expression which contains x as a free variable, then (x)A
and (Ex)A are arithmetical expressions.

We shall prove first that, if qb(xl, vae, xn) is recursive, then there is




an arithmetical expressinn A(xl, ooogmFy, y) such that
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A(xl, cees Xy V) o E ¢(-x1, "":&n) = y; and secgﬁ:é‘l‘?él{:};'i’f‘fﬁf}éi’;:..., %) .is
an arithmetical expression, then there are polynomials Q (%1, see, =y, Vis sees Ym)
and R(xl, cess Xy Fys oeeey ym) with natural number coefficients and a»sequen'oe (P‘)
of quentifiers such that

B(xl, ceny Xp) v Eoe (P)[Q(xl, sees Xny ¥ ey ¥p) = R(xy, eee, X, F1, eee, ymj,
where tho x's and y's renge over the natural numbers. Since our undecidable propo-
sition has the form (x}F(x) where F is recursive, there is a reoursive function
¢(x) such that our undecideble proposition is equivalent to (x) [¢(x) = O]: Thon
there is en arithmetical oxpression A(x, y) such that ¢ (x) = ys2¢A(x, y), and
there are polynomials Q(x, vy, 2y, ees, Zzy) and R(x, ¥, Zqs wee, zm} with natural
number coefficionts, ond a sequenco of quantifiers (P) such that |

Alx, y) « =« (P) [Q(x, Vo B1s evey 2p) = R(X, ¥, 21, e, zm)]. Then our undecid-
able proposition is equivalent to (x)(P) [Q(x, 0, 29, eees 2zy) = R(x, O, zl,...,zm)].

We prove first that rocursiv; functions arc expressible arithmetically.

I £(x) = x + 1, flx) =y ex+1=y,"

If £(xy, «.., xn) = g, f(xl, cee, xn) =WeS +eWws=o

Similarly for the identity function UIJ}(xl, ceey X )0

ir /y/"(xl, weey Xy) Ty e 2. A(xy, vee, x4, ¥), %i(x, vee, X ) =
=y 2% Bi(xg, ees, %, ¥), and ¢(xl, ooy Xp) =
= /y//\(afl(xl, vees Xp)y see, Q’/n(xl, esss X)), then ¢(xl, ces, xm)
ay = (By) vuv (5)

[Bl(xl, cees Xy, tlj & vee & Bn(xl, ves, Xy, ty) & A(‘l;l, vee, by, y)]. ,

To handlc the casc whero gb is rocursivo with rogpoct “to /\/4- and %, wo
require an arithmetiedl expression for;g (e, 4, 1) = y, whoro /f(c, d, i) is a cor-
tein function which has the property that if a function £(i) of natural numbers and
a natural h‘number }[ aye givon, thon natural numbors ¢ and d such that

y (mod z) as

13 (¢, 4, i) = £(i) (1 = 0, ..., Z) con be found., We may dofino x
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(Et)[x =y+tzVy=x+4tz{, and x=>‘y as (E‘b)[x =y + 'l:]. Then we define

e

18 1 we were allowing the variables to run over the positive and negative integers
instead of just the natural numbers e could define x 2 y as

(Bby) oo (Eb4)Ec)‘= y + 'b? + tg + t% + 'b,?i], since every positive integer is

the sum of four sqguares,

fg(o, d, i) to be the least non-negative residue of «g‘modulo 1+ (1 +1)d, 1.0

(, d, 1) =z =« 220 (mod [1+ (i+1)cg)&z§ (i + 1)a.  To prove thét
ﬁ(c, d, i) has the aforesaid property, suppose £(i) and ¥ given. Choose 8
greater then all of the numbers X, £(0), f(1), ve., £(¥). Then the numbers
1+ 81, 1+ 28!, vea, 1+ (F+1)8! are relatively prime. For if a prime number
divides two of them, it divides their difference (i~j)s!; but it cannot divide s,
since 1t divides 1 +isl; then also it cemnot divide i - j, since i - € X <s and
hence 1 -~ j is a factor of si. Then if we let d = 8}, wé can find a o such that
¢ = £(1i) (mod [1 + (i+1)d]) (1 =0, , 1) since 1 + sl, uee, 1 + (f+1)s! are rela-
tively prime, Since 8 > £(i) and therefore 1 + (i+l)s! > £(i), we have
£(i) = {ﬁ (o, d, 1) as was to be shown. . : ' s e

' If /V/L(xl, veus xnel) By % v A(X], eesy xpo1, V),

Loy vees m1) = 70 50 Bl wees 3y Vs B0, 10 vens ) =Pl eenuy),
and ¢(k * 1, X9, eee, X)) = %(k, ¢(k', Xg, eeey Xn), Xp, ees, Xp), then
¢<x1, v m) =y o = e @0)alxg, e, g £0))
B (6)3t+ 15 x — Bt £(6), Xy, eee, x,, f(’c+l))} & £(xp) = ﬂ But if there
is an f sabisfying the condition in square brackets, then there is a ¢ and a & such
that ‘5 (o, 4, 1) = £(1) (1= 0, ..., x;) and thorofore (%0)(E)[A(xg, .ev, x,,
ﬁ(c, a, 0)) & (t){t + 1% x, —>B(%, 'gco, d, t), Xp, eve, X, ﬁ(c, 4, t+1)‘)}
&:ﬂ (o, 4, xi') = ﬂ. Conversely, this obviously implies the original exprossion.
The latter formula can be transformed into the arithmetiocai onc
(Ec)(Ed)[(Ev){A(xz, cos ag, V) b v = (o, 4, 0F s () + 1
§ii—~$(E1}$'(Ew)[B(t, vy X, .“’d'f, e w)&v = ﬂ (¢, 4, t) &w= ﬁ (e, 4, & + 12]}
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&y = ﬁ (c, 4, xl)] by subsbituting (Ev‘)&(xz, ooy X, V) & =ﬂ (;’, 4, o)j for
A(xz, veey X ﬂ ¥ d, 0)), and  we

(EV)(EW)EB('b V, Xg, eee, Xy, W) &V o= ﬁ(g d, t) &ws= ﬁ(f 4, t+l)1 for
B(t,(g (#, d, t), x5, euu, Xy (5 #, 4, t+1)). This completes the proof that all
recursive functions are arithmetical,

We next show that all arithmetical expressions :an "b'e- given the equivalent
normal form (P)[Q = R] where Q and R are polynomiels with natural number coefficients.,

If &, V, & —>, T, and quantifiers do not ocour in an arithmetiéal
expression, then it has the required normal form by definition (p. 22) '

Suppose that A = (P)[Q’ = R] where x does not occur in the gquantifiers de-
noted by (P). Then (x)A + % + (x)(P)[@ = K] ana (Bx)A » =+ (Ex)(P)[a = R}

Suppose also that B = (P')[Q'“= Rﬂ where the varisbles of (P') are dis-
tinet from those of (P). Then owing to the fact that p V (Ex)F(x) * = « (Ex)pVF(x)
and p V (x)F(x) + = « (x)p VF(x),

AVBe=. ®)(P)0=RV Qi =R ]

“e (e)efa-r=0Va - Rt = 0]
. (®)(E)[(e - R)@ - ') = 0]

« (P)(P)[Qer * RR' = Q'R + QR']

Moreover (O A o = N(P)[Q = R]. Then, since VI (x)p * £ « (Ex) ¢Vp

and  (Ex)p =« (x)0p, we can shift the negative sign through the prefix (P) and
find a P" such that ©

rez. (P)[ewa-=r]

(")[(e - B2 > 0]

(P)[e? + ®% 2 20r + 1]

(P‘:)(Et)[Qz + R? = 2QR + t + ]J

u
.

i
]

t

&, >, and S are-expressible by means of > and V.
If the argument is modified slightly, the variables can be allowed to run

over the integers instead of just the natural .numbers,
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Thus there exists g, sta.tei'ﬁéu'ﬂt about the solutions of a Diophantine equa-

tion which is not decidable in our~formel system. It can be shown that it is de=
cidable in the next higher type, but there is another such statement which is not
decideble even in that type, but which is decidable by going into the next higher

type; and so on. In other words, there ocan be no complete theory of. Diophentine

analysis.

9, GENERAL RECURSIVE FUNCTIONS

If %(y) and %(x) are given recursive functions, then the funetion
¢(x, y), defined inductively by the relations (0, y) = /Wv(y),
¢(X+1. 0) = %(X), ¢(x+l, y+l) = ¢(x, ¢(x+1, ¥)), is not in peneral recur-
sive in the limited sense of § 9, This is an example of a definition by induction
with rbspect to two variables simulteneously.

To get erithmetical definitions of such functions, we have to generalize
our ﬂ function. - The consideration of various sorts of functions defined by in~ ‘
ductiqns leads to the question what one would mean by "every recursive function".

Onc mey attempt to define this notion as follows: If ¢ denotes an un-
known function, and’%‘l, ...,/ybk arc lnown functions, and if the /¢Us and the
¢ are substituted in one another in the most genoral fashions end coertain pairs of

the resulting expressions are equated, then if the resulting set of functional

. . . . 19
equations has onc and only one solution for ¢ , ¢1s a recursive function™ .

19 This was suggestod by Herbrend.

Thus we might have

G 0) = Y0,
o, 1) = (),
1, y1) = P,
ié(mz, y*1) = 43%( G v2), @ = Px yr2)-
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We shall meke two restrictions on Herbrand's definition. The first is
that the left-hand side of each of the given functional equations defining ¢ shall
be of the form

¢({¢lii(xl’ teey xn); /}l/‘-iz(xl, cern, xnt), PN /y’tix(xl, ved, xn)).

The second (as stated below) is equivalent to the condition that all possible sets

-

of arguments (nl, ey nf ) of ¢ can be so arranged that i’:he computation of the
value of ¢ for any given set of arguments (nl, seu, n}/) by means‘ of the given
equations requires = knowledge of the values of ¢ only for sets of argume‘nps’ which
precede (nl, sessy n;/).

From the given set of f.:unctional equations, we define by induction a set
of derived equations, thus:

(1a) Any expression obtained by replacing all the variables of one of
the given equaetions by natural nwnber; shall be a derived equation.

(1v) /\l/\ij(kl, coey kn) =4n shall be a derived equation if ki, «.., k,
are nattiral numbers, and /V/Lij(kl, coey kn) = m is a true equality.

2e) If /y/tij(kl, ees, k) =m is a derived equation, the equality ob-
tained by svbstituting m for an occurrence of /V’Lij (kl, e, kn) in a derived equa-
tion shall be a derived equation.

(2v) If ¢(1c1, ooe, kX> = m is a derived equation where ky, «.., k}(’ m
are natural numbers, the expression obtained by substituting m for an occurronce of
¢-(k1, coe, kl) on the right-hend side of a derived equation shall be a derived
equation,

Now our second restriction on Herbrand's definition of rccursive function

is that for each set of natural numbers kl’ eve, k){ thore shall be one and only one

m such that ¢(k1, ensy k)() = m is a derived oquation,

Using this definition of the notion of a recursive function, we can
prove that, if ¢ (xl, cee, xx) is recursive, there is an arithmeotical expression

A(xl, ees Xy y) such that ¢ (%1, ove, xx) =y oS o A(x], oee, x7s y).
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Presburger has given a set of axioms for the reldtions built up out of +;

=, and logicel symbols, together with a method of deciding such relationszo.

20 Presburger, ber die Vollstlndigkelt bines gewissen Systems der Arithmetik etcy,
Comptes Rend. du I. Congr%s des Math. des Pays Slaves, Warszawae 1929, ‘

i

o

Skolem has sketched a method of deciding relations constructed similarly

using X instead of +21.v

- k3
*

&1 The Skolem, Uber sinige Satzfunktionen in der Arithmetik, Vidensk, Aked. Skrifter,
Mat."Na.-b' Kl., 1930, NO. ‘?.

F

However there is no.general method of deciding relations in which both *
and X ocour, since (as shown gbove) thére can be no general theory of Diophentin®

equations.




fJOTES AND ERRATA
Pe 3 The first sentence mby be omitted, since the removal of any of the occur-

rences of variambles on the right may be effected by means of the function UIJ}J

-

Pe 5, line 9 Insert an additional parenthesis ) after the last Oﬁ’.

pe 7, TP « As indicated on the next page, the substitutions which are meant in the

case of &€ x [y s N(x)] and Zx [y = N(x)] are substitutions for y.

pe 7, last g:). By an occurrence of a symbol (or formule) K in an expression .5., we

shall mean a particular part of A of the form K.

p. 8, last ED, Here we describe the proper method of substitubting an exprossion

G(x) for o {uvi:tienal varisble £ in an cxpression A, and denote the result of
the substitution by Subst! (Ag(x)). If G(x) does not contain f (which can al=
ways be made the casc in t;m: course of formal proofs by a change in tho nota-
tion), Subst!? (Ag(x)) may adso be defined as follows: Roplace £(U) by G(U)
for onc of tho free occurrencos of £ in A, do the same thing with the rosulting
exprossion, and so on, until an expression is obbtained in which f no longer oc~
curs as a frce variabloe,

pe 10, Rule 1. Omit the third pair of parentheses.

pe 10, Rule 3. Instood of "Suppose" read "Supposo that A is meeningful, that t is
s variable, and".

pe 10, Rule 4d. If P(x) is on expression of thc IInd kind containing the variable

x for a numbor as a froe variable, then, with the aid of this rule,

> x F(x) — P(g x[_F(x)]) is provable in our' formal system.__)For Rule 4c al-
lows us to infor (p—> [(mp) - p‘_])-—-—-y(([( p) —> PJ"’F)\(P ~3p)) from
Axiom Al (i.e., by substituting (¢Vp) —»p for q and p for r), and

P —-—78 COp)—p p] from Axiom A3 (by substituting p for gq). Thon Rulo 1 al-
lows us from theso two rosults to infor ([( <\)p)-—->p]..-) p) —> (p—>p), and

thon from the latter and Axiom A2 to infor p ->p. Thonco.we can succossively
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infer F(x) —»F(x) by Rule 4o (by substituting F(x) for p), F(x)—>F(gx[F(x)])

by Rule 4d, F(x) —-?F(ey[F(y)])w T x[F(x)] —>F(ey[F(y)]) by Rule
%a, and Zx&'(xﬂ-—" F(E x[F(x)]) by Rule 6, Thus the last formule, which ex-

presses the essential property of & , is proved in our formal system. If the

‘ system admitted the use of & with veriables for functions (i.e., if a rule of

inference 44!, obtained from 44 by replacing "x" by "f" and "number" by "funce
tion", were added), then similarly, for any expression G(f) containing the ver-
ieble f for a funotion as a free varisble, Zfﬁ((f)_}ﬁG.(e“ffG(f)J) would be
proveble. The latter formula expresses the axiom of choice for classes of

funoctions of integers.

Note that by our formal rule for & we cannot prove that &€ xF(x) is the
smallest integer x for which F(x), nor- that € xF(x) = O if there is no such x
integer, but we can prove only that if there are integers x satisfying F(x),
then € xF(x) is one of 'bhem (1.6. x@‘(x)] —>» F(& :{F(xﬂ)) This however
suffices for all applications. "

pe 10, Rule 6. Instead of "If A, then A'", read "Suppose that A is meaningful, and

let B! donote the expression obtained from B by the substitution of A' for a
’
given occurrence of A in B.  If B, thon B." | Note that B may be A itseolf

(thon B! is A'!).

{ De 114, def, 13, 2nd line, Read "= Imp (v, oaono




