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COMPLETIONS OF PERIOD MAPPINGS

MARK GREEN, PHILLIP GRIFFITHS, AND COLLEEN ROBLES

ABSTRACT. This work initiates a global study of period mappings at infinity, that is mo-
tivated by challenges arising when considering the questions

(i) What are natural completions of a period mapping?

(ii) What geometric applications do they have?
in the case that the period domain is not Hermitian. The approach is relative in the sense
that the work depends on both the period map ® : B — I'\D, and a choice of smooth
projective variety B with reduced normal crossing divisor Z such that B = B\Z. The
main results include:

(a) a toroidal-like completion of a finite cover of ®;

(b) conditions under which the log canonical bundle Kz + [Z] is free and ample;

(c) a relationship between the conormal bundle N;/E and ample “theta” line bundles
over (level one) extension data of limiting mixed Hodge structures;

(d) illustration of how the geometric interpretation of the extension data in a limiting
mixed Hodge structure may suggest how to desingularize boundary components of
moduli.

Many conjectures are made.
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This paper is part of a project, initiated in [GGLR20], that is motivated by two ques-

tions:

1: What are natural completions of a period mapping?

2: What geometric applications do they have?

A great deal is known in the classical case that the period domain is Hermitian and the

monodromy group is arithmetic! (see §1.2.1 for some discussion), while relatively little is

known in the nonclassical case. Here we are primarily concerned with the latter.

1.1. Setting. The data of a period mapping (to be completed) will consist of a triple

(B, Z; ®) where

(i) (B, Z) is a pair consisting of smooth projective variety B and a reduced normal crossing
divisor Z C B; and where

(ii) the complement

B = B\Z

has a variation of (pure) polarized Hodge structure

(1.1a)

,FpCV:BXﬂl(B)V

!

B

inducing a period map

(1.1b)

®:B — I'\D.

Here D is a period domain parameterizing weight n, ()—polarized Hodge structures on the
vector space V' (with fixed Hodge numbers), and 71 (B) — I' C Aut(V, Q) is the monodromy

representation. Let

o = ®B) c T\D

denote the image.

IThis is the situation arising when studying moduli of principally polarized abelian varieties and K3

surfaces.
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Remark 1.2. We assume that the generators of I' around the irreducible components Z; of
Z=7Z1U---UZ, are unipoten‘c.2

Remark 1.3. Of particular interest is the case when B is the desingularization M= M
of a KSBA compactification M of a moduli space M. The understanding of the period
mapping at infinity developed here may provide some guidance on how to desingularize the
compactifications of some KSBA moduli spaces, which in contrast for the curve case are
generally quite singular along the boundary; a preliminary illustration of this application
may be found in §A. This is among the topics of the planned [FGG™20].

1.2. Question 1: Completions. We may assume without loss of generality that the
period map ® : B — I'\ D is proper [Gri70, §9]. Then the proper mapping theorem implies
that p = ®(B) is a complex analytic variety.

The (augmented) Hodge line bundle is

A = det(F*) @ det(F* 1) @ - - @ det(FI+D/21)

!

B
Let
FEC Ve
(1.4) 1
B

denote Deligne’s extension of the Hodge vector bundles (1.1a), and let

Ae = det(F) @ det(FP 1) @ - - - @ det(F T/
{

B
denote the extended Hodge line bundle.
Theorem 1.5 (Bakker-Brunebarbe-Tsimerman [BBT18]). The image p = ®(B) is quasi-

projective and the Hodge line bundle A descends to an ample bundle on p. In fact, one may
projectively embed o with sections of AS™ that vanish along Z.

Our goal is to construct projective compactifications of the quasi-projective p and extensions
B — % of the period map (1.1b). To that end, we define two canonical completions

(1.6a) "B — 7'
(1.6b) »°:B — p°.

2 This assumption is not necessary, but is made for convenience of exposition. The case in which the

semi-simple part of monodromy is non-trivial is of central geometric interest [Gril8, Gril9, Gri20].
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As aset {' parameterizes I'-equivalence classes of limiting mixed Hodge structures (W, F'; o),
and as such encodes the maximal amount of Hodge theoretic information associated with
B. The superscript “T” stands for “toroidal” as %' will be a possible candidate for a
toroidal-esque compactification of p. (This possibility is suggested by the Hodge theoretic
interpretation of the toroidal A, in [CCK80], cf. Remark 1.13.)

At the other extreme, the second (1.6b) will be a minimal completion, and the super-
script “S” stands for “Satake—Baily—Borel” since, in the classical case that B = I'\D is
locally Hermitian symmetric with I' arithmetic, §° is the Satake Baily— Borel compactifi-
cation of T\ D (§1.2.1). The set ° parameterizes I'-equivalence classes of polarized Hodge
structures on the associated graded GrYY. The map §' — 7° quotients-out the extension
data of the limiting mixed Hodge structures parameterized by $'. It is in this sense that
?° retains the minimal amount of meaningful Hodge theoretic information.

Remark 1.7 (The constructions are relative). We emphasize that the construction of (1.6)
is relative; given the triple (B, Z; ®) one produces the completions. (In particular, ' may
be viewed as a relative analog of [KU09], but without the assumption that I is arithmetic
or the construction of a fan.) This is in contrast to classical case where one constructs a
projective compactification T\ D of T\ D (§1.2.1).

The construction (1.6) has functoriality properties that will be taken up elsewhere.

Remark 1.8 (The case that p is a curve). If p = ®(B) is a curve, then [Som73] and [CDK95]
imply that $° is algebraic. One may then show that A, — §° is ample (cf. the argument
of [GGLR20, §6]).

1.2.1. The classical case that D is Hermitian and T' arithmetic. In general, I'\ D admits no
algebraic structure itself [CT14, GRT14]. However, in the case that D is Hermitian and T'
is arithmetic, the locally Hermitian symmetric space I'\ D is quasi-projective, and admits a
slew of projective compactifications F\—D, including:

(i) the Satake-Baily—Borel compactification I‘\DS, [BB66];
(ii) the toroidal normalizations I‘\DT of F\DS, [AMRT75, Mum?75, Sat73];

(iii) and, in the case that D admits complex totally geodesic hypersurfaces (balls and type

IV domains), the semi-toric compactifications of Looijenga, [L.oo03a, Loo03b].
In any of these cases we may take © to be the closure of g in F\—D In the case of the
Satake Baily-Borel compactification §°> C F\—DS we additionally have §° = Proj R(B, A.),
[BB66], and an extension ®° : B — F\—DS of the period map [Bor72]. In the case of the
toroidal compactification, the existence of the extension ®' : B — F\—D is a more subtle
business [FS86, CMGHL17]|. Hodge theoretic interpretations of the toroidal constructions
include [CCKS80].
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1.2.2. The toroidal candidate. The definition of §' is conjectural. What is defined is a finite
cover {1 —» @'. More precisely, let

P

/_\

(1.9) BT@H@

be the Stein factorization of the period map (1.1b); the fibres of d are connected, the fibres
of ¢ — p are finite, and ¢ is normal.

Theorem 1.10. The complex analytic variety @ is Zariski open in a compact, complex
analytic variety O, and the map d:B — © admits a proper holomorphic completion
T . B> or.

Outline of proof. The set
D(®) = {(b1,by) € Bx B | &(b1) = d(ba)}

defines an equivalence relation on B with the property that d:B — © is the quotient
map. It follows from [CDK95] that there exists a projective subvariety X ¢ B x B with
the property that

[(®) = X N (BxB).

If X defines an equivalence relation on B, then [Gra83] asserts that the quotient map

has the desired properties.

So the essential problem is to show that X is defines an equivalence relation.? For
this, it suffices to show that every point b € B admits a neighborhood O' C B with the
properties:

(i) The restriction ®|q:, with O' = BN 01, is proper (Corollary 5.4).
(ii) There exists a proper holomorphic map f . O — 0! whose fibres coincide over O with

those of ® o1 As discussed in §7.2, this is an immediate consequence of Proposition
7.13.

O

Theorem 1.10 does not assert that ¢ is algebraic. We conjecture that ¢ does admit an
ample line bundle; in particular,

Conjecture 1.11. The complex analytic variety 9 is a projective completion of §.

3The third author thanks Gregory Pearlstein for sharing the analogous observation about I'(®).
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Define
(@) = {(b1,b2) € Bx B | ®(by) = P(b2)}.

As above, I'(®) defines an equivalence relation on B, and ® : B — ¢ is the quotient map.
Likewise [CDK95] implies there is a projective subvariety X C B x B with the property
that

I'®) = XN (BxB).
Conjecture 1.12. The subvariety X defines an equivalence relation on B.

Assuming the conjecture, we define the extension ®T : B — @' of (1.1b) to be the resulting
quotient map. Then X C X factors ®T as the composition of T with the finite T — 5.

Remark 1.13. The period map over O! can be represented by a sort of generalized period
matrix. The holomorphic map f is constructed from the horizontal entries. This means that
the function f essentially encodes the full variation of mixed Hodge structure over ZiN ol
(up to constants of integration). This gives @' the interpretation as a relative analog of
the Kato—Usui construction [KU09]. Keeping in mind the Hodge theoretic interpretation of
the toroidal Zg in [CCKS0], it also supports the expectation that @' be a candidate for a
toroidal-esque compactification.

1.2.3. Generalizing Satake—Baily—Borel. Early efforts to generalize SBB to non-Hermitian
D include the work of Cattani and Kaplan for weight n = 2 Hodge structures [Cat74, CK77].
There one considers a partial compactification of I'\D; in particular, this construction is
not relative in the sense that it is independent of any choice of period map.

In contrast, the topological extension

B y 9° P>

)

of the Stein factorization (1.9) defined in [GGLR20] (see §2.2 for a review) depends on the
choice of period map (1.1b). Here $° and $° are compact Hausdorff topological spaces, and
the maps ®S and ®° are continuous and proper, and ¢° — §° is finite. The normal crossing

divisor Z induces a stratification B = UZ7 with quasi-projective strata. The restriction
@S

4+ 1s a period map
I

(1.14) ®Y:zr — 1\DY.
This map is defined by taking the variation of limiting mixed Hodge structure along Z7

(which is induced by (1.1)), and passing to the graded quotient (“forgetting” the extension
data).
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Conjecture 1.15 ([GGLR20]). The topological space $° admits the structure of a normal
complex analytic variety and the extension $S:B - o> 0f<i> : B — ¢ is analytic.

The Hodge line bundle A, — B is trivial on the connected fibres of ®°, and so descends
to Ae — 9°.

Theorem 1.16 ([GGLR20]). If Conjecture 1.15 holds, then Ae — ¢° is holomorphic and
ample. In particular, $° = Proj R(@S,Ae).

Remark 1.17. In the classical case that D is Hermitian and I' arithmetic (§1.2.1), the Hodge
line bundle A, — F\DS is ample, [BB66].

Theorem 1.18 ([GGLR20]). Conjecture 1.15 holds in the case that dim B < 2.

Remark 1.19. If Conjecture 1.15 holds, then there are number of interesting questions one
may ask. For example: If@" normal? If yes, is it Q-Gorenstein. If so under what conditions
are the singularities log canonical? If ° is Q-Gorenstein, then we may assume that (B, Z)
is a log resolution of §°. For simplicity also assume that §° is smooth. Then, with (B, Z)
a log resolution, we have an equation of Q-line bundles

Kg + > ailZ] = (9°)"(Kg).

Do the a; have Hodge theoretic interpretations? For example, are they expressible in terms
of the Chern classes of Hodge bundles over the strata of Z7

Ezxample 1.20. Suppose that dim B = 2, Z is irreducible, and that & satisfies local Torelli.
If the local monodromy about Z is not finite, then Z is contracted by ®° to a singular point
p € p°. Letting d = —Z% > 0 one may show that the genus of Z is ¢ > 1 and that

1
d

Thus, §° is log canonical with one elliptic singularity only if g = 1.

(d4+29—-2)[Z] = (®°)*K_s.

KE"’ &

To Conjectures 1.12 and 1.15 we add
Conjecture 1.21. The map ' — ¢° is a morphism of algebraic varieties.

1.3. Question 2: geometric properties. Given a line bundle L — X over a arbitrary

compact complex manifold we consider two groups of properties:
e Numerical: L is nef; L is big.
e Geometric: L is free; L is ample.

The Hodge line bundle A — B is nef [Gri70, Proposition 7.15].% Together with [GGLR20,
Theorem 1.4.1] this implies that that canonically extended Hodge line bundle A, — B

4See [Gol19] for nef-ness in characteristic p.
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is nef. Under a general local Torelli assumption there is an extensive body of literature
establishing various numerical properties such as: the Hodge line bundle A — B is big if
and only if ® satisfies generic local Torelli (§9.1); and the pair (B, Z) is of log general type,
K% + [Z] is big [Zuo00]. There are also a number of results on the hyperbolicity of B,
including [BB20, Bru20, DLSZ19].

Here we are predominately interested in establishing conditions under which natural
line bundles on B are free and ample. For the triple (B, Z; ®) natural line bundles include
the Hodge line bundle A, the normal bundles [Z;] = N, 7, /B and the log canonical bundle
K5+ [Z].

1.3.1. Hodge line bundle. Results of this type include

Theorem 1.22 ([GGLR20]). Suppose dim B = 2. Assume that the differential of ® is
everywhere injective on B, and that 0 < —K5 - C whenever the curve C C B lies in a
®°—fibre. Then Ao — B is free, and §° = Proj R(B, A.).

We conjecture that Theorems 1.5, 1.16 and 1.22 admit the following refinement.

Conjecture 1.23. (a) If the differential of the period map ® : B — T'\D is generically
injective, then there are 0 < a; € Q so that the Q line bundle Ae — > a; Z; is free.

(b) Under suitable local Torelli-type assumptions, there exist integers 0 < a; € Z and
mg so that mAe — > a;[Z;] is ample for m > my.

Part (b) of the conjecture is known to hold in two cases: when Z = Zj is irreducible
(Proposition 2.32); and when B is a surface we have the stronger Theorem 1.24. For the
latter index the irreducible components Z; of Z = Z; U---U Z,, so that <I>0(Z,-) is a point if
and only if 1 < py < w.

Theorem 1.24 (Theorem 8.1). Suppose that dim B = 2 and assume that the differential
of ®: B — T'\D is everywhere injective. Then there exists a; > 0 so that the line bundle

m
II = mA. — Zai[Zi]
i=1
is ample for m > 0.

1.3.2. Local Torelli for (B, Z;®). Conjecture 1.23(b) alludes to “suitable local Torelli-type
assumptions”. What we have in mind here is a local Torelli condition for the triple (B, Z; ®).
Specifically (and with the notations to be explained later) the Gauss-Manin connection V
on V induces a natural map

(1.25) U:T5(-logZ) — Gr]__-clEnd(SC) .
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We say that the triple (B, Z; ®) satisfies the local Torelli property if (1.25) is injective. Local
Torelli for the triple (B, Z;®) implies local Torelli for the period map: the differential of
® : B — I'\D is everywhere injective.

1.3.3. The log canonical bundle.

Theorem 1.26 (Zuo [Zuo00)]). If the differential of the period map ® : B — I'\D is injective
at some point (generic local Torelli holds), then K5 + [Z] is big.

Conjecture 1.27. If the differential of the period map ® : B — T'\D is injective at some
point (generic local Torelli holds), then K¢ + [Z] is nef and big. If the differential of the
period map is injective everywhere (local Torelli holds), then K5 + [Z] is free.

The Base Point Free Theorem [Kol93] implies

Lemma 1.28. If K5 (5 is both nef and big, then 2(dim B + 2)! (dim B + 2) (K5 + [Z]) 1s
free.

Theorem 1.29 (Theorem 9.1). Assume that the local Torelli condition holds for (B, Z; ®):
the bundle map ¥ : T5(—log Z) — Gr;_-clEnd(ge) is injective. Then the line bundle K5+ [Z]
is nef and big.

The local Torelli condition for (B, Z;®) enables us to realize K5 + [Z] as a line subbundle
of the pull-back H = ®*(H) of a homogenous subbundle H — D (which descends to I'\ D).
Curvature properties of H imply that ¢ (#) is essentially equivalent to ¢; (Ae). The theorem
is then deduced by considering the second fundamental form of K% + [Z] — H.

The fibres A C B of ®° are compact and parameterize mixed Hodge structures (W, F)
with fixed associated graded. Here the weight filtration W is fixed, and the Hodge filtration
F varies along A, but the induced Hodge filtration F(Gr!") on the graded quotient is fixed.
As F varies, it defines an extension

0 — Gr)Yy — Wy/Wi_y — Gr)¥ — 0.

So along A we have a map ®! to level 1 extension data (to be discussed below). Let A° be

a connected component of A, and let A C A° be a connected component of a ®!-fibre.

Theorem 1.30 (Theorem 9.2). Assume that the local Torelli condition holds for (B, Z;®):
the bundle map ¥ : T5(—log Z) — Gr}elEnd(Se) is injective. Suppose in addition that the
effective cone EffY(B) is finitely generated and that the period maps Y, : Zw — Tw\DY,
have constant rank. Then there is a well-defined Gauss map G(®* ‘AO) : A — Gr(ry, Céw).
The line bundle K5+ [Z] is ample if and only if the Gauss map Q(<I>1|AO) is locally injective.

The maps @Y, are proper extensions of the maps (1.14), see §2.2.1.
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Remark 1.31. Both the assumption that the effective cone Eff!(B) is finitely generated (ap-
pearing in several statements), and the hypothesis that the period maps <I>?/V have constant
rank are expected to be unnecessary. Our goal here is not to prove the optimal results, but
to highlight the key geometric ideas underlying the arguments.

1.4. Perspective: global study of the period mapping at infinity. The global prop-
erties of the period mapping ® : B — T'\D are a classical and much studied subject
[Gri70, CMSP17].5 The local properties along Z of the canonically extended Hodge bundles
have also been a topic of considerable interest (beginning with the works [Sch73, CKS86]),
with significant applications including the Iitaka conjecture [Vie83a, Vie83b, Kol87] and the
arithmeticity of Hodge loci [CDK95]. It became clear over the course of the work [GGLR20]
that in order to satisfactorily address Question 1 (page 2), we need a better understanding of
the global properties at infinity. (Indeed, the existence of the neighborhood O' in the proof
of Theorem 1.10 is an example of one such property. Likewise, the role of the Gauss map
in Theorem 1.30 hints at the importance of the global properties in establishing geometric
properties.) To that end, the main thrust of this work is to begin the global analysis of the
extended period mapping along Z; if one likes, the global study of the period mapping at
infinity. The guiding question is: What is the global geometry of a fibre A* of (1.14)7?

1.4.1. Role of limiting mized Hodge structures. One of the central points of this work is that
the extension data associated to a limiting mixed Hodge structure (§3.2.4) encodes a rich
geometric structure beyond that carried by a graded-polarizable mixed Hodge structure.
(The extensive literature on mixed Hodge structures includes [PS08, CEZGT14].) For a
mixed Hodge structure (W, F') with weight filtration

{0y c W, Cc---Cc W,, =V,

one defines the level < a extension data to consist of the at most a—fold extensions extracted

from W,. For example, if a = 1 we have the extensions
0 = Gr)¥, — Wy/Wy_s — Gr}¥ — 0.

A fibre A* of (1.14) parameterizes limiting mixed Hodge structures with a fixed associated
graded. It turns out that for the set of limiting mixed Hodge structures having a fixed
associated graded and polarizing monodromy cone o, the level one extension data admits
a family {Lys} of line bundles, that are positive over the image of a variation of limiting
mixed Hodge structure (Theorem 2.27).° These line bundles are analogs of the classical
theta line bundles (Example 2.37).

5These do not involve the global geometry of the normal crossing divisor Z.
6Related results have recently been obtained by Bakker—Brunebarbe-Tsimerman [BBT20], and used to
establish the quasi-projectivity of the image of mixed period maps. That work is of a somewhat different

character: they study variations of graded-polarizable mixed Hodge structures. There is a global study
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The fibres A C B of the map ®° are compact complex analytic varieties, that contain
the fibres A* of (1.14) as Zariski open subsets. As one moves along A one has a variation of
limiting mixed Hodge structure with varying extension data (but fixed associated graded).
This variation is captured by the sections of the restrictions Ljs| 4. One of the main results
(2.28) relates the line bundles Ly/|, to the restrictions of the normal bundles NV, /B to A.
This relates the geometry along A to the geometry normal to A C B. It is perhaps the
fundamental geometric property of the period mapping at infinity (§2.5). In particular, the
positivity of Ly over the image ®T(A) C ' implies some negativity of N 7 /E‘A; this is

what one expects since P> contracts A to a point.

1.4.2. Role of Lie theory. The formal structures underlying Hodge theory are representa-
tions and homogeneous spaces of Q—algebraic groups (specifically, Hodge and Mumford-Tate
groups). And as one might expect the constructions and arguments here are primarily Lie
theoretic. One of the key observations is a relationship between lifts of the period map at
infinity and open Schubert cells in the compact dual of the period domain.

In the classical case, the Hermitian D admits various bounded and unbounded realiza-
tions as a symmetric domain in a complex affine space. Each of these is equivalent to the
containment of D in an open Schubert cell § C D in the compact dual. This containment
is an essential ingredient in many results, for example [BB66]. In general there is no such
containment, and this has been an obstacle to generalizing some classical results. One of the
essential observations of this paper (Corollary 5.9), is that for each connected component
A% C A there exists an open Schubert cell § € D and a neighborhood A° ¢ 0° ¢ B with
properties:

(i) The restriction of the local system V' to O° = BNO has monodromy I 40 that preserves
8.

11 e induced period map P 4o : — 1 4o takes value 1mn 1" 4o no).
ii) The induced period ® 40 : 00 — T 40\ D takes value in T DnN§

This is the key observation to establishing the fundamental relationship (2.28) between the
line bundles L;; and the normal bundles N, 2B

The fact that ® 40 takes value in I"40\(D N 8) may be interpreted as saying that ® 40
may be represented as a period matrix whose entries are well-defined up to an action of
the discrete group I' 0. This is essentially the analog (for the punctured neighborhood
0% of the familiar fact that the period map ® may be locally represented at infinity by
a period matrix who entries are polynomials in logt;, with holomorphic entries, where the

of such structures (see [PS08] and the references therein). Here, we consider variations of limiting mixed
Hodge structures that are induced along strata Z7 C Z by the period map ® : B — I'\D. One might think
of these limiting mixed Hodge structures as (equivalence classes of) mixed Hodge structures together with

a first-order smoothing.
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{ti = 0 | ¢ € I} are the local defining equations of Z (Remark 2.21). In the case that D
is Hermitian these polynomials are of degree < 1. More generally, the horizontal matrix
entries are always of degree < 1 in the logt;. (The infinitesimal period relation implies that
the period matrix is determined by the horizontal entries up to some discrete data.)

Furthermore a connected component A' C A of the subset where both the associated
graded and the level one extension data are fixed admits a neighborhood A! ¢ O! C B with
the property that the induced period map ® 41 on O! = BN O! can be represented by a
period matrix whose horizontal entries are linear in log 7,,, again with coefficients in (9(61),
where the 7, € O(0') are the defining functions of Z N O'. This essentially globalizes to a
neighborhood of A! the familiar local expression at infinity for the period map. One obtains
the analytic structure on ¢' as a corollary (Theorem 1.10).

1.5. Acknowledgements. We are indebted to Ben Bakker, Radu Laza, Gregory Pearlstein
and Kang Zuo for enlightening conversations and correspondence.

2. GLOBAL STUDY OF PERIOD MAPPINGS AT INFINITY: OVERVIEW
Write
Z = Z1UZyU---U Z,,

with smooth irreducible components Z;. We denote by
Zr = (%
i€l

the closed strata, and Z; C Zr the Zariski open smooth locus. (Notation will be defined
with greater precision in subsequent sections.)

The restriction V| z of Deligne’s canonical extension (1.4) admits a weight filtration
WI | and the pair (W', F,) defines a variation of mixed Hodge structure (VLMHS) over Z}.
(See §C for a brief review of these constructions.) The induced Hodge filtrations FZ (Grg‘ﬂ)
define a polarized variation of Hodge structure over Z7, and in this way we obtain period
maps

(2.1) ®Y: 7y — T\DY.
The question under consideration here is:
(2.2) What is the global geometry of a fibre A* of (2.1)7

The answer is summarized in §2.5.
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2.1. A tower of maps. What varies along the fibre is the extension data of the VLMHS
Wi, Fe

quotients in order to define <I>9; here it is important to keep in mind that the associated

Z;)- This is precisely the information that is lost when we pass to the graded

weight-graded VHS is locally constant along A*. There will be global monodromy arising
from the action of 71 (A*) that will preserve the weight filtration along the connected com-
ponents of A* and that will act by a finite group on the associated weight-graded quotients.
As a first step this invites the study of the geometry of the set of extension data associated
to the set of LMHS with the same associated graded.” This is done by realizing (2.1) as

one map in a tower

Zr —2L (exp(Coy)T)\D;
<I"} $
(exp(Cop)I'r)\D}
¥
(eXp((CO'[)P])\D%
¥
I'/\D}
¥
r/\DY

that is defined as follows. Given a MHS (W, Fy), define Hodge numbers f} := dim F§ (Gr}"),
and set
Dy = {F € D|(W,F)isaMHS, dim FP(Gr)) = fI},

with D the compact dual of D. Let Py C Aut(V, Q) be the Q-algebraic group stabilizing
the weight filtration. Given any g € Py, there is an induced action on the quotients

Wy /Wy_4. The normal subgroups
Py = {g € Pw | g acts trivially on W,/W,_, ¥V {}
define a filtration Py = PIE)V D PI;/l D ---. The group
(2.4) Gw = (Pwr/Pyk) X Pyl
acts transitively Dy [KP16]. Let
Dy = Py '\Dw
be the quotient. This yields a tower of fibre bundles
Dw - D§, — D .

Tt is important here that we are working polarized MHS, rather than the larger class of MHS. The
structure of the extension data of LMHS is richer than that for MHS, cf. §A.



14 GREEN, GRIFFITHS, AND ROBLES
Set
(2.5) Ty = TN Py

Definition 2.6 (Extension data of MHS). If oy = dw,» C Dyw is the fibre of the surjection
Dw — D%, then 'y \dw, r is the extension data of the MHS (W, F). The image 6%, = Sy p
of éy under the projection Dy — Dy, is also a fibre of Dfj, — D8V7 and we say that
Lw\djy p is the extension data of level < a.

Much of our treatment of extension data will focus on its Lie theoretic properties as a locally
homogeneous space (§1.4.2). For a Hodge-theoretic and geometric perspective see §A.
Now suppose that the MHS (W, Fp) is polarized by a nilpotent cone

oy = spang_ {N; | i€ I} C End(Vg,Q)

of commuting logarithms of monodromy. (Here exp(N;) is a local monodromy operator
about Z*.) Define

Dy = {F € Dy | (W, F) is polarized by o7} .

Then W = W (o) implies that the Q-algebraic group C; C Aut(V, Q) centralizing the cone
o1 is a subgroup of Pyy. Note that this centralizer also admits a filtration C; = C’? D C’I_1 D
-+ by normal subgroups

Cr* = Crn Py”.
The group
Gr = (Crr/Crg) x Cr ¢
acts transitively Dy [KP16]. Let
I'r =TnCdCro.

The VLMHS along Z7 induces the map ®; of (2.3); the maps ®¢ are defined by passing
to the quotient spaces D} = C’I_f”c_l\DI. We say that the quotient D} has automorphism
group G¢ = Gy/ Cﬁé_l to indicate that G acts on D¢, with the normal subgroup C'I_“_l
acting trivially. The base space D? is a Mumford-Tate domain with Mumford—Tate group
G?. Again we have a tower of fibre bundles

D; — D% — DY.

Definition 2.7 (Extension data of LMHS). If 6; = d;r = dw,r N Dy is the fibre of the
surjection Dy — DY, then T'/\d; p is the (polarized) extension data of the LMHS (W, F).
The image §7 = 0y, of 7 under the projection Dy — D7 is also a fibre of D} — DY, and
we say that I'1\d7 p is the (polarized) extension data of level < a.
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Recall the tower (2.3) and define p¢ = ®%(Z;). We have natural surjections pj+' — p%.
Proposition 7.1(c) implies

Theorem 2.8. The maps p?“ — ©f are finite to one for all a > 2.

Remark 2.9. Theorem 2.8 asserts that the level two extension data map <I>§ determines the
full extension data map ®; up to constants of integration. Additionally the level 2 extension
data is discrete. (The data not given by constants of integration is given by sections of line
bundles with fixed divisor, Proposition 7.1(c) and Remark 7.2.) So it is then not surprising
that we will see that the answer to the question (2.2) is to be found in studying the restriction
of ®! to A*. This restriction takes value in some T’ 1\5}’ - The spaces I' 1\5}’ r and F\éll/v’ P
of level one extension data carry rich geometric structure. As observed by Carlson, these
spaces are tori, and I' 1\5}7 r is an abelian subvariety when F? (Gr"™)) defines a level one
Hodge structure [Car87]. To this we add Theorem 2.27, and the corollary (2.28) that
encodes the central geometric information that arises when considering the VLMHS along
A*.

Remark 2.10. In the classical case that D is Hermitian ®; = <I>§, and there are no integration
constants. In the non-classical case the integration constants are of a “polylogarithmic

character” (§A.6), and thus have an arithmetic aspect not present in the classical case.®

Along each strata Z; there is a well-defined I'-congruence class [W'] of weight filtra-
tions. Let
Zw = U Zr
Wi=[w]
be the union of those strata with the same “weight class.” The intersection Z; N Zy is the
weight-closure of Z7. There is a subset Iy D I with the property that

Zinzw = |J Z;
ICJClwy

(Corollary 4.6). The maps ®9 and ®} in the tower (2.3) extend to the weight-closure
(Lemma 4.10); in particular, we have a commutative diagram

At
/\
Z] —— ZINZw — L/\D} — T/\DY.
1
In general, the maps ®¢ do not extend when a > 3 (the case a = 2 is subtle, cf. §4.3.1).
8There is extensive literature relating Hodge—Tate mixed Hodge structures to integrals of polylogarithmic

type. So far as we are aware, the special properties that may arise when restricting to limiting mixed Hodge

structures of Hodge—Tate type have not been discussed.
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2.2. Two topological completions. The maps <I>9 and <I>} are distinguished in the sense
that they can be patched together to define proper analytic maps on Zyy.? This is important
because it makes it possible for us to realize A* as a Zariski open subset of a compact fibre

A.

2.2.1. Patching for compactness. The inclusions Dy < Dy and I'y C I'yy induce
F[\D? — FW\DI%V .
The maps (ID?,V and <I>II/V defined by the diagram

S —

1
bl N,
@ 29,

(2.11) "l T\D} —— Tyw\D},

! !

\D} — T'w\Dy,
are proper and analytic (Lemma 4.1).

Remark 2.12. The fibres A of <I>?,V are compact analytic subvarieties of B. And given
Z} C Zw, the intersection AN Zj is the fibre A* of Question (2.2). The answer is given by
studying the global geometry of A (which as the advantage over A* of being compact).

The proper mapping theorem implies that the the images
ow = O (Zw) and @y = Py (Zw)
are complex analytic spaces (Corollary 4.2). We define two set-theoretic “completions”

7 =97 =Uohw ad 5" = Jow
w w

(with the finite unions taken over a single representative W € [W]) of p = ®(B), and maps

<I)0
_ /\l
(2.13) B 5k » 0

defined by specifying <1>0‘ZW = <I>?/V and <I>1|ZW = <I>%,V.

9This is essentially Griffiths’s extension of ® across points of finite monodromy to obtain a proper period
map [Gri70, §9].
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2.2.2. Topology. Fix a Riemannian metric on on B. Let ¢ either of @° or §', let F;, denote
<I>?/V or <I>%,V, respectively, and let ®¢ denote the corresponding ®° or ®!. Since the fibres
of ®¢ are compact, there is an induced metric on §°. Endow $° with the metric topology.
Then ®° : B — §° is continuous, so that {° is compact. This topology is Hausdorff, and the
induced subspace topology on gf, = @}, (Zw) C §° coincides with the existing topology on
o}y as a complex analytic space (Proposition 5.1).

2.2.3. A “Stein factorization” of ®°. Let

/‘DEV\
(2.14) Zw oy , oS,

Py

be the Stein factorization of ®f;,; the fibres of @%V are connected, the fibres of of, — Ef

¢ = (et

are finite, and @7, is normal. Set

and define maps

(2.15) B 5 7°
by specifying that the restriction of (2.15) to Zy coincides with (2.14).

Remark 2.16. In contrast to Conjecture 1.15 (ES =), the topological space §' will not
admit a compatible complex analytic structure: the fibre dimensions of ' — @° may drop
on proper subvarieties. For example, if the variation of limiting mixed Hodge structures is
Hodge-Tate over Z7, then it is Hodge-Tate over Z; and the fibres of 7' — p" over ®°(Z;)
are finite.

2.3. Neighborhood of a ®’—fibre. Let A be a (compact) fibre of ®°. Then
A - ZwA

is a fibre of some (I)gv 4. Let A% be a (compact) connected component of A. We begin our
study of the geometry of A° with the observation that this (connected component of a) fibre
admits a neighborhood O° C B with special properties. First, we may assume that <I>0|60
is proper (Corollary 5.4). Second the neighborhood admits a large class of line bundles
with explicit, meromorphic sections that capture certain linear combinations of the divisors
Z; N [OR%

Theorem 2.17 (Corollary 5.25). (a) There is a family Ly — O° of line bundles, M €
N*, and integers (M, N;) associated with each Z;, so that

Ly = Y k(M,N;) [Z][go = Y w(M,N;) Ny g .
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(b) There exists an explicit, canonical meromorphic section sy : O° — Lys with divisor
(2.18) (sar) = D> w(M,N;)(Z;n0°).

The set N* is defined in (5.22). The key observation behind Theorems 2.17 is that we may
also assume that O° has the properties:

i) The restriction V|5 = 0% x 00y V of the VHS to
0 1(09)

0 =0°nB
has monodromy
(2.19) Ly C Pyag
preserving an open Schubert cell § € D (Lemma 5.8).
(ii) Let
(2.20) Puo:0° = T \D

be the induced period map. The lift of ® 40 to the universal cover 00 — ©°

- >
00 4%, 8D

| |

]
09 —2% T 0\D

takes value in a Schubert cell 8§ C D (Corollary 5.9).

We first construct line bundles £3; — I"40\8 and canonical, nowhere vanishing sections sy,
(§5.4.1). The period map ® 40 pulls the bundle and section back to O". We then verify that
the bundle and section extend to O° (§5.4.3).

Remark 2.21. If we think of the period map as given by a period matrix (as in §3.4, then
one may informally think of the M as parameterizing the matrix entries, and the section
sy as the associated matrix entry. In Theorem 2.17, the set N* is parameterizing those
matrix entries with the property that sj; extends across the singularity.

Remark 2.22. By definition (5.22) the set N* parameterizing the line bundles Ly, is a
subgroup of the vector space gc = End(Ve, @), and Ly, +a, = L, + Lag,.

Recall that Deligne’s extension (1.4) of the Hodge vector bundles is given by exhibiting
a framing/trivialization over local coordinate neighborhoods U ¢ B (§C). Under a mild
assumption on I' 40 (Remark 5.12), the properties (i)—(ii) above enable us to extend this
construction to O° and prove:

(a) The determinant det(F%) is trivial over O (Theorem 5.15). In particular, the Hodge
line bundle A, is trivial over OY.
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(b) There is a well-defined weight filtration W4 of V,| Zya- (This statement does not

require the assumption on I'40.) The induced Hodge filtrations F& (GrZVA) on the
associated graded GrZVA = W2 /W2 | are trivial over 0° N Zy4 (Theorem 5.16).

2.4. Restriction of ®' to a ®"—fibre. The period map ®40 : O° — T 40\D of (2.20)
admits obvious analogs

PO

A0 W
/_\
(2.23) Zw N Q° m L0 w\Dfyy — a0 \DYyr
and
0,
(2.24) Q0 ?m)) o — P

of (2.11) and (2.13).

Remark 2.25. Tt follows from the properness of ®! and ®°, and Corollary 5.4 that the fibres
of the obvious maps @}40 — P and @?40 — @Y are finite. So, modulo finite data, (2.24)
carries the same information as the restriction of (2.13) to 0°.
In this section we wish to discuss (2.23) in the case that
W o= W4,
so that we may study ®' along the strata Zy containing A. In this case, (2.19) implies
T g0 =T 0 and T' 40\ DY), = DY, and (2.23) specializes to

(I’?AO,W
(2.26) Zw N O° - T 40\D}, — DY,.
A0 W Tw

We will see that much of the global geometry of A is encoded by the the restriction of <I>}40
to A° C Zy. This restriction takes value in a ﬂ‘l,vfﬁbre.

Given Z7 C Zw, we have inclusions D} < Djj,. In particular, D} —» D(I) determines a
sub-bundle of the restriction 7} of 7;, to I' 40\Dj

I 40\D} < T 40\Djy,

1 1
Wll lﬂw

DY —— DY, .

The restriction of ®! to A° N Z; takes value in a fibre of 7T}.
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Under the mild assumption that the monodromy I 40 if unipotent (Remark 5.12) we
have

Theorem 2.27 (Theorem 6.3). Set W = W4, and suppose 27 C Zyy.

(a) The bundle T, : T 40\D};, = DY), admits a subbundle
Lﬂl
w
Diy
that is fibered by compact tori Ty . The restriction @1‘AO takes value in Ty .
(b) The bundle } : T 40\D} — DY admits a subbundle

Jp— Jr C T'/\D}
I
Dj
that is fibered by abelian varieties Jr. The restriction (I)1|AOOZ] takes value in Jy.

(c) There is a subset N' C N* parameterizing line bundles (both denoted)

L L
l l

J[ E— TW
over the level one extension data, with the property that
Lutlgo = (@Y ,0)"(Lnr).

(d) There is a subset N?IQ C N with the property that the abelian variety J; is polarized
by the L%, with M € N52.

(e) The set N§[2’+ = {M € N?z | K(M,N;) > 0, Vi€ I} is nonempty. Indeed the
dimension of the (not necessarily convex) cone {yM | M € NE}[2’+, 0 <yeR}is

equal to dimoy.
A detailed outline of the proof of Theorem 2.27 follows the statement of Theorem 6.3.
2.5. Geometry at infinity. Together Theorems 2.17 and 2.27 imply that
(228) (80 (Ca) = 3 ROLNDZlLo = 3R Ny) Ny g -

(The sum is over all 4 such that Z; N A° # (), which is necessarily a subset of Iyy.) It
follows from Proposition 7.1 that this is the central geometric information that arises when
considering the VLMHS (W, F.) along A°.
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Ezample 2.29. Suppose that A° C ZF and N; # 0. Taking I = {i}, we may choose

M € N?[2’+, so that £}, — J; is ample and x(M, N;) > 0. Then N7

Z:/B | g0 is ample if the

differential of @1‘ 4o 18 injective.
More generally, we have

Corollary 2.30. Suppose the differential <1>1‘AOOZI is injective. Then the line bundle
Z K‘(M7 NZ) N

7./B s ample.

AONZ;

Remark 2.31. The sum in Corollary 2.30 is over those j with Z; N (A% N Z;) nonempty.
Theorem 2.27(e) asserts that we may choose M so that the integers x(M, N;) are positive

when j € I; we are not able to say the same when j & I.

Applications of (2.28) include Propositions 2.32 and 2.33. The first is a special case of
Conjecture 1.23(b).

Proposition 2.32. Suppose that Z = Zy consists of a single irreducible component, and
d(IJ‘l)V is injective on ®°—fibres. Assume also that the effective cone Eff'(B) of 1-cycles is
finitely generated. Then the line bundle 11 = mAo — [Z] is ample for m > my.

The second application is a constraint on the variations of limiting mixed Hodge struc-
ture that may arise along the divisor Z when dim B = 2.

Proposition 2.33. Assume that dim B = 2 and that ® : B — '\ D satisfies generic local
Torelli (equivalently, ®, is injective at some point b € B, so that dim p = 2). Then ®! is
necessarily non-constant on some irreducible component Z; of Z.

Definition 2.34. The variation (W!, F,

is of Hodge—Tate type, if the associated graded variation JF& (GrZVI) of Hodge structure is
Hodge—Tate.

Z;) of limiting mixed Hodge structure along Z7

Remark 2.35. When the variation is of Hodge Tate type, both the period map ®° and the
level one extension data map ®! of (2.1) and (2.3) are locally constant along Z7.

Corollary 2.36. Suppose that B is a surface and that the LMHS along all of Z is of
Hodge—Tate type. Then dimp < 1.

The propositions are proved in §9.2 and §8.3, respectively. See §A.6 for further discus-
sion of the Hodge—Tate case.

Ezample 2.37. We would like to informally discuss (2.28) in a familiar example. Consider

the case that D is the period domain parameterizing pure, weight n = 1, Q—polarized
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Hodge structures on V' with Hodge numbers h = (2,2). Suppose that @ is represented by

the matrix

0 0 0 1
0 0 10
Q_O—IOO
-1 0 0 0

with respect to a basis {v1,va,v3,v4}. Suppose that dim B = 2, and fix local coordinates
(t,w) € A% on B centered at a point b € Z so that Z = {t = 0}. Suppose the normalized
period matrix takes the form

with a(t,w), A\(t,w), v(t,w) = D(t,w) — log(t)/2mi holomorphic functions on A% The
nilpotent logarithm of monodromy about {¢ = 0} is

= o O O
o O O O
o O O O
o O O O

The associated weight filtration Wy C Wy C Wy =V is given by {v4} C {v4,v3,v2}. The
function a(t,w) encodes the level one extension data, and the function (¢, w) encodes the
level two extension data. If we write m = k(M,N) € Z, then locally the line bundle
Ljs admits a trivialization with respect to which the canonical section sp; is given by the

function
v(t,w) = t"exprimu(t,w)).

While 7y (t,w) is invariant under the local monodromy exp(N), we must also account
for the monodromy about the fibre A%. In general, monodromy will take the form

0O T W o=
o O = O
_= O
—_ O O O
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with a,b,c € Z. Then the period matrix ®(¢,w) transforms as

1 0
- 0 |
- B(t,w) =
78t w) a(t,w) + b — a(t, w) At w)

p(t,w) +c — ab + 2aa(t,w) + a?A\(t,w) a(t,w)+b —a\(t,w)
Under this action, v(t,w) transforms as
v(t,w) — v(t,w)+c—ab+ 2aa(t,w) + a’A(t,w),
so that 7p/(t, w) transforms as

mi(t,w) = t"exp2mim (e(t,w) + a?\(t, w) — 2aa(t, w))
= 71t w)exp 2rim (a2A\(t, w) — 2aa(t, w)).

This is the functional equation for the classical #-function. We may normalize our choice of
coordinates (¢, w) so that v(t,w) = 0. Then, taking m = 1, this computation implies that
t-99, with 1 a section of the dual to the #-line bundle, is globally well-defined along A°; that
is, the pull-back of the #-line bundle on J; under <I>1140 is the conormal bundle.

Remark 2.38 (Interpretation of (2.28)). Given a VHS over the punctured disc A* with
unipotent monodromy 7' = exp(NN), it is well-known that there is a well-defined equivalence
class of LMHS (W, F,N) at the origin ¢ = 0. The equivalence relation is (W, F,N) ~
(W, F, N ) if and only if Fe exp(CN) - F. A unique representative of the equivalence class
is determined by specifying a nonzero v € Ty A. If, for simplicity of discussion, we assume
that A% c Z7 is contained in an open codimension one strata, then for each point b € AP
there is a well-defined equivalence class [W, F, N], of LMHS. (The F' in these LMNS all
induce the same Hodge filtration on the Gr!.) What (2.28) does is give a line bundle
(®%0)*(Lar) — AY with the property that nonzero elements of A € (®1,)*(£as)s determine
a unique representative of [W, F, Np.

2.6. Summary of notation.

e period domain D parameterizing pure, (Q—polarized HS on V' of weight n

e compact dual D

e algebraic automorphism group G = Aut(V, @), with Lie algebra g = End(V, Q)
e smooth projective B with reduced normal crossing divisor Z C B

e polarized variation of Hodge structure V = B X (B)V over B = B\ Z with monodromy
representation m(B) » ' C G

e the induced period map ¢ : B — I'\D
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e Hodge filtration FP C V and Hodge line bundle
A = det(F") ® det(f'”—l) R - ® det(]:[(nﬂ)/ﬂ)

e extensions F¥ C V, and A, to B
o graded quotients &7 = F2/FET! = Gr'. , and & = O
e bundle map V¥ : Tz(—log Z) — G‘rr]__-c1 (End(&)) induced by flat connection

e algebraic subgroup Py C G stabilizing weight filtration W, filtered by normal sub-
groups

Py = {g € Pw | g acts trivially on W,/W,_, V (},

a> O, PW = PI9V
e algebraic subgroup C; C Py centralizing cone o7 C g, with W = W/ = W (o), filtered
by normal subgroups

C[—a = Cr N PI;/Q.

o reference filtration £ € D, Hodge numbers f} := dim F} (Gr}")
e Dy = {FeD|(WF)isaMHS, dimFP(Gr}") = f/}.

e Ty =InN PV—V}Q

o Gy = (Pwr/ PI;/}R) X PVT,}C acts transitively on Dy

o Dfy, = Pig_l\WI with automorphism group G§, := GW/PI;/?C_l. 10
e projections Dy —» Dy, —» D‘O,V and Gw — Gy, — G?,V

e D := {F € Dw | (W, F) is polarized by o7}

e Gr = (Crr/ C’Ijﬂlg) X C’Eé acts transitively on Dy

o DY = I_’(‘é_l\DI with automorphism group G% := GI/C’EE_l. H

e projections Dy —» D¢ —» D? and Gy — G§ — G?

. D? is a Mumford-Tate domain with Mumford-Tate group G9 = C;/ C’I_l. 12
e I''=TNCIg

10We think of this as indicating that Gw acts on Dy, with the normal subgroup Pv}f?cfl acting trivially.

Hye think of this as indicating that G acts on D7, with the normal subgroup C;’E*l acting trivially.

120ne may define analogous spaces Dy;; for MHS. In the absence of the polarization, these spaces have
less structure. For example, the analog D% of DY is a flag domain in Wolf’s sense [FHWO06, Wol69], but

not a Mumford-Tate domain — the isotropy group is not compact.
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e period map to various quotients of LMHS

Zr —21 (exp(Cop)T)\D;
o ¢
(exp(Cop)I'r)\D}
¥
(eXp((CO'[)P])\D%
¥
I'/\D;
¥
I'\DY

D¢ — DYy, and I'r C T'yy induce I'/\D} — Tw\Djy,
weight-strata Zy = U Z7
wi=w

Z1 N Zy is the weight-closure of Z7

unique maximal Iy such that W/w =W

if 7% C ZrN Zw, then Dj — Dy and I'y C T’y induce I' J\D — I'/\ Dy

<I>(I] and CID} extend to proper holomorphic maps on the weight-closure, and the extensions
are compatible with ®4 on Z5 C Z; N Zw

Z} — > ZiNZw

]

e | Tj\D} —— T/\D} |}

! !

L \DY —— TI'/\DY
e Oy € {<I>?,V,<I>%,V} defined by

7 —— Zy

[

I'/\D} —— Tw\D}, |2

! !

F[\D? E— FW\DI(}V

S
~o

o oy = O (Zw) C Tw\DYy and ol — B}y (Zw) < Tw\D}y.

= Jew and ' = [Joiv,
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e two topological extensions of ® : B — I'\ D defined strata-wise

. T
pl 0

B 5

e A C Zy compact ®'fibre

o AY C A (compact) connected component of A

o Al € A® (compact) connected component of ®!-fibre

e Oy C Dy is the preimage of ®°(A°) € FW\D8V under the projection Dy —» FW\D(V]W
these are pairs (W, F') with the same F(Gr")

e 07 C Dy is the preimage of ®°(A° N Z;) ¢ FI\D? under the projection Dy —» I‘I\D(I);
these are pairs (W, F') that are polarized by o; and with the same F(Gr'").

e neighborhood A% ¢ O° ¢ B, Schubert cell § C D, period map

Pp:BNO° = Tu\(DNS)

e I' 40 C I' N Py monodromy about A°, FZ% = I'" 40 N Py monodromy acting trivially on
Gr", finite quotient T 40 /FZ% acting on Gr" is contained in G (a0 = C’?( AO)/ CI_(,140)’
I(A% ={i | AN Z; £ 0}

e A ¢ A° (compact) connected component of ®!fibre, neighborhood A' ¢ O' ¢ O° c
B, period map

d,u:BNOY = Tu\(DNS)

e I'y1 C I'N Py monodromy about A°, FZ% =T 4N P‘;/l monodromy acting trivially on

G, finite quotient T 40 /F;% acting on Gr'

3. ASYMPTOTICS OF PERIOD MAPS: REVIEW OF LOCAL PROPERTIES

Here we set notation and review well-known properties of period maps and their local
behavior at infinity. Good references for this material include [CMSP17, CKS86, GGK12,
GS69, PS08, Sch73].

3.1. Notation.

3.1.1. Groups. Given a Q—algebraic group G, the Lie groups of real and complex points will
be denoted by Gr and G, respectively. The associated Lie algebras are denoted gr and
gc, respectively.

Let V = V7 ®7 Q is a rational vector space, with underlying lattice V. Let End(V) =
V ® V* denote the Lie algebra of linear maps V' — V, and let Aut(V) C End(V') denote
the Q-algebraic group of invertible linear maps.
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Fix n € Z, and suppose that , and @ : V x V — Q is a nondegenerate (skew-)symmetric
bilinear form satisfying

Q(u,v) = (-1)"Q(v,u), forall w,veV.
From this point on, G will denote the Q—algebraic group
G = Aut(V,Q) = {g € Aut(V) | Q(gu, gv) = Q(u,v), Y u,v € V}.
with Lie algebra
g = End(V;Q) = {X € End(V) | 0=Q(Xu,v) + Q(u, Xv), Vu,veV}.

3.1.2. Period domains. Let D = Gr/K° be the period domain parameterizing effective
weight n > 0, Q-polarized Hodge structures on V with Hodge numbers h = (h™°, ... h0").

Given ¢ € D, let
- @ v

pHg=n
be the Hodge decomposition; let

-1 1 0 _
Fy C Fy7 C--C F, C F, =
be the Hodge filtration. The weight zero Hodge decomposition
(3.1) gc = ogh?
induced by ¢, is polarized by —k, where xk € Sym2g(*C is the Killing form. The isotropy
group K° = Stabg(p) stabilizing ¢ € D is compact, with complexified Lie algebra
g = RoC = g°.

Let D = G¢ /P, denote the compact dual of D. Here P, is the complex parabolic

stabilizer of the Hodge filtration F,, and has Lie algebra p, = @®p>0 g% 7.

3.2. Variations of Hodge structure and period maps.

3.2.1. Unit disc
A= {teC||t| <1}
and punctured unit disc
A" = {teC|0<|t| <1}.
Upper half plane
H = {zeC|Imz >0}

and covering map

H — A* sending z r— t =27,
Multivalued inverse

ot = logt

2mi
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dt

and (well-defined) differential d/ = ——.
27it

3.2.2. Fix a point b € Zf C B. Choose a coordinate chart
(t,w): U ¢ B — Ak
centered at a point b with
(t,w): U =BNU — (A" x A",
Reindexing the Z; if necessary, we may assume that
UNZ = {t;=0}, forall 1<i<k,

and U N Z, =0 for all k+1 < p < v. (We are assuming, as we may by shrining U if
necessary, that UN Z; = UN Z}.)

3.2.3. The counter-clockwise generator o; € m1(A*) < m((A*)*) = 71 (U) induces a quasi-
unipotent monodromy operator v; € Aut(V,Q), 1 <i < k [Sch73]. Passing to a finite cover
of B if necessary, we may assume without loss of generality that ; is unipotent; let

N; = logvi € g
be the nilpotent logarithm of monodromy, and
o = spang_ {N1,...,Np} C gr = Aut(Vg,Q),
the monodromy cone (for the coordinate chart centered at b).

3.2.4. The universal cover of U is

U = 3" x A"
The local lift
o:U - D
of ®| is of the form
(3.2) O(t,w) = exp(SU(t;)NyEt,w) - F .
Here, F € D,
U — Ge

is a holomorphic map, and we abuse notation by regarding the multi-valued £(t;) as giving
coordinates on H. Additionally, if F(w) = £(0,w) - F', then (W, F(w)), is a mixed Hodge
structure (MHS) polarized by the local monodromy cone

o =spang_ {Ni,..., N}.

We say (W, F, o) is a limiting mized Hodge structure (LMHS).
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3.3. Local VLMHS over Z; NU.

3.3.1. Given a mixed Hodge structure (W, F') on (V,Q), we have a Deligne splitting

e = oV

satisfying
W, = @ VL and FF = PHVEL.
p+q<t p>k

The induced splitting
(3.3a) gc = Do,
of the Lie algebra gc¢ is defined by
(3.3b) o'y = {zegc | a(Vig'p) C VTS, Vo, s},
satisfies
(3.3¢) Koy e, O p) = 0 i (p.q) + (r,s) # (0,0),

and is compatible with the Lie bracket in the sense that

(33d) [gliil’/?F ) ga}ip] - g%}’ﬁs .

Remark 3.4. The obvious analogs of (3.3) hold with End(V¢) in place of gc. Given X €
End(V¢), let XP4 denote the component taking value in End(VC)’;[’,? P

3.3.2. It follows that gc = f @ §+ with

f= @pooir
the parabolic Lie algebra of the stabilizer Stabg.(F') of F, and
(3.5) o= ®pcogiir

a nilpotent subalgebra of gc. The holomorphic ¢ : U — G is uniquely determined by the
property
E(t,w) € exp(f).

Without loss of generality, we may assume that (W, F') is R-split

Pd _ /9P
VWF - VW,F’
which implies

Iwr = 9?}(’5,)1?'
Then £(0,0) € Pyt
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3.3.3. Given I C {1,...,k}, the IPR implies that the restriction & = 5|ﬂmz; takes value in
the centralizer

Cic = {gGGc|AdgN:N,VN€0[}

of the nilpotent cone

o = SpanR>0{Ni |iel} C g;v%};l.

3.3.4. In the case that I = {1,...,k}, the map

(3.6) Fr:ZynU — Dy, w~ Frlw)=¢0,w)-F

defines a variation of LMHS (W, Fy(w),o7) over Zf NU = {t1,...,t, = 0}. Let
Gr) = W,/W,_,

denote the associated weight-graded quotients. Given N € oj, we have induced operators
N : Grgv — Grémi2 with the property that N¢ : Grma — Gr!”__ is an isomorphism. Then

n—a
w

nia» With a Hodge substructure

F induces a pure Hodge structure of weight n + a on Gr
H" %(—a) = ﬂ ker{ N1 Grma — GV o).
Neo

that is polarized by Q(-, N) for all N € o;. (While the Hodge structure on Gr}’ is not
polarized, Grgv is a direct sum of polarized Hodge structures.) The Mumford-Tate domain
D? parametrizes these polarized Hodge structures.

The upshot is that the map (3.6) induces a period map

(3.7) ®Y: 77 — T/\DY
that is locally defined by composing (3.6) with the projection D — D?.

3.3.5. There is a subtle point here: the map (3.6) does not induce a well-defined Z7 —
I';\D;. This is because (3.6) depends on our choice of local coordinates. What is well-
defined is the composition

vioFr:Zi N U — exp(Coy)\Dy
of F7 with the quotient
vr . D[ —» eXp((CO'[)\D] .

In this way we obtain the tower (2.3). The fact that exp(Coy) C Py implies that
(exp(Cop)I'1)\D§ =T'1\D§ for a =0, 1.
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3.3.6. Finally we note that the IPR implies that the map (3.6) satisfies
dF? ¢ FP o0 (ZinT).

Equivalently, the pull-back 51_1 d¢r of the Maurer-Cartan form on exp(crc N §+) under the

map
(3.8) & = £Z;nﬂ sending w — &r(w) = £(0,w)
takes value in c;c N (B g;[,l};q). Since the centralizer inherits the Deligne splitting
e = EB %, with % = 0 N oyps
p+q<0

we may write this as
(3.9) &rlder € QNZE N UL ).

3.3.7. The fibre 67 = 07, p of D — D? through F € Dy is the set of F e D; inducing
the same pure, weight ¢ Hodge filtrations on the H" %(—a) as F. It is a complex affine
space. To see this, first note that 5}7 = C’Eé - F'. As a unipotent group C’Ij((l: = exp(c;(lc) is
biholomorphic to its Lie algebra c;(lc. The Lie algebra of C’;(‘é is

(3.10) gt = P &L

Since

with

the stabilizer I’ in cl_(lc and

1 1 P.q
e nNi- = EB >

p <0
p+g<-—1

we see that
1 -1 1
6I,F = eXp(Co_’(C N f )F,
and the map ¢~ N — 5}’ r is a biholomorphism.
Likewise, Co; C g;Vl};l is an abelian ideal of the nilpotent algebra cl_(lc N §+, and we
have a well-defined induced biholomorphism
- L
‘rc N f o
T — exp(Cor)\or,F -
or

An identical argument establishes analogous statements for the fibre éw = dw r of
Dy — D%/ through F € Dy .
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3.4. Period matrices on a Schubert cell. Since the period matrix

exp(D_0(ti) Ni)E(t, w)

of the local lift (3.2) takes value in exp(f1) (cf. §3.3.2 and §3.3.3), the local lift ®(¢, w) takes
value in the open Schubert cell

(3.11) 8 = exp(f})-F = {FeD | dim (F® N FY) = dim (F* N FY), Va,b},

defined by
Fo = D Wir-

c<n—b

The map f+ — 8 sending X + exp(X) - F is a biholomorphism. Let
(3.12) X:8 = ft.

denote the inverse.
Recalling the notation of Remark 3.4, we have

(log &(t,w)) ™M = &(t,w)~ ",
and
(X 0®0)(t,w) "7 = S L(E)N: + E(tw)
(X 0®0)(t,w)™ = £(t,w)™™, q#-1.

We say
(X o)™ = 3 (Xody) ™0
is the horizontal component of the (logarithm of the) period matriz.
In general, the function X : U — §+ defined by

X(t,w) = Xo®0(t,w) — () N;
is well-defined on ﬁ, but multi-valued over U. But the discussion above implies
(3.13) XL (t,w) € OM).
4. COMPATIBILITY OF WEIGHT CLOSURES

The purpose of this section is to establish various compatibility properties between
the weight filtrations W/ = W/(o;) that will be used throughout the paper. Our first
application of the compatibility properties is to establish the extension results below for the
maps ®Y : ZF — I'/\DY and ®}: ZF — T'/\D} in (2.3).

Lemma 4.1. The maps <I>?/V and <I>%,V defined by (2.11) are proper and holomorphic.

The lemma is a corollary of Lemma 4.17.
The proper mapping theorem yields
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Corollary 4.2. The images % = ®%.(Zw) and pi, = @i, (Zw) are complex analytic

spaces.

4.1. The commuting s((2)’s. Our constructions are defined over the open strata Z7.
We will need to see that these strata-wise constructions satisfying certain compatibility
conditions in order to obtain the properties asserted in the lemmas above. The key technical
result here is the SL(2) orbit theorem [CKS86]. We briefly review the theorem, and then
discuss consequences.

Suppose that Z; C Zr; equivalently, I C J. To begin we assume that we have a local
coordinate chart centered at b € Z7j with local monodromy cone o = o; generated by
Ni,...,Np asin §3.2. Given I C J ={1,...,k}, let o1 be the face of o; generated by the
N;, with i € I. Define

Ny =) N, and N; = > N;.
icl jeJ

Given this data, the SL(2) orbit theorem [CKS86] produces two pairs
N, Yr; Nj Yy € gr

with the following properties: N; and Y; commute with N; and Y; and there is a (Y7, YJ)*

eigenspace decomposition gc = @ gq,p,

Jab = {feg(c | [Y}7£]:a£7 [YJ7£]:b£}7

with integer eigenvalues a, b that splits the weight filtrations

(4.3) Wige) = Poas and W (ac) = P gap-
a<t a+b<t
We have
Ni € g2p
and

NJ € @&1,—@—2-

a<0
If we write
(4.4a) N; = Z Nya,
a<0

with NL]@ € ga,—a-2, then

~

(4.4b) Njo = Nj.

)
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4.2. When weight filtrations coincide. The properties (4.3) and (4.4b) yield
Lemma 4.5. Suppose that I C J. The following are equivalent:

(i) The weight filtrations coincide W! = W,

(i) We have Y = 0.

(iii) We have Ny = 0.

(iv) The cone o5 C ¢j".
Corollary 4.6. (a) IfICI' CJ and W! =W/, then WI = W! =W/,
(b) If Wi = W12, then Wl = WhVlz,

(¢) The union

v = |J 1
wi=w
is the unique mazimal set Iy such that W = Wiw .

If Wl =W, then Ga,e = Ja,0 implies

(4.7a) e G
and
¢/’ ¢’
(47b) c—a—l - c—a—l
J

In the case a = 1, the inclusion (4.7a) yields the striking implication (known to the experts)

Lemma 4.8. If oy C cl_l, then o5 C cl_z.

Corollary 4.9. We have exp(Coy,, ) C C’I_’é.

4.3. Consequences for LMHS. Note that Z} C Z; if and only if I C J. In this case,
Iy c T';. We will also see that Dy C Dy, cf. (4.16). In particular, we have an induced
I'J\D; — I';/\D;. When W! = W (equivalently, Z3 C Zr N Zw ), then this map descends

to PJ\D% — F[\D?.

Lemma 4.10. The maps <I>9 and <I>} of (2.3) extend to proper holomorphic maps on Zj N

Zyw. These extensions are compatible with the <I>?, and CI% on 273 C Z; N Zw in the sense

that the we have a commutative diagram

Z}(‘—>ZIQZW

o

(4.11) e | [',\D} —— I'/\D} |®

! !

FJ\D9 —_— F]\D? .
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Lemma 4.10 is a corollary of Lemma 4.13.
Recall (§3.3.5) that the local lift of ®; : Z; — (I'r exp(Coy))\Dy is

(4.12) vioFr:Zf N U— exp(Coy)\Dy.

Lemma 4.13. There is a well-defined holomorphic map

(4.14) ®;:Zr N Zw NU — exp(Cop,, )\Dr

that, when restricted to Z; C Z; N Zw, coincides with the composition vy, o F.

Proof of Lemma 4.10. Given a = 0, 1, Corollary 4.9 implies that
(exp(CaIW)Ci(ac_l)\DI = C’E(“c_l\DI = D}.

So the composition
Zr N Zyw NU LA exp(Cory, )\Dj —» (eXp((CO'[W)C;(%_l)\D[ = DY

is the local coordinate expression for the extension ® : Zr N Zw — I'f\D{ of (4.11). Thus
Lemma 4.10 follows directly from Lemma 4.13. O

Proof of Lemma 4.13. Suppose that I C J and W! = WY. Consider a local lift &)(t,w)
over a chart U centered at b € Z% (as in §3.2). Along

ZynU = {t;=0VjeJ} = {0} x A" 5 (0,w)
we have the map Fjy: Z5 U — Dy of (3.6)
(4.15a) Fr(w) = &0,w) - F.
Along Z; NU = {t; = 0 iff i € I} we may choose a well-defined branch of £(t;) for all
j € J\I. Then the map Fy : Z; NU — Dy is given by

(4.15b) Fr(t,w) = exp< Z E(Q)]\G)&(t,w) - F.
JEINI
Comparing the expressions (4.15) for Fy and Fj, and keeping C; C C7 and (4.7a) in mind,

we see that
(4.16) F € D; C Dy

and Fj takes value in D;. (Note that the containment F' € Dy is nontrivial, as F' arises
from the LMHS along Z3.) It follows from (4.15) and (4.16) that

vyo Fj: Zj; NU — eXp((CO'J)\D[

also takes value in (a quotient of) Dy. The lemma now follows from (4.15). O
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If follows from Corollary 4.6(c) and (4.16) that the orbit
Dy = PW7(c-F D Dy

is independent of our choice of D; and F' € Dy so long as W! = W. It is straightforward
to verify

Lemma 4.17. There is a well-defined holomorphic map
(4.18) (EW  Zw N U — eXp((CO'[W)\DW
that, when restricted to Zj, coincides with vy, o Fy.

Proof of Lemma 4.1. By essentially the same argument as given for ®¢ in the proof of
Lemma 4.10, the composition

Zy N U —2 exp(Cop, )\Dyw —» D&,

is the local coordinate expression for ®f;,. So it follows immediately that ®, is holomorphic.

To see that <I>11/V is proper, it suffices to show that (I)(V]V is proper. And to see that (I)(V]V
is proper, it suffices to show that the extension <I>? 1 Z1 N Zy — T\DO of (4.11) is proper.
The latter is due to [Gri70, §9]. O

4.3.1. Remark on the extension question. Given Lemmas 4.10 and 4.13, it is natural to
ask if the extension (4.14) is global; that is, does there exist an extension of ®; : Z} —
(T'rexp(Cor))\Dr to the weight closure Zr N Zy? The answer in general is no, because the
action of exp(Coy,,) on D does not descend to a well-defined action on I';\D;. (Likewise,
while the quotient exp(Cr,, )\ Dy is well-defined, the action of I'; on Dy does not descend to
the quotient.) In general, to obtain such an extension, one would need at the very least for
I'rexp(Copy,, ) C G to be a subgroup. (In general it is not. The product I'; exp(Coy) is a
subgroup because I'y C Cf centralizes o7.) The ideal circumstance here would be for I'; to
centralize the larger cone oy, . If it is the case that the image of I'; exp(Coy,, ) under the
projection Gy — G is a subgroup, then one does obtain an extension of ®¢. For example,
since exp(Coy,, ) C C’Eé, and the C; are normal subgroups of Cy, the image is always a
subgroup when a = 0, 1, 2. In particular, in the case a = 2, we have

2

7zt — T, (exp(Cop)T1)\D?
! 1
N Zyw — (eXp((CO'[W)F[)\D%

\E H2 ‘L

ZW i) (eXp(CO'[W)Fw)\D‘Z/V .
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4.4. Implications for polarizations. We close §4 with two results on polarizations. These
are consequences of: (i) the fact that W (V) is independent of our choice of N € o, [CK82],
and (ii) the classification of Ad(GRr)—orbits of nilpotent N € gr [CM93] (not the SL(2) orbit
theorem).

Lemma 4.19. Suppose that (W, F) is a MHS and W = W = W/ = WiV [If (W, F)
is polarized by both or and oy, then the MHS is also polarized by oryy. In particular,
DirNnDyCDypyy.

Proof. Let

—W

Oug = U 9K
W =wk
KcIuJ

denote the “weight-closure” of oy s; note that each of the oy, oy and oy is contained in
E%J. Suppose that N € o7y;. The definition of W = W(N) implies that N* : Grmk —
Gr,vlv_ i 1s an isomorphism. Standard sl(2)-representation theory implies that

rJY—I—k = Q(? Nk)

defines a nondegenerate, (—1)"*¥-symmetric bilinear form on Grmk, and that the restric-
tion of this bilinear form to

Primﬁﬁ_k = ker{NF+1: Grmk — GV, L}

is also nondegenerate. The mixed Hodge structure (W, F') is polarized by N if and only if
the Hodge—Riemann bilinear relations are satisfied by the Hodge filtration F(Primﬁf 1) and
Qg - The first Hodge-Riemann bilinear relation follows directly from E% g C g;Vl’ };_1 and
the fact that Q(Viy'%, Vi) = 0 unless (p+¢) + (r+s) =2nandp—g=s5—7.

Consider the adjoint action of G on g, and let G%O C Gr be the subgroup preserving
the Deligne splitting gc = EBg‘%’/‘fF. The weight-closure 5% g C g;{/{};l is contained in
a G?Rgoforbit [BPR17, Lemma 3.5]. The second Hodge-Riemann bilinear relation is then
a consequence of the representation theoretic classification [CM93] of Ad(Ggr)-orbits of
nilpotent N € gr and the discussion of [BPR17, §2.5]. O

Lemma 4.20. Suppose that (W, Fy) and (W, Fy) are MHS polarized by oy, and oy,, re-
spectively, and that Fy(Gr") = Fp(GtW). Set J = I, UI,. Given N € o, the bilinear
form Q1]1V+k s nondegenerate on Grmk, and the restriction to Primfﬁrk polarizes the Hodge
structure defined by Fy(Prim’, ;) = Fp(Prim?, ).

Remark 4.21. Note that the lemma does not assert that o; polarizes the MHS (W, F,,),
a = 1,2: a priori, it need not be the case that N(F}) C FPL So, given the hypothesis of
Lemma 4.20, it would be interesting to know if there exists a MHS (W, F') that is polarized
by o; and such that F(Gr") = F,(Gt"), a = 1,2? Equivalently, are the F,(Gr"') € DY?
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Proof. Corollary 4.6 asserts that W = W, As in the proof of Lemma 4.19, the fact that
W (N) is independent of the choice of N € 77 implies that 7 is contained in an Ad(Gg)-
orbit. Additionally, o7, C g;I,l}il C W_a(gc) and Fy(Gr") = F»(Gr") imply that

a5 C g;‘%}il modulo W_3(gc), a=12.

The lemma then follows from the representation theoretic classification [CM93] of Ad(GRr)-
orbits of nilpotent N € gr and the discussion of [BPR17, §2.5]. O

5. NEIGHBORHOOD OF A FIBRE

5.1. Topology. Recall the notation of §2.2.2.

Proposition 5.1. The topology on ©° is Hausdorff. The induced subspace topology on
o5y = P (Zw) C §° coincides with the existing topology on pw as a complex analytic
space.

Remark 5.2. In the case that D is Hermitian, $° is the closure of o C I'\D in the Satake-
Baily-Borel compactification (I'\D)*.

Proof. Suppose that b; € B is a sequence of points converging to b, € B. Let A; and A
be the fibres of ®° through b; and be, respectively. Now let b} € A;. Since B is compact,
{b.} contains a convergent subsequence; abusing notation, let {b;} denote that convergent
subsequence with limit b, . The essential point is to prove that

(5.3) b, = limb, € Ay.
1— 00
In formally this says
'lim A; C As.
11— 00

Fix two coordinate charts U and U centered at boo and bl respectively, and local lifts
i(t,w) and cTD’(t,fw). Without loss of generality, b; € U and b, € U. Since b;, b, € A;, there
exists v; € I' so that (b)) = v, - B(by).

Shrinking U if necessary, there exists a finite union ® C D of Siegel sets so that
i(ﬁ) C ®. (In the case of one-variable degenerations this is a corollary of Schmid’s SL(2)
orbit theorem [Sch73, (5.26)]. In the general case, this is [BKT18, Theorem 1.5], and
is key to the Bakker—Klingler-Tsimerman result that period maps are Ray exp—definable.)
Likewise, we have a finite union ' C D of Siegel sets so that @ (W) C @’. It follows that
there are only finitely many distinct ~;. Restricting to a subsequence with all v; = v equal,
we have @ (b}) = - ®(b;). Since we may replace the local lift ®' with 4@’ this forces bu
and bl to lie in the same ®°fibre, and (5.3) is proved. O

Recall the “Stein factorization” (2.15) of §°. By the same construction/argument as
for ©°, the set p° admits a topology with the all properties of §2.2.2 and Proposition 5.1.
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Corollary 5.4. Let AcCBbea fibre of de. (Equivalently, A is a connected component
of a ®°fibre.) Fiz a neighborhood © C ¢¢ of ®°(A) € $. Then O = (®)"1(0) € B is a
neighborhood of A with the property that ®| 5 is proper.

5.2. Monodromy along the fibre. Now take the case ®¢ = ®°. Let A° be the fibre A
of Corollary 5.4. The restriction V|go = o0 X (00y V of the VHS over B to O =0°NnnB

induces a period map
(5.5) Puo:0° = T\D

with monodromy I' 4o C T
Let (W, F,o07) be any LMHS arising along A° (as in §3.2.4). Let

I(A% = {i| ANz #0}.
By definition of ®°, W = W/ is independent of I. Then Corollary 4.6 implies that
I c I1(AY ¢ Iy

and W = W/ We have Cra0y C Pw, and G0y = Aut(D?(AO)) = C[(AO)/CI_(ZO)
(§2.1).

Lemma 5.6. We may choose the neighborhood O° of Corollary 5.4 so that
T'ypo C GI(AO),Q X PVT/}Q’

and the image T, C G?(AO) = Aut(D?(AO)) of T' 40 under the quotient Gr(a0y X Pyt —
Gr(aoy 18 finite and stabilizes F(Gr").

Proof. The weight filtration W is independent of our choice of LMHS (W, F, o) along A°.
So we may choose the neighborhood 0° so that I' 40 C Py . Likewise, the Hodge structure
F(Gr") € DY, is independent of the choice of LMHS. So we may further assume that I' 40
fixes F(Gr"); equivalently, the discrete quotient T' 40 /(T 40 N PVT,l) stabilizes F(Gr™").
Given N € o0y, Lemma 4.20 asserts that Qpix = Q(-, N*.) polarizes the Hodge
structure F(Prim’’ ) CF (Grmk). So we may also choose the neighborhood O° so that
Primy), , and Q1 are invariant under I' yo. This implies I' 40 /(I g0 N Pv}l) C Gr(a0y- And
since T 4o stabilizes the Hodge filtration F(Gr,", ), this forces the discrete I' yo /(T 40 NPyt
to be finite. O

Lemma 5.6 can be further strengthened. Without loss of generality I = {1,...,k}.
Let Stabg.(Fx) denote the stabilizer in G¢ of the reduced period limit filtration Fi, € D
defined by

Fy = lim exp(iyN) - F.
Yy—00
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This filtration is independent of the choice of N € o7, , and is related to the Deligne splitting

(83.3.1) by
Fi = EB VV‘;;}.

b<n—q
Lemma 5.7. We may choose the neighborhood O° so that T 40 C Py,g N Stabge (Fao)-

Proof. The IPR forces a very close relationship between ®° and the reduced period limit
map (Proposition B.6): the reduced period limit is locally constant on ®°—fibres. On strata
A% N Zi N U this implies Corollary B.8. Over A° N U this implies that the map &)W of
(4.18) takes value in exp(Coyy,, )\(Stabg. (Foo) N PVT,}C) - F C exp(Cor,, )\dw. (We have
exp(Cop,, ) C Stabg.(Fsx) N PVT/}C.) O

Lemma 5.7 has some strong consequences for ® 40. Recall the Schubert cell 8 € D (§3.4).
Lemma 5.8. The action of T 40 on D preserves the cell § C D.

Corollary 5.9. Every local lift of ® 40 over a chart U centered at a point b € A takes
value in 8. In particular, the lift of ® 40 to the universal cover 0% — O° takes value in the
Schubert cell:

.3
00 2%, 8snD

| !

(]
09 —2% T o\D.

First proof of Lemma 5.8. Since I' 40 is both real and stabilizes Fy,, it follows that I 40
stabilizes Fio; that is,

(5.10) I'po C StabG@(FomFoo) = StabGC(Foo) N StabGC(Foo).

Since 8 is by definition those filtrations F' € D intersecting Fno generically, it follows that
8 is preserved by I 40. O

It is instructive to consider a second proof.

Second proof of Lemma 5.8. The essential point is to note that the Lie algebra of Stabg. (Fao, Foo)

1S

(5.11) m = P o
P,q<0

It follows from (3.3d) that f- + m is a nilpotent subalgebra of gc, and §* is an ideal of
f+ + m. This implies that the action of Stabg.(Fs, Foo) on D preserves 8. O
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Remark 5.12 (Assume unipotent monodromy about A®). It will be convenient at times to
assume that the action of I' 40 on Gr' is trivial; equivalently, the monodromy group

(5.13) Ty C Pyly

is unipotent, and the quotient group FOAO is trivial."® Note that:

(i) The punctured neighborhood O° always admits a finite cover with this property
(Lemma 5.6).
(ii) Because Theorem 1.10 is a statement about the “normal cover” ¢T, there is no loss of
generality there if we assume (5.13).
When (5.13) holds, the fact that PVY,}(C is unipotent implies that there is a well-defined
logarithm
(5.14) logTp € m™! = EB [

p,g <0
(p, q) # (0,0)

and the map I' o — logI' 40 is a bijection.

5.3. Trivializations about the fibre. Recall that Deligne’s extension of the Hodge vector
bundles £ C V., — B are trivial over U (§C). Together (5.14) and Corollary 5.9 make it
possible to trivialize det(F¥) in the neighborhood O° of the fibre.

Theorem 5.15. If (5.13) holds, then the bundles det(FE) are trivial over OV.
There is a well-defined weight filtration W of Ve|,, = (§C.3).

Theorem 5.16. Assume (5.13) holds. Let Zy be the weight strata containing A°. The
induced Hodge filtrations F¥(Gr!Y) on the associated graded Gr!¥ = W,/W._1 are trivial
over 00N Zyy .

The theorems are proved in §§5.3.1-5.3.4.

5.3.1. Preliminaries. The obvious map exp(f*) — exp(f*)- F = § is a biholomorphism. So
Corollary 5.9 implies that there is a uniquely determined holomorphic

g: 0% — eXp(fL)

so that

L3Under this assumption, ® 40 induces a unipotent variation of (limiting) mixed Hodge structure along
A (which is not necessarily smooth). “Good” unipotent variations of (graded-polarizable) mixed Hodge
structure (over smooth a smooth base) have been classified via an equivalence with the category of mixed

Hodge representations of the fundamental group [HZ87a, HZ87b] (conjectured by Deligne).
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As in §C.1.1, we have

O(Cy) =7 @(Q)s
equivalently,

g(¢-7)-F = y7'g(¢) - F.

Remark 5.17. Were it the case that I' 4o C exp(f*), then we would have g(¢-v) = v"1¢(¢).
This would imply that the function O — V sending ¢ — g(¢)v defines a section of V — OV,
and we would have a framing of F% over O°.

However, while v~ preserves the Schubert cell 8, it need not an element of exp(fl).
So we can not assert that g(¢ -v) = v !g(¢). In order to determine g(¢ - ) we must first
factor the monodromy.

5.3.2. Factorization of monodromy. In order to explicitly describe the action of v € ' 40 on
Sw C 8 we first need to factor the monodromy group. Any element v € Stabg,. (Feo, Floo)
may be uniquely factored as

vy = af, with
€ Stabg.(Feo, Foo, F) and
€ expmnft) = exp(ft) N Stabg. (Fao, Foo) -
(The proof of [CS09, Theorem 3.1.3] applies here.) Then the action of v on & - F € § is
given by

(5.18) v F = af¢-F = aBfEBB-F = a(B¢B™) F.

Note that mNf+ = m~'Nft. The fact that m~! is nilpotent implies that the exponential
map m~ — exp(m~!) is a biholomorphism. So there exists a unique a € m N f+ such that

Likewise § admits a unique factorization as
b
5 = 50 €,

with the adjoint action of By € G¢ on gc¢ preserving each g/, and b € m~! N (again by
[CS09, Theorem 3.1.3]).

We have v € PI;/,l(C if and only if By = 1 is the identity; equivalently g is unipotent. In
this case there exists a unique ¢ € m~! so that v = €.
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5.3.3. Proof of Theorem 5.15. While we do not expect to have a framing of F¥ over O°
(Remark 5.17), we do have a framing of det(F%) over O when (5.13) holds. This is a
consequence of the factorization in §5.3.2. We have

= ap,

with o € exp(f+) and B unipotent and stabilizing F', and

Bexp(f1)57" = exp(f).
This implies that
g(¢-v) = aBy(OB".
Since [ stabilizes F', it preserves the line det(FP) C /\de, d, = dimFP. Since 3 is unipotent
(§5.3.2) it acts trivially on the line. Fix a nonzero p € det(FP). Then 8- pu = p. So the
function

f:00 = U, f(O) = 9(¢)-A

satisfies

FC) = g(C-X = aBg(Q)B - A
= afgQ) A = 77 f(O),

and so defines a section of det(FP) — 0. Now this section locally extends across infinity
(by the constructions of §C), and so extends to a framing of det(F%) over O°. O

5.3.4. Proof of Theorem 5.16. The fact that I' 4o C PI;/I(C (Remark 5.12) implies that T" 40

acts trivially on Gr!V. Arguing as in §5.3.3, we conclude that F%(Gr!) is trivial over

0N 2w . O
5.4. Line bundles.

5.4.1. Line bundles over T 40\8. We will construct line bundles over T 40\8 from the data:

e The left-action of I' 4o on & induces a right-action on the functions f : 8 — C by the
prescription (f - 7)(€) = f(7-£).
o Let
f'=Fl(gc) = Paite
p=1
be the nilpotent radical of the Lie algebra f stabilizing F'. The relation (3.3c) implies
that the bilinear pairing
k:ft xft - C

is nondegenerate.
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Recall the biholomorphism X : 8 — & of (3.12). Given M € f!, define
fu:8 = C by fuy=exp2rin(M,X).

Given v € I' 40, define a holomorphic function ey : 8 = C* by

fu-y _ exp2rin(M, X -7)

(5.19) ey B fu - exp 2mik(M, X)
Then

e (§) = e (12-€) e (6).
so that

v (2,8) = (ze)(€),7- )

defines a left action of I' yo on C x 8. Let

Lar = (Cx 8)/ ~
!
FAO\S

be the associated line bundle over the quotient. Then fj; induces a section s
Lyp
(]
T 0\S.
5.4.2. Line bundles over O°. Pull the line bundle £ s back to the (punctured) neighborhood

OO
(P 0)*Lps Lm

0 o . [

00 —4% L T 0\8.

The local expression for the pulled-back section ®%,(sas) is

(5.20) vt w) = faro®a0(t,w) = exp2ric(M,X o® 40(t,w)).
If M e g%{;’F and k(M, N;) € Z for all ¢ € Iy, then (3.13) implies

(5.21) mv(t,w) = exp2rin(M, X (t,w)) Ht?(M,Ni)

is a well-defined holomorphic function on U. If in addition 0 < x(M, N;) € Z for all i € Iy,
then 7p/(t, w) is holomorphic on U. Additionally, 7/ (t, w) vanishes along Z; NU if and only
if K(M, N;) > 0 for some i € I.
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5.4.3. Extension to O°. Define
(5.22) = {MegyH | k(M N,)€Z, Vi€ ly}.

Lemma 5.23. If M € N*, then the line bundle (®40)*Lps is the restriction to O° of a
holomorphic vector bundle Ly — O°. And (® 40)*syr extends to a section of Ly (which,
in a minor abuse of notation, we also denote sjys).

Ly (Pa0)*Ls L
SM (\J, llj (P 40)"sm l} sm
60 < > (90 B 0 FAO\S.

Proof. Set
Xy(tw) = (X 7)o ®ao(t,w) — SU(t) N

Again, the key point is that it follows from (3.3d), (3. 13) Lemma 5.6, (5.10), (5.11) and
§5.3.2 that the component X (t,w) taking value in gW is a well-defined holomorphic

function on U, so long as ¢ > —1. So K}(M,X (t,w)) is a holomorphic function on U, so
long as M € N*. Then

(@40)" (S - M(Ew) = (far-7) o D(¢, ’w)

= exp27rmMX Ht (M,N:)
and
~ d 40)* -)(t, w
(5.21) @) (@) = Sl o))
(D 40)*(far)(t, w)
_exp2mik(M, X, (t,w))
exp 2mi k(M, X (t,w))
is a well-defined holomorphic function on U. O

From (5.21) we deduce that the divisor of the section sy € H°(OY, Lyy) is
(sar) = D K(M,Ny) (Z;n0Q°%.

Corollary 5.25. The line bundle Ly — O° is related to the divisor Z N O° by

Ly = Y w(M,N;) [Zilgo = =Y w(M,N;) Z/B
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6. LEVEL ONE EXTENSION DATA

In this section we restrict to the punctured neighborhood ©° = BN O° of A° C Zyy,
and work with the period map ® 40 : O° — T'40\D of (5.5). Fix a LMHS (W, F,07) of the
period map along A° N Zy,. To this MHS we have associated two sets

FAO,I\él and FA0\5W

of extension data (§2.1). The goal of this section is to study the level one extension data
(Definitions 2.6 and 2.7) and the resulting implications for the fibre A°. The principal tool

in our study is Lie theory. Geometric interpretations of the extension data are discussed in
§A.

6.1. Description. Recall the discussion of §4.3. The level one extension data of the MHS
(W, F) is T 40\&j;, (Definition 2.6). The o7-polarized level one extension data is T g0 1\07
(Definition 2.7). The diagram (2.11) induces level one extension data maps

q)l
A% N A -t FA07[\5[

(6.1) j l

(I)l
A0 T T o\

Hodge theoretically, I’ Ao\éév is a direct sum

2n
T\ = @EXﬁl\/{Hs(GTXV,GTeVKl)
=0

2n HomU,C(GrZV, Grgmil)

ZGZ%FOHomC,’C(GrZV,GrZKl) + T o

with Extlyg(Grp)Y, Gr}Y ) the set of extensions

0 — Gr) — Wy1/Weeq — Gr¥; — 0.

6.2. Structure. Note that both 6; C dw are subsets of the Schubert cell § of (3.11). It
follows that the quotients I" 40 ;\d; and I 40\dw inherit the line bundles £ s of Lemma 5.23,

Ly L
(6.2) { {

FA07[\51 — FAO\(SI/V .

Theorem 6.3. Set W = W4, and suppose Z7 C Zy. Assume that the monodromy I' o C
Pv}l(@ is unipotent (Remark 5.12).
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(a) The bundle T4, : T 40\DJy, — DY, admits a subbundle

Tw —— Tw C FW\D[l/V

1

Ty \Dyy
that is fibered by compact tori Ty C. The restriction <I>1‘A0 takes value in Ty .
(b) The bundle 7} : T 40 ;\Dj — DY admits a subbundle

Jp—> I C F[\D}

1

I'/\Dj
that is fibered by abelian varieties Jr. The restriction (I)1|A0mzj takes value in Jy.

(c) If M € g%{,l’F, then the line bundles (6.2) descend

L Ly
1 \

FAOJ\d} E— FAO\(SIl/V
to both FAoJ\é} and T 40\&}y,. In the case that M € N* N gé{,l’F, we have
(6.4) Lulgo = (Y 40)" (Lar)  and  Latlgonz, = (D] 4on,,) (Lnr).

(d) There is a nonempty subset N‘r}lz CN*N g%{,lF with the property that the abelian variety
Jr is polarized by the L%, with M € N‘r}lz.
(e) The set N§[2’+ = {M € N§[2 | K(M,N;) > 0, Vi€ I} is nonempty. Indeed the

dimension of the real span is dimoy.

The remainder of §6 is occupied with the proof of Theorem 6.3. In outline, the argument
is as follows:
e To begin, we review the structure of FAo\(S%V and FAOJ\(S} in §6.3. The compact torus
Jr C T 40 7\07] is identified in §6.5.
e The action of I' 0 on dy C 8 was analyzed in §5.3.2. This action preserves dy, and

the restricted action is further analyzed in §6.6.

e The line bundle L) — T 40\dw descends to I' 40\8}y if and only if the functions ey

of (5.19) are constant on the fibres of oy — &};,. In §6.7 it is shown that the bundles
parameterized by M € g%,[’,l # have this property. If, in addition, M € N* N gIl/I’/1 F then
we also have Ljs| 40 (Lemma 5.23). In order to see that (6.4) holds, we must show that

the associated systems of multipliers coincide.
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e We then restrict to a subset N! C g%,[’,l 7 NN (which may be thought as imposing an
integrality condition on M) and compute the Chern forms wy; in §6.8.

e We restrict to a final subset Nsl[2 C N!' (which may be thought of as a positivity
condition) and confirm that —wyy is positive on Jr. It then follows that the line bundle

L3, — Jr is ample and Jy is an abelian variety.

6.3. Lie theoretic description. The level one extension data has the following structure.
First note that Pva,lC /Pv}?(c is an abelian group. Since the exponential map exp : pw,c —
Py c is a biholomorphism, and

—a _ b,q
Pwe = EB 9w, r>
p+g<-—a

we see that there is a canonical identification

PW,C/PW,C = EB Iw.r-

p+q=-1
Setting
_ P.q
L= D o
pt+g=—1
p<O0
we have

Pyo/Pye ~ Lo L.
Additionally pyfc = (f N pyc) @ G+ n pwc), and the map fN p;v{(c — Ow given by x —
exp(z) - F' is a biholomorphism. It follows that we have a canonical identification
PPyl F) = L.
Taking A to be the discrete image of I' o under the projection PVT,}C — L, we obtain
(6.5a) T4\ = A\L
In particular,
(6.5b) Do\l = CU x (CH% x Ty

is biholomorphic to the the product of an affine space C% with a complex torus (C*)% x Ty
having compact factor Tyy.
Setting

_ D,q
Lr = @ 4%

ptg=-—1
p<O0

and letting Ay be the discrete image of I' 40 ; under the projection C(;Il — L, we have

(6.6) T\ = A\L; = C¥1 x (C*)42 x Jp,
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with (C*)%2 x J; a complex torus having compact factor .J;. Note the obvious map

A[‘—)A.

6.4. The IPR along fibres. Consider the restriction F7 4 : A% N Z; N U — 67 of (3.6).
Let

1 = 5|AOnZ;mH - 51|A0r12;mﬂ :
The infinitesimal period relation (3.9) and the discussion of §3.3.7 imply that the Maurer-

Cartan form
(6.7) 51_2, d¢; 3 takes value in EB c;};q.
q<0

We have a well-defined logarithm
log&r s : ANU — C;(C N fl.
Let (log &7 4)7? denote the component taking value in cg’}. Then (6.7) implies

(6.8) (log&r g)P? s locally constant for all p+¢=—-1, p < —-2.

6.5. Compact torus: Proof of Theorem 6.3(a). It follows from (5.11) that

ACogyy cL and A7 € ;2 C Ly.

In particular, the torus factor (C*)% x T% of T" 40\d%, of (6.5) is contained in the image of
g;‘,l’}? — A\L; likewise, the torus factor (C*)%:2 x J; of T 40\d} is contained in the image
of c;}r’o — A7\LL;z. It follows from the IPR (6.8) and the compactness of AY that the image
of <I>11407W : A% — T'40\&l; is contained in the compact torus 7% of (6.5b). Likewise, the
the image of ®! : AN Z; — T' 40\6} is contained in the compact torus J; of (6.6). We will

show that Jj is abelian by exhibiting ample Lie bundles £; — Jj.

6.6. Action on LMHS of the fibre. When restricted to dy C 8, the map X : 8§ — f+ of
§5.4.1 takes value in

X :ow — p;‘}’cﬂfL.

Set & = exp(X), so that X =& F = exp(X) - F. In anticipation of the arguments to follow,
it will be helpful to work out some formula. To begin, recall the Deligne splitting (§3.3.1)
of gc. Given any x € gc, there are unique 29 € gi;?,. so that

T = E P9
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Recall the notation and observations of §5.3.2. Given v =af € I'j0 C PI;/}Q, one may
verify that the logarithms satisfy

L0 -1
O
~1,-1 _ —1,-1  17,-10 ;0,1
c = a + sla™ 700

The action of v on & = exp(X) - F' € oy satisfies
(6.9a) (loga pep=hH=t0 = X104 4710
(6.9b) (logapep™)™bt = X b h 4 a7Vt 4+ PO h X0
The containment (5.14) implies
(6.9¢) (loga BP9 = XP4, Vp+qg=—-1>p.
Under the identifications of §6.3 we have

A=a"" and X = 07!,

and (XP17P) 4 = X104+ X214 X=32 4 ... parameterizes a point in L. So (6.9) is
describing the action of A on L.

Consider v; = o;3; € T 40, with 7; = €%, oy = €% and f3; = €%, as above. Suppose that
v = 71 ¥2. Then one may verify that

a0 — al—l,o n a2—1,0

P01 — b?,—l n bg,—l

P e B cl—l,—l n 62—1,—1 n %[a1—1,07 bg,—l] n %[b(l),—ljaz—l,o]
a1 — al—l,—l n a2—1,—1 n [b?,—17a2—1,0].

6.7. Proof of Theorem 6.3(c). The line bundle £3; — T 40\dw descends to I' 40\ if
and only if the functions ef\f[ of (5.19) are constant on the fibres of dy — dyy,. If M € gIl/I’/I’ o
then (3.3¢c), (5.18), (5.19), and (6.9) yield

(6.10) e} (X) = exp2nmin(M, a7 4 071 X7HO))

on dy. These functions are constant on the fibres of oy — (5&,, and so descend to well-
defined on functions on dj;,. There they induce line bundles (also denoted)

Lr L
! !

FAO’I\(g} —_— FAO\%V

over the level one extension data.
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Additionally, if M € N* N gj;' p, then (5.24), (6.9) and (6.10) yield

(@40)7(e)) o = @) e (X);

establishing (6.4).

6.8. Chern classes. We now wish to compute the first Chern class ¢1(Ly) of Ly —
T 40\6f = A\L for M € gé{,l’F. We have

H'(A\L,C) = (Lel) =~ P o,
pHg=-1
and

HAML,C) = APH'A\L.C) = A2L&L),
HM(A\L) = L* @ L*.
We have a map
w: gIl/I’/l’F — L*@L* ~ HVY(A\L),
defined by sending M € g‘lj[’/%p to the form wy; € H“'(A\L) defined by
wy(u,v) = k(M,[u,v]) = —kr(u,ady(v))

with u,v € L.
Recall the definition of N* in (5.22) and consider the subset

KM, [a™20,0%7 ) € Z, ¥V y €T po; }

NI = ¢ M eght
{ Sw.r K(M,N;) € Z, Vie Iy

Remark 6.11. (i) When « = exp(N;), we have a=b~! = N and a=20,0%71 = 0.
(ii) The fact that & is defined over Q implies that N is non-empty; in fact, N' spans
S5
Lemma 6.12. If M € N, then the form wys represents the Chern class c¢i(Lar).
Proof. Define a smooth function hys : L. — R by
har(z) == exp2mik (M,[z,Z]) .
With the formulse of §§6.6-6.7, is straightforward to confirm
hay(z+ X)) = \ey(z)\_2 har(z) .

So hys defines a metric on £ — A\L with curvature form —dd1log hyy, cf. [GH94, p. 310
311]. It follows that the Chern form of £,/ is

c1(Lar) = —%8510ghM — 99k (M, [2,7]) = w(M,[dz,dz]) = war.
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6.9. slo—triples. The ample line bundles £; — Jy are constructed from slo—triples {M,Y, N}
constructed from the data of a LMHS (W, F,N), N € o;. Here we briefly review this well-
known construction (see, for example, [CM93] or [Sch73]), and discuss those properties that
we will use later.
Define Y € End(gc) by specifying that Y acts on g‘%’/‘f 7 by the eigenvalue (p+ ¢). Then
Y e 93{/(,)5“ N gr, and
ady(N) = [Y,N] = —2N.

Notice that Y depends only on (W, F); in particular Y is independent of N. The pair
{Y, N} may be uniquely completed to a triple {M,Y, N} C gr with the properties that

(6.13) [M,N] =Y and [Y,M] = 2M;

In particular, {M,Y, N} spans a subalgebra of gg that is isomorphic to slsR. We have
M € g‘l)[’/%p NgR -

From [M,N] =Y and x(Y,Y) > 0 it follows that

(6.14) 0 < k(Y,Y) = k(IM,N],Y) = k(M,[N,Y]) = 2s(M,N).

We regard (W, F'), and hence Y, as fixed. And consider M = M(N) as a function of
N € oy.

Remark 6.15. The map N — M (N) is the restriction to o of a diffeomorphism M : N' — M
from an open cone N C gavl’},_l onto an open cone M C g‘lj[’/% p- This is a well-known and
classical result in the theory of nilpotent elements of semisimple Lie algebras, cf. [CM93]
and the references therein, and is discussed in the context of Hodge theory and polarized
mixed Hodge structures in [BPR17, §3.2]. In general the map is not linear; in particular,
while the image M (o) is a cone, it need not be convex.

Notice that the first equation of (6.13) implies that
(6.16) M(AN) = $M(N),
for all A > 0. We claim that
(6.17) add (dM) = 2dN.
To see this note that the fact that Y = [M, N] is constant implies
[N,dM] = [M,dN].
Since elements of the vector subspace spang o7 C g;v%};l N gr commute, we also have

(6.18) [N,dN] = 0.
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Thus
ad%/(dM) = [N, [MdN]] = [dN, [M,N]] = 2dN.

In particular, the differential dM of N +— M (N) is injective.
Notice that (6.17) and (6.18) imply that

ad3;(dM) = 0.

Since N € o7 polarizes the MHS (W, F) on (g, —k), we have
(6.19) 0 < —3r(dM,ad}(dM)) = —k(dM,dN),
with equality if and only if AN = 0.
Lemma 6.20. Fiz 0 # N’ € spang o7. The set

o = {Ne€or|k(M(N),N') =0}
is contained in the closure of

o, = {Ne€or|k(M(N),N)>0}.

Proof. Suppose that N € o{,. Fix a smooth curve v(t) in o7 with the property that v(0) = N
and v/(0) = —N'. Set u(t) = M(v(t)). Then (6.19) implies

0 < x(1'(0),N").

In particular, v(t) € o/, for small ¢ > 0. O

6.10. Ample line bundles. Define
Ns2 = {M e N | M = M(N) for some N € o7}.

The fact that both o; and x are defined over Q implies that Nf,[2 is nonempty.
We have NMu = u for all u € c’;ﬁ; with p + ¢ = —1. The fact that that N € oy
polarizes the MHS (W, F') on (g, —«) implies that

—iwpy(u,u) = —ik(M,[u,u]) = ir(u,adya)
= ik(adyadpyu, adya) = —ik(adpyu, adyadpya) < 0

for all 0 # u € cl_},’o C Ly. Tt follows that the line bundle £3, — T 40, 7\0} has positive
Chern form —wyy for every M € Nsl[2 (Lemma 6.12). Thus £3, — Jr is ample.
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6.11. Positivity. It remains to establish Theorem 6.3(e); this is a consequence of Remark
6.15 and Lemma 6.21.

Lemma 6.21. The cone
of = {Neo;|k(M(N),N;)>0, Viel}
is open and nonempty.

Proof. In the case that dimoy = 1, (6.16) and (6.22) yield o} = 0.
For the general case dimoy > 1, with I = {1,...,k}, set

Ry = {y=@"....vs") eR" |y >0}
so that
or = {N(y) =y'N; | y e RL}.
Set M(y) = M(N(y)) and k;(y) = x(M(y), N;). Then it suffices to show that the cone
St = {y=@" -y eRL| mily) >0}
is open. From (6.13) and (6.14) we see that
(6.22) 0 < w(M(y),N() = y' rily).

Since the y* are all positive, this forces some k;(y) to be positive (with i depending on ).

Decompose
RE = Sns ng”
with
S1 = {y eR} ‘ k1Y) >0, Yo y'sily) > 0}
Sy = {yGR’}CF | k1(y) <0}

Sy = {y € R’i ‘ Zf:2 y'ri(y) < 0} .

The inequality (6.22) forces the open sets S} and S} to be disjoint. Since R is open and
connected, this in turn forces S to be nonempty. Then Lemma 6.20 implies that the cone

St = {yem "‘1(y)>07 Ef:zyim(y)w} c S

is nonempty and open in R¥. This proves Theorem 6.3(e) in the case that |I| < 2.
For the general case |I| = k we induct. Assume that the cone

SF = {y S Ri ‘ kily) >0, 1 <i<a; Zf:aﬂyim(y) > 0}
is nonempty (and therefore open) for some 1 < a < k — 1. Define a decomposition

+ / 1"
Sa = Oa+1 U Sa—l—l U a+1
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by
Sar1 = {y S ‘ Kar1(y) =0, S0 oy kily) > 0}
wi1 = W EST | Kara(y) <0}
a1 = {?J €S, ‘ Z?:mrz y'rily) < 0} .

The definition of S forces the open sets S/, ; and S/, ; to be disjoint. Since S; is open, ev-
ery connected component of S must have nonempty intersection with Sy11. Then Lemma
6.20 implies that the cone S;'H is nonempty and open in Rli. This completes the inductive
step. ]

7. HIGHER LEVEL EXTENSION DATA
The goal here is to study the higher level extension data along a connected component
Al c A°

of a L, wfibre. We will see that the monodromy around A' takes value in exp(Copany) N
Py (Proposition 7.1). This is the essential structural result that will be used to prove
Theorem 1.10 (§7.2).

7.1. Extension data along ®'—fibres. Set
I(AY = {i| Z:n A #0}.

Consider the period map

Py 0 - T H\D
induced by V|g1. Set W = WA so that

A ¢ A° ¢ Zy.
Given Z7 C Zw, let

a1 7: 2] N0 = (exp(Cop)T 41)\Dy

be the map induced by ® 41 (as ®; in (2.3) is induced by ®). While ®; does not in general
extend to the weight closure Z; N Zy (§4.3.1), the map ® 41 ; does admit an extension if
we replace the quotient of exp(Coy) with the quotient by the larger exp((CaI( Al)).

Proposition 7.1. (a) The neighborhood A' C O C B of Corollary 5.4 may be chosen so
that the restriction of V to O' = O N B has monodromy T 41 C T g0 with unipotent
radical I' g1 N PVT/l C exp((CaI(Al)) C Pv?/2' In particular,

'y C G[(AO)IXeXp((CUI(Al)) C CI(AO).
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(b) There is a well-defined holomorphic map
:41,W 2w N o - (eXp((CO'I(Al))PAl)\DW ,

and commutative diagram

_ [
Zr N0 — 21 (exp(Cop)T 40)\Dy

L, |

Zw N ol ﬁ) (eXp((CJI(A1))FA1)\DW .
(c) The map @'y, , is locally constant on the fibres of Pl

Remark 7.2. The information contained in exp(Coy(41)) is level two extension data. So
the content of Proposition 7.1(c) is that the full extension data is determined by the level
< 2 extension data, up to constants of integration.!* The level 2 extension data contained
in exp(Coy41)) is not truly lost; it is encoded in the sections sy € HO(OY Lyy), with
M € g%,[’,% > of Theorem 2.17. These sections are essentially discrete data as their restriction

to the ®%fibres is determined up to a constant factor by (2.18).
Subject to the assumption of Remark 5.12, we have

Corollary 7.3. Assume that the monodromy I 41 is unipotent; that is, I' 41 C exp(Copean)
(Remark 5.12). Then the Hodge filtrations F& are trivial over O'.

Proof of Corollary 7.3. Let W = W4 be the weight filtration of A° > A'. Since o7y C
g;Vl’};_l C f*, the proposition implies I 41 C exp(f*). The theorem now follows from Remark
5.17. 0

7.1.1. Outline of the proof of Proposition 7.1. The proposition is proved by an inductive
analysis of the higher level extension data along A'. We begin with the level < 2 extension
data. Applying the discussion of §4.3.1 to the period map ® 40 yields a commutative diagram

2

. (]
Z; N0 —2L, (exp(Cop)T g0 )\ D?
\l; (DZO $
— AY W
Zw N 0% —= (exp(Co(40))T 40)\ D3

N i

1
0w T 40\D}y -
2 ; 1
Lemma 7.4. The map (I)AO,W 1s locally constant on CIDA()’Wfﬁbres.
1y the case that D is Hermitian, all extension data is level < 2: that is, Dw = D3%,. So here we find

here another example of the ansatz that horizontality (the IPR) forces period maps and their images to

behave “as if they were Hermitian”.
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A straightforward modification of the proof of Lemma 5.6 establishes

Corollary 7.5. There is a neighborhood O of A' in B with the property that the restriction
of V to O = O'N B has monodromy T g1 C T 4o taking value in Gr(a0) X (eXp((CUI(Ag)Pv}?’).

It then follows that the action of exp(Coy(41y) on D}, does descend to I' ;1\Dj, (§4.3.1),
yielding a well-defined map

@?417‘4/ : ZW N 61 — (GXP(CU[(Al))PAI)\D%V .
The inductive step for a > 3 is

Lemma 7.6. If the monodromy T 41 about A takes value in Graoy % (exp(Copeary) Py?),
then the action exp(Coya1y) on DYy, does descend to the T y1\Dyy,, yielding a well-defined
map

Q%+ Zw N ol — (exp(Coeany)T a1)\dpy -
This map is constant on A", implying T' 41 C Gra0) ¥ (eXp((Co*I(Ag)Pv}“_l).

Note that Proposition 7.1 follows directly from Lemma 7.6. The remainder of §7 is occupied
with the proof of Lemma 7.6 (which subsumes Lemma 7.4 and Corollary 7.5).

7.1.2. Lie theoretic description. Fix a > 2. The fibres of I' 51\6}}, — FA1\(5$V_1 are the level
a extension data (Definition 2.6). We begin by observing that these fibres are biholomorphic
to the quotient A®\L® of a vector space L® by a discrete subgroup A® C L*. To see this,
first note that the fibre is
PI;,?C - F
(Ca N PG - P!

—> FAl\(S%/

|

T \o%
We have
—a—1 _ ,
Prc\Pye =~ D oifp
pt+g=—a
RN = @ ol -
pP+q=—a
p<O0

The latter is an abelian group, with discrete subgroup
AG — PI/?/':?C NI g
= .
PW?C NI

We now see that the level a extension data of (W, F') is biholomorphic to the the product
(7.7) AN\L® ~ CT x (C*)% x T%
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of an affine space C% with a complex torus (C*)% x T% having compact factor T%. (The
dimensions d; depend on a.)
Since oy a1y C g;[/l };1, it then follows that the fibres of

(exp(Cor(any))La)\0fy — (exp(Copany)L 1)\ "
are, for a = 2:
(A opan)\L? < (exp(Coyan))T a1)\dfy
¥

L4\

and, for a > 3:
ANL® — (exp(Copany)T 1)\
¥
(exp(Coyeany)Tan)\0jy -

Note that (A? - oy(41))\L? inherits (7.7) in the sense that it is also biholomorphic to the
product
(7.8) (A% o7y \L? =~ CN x (C*)*= x T%

of an affine space C% with a complex torus (C*)% x T% having compact factor T%. (We
abuse notation by continuing to denote the dimensions by d;.)
7.1.3. The IPR along fibres. The local version of (I)Zl,w is the map
&)‘ﬁv Zw N U — exp(Copan)\Diy
defined by (4.18). If the level < a extension data map @9, ;;, is constant along Al then
the restriction
= &lamu

takes value in the affine space

oy = Pv}ffc_l-F o~ exp(p;v"l(glﬂfl) o~ p;[}f(gl N = EB]LI’H.
b>a

Recall the discussion of the IPR in §6.4, and note that (6.7) implies

(7.9) (€)™ de%,  takes value in @g;vl’};b - @LbH .
b>a b>a

Additionally, we have well-defined logs
log £%1 AU — p;[}f(gl nft.
Let (log¢%:)P? denote the component taking value in g‘%’/‘fF. Then (7.9) implies

(7.10) (log £41)P? is locally constant for all p+¢=—-a—1, p<—-2.
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7.1.4. Proof of Lemma 7.6. The argument is inductive. Assume that ¢ > 1 and that we
have a well-defined

@%F}W Zw N U — (exp(Copany)T 41)\Dyy -

We will show that (I)%lw is constant along A'.

Recalling (7.9), let n* be the component of the Maurer-Cartan form (£%, )t d¢4, taking

value in
(7.11) g o L P (Pv;jgl - F) .
Then fixing a point zg € A! we may define a holomorphic map
2 2
1 (A% op, \L*,  a=1,
(7.12a) AY — { A“H\L‘j‘/ﬂ , —
by integration
z
(7.12Db) z = / n®
20

along a curve § : [0,1] — A! joining 29 = §(0) and z = §(1).
The key point is that when b > 2, the complex conjugate

1, —b,—1

9wr = Bwr

b

is contained in p;Vb(El N - and has trivial intersection with g;[,lF_ . This implies that the

image of g;I,l},_b under the composition of (7.11) with the projection

La-i-l — (A2 : O-IW)\L2 ) a = 17
Aa—i—l\La—i-l ’ > 2’

lies in the noncompact factors C% x (C*)92 of (7.7) and (7.8). Since n? takes value in gavl’}?,
it follows that (7.12) defines a holomorphic map A' — C% x (C*)%. Since A' is compact,

this map must be locally constant. This forces n* = 0. Equivalently, the Maurer—Cartan

a+1
AW
is locally constant along A'. ([l

form (£, )t d&%. takes value in p;v‘f(g 2 along A'. This is precisely the statement that ®

7.2. Proof of Theorem 1.10. It suffices to prove

Proposition 7.13. There exists a proper holomorphic map f : O — C® with the following
properties:

(a) The map f|q1 is constant on the fibres of ®|q:.
(b) Conversely, ®|q1 is locally constant on the fibres of f|g1.
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The proposition is proved in §§7.2.1-7.2.3. Assume for the moment that Proposition 7.13

holds. Let
!

_/\1
ot f>01 » C™

be the Stein factorization. This completes the proof of Theorem 1.10 as outlined in §1.2.2.

7.2.1. Preliminaries. Consider the lift

A Y
O ———8&nD
(7.14) 1 4

[
0! =5 T u\D.

Recall notations of §3.4. Let W index the weight strata Zy, containing A!, so that

fl = @9%}:7

p<0
and set
IAY = [ | A'nZF#0)y = U{T | A'nZ; #0) C Iy.

7.2.2. Horizontal entries of the period matriz. Fix abasis {M,} of 911/1’/.1? = @y gIl,I’}IF. Keeping
(3.3c) in mind, the
(7.15) en = K(Xo®,,M,): 0" = C

are the horizontal coefficients of the period matriz. We may choose the basis {M),} so that
for each I C I(A') there is a disjoint union {M,} = N3 UN7 so that

spanc{M, € NT} = Ann(o;) C g%)[;p

It follows that
ep € 00", VM, €Ny

We think of the £, indexed by M, € Nll( A1) 83 the smooth horizontal coefficients of the
period matriz.
We may additionally suppose the basis {M,} is chosen so that

(7.16) 0 < K(Ni,M,) € Z, VielIAY).
Then, for the M, € Nﬁ(Al) D N7, we have
T, = exp(2mie,) € O(OY).

We think of the £, indexed by M,, € Ny41) as the logarithmic horizontal coefficients of the

period matriz.
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7.2.3. Proof of Proposition 7.13. Let f : O — C™ be the holomorphic map defined by the
{€u}Mu€Nj_(A1) and {TIU‘}MHEN;(Al)' The IPR implies f has the desired properties.

7.2.4. Zero locus of the T,,. Note that (5.21) is the local expression for 7,. In particular,
Ap =27 n0" C {r,=0} ifandonlyif M, € Nj.

Reciprocally, 7, is nowhere vanishing on A} = Z7 N O! if and only if M, € N}. More
generally, the function 7, is nowhere vanishing on the weight strata Zy, N O if and only if
M, € Ny, .

Suppose that j & Iy, and set J = Iy U {j}. Then W # W (Corollary 4.6). So there
exists AJM € NIlW such that K(M,i ,Nj) > 0. The associated 7, is nowhere vanishing on
Zw N O, but vanishes along Z;iN O'. Whence

o = T 7.
J¢lw

is nowhere vanishing on Zy N O, but vanishes on every j ¢ Iyy. In particular, 7y vanishes
along every Z; N O! with J ¢ Iy .
In the case that I = () (the weight filtration W is trivial and), we have

7.3. Logarithmic differentials and a local Torelli condition.

7.3.1. Logarithmic differentials on (O', ZNOY). In §9.3.1 we will discuss a map ¥ : T5(—log Z) —
F~'End(&,) that is induced by the Gauss-Manin connection on V — B. In anticipation of
that discussion it is convenient to close §7.2 with a discussion of the algebra Q%l(Z not)

of logarithmic differentials on (0%, Z N O!). It is evident from the discussions of §7.2.2 and
§7.2.4 that

(7.17) de, € Qg (log ZN0OY),
and

{de, | My € Ny} C QF
The differentials define a map

(7.18) Uy : T (—logZN0O') — O x C™

by mapping v € T (—log Z N O') to (de,(v)) € C™. (Here we suppress the base point
be O of v.)
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7.3.2. Local Torelli condition for (0!, Z N O;® 41). Since the coordinates of Wq|y: are the
horizontal period matrix entries of ® 41, we see that the differential of ®|y: is injective if
and only if the differential of W;|y. is injective. More generally, we have

Lemma 7.19. The sheaf map Uy is injective at points b € O N Z7 if and only if
(i) The differential d®Y,, 1Tz n OY) = T(T 41 /\D}) is injective.
(ii) The {N; | i € I} are linearly independent.

Proof. 1t will be convenient to write
U, (\Ijhol \I,log)

with
\I’}lwl(v) = (dey (U))MMeNl

1(Al)

given by the holomorphic differentials, and

lo;
WPE) = (dep()ens,

given by the log differentials. It follows from the IPR and Remark 7.2 that the following
are equivalent:
(a) The restriction of ¥l to Tj,(ZF N O1) is injective.
(b) The restriction of d®, g o Ty(Z; N OY) is injective.
Fix a coordinate chart (t,w) € U C O' centered at a point b € Z; N O, as in §3.2.2.
Then

{dlogt;, dw,}
is a local framing of Q%(log Z) over U,
{ti0k, , Ow, }
is a local framing of T5(—log Z) over U, and {9, } is a local framing of T(Z; N O') over
UN Z; = {t =0}. We have

whol(t,0,.) =0

i =

Following the notation of (5.21), the logarithmic differentials are

dTH Mu,N )dt; *
de, = i, = R(M,,dX (tw) + Y B oot Mu € Nigay.

Recalling that X (t,w) is holomorphic on U, we see that
H(Muv N Z)

(7.20) dey (101l imy = s
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Informally we express (7.20) as

U8 (10,,],—0) = 27iN;.

8. THE CASE THAT dim B = 2

Consider the case that B is a surface. We assume that g is a surface; equivalently, ®,
is injective at some point b € B. (See Remark 1.8 for the case that p is a curve.) Index
the irreducible components Z; of Z = Z; U --- U Z,, so that ®°(Z;) is a point if and only if
1< p<vw.

8.1. An ample bundle on B.

Theorem 8.1. Assume that the differential of ® : B — T'\D is everywhere injective. Then
there exists a; > 0 so that the line bundle

m
II = mA. — Zai[Zi]
i=1

is ample for m > 0.

Proof. Tt follows from [GGLR20, Lemma 5.4.20] that it suffices to prove the following: given
a curve C' C B, we have

(8.2) II-C = deg 1|, > 0.

Without loss of generality C' is irreducible and there are three cases to consider:
(a) The intersection C'N B is Zariski open in C. (In which case C'N Z is a finite set of
points.)
(b) C = Z; for some i > u, and ®°(C) is a curve.
(c) C = Z; for some i < u, and ®°(C) is a point.
In cases (a) and (b), we have Ao - C > 0, cf. §9.1. We will see that the a; are determined by

the intersection matrix

(8.3) A = (Ay) = 1Zi- Z;|I}

i,j=1"

Then (8.2) will follow for m > 0.
In the case (¢) we have A,-C = 0. The Hodge Index Theorem implies that A is negative
definite [GGLR20, Lemma 3.1.1].

Lemma 8.4. Let A be any integral, negative definite symmetric matrix with the property
that A;j > 0 when i # j. Then A has an eigenvector a = *(aq, ..., a,) with a; > 0.
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The lemma is proved below. Assuming the lemma for the moment, let & < 0 denote the
eigenvalue of a. Then
“w
Y a;Zj-Zi = aa; < 0, i<p.

j=1
The desired (8.2) now follows. O

Remark 8.5. The point here is that a simpler result, such as mA. — ) _,[Z;] is ample, does

not hold. The coefficients are necessary; they reflect a property of the singularity that Z;
is contracted to.

Proof of Lemma 8.4. Suppose that a = (a1,...,a,) is an eigenvalue with maximal eigen-
value @ < 0. We claim that & = *(|ai],...,|a,|) is also an eigenvector with maximal
eigenvalue «. To see this note that

o
Do lail Aijlagl = Y lail Ay lail + Y lail Ay ag]
i,j=1 i i#]
> ZA” (ai)z + ZaiAij a; = ozHa||2.
t i#J

So without loss of generality we may suppose that a; > 0.

We further claim that a; > 0 for all 1 < ¢ < u. Suppose that some a; = 0. Set
ac = (ay + €d1j,...,a, + €d,5). Then

°w
tac Aa. = 'ada + QGZAUCM + ezAjj.

i=1
Since a; = 0 we have ||ac||* = |la]|* + €. This implies
ta. Aa, taAa 2y 1 Aija; €2 Aj;
lacll> = flall? lal® lall>

The connectedness of Z implies that some A;;a; > 0. So for 0 < € < 1 we have

acAa taAa
7 2
[laell lall

contradicting the maximality of o < 0. Thus, a; > 0 for all 1 <1¢ < p. O

8.2. Remark on negative definiteness of A. In the proof of Theorem 8.1 we invoked the
Hodge Index Theorem to conclude that the matrix (8.3) is negative definite. Alternatively,
one may show (without the Hodge Index Theorem) that (8.3) is negative definite if the
conormal bundle is ample. To be precise, suppose that X is a surface and that Z; C X are
smooth curves forming a normal crossing divisor Z = Z; U---U Z,,

Lemma 8.6. If ./\/}/X — Z is ample, then the intersection matric A = ||Z; - Zj||§fj:1 is

negative definite.
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Proof. Let a be a maximal eigenvector; we wish to show that o < 0. The argument of
Lemma 8.4 applies here to give us an eigenvector (a,...,a,) with a; > 0.
The condition that A\ 7 /X Z be ample is

w
> ZiZp <0 V1<j<p.
i=1

We have
n
ZaiZi-Zj = aaj Vlgjg,u
i=1

Without loss of generality the Z; are indexed so that a; > a;. Then

Iz p Iz
> oaiZi = a1y Zi — Y (a1 —ai)Zi,
i=1 i=1 i=2
so that
p p B
aay = ZaiZi-Zl = alzZi-Zl — Z(al—ai)Zi-Zl.
i=1 i=1 i=2
Since Z; - Z1 > 0 for all ¢ > 2, our ampleness hypothesis implies that awa; < 0. O

Remark 8.7. The converse to Lemma 8.6 does not hold. For example, consider

-5 2
2 -1

8.3. Proof of Proposition 2.33. We argue by contradiction. Suppose that ®! is constant

A =

along all of Z. Then ®° is necessarily constant along all of Z; that is, Z = A% and pu = v.
Since ®1(Z) = ®1(A) is a point in the compact torus Ty of Theorem 6.3, it follows from
(2.28) that

v

(@', (Lnr) = Zn(M,Ni)[ZiHZ is trivial.

So

14 2 v
0 = <ZA(M,NZ-)[ZZ-]) = > w(M,N)&(M,N;) Zi - Z,;

i=1 i,j=1

The negative definiteness of (8.3) forces (M, N;) = 0 for all i. As M is arbitrary, this
contradicts (6.14). O
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9. GEOMETRIC PROPERTIES OF K4 + [Z]

The purpose of this section is to establish conditions under which Kz + [Z] is free
and ample. The principle assumption is a local Torelli condition on the triple (B, Z;®)
(Definition 9.11).

Theorem 9.1. Assume that the local Torelli condition holds for (B, Z;®): the bundle map
U T5(-logZ) — Gr}:End(&) is injective. Then the line bundle K&+ [Z] is nef and big.

Outline of proof. 1. The Hodge line bundle A, is nef (9.7). And it is big when the period
map P satisfies generic local Torelli (§7.3.2).

2. Local Torelli for (B, Z; ®) implies local Torelli for ® (Lemma 9.12).

3. Lemma 9.18 which asserts that there exists a positive constant € so that ¢; (K5+[Z]) >
ec1(Ae)-

The local Torelli condition for (B, Z;®) enables us to realize K5 + [Z] as a line subbundle

of the pull-back H = ®*(H) of a homogenous subbundle H — D (which descends to I'\ D).

Curvature properties of H imply that ¢; () is essentially equivalent to ¢; (Ae) (Lemma 9.17).

Lemma 9.18 is then deduced by considering the second fundamental form of K% + [Z] —

H. O

Theorem 9.2. Assume that the local Torelli condition holds for (B, Z;®): the bundle map
U Tp(—logZ) — Gr}clEnd(Se) is injective. Suppose in addition that the effective cone
Eff'(B) is finitely generated that the period maps ®%, : Zy — Tw\DY, have constant rank.
Then there is a well-defined Gauss map g(<1>1|A0) : A" = Gr(ry,C™W). The line bundle
K5 + [Z] is ample if and only if the Gauss map g(fbl‘Ao) 18 locally injective.

The Gauss map is defined in (9.23).

Remark 9.3. The assumption that Eff'(B) is finitely generated is probably unnecessary
(Remark 1.31). Here it is a technical convenience: we will show that for each curve C' C B,
there exists mo(C) so that (mAe — [Z]) - C > 0 for all m > mo(C). Finite generation of
Eff!(B) allows us to assume that mg(C) is independent of C. This will suffice to establish

ampleness.

Outline of proof. The proof of Theorem 9.2 takes off from the end of that for Theorem 9.1.
What remains is to show that ¢ (K5 + [Z]) is positive if and only if the differential of the
Gauss map is injective; this is (9.21) and Lemma 9.24. See §9.4.2. O

There is an interesting subtlety in Theorem 9.1, as illustrated by the following'®

15We are indebted to Kang Zuo for bringing Example 9.4 to our attention.
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Ezample 9.4. Let A, be a toroidal compactification of the moduli space A, of principally
polarized abelian varieties. Then Kz + [Z] is not ample.

Proof. Following [Mum77], we assume that A, is smooth, and that Z = A\ A4, is a local
normal crossing divisor.'¢ If Aj is the Satake-Baily-Borel compactification of Ay, then the

natural map
(9.5) T Ay — A

is a resolution of the singularities of A7. There is an ample line bundle O A;(l) — Aj
satisfying Kz + 72 = 7 (Oax(1)) [Mum77, (3.4)]. O

Remark 9.6. The fibres of (9.5) can be identified with the abelian varieties J; of Theorem
2.27; consequently, the Gauss map (9.23) of ®! on these fibres is constant.

9.1. Local Torelli for the period map and the Chern form c¢;(A.). The Chern form
() € .A%l of the Hodge line bundle A — B has the property that

(9.7) (M) (v,0) = [@s(v)|,

for all v € TB, [Gri70, Proposition 7.15]. The product wdm B ig non-negative, and positive
at those points b € B where d®;, is injective. At infinity c¢1(A) extends to a (1,1)—current
c1(Ae) on B where it represents the Chern class of the extended A, — B [CKS86]. In
particular, the line bundle A is big if and only if the period map ® : B — I'\ D satisfies
generic local Torelli.

The restriction of ¢1(Ae) to Z7 is well-defined, and as an element of AIZI and represents
the Chern class of the Hodge line bundle A; = A,| 7 of the induced polarized VHS (3.7),
[GGLR20, Theorem 1.4.1]. (More generally, one may show that w is well-defined on Zyy,
[GG20].) If v € Ty Z7, then (9.7) implies

(9-8) ci(Ae)(v,0) = [[@F . (v)|.

In particular, A, is nef. And the differential of the period map ®; : Z; — I'/\D is every
where injective if and only if ¢;(Ae)] z; 18 positive. Thus, if C C B is an irreducible curve
and ®°(C) is not a point, then

Ao - C = deg Aely = /cl(AO) >0.
C

16The actual singularities of A, are mild quotient singularities that do not affect the argument. Similarly,

the fact that Z is only a local, rather than a global, normal crossing divisor makes no essential difference.
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9.2. Proof of Proposition 2.32. It suffices to show that there exists mg so that (Ae —
[Z]) - C > 0 for all curves C C B and m > mg. Without loss of generality, we may assume
that C is an irreducible curve.

If the image ®°(C) is also a curve, then §9.1 implies that A, - C' > 0. So we will have
(mAe — [Z]) - C > 0 when m > 0. Now suppose that C' C A is contained in a ®°fibre.
Again, §9.1 implies that A, -C = 0. However, the hypothesis that d<I>%,V is injective and §2.5
imply that N ; /B is ample. In particular, —[Z]-C > 0. The proposition now follows from
Remark 9.3. d

9.3. A local Torelli condition for (B, Z;®). One of the technical hypothesis needed for
our applications is a local Torelli condition for (B, Z;®). The condition is expressed in
terms of the extension of the Gauss—Manin connection (Lemma 9.12).

Deligne’s extension
F& C Ve
d

B
of the Hodge bundles (1.1a) is reviewed in §C. Let

& = FE/FET = Gy,
and consider the associated graded vector space
Ee = DEL.

The Gauss—Manin connection induces a bundle map
(9.9) U:Tg(-logZ) — GI‘]__-CI (End(&)) -
We review the definition of ¥ in §§9.3.1-9.3.2.
Remark 9.10. At points b € B the map WV is the differential of the period map

do, = \II|TB,b .

Definition 9.11. We say that local Torelli condition holds for (B,Z;®) when (9.9) is injec-

tive.
Lemma 9.12 is a generalization of Remark 9.10.

Lemma 9.12. The local Torelli condition holds for (B, Z;®) if and only if
(i) The differential d®} : T(Z3) — T(T[\D}) is injective for all I.
(ii) The {N; | i € I} are linearly independent for all I.

The lemma is proved in §9.3.4.
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9.3.1. Maurer—Cartan form. The composition of the lift (7.14) with map (3.12) defines
X0<T>A1 (0 = it
It will be convenient to set
E=exp(Xo®,1):8 — exp(fr).

Keep in mind that, since f* is a nilpotent subalgebra, the exponential defines a biholomor-
phism - ~ exp(f1) so that X o ® 41 and £ carry the equivalent information.

Fix a MHS (W, F) arising along A'. Fix a basis {v;} of V so that every v; is contained
in some Vé;,{}gj; equivalently, v; € FPi but v; & FPit! and v; € W, 44, but v; & Wy, 14,1
Then

o = &

defines a framing of V, that is adapted to the Hodge filtration F2 C V.. The key point
here is that Proposition 7.1 implies that the familiar construction of §C.2.2 applies to this
slightly more general setting. So we may identify the {¢; | p; = p} with a holomorphic
framing of &F.

The pullback

9 = ¢ tde

under ¢ of the Maurer—Cartan form on exp(f*) C Gc is f*valued. Let 5; be the matrix
coefficients of & with respect to the basis {v;}; that is, { - v; = g;‘,vi. Likewise, let 63- _
(5_1)2d§;‘? be the matrix entries of

0 = 9;- v; @ v
The Gauss—Manin connection satisfies
Vo, = 0o,
and
(9.13) Ulgr = 650 @ ¢ .
It is instructive to review the proof of the well-known

Lemma 9.14. The pull-back of the Maurer-Cartan form is a log 1-form; that is,

0% € QF,(log ZN 0.

This is done in §9.3.3. First we review the IPR in this context.
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9.3.2. Horizontality. Since 6 takes value in f- = 9;1/7,.1?7 we have

05 =0 V p—p;>0.

Horizontality asserts that

(9.15a) 05 =0 V pi—p;j#-1.

And this implies

(9.150) 6 = AXoTu) V¥ pi—py =1,

with X ; the matrix entries of X with respect to the basis {v;} (defined by Xv; = X Ji»v,-); in
the notation of Remark 3.4, this is equivalently the statement that

(9.15¢) 0 = d(Xod) b,
Letting #~ 17 denote the component of § taking value in g;V% . we have
) — 9;1)2'®Uj — 29—17‘17

and

o1 = E 0iv; @0’
pi —pj = —1
a4 —a; =4q

As a consequence we obtain (9.9).

9.3.3. Proof of Lemma 9.14. It follows from (9.15) that it suffices to prove
(9.16) d(Xodn)™ € QL (logZN0').

The 1-form d(X o ®41)~1* is the differential of the horizontal component of the period
matrix. In particular, the de, of §7.3.1 are the matrix entries of d(X o ® 41)~b*. So (9.16)
is equivalent to (7.17). O

9.3.4. Proof of Lemma 9.12. The coordinates de,, of the map ¥ defined in (7.18) are the
horizontal coordinates of \I/]@. In particular, Lemma 7.19 is equivalent to Lemma 9.12.
O

9.4. Geometric properties of K5 + [Z].
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9.4.1. Geometric implications of local Torelli for (B, Z;®). Suppose that the local Torelli
condition holds for (B, Z;®) (Definition 9.11). Then we may identify T5(—log Z) with a
subbundle of Gr}clEnd(Ee), and

(Kg+[2])" = N PTp(-log Z)
with subbundle of
H = /\dimBGr}:End(Ee).
The singular metric on the Hodge bundles £, — B induces singular metrics on Gr}elEnd(ge)
and H. The singularities, curvatures and Chern forms of these metrics are much studied
[CKS86, Kol87, GG20, GGLR20]. Over B the metrics and Chern forms are smooth; the
Chern forms extend to currents on B where they represent the extended vector bundles.
(As already discussed in §9.1, the analogous statements hold for the Hodge line bundle.)
Let ©4 denote the curvature matrix of H, and
a(H) = %tr Oy
the first Chern form. Let
C1 (AC) = ﬁ@ Ae
denote the Chern form of the Hodge line bundle A, — B (§9.1).
The line bundle (K5 + [Z])* inherits a singular metric from its containment in H. Let

a(Kg+[2]) = %Ok 1z

denote the Chern form of K5 + [Z]. We will see that ¢, ((Kg + [Z])*) is related to ci(H)
by the second fundamental form of (K5 + [Z])* — H (Lemma 9.18), and this will give us
control over the ci (K5 + [Z]).

Lemma 9.17. The curvature form ©4 is nonpositive and there ewist positive constants €, €
so that
eci(Me) < —c1(H) < dei(Ae).

The lemma is proved in §D.4.1.

Lemma 9.18. There exists a non-negative T € A}él that extends to a current on B, and a
positive constant € so that

ecl(Ae) + 7 < Cl(K§ [Z]) .
Sketch of Proof. The lemma is proved in §D.4.2. Here we outline the underlying geometric

ideas. Over B the curvature forms ©4; and 6 Ky+[2))* are related by the second fundamental
form

(9.19) T AR (K5 +12)") — AR (H/(K5+(2])"),
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which measures the failure of the Chern connection on H to preserve the subbundle (K +
[Z])*. We have

(920) Onlik 4121 = Otkgrizys + (T,7),
with (T, 7T) a (1,1)—form constructed from Y and the Hermitian metric. Setting
T = +(T,7),
we have
It then remains to show that there exists a positive constant € so that
ECl(AC) S —ﬁ ®H|(K§+[ZD* .

We will see that this is a consequence of homogeneity, the structure of the curvature of
vector bundles on D and the IPR. g

Note that (9.8), Lemma 9.17 and (9.21) imply
(9.22) a(Kg+12)| 0 = 7lao -

So to establish the ampleness of K5 + [Z] we will need to show that 7|,0 is positive. For
this we make the simplifying assumption (expected to be unnecessary, Remark 1.31) that
the map <I>?,V Ly — p%/ C FW\D?,V has constant rank. Then <I>?,V D Iy — p%/ is a
fibration with fibre A°. Recall that the restriction <I>1| 4o takes value in an compact torus
Tw (Theorem 2.27). The local Torelli condition for (B, Z; ®) implies that the differential
of @1 ‘AO is injective (Lemma 9.12). So we have a Gauss map

AO — Gr(Tw,T(Tw)).

Since Tyy is a torus, we may translate each tangent space Ty (Tyy) to a fixed T, (Tyy) = CW.
In this way we obtain a Gauss map

(9.23) G(®'| o) : A° — Gr(rw,CW)
to a fixed Grassmannian.

Lemma 9.24. Suppose that the map <I>IO/V A pIO/V C I‘W\ng has constant rank. Then
the restriction Y|, 0 may be identified with the differential of the Gauss map (9.23). In
particular, the restriction ¢ (Kg + [Z])|AO of the Chern form to A° is well defined, and it is
positive if and only if the differential of the Gauss map g(<1>1\ AO) is injective (equivalently,
the Gauss map is finite to one).
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Sketch of Proof. The lemma is proved in §D.4.3. Given (9.22), the essential content of
the argument is that the restriction of Y to the the fibre A° may be identified with the
differential of the Gauss map (9.23). O

9.4.2. Proof of Theorem 9.2. Local Torelli for (B, Z;®) implies generic local Torelli for ®
(Lemma 9.12). It follows from §9.1 and Lemma 9.18 that Kz + [Z] is nef and big.
It remains to establish ampleness. Following Remark 9.3, we need to show that

(9.25) C-(Kg+[Z]) > 0,
for every irreducible curve C' C B. There are two cases to consider.
Case 1: The image ®°(C) is a curve. Lemma 9.18 and §9.1 imply

C - (Ky+12]) = /CmBq(KBHZD > e/cclme) > 0,

yielding the desired (9.25).

Case 2: The image ®°(C) is a point. This is the most interesting case. We necessarily
have C C A° ¢ Z. Then Lemma 9.24 yields

C-(Kz+[2) = /Ccl(KBJr[Z]) >0,

establishing the desired (9.25). O

APPENDIX A. GEOMETRIC INTERPRETATION OF SOME EXTENSION DATA

Thus far our study of extension data has focused on its Lie theoretic structure (as
the discrete quotient of a homogeneous space, §2.1). However for applications to moduli
one is particularly interested in geometric interpretations. (See [Car87] for a very nice
overview of both geometric interpretations and applications of extension data.) Here we
discuss geometric interpretations of extension data in the cases of a nodal curves (§A.3), and
surfaces with a double curve (§§A.4—-A.5). Higher level extension data in the Hodge-Tate
case is discussed in §A.6. We begin with a brief summary of the extension data for mixed
Hodge structures (§A.1), and limiting mixed Hodge structures (§A.2).

A.1l. Extension data for a mixed Hodge structure. We consider extension data for
MHS (V,W, F'), where we assume the existence of a lattice V7 in the Q—vector space V.
The weight filtration will be

{0} € Wy Cc Wy C---C Wy, = V.

Let
H* = F*(G1Y) ¢ DY,
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denote the graded quotient GrZV = W,/Wy—1 equipped with the pure, weight a Hodge
structure induced by F'; we assume throughout §A that this structure is fixed. Recall (2.5)
and Definition 2.6.!7 As discussed in §2.1, we have tower of holomorphic maps

Ty \owr = Tw\oitr = Tw\6iz' — = Tw\Siyr — Syr,

and the fibre of L'y \&fy o — Pw\agvj; is the level a extension data. Here (58V’F is identified
with the point H* € DY}, (upon which I'y acts trivially by definition), so that FW\5%V7 P is
the level one extension data. The latter is precisely the set of extensions

0 — H* - Wop1/Wooy — H™' = 0;

that is,
2n

(A1) Ty \oyyp = EBEthl\/IHs(HayHa_l)
a=1
2n

. @ HOIIl(C(Ha,Ha_l)
B FOHomc(H®, H*~') + Homgz(H®, H*1) "

a=1

The level < 2 extension data FW\(S%V’ P consists'® of level one extension data, plus the level
two extension data

0 — H2 = W,/ Wy_3 = Wo/We_g — 0.
It fibres over the level one extension data with fibre

é’é Homg (H®, H*2)
Pt FOHomc¢(H®, H*?) + Homg(H¢*, H*"2)

Andsoon ...

A.1.1. As observed in §6.3 and §7.1.2, the fibre of the quotient map from the level < a
extension data to the level < a — 1 extension data is an abelian complex Lie group A®\L“
arising as the quotient of a complex vector space

W_,End(V¢)
W_a_lEnd(Vc) + FOW_G(End(Vc)

L = P "\(P* - F) ~

by a discrete subgroup
—a
AT — 'y N PW
- —a—1"
T'w N PW
1"The discussion that follows may equally well apply to any subgroup of I'ww; such as I' 40, as in §6, and
T'41, as in §7.
I8 There is no analog of (A.1) for extension data of level a > 2: given any two MHS M;i, M2, we have
EX‘CMHs(J\Jl7 Mz) = for all a > 2.
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If End(Vg) = & End(V)‘%’/‘f  is the Deligne splitting induced by the MHS, then
L ~ @End(V)iy 277,

In particular,
fibre{T'w\&fy p — Tw\Sjy 5} = A“\L* ~ T, x (C*),

with Tf;, a compact complex torus.

A.1.2. In the case of the level one extension data Fw\éll/V’F = AN\L!, we have
L' ~ End(V)y'y @ End(V),7p @ @ End(V), /78"
The factor (C*)? is trivial, and we have
Tw\oyr = ANL' = Ty
Let Iy C AM\L! be the image of End(V);V{}g under the projection L' — A'\IL!. Then
Iwr = Tyip x C* x (C)°,
with T;I,l’}g a compact torus (possibly trivial).

Remark A.2. In the case that D is Hermitian, we have Iy, p = T .

Suppose we have a VMHS defined over a connected complex variety A. If the associated
graded quotient of the variation is constant, then we have a map A — AM'\L! to the level
one extension data. The infinitesimal period relation implies that the map takes value in a
translate of Iy r. Redefining F' is necessary, we may assume that the map takes value in
Iy, 7. If in addition A is compact, then the map takes value in a translate of ']I‘;V% }2.

A.1.3. Topological line bundles over ']I‘%V = ANL! are uniquely specified by their Chern
classes. Noting that A' = Gr'"}Endz(V), we see that these line bundles are indexed by
A2Gr% Endz(V)*. The Lie bracket defines a map

Cr" Endz(V) @ Gt Endz(V) — Gr',Endz(V)
induces
(A.3) Cr'%Endz(V)* — A2Gr"Endz(V)* ~ H*(T,,7Z).

The elements in Gr',Endyz(V)* that map to Hg' (TY,) = HYY(TE,) N H2(TY,, Z) give rise to
holomorphic line bundles on T}, that are well-defined up to translation. (The line bundles
Ly — Ty of Theorem 2.27 are examples of such.)

19When we replace I'w with a subgroup there may also be a C® factor, cf. §§6, 7.
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Notice that Gr'%,Endz(V)* is naturally isomorphic with (A%)* = H'(A%\L?,Z). The
map (A.3) may be identified with the the transgression mapping

H (Tl H'(AM\L?) 2 HX(T},)
in the Leray spectral sequence for the fibre bundle

ANL? — Tw\oy p
¥

Ty \ojy p = Ty -

A.2. Extension data for a limiting mixed Hodge structure. Fix a LMHS (V,Q, W, F, N)
as in §3.2.4.

A.2.1. We have N : W, — W,_1 and

N®: GV,

= w
n+a Grn—a

is an isomorphism of vector spaces. The weight filtration is ()—isotropic
Q(Wa7W2n—1—a) = 0.

It follows that @ induces a nondegenerate bilinear pairing Gr),, ® Gr)/_, — Q. This in
turn defines an isomorphism

H* ~ H% a—n)*.
Then
N"™% € H'(a—n)" ® H* ~ H*®@ H".
In fact,
N"% ¢ Sym? H* ~ Sym? H%(a —n)*.

A.2.2. Regard N as an element of End(®, Gr?). Define Y € End(®, Gr!) by specifying
that Y act on Gr’¥ by the scalar a — n. There is a unique M € End(®, Gr)) so that

[M,N] =Y, [Y,M] = 2M, [Y,N] = —2Y;

in particular, {M,Y, N} spans a subalgebra sly C End(®, Gr?V'), [Kos59, Corollary 3.5].

We may decompose @, Grgv in to a direct sum of irreducible sls—modules. The sum-
mands are “N-strings”. This decomposition gives GrZV the structure of a direct sum of
polarized Hodge structures.
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A.2.3. The action of N on V induces an action on End(V') mapping
N :End(V)}fn — End(V) 37
and
N :GrVEnd(V) — Gr!V,End(V).
Recall the notations of §A.1.2, and let Iy r C Iy r the image of ker {N : End(V);V{}g —
End(V);V%},Tl} under the projection L' — AM\L!. Then
Ivg = Iyp x C x (€7,

with J;,}IL? C ']I';V%}? a compact torus. As noted in §6.10, the fact that the MHS (W, F) is

polarized by N implies that J]_Vlﬁ is an abelian variety.

Remark A.4. If D is Hermitian symmetric, then ,,]]Z_Vlj;? = Ty is the full level one extension
data AN\L! = FW\(;%/V,F'

If the VMHS over A discussed in §A.1.2 is a variation of limiting mixed Hodge structure,
then the level one extension data map A — A'\L! takes value in Inr Clwr. Andif Ais
compact, then the map takes value in a translate of the abelian variety JZ_VI}Q C ']I';Vl}g.

A.3. The n = 1 case of nodal curves. Let C be an irreducible curve with A" nodes
{T,}Zhil Let 7 : C — C denote the normalization, and let 7 (r;) = {p;, ¢;} denote the
preimages of the nodes. A smoothing deformation of C' produces a LMHS (V,Q, W, F, N),
where

N = Ny +-+ Nyo,

and N; corresponds to smoothing the i-th node r; € C.
We fix an ordering of {p;,q;} € C.2° The associated H* = Gr'V', a = 0,1,2, are

HY) ~ 7", HY ~ HY(C,Z), HZ ~ HY(-1) ~ 7.

We may fix a basis of @, Gr? = H?> @ H' @ H° that respects this direct sum, and with

respect to which

0 0 Ipo
Q=10 Q 0 |,
—Lo 0 O
with Q the intersection form on H}, and
0 0O
N; = 0 0 0],
v; 0 0

20T his may require that we take a branched cover for the family of curves.
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where v; is the square matrix whose only nonzero entry is the i-th diagonal entry. We have

. H({ri})
0~

et )

HO(C)
with HO(C) — H°({r;}) the signed restriction map,
Wi /Wy ~ HYC) and Wy/W; ~ ker{H°({r;})(=1) = H?*(C)}.

A neighborhood of C'in the corresponding stratum of moduli is swept out by varying C
and the {p;, ¢;}. Restricting to a ®°fibre A corresponds to fixing C. On that fibre, the level
one extension data is Extljyg(H', HY) @ Extlys(H(—1), H'). Setting D = U{p;, ¢;} C C,
the group Extll\/IHS(H 1 H") parameterizes the extension data in the sequence

0 W() W1 Gr‘fV 0
(A-5) { [ [
H°(D) — HY(C,D) — H'(C) — 0.

It is
hO

~ (B /H}) © H) ~ @JIO),
1

Home(H?!, HY)
FOHomc(H', H°) + Homy(H', H?)

where J(C) is the Jacobian variety of C and h° is the rank of H. 9. Then

hO
®N(C) = D Alalni—a) € PIO).
i 1
In the classical formulation using differential forms, we have
J(C) = H/H} ~ H'(Qp)"/H\(C.2).

Given w € HO(Qla) we choose a path v with 9y = 3" p; — ¢;. Then ®! is given by the map
W fyw modulo periods.
The group Extijyg(H?(—1), H') parameterizes the extension data in the sequence

0— Wl/Wo — WQ/WO E— Gl"gv — 0

[ [ {
0 — HY(C) — HY(C\D) — H°(D)(-1).

We have

Homc (HY(—1), H')

Extis(HY (1), H') = '
xtyps(H (1), H') FOHome (HO(—1), H') + Homgz (HO(—1), H1)
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For each {p;,q;} we choose n; € HO(Qlé(log D)) with Resp,,n; = 1 and Resy,n; = —1, and
Resp,ni = 0 = Resg,n; for all i # j. Then

n= m € HOQplogD)) c H(Q(logD)) ~ H'(C\D)

lifts >"p; — ¢ € HY(D)(—1) and is well-defined modulo HO(Qé).

The above is standard and is just a matter of tracing through the definitions. Perhaps
less familiar is the geometric expression of the level two extension data in terms of differential
forms and integrals. We are considering equivalence classes of LMHS with monodromy
weight filtrations {0} C Wy C Wy C W2 = V, and where the Hodge structures &2_,H® and
the level one extensions of MHS

0 — HO » Wh H! 0,
(A.6)

0 — HY — Wy/Wy — H°(—-1) — 0

are fixed. It follows from the special properties of the extension data for limiting mixed
Hodge structures (§A.2) that these are given the symmetric part of

Extypus(H(=1),H%) _ Homy™(H(-1), H°)

~ C*.
exp(Co) spany{Ny,..., Nyo} =

Using the identification above, this data is represented by the off-diagonal terms in h® x h?
symmetric matrices whose entries are in C/27iZ. Those off-diagonal entries are obtained
as follows. For each i, we choose a path v; with dv; = p; — ¢;. Then for i # j, the bilinear
relations for differentials of the third kind give the classical

/77j = / 1; modulo periods.
7 i

In more detail, for general mixed Hodge structures with weight filtration 0 C Wy C
W1 C Wy = V and fixed associated graded H®, the level one information consists of the
pair (A.6) of extensions of mixed Hodge structures. For limiting mixed Hodge structures,
the level two extension data can be formulated as the equivalence classes of diagrams

0 0
l {
0— HO » Wi y H' 0
I ! !
(A7) 0— H —— W, Wa /Wy — 0
l {
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In the geometric example at hand we have Wy ~ H(C, D) and Wy/W, ~ H'(C\D), as
noted in (A.5). The information in (A.7) beyond that in (A.6) is given by the symmetric

matrix [ J (Z J 7],} modulo periods.

Example A.8. The simplest and most classical example is when C =P! and h° = 2: in this
case, the above construction produces the cross-ratio of 2 pairs of ordered distinct points
in P!. (When C is not irreducible it is necessary to introduce combinatorial data arising
from its dual graph. Since the purpose of this appendix is to illustrate some aspects of the
geometric interpretation of the extension data we shall refrain from discussing this topic.)

A.4. The n = 2 case of surfaces with a smooth double curve. We first recall the
levels one and two extensions data for a mixed Hodge structure with weight filtration

0=Wo Cc W7 Cc Wy C Wyg =W, =V.

A.4.1. Level one extension data. The level one (polarized) extension data is Extie(H2, H')
T}, with tangent space Homc(H?, H')/F'Homc(H?, H'). The numerator admits a weight
—1 Hodge decomposition

Home(H?, H') =~ End(V)jj 2 @ End(V)} 4 @ End(V)y'2 @ End(V) 75 -

)

FOHomc¢ (H2,H?Y) L1

A.4.2. Level two extension data. Fixing the level one extension data, the level two extension

data is
Homc(H!(—1), H')
1 10 1y — c ;
EXtMHS(H ( 1)7H ) FOHomc(Hl(—l),Hl) + HomZ(Hl(_l)le)
_ A2\L2 = T%/V X ((C*)d,
with

Homc(H'(-1),H') ~  End(V)yfp @ End(V)yp ' @ End(V)y7 .

———
FOHom¢(H(—1),H) L2

Under the projection L? — A%\IL? we have End(V);Vl’ };1 — (C*)?. Again the infinitesimal
period relation implies the differential of the level two extension data map takes value in
End(V);I,l’},_l Cc 2. As in §A.1.2, redefining F' is necessary, we may assume that the map
itself takes value in (C*)%.

In the case of a LMHS polarized by a cone o, the subspace E]ﬂd(‘/);[,%};1 must be
replaced with the quotient by Co.
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A.4.3. Extension data for C C X. We next wish to recall the geometric interpretation of
the extension data for a smooth, but possibly reducible, curve C' on a smooth surface X.
Then the relevant dual exact sequences are

0 — % L HX,C) — ker {HA(X) = HY(C)) — 0
0 — X — H*(X\C) — ker {Gy:H'(C)(-1) = H*X)} — 0
GyHY(C) '

with Gy the Gysin map. Assuming for simplicity that X is regular, the numerator of
Extig for the first sequence is

Homg (ker{H*(X) — H*(C)}, H'(C)) .

It is convenient to write H?(X) = Hg"(X)®H?(X)irans, With H?(X)trans the transcendental
part of H?(X), and where the summands are orthogonal with respect to the intersection
pairing. Assuming for the moment that C is irreducible, elements of ker{Hg!(X) — H?(C)}
are given by divisors D on X such that D - C' = 0. Unwinding the definitions, we see that
the extension class corresponding to Hg!(X) € H?(X) is given by the

D — AJo(D-C).

For the transcendental part H?(X )ians of H?(X), after factoring by the FO-part of the
denominator, a typical element is £ = o+ 3 with a € H*9(X) = H°(Q%) and 8 € HY(X)
with |, = dv, with vy a (1,0)-form on C that is orthogonal to the harmonic forms H'%(C).
Given ¢ € Hi(C,Z) we have 6 = OA for a 2-chain A in X. The transcendental part of the

extension class is then given by
€ = [a~ [
A é

modulo periods. The term f A @ is a membrane integral; we will encounter a variant of this
below (§§A.5.4-A.5.5). (For more on membrane integrals, see [KLMS06] and the expository
[Lew06].

The above can be extended to the case that C is reducible. There are also interpreta-
tions, which we will not discuss, using the dual form of the MHS.

A.4.4. Extension data for a pair of surfaces glued together along a curve. Consider two
smooth surfaces X; and X5 with smooth curves C7; C Xy and Cy C X5 together with an
isomorphism C7 ~ C5. Let X be the surface obtained by gluing X; and X5 together along
the curves (via the isomorphism). For simplicity of notation, we identify the curves and
denote them by C'. Then

X = X7 Ug Xso.
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A necessary condition [Fri83] for X to be smoothable is

(Ag) NC/X1 ~ NE«/X2

In this case, there is a well-defined equivalence class of limiting mixed Hodge structures
[PS08, Ste76]. Again for simplicity we assume that X; and X, are regular. Then the
limiting mixed Hodge structure has

H' ~ HY(C).

To describe H?, consider the complex

HO(C)(-1) % HX(X)) @ H2(X2) -5 H(O);

here « is the direct sum of the Gysin maps and g is the difference of the restriction mappings.
The smoothing condition (A.9) implies C% 4+ C3 = 0, as line bundles, so that

Boa = 0.

Then
2 ker
im

is the cohomology of this complex.

A.5. I-surfaces. For a specific illustration of §A.4 we consider the Kollar—Shepherd-Barron—
Alexeev (KSBA) moduli space M of smooth, minimal, regular (¢(X) = 0), general type
surfaces X with K% =1 and p,(X) = 2.21 These surfaces are in many ways the analog of
genus two curves. The moduli space M is essentially smooth and of dimension 28.22 The
period domain D is of dimension 57 and the IPR is a contact structure on D. The period

mapping
D MI — F\D

is locally injective, and the image ®(My) is a contact submanifold.?

21The discussion that follows is cursory. Much of this is discussed in more detail in [Gril9, Gril8, Gri20].
A reader with a working knowledge of surface theory and mixed Hodge theory, and the papers [FPR15a,
FPR15b, FPR17] will be able to to fill in the details.

22This means that H 1(TX ) is unobstructed. In particular, the Kuranishi space is smooth and M is
locally the quotient of an open set in C*® by a finite group.

23The monodromy group I' is of finite index in Aut(Vz,Q). Since K% = 1, the intersection form is
unimodular on the primitive cohomology. The ideal situation would be that I' = Aut(Vz, Q) and that global
Torelli holds; but this is not known.
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A5.1. The KSBA compactification. The moduli space admits a canonical projective com-
pactification M that has been extensively studied by Franciosi-Pardini-Rollenske [FPR15a,
FPR15b, FPR17]. Unlike Ma, the space M is highly singular along the boundary. It is
exactly the extension data in the LMHS that may guide a desingularization of the boundary
(Remark A.10).

The surfaces Xo parameterized by the boundary OM; = M\ M  have Q-Gorenstein
canonical divisor class K x, and semi-log-canonical (slc) singularities. These slc singularities
have been classified [Kol13]. In the case that X is normal, and p € Xy is a singular point:

(i) If Xy is Gorenstein, then p is either simple elliptic or a cusp.
(ii) If Xo is non-Gorenstein, then p is a rational singularity.

The period map ® : M; — I'\D admits an extension ®° : M; — %°, ibid. The monodromy
about points of type (ii) is finite. The monodromy about points of type (i) is infinite and
there is a nontrivial LMHS (W, F, o) associated with a degeneration X — Xj.

A.5.2. The stratum N5. There is a 20-dimensional boundary component Ny C M whose
general point parameterizes a singular I-surface X, that is normal, Gorenstein and with a
simple elliptic singularity of degree 2.2* The resolution ()Z' , 5) — (Xo,p) of this singularity
is a smooth surface X , whose minimal model is a K3 surface X, with an elliptic curve CcX
of self-intersection C2 = —2. The map X — X contracts a —1 curve E with E-C = 2. In
particular, the image C C X of C is a curve with one node and self-intersection C? = 2.
From this it follows that X is a 2:1 cover of P? branched over a sextic curve C’, and that C
is a double cover of a tangent line ¢ to C’.

A.5.3. The period map <I>0| Ny The LMHS corresponding to X has associated graded de-
scribed in terms of H2(X), HY(C) and H?(X,C). It depends on 20 parameters, and de-
termines the pair (X, C) up to finite data; that is we have a local Torelli theorem for the
boundary component N5.

A.5.4. Level one extension data along No. Given Xy € Ny consider a one-parameter degen-
eration X; — Xo and do a semi-stable reduction to have a smooth total space with normal
crossing divisor X over the origin. From the Clemens—Schmid exact sequence [Mor84] the
simplest possibility is that X has a double curve isomorphic to 6’; that is,

Xo = X Uz Y,

24For us this example arose in the September 2017 meeting at Duke with Radu Laza, Marco Franciosi,
Rita Pardini and Sonke Rollenske and was instrumental in suggesting the use in general of extension data

to study the period mapping at infinity.
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with ¥ O C a smooth surface. Friedman’s smoothability condition (A.9) implies

NZ

O/% ~ Ng

/Y

The line bundle Ng % has degree 2. And if we think of Y as obtained from a smooth

B /
cubic C' in P? by blowing up points {¢;} on the cubic, then there must be seven points ¢;

in order to have deg N5y, = 2. The level one extension data in the LMHS is the Jacobian

A%
J = Jac(C), and the seven parameters in the extension data may be seen to correspond to

the points in Jac(C') given by the seven {g¢;}.

Remark A.10 (A heuristic to desingularize). In contrast to the case of algebraic curves,
where Mg is essentially smooth, M is singular along the boundary component N3 C
OM;.?® Given a KSBA degeneration X — A where X; is smooth for ¢ # 0, and Xj is a
normal surface corresponding to a point of 3. For the desingularization of M; one needs
to do a semi-stable reduction X — A. The discussion above suggests a candidate for Xo.

The nilpotent logarithm N of monodromy for this degeneration has rank 2 and satisfies
N? = 0. In the notation of §3.3.4 we have

H' = GrfY
(A.11) H?> = GrY
H'(-1) = H'®Q(-1) = Gr¥.

In Extipys(H'(—1), H?) we have the subgroup Extys(H'(—1),Hg'). The group Hg' =
HY%'' N H2 contains those classes in Hg!'(Y) = HYY(Y) N H2(Y,Z) arising from blowing up
the points p; on C CY. It is this part of Extll\/IHS(Hl(—l), H?') that the Abel-Jacobi maps
correspond to.

The other part of the level one extension data corresponds to the transcendental part
HZ of H?. Geometrically, as discussed above this is given in part by membrane integrals.
Keeping in mind that Hy(X,Z) = 0, if y € H,(C,Z) and w € HO(Q}) C H2, then v = 9r
for a 2-chain I' C X. The membrane integral is fr w. Using the cup-product on H 2()~( ) we
may view this integral as an element of

Hom(H(C), H*(X))r
FOHom(H'Y(C), H*(X))w + Homgz(H'(C), H?(X))

A.5.5. Level two extension data. We will illustrate a membrane-integral-type geometric in-
terpretation of the level two extension data. This is of a rather different character than the
cross-ratio-type level two extension data of Example A.8.

25This seems likely to be a general phenomenon for any normal Gorenstein slc singularity.
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Consider now an I-surface (X, p1,p2) having two elliptic singularities and with resolu-
tion (X,C7 U Cy), cf. the works of Franciosi-Pardini-Rollenske. We may then form the
smoothable normal crossing surface

X Ug

C'1U62 Y.

Fixing the level one extension data fixes Y.
Again N2 =0 and (A.11) holds. The level two extension data is Extig(H'(—1), H')
and contains

_ HomC(Hlﬁ(jl)(—l),Hl(ég)t o
FOHome(H(Cy)(=1), H'(C2)) + Homz(H'(Cy)(—1), HY(Cy))

The numerator Home(H(C1)(—1), H(C5)) maps to Home(H(C1), H(Cy)). We may
geometrically produce an element of the latter as follows. Utilizing the residue map

Res : HO(Q}(log 51)) - HO(Qlél)’

given w € HO(Q}(log Cy)) and v € Hy(Ca,Z) ~ HY(C1,7Z), to describe an element of the
extension data we need to produce the value (w,v). Write v = oI with I" C X a 2-chain.

We claim that
W = [w.
r

Suppose that A C 52 is a 2-chain, so that v = 9(I' + A). Then fA w = 0.
Suppose that ¥ C )Z'\él is a 2-cycle, and W’ € HO(Q}); then

fur = foo [
fror = foo fo

Now, and this is the key point, both wa and fF w’ are part of the extension data for
H2(X,C}) and H%(X,C,), respectively; and this is level one extension data. Thus (w,~)
transforms like level two extension data. More specifically, referring to the diagram (A.7)
one may verify that (w, ) transforms like the information needed to complete the extensions
given by the top row and right-hand column in (A.7) to the full diagram.

A.6. The Hodge—Tate case. As noted in Remark 7.2, the extension data of level < 2
determines, up to constants of integration, the full extension data. We wish to discuss this
in the special case that the limiting mixed Hodge structure (W, F, o) is Hodge-Tate type,
cf. Definition 2.34 and Remark 2.35.

There is extensive literature on variations of graded polarized mixed Hodge structures of
Hodge—Tate type; see [Brol4, Gon01, Hai94] and the references therein. One may anticipate
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that those arising in this paper, as variations of limiting mixed Hodge structures, will have
special properties.

A.6.1. Level two extension data for Hodge—Tate LMHS. Among VLMHS are those arising
from the data (B, Z;®) as in this paper. As will now be illustrated we may think of these
as VLMHS that satisfy possible Schottky relations. We will consider LMHS of Hodge—Tate
type (§A.6.2) with dim H® = ¢.25 The extension data is all of level two, and upon a choice
of basis, the set of extension data will be given by g x g symmetric matrices all of whose

entries are nonzero.

Example A.12. The LMHS corresponds to a semi-abelian variety with no abelian part. If we
think of it as corresponding to a point of a toroidal compactification A, then the extension
data is a general symmetric matrix is nonzero entries [CCK80].

Example A.13. In P! we choose g distinct pairs of points (p;, ¢;). For each i we choose t; # 0
which gives an identification sz.]P>1 ® T(Z_]P>1 ~ C. It is standard, and will be explained in
more detail in the current context in ([Gril8] or [FGG™20]), that is data gives a first-order
smoothing of the g—nodal curve obtained by identifying p; and ¢;. In particular, there is a
well-defined LMHS. If IV; is the logarithm of monodromy corresponding to smoothing the
i-th node, then N = Ny + --- + Ny. The diagonal entries of the symmetric matrix are the
t;. The off diagonal entries are the exponentials of

Pj Di
q qi

J
modulo periods, where 7; is the unique differential on P! with poles at p;, ¢; and normalized
to be dlogt; (modulo a holomorphic 1-form) near p;. Then (A.14) is the logarithm of the
cross ratio (p;, qi;pj,q;), cf. §A.3.

The number of parameters of the p;,q; is 2g — 3. There are g of the t;’s, giving the
total number of parameters 3g — 3. On the other hand, as noted above there are g(g+1)/2
parameters in the extension data for a general LMHS. For g = 2, 3, the numbers are equal,
but for g > 4 we have g(g + 1)/2 > 3g — 3, so that there are algebraic Schottky relations

among the cross ratios (p;, ¢i; pj, qj).27

Ezxample A.15. For non-classical Hodge-Tate VLMHS there will be universal infinitesimal
Schottky relations imposed by the IPR. In general, there will be additional ones as happens
above for ¢ > 4. In this regard an interesting question arises concerning the I—surface

26T hese may be thought of as “classical”; the IPR is trivial.
2TThere is extensive literature, both classical current, concerning Schottky relations. The papers
[SB19, SB20] are particularly relevant here as they involve interesting Hodge theoretic considerations. The

smoothing of nodes process is also discussed.
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(cf. [FPR15a, FPR15b, FPR17] and [Gril8]). In this case the KSBA moduli space My is
smooth at all points corresponding to smooth surfaces X. The IPR is a contact structure,
local Torelli holds at any such X and the image of the period map hear X is a contact
submanifold. That is, there are no Schottky—type relations beyond the IPR. Since there are
boundary components (coming from non-normal Gorenstein degenerations) whose LMHS
are Hodge—Tate (loc. cit.), one may ask if on those components there are no additional
Schottky-type relations, as is the case for curves when g = 2,37

Finally we note that for the variations of graded polarized MHS of Hodge—Tate type
and that arise from arithmetic considerations the finite Schottky relations correspond to
identities among polylogarithms [Brol4, Gon01, Hai%4].

For more on the role of the IPR in the language of period matrices, see the discussion
of the classical and non-classical cases n = 1 and n = 2, respectively below (§§A.6.3-A.6.4).

A.6.2. The Hodge-Tate case: notations. In the Hodge-Tate case we have V% = 0 for all
p # q; equivalently,

H* = Gry ~ VPL and H?'' = Gry,, = 0.
Using the notation of §§3.2.2-3.2.3, we will consider a local family over U C U with mon-
odromy cone
o = spang_ {N1,..., Ni}.
We also assume that the LMHS has the property that
N:H» = g2
is an isomorphism for all N € ¢ and for all 1 < p < n; equivalently,
H*» = H%-p), VO0<p<n.

As in Example 2.37, we will express the local lift ®(¢,w) in (3.2) as a period matrix.
We will also suppress the holomorphic parameter w, and write

O(t,w) = B(t) = exp(SL(t)N)E(t) - F.

Recall the discussion of §7.2.2: the killing form « defines a pairing between the horizontal
entries of the period matrix and g%)(ZF C gc. We fix a basis {M,} = N2 UNZ of g%)(ZF with
the properties

spanc{M, € NI} = Ann(os) C g%,[’,tF
and
0 < k(NiyMy) € Z, V1<i<k;
the
eult) = r(exp(Rol(t:)Ni)E(t) , My)
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are the horizontal coefficients of the period matrix; the €,(t) with u € N are holomorphic,
and the 7,(t) = exp(2mie,(t)) are holomorphic for all 4, and nonvanishing on U.

Finally we note that while we are working locally on U, in the global setting these
functions are well-defined on a neighborhood O!' C B of a (connected component of a)
®!-fibre A (§7.2.2). Without loss of generality, each M, u is contained in some gllﬁ’/’f%, so that
N7 C gé{,l’F, and €,(t) is level g, + 1 extension data.

A.6.3. The Hodge—Tate case with n = 1. Fix a basis of V¢ that is adapted to the Hodge
filtration F' ¢ F? = V- and with respect to which the intersection matrix and monodromy

operators are given by

1
Q = 0 and N; = 00 ,
-1 0 V; 0
with v; an integral symmetric matrix. The period matrix is
Fl = ep(SUNJEW) F = |0
A(t)

with .
A = Sttt + alh).
i=1

The matrix A(t) encodes the level two extension data along A'. Using the first Hodge-
Riemann bilinear relation, the period matrix for F/F} is

I

FtO/Ftl = A(t)

The the €,(t) with p € N are essentially the matrix entries of the holomorphic a(t).
The level two extension data along A' is given by

Extlyps(H*(—1), H)/ exp(Co),

and is encoded in the logarithmic €,(t) with M, € N} C gIl/{/l 7 The corresponding 7,(t) =
exp(2mie, (t)) is holomorphic and may be thought of as a generalized cross-ratio, cf. Example
A.8.

A.6.4. The Hodge—Tate case with n = 2. Fix a basis of V¢ that is adapted to the Hodge
filtration F? ¢ F! ¢ F° = V¢ and with respect to which the intersection matrix and
monodromy operators are given by

0 0 I 0 0 O
Q=1010D0 and N; = | v, 0 O
I 00 0 ‘ty
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The period matrix is

I o
Ry = a1 |,
B(t) tA(t)

with A(¢) linear in the £(t;), and B(t) quadratic in the £(¢;). Again, the matrix A(t) encodes
the level two extension data along A'; the matrix B(t) encodes level four data. The first
Hodge-Riemann bilinear relation yields

(A.16) B+'B = 'AA.
The infinitesimal period relation Q(dF?, F') = 0 implies
(A.17) dB = 'AdA,

so that the level four extension data B(t) is determined (up to constants of integration) by
the level two extension data A(t). The vanishing of the coeflicients of the d¢(t;) A d¢(t;) in
0 = d’B = 'dA A dA is equivalent the the commutativity relations [N;, N;] = 0. (While
(A.17) implies that B contains no new information, modulo constants of integration, the
existence of this level four extension data implies '{dA A dA.)

As noted in (A.16), the symmetric part of B is determined algebraically from A. The
skew-symmetric part satisfies

dB—'B) = 'A-dA —d'A-A
= > vy (0(t:)AL(t;) — L(t5)dL(t;)) -
i,J

Recalling the dilogarithm function

Liy(z) = /0 Cenyacr).

and noting that ¢(t) is transcendental, this suggests that (in contrast to the level two
extension data), the higher level (level four in this case) data is of a transcendental nature.
In fact the differential equations

dLi,,(2)

z2————= = Lip-1, m>2,
dz

for the polylogarithms suggest that for m > 1, the extension data of level < m+2 should be
expressible in terms of these functions. (For more on the connections, both established and
conjectural, between polylogarithms and Hodge—Tate structures see, for example, [Gon01]
and the references therein.)
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APPENDIX B. RELATIONSHIP TO THE REDUCED LIMIT PERIOD MAP

Here we describe the relationship between ®° and the reduced period limit map ® :
B — ., (defined in §B.1). For our purposes the key observation here is that ®, is locally
constant on ® fibres (Proposition B.6); in particular, ®° factors through @, and the fibres
of B, — P are finite. From Corollary B.8 we are able to deduce that I' 40 is subject to the
constraint (5.10).

B.1. Definition. Fix a local lift ®(t, w), and let (W, F, o) be the associated LMHS (§3.2.4).
The reduced limit period

(B.1) Fo(w) = lim ®(z,w) = yli_)noloexp(in)g(O,w)'F e D

Yy—00

is independent of our choice of N € o (and the limit is understood to be taken with x

bounded), [GGK13, KP14, GGR17]. The two filtrations F' and F(0) are related by the
Deligne splitting (§3.3.1)

F* = PV and FL(0) = P Vg
azp b<n—p
In particular, the Lie algebra fo of the stabilizer Stabg.(Fix(0)) is
foo = @Q%F-
q<0

Recalling that the map £(0,w) takes value in Crc (§3.3.3), we see that
(B.2) Foo(w) = £(0,w) - Fss(0) .

In particular, the map Fo, : {0} x A" — D is holomorphic, and takes value in the Cr c—orbit
of Fiu(0). What is less obvious is that: (i) The holomorphic Fy(0,w) takes value in the
real orbit

O = CI,R'Foo(O) C D.

(ii) The real orbit Oy is open in the (complex) orbit Crc - Fis(0), and so is a complex
submanifold of D. (In fact, O; is a CR-submanifold of the real orbit Gg - Fs(0) C 9D).
Note that F, is independent of the local coordinates (t,w) expressing ®. So the reduced
period limit induces a well-defined holomorphic map

(B.3) (I)?O : Z; — F[\O[ .

Let
pr = ®7°(Z1) C I'\Oy

denote the image.
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B.2. Y versus ®°. Recall the period map ®9 : Z7 — I'/\D? of (??). We claim that ®9
factors through ®¢°. To see this, observe that there is a natural identification

D} ~ Crp\Or.

This identification induces

(B.4) 7 :T\O; — T'\DY.
We have
(B.5) Y = 7m0 dF.

In particular, 7 : p7° — @r.

Proposition B.6. The map ®%° is locally constant on @?*ﬁbres. In particular, the map
T 7 — 1 is finite.

Remark B.7. When D is Hermitian the map (B.4) is an isomorphism and ®9 = ®%°.
Let C; L . denote the stabilizer in C} ¢ of the filtration Fio(0) € D.

Corollary B.8. The map <I>?4O I AN Z; — 61 takes value in

Craoc'F C Ci¢-F = 61,

0,00,C

B.3. Proof of Proposition B.6. It is enough to show that Fi,(w) is constant along the
®%fibres in {0} x A". This is a consequence of the IPR. The essential point is that the

map
(B.9) w +— &(0,w) - F is horizontal.

B.3.1. Formulation of the argument. Recall that £(¢,w) takes value in exp(f+), and £(0,w)
takes value in exp(cs c), cf. §3.3.1 and §3.3.3. We have

L _ D,q
= Nere = EB ¢ F-

Note that

1 _ D,q

frNeeNfe = EBCI,Fv
p<O0
g<0

and consider the decomposition
- N coc =0@ ¢ @ (fiﬂcf,cﬂfoo)
defined by

p+q=0 p+qg<0
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Each of these three summands is a Lie subalgebra of - N ¢ 1,C-

Since f+ N ¢r,c is nilpotent, the function £(0,w) may be uniquely decomposed as
§0,w) = e(w)f(w)s(w)

with f(w) € exp(d), e(w) € exp(e) and s(w) € exp(f: N crc Nfe). Since £(0,w) =
e(w) f(w)s(w)f(w)~t f(w), and both e(w) and f(w)s(w)f(w)~! take value in the unipotent
radical CI_’((lj, we may

identify ®%(0,w) with f(w).
Furthermore, since fo is the stabilizer of Fix(0) in f, (B.2) implies we may
identify Fio(w) with e(w) f(w).
So to prove the lemma, it suffices to show that
e(w) is locally constant along f—fibres.

So we assume

(B.10a) df =0,

and will show that de = 0; equivalently,

(B.10b) elde = 0.

B.3.2. Horizontality. Horizontality is the condition

(B.11) (€7t =0, Vp<-2,

with (£71d€)P? the component of the f-—valued £~1d¢ taking value in g";[’/? > cf. Remark 3.4
and §3.3.6. At (0, w) we have

e = (efs) T d(efs)
(B.12) = Adj/(e7'de) + AdS(fTNAS) + s 'ds

= Ad;sl(e_lde) + s 1ds.

Note that e~'de and s~'ds take value in ¢ and f, respectively. Furthermore, (3.3d) and
fs € exp(f- N¢rc) imply that

e~ !de = 0 if and only if <Ad;sl(e_1de))p7q =0
for all ¢ > 0 and p + ¢ < 0. At the same time (3.3d), (B.11) and (B.12) imply that
0 = (¢'depa = (Ad;sl(e—lde))p’q

for all ¢ > 0 and p+ ¢ < 0. The desired (B.10b) now follows, completing the proof of
Proposition B.6.
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APPENDIX C. DELIGNE’S EXTENSION

Deligne’s extension of the local system V and Hodge bundles P C V to B is defined
by constructing trivializations of the bundles over U. It will be helpful in §5.3 and §9.3 to
review this construction.

C.1. Preliminaries.

C.1.1. We have a right-action on BxV given by

(o) -y = (1),

and V = B X, (g) V is the quotient. A section ¢ : B — V is equivalent to a function
f: B — V with the property that f(¢-v) =~""- f().

C.1.2. The flat connection V on V is induced by the canonical flat connection on B x V
as follows. Fix v € V. Then ¢ — ((,v) is a parallel global section of the trivial bundle
B x V. Set b= p(¢) € B. Identify V, with V. Let 4 be a curve in B joining ¢ = 7(0) and
¢-v =4(1). Then p(7) is a loop in B, based at b and representing v € 71 (B). Parallel
transport of v € V' ~ V), along p(7) is determined by observing that the equivalence relation
identifies (¢ - v,v) with (¢, - v). The upshot is the anticipated compatibility statement:
The monodromy action of v € 1 (B) on V, = V is by v € Aut(V).

C.2. The extension.

C.2.1. To define the extension V. — B we work locally. For simplicity, assume B is a curve
and consider our usual local coordinates at infinity U ~ A* C A. We continue to conflate
¢(t) with coordinates on H. Suppose that v € m1(A*) acts on H by z+— z+ 1, and on V
by exp(—N). Fix v € V. The map

f:H — V sending z+— exp({(t)N)- v

satisfies
FU@)-y) = flz+1) = exp(N)f(L(t)) = 7' fle(t),

and so defines a section

A*
The section is parallel with respect to the flat connection

Vi =V — ;N@dlogt.
27
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The connection V¢! has no monodromy, making ¥V — A* a constant bundle. The upshot is:
The canonical extension Vo — A is obtained by extending V as a constant bundle. If {v;}
is a basis of V, then

is a framing of V., — U ~ A. While V* depends on the choice of coordinates t € A, the
extension V, does not.

C.2.2. While the extension V, of V is relatively straightforward, the extension of the Hodge
bundles FP C V is nontrivial: it is a consequence of Schmid’s nilpotent orbit theorem.
Continuing with the local curve case U ~ A*, the theorem expresses the lift as ®(((t)) =
exp(L(t)N)E(t) - F, with € : A — exp(f*) holomorphic, §3.2.4.
Fix v € V. The map
f:H—V sending f(l(t)) =exp(L(t)N)E(E) - v

satisfies f(v-£(t)) = f(£(t) +1) =~ - f(€(t)), and so defines a section
1%
P
(1
A*

If v € FP, then the section ¢, takes value in FP. Fix a basis {v;} of V. Without loss of
generality, the basis {v;} is adapted to F, so that the framing {¢; = ¢, } of V is adapted
to the Hodge bundles 77 C V. Let §(t) - v; = &}(t)v; denote the matrix coefficients of {(t)
with respect to this basis. Then

Fi(0@)) = exp(LR)N)E(t) -v; = &) exp(L(t)N) - ;.
Whence the
¢; = Ei(t); -

are sections of V, that are adapted to the Hodge filtration FP over U ~ A*. So we may
extend F? by taking FY C V. to be the subbundle framed by the {¢; | v; € FF}.

C.2.3. So far we’ve discussed the local curve case: U ~ A*. The generalization to VHS over
U ~ (A*)* x AT is straightforward. Here we note only that we use

1
t _ . .
Vi = V- 5 g N; ®dlogt; .
And the local framing of the Hodge vector bundles F? over U = A**¢ is given by

¢j = exp (D zilN;) &(t,w) - vj .
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C.3. Weight filtration. The restriction V| 7y Of Ve to Zy admits a weight filtration W,
defined as follows. Fix a coordinate chart U centered at a point of Zy,. Suppose that we
have chosen the basis {v;} so that each v; is contained in some summand VV’[’/’% of the Deligne
splitting (§3.3.1). That is, the basis is adapted to both W and F. Over Zy NU ~ {0} x A",
we take W, to be the subbundle framed by {¢; | v; € W,}. While the ¢; depend on our
choice of coordinates, the subbundle W, does not: this is a consequence of §3.3.3 and the
fact that Crc C Pw,c whenever wl=w.

In this way (W!, FZ| 7y, ) defines a variation of MHS over Zyy.

Finally, we note that the local framing {¢;} defines isomorphisms

Wtﬂzwmﬁ ~ (ZwnNU) x W, and ‘Fé}|ZWOH ~ (ZwNU) x FP.

The isomorphisms make it possible to identify the two definitions (2.1) and (3.7) of ®Y.

APPENDIX D. CURVATURE IN HODGE THEORY

D.1. Tangent bundle. Recall the Killing form « of g, §3.1.2. Define a Hermitian inner
product hy, on T, D >~ @ps0 8,7 " by hy(2,y) = —k(p(i)z, 7). This Hermitian inner product
is KY-invariant, and so determines a Gr—invariant Hermitian metric » on T'D; that is, we
have a homogeneous, Hermitian, holomorphic vector bundle

(TD,h) = Gz xxo (TyD,h,).
The curvature 2-form ©p € AM(D, Q) of this metric is of the form

(D.1) Op = — Y. ANA, + > A NTA

0>podd 0>p even
for some matrices A, of holomorphic 1-forms with the property that A,(¢) vanishes on every
957 with p # q [GS69, Theorem 4.13]. We say that ©p is the difference of disjoint positive
(1,1)-forms. We briefly review the construction of A,. Since these forms are homogeneous,
it suffices to determine A, at the point ¢. The key observations that are applied below are
that (i) the Hodge decomposition (3.1) is polarized by —«, and (ii) the identity

"i([xvy]v Z) = ’%(‘T7 [y,z]),

for all x,y,z € gc.

e We may choose a compact Cartan subalgebra tg C E]% of gr. Let R C t denote the
roots of gc. Given a root o € R, let g, C gc, be the corresponding root space. If
Ta € ga, then Ty € g_o. So we define & = —a. Fix root vectors x, so that Tg = z_4.
We may scale the z, so that —k(zq,x_g) = (—1)P* da8, where p, € Z is defined by
ga C gho P
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e Let ¥ € Q'(Ge, gc) be the component of the left-invariant Maurer-Cartan form taking
value in ®pc0 9% " ~ T,D. At the point ¢ € D,
Op = ~[0,0w € A\"'(T,D@T,D)" @ &
o We may define 9® € Q'(G¢) by

Z V¥ x, = 0.

Pa<0

Employing the identification

T,D = T,D = gc/py ~ @ps00,"7,
the forms {¥“ | p, < 0} are a basis of the holomorphic cotangent space T, oD. Likewise,
{97* =9 | @ € R,, p <0} is a basis of the conjugate T,,D*.

e Let R, C R denote those roots o with p = p,. Write ¥ = zp<0 ¥, with 9, =
Zpa:p 9%z, the component of the Maurer-Cartan form taking value in g"~P. Then

(D.2) Op = =Y [,
p<0
e We have chosen root vectors x, so that —k(2q,Tg) = (—1)P*04p. Fix a basis {z1,...,2,}
of tg so that —r(z;, ;) = —k(z;,T;) = d;j, and set p; = 0 and ¢ = i. Then

{z,} = {zataer U {xi}i_, is a basis of gc satisfying —x(z,,7,) = (—1)P#6,,. Then
the matrix representation M, = (My,) of ad(z4) : gc — gc Wwith respect to this basis
is defined by ad(zq)z, = M},x,, and satisfies "M, = (=1)Pa*1 M4, (The conjugate
transpose ‘M, is defined with respect to hy.) So if we identify 1, with the matrix of

one forms A, =) ¥ M, then (D.1) holds.

Pa=p

D.2. Hodge bundles. Many of the vector bundles considered over B are the pullbacks
(under the period map ®) of homogeneous holomorphic vector bundles defined on D D D.

D.2.1. For example, D parameterizes filtrations F'* of Vg, the trivial bundle D x V¢ admits
a canonical filtration
F" c...c F! cF°

by homogeneous holomorphic vector bundles

FP = G¢ xp FP
(D.3) |

D.

and FP = ®*(FP). (Here, P C G is the stabilizer of a flag F* € D. We may assume with
out loss of generality that F' = ¢ € D.) Likewise, the Hodge line bundle A = ®*(L) with

L = det(F") @det(F" H @ - ® det(F[(nH)/ﬂ) )
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Define
EP = Fp/FpH = Gc Xp (FP/FPH)

!

D.

Both L|, and EP|,, admits Hermitian metrics, via the identification (as smooth vector
bundles)

jad 4 — p,q
Ep—qu—GRXKOVgO

i

D.

By definition hy(u,v) = Q(¢(i)u,v) defines a Hermitian inner-product on the Hodge sum-
mand VY. This inner-product is invariant under the action of K° C Aut(V?9), and so
determines a homogeneous Hermitian vector bundle

(VP9 h) = Grxgo (V2 hy).

D.2.2. The curvature Ogp is also given by an expression similar to (D.1), [Gri70, (5.3)].
In fact, the curvature forms ©p and Ogr are even more closely related than this might
suggest.

In general, the bundles U — D considered in Hodge theory are all of the following type:
the are homogeneous, Hermitian vector bundles

(U,h) = Gr xxo (U, hy)

1
D,

with U a K° submodule of some Hodge representation G — Aut(U ,Q), and a Hermitian
inner product hy, induced by a polarization (on U and then restricted to U ). They are also
the restriction to D of homogeneous, holomorphic vector bundles

U:G(0XPU
{

D.

In each of these cases the resulting curvature form is
(D'4) Ou = _[1975]11 = —pU([ﬁ,E]Bg) = pU(@D)7

where u is the image of the Lie algebra representation py : E% — End(U). That is, one
may think of the various Oy as different matrix representations of the same underlying,
endomorphism valued 2-form ©p. (Some care must be taken when py; is not faithful.)
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D.3. Chern forms. As (D.4) suggests, there is a certain sense in which the associated first
Chern forms
c(U,h) = Ltroy e Ay

are all the same; at least when the representation py is faithful. This is made precise
in the following lemma. Essentially they agree up to a constant when restricted to an
irreducible invariant subbundle of T'D. The key point is to observe that the ¢1(U,h) are
all Gg—invariant. So their value at an arbitrary ¢ € D is determined by their value at a
fixed ¢ € D. So the issue is to show that they agree up to a constant when restricted to
an irreducible K° submodule v C TEDRD of the (real) tangent space at . That restriction

c1(U, h)|, is KY invariant. The same is true of the nondegenerate

o
a(TD) = %tr@p.

Lemma D.5. Let v C TED be any irreducible K°—submodule. Then there exists a constant

e(U,0) € R so that the restrictions satisfy

c1(U,h)|, = €U,v) c1(TD)], .

Proof. This is a consequence of Schur’s lemma and the nondegeneracy of ¢ (T'D), [CMSP17,
Ch. 13]. O

Remark D.6. We note that when the weight n = 1,2, then the horizontal subspace
I, =g;"' Cc T,D

is an irreducible K°-module. So in this case Lemma D.5 asserts that any c;(U, k) arising
naturally in Hodge theory is a multiple of the Kéahler form when restricted to the horizontal
subspace.

D.4. Curvature forms under the IPR. Over the compact dual, the horizontal (homo-
geneous holomorphic) sub-bundle is

I = Gc xp (F'gc/Flgc) € TD

1

D.
When restricting to D we may identify this with

I = Gg Xk, (g5"") € TD
D,
and we have

(D.7) ®D|I = —A /\tA_l = —[191,51].
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This two form takes value in

-1,1

[gcp 1,—-1

on c gl = e

The holomorphic sectional curvature of the period domain is negative and bounded away
from zero in the horizontal directions [CMSP17, Theorem 13.6.3]. Likewise, there exists
€ > 0 so that

(D.8) trOp(v,v) = —tr (Al(v) tm) < —eh(v), Yovel,.
Lemma D.5 implies there exist positive constants ¢, € so that

(D.9) —ea(ID)y < a@)f £ —¢ a(TD) .

D.4.1. Proof of Lemma 9.17. The key observation is that the restriction

Gr;_-clEnd(Se) ‘B ~ O*(I).

Set

H /\dimB I 7
so that
(D.10) H = ®*(H).

Since Op and Oy are homogeneous, Schur’s lemma implies there exist positive constants
€1, €2 so that

(D.11) ertr Oply < tr Oulp < etr Opl; .

The lemma now follows from (D.9) and (D.10). O

Remark D.12. The inequalities (D.11) may also be deduced from Lemma D.5. Indeed, one
may show that there exist positive constants €, € so that the the Chern forms satisfy

eal) £ —aD) < € al),
eal) £ —aMl)| < € al).
D.4.2. Proof of Lemma 9.18. The outline of the proof is sketched on page 71; here we verify

the details.
Fix a smooth local framing {n;} of

H = &*(H)

over B so that 1 spans (K5 + [Z])* = A"™BT5(—1log Z), and is orthogonal to the {1, }a>2
with respect to the Hermitian form. Let Vn; = 9;- ® n; denote the local connection 1-forms,

and
On = Oimiary
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the local curvature (1,1)-forms. Then
Olkgrizy = O1 and Oz = dbi,

are related by

O] = do} + 0} A6,
The fact that 7, is h-orthogonal to {ng},>2 implies that

hi 6y + hay 00 = 0,
with hi1 = h(n1,m1) and hqp = h(ng,np). Since (hgp)qp>2 is positive definite, we see that

lhab

i 1 J a A pgb
27Tt9]/\01 7rh119 N6y
is a non-negative (1,1)-form. Setting
1 J—
(D.13) (T, Y) = —hap 0§ N6
h11

yields (9.20).
Remark D.14. The endomorphism valued (1,0)—form
T = imen
is the second fundamental form (9.19) of (K% + [Z])* C H, [Gri70, §4].

It remains to show that —%h(@ - m1,m1) is positive. This is a consequence of the
structure (D.4) and (D.7) of the curvature, and the IPR. Given b € B, the injectivity of the
differential d® and the IPR allow us to identify identify 7, B with an abelian subalgebra
bCg, 1’1, dim b = dim B. So for the purpose of this algebraic computation we may work
point-wise and identify O with © = —[¢;,7;], with ; taking value b, and 7; with an

dim B dimB _—1,1
bCA 1

element of the line A . The adjoint action ad : gc — End(gc) induces

an action of gc on A9™Bgc. The fact that b is abelian implies 91 - 7; = 0, so that

[91,91] - m = 9191 - m1 and

MO -n,m) = —h([0,01] n,m)
—h (9191 -m, m)
= —h(@-m,d-m).
The final equality is the due to the fact that the ¥, is the h-conjugate transpose of ¥,
[CMSP17, Corollary 12.6.3].
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To see that 91 -1 € AY™ Bgc is nonzero, recall that 1, is nonzero (the Torelli hypothesis)
and takes value in b. We can complete b to a basis {1,&a,...,&4} so that n; = U1 A& A

.-+ AN &4. Keeping in mind that [¢1,71] is nonzero [CMSP17, Corollary 12.6.3], we see that

d
51 -m = [@1,191]/\52/\"'/\&1 + 2191/\52/\"'/\[51,5]'] A NEg
j=2
is nonzero. This establishes the positivity of h(© - n1,11).

It now follows from the local Torelli assumption (§9.1 and Lemma 9.12) that there
exists € > 0 so that ec;(Ae) < —%h(@ -m1,m1). A priori this € depends on our choice of
b € B. However, homogeneity under the action of Gr and the fact that the grassmannian
Gr(dim B, g;l’l) 5 b is compact imply that we can find € > 0 that works forall b e B. O

D.4.3. Proof of Lemma 9.24. As indicated in the sketch of the proof (page 73) it suffices to
show that Y|, may be identified with the differential of the Gauss map G(®! ‘ 40)- To see
this recall the set-up of §D.4.2. The local section 7 of (K% +[Z])* defines (globally) a map

m]:B — P(\N""PT5(~log Z)).

The derivative of [n] is

dim] = Vm mod (Kgz+[Z])"
= 29(11 Na mod (K§+ [Z])*
a>2

and may be identified with T (defined in Remark D.14). We may then identify the differen-
tial dg((I)1|AO) with the restriction of (6%),>2 to A°. It then follows from (D.13) that 7| 40
is positive if and only if dG (@1‘ 40) is injective. O

Remark D.15. It follows from Remark 7.2 and Lemma 9.12 that [7;] may be thought of as
a Gauss map for ®7.
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