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THEORY OF INVARIANTS

Literature and History

As the theory of invariesnts has dragged on a feeble existence for a
number of decades and only recently came to life again, spurred by modern devel-
oprients in physics and zroup theory, the literature of the subject is not in sat-
isfactory shapse. I venture to recommend the following books:

J. Hs Grace and A. Young, The algebra of invariants, Cambridge, 1903

Glenn, The theory of invariants, Boston, 1915

L. E. Dickson, Algebralc invariants, New York, 1913

dealing more or less with the classical theory of invariants for forms under the
influence of the projective group of all homogensous linear transformations.

A freer attitude as to the underlying group of transformations is taken
in: ’

E. Study, Zinleitung in die Theorie der Invarianten linearer Tronsformationen auf
Grund der Vekborenrechnung, Braurschweig, 1923, and

R. Weitzenb8ck, Invariantentheorie, CGroningen, 1923 .

They are morc in keeping with the program of this course.

As to the history of our subject, I may refer to the first volume of
Pelix Klein's Entwicklung der Mathematik in neunzehnten Jahrhundert.

I should like in a brief survey to enumerate some of the leading nomes.
The theory of invariants originated in Englend about the middle of the nincteenth
cenbury as a genuino analybic instrumont for describing configurations and their
inner geometric relaticns in projective gcomotry.  The functions and algebraic
rolations exprossing them in terms of projective coordinatos are to be invariant
under all homogocneous lincar transformations. Cayley first passed from the con-

sideration of detcrminants to more general invariants. This procecdurc accounts

for the titlc of his papor, Memoire sur lcs Hyperdeterminants (Crolle 30 (1846)),
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which one may look upon as the birth certificate of invariant theory. In his
later femous Memoires on Quantics (1854~1860) he succeeds, among other things,

in obtaining a complete set of invariants for cubic and biquadratic forms. His
work was taken up in England by Sylvester and Salmon. Sylvester is one of the
earliest Buropean scholars who came over to this continent; he taught at Johns
Hopkins University for some years, and there founded the first American mathemat-
ical journal: The American Journal of Mathematics. The pages of its first vol-
umes are filled with papers on invariant theory from Sylvester's prolific pen.

In Germany, Aronhold, Clebsch and Gordan became adherents and promoters of the

new discipline. In Italy, Brioschi, Cremona, Beltrami, and Capelll were at-

tracted to the subject. This early period has a formal character throughout:
the development of formal processes and the actual computation of invariants
stand to the fore. Almost all popers refer to one group, the continuous group
of all homogeneous linear transformations.

Another impulse, in a somewhat different direction, came from number
theory, more particularly from the arithmetic theory of binary quadratic forms.
Here one had been led to consider not a continuous but a discrete group, the
group of unimodular linear substitubions with integral coofficients.  Gauss, in
his Disquisitiones arithmeticae, studied equivalence of quadratic forms with re-
spect to this group. Besides, and after Gauss, we have Jacobi in Germany and
Hermite in France, as outstanding men in this line of investigation.

The formal period of classic invariant theory is followod by a more
critical and conceptual one which solves the general problems of finiteness less

by explicit compubations than by doveloping suitable goneral notions and thelr

general properties along such abstract lines as have lately come into fashion all

over the whole field of algebra. llere there is only onc man to mention,-

Hilbert. His papors (Mathematische Annalen 36 (1890), 42 (1892)) mork o turning
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point in the history of invgriant theory. He solves the main problems and thus
almost kills the whole subject.

But its life lingers on, however flickering, during the next decades.
A. Hurwitz makes & new and important contribution by introducing integral pro-
cesses extending over the group manifold (1897); in England A, Young, working
more or less alone in this field, obtains far-reaching results about the repre-
sentations of the symmetric group and uses them for invariant-theoretic purposes
(1900 and later). In recent times, however, the tree of invariant theory shows
new life, and has begun to blossom again, chiefly as a consequence of the inter-
est in invariant-theorotic questions awakened by the revolutlonary devolopments
in mathematical physics (relativity theory and quantum mechanics) but also due
to the comnection of invariant theory with the extension of the theory of repre-
sentations to continuous groups &nd algebras. This has become quitoc a central
subject in our present day mathematics: as to its bearing upon invariant theory,
the most important namec to be mentioned is that of I. Schur (sevoral momoires in
the Berlinor Berichto of 1925).

The riso of projoctive geomotry made such en overwhelming impression
on the geometers of the first half of the nincteenth contury that they tried to
fit 21l geometric considerations into the projective schome. The narrowing
down of the projective group to the affine group or to the group of Zuclidean
motions of metric gecomotry was accordingly cffocted by adjoining some so~called
"gbsolute" cntities: the plano at infinite, tho absolute involution. The samo
attitudo is oxpressed when one treats motric geometry in veetor spacc by allow-
ing arbitrary affine coordinate systoms and thoir transformations, and adding
the fundamental metric form 38:+ <4 -4.3Qtn' os somcthing absolute in-

stead of sticking to the metrical equivalent Cartesisn coordinate systom only

.
- ——— —————
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4
and the corresponding group of orthogonal transformations. This way of proces
dure, as it easily admits of extension into infinitesimal geometry, has remained
in use with great success, particularly for the purpose of general relativity
thecry. In group theory it amounts to considering each group of linear trans-
formations as a subgroup of and in relation to the total linear group.

The dictatorial regime of the projective idea in geometry was first
successfully broken by the German astronomer and geameter Mobius, but the classi-
cal and all-embracing document of the democratic platform in geometry establish-
ing the group of transformations as the ruling principle in any kind of geometry
and yielding equal rights of independent consideration to each and any such
group, is given by F. Klein's Erlangen program (1872). The adjustment of invari=
ant theory to this standpoint has been slow; it could not be made without recog-
nizing that the study of the groups themselves and their representations necessar-
ily has to precede the study of their invariants. We come across a similar phe-
nomenon in all branches of mathematics; for instance, functions, let us say al-
gebraic functions, had long been studied before the field of variability for
their arguments, the manifdlds, the Riemannian surfaces, the soil on which they
grow, were subjected to an independent investigation. We shall follow the mod-
ern standpoint, which treats all groups on an equal footing and does not, at the

outset, concede royal prerogatives to the full linear group.

4
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INTRODUCTION: OUTLINE OF THE MAIN IDEAS AND PROPOSITIONS

l. The special and the general problem of invariant theory

An inveriant is a function whose value does not change when an arbi-
trary transformation S of a given group \K’ of transformations is performed on
its arguments. In the beginning we restrict ourselves to groups of homogeneous
linear transformations, so that the arguments of the functions we are going to
study may be described as vectors in a vector space (of a finite number of dimen-
sions). Under such ciroumstances it seems natural first of all to consider
forms, i.e., functions which are homogeneous polynomials with respect to the com-
ponents of the several independent arguments (vectors) x, ¥, ses on which the
function depends. These arguments x, y, ... may vary independently within a
vector space of m, n, e»e dimensio%§, respectively, and the given form
&-(3b,x3'.. ) will be of certain degree lﬁk,vz . « o« Wwith respect to each of
the a;gument vectors x, ¥, ees o Indeed, this property of being a form of cer-
tain assigned degrees, is inverient under erbitrary linear transformation of the
arguments (i.e. when the components of x undergo a linear transformation S among
themselves, the components of y a linear transformation T, etcs)e

But even with these restrictions one can distinguish a more elementary

problem of invariants from the general one. The elementary problem refers to

a given group }{' of linear transformations S in an n-dimensional vector space
6{4 S changes the arbitrary vector x into x'= S oc The funétions f to be
considered depend on a certain number of independent vectors x, y, e«e in the
!
same space E{J, f is carried into a new function '#-= :S‘F by means of the
)
transformation S, the transform 41 being defined by the equation
[
(1.1) PUS% Sy, oY = Fley - 0)

One will observe that here all the argument vectors undergo the same transforma«

1L,
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tion S, that is to say, they are transformed cogrediently. The above defini-

tion (l.1) rather than the one which might have suggested itself as more natural

at first glance, namely,

SECxy, o) =80sx, 59,0,

is in agreement with the composition rule °

T(s%) = (v £

if the compound transformation T S operating on an arbitrary vector x is de-

fined by : TR " —
== Sx , X =\x | ~"= (TS)= .

£ is invariant under Y , if S'ﬁ' = % for all transformations S of X.

The general problem, on the other hand, deals with a given abstract

s

group \( , and a certain number of representations

S——>5\5">T<' v 2

of Y by linear transformations S, T, ... in anm,n,...~dimensional vector space,
respectively. s is an arbitrary element of our group ¥ ; S, T, ... denote the
linear transformations corresponding to s in the given representations

Y&,) Z; . -;if a more detailed notation is desirable, the element s may be

added as an index: 55 sz o Let x, ¥y, «+. be arbitrary vectors vary-

ing in the corresponding vector spaces of m, n, ... dimensions. A function
]
%('x,\jl- « -} gives rise to a transform —@ = s "’g‘ as defined by the equation
) iy
i(SSI)\S"vS)“'\—-%(x’\j;--\

‘When 5'€ = g’ for all elements s of the given group ' f is called an invari-~

»

ant for the representations « -+ o0f .
st : | A Y

The elementary problem is of course a particular case of this more gen-
eral conception,

To leave no gap, I repeat the definition of the terms "group" and

"representation". A group X is a system of elements such that any two elements
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a, b give rise to a compound element Q. b=a- \o)’chis composition fulfilling
the associative law
(wble = a (b)) .
The group contains a unit element | such that \ Q& = ol = L, for every ele-

- -3 1
ment a; and each & hes an inverse O. within the group: OO = O = \.

A group \( is represented by linear btransformations S in an n-dimen-
sional vector space if there is associated an 5 = SCL, with every element a of
\6'. o = S& 5 in such & way that composition of elements induces composition
of the corresponding transformations:

xbo —> QS -
We add that the unit element \ is to be represented by the identical transforma-
tion I which carries every wvector x into itself: 11 = K, A representation

Ed
in n-dimensional vector space is called "of degree n".

2. The symmetric group and the symmetric functions

It will be convenient before going on to illustrate our general notions
and probl-ems by some familiar examples.

In the theory of algebraic equations one is led to consider symmetric
functions %(1‘ X yX ) of n arguments X O G i.,es functions invar-
iant under the group \( of all M( possible permutations of the n arguments.
These permutations obviously are linear transformations of the n-dimensional vec-
tor A = ('x,‘dc At e ,:LM\ . The elementary symmetrie functions

Q, @, « « QS:'M_ are the coefficients of the polynomial §H-) of the in-
¥ 3 J s

determinate t:

m M-\ M-
2.1)  Jlt) = - Y-, - (=X ()= 1-Q GOt + @t - - X demu

whose roots are B e




|

Q\\x\: % * L 3 8
Z."x.kx

caw v

it

Q.

= X
LQ‘;&L\ L2<:\:<<? LX“XP

S B S e PR

The main fact concerning symmetric functions is their being expressible in terms

of the elementary symmetric functions (?L\x); or more explicitly: ji

%(1.)1.‘_,- - -)‘xm\ being eny symmetric function of n arguments X, - \Im. "
there exists a funotion ¥ \§, ‘951 AR gmx of n erguments S, .%7." : 'gfv\ .
such that

:‘(1\ = QK‘Q\\:"-\,‘-&LL’L\)‘ . °, LQM(X\\ -

We say, the functions §.(x) , (i=1,2, ..., n) form & functional basis for
.

the symmetric functions, This is almost trivial if we take the notion of func-
7’

tion in its widest scope; for then it simply states the fact that the values of
the olementary symmetric functions Q\(x\‘ q,_ﬁx\, ot (.Q,“ () determine ;

the values of the arguments X, X, - X o uniquely but for their order. '

.)
Indeed, the equation (2.1), %Vt\) = O determines uniquely the set of its roots.

But if %\1.,’1;.‘ . )1,\,\) is & polynomial in X, X, - « X the question

) )

arises whether f is expressible in terms of the functions Q. (%), (i=1,2,...,n),

in the seme algebraic fashion; that is, whether F is also a polynomial. This

is stated to be true by the so-called fundamental theorem of symmetric functions:
the functions CQLL'JL.) (1=1, 2, «ov, n), constitute an integral rational basis
for the symmebtric forms. The rostrioction of the hypothesis, namely that the

given symmetric function is integral-rational, is thus counterbalanced by a cor-
responding narrowing of the inference: the functional expression F of f by means
of the basis %) is also of integral rational nature. Thus the "algebraic the-

orem" referring to forms f is not a particular case of the "functional theorem"
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in which the functional dependence in £ and F is understood in the widest possi=-
ble sense; on the contrary, it is the algebraic theorem alone that needs an

elaborate proof,

A similar situation prevails in many cases. "All invariants are ex-
pressible in terms of a finite number emong them": +this so-called first mein

theorem of invariant theory seems to be suggested by our present example. We
cannot claim its validity for every group ‘X/ of linear transformations; rather,
it will be our chief task to investigate for each particular group whether a
finite number of its invariants form a basis or not; +the answer, to be sure,
will turn out affirmative in the most important cases. In those cases, and
here is the point I wish to emphasize, one will find the purely functional part
-- asserting that the values of all invariants are détermined by the values of
the basic invarients ==~ almost tri;ial; the essential difficulties lie in the

algebraic part only.

3s Vector invariants of the orthogonal group

I choose the group which rules the classic Euclidean geometry, the

group of orthogonal transformations, as a furthor instance to throw more

light on this point. The defining property of an orthogonal transformation S
is its leaving invariant the scalar product of two vectors x, y:
(xy) = Xy, + %y v ooy SURTOE
when performed on both vectors cogrediently. Let us consider functions
of two arbitrary vectors x, y, which are invarient under all (proper and improper)
orthogonal transformations., The first fundamental theorem asserts that the

scalar products which may be constructed for these two vectors, namely the three

products

(5.1) Lo ) Lag=imn) ) (yy)
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form a basis. The functional part of this statement is nothing else than the
fundamental proposition about the congruence of triangles: "Tiro triangles
ABC and A'B!'C! are congruent when two sides and the included angle of one tri-
angle coincide with the corresponding elements of the other", or "Two figures
each consisting of a couple of vectors x, y, and x', y', are congruent, i.e. are
changeable into each other by an appropriate orthogonal transformation if and
only if

(2 x) = (') ' \7&\3\\2 Lﬁd\s'\ , kﬁ\‘i\ = K‘3\§‘> .

Deeper lying but still true is the algebraic proposition that every
orthogonally invariant form 3$'b1w}5) is expressible as a polynomial or an
"aggregate" (as one often says) of the three scalar products (3.1). The proof,
as 1t will be given in requires formal tools entirely different from those
on which the proof of the congruenée theorem rests. If we follow the latter
procedure to obtain the expression of an arbitrary invariant form g-tnwwi) in
terms of the three scalar products we get will contain irrationalities, or at
least denominators will be present whose disappearance cannot be ascertained in
this way.

Indeed, how does one go about demonstrating the congruence theorem in
analytic n~dimensional geometry? The process is as follows: orthogonal trans-
formation emounts to replacing one Cartesian coordinate system by another. Let
the two vectors x, y be numerically fixed. One may choose a new Cartesian cor
ordinate system e"ez;. - . )efm such that x lies in the direction of the
first fundamental vector e' and y lies in the plane (.ez eﬂ') o Then

= C&.EQ 5
y =R - yet,

The integral rational inveriant @ kj&)‘&) then equals 'Q (21',‘3') where

g e —— -

.
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x = (a,0,0,- -,0)

B

(R,x,0,-+ o).

e
T

! ' . . . sl
Thus, xbc ‘\3 ) is a polynomial in the three guantities oL , 3 , 2( . We

have
QL=(K:1')= (13&) ,
oL@ = (1'13') = (xy) |
BL“\' K}-: K‘j‘\jw = ('\3‘3) .)
hence
N = (xy) - Oy — -
o =\ (xx) = 230 = =0y - ()
) & V (xx) ) )7 () )

In this way, square roots and the denominator (3&1) cresp in.
It is fairly easy, however, to get rid of the square roots. We found
ﬁ-LﬁL,\—S\ equal to a certain polynomial ¥ of the quantities oL ) 6 , X . In-
variance of f for the particular orthogonal transformations which consists in
changing the direction of the first or the second fundamental axis shows that F

remains unaltered under the two substitutions

(1) \(——>-—K‘ . (2) cx-—*>—-u)6——>~—6.

)

The polynomial F is a linear combination of monomials

M= Ry
=L By ;
because of the invariance just mentioned the exponent ¢ must be even in all terms
of F and the two exponents a and b of equal parity, i.e., either both even, or

U b
both odd. According to the two cases M is a monomial of the squares o( ,KS \(

or OLB times such a monomial. Hence F can be written as a polynomial in
2
0(‘1)(5’\6‘,— and Ok(?) or in
D
(=
(=), Gey), (yy) | 3%113 )

F is thus rationally expressible by the scalar products with a power of (’:(‘.(.\ as

denominator.,
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In a similar manner one may find a rational expression of #L(:L,\s) in
terms of the scalar products containing a power of (313) as its denominator.

No direct way is visible by which, from these two expressions, one with a power
of (u:x) , the other with a power of (3‘3) as denominator, one may derive an ex-
pression without denominator. See, however, the next section.

The problem of orthogonal invariants may be generalized to an arbi-
trary number, let us say h argument vectors x, y, ..., 2. The result is analo-
gous. The symmetric metrix of all the scalar products
(%) (xy) « « » (X2)
() Ly - oo (42)

L4 - LY

(3.2)

. -

@0 @y - o (B

is a complete table of basic invapiants.

This suggests the possibility of assigning to a given group }s' of lin-
ear transformations a finite number of typical basic invariants independent of
the number of argument vectors to be considered. Such a table would consist of
certain invarients depending on some "typical" argument vectors u, v, ...; and
it would yield a basis for the invariants of an arbitrary number of argument
vectors x, y, z, ... after one substituted those argument vectors x, y, z, ««s
in all possible combinations (repetitions not excluded) for the typical ones

U, V, eoo o In this sonse the orthogonal group possesses this scalar product

(\L;Ujas its only typical basic invariant. For one gets a basis of invariants
of h independent vectors x, y, .., 2z, Whatever this number h may be, in forming

all the scalar products ,
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4. The second main problem; relations between basic invariants

When one is called upon to express certain functions like the invari-
arts in terms of given quantities like the basic invariants, it is essential to

the question whether these quantities are dependent or not. Thus the basic in-

variants for the symmetric group in § 2, the elementary symmetric functions
(?L(uq » are independent in the strict functional sense that they can assume
simultaneously arbitrarily assigned values Ov + Q@.(x) = Q.- . Indeed the
(¥

¢

components DCL of the vector x are to be taken as the roots of the equation

M -y m-—-2 -
t—ot +a,t - o =0 ,

with the given coefficients (,; +the main theorem about algebraic equations

guarantees their existence. The algebraic independence, the fact that there

exists no rational relation among the functions (@.(x) is an immediate conse-
—— L

s’
quence of this striet functional independence, It is desirable though to have

a purely algebraic proof for this purely algebraic proposition: that a polynomial

P(Q\)CQ,_; - LSZM) of n independent variables CQ‘) d),‘_'- <, Qe vanishes
identically provided it wvanishes identically in jQ\'j;t). e after the
(?;5 are replaced by the elementary symmetric functions CQLLUL) « Such a proof
becomes indispensable when one operates in an arbitrary number field (as the ab-
stract algebraists are wont to do) rather than in the domain of ordinary real or
complex numbers. |

FPor the study of relations one always has to distinguish two stand-
points, according as the CQL are taken as independent variables or as some func-
tions, here the elementary symmetric functions (QL(}J , of other wvariables

(3C\= (1n,3C§; ~,3L~;\J(first and second standpoint). Identical vanishing for

the first and second standpoint shall be denoted by = Q and 21()>respectively.

We give a demonstration by means of induction from n~1 to n. On cutting off

oy T . S | prasa——

[P

e Se—— )
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the one variable "X = £ and denoting the elementary symmetric functions of the
4 !
remaining variables ¢, ,- - ;%X . by @, (.'9*-\) oty CPMS"-) one h as the

recursive formulae:
[

@, (=) = E + @, (=) }

Pulx) = QD+ QL) f
(41) Co. .

9.0 = QL) .

1]

[}

Let Y (LQ‘ Q. . (?M)':E*_ O)be 8 polynomial which vanishes after the "sub-

stitution" @ = 0. (%) -~ in contradiction to our proposition. Ve then find
< L P

Plzagieo, 2q @, - 2 @m-(‘ﬁ) =0

identically in Z ;. - ¢, A - On putting & = Q one gets

( ! -
(442) Floiy - -, @ (x),0) =0
Supposing as we did L?:(aq AR (5}’ (x) to be algebraically independent,

M-
we infer from (4.2):
F((g\)‘ ) Lg)f\r\«\ )O\ =0 )

or the polynomial € ((§, IR Qm ) of the independent variables X, R QM.
must be of the form: (.g)M: G« ( LQ ct, (_QM\ . The total degree of G is less
by one than that of F. The identity

FlQ), - -, L_Pm(aq\ =0
at once leads to the "lower" equatiom

GLg.,- =) Qul) =0
since the other factor (§ (x) in FlQ Lx\\ = Q.. G (Y (x\)

does not vanish identically. Iteration of this process would result in identi-

ties of lower and lower degree =-= but this cannot go on indefinitely unless

? (Q} = (O, This proof holds whatever the underlying number-field may be.
One cannot expect that this same situation, which we encountered here

also in the case of the symmetric group, will prevail in general; there may exist
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algebraic dependences among the basic invariants though their set is not redun=

dont. This nappens for instance if K is the alternating rather than the sym-

metric group containing only the even permutations of the arguments BT CN - X

~M

A set of basic invariants for the alternating group consists of the elementery

symetric functions @ (<) - -+ Qm(x) together with the "difference prod-
’

uct"

2
The square A

N(x) = W("LL‘X\@\ .

ey

, the "discriminant", is a symmetric function and therefore is

expressible by means of the (S?l_b“) . This relation is the "only" one to which

our set of invariants is bound.

We prove now that the invariants (-?\(13’ oty Uz,,,\(d.) .
)

ﬁ('l\ form a finite basis for the alternating group.

A form X (-y_u. . )x_M_\' that is invariant with respect to the even

/
permutations is changed into the same second form # by all odd permutations.

The sum -?-ﬁ-@‘: F‘ is symmetric whereas #—— ¥’= % is alternating, i.e.

changes its sign under the influence of transposition of two variables and there-

fore vanishes if the valuesof two variables coincide, ce.ge for “X,= X, . The

polynomial g therefore must contain the factor D ~X whence

*
Al %, , 25,0 2 ) = (x,_-3c|).<é (=, X2 X3, 0)

p

as one rcadily sees on considering g as the polynomial of JC, only and substitut-

ing X ,= % + A, ., Furthermore g vanishos identically for N, =X, s and

therefore

v
(Xk-x‘)‘a (-3“\;17.)3(-., v ) = O

As the first factor is not identically zero, the second camnot escape this fate,

*
and % LI..)I,_I‘JL.s)s <) vanishes for 13 += ™, and honce ocontains the fac=-

tor A - OC

Procoeding in thc some manner one concludes that g is divisible

a1
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by the whole difference product:
% = A - G" 5

where G is a polynomial again and obviously a symmetric one. After expressing
the symmetric forms F and G in terms of the elementary symmetric functions
one gets f expressed by the same (QC(’&) and O\

¢ = {F+re.nf
(It is not surprising that [\ appears in the first power only, since AL cen be
expressed as a polynomial D of the @ () .)

To prove the second part of our statement, we observe that in two
senses, the "functional" and the "algebraic" sense, it can be maintained that the
quadratic equa‘bionz
(2.3) A-Dlg - -,9,)=0
mentioned above is the only one holding between our basic invariants

d?.(-”-*-\) ., (QM(’A 5 A (x). For the funotional aspect, we remark that the
invariants may teke on arbitrary values (9‘)- -, L?n J {\ only if those values

satisfy our equation (4.3). Indeed, the "coefficients" ., @M_ determine

by *
the roots 3, - -+ ., X, but for their order, and sccording to this order NA(X)
will take on both signs L f\ as allowed by equation (4.3). Secondly, every

polynomisl ¥ U—?.; ), QM; A) of the independent variables (Q”* =, (-QM 5 AN

x after the substitution

m

when venishing identieally in X, - -,

C?;; UACH ,A = D=x) isa multiple of the left side of (4.3):
2=
H(Q”. * J (QM.I h) E b {(Q| ; ' QM', &\‘{A i D(('?,)‘ ./ Qmw% 2
L being a polynomiel again. To prove this, consider H as a polynomial in
2

and divide by N-1D (q‘ 't (9“) « The remainder is linear:

A{qu. <, 9. AT B(q“. +, Qm ) . The "substitution" yields both
equations A 2 B [\= () aceording to the arrangement of the variables

'xt,’ *) X a + Therefore A and B vanish individually.
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The underlying number field may be any field of characteristic ¢ 2 .

Not less instructive, regarding our present consideration of interrela-
tions connecting the basic invariants, than this example of the finite group, is
the continuous group of all orthogonal transformations. We considered above the
invariants of two vectors x, y. Their basic invariants (»xx) (xy) , ("\"'ﬂ --
at lease if the number of dimensions is = @ =-- are capable of all numerical val-
ues satisfying the inequality
(4.4) ()& () (y4y)
for the lengths of two sides of the triangle and the angle included may be as-
signed arbitrarily. The inequality (4.4) is surely to be counted as a relation
from the general functional standpoint; from the algebraic standpoint, however,
(113, (l‘g), \\3\3) are independent since they are not bound by any algebraic
equation, Here again one first has to look upon X ;XY MY as independent
variables =~= which for convenience are denoted in this somewhat unusual fashion
involving the empty symbols x, y -~ whereas in the second instance they are re-
placed by the scalar products (3&1)} (’:u.s\ )(a.s \3) of two arbitrary vectors
X, Yo

What is the behavior in this respect of an arbitrary number h of inde-
pendent vectors X, ¥, +.., z and their table of scalar products (342)2 The
scalar products are algebraically independent as long as h is less than or equal
to the dimensionality n, but not so if V> . The scalar products of M+ |
vectors X, ¥, ..., 2z satisfy, for instance, the equation
ex) @y - . (x2)
() (4y) » - (y2) o

[ . . < A

@0 (EY) - - (22)

P —a]

i 3 8 A Y
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In case VU 4~ tho problem of determining the h vectors x, y, «ee, 2 such that
the matrix (3.2) of their scalar products coincides with a given symmetric matrix
“O"LR“ of h rows and columns has a solution if and only if the quadratic form
with the coefficients Q'\.\r{ is positive definite. OQur statement 1s merely a
different formulation of the well=known fact that such o form may be linearly
transformed into the squared sum of the h independent variables. One sees that

the table (B3,2) of the basic invariants is bound only by inoqualities when

algebraic equations, however, appear as soon as the number h of vectors surpasses
the dimensionality n.

e proved in the case W = 2, that every invariant form 33 (= 3\.5) de-
pending on the two vectors x, y, is expressible olither as

A (CEAWETLRIERVO ! /(xx\d. or aa thﬂ’u‘ﬂ’\ﬂﬂ/\w‘ﬂﬁ ,

whore F and G are polynomials. TWe,may assume thot F, considered as a function

of the independent variables XX, D0 Y )\3«3 does not contain a factor XX nor

G a factor 13 Y The equation
) @ (s 3, ) = () s Gl )

holds after substitution; since (for ™M = 2,) the scalar products () ’(xa_,\\lh\
are nlgebraically independent, it must also hold before substitution, i.e. with
AL, XY \3\3 as independent voriables. Ncither of the two factors of the
left side however, is divisible by =x3 Hence U X cannot be a divisor of the
left side, and hence the exponent oL >0 must be equal to zero. This completes
the proof that ik:«. ,'\3) is expressible as a polynomial F ( () (xy) ,(L\\\\)
in the three scalar products.

Tn spite of our thus succeeding in proving the first fundamental the-
orem for orthogonal invariants of two wvectors x, y, we should get into serious

trouble if we attempted to deal in the some manner with \(\ > 3 independent veo-

A - A . — P——
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tors. The procedure becomes entirely hopeless if h surpasses the dimensionality
n and the scalar products are no longer algebraically independent. To overcome
these difficulties a new formal apparatus 1is needed as we shall see in ample de-
tail in Chapter I,

The first main problem in the theory of vector invariants of a given
groun ‘k’ of linear transformations is the determination of a set of basic in-
variants and the first main theorem (which we cannot assert, however, for all
groups K’ ) states the finiteness of such a basis. The second main problem con-
sists in determining "nll" algebraic relations holding between the basic invari-
ants

Q‘Ll‘\ﬁ)' ‘ .)) q)z(l'b})‘ ) ° : .) C?'\-(l‘xﬁ;. ) 5 )

)

or rather, to find a number of such relations of which all others are algebraic
consequences. The finiteness of this number is averred by the second main the-
orems It holds for any group whatsoever; for it is o special case of Hilbert's

general theorem about the finite basis of an arbitrary polynomial ideal. It was

first developed by Hilbert exactly in this context of the thoory of invariants;
the reader will find the general proof in Chapter II. Indeed, all such poly-
nomizls o (_Cg\ .C?I" . (Q,\) ("relations") of r independent variables

<., ®,, « «,®  that venish after tho "substitution", d?;: Q.t(mﬂ )
identically in x, y, ... form an ideal JZ/ In other words, if R is a relation,
so is L,:Ti_ where L is an arbitrary polynomial of the varinbles C?L , and with
two relationspﬁa‘)~F€ N their mnn‘ﬁi.r¥—¥<2_ is also a relation. The ideal
2& has o finite basis according to Hilbert's theorem. In otheor words, it con-
tains a finite number of polynomials‘W{\)- . ;‘{S such that every polynomial

F{ of J/ is cxpressible in the form

R = \&‘.R‘ N L\SR (L3, a polynomial).
)

Ve




20
A1l relations & =€ holding between the r basis invariants (S),L(-J(_,H o ‘)
are thus consequences of the S relations
R,=0,  + «, Ry=0.
This general solution of our problem does not free us from the duty
of ascertaining an actual basis W .=Q for the relations in each particular

case that may come under our consideratiom.

-

5. Invariants depending on contravariant as well as covariant vectors

The elementary problem of invariants is capable of a certain extension
which it is convenient to consider along with the elementary problem proper
before attacking the general one., With a given n-dimensional vector space we
may associate a dual space; the "product"

(x§) = %, §, +- -« + %, 5
of a vector X = (3(,,- - -l-x,m\ fof the original space R and a vector
§ = (g‘; - ., §m) of the dual spaca? has an invariant significance, in-
dependent of the choice of the cocrdinate system. If the components of the
"Latin wector 2 in R undergo a linear transformation with motrix \\C‘-L \\ =A7
under the influence of a chango of the coordinate system, then the components

of a "Greek vector" & = (?." -, S'M\ in? are subject to the "contragredi-

v
ent transformation" with matrix WX o\l = A <

/
g,_': ZOLLR‘S:R p)

/
>, = Z,Q~ 2C
[ \'{ [ =2 R ') R

Toxebes Lok .
One may look upon the dual Epace L as having for its elements the linear forms
depending on an arbitrary vector X in Rr.
The extonsion we have in mind consists in studying functions
-@(1,13,- * g,’YL, .. ) ) and in particular those invariont forms depending

on several covariant or Latin vectors x, y, ... and soveral Greek or contra=-
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variant vectors §) 71)- + . A group Y or linear transformations 35 is
given., Ve subject each Latin vector x, y, .«s to the same arbitrary transform-
ation S of K’ and at the same time each Greek vector §)Yl)- - - to the contra-

")

gredient transformation 437 .  The transform ‘SRF = %?, is defined by
/ v v
‘?(51)53,- s 35, Sm,: ) i‘f‘(u,ﬂ'- -3 f,‘q)- . ) N
is invariant when S# = -? for all transformations S of X

The orthogonel group is most unsuitable to illustrate this generalized
elementary problem; for by its very nature and definition an orthogonal trans-
formation coincides with its contragredient. Let us therefore take as a more
elucidating example, the unimodular group, i.e. the group B’ of all linear
transformations S of determinent 1. This group lies at the basis of affine
and projective geametry. To the projective geometer the covariant and contra-
varient vectors and their components are known as point-coordinates and plane-
coordinates respectively; only their proportions

S I . R $ S
matter in the projective interpretation.

So long as we consider functions of covariant vectors only, there is
but cne single typical basic invariant for the unimodular group, namoly the
"determinant" or "bracket factor”,

[;1£1' ng. o <xf‘:1

which depends on n arbitrary vectors

)

v ')-Dé;\

(8
and is the dotorminant of their compononts DC\{. If, however, on arbitrary

L Cot
= e SR

x k ‘)L‘L)

number of contravarisnt vectors are allowed to enter as arguments, in addition
to the covariant onos, the complcete table of basie invaricnts will consist of

three types: +the Latin and the CGreok bracket-factors

[~ - 5" - -§7)
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(™ (8
dopending on n covariant and n contravariant vectors 20 and £ resvectively,

and the product

(x§)

of a covariont and a contravariant vector x and § .

6. Invariants of forms ond the genoral problem., The linear cnd the algebraic
stage.

The unimodular group Y may also sorve to give us an idea of the im=

plications of the general problem. Lot us consider ar arbitrary form,

ﬁ =) = Zoﬁ X. DK
S k-2 v R 2
of degree h deoponding on o variable vector X = k:c‘)'x,_)- ) X \ ; it is

nobural to suppose that the coofficicnts oL will depend in a symmotric

LR R

monner on their h indicecs 1, k, ... ,"f ranging from 1 to n. Undor tho influencc
of an arbitrary unimodular tronsfofmation s:
¢ s
w, = z , S X
w KR R

‘€ goes over into 2 ncw form
/7 {

f=sf.:%0= 8= Zu‘bu..flm\{ "X -

An invariant

J = J§ = 3.(0LLR._9“\)

of £ is a homogoncous polyunominl of o cortain dogrec v deponding on tho

i\ !
(C:'C.Cn' ‘: ‘ arbitrary cocfficients A " g such that j(s-f'} = j (#)
L lm-tl . v R

for every unimodular transformation s.

In this form, fitting irto the frame of projcctive geometry, was the
question of invariants first raised by Cayley and his immecdiate followers in the
middlo of the ninctecnth century: to doterminc all invariants :Y(-?)g T )
that depend on onc or sovoral arbitrary forms f, g, ... of given dogreos. In

tho work of Cayley, howevor, thc arguncnts 1“11 . ~,1ﬂof‘ the forms £, g, ees

D T M X e

—— = atrem
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were interpreted as being projective point coordinates, and in agrcement with
this homogeneous interpretation, the group under consideration was the group of
all non-singular lincar transformations rather than the unimodular group, and
the definition of invariance for J was modified accordingly (see next section).
Thoso carly investigators focussed their attention not on the forms £, g, «.e

. Y
themselves and the invariant 3(@-) %,* . ) but on the equations

7
# =0 ) % = Q0 and & ('@ , %‘, - -\:O. The lattor expressos a rela-
tion between the arbitrary algebraic "surfoces" :\3 =0 , g =G, - ¢« in (=)
dimensiounal projective snace, that has an invariant meaning in tho sense of pro-
jective geometry. And for this lﬂurposc, the discussion of theo possible projcc-

tive relations between nlgebraic surfaces (curves in the projoctive plane for

m= 3 ), werc the invariants invonted.

/ /
The coef{'icients OL. - 2 of the transform :? arise from the co-

Lk~ -
efficionts dl ke £ of £ by mozns of the linear transformation
Ve ~ Y h'ad w
6.1 g . = S’ 5 - . S - q . r'
(6.1) <o k. %&’..w” R AT T

Tho geometbric objcet on which our invariant J(#\ doponds may hencec as well be
deseribed as a contravariant tensor of rank h; its components St Cw..p ore

arbitrary but for tho postulate of symmotry: oL . .9 shall not change if

[T
the indices i, k, ... Z arc subjoct to any permutation. (The arguments
X, o, X of tho form arc herc considercd as componrcnts of o covariant voc-
tor.)

There is no reason, however, why wo should rcstrict our temsor of rank

h, that rppoars os tho argument of the invarionts to be studied, by this rather

than by some other symctry conditions. e may, instoad, got intorested in in-

voriants o (OLL\Q 1\) deponding on on arbitrary antisymmctric contravari-

ant tcnsor <X of ronk h. It is by no mcans an casy matter to ascor-

LR-~9\,

.~
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tain the different ways in which a tensor may be bound by symmetry conditions;
the question is closely tied up with representations of the symmetric group.
But the transition from the coordinate transformation s to the corresponding

transformation S, (6.1), in the domain of all tensors Cx»L 9 of certain

R - -
prescribed symmotry properties: S —» C;) is always a representation of the
group }(ﬂ Hence the invariants :X-(fg,fs,-- -) depending on one or several
tensors f, g, .es of prescribed rank cnd symmetry fall undor the general notion
of an invarisnt as formulated in 5 2.

As o matter of fact, the latter notion is not brooader than the former
in the case of the unimodular group zr. Por it has been shown that the only
represontations (to be oxact, the only irreducible representations) of the uni-
modular group, arc those whose substratum is the menifold of all tensors of pro-
scribed rank and symmetry. Buy be this as it may, the general definition of
§ 2, ot any rate, obviously gives the notion its natural breadéh, the specializa-
tion to invariants of tensors or forms f, g, ..., to which the historical de-
velopment first led, is to bo stripped off os boing too formal and accidental,
Where there are other reprosentations (fortunately therc are nonc) besides those
of the tonsors of given rank and symmctry, tho invarioants beclonging to thom
woald be as worth studying as the classical invariombts. The general formulo-
tion of § 2 fully evinccs its suporiority in the case of other groups by enab-
ling us to carry tho classicel notion over from the unimodular group to any ab-
stract group

Let us thon consider this notion in its widest scopee There arc as-

sociatcd with o givon obstract group Y o number of repreosontations:
=

\ T T,

(6.2) s->38, s — '\

of dcgree m, n, ... respectively. The arguments x, ¥, s+ of the forms

g;(fk,‘j," ') that we orc concerncd with are veetors undergoing thoso linoar
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transformations S, T, ... "under the influence of s", and J is thus changed into

sJ .
sT(52,5y, - ) = Tlxy, ).

J is an invariamt if §J = o for every s in X Let us first collect and

envisage as a whole all invariant forms J of definite given degrees ))'1 Ve - .

with respect to x, y, ..., respectively. These forms may be thought of as ele-
ments of the linear manifold or vector space given by the totality of forms of
given degrees B Vv . + - in x, ¥, ..., respectively. Such a form is a lin-
ear combination of the monomisls

}L' Mepm 1/. v
%’(}J.'J. ")'LM.;VH"'VM;.'} = (1|..3('M‘)(‘3I'..'AM).- : >
the non-negative integral exponents /u, L, Vi o being limited by the condi-

tions

Mot - +/u,;‘&=/*- ) VitV =V 0. -
With the X , ‘\,5“/. . undergoing their respective transformations S, T, ...
these monomials experience a certain linear transformetion U; the representa-
tion Ul s >U  is composed in some way of the given representations
S S , S -"T, « « - The algebraiec problem of constructing all invariants to the

given set of representations is thus reduced to a much simpler question when one

restricts oneself to forms of given degrees },111/ - - « in the arguments
4
X, ¥, «es; nemely to the linear problem of determining a complete set of linear-

ly independent linear forms J of the variables Z()u‘,- . ,/um-) Vv, ,1/M_.’ . . )

which are invarient under a given group U(, of linear transformations. In par-

ticular, one would like to ascertain the number M of basic linear invariants

——

J\J'SL . "-Sr'\ by whose linear combinations all invariant linear forms J of

the kind described arise. M cannot exceed the dimensionality N of that vector

space Z, to which the transformations U refer, i.e. the number N of variables
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Z(/u_”. ."um.’v‘ ; .,VM.'..)}.ooking upon 7. as an affine space of N dimensions, we
may feel free to replace the coordinates ;E(/u.qu/»(; . \ by a set of N inde-
pendent linear forms of the z; and then one could choose one or even M of these
new coordinates among the basic linear invarients TS\,_Sx/‘ ), iS’Tﬂ » If we
use this new coordinate system for expressing the linear transformations U, they
appear in reduced form: they contain (M times)'the identical transformation
372 :S- of a single variable J. The question of linear invariants is thus
shown to be identical with the question as to how often the representatimn]jlg‘
if fully reduced, contains the identical representation.

It seems natural to make the study of linear invariants preliminary

to the higher investigation of algebraic nature where one wants to survey the
invariants :3_(:_/5‘.. ) of all possible degrees in x, y, ... associated with
the given representetions of zr apd not only those of given fixed degrees.

These invariants do not form a linear manifold (or "vector space") but an alge=
braic structure called a "ring", as they allow multiplication as well as addi-
tion. The words "dependence", "basis", then change their meaning gsccordingly
from linear to algebraie, i.e. integral rational expressions. It is in no way
obvious that there exists at all a finite basis in this algebraic sense; but we
shall succeed in finding extensive classes of groups X for which the "first

main theorem” contending the finiteness of an algebraic basis holds for any rep-

resentations (6.2) of }( .

7. Absolute and relative invariants. Covariant quantitiocs

The form J itself is devoid of significance in projective geometry

—t
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where only the ratios.of coordinates matter; what does count is the equation
J=0 , a8 1t expresses a relation among the geometrical objects on which J de-
pends. This relation will be of invarient character if the transformed rela-
tion § 4 = O is identical with 3 = for each element s of the group; or,
what amounts to the same thing, if § J differs from J only by a constant fac-
tor A = }\(5)) depending on s. We therefore call the form 1S-(3k,13}" )
a relative invariant of multiplicator A ($) if

ST(.ﬁk;\j,' -) - }\(S)- Tk:)(,)'\,\xl. . \ .

The invariants in the strict sense are then distinguished as absolute invariants.

The multiplicator )\(~5) has the value 1 for the unit element §= 7

of the group. Furthermore, when s and t are two slements of the group, one has

(7.1) A sty = X (s) X&),

These two facts can be combined into the statement that the correspondence

§—>N\(s) is e representation” of degree 1 of Y - Every relative invariant

belongs to a certain such representation.

In the case in which the projective geometer is interested, where the
group 5’ consists of all non-singular linear transformations s of n (homogene-
ous) variables: ,

¢ Y
X,= 2s W

R R, R
we have as the only possible representetions %~(5) of degree 1, the powers of
the determinant .

t
\3 \ = ddit- k Skt\ .

Proof: The arguments of J are now tensors whose components are sub-
ject to linear transformations with coefficients depending on the S; in an in-
tegral rational fashion. Hence )\(5) is’ a homogeneous polynomial of the

transformation coefficients, The adjoint transformation has the minors of the

matrix\\Sii\\ as its coefficients; hence k.(g ) = )\(3) is also a poly-
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nomial in S'; . The compound of the two transformations sjg which one gets
by first performing s and then s is the multiplication of all m variables x:
with the same factor l sl. The aré;uments of J, and hence J itself, are multi-
plied under the influence of this multiplication by a factor \s \OD; that is, a
power of (s | with & non-negative integral exponent q. The relation

Mis) X (s) = Vs

implied by (7.1) shows that Als) itself must needs be a power of \s \:

2

3
)\( )= \S\ , because the determinant \ s\ is an irreducible polynomial of

L

its arguments Sh - The integer g is called the weight of the relative invari-
ant. ‘

Later on we shall give another proof for the same fact, meking no usse
of the assumption that ALs) depends rationally on s.

Our theorem has the consequence that all relative invariants of the
full linear group X turn into absoi{.’ute invarisnts when one restricts oneself
to the unimodular transformaetions within K. By this simple trick the study
of relative invariants for the full linear group can be replaced by that of ab-
solute invariants for the unimodular group -- the standpoint we adopted in our
exposition in sec, 6.

If one once starts considering invariant relations, one cannot help
realizing at the outset that such a relation need not be defined by one equation

2

N= O, alone. On dealing with a set of equations

(7.2) \\\:OI. =0, - -, j\q,:o )
it is natural to assume that all the left sides 3‘\3: TP\:XJLS)- .« ) are
forms of the same degrees )u. Yoo with respect to the argument vectors.

The forms of these degroes constitute a linear manifold -- a vector space one

might eall it == of N dimensions; we operated in this vector space when we

N




TP

29

—

talked of the "linear problem" in sec, 6, The forms Y . . , ‘j» spsn a

/ 1%
linesr space within the total space, or a modul as the algebraists cay, consist-
ing of all linear combinations

Ty, ) = Y T B }\nT\,\(I»ISI' )

with arbitrary constant coefficients A t 1s natural te assume, further-

P .
more, that the basis does not contain any redundant terms, i.e. that the N ©
are linearly independent, Any relation <) = O, with a J not included in our
modul, would add a further restriction to the equations (7.2). Consequently,
if these eguatiens eatablish an invariant relation among the arguments x, y, ..
every transform $ —JP of any ong of them must lie in the modu]g:
h
(7,3) s < (o, m, 0 ) = Z, Ta, s
v ¢ 4= e

The correspondence §-—> \\Q.cb?(s) \ is a representa’bionm of degree h of
r'd

our group X .
e A quantity with h components 3_‘) . s ,3\\ , btransforming under the
influence of s mccording to the equations (7,,3).)where s —>\ &%“(5) \ = AS

is a given representation oL , shall be nemed a covariapt quantity of kind oJ 6 .

If 7’ designates the identical representation of degree 1, associating the num-
ber 1 with each element s of the group, the invdriants are to be described as co-
variant quantities of kind Y’ . This new generalization from (abselute and

relative) invariants to covariant quantities of any given kind is urged upon us

when we take the general idea of invariant relations seriously. The result is

this: +to the representations (6+42) of Y which regulate the transformations of
the argument v ectors x, y, v+, is added a further representation
0ot . s —> As ,

of degree hy h linearly independent forms o, {4, =), t+ * 9 (1:\3;' - )
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of prescribed degrees M LR in x, y, ... constitute a covarient quantity
b ’
of kina 00 if they transform among each other according to /\ S under the in-

fluence of an arbitrary element s of }( , as in (7.3). The simultaneous equa-

tions
AR x,y,r e ) =0, ' ") -:S.px (= AV ) )

then constitute an invariant relation of kind 00 among the vectors x, y, «vs &

ti(ﬁkﬂﬁf .)). s T§hgﬁtpﬁ)' -+ ) form a partial set of coordinates in the
vecfor space Z we mentioned in sec. 6 as the carrier of the compound representa-
tion\JL ; in using these coordinates, which may be supplemented to a full co-
ordinate system, one "reduces" the representation Ul such that 0G  is put in
evidence as a part of UL ; and the construction of covariant quantities is thus
identical with the reduction of our representation UL . One sees how the the-
ory of invariants becomes by deg{ges submerged into the theory of representa’’
tions.

The aims of this introduction were ;
1) to explain the general notion of invariants es we see it today,
2) to assign to the classical, more specialized, concept of invariant as it
emerged from algebraic geometry, its place within a modern frame;
3) to enable the reader, from the beginning, to understand the general disposi-
tion of the subject as it will be presenmted in this courss.

Noticeable, sbove all, is the partition into an elementary part (vector invari-
ants or invariants for a given group of linear transformations) and a higher
part dealing with the invariants for a given abstract group relative to certain

of its representations.

[
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CEAPTER I. 7ECTOR TNVARIANTS

- am——

1, Tormal preliminaries about forms

hen delfining a form or homogeneous polynomial of degree h of the
trector™ W= Lw, -+ W) by the formal expression
— AV VR TUE R S U
(1-1) A‘\u’\ Rt ZO\U\-‘Q"&. L |8 '

one is led to introduce the "corresponding" h-fold multilinear form /—\L‘i,“j,‘ “E)

of h independent vectors x, ¥y, ..., 2z by the equation

- s - A . - e Z.
(1.2) Alxy,-+,2) = Zo0 XY TEy
The given form A W) erises from it by identifying all h vectors X, ¥, se., Z
with us
(1.3) o= w o= . o« o= Z o= U,

This is an essential reduction boceuse linear form Lo (=) is easily character-
ized by simple functional properties independently of the coordinate system in
our affine vector space:

Llser x) = W v ) 0 bl = e bl (o number).

Hence the definition: a form .P\‘ku.) of degree h is one arising from a form

AK"I“).-' ')_E)

-t e

linear in its h independent argument vectors X, ¥, ses, 2

by the "identificabion’ (1.3).
If the multilinear form Ak“;v&,' -, Z2) leads to the form P\ku))
thon any form obtained from ALI:’;& oo &) by any permutation p of its h

arguments also leads to ALW) . The sum extending over all permutations p:

—t‘\‘\ Z J? p’\&"‘l"&f °1%\ = A*.kl’\j). ‘,‘Z}
- Q

is thercfore a symmetric multilinear form corresponding to the given A\k) :

*
) P\ \1)13/. - ,-E.\ = A*(‘:L)xsl' -,1) for all permutations p.

e

. . - e
i
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*
The coefficients O.. of
Lw - &

E3 kY
A (3‘-:\’3J' ‘,‘7-'—3 = Z’Q‘;RHLXLL\_\\{..%’L

then depend symmetrically on their h indices i, k, ..., I. The process of po-
larization will show that this symmetric multilinear form is uniquely determined

by #\\1£); we call it "the corresponding multilinear form" and the transition

from
—
- .. . o = = =
A\L"’\ - Z O“'LR.-,Q_\L‘-\L‘Q U‘l to A(x"'\’ ’%) La(‘«-'}a L\)\\? L
with symmetric coefficients ¢ is "complete polarization",

N I

The individual step of polarization consists in performing the differ-

ential operation %1 L

—

SR
Alw) = Z X3
gsﬁ_u_ - o T2y
The operator D has the following effect upon A: (1) replacing the first fac-

tor u in all the terms of /\KUJ by x; (2) adding to the expression thus
gained
7, Og. g XV m Wy ,

. . . . e
further cxpressions (h-=1 in number) in which the second, ..., the h factor re-
spectively experiences the same fate. But when the coefficionts are written
symetrically, these further contributions evidently equal the first one:
(1.4) ﬁbgukA(\Q =\ 2o Qe XMy m Yy -
If one re-substitutes u for x in (ls4), one falls back on the original form ex-

cept for the factor h (Fuler's relation):

Slc‘h*“!‘\kk\%xm: Z“L%% - VLAWY L

Owing to the formula (1.4), the process
. - D
(1.5) l D, . 33%“ _—
carries P\(«w) into the corresponding symmetric multilinear form [\\ﬁkjﬁ,‘ 'f£)

(1.5) is the sought-for process of complete polarization.

b e L e |

¢ rowrmiserwrw
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The polar process © =C§\J.&.u_ has the following formal properties

of differentiation:

D FLw) & %LL\.\\ = D iy~ S)%u»\ ;

S(C'%k"'ﬁ = C %g’&“’\ » (¢, =a number),
8 - ‘3“‘“ = %m&@m * 2D 3t .

The polarized form ﬁlz_u AL\&\ is the coefficient of the linear

term in Taylorts expansion of A (w+ Ax) by the parameter X

l Alw+xx) = Alwy + A Z 5. 258 wa\r:f)\ ?\t)

¢ c)u'
From this fact we derive at once the following statement on which the importance

of polarization for invariant theory rests:

An inveriant Ak\,\.) is chahged into an invariant by the polarization

$ . . Here, x is to be looked upon as a Yeotor trahsforming cogrediently

There exists a second method by which to show that the coefficients
~

Qin. - Y of a symmetric multilinear form are uniquely determined by the values

of the corresponding form Alw). As a polynomial, A(\Q may thus be written:

- M‘ kM
Al = ZZh(w, s oW YW - - ™

M)

’ \r\‘+‘-~\—\r\~\= \f\,

Since the values of a polynomial (of a single variable) determine its coeffi-

.
J the non-negative exponents W v, W ave bound by the equation

cients uniquely, it is certain that there is no ambiguity about these coeffi-
cients .\o(\r\\" 'y \(\.M\ +« But their relation to the symmetrie coefficients

Qin..Q is described as follows:

Wl
\OL\'\-\J' M\ \\\‘..M\O\Lh-vi ?

if \\\ of the indices i, k, «v., /'f are equal to 1, \r\L of them are equal to

2, ey ‘k equal to N
449

-
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Trivial as these well-known preliminaries concerning forms of degree

h may sound, it should not pass unnoticed that their validity is bound to one as-

sumption about the underlying number field: it must not have a prime character-

istic dividing one of the first h numbeys 1, 2, ..., h.

2, First example: the symmetric group

We mentioned in § 2 of the Introduction the fundamental algebraic the-

orem, that the elementary symmetric funetions

Py = Z, =,

\1) = .
(2.1) ('92.. '\’Z‘:\Q XL :L\Q 5
Qi) = A X, "X

form a complete set of basic invariants in the realm of forms i—bx) depending

on a single vector A= Cl‘; . 3Lnx\\ and invariant under the symmetric group

of all permutations of the variables tn"3L1_~ X . We are now going to solve
/
Q)
the same problem for forms ~$(,11 'xl? c jfm“)\ depending on an arbi-
?
w (1) () ] .
trary number X * s, X of independent vectors. The conjecture
/

which olfers itself at once is that (2.,1) by full polarization will yield a com-

plete table of typical basic invariants, If one adds the factor i! to GP-

s

this table reads as follows:
CQLQ\L Vﬁ = 2{; “A.L\J:Q

¥k

(2.2) Dl rwn) = v
x,h;t
Abtevant

(9’“\“)'\5"- - A) = ZhJu;_\S‘R' . .
A"

o&.ﬂ.w
(’k\’z“"f'\. .

P

- ey

- an

- prm——

L m e e TeAY WEE Ak AERFIT EF L PO RS ST

aw R K AT
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Our statement means, as may be recalled here, that one obtains a complete alge-

) ) tany

braic basis for the invariants ‘@'(3\_“ :x_u' B ) depending on m argu-~
F] J

)

ment vectors '],U)’ .-, QCMM) by substituting these arguments for the "typical"

arguments u, v, W, ... in all possible combinations (repetitions included) into

the forms (2.2):

) (X, () .
L S . . hd ) oL B S N B I 4 2. TR R T N R NL] .
(?(.k ) 2C ) )‘J(. , L \,ok':_) )Oks. 27 ) ) ]

In order to avoid the crowding of indices, the m argument vectors
shall now be designated by x, ¥, ses, Ze The proof will be given by complete
induction with respect to dimensionality n. For this purpose each vector

x = (’x,)x,,u- -, OC’M) is to be considered as combining-o number X = Y
/
with an (n-1)-dimensional vector > = (X, : « o, ). The olementary sym-
p) 2
metric functions of the (n-1)-dimensional vectors (unpolarized or polarized) are
4 ’ /
designated by P ,Cpl ot q)m_‘ . Every form %(':(.,%S ~*,2) isean

aggregate (linear combination) of terms

« f3
§"v[3’¥-f' (D(.I,"j:--,%./) .

oL Be-y
If £ is symmetric, so is ﬁo&_@ ¥ ? and according to our assumpbion of the
truth of our theorem for n-l dimensions, :E‘%ﬂ ¥ is expressible (in an in-

7/ /
tegral rational way) by the polarized clementary symmetric forms C?‘ I cpm—-\ .

%k
The given -? '\1)13 j-' . ,i) appears thus as an aggregate of torms

I N ' 2 ’ Pm-l
S e )T (9l

/ ' “ s / :
* (Q, )P here indicates a product of (31 factors q>1 each of which may

deoend on differont arguments.

v — PR— O VO U P DS o o —— - —— - m——

e

o aew

En("” yu. pam v v PYYe

b

Les AT 2

A AFRZ Y FAFLFETEE—EU R IF 2T RED A FA P

A —— —— o PREES TR KEDT E.

e
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We now make use of the equations (2.2) in their polarized form:

N / )
(:? th ) Lz). .!_:Lt )) - Cy;_ thﬂ n..). . '3(_“ )
. N Lq-t) &&.\.\) Wy
. v Z__,ﬂf. k?L“ :.1)'1'; 5;(_).-)3(_”)‘

CL:"..)M-\‘)G};:“_‘S

/ /
and thus express CS)L by q};) (P,_-_' and the CGreek variables
Y= ‘YL) L _27:-_ ¢ . In this way we eliminate the quantities
/ 7 /
cyf\ﬂ—l ; (pm-z_ ) * ‘, C?1 2
one after the other in replacing them by the Greek variables and
: yil i .- 0~ -
(S)m_‘} C?m«a_, . (:g)j‘ o end up expressing 1?-(’1,‘\3} ,£) as an ag
gregate of terms
¥ P PM-—I

x ﬁ -4 91 PM-—“ X 3
(2.5) 5 ql‘.fOQ‘l..q)m—\ :"3(1%1"%1‘(-9_‘-'@’“_‘

re

The second vart of this term following the large dot is symmetric even when the
first component OC ,of each vector x is interchanged with the components
'I—,_,) I & of x'. As the whole function f is symmetric in all n components,

V4 ~o

the term (2.3) may be replaced by

® Pro > « B -4
(‘?1..C?m~| '_,:T'th'%‘:' "‘E; .
L)

THe sum Z avpearing here arises by consecutive polarizations from the power

sum

~M
G, ) = ZX‘: \Vr-ck-\-(i-i'-'-\'\‘\

— )
L=y

and Newbton's well-known formulae show how to express these in terms of the ele-

mentary symmetric functions ?1 , @ - -, (.9(“ .
J
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To leave no gap we add their simplest derivation, The polynomial

WIA) = ff"(l- Ax:) =1-9 ) A+ Q= x - .:%1\)"\‘

has as its logarithmic derivative

/
— ¥ S F X s GOET ) A v Ve -
\P()‘\) L= \‘)\X“_ 3

The Taylor expansion on the right side is to be understood in the formal sense

such that no questions of convergence arise:

N vt N
~ YU = YN T G () A ek M)

V=
Hence the recursive formulae

Cg‘(;g_‘ = G-‘ (1) b)
TR = - QAT ) X T ()
3G, = B o () - B ) T, 1) + G} (=)

- r3 . - .

Ve

[C-g.vk:x)is’cobeput=0for V)M—S.
The underlying number field must not be of prime characteristic divid=

ing one of the numbers 1, 2, .sy, Ne

3. Copelli's identity

Though we have just succeeded in proving the first main theorem for
the symmetric group in a direct way by completely polarizing, as it were, one of
the known proofs of the fundamental theorem on symmetric functions, we shall not
succeed in a similar fashion in 'other cases. Here we need a certain power form-
2l instrument: Capelli's identity. It is concerned with the result of success-
ive polarizationss

Let x, v, %, ++. be a row of independent vectors in an n-dimensional

vector space, x', y!', z', .., the same vectors in (the seme or) e different ar-




rangement, A fo as well as au'f& may symbolize the poiar process. By
x
rformi several larizati 1ik i éssi
performing several polarizations 1like Eu’x ,31;\3 , $E"?: in suceéssion

on a form ?(u,\j'.;_. « « «) one will get

3
% & g % = z :L l -— .B _i- —
z'2 ' X 13 R,
RO ] ~) dz,
provided x' does not coincide either with y or z, nor y* with z., The auxiliary

symbols &:x.',:(_ )[_\ . » may be used instead of Ex'x , S to

6y RIS
indicate by their composition this result regardless of whether the coincidences
just mentioned occur or not:

- Zowyl E
Aﬁ.’z— A‘&’%A’Jl% L)ijlmg‘ﬁ\zik 31;3%\}{;&

We propose to compute how the composite operator ﬁz-’z @_‘jnj lex dif-

fers from this "pseudo-composition". The symbol %1,1 will be used to indi~

cate whether x, x'! are two different or identical wvectors of our row: Eallz 7

forx'=x,% = 0O for x' ¥ x.

C N4
We obtain by definition

Ry o
'y ATTA:',%# = % z - (Z‘ LXRB:L B\&v{>

(5.1) xRN0, 32y

X 2
Ay % é:lti 313‘3\2

L\EEA‘;\V\A:(::L:?+-% A A @-\-% A A ‘?

2'y 2%

OQur chief interest is in the alternating sum
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A,

extending to the 3! permutations of x!', y', z'.

The individual terms of the
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determinant of operators are to be written in such a way that the factors follow

each other from left to right as in the determinant itself:
taken from the first column, second the factor from the second column, etc.;

the same rule is to be observed throughout the following.

first the factor

In computing this

determinant we may exchange an x! and z' in the second term on the right side of

our equation (3.1) as well as y' and 2z in the third term, provided we change

sign at the same time:

ZED, NN

2'z gq '

(¢ 2’)
or -

25;12(532%5*-2,S%y;)lxvrw ﬁxxﬁx::

< bbb

-27_%%

The result reads, when written in determinent form:

(D

NN
Zx‘iﬂ £5151
Aﬂ.’\j Aul

4

-

AN

%
Doys
ﬁx:t%

-
.

A A

-

i‘j 22X
Doy Do
£§u1j [xuﬁk

The meaning of this equation being that the corresponding minors

both sides coincide,

This equation for three oconsecutive polarizations should have been

preceded by those holding for one or two such operators:

zZ ‘1‘1

Z.* By By Doy

(of order 3) on

[

g m e moem e

i ea o .



—xda

(0,)

' (2,
By

JAN

il

jo. = 8

Doyt 1 A:\x
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LX\“( Axsx
Axy Bax

and followed by the higher ones with four or more consecutive polarizations.

Using first (D,_) for the last two columns of the determinant on the left side

of (D), and then (D;) for its last column, one gets the fundemental equation

we were aiming atb:

and

&

Oy =z
Due

. .

giz*' Z %3115 %1’:& = | A%z A-zt\ Azzx
vz 5311«."\-7 &)‘5’“ Ay 2 A.‘._\ A"S’-
SD:-%. E:uj &) =% L\x% AIH Aﬁ—l
in the same manner for m instead of three indevendent vectors X, ¥, ee., 2:
£ L ¥ KM\—\)7 ) :qba\j,%-zx Aza > ’Ai-!j;Ail
? Ql“d 3 max A'J_Z ; ', Axl’ ) A;,l

(Apologies should be made that the first x, Ys see, 2z here run the wrong way,

namely upwards;

the wrong direction, from right to left,)

this is a consequence of the bad habit of reading operators in

The operator determinant on the right side, when applied to

flx,y,-

b,k)’ °,

°,Z) results in

/
R( Traliye g, )

. m—

LETCR 'B'E,Q_

P

st
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with the inner sum extending alternatingly to all permutations x', y', ee., 2!
of X, ¥, eoe, Zo This sum is zero unless all m indices i, %k, ..., )[ are dif-
ferent. .As this is impossible when m > n, the total result will in this case
be zero., VWhen m = n, the inner sum is : \:3&'3 .o Z—]or 0, according as the se-
quence i, k, ..., X is an even or odd permutation of 1, 2, ..., n, or contains

equal indices. The "bracket" {-"‘ﬂ' - | designates the determinant

SN S

13\ Y : ‘3"’\

- Y . .

z Z, ¢ * arn

a8 before. Hence one obtains for m = n:

Cxy--21. OOF

where

g 2 R, - -, 2

31\) ‘aia.) ’21'“-

< PN - 2 D 2
ne-TesTEo - &L & o |#

(L,k;-'ﬂ.)’a“’a‘i' Y ‘ . .

3 D . . 2

3z, 1 9w’ 22m

is derived from f by the so-called Cayley- Q—process. The sum extends alter-

natively over all permutations i, k, ..., }l of 1, 2, sue, N,

We thus arrive at Capellits idemtity. In its final form the notation

1 LY (2359
X, ¥, sss, 2z May be replaced by the more pedantic X X - * , X and the
symbols D 8w by %ﬁq- ;3 it then reads

H K




®M‘M“+ \m\-l))- ) ’%mz $m1 ‘ ‘u
. . . . . ; 0 ) )_9\ .
(342) - . .
%‘1'\”\. , - . . @12;\. 1 )3:;2’1 x"x ‘]-D.’g)nmm
SD"“’“’ ’ o D, ,3311

We shall refer to the two cases m > n, m = n of this formula as Capelli's gen=-

eral and special identity, respectively.

4, Reduction of the first main problem by means of Capelli's identities

i i e e e s i At Bt e

The way in which Capelli's identity is used for the investigation of
invariants depending on m argument vectors ’x.", xg: o, L™ cen thus be de-
scribed for an arbitrary group X of lineer transformationss  Polarization
%Bq carries an (absolute or relative) invariant ‘?’(11: 7*", oy, '—’C’M) into
an invariant %ﬁq_-?- (of the same multiplier). The special Capelli identity
shows that in the case m = n, ) '? is a relative invariant whose multiplier
equals the multiplier of f divided by the transformation determinant; in par-

ticular the operator 5P} applied to an absolute invariant f will yield an abso-

lute Invariant provided \( consists of unimodular transformations.

k3
A form -€(‘-"~1,1 L '3':'“) is of a certain degree N, N, , - N
. . 12 ™~ ' .
in each of its arguments X KX - -, X ., The sum h,:h_,\-s---{—hm_ is

its total degree. We arrange forms -?-(‘11, ‘.x,ﬁ" . am«) first according to

their total degree, i.e. £ is of lesser rank than -F* in the hierarchy of forms
if the totel degree of £ is lower than that of-F %,  For instence (1% is
lower then f (in the case m = n) since ’cheﬂ ~process diminishes the total de-
gres by n. Within the set of all forms of given total degree which constitutes
a linear totality of a finite number of dimensions, lexicographic arrangement
atcording to the individual degrees Muy,- * W, is followed; i,es f is lower

7

then § * if the first of the degrees N, R:, - N in which £ and £*

~n,




differ, has a lower value for f. Forms coinciding in all their m degrees r
are considered of equal rank; we abstain from imposing an order of precedence
upon them,
The main term in the operator determinant of Capelli's identity,
(%rm'\j:rw\—‘\) - - QEZ‘Z-&-'I);?‘ )
equals

milnga 1) e - 0§ = et

The numerical factor (0 multiplying £ is # O when N4> 0, le6, when f actually

1 %€
contains the first varimble X . Writing "%@% = ;std- ” (B 79‘04) ’
.‘
H = 'Eaa + o -1 we observe that for a term different from thab
Lol L )

k]
given by the principal diagonal, we may drop the factors %dol. with two equal

indices. Their effect is merely to multiply ‘ﬁ by certain constants which we

collect in the factor r-J *, Then such a term is of the form

()'9(. @ﬁ;a;l . gﬁ‘;ocz‘ %(:;1“(1“?

2

where o(n>°(m- S . 'OLzBOL‘l )BL#:OLL,and 6118.,_-‘- -, Gn is a per-

1

mutatich of ok, YR, o, Ot - Hence, in particular, (31 > 5(1-) vois
¥

at least equal to 2. The main term being the only one in which no factor (%ﬁ‘i
with different indices oL | B appears, on putting

. hy *

?:3’) "'® . -@:-—(J.SB(SQ:?)(B,I)Q(.‘))
Prtn (.5, ’ 1A
the left side of Capellits identity takes the form
SR AT AN
The degree of aﬁ o -F- with respect to the ol -sb argument is diminished
11
8

by one, while the degree in ’DL( 17) ( B, >o¢y) , 1s increased By one. The
first effect is; however, decisive, as it places % "{Z in a lower rank

Rt 4
then f.
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We keep in mind that (1) P is a succession of polar operations, and
(2) £* is of lower rank than f and is an invariant when f is an invariant. The
fact that f* is derived from f by a single polar operation 33(310(1 , (B, >QL1\ )
need not burden our memory.

In case m » n we put all terms except the main term on the right side
of our equation. The result is an equation
(421) pf = Z®ET (s
whose right side consists of terms arising by successive polc—xrj.zations-ﬁ\’b from
certain forms "(\7‘_’t " of lower rank than f. Invariance of f implies invariance of
ﬁ*'. The same holds true in the limiting case m = n; one has merely to add
to the right side of (4.1) the supplementary term {.'11 x*. . Dt.ml‘ Q ;ﬁ B

pf= ZPE Gt T T (wee),

The numerical factor P is > O when f actually contains '3(1.

Let us now suppose we are given a finite set of invariants
(4e2) - N T L\?,Q, )
for which we want to prove "the first mmin theorem", that they form a complete
set of basic invariants for our groupx . They depend of course on our m argu-
ment vectors 3L1) :);2') . -j'x_m_\ We assume that the table (4.2) is closed under
polarization: -

Assumption I: Every ﬁﬁq Qi is itself one of the ij 's or at

least is expressible by the set of the @'s. ("Expressible" now always means

expressible in an integral rational manner. )

I contend: +this assumption once granted, the first main theorem holds
good for m > n arguments provided it holds for m = n arguments,
Indeed, owing to Capelli's gemeral identity (3.2), f is expressible by

*
the set (4.2) if the invariants ‘C " ocecurring on the right side are so express-—
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ible; for in view of Assumption I, and the properties of polar operators given

in §)1 of this chapter, such an expression of f* = P*Q l?,‘ s C?‘,‘ PR (91)

leads to a similar expression of Tb#nx , as one is able to turn the polar pro-

cesses D, of which T? is composed, upon the arguments ¥, - -, Q?Q of F¥.

Our reasoning presupposes that £ actually contains tz1, for then $ docs not

vanish. The -F* are of lower rank than f. In using complete induction with
respect to the rank,we shall be stopped only when the invariant f under consid-

1
eration becomes of degree 711 = O with respect to < . But this means that the

. . . 1 . .
first main theorem is true for m > n arguments u.,:nf~ ., " when its truth is
granted for m-1 arguments tle- ., 3&“% The industion with respect to the num-

ber of arguments will not come to an end before m has decreased to n.
One can go one step further and cubt the number of arguments down to

n-1 by means of Capelli's special identity, if one adds the

Assumption II: The determinants tixﬂﬁﬁz- ~D€\l occur emong the (9'8
or are expressible in terms of them.

It is perkhaps more satisfactory to pronounce our result as dealing
with a complete set of typical basic invariants. A given finite table of typi-
cal invaeriants which are linear in their typical arguments will yield a complete
set for any number m of arguments if this can be shown to be‘trus for n arguments;
even n-1 arguments will suffice provided the determinant [xkflb&~ . \&f‘] ap=
pesars in the table or is at least expressible by the invariants of the table.

In almost all cases the proof of the first main theorem consists of
two parts: a formal part in which the reduction to n or n-1 arguments takes
place by dint of Capellits identities, and another more conceptual part in which
the proof for this restricted number of argument vectors is accomplished by con-

siderations similar to those we used in proving the theorem of congruence in the
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Introduction. The formal part could be carried throubh, as we have seen here
in a general -way for every possible group, whereas the other part cannot be
brought down to such a general mechenized proeedure and remains specific for
each particular group. How this combination works out shall here be shown for

some of the most important continuous groups.

5s Second example; Unimodular group Vv .
_, = a

Every vector invariant of the full unimodular group is expressible by

bracket factors; or the complete table of typical basic invariants consists of

one term only: the determinant

ELL1 DLL- . uMJ 2
(of n typical argument vectors \&t ué N TR

According to the general result obtained in the last section, we must

4 -
prove this theorem merely for invariants 4:(‘3, s, x ‘) depending on n-1
Mm-~1

veoctors x' xt . ., X We do this by showing that such an inveriant

must needs be a constant -- depernding on no vector,

1 2. mMm-1
Let the vectors , Lo, s s X

/

be given numerically such that

the determinant of their first n-1 components does not vanish;

1 1
X ? ' : } xm—‘l
< N
(5.1) A = 1, T Temaq :,é: O-
l:’i" ' . ‘m-l
11 ) : J u‘m-t

On introducing by means of a unimodular transformation

1 2 me—t 1 M
>, N - -, ™ N c ,

as a new ocoordinate system instead of the original fundamental vectors

.1 Q‘ M. 1 f\'\~1 .
e, € -, ¢ our n-1 vectorg A, +, X are changed into the

1

first n=1 unit vectors:
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1
}

Q
(1,0,. . 0,0)=x
(011;. ‘1 O'O) =:£2

)

- . . S o
(Oloa * .l’]lO) < :Xm .
As £ is an (absolute) invariant, we have
4 2 m-13) _
(592) #Lx‘x)- ./1 )‘QJ

Lo | -
where ¢ denotes the value of f for the particular arguments X | i:é‘- -Iikm.1
For general algebraic reasons an algebraic equation like (5.2) is a formal iden~

tity if it holds for all values of the arguments satisfying an algebraic in-

equality like (5,1). (This I call the argument of the "algebraic irrelevance

of inequalities".)

6, Third example: Orthogonal group

In investigating the group X’of all proper and improper orthogonal
transformations (rotations) it is convenient to take into comsideration besides
the absolute or "even" invarients, also the special kind of relative invariant
called an odd invariant whose multiplier /}L(S) is *1 for proper, and =1 for
improper rotations. An orthogonal transformation s, as one knows, is proper
or improper according as its determinaent is +1 or =1, The determinant
[:x1~ 'vNTJ of n vectors is an odd invariant. Capelli's special identity
shows that S):? is an odd or even invariant according as the invariant f is
even or odd.

The even as well as the odd invariants are absolute invariants for the
proper orthogonal group'X , 1.eq the group of all proper rotations. Vice
versa: an absolute invariant f of i? is carried by all proper rotations into

itself, by all improper rotations into one and the same new form f!', and f is

therefore the sum of an even and an odd invariant with respect to the total

T — y—

R . ——————— 4 g AT £ T

S

LH FEETE ey maexe
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group Yy :

£=3(%+8) +~ £(5-%)

FIRST MAIN THEOREM: A complete 'b?.bie of typical basic invariants con-

. 1
sists of (1) the scalar product (W, ), and (2) the bracket factor fwu® g,

The product of two bracket factors cen be expressed by the scalar prod-

ucts owing to the well-known relation

YL ), s, @)
Gy, (), ey

CRVINN CAE L N R B i R

. * »
. -

') (am‘ﬁz) L, LY

On teking this into account one may state the main theorem thus:

‘T‘m Every even orthogonal invariant depending on m vectors
m, -~

4 _a o . . . . . 2
K, R, *»X  in n-dimensional vector space 1is expressible in terms of the am
€

scalar products ( x ¢ o == Every odd invariant is a sum of terms

["L1uz' . '\J.M] - —?*(‘X.‘) ot XM) 2

1 m
where L, = =, W are selected from the row of our m argument vectors

4 LS x . )
xX - s, X and -e is an even invariant.

The proof follows the scheme laid out in the previous section; 1t be-
comes, however, a little more involved because the starting point for the appli-
cation of the Capelli argument as set forth in 54 must be secured by an indue-
tive conclusion from n-1 to n. The idea is this: By using Capelli's general
and special identities, the theorem T: (m 2 n~1) is reduced to the case of

m, -1 4 1 .
n-1l argument vectors: r(\m- . When these vectors ’q.) - A are numeri-

L

cally given and linearly independent, one may introduce a new orthogonal co-
-1

ordinate system such that the n-1 vectors '3(.4, v, X lie in the (n=1)=-

dimensional space spanned by the first n-1 fundemental vectors ("non-formal"

part). Thus one has reduced the question to the study of orthogonal invariants

21 AZe e emen wamms

PO —
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in n~) dimensions, or more precisely, since they depend on exactly n-1 vectors, to

mM -1
TM_1 . In view of this situation, it seems best first to pass from

(602) TM‘-—.‘—-é Tm—1

>
m-1 ~mo L

R N L T . . cps
and then to generalize 1m to Fm . The two steps into which the transition
M- 1 ™

rF > ‘T‘

o ~  breaks up, according to (6.2), are performed by the "non=-formal"

argument and Capelli's special identity respectively, whereas the transition
™ ™ . . s 4 .
Tm-—ap. \ e , (m > n) rests on Capelli's general identity. As it is obvious how
(18
to carry out the second part, we turn to the inductive proof of 'Y‘m according to
the scheme (642), Let us first restate ;
-‘M
r(m. . An even invariant depending on n vectors 3.1, -« o, x™ inn-

k3 3 (3 13 . 1‘
dimensional space is expressible in terms of their r~ scalar products: every

0dd inveriant srises from an even one by multiplication with the bracket factor

o - - x™.

LY A=y
Proof: Step rr_“_\“‘“? (T‘m . Let
£ y = (5 TEmon X )
x o = . - 4 . .
A P ‘ﬂ1.",‘3m-.,‘3m/ )

be an even or odd invarient depending on n~1 vectors x, ..., ¥y in n dimensions.

The? function

. N Koo O
? ("1)' T T ,F( T FEme L, )
. - B . . ) . ; —_— N . . $ . b)
e \‘11" Yy ‘sm-‘\ / ,3‘\, ¢ ° ;\Aﬁh.q,o

is an orthogonal invariant of the same parity in n-1 dimensions. If x, «.v, ¥y are

numerically given and linearly independent, one can introduce a new coordinate sys-

i by a proper orthogonal trensformation such that

1 m-1
temec, - -, € @€
L. . . 1 4 m-1 1
X, see, ¥ lie in the (n-1)-dimensional subspace | & - - , € P
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4’
*x =§€ 4+ - -+5 e
-+ m.—" 2

.- - - . - - -

1
Y = UEC - ¥ n,4€

Hence

g

(6a3)  T(x,ey)= '? (Y;: “ C My ) f.08- ).

2

When £ is odd, one gets the same egquation with & minus sign in front of the
right side upon replacing CM by - e'n. Simultaneous walidity of both édqua-
tions implies

(642) -f-(:x,. ./’3\= O .

When f is even, the even (n~l)-dimensional invariant ?‘o , (643), is express~
ible as a polynomial F in terms of the scalar products of its arguments

LA ] . .
(T } . In this cése our equation (643) furnishes

(&{)‘ . M ,\g‘l\
£,y = F‘i e T E
(€}, . «, tam)

re

and since ($ w) = txy) , we finally obtein:
(xx),v « , (=xYy)
(6:5)  Flm,.-.y)= F‘{ CL 3
‘131"4 * ° ? {1&13\

We proved the algebraic equations (844), (6.5) for numerical wectors x, «vay ¥

whose first n~l components have a non-vanishing determinant:
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But such a restriction by an algebraic inequality is irrelevant, and consequent-
ly (644) and (B6.5) are identities, i.d, rf:r'1 : there does not exist any odd
invariant form of n-l vectors in n dimensions while every even invariant of n=~1
vectors is expressible by their scalar products.

The other step T:\- 1"—" ‘T:\\ is taken care of by Capelli's special
identity applied to invarients ? (1«; <, 3:“) depending on n vectors. Its
right side
(646) [_“1' : "m]‘Q'F 7]
conbains the factor f}'@ of lower renk than f. If £ is even, this f)‘F is
odd and after it has been brought into the form: [=x'- - x" ] +times (an ag-

BTy

gregate of scalar products)Jéne must resort to the eguation
[:c". .uM]z:'- M‘(x%xa) 5
d Bz, . m
in order to express the even invariant (6.6) in terms of scelar products only.
It sﬂguld be noticed that merely this special case of the equation (6,1) enters
into our proof.
The reader is asked to compare the proof thué finished with the preé-
liminary clumsy attempts at achieving the same end in our Inbroduction; the

i
promise as given there is now redeemed,

7« Fourth exsmple: The complex group

A counterpart of the orthogonal group is what I am accustomed to call
the complex group == because of its relation to "complexes" of straight lines,
Whereas an orthogonal transformation is characterized by the property of leaving
unaltered the non~singular symmetric bilinear form

(7e1) (xy) = X Y+ Y+« -+ XY,

a complex transformation s has the same property with respect to the non-degen-
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erate anti*symmetric bilinear form,
/ 7 y, /
(7.2) {m%§==(x1g1*mﬂh)4.. ¥ +&1mﬂw”1mﬁé)>

/
where (11 2 Xg , 0, ‘xm,:x:x) are the components of the arbitrary veotor x

in our 2n™dimensional space subject to the transformation 5; ‘the vector y is,
of course, to be transformed oogz:edientl“y. The set of all complex transforma-
tions is the.complex group. {>x wy may be called the skew produ.c’b; it plays
the seme role for the complex group as the scalar product for the orthogonal
group. The normal form (7.2) of the skew product is immeterial: a non=degenr~
erate anti-symmetric bilinear form {'x.\jg can exist only in e space of even di=-
mension 2n, and is carried into the normal form (7.2) by an appropriate linear
transformation -- just as an arbitrary non-degenerate symmetric bilinear form
can be normalized into (7.1). Note, howsver, that while the latter fact is
true only on the assumption that the square root of every number can be extracted
within the underlying number field, the corrosponding proposition about the com-
plex group is a purely rational matter and is, therefore, not bound to any re-
striction as to the number field.

There mre & number of instances in which the complex group behaves
"rationally" where the orthogonal group requires extraction of square roots. We
have to avail ocurselves of two additional such occurrences:

(1) Every ocomplex transformation is of determinant 13 ‘'hence the dis=
tinction between proper and improper transformations that caused some complica~
tions for the orthogonal group is here lacking.

(2) The bracket factor, the determinmant [ x| . -, X"J] of 2n
vectors '11, Iz, o, <™ is integral'-ratio‘naliy ‘expressible in terms of
the skew products {‘JLQL 3&.‘33 -~ whereas in the case of the erthogonal group,

but the square of the determinant could be expressed by the scalar products,
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To prove these two statements we form the alternabing sum

( < X [ 2
e N4 LS 3 0y oL {2l 7_.“3
(73) Ml 2% L= T %Lx * Hﬂ’”" % [ >
extending to all (2n)} permutations of the 2n independent veotors x? x* S

The factor 1/n12n was added because a group of that number among these (2n)}
permutations leaves unchanged the leading term of our sum, namely the group gen-
erated first by the transpositions of two arguments like w.4 and x* or x?
and = united in the same parenthesis 5\ k and secondly by the n! permutations
of the n parcntheses. (:xy gmay here at first designate an arbitrary skew sym-—

metric form:

§ o= S
(704) LYY .(__, ‘de llq,& .
¢, R
(7+3) then becomes
| o § . A
[ ! N <7 A . IM
Nl‘.‘.m .5._..3 %kl‘ L T C‘(L"ﬁ-'(l‘)‘\\ VAR :x-L1J( ' ‘§
Lh ! .»\
with the inner sum running again over all pormutations of x , , .
This inner sum venishos unless ¢, LT T, Cam iS B permutetion p of 1+ - Zm
. 1.2 im - . . .
and it equals ¥ L_x %™ + J according as p is an evon or odd permutation,

We arc thus led to introduce the "Pfaffien”

-
U

- ( £ . . .
Friguml = =0 259N - qly )

)

in which the sum runs alternatingly over all permutations i, Cert T Cmer  Cam
} -\ » .

of 1, .ee, 2n, The Pfaffion plays the same role for the anti-symmotric form
(7+4) as the determinont plays for symmetric forms. Our result is the formula
4 2 2 7

,‘ ) " _‘-D ] N i r‘v . -
(745) ""\X’:,,\ s \I = \ 2 ‘S - \-ﬁf 5.\(.3\1..\1)& XX = U

Whon (7.4) goes over into

E_‘_‘% (uw) 51';13"'1

by o lincar transformation
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E S
(to be cogrediently performed on x and y) (7.5) leads to the further relation

(7.6) o iir:\"\;\q Vo= V% ‘1%&; w - éx‘}'\\s:)

(It corresnonds to the relation
2

— . \ .
[geea ] = lqlew | wd s))
for symmetric forms g(ik) -- which, however, involves the square of the trans-

formation determinantl)

Vhen the normal form: (7.1) or
(7.7) Z{JGKL&) .xkl‘\\z , (‘n‘{:‘\l.\ ;‘ "(YL‘ml))
tl

is adopted for xy , the Pfaffian V§ {‘EK( ) x becomes = 1l.. Henco (7.6)
shows that a substitution S;', leaving this form lxyg unaltered, must be of de-
terminant 1. That was the first point. And the second point: on clinging to

the same normal form for the skew product, the equation (7.5) simplifies to
- 4 ( AM-b Ay
=™ - M= = — E’Ivmﬂxz%--tx x k ,
A%

and thus givcs the desired expression of the bracket factor
in terms of tho skow products.--
The first main theorom concerning invariants of the complex group as-

serts that a full table of basic invariants consists of one typc only: the skew

product {xys. The bracket factor nced not be addoed becauss of its being ox~

pressible by the skew oroducts as shown above. The proof of the main theorem
may be carried through oxactly along the same linos as for the orthogonal group
== with the simplification arising from this redundancy of the bracket factor
which climinatcs at tho samc time tho distinction of proper and impropcr trans=
formations. Thore 1is, however, one further obsorvation to be made lest tho in-

duction with respect to tho dimonsionality 2n would bo stoppod: “Thon consider-
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ing an invariant f depending on 2n-~1 vectors x, y, «.., one introduces a new
"normel" coordinate system by means of an appropriate complex transformation
such that the first components =x, M4, -+ 0fx, ¥, oo vanish relatively to
the new coordinate system. ilere x, y, ... are supposed to be numerically given

and linearly independent. After thus being led to introduce the function

f ] ' ’
%o AR N TR B - J_u‘i_z.*s_a..::/ ’
7 /
we should get into trouble if the arguments o3¢y 131' < + did not disappear
from '@0 along with X, A PR the induction from 2(n-l) dimensions to 2n
would not work. Fortunately this obstacle can be overcome by the following sim-
ple reasoning. We shall not touch the components 'x,__)xi ,- =+ +,and on the
/

only ones we put in evidence, "X 1, X4 , may be porformed an arbitrary unimodu-
lar transformatiomn

I'4
N> xRy

YR I S (ao-By=1).

As this is a complex transformation and f an invariant, we have
(me)  £loxsoyl; - ) = § (R B0 Byy Sy )
(7.8) holds for arbitrary numbers {3 and % if only ® % O, Tor then we may
choose A = l/}, y § = O . The argument of the algebraic irrelevance of in-
equalities (like 2% o ) establishes (7.8) as an idontity in the variables R
and O . Consequently (7.8) remains truc for the values (3 =0, %=0. The
equation thus arising

?(0,1'1 ', 0'15,1‘1 C \ = ﬁ'(0,0', O,O-I I )

] ‘
- . i t . - . . . .
proves that %0(-,(1 '111 o ) is in Pact independent of 1_‘ "1»31 , .
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8¢ The extension theorem

In n-dimensional Tuclidean .space a plane is represented by a linear,

equation

W, o+ - . +'°‘Mu~\+§‘-‘-0 ,

in the coordinates M-, - -, W, of a gencric point; the coefficients

Ao X, § figure as the (homogeneous) coordinates of the plane,

Transition to another Euclidean coordinate system is performed in terms of these
plane coordinates by means of a transformation of the following type:
. ST . L.
X2 2.0, X (LR =V ,2,0 o ym)
§' =
= 44w s X, & S

where .“OLRH is an orthogonal matrix while the constants Ci,c v C are

(448

subject to no restriction. The orthogonal matrix “OLR“ appears bordered

with a rim of width 1 in the following fashion

‘011, 5, Qim0
I [N - -

‘OM" * IOM“\'"

i C‘!)- ) .1 Cm,l‘

The small width 1 of the rim is due to the fact that the n-dimensional
Puclidean spacc, when viewed from the projectivo standpoint, has an (n=1)-dimen-
sional plane and not a linear manifold of less dimensions as its infinite locus.
Our "oxtension" of the orthogonal group may thus suitebly be subsumed under the
following general bordering procedure: Given a group \‘ of unimodular linear

transformations s:

/ . ]
X, = anxm ol R=1,2,0 4, )

in n-dimensional voctor space R " We consider transformations s of nt+y vari-

bles X4,. . ,x , §,, ° P of the following structure




/I ™ .
3‘.5’-—— Z_S

Rz4 )1:c’2 )

{ [ 2 4
g = : ® ™ L.
» éch‘xh-\- %—;fr(s §f3 =1, )

If \\S;\\ ranges over all the transformations s of \/ and the constants Ct{ q

are not restricted by any limitations except

dk. \o¥) =1,

57

(L=1, - -,m))

.

oL
VR

s ranges over a certain group X = KV of linear transformations in an {m«+ V) -

dimensional vector space, the "extended"

(<., KXo, 54 - %4)

group of order V . The variables

are the components of a variable vector in the

new space ﬁ sV The transformations s of X or their matrices are bordered

by a rim of width -,

How this process may rather easily be followed up by the

construction of inveriants is indicated by the following general

EXTENSION THEOREM:

from a given complete set of typical basic invari-

ants for the group Yy there arises a similar set for the extended group S;v of
Q TTU

order v by adjoining the bracket factor

Cx,y,- - =]

2

depending on m + v vectors

:C:(i‘\:.

'A—Jr’m.,§1f 'lgv),‘\a;' ’ ’%

in the extended (m-+ v} =~dimensional space.

Because of Capelli's identity one merely needs to prove that

an inveriant f depending on ™4V -4 vectors x, y, ... involves the "Latin" com-

ponents of those vectors only.

such that the determinent of their first m- ¥ - 1

(8.1)

Xt ',lm)§1,- ':gv—'l

Let our m + v~ 4 vectors be numerically given

components does not vanish:

\A“I. 'lg"“-:’y\-‘\l‘ ’/-YLV"‘ :'#O

N . . . .

.
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The transformation that leaves all the components ==, ° ":L~\|§«‘- Y §W;1
unaltered but replaces 51, by
g_:::. C,X_ ++ - «-\QM?CMJV G:\§1+- . *‘TV-1§V_1*\* v )
‘ belongs to the extended group SEV" The constants Cy, - |Q~\)G}). .)Giv“1
may be determined in such a manner that the last component EJ iwlif . \ of

each of the numerically given vectors x(y, e..) vanishes. Because of the in-~

variance of £ one then obtains
- . DL E * ',S O
:1‘\). .ulN\. g ). -l§‘V-1 ug"\/ e x‘\) v T V-1
% A ] - War A My N 0
S."): M, My "“v--w—n‘v . . . L .‘\l .. 1’:1‘

The restricting algebraic inequality (8.1) may here be disregarded according to
the principle of the algebraic irrelevance of such inequalities. Our result,
that £ does not actually depend on the /%1 Greek component §v (le IR ) ap=

plies to the other (Greek ccamponents as well.

Examples: 1) Affine space., If one takes the nams "affine transform-

ation" in n~dimensional vector space in its historically primordial sense as it
was used for instance by Euler (a linear transformation which preserves the vol-
umena of n~dimensicnal parallelopipeda), then the affine transformations of point
space, when described in terms of plane coordinates, form a group §E1 derived
from the unimodular group X in n dimensions by the bordering process with a rim
of width 1. Consequently all invariants of an arbitrary number of planes
Xz, - o, X, §) are expressible by the twe types: the n-rowed bracket

factor

Y
o

2 e v pywymaEaY FYT CON ORI YT KRS

A PEEESISTERIIMAIIE Phen panT

v s

e e L S T ]

=g e Ty syt

rat
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depending on the "Latin" components of n planes x, ..., y and the (n+1)-rowed

bracket factor

[Ex Coe Y z] = - :‘ ‘SM.,%l

~MoA 1 1’\“:

depending on all components of n+l planes X, «e., ¥y, 2.

2) Affine space of rank V. An {(m 4 V-4 )—dimensional projective

space with the plane coordinates =x,,r - K X §1 Lt §1/ is changed into

)

an affine space of rank v by designating as the infinite locus a certain linear
(n=1)-dimensional manifold; mnamely, that manifold in which all the planes

(O:' ‘;O;§1,‘ "gv\
intersect. Its zroup of automorphisms is the extension of order v of the uni-
modular group in n variables. Ordinary affine space 1s the space of rank 1 ac-
cording to this nomenclature. The application of our extension theorem is ob-
vious.

3) On starting with the unimodular group and repeating the bordering
process several times, one gets what may suitably be called the group of step
transformations. Let us supvose, for definiteness, that our staircase consists
of three steps of width ¢, %—- I m-—%l

O < e <‘Cbli ~.

The components of an arbitrary vector are split up into three sections:

(802) Rk A 1(:,\ exat DC"\’\ 3‘\*1“ EERT N
and a "step transformation" is one transforming the first p components X, ., ., % ¢
among, themselves, then the first q components X, -+ -+, % %)(and finally all the

n components ). The maotrices of such transformations are of the following form’
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O )
* |o o
e *c.)'i
C\\
>
M -

where the rectangles on the right of the main diasgonal marked by O are void, i.e.
filled with zeros, whereas the squares * along the main diagonal bear unimodular
matrices, Denoting by ><1 J)(L :}is the three parts into which the column of

the n components x,,. . ,x, Dbreaks up according to (8.2), these transforma-

tions are of this form

Y =
AR =

The typical basic invariants forming a corplete set are the bracket factors of
order p, q, n, respectively, n-mely the determinant of the first p components of
p arbitrary vectors, that of the first g components of q vectors, and finally

the determinant of all n components of n vectors.

4) A special case of the step transformations is the translation group

in plene coordinates (x, 6 « -, X w § \ ;
1/{_=:c.l.'LL:\,'./m\
£ = =+ RN SRR
(Cyyr -1 Ca, arbitrary). A full set of typical basic invariants is furnished
by the n variables X4, *,, + X, ,together with the determinant
{
\1‘\) .\1'\'\.,%}
{0 i . . ;, = ‘:1 A 11
e
{ z,, ’.zkuttl
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of n+l vectors x, ..., z.

5) The "somi-invariants" are another special case; they refer to that
step group for which the partition (3.3) separates all the individual components

X4, X,y + », X, from each other. In other words, X now consists of all

"recursive” transformations

K
"

Raqa Xy

T T - e G

. . . .

S ST G S +me*1,‘+ SRR ST VI

whose coefficients O. ., , Naa L Q . 8long the main diagonal equal to 1.
Invariants with respect to this group are called semi-invariants., A complete
table is made up by the "brackets":

3‘-«\““8};,' . c, Ty ~-E1M)

=+ - W\_X " being the determinant of the first i components of 1 vectors

Xy eon0, Yy:
\ TP =
\ My 4
6) The case of n-dimensional Buclidean space from which we started is

easily gencralizod to the notion of {m + v - \Y—dimensional Euclidean space of

rank “VV: here the infinite consists of a linear manifold of v dimecnsions less

than the total space. Its group of automorphisms, when written in homogenseous
plane coordinates &'1.1' L S §.,7 8. \ is derived from the n-
dimensional " orthogonal group by bordering it with 2 rim of width v .

A full table of typical basic invariants accordingly consists first of the scalar

product
(xjy) = A4, % = XM w

h'—‘““_.,_wq-.-‘n -y -
al

bt
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second, of the "Latin" bracket factor depending on n vectors x, e.e, y:

Fa st T K

Eat.‘v“] =

~.

Yo Y
and third, of the "total" bracket factor depending on A+ 1 arbitrary vectors

Xy evey Z:

‘x‘\,' IIN\.I§1) |§¢V

Cxo v oz] = |« - T
ArUr s * : N ’ :

1. ! -ZN\-)Z:IJ 'gv

When we remove the restrictions

(8.3) M.(OLK\ = ﬂ \q-\ = . - i 3 x:_1 5
. ¢V1) . . . G“V‘V
imposed upon our bordered transformations s:
-
Ot 7 1%, ©, -0
qu) ' . * Om.m. o - O
Cia, - v, Cam| S ALY
c'y"' . L3 , CY'TL’G—‘VI « . G"VV

and thus allow the rotational part to be improper {auﬁL,Kognﬁ = - \\,as well
as proper, and permit any value % 0 for the determinant of the g s , then the
basic invariants which were absolute before, become relative ones, even or odd
\3

in the head components, of a multiplier \o- and hence of a certain integral

woight g in the tail components. Our table remasins a complete table of basic

relative invariants because other types of "relativity" are impossible.
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(23]

The group taken in this slightly widened sense may be described as the
group of all transformations in {m+ v) ~dimensional vector space leaving in-
variant a given quadratic form
(844) Z%-mx-hx,\,_ )

The form depends on all AL+ 4+ components X ; of Ehe arbitrary vector x, and v
may be its index of degeneracy. Indeed, such a form can be linearly trans-—
formed into the square sum

e =

(845) :L:‘\" T

of a number of The variables,'tho full set of which we now denote by

Fa, 0, Xm, §4.0 -, f;;) and the linear transformations of all these m++v
variables, which leave (8.5) unaltered, constitute our group derived from the
orthogonal group in the n variables X, - -, x, by extonsion of rank V',

Tho study of Fuclidean geometry of eny ronk in terms of plane coordinates is

thus thg study of the group of transformations thet leaves a given quadratic
form unchanged; +the differences in "rank" arise from the extent to which such a
form may degencratc.

7) In similar fashion one may consider o (2 + v)-dimensional vector
spacc whose groud of automorphisms is the complex group in 2n dimensions,as bor-
dered with a rim of widthV . The "skow product" and the "total bracket factor"
are the two types of invariants sufficicnt to furnish a complete basis of all in-
variants.

Onc may justly rejoice at the simplicity of thesc comsiderations, but
then onc should not forget that they solve only the question of invariants for

figurcs consisting of planes; and it bocomes quite a different matter when we

are to consider point as well as plane coordinates, as we shall now do in Part B.
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B. Covariant as well as Contravariant Vectors

1, Trivial examples

In this part we stick to the convention that covariant vectors are des-
ignated by Latin, contravarient ones by Greek letters,

1) Orthogonal group. In the case of the first orthogonal group s

every contravariant vector § is a covariant vector x: their transformation
laws coincide,since an orthogonal transformation is identical with its contra-
gredient. The complete list of basic typical invariants of an arbitrary number
of covariant vecters consists, as we know, of the scalar product only (xy), if
‘X includes the improper as well as the proper transformations, and only abso-
lute invariants are taken into account. Consequently if both kinds of vectors,
covariant and contravariant ones, are admitted, there appear three types in the
complete table: first, the scalar product (xy) of two covariant vectors x, vy,
sgbond the product (ﬂ-g) of a covariant vector x with a contravariant § , third
the scalar product \ﬁ‘vl3 of two contravariant vectors §,11.

2) Hordly less trivial is the case of the complex group . We start

with the skew product {xw'gof two covariant vectors x, y:
‘ Y / i
(1.1) {u%} = ('3(,1131—' Xq 111\ oo ¥ Klmxﬁm*lm“fw)

The relations

2

)

[Za ]

3
5

{

{
[74 3

x,=§5  x, = -
(1.2 1 L §1 y ;> y T m

link up a covariant vector x with a contravariant §/ because these equations can
be summed up in the one relation

Lxyl = Ly
holding identically in y, and this relation is invariant under all complex trans-

2
formations. This transition (1.2) from § %o x may be indicated by =¢ = § .
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tthen considering both kinds of vectors we are therefore free to replace each
: ?
contravariant vector § by its corresponding covariant § 7. Hence
2 22
{&=3, {5}
are to be teken into account besides the original {xy}; the complete table one
thus obtains consists of the three types
{1,3'3 ,  (=§) ) {.SWIX .
Remark. ‘hen
x = S o
) = 29 Fuxy
is the skew product of two Latin vectors, the skew product of two Zreek vectors
5, T is the form 2 V.. 5: © whose coefficients - form the inverse
. XLR L o - Y\«\Q

matrix to {\ gik\\ ; for the normal form (1.1) however, both matrices are

= \\ e'(,\'{\\ ’]

2. The general method

For any group X whatsosver the product (%§) of an arbitrary Latin
Wi’:h an arbitrary Greek vector will surely appear as a standard figure among
the basic invariants. But this brivial remark does not lead us very far; and
only in the simplest cases shall we get off as cheaply as with the orthogonal
or complex group. One is however in possession of a general method allowing
free passage from conbravariant to covariant vectors. It was developed for the
purpose of the problem at hand, above all by Weibtzenbdck, under the name of
"ecomplex calculus". The basic fact is that n-~1l covariant vectors x(l),...,x(n—:L>

in n-dimensional vector space give rise to a contravariant vector § whose com-

ponents §;’ are the n~1 rowed minors of the matrix

) oyl

‘x’ 4 - - . J d,m
) (m-1) *
\"\‘\"1\ . u_

1, ° ' ’ o
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liore exactly, §£ eguals the minor which is left after dropping the ith column

)n-l attached to it. This shall be indicated by the formula

g = [‘DLU) ch—ﬂj
P Tty .

with the sign (-1

Our process -- corresponding to the fundamental constructions in (n~1)-dimen-
sional projective svace of determining a plane by n-1 incident points or a point
by n-1 incident planes -- is invarient under all unimodular transformetions, and
may thus be applied to any group consisting of such trensformations. For the

definition of § may be condensed into one identity:

\) 1)
3(.1 ;s X
- - == - - % %
3(\:\\ 1) . . . DC(M 1) 3_1 _Z 4 -+ + ” .
1, / m
4, . - ; ZM

involving the indeterminate covarisnt vector z, or

(m-1)

Cx™ o " '2] =(52) .

In this form the invariance is obvious. Another suitable form of expressing

the same relation is

(41 ac(1!

S v

4 m-1 . . . §
S AR I ORI B
* (m-1) {m-1) " m

. . ‘9 -

L1) bm-“
where Ly, 'y - -, hmq’gwis any permubation of 1, ..., n and Sku1f -,Lm~1ﬁu\
the lineer character = +1 or -1, according as ¢, . . (_ <, Ym 15 an even or

odd permutation.

We now proceed to investigate invariants depending on an arbitrary

number of covariant vectors and a given number of contravariant ones 5)11 IS
S——— )

in the following manner. Let us suppose that the invariant £ under considera=~




67
tion is a homogeneous polynomial of degree h with respect to the components of

3 . We first perform the polar process:

Z—g* 0'? S

*
introducing a new auxiliary contravariant vector 5. The polarized invariant,

* e
linear in § , is changed back into f by identifying § with S . We now re-

o -1 X
N ) according to
?

place § by n~l auxiliary covariant vectors x
* Lmet
§=LCx". . ., "“]
J

On contraecting the two steps into one, the transition we accamplished is then

from ‘K— LS) +to

(1) (1)

X, oy X

g(?‘:«)‘ . )xtuw'ﬂg) —_ .\m-ﬂ __xu\-ﬂ

(2.2) 2 ¢ 11 " * o o
2% .. . 2%

38, ? 3§,

The degree of T in § is less by unity than the degree of -?(&\ in § ; this
advantage is, however, to a certain degree compensated for by the introduction

1)) (m-1) )
of n=1 new Latin veeters x < ., X, This is why we have to insist

P
that no limitations should be put upon the number of Latin arguments (whereas
the number of Greek arguments may be fixed in our investigation once for all).
We call the new vectors 1&-\\, e, 'lw.ﬂ the syr;xbolio vectors, and the whole
process of changing f into ¥ we name "declination"., After one repeats the pro-
cess h times (each time with new symbolic covariant vectors) the vector § has
been eliminated entirely. Then mn may be thrown out in the same fashion. But

when we finally have got rid of all the Creek arguments a lot of new "symbolic®"

Latin arguments will have made their appearance.




68

Let us now assume we are given a finite set T of invariants depending
on the given Greek vectors §)11, -+« and some typical Latin vectors. We wish
to show that T provides a complete basis for all invariants of these Greek vec-
tors §,m ,' - *,end any number of Latin vectors x, y, «..,”= in the sense as
indicated by the term "typical", nemely that the typical Latin arguments in the
table are to be replaced by the actual arguments x, y, «.. in all possible com~
binations. Let us further assume at the outset that our table T of "basic in-
variants" contains the complete table of typical basic invariants for covariant
vectors only (which wo suppose to be known to us). We get at our proof by
means of induction with respect to the degree h of the inveriant f in one of the

Greek arguments, say § . We then are allowed to suppose that the declined £

J
of order h~l, is expressible in the desired fashion and we must try to wring
from it a similar expression for f.

F is a linear combination of "terms"; an individual term is a product

.. . . . 1) tm=4) _ .
of basic invariants that contains the symbolic vectors <x <o, X ) dins

early. The symbolic arguments arc spread in somec way over the factors of the
term; no symbolic argument appears twice and one assumes, as it is convenient
to do, that the typical basic invariants are fully polarized with respect to
their symbolic Latin arguments and thus contain them in linear form. VWhereas
T is skew symmetric in the symbolic arguments, its individual terms may not be.
Hence, in reversing the process of declination we first take care of insuring
skow symmctry through alternation with respect to the symbolic arguments and
afterwards we replace the determinants (2.1) by the components of the Greek ar-
gument § . Thus the process of restitution to be performed on a polynomial

() Lm=1)
%(&x A 3 , depending linearly on the n-1l symbolic Latin vectors

« (m=t) | : .
>* oy X s carried out in two steps:

?
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\
1) Alternation g —>g*: \
\\
K (€Y (m=1) (-1}
(2.3) % (=" . ., D] (m »\\\ Z_*' %(‘1 coe X ))
the sum extending alternatingly to all permutations of the n-1 arguments
38:' Ty '*(N.1z The skew symmetric multilinear g* can be written in the

form of a determinant

L (4)
-
* “ (o) _ .1 ;¢ ) 'm
(2.4) q L=, > ) = ) (1)
11 ) 2> m
., A
A»\, ) L4

where the A's do not contain the symbolic arguments.

2) In the second step (2.3) it replaced by
(".5) '3’ = ALS, - - - AT
The contraveriant vector § is called the restituent. The sign —>> may serve
as g£e symbol of restitution: g —>>F, It is by no means excluded that g, and
hence g* depend on some other arguments, even on the restituent $ besides the

(1) ~m - —
symbolic vectors x S QL( ‘} The process of restitution chenges £,

3 ]
(2.2), back into f, when f arose from f by declination.

In our inductive proof of the first main theorem we suppose that we
heve succeeded in expressing f in terms of the basic invariants. Qur goal is
to carry out restitution in each term of this expression. Let us pick out a
single term, a preduet of basic invariants with the symbolic arguments
3:ﬂ,- oy 3C(m.1) spread over its several factors and then try to showthat
such a term by the process of restitution goes over into some aggregate of the
basic invariants again.

The essentials of this section can be summarized by two definitions

and a general proposition.
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I. Definitions: a) Process of declination, applicable to any poly-
nomial £ (§) : eqs (2.2); b) The inverse process of restitution g—3>>F ap-
plicable to any g multilinear in the symbolic arguments ‘x“: RPN kav;-i)
eqse (2.3), (2.4), (2.5) combined.

II, The general proposition: We suppose that a finite set T of "basic
invariants" depending on a given number of CGreek arguments § b, -+ and some
typical Latin arguments is given. The table T is complete when two things can
be shown:

1) It contains the complete table of typical basic invarisnts that de-
pend on covariant veetors alone.

2) Any product of basic invariants containing the symbolic arguments

Y tm-1)
x * * *+ X | in linear form is changed by restitution into a linear com~

3
bination of such products, (This second assumption may be referred to as:
closure of T under restitution.)

- To this general summary, I add a supplementary remark and the two sim~
plest examples of restitution; they serve as an illustration, but we need them
for later applications as well.

Remark: When applying restitution to a product of the kind just de-

seribed, one is at liberty to discard factors that do not contain e symbolic ar-

gument, in particular factors depending on Greek arguments only.

(1) (M-1)
Example 1. The bracket factor Cx W « v 9‘-] when it con~
(C) I (m=-1) .
tains all n-1 symbolic vectors X , * - *, X = is carried by restitution

into the product (g x) of the contravariant restituent § with the covariant

vector x:

o <™ ] —> (5x) |

Example 2.

\ @ cw-)
(x”Em} . (:‘m.ﬂg_t...ﬂl _» [:\:'{\,B NS S} .
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Proof: The left~hand praqduct is changed by alternation into
N R B
D(. .
(m-ﬂ\\ i, “men -

The inner sum indicated by S extends alternately to all permutations of

() (m-1) . Lo . .
X -y whereas in the eouter sum all indices v - - -, L

4 J 4) s §

range independently from 1 to n. The inner sum is different from zero only if

the numbers L .. . .

- , are pairwise distinct;

-1 by the process of restitu-

tion it then gets changed into
i, W) Se

:'Ln being the one number of the row 1, 2, ..., n missing in the sequence

"'1, R _1.Hence the result is
(4 {m-1)
PN TR
— Le b " . e e .
(m -1} (s, M ") §L §L ¢ )
4 m- m
with the sum running over all permutations L_‘) . . ’L g }'m of 1,2,ee.,n,
M=}
‘.“) Cma
or 1/(n-1)! times the determinant s g §1

-

3s A formal identity

As a necessary instrument for carrying out restitution on a product of

brackets like [x y ... z] and inner products like (=< f) we need a certain

g
With n+l Latin vectors x' . -, %'

formal identity concerning determinants. ) ,

which may conveniently be

¥, %, U, «. and n further numbers 7w, ,- - 'iTm

looked upon as the components of a Creek vector 7Y , we form the equation

() xS X

) ! -~ ()
(xm,n,) ' 'L(:,) Coe . X
(wg ) 131 ALY 13,“'
z) oz, -+ . Em
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This determinant is zero because the first column is a linear combination of
the m. subsequent columns by means of the numbers M4, ’TT,_I - - ,’TF”L, On expand-
ing the determinant on the left side according to the elements of the first
column, and leaving the terms above the dotted line on the left, while those re-

curring below are thrown on the right side of our equation, we obtain (perhaps

after a change of sign):

(3.7) = -Déc.\g-z-- ~](1“er - - = [_‘_x(.”.::.u'iz.u.- ](n"rr)

— Ex.(':) . xli)_t\u . -3(£“|T) A .
On the right-hand side stand the terms whose bracket factor includes all i sym-

) o)
bolic vectors o , s X, The left side is made up of the alternating

sum of all terms arising from the symbol

E:X.“)u . DL(L—ﬂ"j-E- . :{

e
by throwing out one of the x's and multiplying the remaining bracket factor by
the corresponding (X7 w). If S again denotes alternation: l/il times the al-
. '3 i PR 1} L‘) (“)

ternating sum over all permutations of the "symbolic” wvectors = , e d R
it may be written as

. (1) (t-1) @

L-J{EDL S X Mz 17)15 :
One now sees how our identity will serve the purpose of restitution: a product
like

['xl‘\.) . . :x".\.——‘):)) 7. '] ('I.h.)’TT)

in which the symbolic argument x(l) stands outside the bracket [ 1 is trans-

J

formed, after alternation, into a sum of terms whose bracket factors have ab-
sorbed the stray argument x(i). In this way all symbolic arguments may bo
drawn into the bracket factor [ 1}, one after the other,-- providing, of courss,
that such a factor is present. In the applications (‘Df-(n’?r) need not be the

product of x(i) with a Greek veetor T ; rather it may be anything linearly de-
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pending on x(l), e.ge another bracket factor containing x<1) as one of its n

arguments.
The terms of the alternating sum of the left side of (3.7) are de-

rived from the "leading term"
L) (e-1) W)
[:x_. <X -3%..](1":7,4) ,

J}i-1) ()

4
if one replaces the sequence E xX by that arising from it on

/ I

d n ‘-1
making x(l) hop over the preceding arguments xXx |, - -, =t )) one after the

other (from right to left). We shall say that we draw x(i) (alternatingly)

1) (L-1)

through the sequence &K -« -+, X | In the same way, the argument y in

the leading term on the right side:
Tt .. DCLL)?_—LL‘ ‘](1{57)
is drawm through the sequence of arguments z, u, .. (from left to right).
It is convenient for later purposes to establish explicitly the result
of a repeated absorption of symbolic arguments into one and the same bracket

factor. We are to deal with an expression:

() () et 4 ~ — (c+1) (R
(.2) [ X Tyt VU E (Y 2
depending on k "symbolie" vectors x:
(1) Q) (i (k
R XL l -, K )
J > 5
and n~1 further vecters y:

(L+14) (M)
'g , . <, ’3 ,

(0£18x $n). ¥ isa miltilinear form and skew-symmetric in its k-i argu-
yimm

ments. From (3.2) we obtain the sum

% Il VL xm,étijw)_ _ %(M\]‘P(u‘t".‘). )

. 1) .
by first drawing 'UQLL*') through the sequence of arguments ﬁL(J- -,Ut(i}
(L+2) ) ) +1)
then drawing ¢ through the sequence X |, - - 20 |, A 5 and so on.

L 4
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lach stev is to be performed on the whole expression that resulted from the pre-

ceding step. The whole sum equals the analogous sum

(1 () +1) ~ G
%\T[x Y x ﬂa“‘. . «ék \].FQA() ) - ,ak\z\] ,

in which each argument \A(wﬂ - “=) of the leading term is drawn through
L

(Le 1) R) )
the subsequent arguments in the whole sequence 3 ,no \ ““H“ .

J ) 1 /

@) (9D (1%4) Lm)] 1 +4) ()
sy ZE ] F ) —

T Tt Ty VY \

}

The sum 2_ on the left side contains the arguments
2N

) Al L+1) (w)
CO \ e -
‘ p)

) N
in all arrangemonts oreserving natural order with the first part :x(1 - 3(_(“)
3

>
but the x's of the second part can be permuted and are allowed to be scattered
between Lhose of the first part in any possible way. It is formally simpler

(1) (R)
(- .

and permissible to sum over all permutations =X - -, 3 The effect of

this wholesale summstion will be that each term of Z_ appears il times, il be-
=

. . ) (R
ing the numbors of ways in which = . . X ‘ may be arranged. Hence

> = =g
x Ll =
where %Qr_ means salternation with respect to all x's. The right side of (3.3)

can be written in the same manner as
(- o) l

{m-%) Y
and thus our identity tekes on the equivalent form

(3.4) (T)éx: (::)5«3

lma)

Sy

where (il) is the binomial factor . kX is the number of vectors x

and n-i the number of the y's.,
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4. Unimodular group

Proposition: The three types
Coeyr - 23, (28) , USy- ¢

form a complete base for the unimodular group,

DProof., 1) The table contains the typical basic invariant
Cxy: - 2]
which suffices in the case of Latin vectors only.

2) Consider a product of some factors of types 1 and 2 involving the
symbolic arguments 3(9: <, :L}m-1) in a linear way. If the product con-
tains at least one factor of type 1, all these symbolic erguments can be geth-
ered into this factor by repeated application of last section's formal identity.
Restitution then changes the factor (:If‘) : kat1)2K~] of type 1 into the fac-
tor (§ x) of type 2. However, if the product contains only factors of type
2, it is necessarily of the form

(_x.(«)gu)) oo . (1\'“-1)?&»\-1\) )

end is then carried by restitution into a factor

(1) (m-1) ¢ 9
Cs - - 8§ §

of type 3.
Roughly speeking, restitution effects a shift from typs 1 to type 2,

and from type 2 to type 3; here it stops short since type 3 involves mno more

Latin arguments.

5, Group of step transformations

For definiteness we again consider three steps of width P"B" V>,
m - c& (cf. 8, example 3). A step transformation transforms the following

components of an arbitrary vector x nnly among each other:

(1‘\»‘ ')u‘P))
T TUCES S C L
(1'\:' © ');X.M\
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The contragredient transformation affects in the same manner the following sec~w

tions of the components § of a contravariant vector:

LA
( g\:«m" ’ ,im\ )
(s, - 8,
They are of length ,‘;’; ,n__cb lcg-:m_, P, ™, respectively. Hence we
shall expect the following typical basic invariants
- u] .9 ) ) ) (m)
L?ﬁ. . K ]‘P’E1I.<v1 -‘}6)ED(".‘.°L jm
(6.1) (= §)
) p v ') A (ml
N e I R S e AR P

y
The three quentities of the first row were defined before: they are the deter-

)

minants of the first p or g or n components of p or g or n vectors x respec-—
tively. Similarly we have in the third row the determinants of the las%t \e'
or O\; ~0r o components of p' or q' or n contravariant vectors § . 4s we can
think of no other fundemental invaeriant offhand, we are bold enough to guess
that our table is complete, This is what we are now going to prove,

It certainly is complete when none but covariant vectors are taken
into account: the types in the first row suffice for this purpose. Secondly,
we must show that a product P of factors of the types in the first and second
row linearly containing the symbolic vectors ZK(‘: oy X(M‘ﬂ is carried in-
to a combination of faectors of all three types by restitution. (1) If P con-
tains no other factors than those of type (x §) it is of form ( ) and hence
changes into a factor of type [§“.). . ¥ (o ] . Let us therefore assume
that P iilvolves at least one of the types in row 1, (2) If it contains a fao-
tor of type C'l"j .« . E]M we know that it is possible to throw all the sym-

) . ) (=) .
bolic arguments into this bracket factor: C=x - - X 11 , which then

is changed by restitution into L= f\ . (3) If a bracket factor L _Xmof or-

3




77

der n is not present, we migh% have one E 1 of order qe The product P

splits into two partial products, the first P! containing all factors of types

row 1, the second being a product of factors of type (= §3 . Only the first

q components of all the factors engaged occur in P'; we thus mey here operate

in the g-dimensional space of the first g components; and by repeatedly apply-

ing our formel identity to determinants in this space we are able to gather all

1) W —~
the symbolic arguments X+ *, X present in P! into the one factor L- ]

whose existence we assumed. After discarding factors free from the symbolic

arguments x we then are faced by an expression of this kind

1 (8] . G tes1) (o wd) tm~1) (m-1)
by TS V) g

-

Ly .
Ve introduce the unit vector € = whose Lbh component = 1 and all

other components venish. The unit vectors enable us to express a bracket fac-

(S o)
tor of order q: Lz, . 2% ] N as an n-dimensional determinant:

Cz'o. 2V e“h’*‘} .e(m\]
Let us do this with the first factor in (5.2) and then make use of formula
(3.3).

We learn from it that after alternation with respect to the symbolic

arguments (5.2) goes over into
(N (m-1) ) ter i ((+n) (M-1) (=)
Z__ *r E'J( PO 1 iL“ ] . K% f ) o s (i: § )

(a numerical factor has been omitted) whore the alternating sum runs over all

{J+1) (m)
permutations & , T, of
(c+1) Lﬂs‘ Ub—\- 1) m)
)3 v ' u ) ¢ ) : " € .

Restitution replaces tho first factor by (.QE(M\_f ““) if the restituont is

(m
oalled § The result is the doterminant
(C+1} Lt~y
(578, o, e
whose different lines are derived from the one written out by substituting
ey (4 e“‘l»*"_ . &™) for z, one after the other. This

) F ) ) !
determinant is

D

TEPrT Y

- EwxE I ny

[ e a————y L1 ]
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k‘:"‘"\\t*-\\ m "
(s “\ Yy oL .)(\g",a“ ‘)

}

[suni‘a@\)\ \ L S(M\'g W\)

- . ‘.
) /

- lLaa) 3("\)
‘\«-1 ) ! l\f“
§£L$1) ) §(M)
~ ) ' ' d m

When expanded in terms of the last n-q rows, only determinents of the type

— 1 1
ts, ¢, -} o
depending on the last v':: N\-—qb components occur besides the factors of
type kg 13\ . The leading term for instance reads
(C+) (¢ 1)) Do (Y i
(§ ) (L+1)) o k§(b l*“\} g oo §(\\
'3 ) ) I CAT ) g

- » - .

. - . 0

Ry SR ] e S

[ ' m ) 7 o~

It is at this point where one needs the "iterated" formule (3.3) explicitly.

(4) If no bracket factor either of order n or q is present, but one

of order p, the argumentation is essentially the same. Restitution then gives

/
rise to a Greek bracket factor of order mm — P = Cb . This completes the

proof of our ccnjecture:

Theorem. Table (5.1) provides a full set of typical basic invari-

ants for the group of step transformations with three steps of widths p, - P
M A\

M-—C‘\; .
It is obvious how to generalize the theorem to an arbitrary number
G of steps; the number of basic invariants will be Z < <+ 1. In its gen-

eral form it answers among others the question of invariants depending on

points and planes in affine space, and the question of semi-invariasnts for any

number of co- and contra-variant vectors.

- ——

———iin

a2y vRryE

PP TTIE Y
g——— r‘

ey

L

L.( . gy LR = e EE R JTR IV IRIR A LR L5 2 pm i v
—eprre ) £ yer TRy m ey gy g
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8, Buclidean space: enumoration of basic invariants

The group K of linear transformations in n-dimensional vector space
with which we now propose to deal, will be the group of proper orthogonal
transformations in fb dimensions bordered with a rim of width v/ ;/Mu+'1ftznm .
The components of a covariant vector x shall be denoted by

3(‘11"'3(}&;3(/&*-1)' T XL
The two groups of components may be referred to as the head and tail of x.
We must deviate in this manner from the notations used in §8 because Gresk
letters are now reserved for contravariant vectors. Interpreting
HKynE o ZUQW as homogeneous plane ccordinates in an (n~1)-dimensional
projective space, our group is that of Euclidean space of rank v (in particu-
lar of the Euclidean space proper if v =7 ). The components
%‘ RN g/&; §/4+1 LT §“\ are the homogeneous point coordinates in

this interpretation, and the infinite locus is described by the simultaneous

equations

& = 0 .. § = 0.

},{4.1 } J N

A determinant like

involving [o vectors X, «.., ¥, may be denoted by

T~ - - 1. .
RS
It is zero unless all indices Loosoey LF are different.
J

We start with the table of basic invaeriants depending on Latin vee-

tors only:
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a) The full determinant of n vectors x, y, .., 2,

-

Dt Ly -2

b) the determinant of the /« head components of /«, vectors X, eey ¥,

7/

D7: L -yl S

¢) the scalar product \
}:_ \
7 Y- = (x ‘
2oy = k)

which also depends on the head components of x and y only, and for rea-

it — PO PSS

sons that will soon become clear, shall be denoted by (k \1‘) .
Te now try to make up a similar table for Greek vectors. It will
of course, by analogy with a) and b), contain:
d) the full determinant of n contravariant vectors gn Y, v, g"

N~ 8w - 3]

e) the determinant of the 4, tail cauponents of 1 contravariant vectors §J- M

Ax—‘. E§ S Y ]

'

E

To obtain the analogue of ¢) we first consider Euclidean space proper:

*
is the component §:M . The simplest con-

‘V=TI/A,:M-—1§ then O
ceivable rational point invoriant in Iuclidean space is the syuare of the dis-

tance of two points E; M

The sum over i ranges from 1 to n-l or frem 1 to n as one prefers. On putting

T kS
the conmon dernominator E‘M ‘V‘L o~ in evidence, the numerator turns out as

e

- . *

- . T UEwT. = (IS ,

?‘Knlim %LTLM\ Z‘;‘ 1 “,m (\ \ }\'\ +
the denominator, and hence the numerator as well, are invariants., The polar-

ized exvression

‘ . oy T Csw). Uy
%1, LEn ey Z;‘ijﬂu,m\— "l}L

M

|
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c——
P

>
/
is the numerator of the scalar product of two line elements §}\ , § '*l' in
/
our (n~l)-dimensional Ruclideen space, its denominator being %M_'V\M §M ’YL'M .

The square of the size of a two-dimensional element (parallelogram)
—->

—
as spanned by two line elements S+ § is likewise given by a fraction
(O g N

e
i

2. A .
whose denominator equals §m Lo ‘( , and whose numerator is the sum
m

Z_CEW\(].LkM
[

extending either over all pairs f., k of head indices '\,) R = 1, z, -, M~

with 1 <k, or i and k run independently from 1 to n; in the latter case the
factor 1/2& is to be added. The duly polarized invariant is
. Foy o _ T L _
St Umslleme] ~«§Q\L§n?] - Yj%fli,km'
< 1)

The square of the area of a parallelogram can be expressed by means

—>
§¢C  as:

L
L )

——>
of the scalar products of the two spanning line clements §‘yt

(5l En) CS~ U5 ¢)
R §. M. 0,
(5708w (szNs) ’
. €im. | 5.1
1 cf BmEw) gm )
S Uas | (S£NEmy |, sEner) |
Hence the relation
CEm N §w) Lgn\\ff)

= . 2\EnY)
E5vsm) , LEsuss) "

or in polarized form
Lo
(SnW53")

CEqWEs) | _ g—mg;\. (s 5| §In’§") .
(sr1 sy

(seng'eY)
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It is thererore not true, as one might have expected, that the type 8:_ is
integral-rationally expressible by invarianbts of type 51 , What we get is
merely a relation between invariants of types {1 , § o and A*: 67..

should hence not be omitted from a full table of basic invariants,
From the l- and 2-dimensional elements one may proceed o those of
higher dimensionalities up to n-1l. Generalization to Fuclidean space of rank

1V is obvious. Ve thus get as an analogue to (c), on the Latin side, a whole

o ) 1,

£) BP: (EVL. IR §I)P:
Z_Egﬂ f-J& N : [5,»‘_'..("]
10! (’1/’“"'1,""‘4 AR /u-n--,rv

i(.).:o"]). T ) " A J

string of invariants § 8 Co S}x.. on the Greek side:

Sf’ depends on two sets of {: + 4/ Creek vectors 5111/. ) ZI 5,’1’2",' . (

The range for the indices of summaetion is described by

L ¢ o< ' . ¢, s = . .
155 i R AV e A T Y A

or if one prefers, one may run all {) into 1 independently from 1 to n, but
then one has to divide the whole sum by P ,/ . The two extrecme types go and

(S/_L are products of two invariants of types A* and DN respectively:
(5 - il §h ') = AT ) AT )
(¢....¢80¢" . ,,f')/&:A(g. OGS )

It is easy to generalize the relations; but we have no immediate need for
them and so leave their establishment to the reader!  Another expression, how-

ever, for the invariant 8 will prove useful.

e

The series of the (D + 1~ arguments

g"tlyl_i-s‘,"lg

]

consists of two sections of (\) and 4/ vectors respectively; <the division is

marked by the semicolon. L_“ Co A e may run independently from 1 to n.



Z o€

L ..
1) 'L{’

= (§357)

%/«u 1

-’

). 5

/
. g’ o
™M

{
by first summing alternately over all permutations of § -

performing the same operation with respect to f‘

e
83
9 ’
/M.-t 1. ' é’M.
{%w+1 'f}m
/
Y, f' and then

-, €. The first step

leads to
(s¢7) (w ’5’)/ §/;+1 o g
- L ST
(s&’) - ',(\Lé"\,?/‘:ﬂ)- -,5"”1
and we thus find
(65), -+ 8, 87 5
(6.1) > mogl
(889, g, 0T ’

where the sun extends alternately to all possible ways in which the 4/ argu-

ments 2y ‘:g— may be mixed among the (3 first ones § ] (without

R .

changing the order in either of the two parts). This may finally be con-

densed into the neat form of a single (zv + P -rowed determinant:

(s5'), LZ’H’#M,--?M

(6.2) gﬁ.—. C0Y ) (rE) ﬁlﬂ ¢
e e S

S s g/m, G " '

§M " T ?Mc O/ ©
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( / -
It is immaterial whether we here interpret the products like ( § § ) as meaning

, > / i
(85) ~ = 5,5, ores  (£]8) = 55,5 P
| - .

For by .subtracting from the first column of the determinant the last 1 ones mul-

tiplied by §/‘H‘, Co,

(ss') - - ., (§8¢)
of the first column are changed into
(sfsy - - o, (517

After the Latin and the Greek invariants, we now turn to the mixed ones

EM respectively, the terms
‘

involving both covariant and contravariant vectors. Pirst the product

(%)

When one writes the scalar product

(‘x_{'\-\] = 3(.111.1-’-' . -i—'TI,/_"a)u_

as

- (glj) - §1q1‘l+.'+ /41{,..’*';‘»,1‘}),«5('”"{/"3“
one must put
Q?1".-,§F'-§/H1’, ,},gm\)-_-.('x,h. .,'x,/,.-)o'- -,O),

Hence every covariant vector oC = (11 :;LM) gives rise to a contravariant

;T
one

5 = 3‘-\ = L°L1,";°°fu,o>"lo)
by cutting off its tail; +the process \ of striking off the last 1~ components
is invariant under all transformations of \( We use both notations :xl or | 3¢
without difference, so that (1\ 11) may be interpreted either as the product of
the contravariant vector '3(,{ with the covariantg or as the product of the co~
varisnt vector x with the contravariant \\8 . One sees how this usage of the

v

"aPf stroke" \ Justifies the symbol (’J..h,l\ adopted for the scalar product.

P
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On replacing some of the n Greek arguments in A = (:§ yL { 1 by
arguments of the type 3(\ we obtain new mixed invariants; and hence we supple-

ment our table by the following new members of mixed character:

&) (> %)
S e UL TR N CUSU.

&= ol > < M- —> ’ h )

& denotes the number cf Latin arguments x, .., y in this expression, so that
v, — o is the number of the Greeck ones.
The limiting cases Q. = 0 and @& -.-./u. are not new:
— o .},t
- . = DL - . . = ).
Do=A A =Tyl -5, o] =07AT
: L

/LL*_‘[. v l(\'L
I contend the completeness of our table at this stage -~ in spite of

its having been collected in a rather haphazard way. It consists of the thres
Latin invariants

- X
(a, b, ¢) D) D) L'DL.\’A\
of the ).L-’r 1 Greek invariants

*

(4, e, f) N A S . N

/ ] 1 ] /4_1 )
and the /u, mixed invariants

(6. n) 6, A A

J

1 /

the total number of different types thus amounting to 2 /& + 4. The statement

might at first sound far from convincing at the prosess of replacing Greek argu-

ments by Latin ones carrying the "off stroke" can be applied to all the CGreek in-

X ¢ O
variants, il.e. to [_\ y c o o as well as to A

1y } },&_1
*
A cen here be disposed of at once; for it involves none but the
tail components and thus is lurned into zero if one of its argumerts is replaced

[a}
by & x\x‘r’nose tail components all vanish. But what about QP ?  VWe apply

formula (6.1) or (6.2) in substituting an 3(( for S In the first column will

.
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then avpear the expressions
/
(x|g’) - S (DL{C)
)

On adding to it, however, the last 1/ columns multiplied by o o, K

}L'\--\I / M.
respectively, they will be changed into the more ressonable products
/ /
(=€), « -, (x?)
After expanding the determinant (6.2), or the determinant in (641) by the first
column, one gets

(et = Tilea - 0), = 25 S () iy

‘. g'}r_1)

!
where in the leading term on the right side §  must be drawn through the se-

/

{ /
guence 'V\ R g' A similar formule holds when instead of § +the first
; .

/ / ! / /
dashed argument § is an € / . If some arguments among the §) TLI o Z’

Id
are of this type 2C }
/

; '
_DC‘",- ‘/%é)lg—/ . T f /
the factor (= £’) in formulae which ran over the values
(x?’)/ (ogwt')l. (= T
takes on the consecutive forms
(lku-/),".(l\‘;x')l(lﬁ"))' -,Llf').
By repeated application of this formula we are thus able to foresee

what will happen to a S;P of rank gn when some, let us say a of the %} n '~,,§
- !

/ .
and b of the §I }L/- . g” are replaced by arguments of type DL\

. () ( CH Gy Yy (B)
(x“}’- — \,§,- . 8 i\a \' ;Y \’wll..lwl )/

la + o =\o+@ = P+ )
This inveriant vanishes of necessity unless a and b are $ f> . These conditions

being fulfilled, it is expressible in terms of the scalar products

k‘) \\{) ’ ! L) - . .
(QL \ 1& ) ’ L(, = ‘,‘ "Q.) \zwa
the products

(1(41\““\' (§“‘)gk’m) \L:f\l.-,OL“(:","/@)/

J
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and certain 8 of rank G~ lower than P , invelving certein of the Greek argu-

ments § ) and 'YL“O One may derive this result without iteration =s well !
from the following explicit expression of (6.2): . y
~,
A
u,) tﬂ (1\ t p) L. : A
(xm\gcﬂ)) L ! \ . (= " ,Q‘ , 0 "
. . . ‘ ‘ ! ‘ \\
(M‘ (1) PSRN LN , T \M) o - -,0 '
(< Y )’ : ! (‘3(. \ \ P WM ! \\
= = - — e P €3
YR W u°) “’ ) (B o
(3 \:\)“‘), S & } ) S;m S |
. . . . ‘ ’ &Y W)
u\ m = (p) § ..
gu):yﬂ) - (g“\%ﬂ\) '( \ ' \§ w\. \) iy 'gm
- - - ) Ly ™™ - BY - 'O'" A
O , . E ' O y ’yk,«-'w\ ) ) ’VL/&-\.“ - O' ] ’h
. . . . ‘ M : (8) L
. . O . ' |
.O ) d ! | ‘QM ) / 'VLM ) ‘Oz , O

arising from (6.2) by using the same trick as before for turning the unreasonable
(> \/S) into the reasonable (:L‘S ).

We. thué realize that the SP do not lead to new basic invariants by
conversions of the kind § —> TX—‘ .

?
The product of two A S

SRS RS EARRY |

is a g . On replacing some of the Greek vectors by an TI-‘ it turns into a
]

product of two AQ s (yvith equal or different a). Consequently such a product

T e ‘) ) ) (o)
Lo, 8 T ]

1s expressible in terms of invariants of types (3( \‘3) . {x ?) and %
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7. Proof of completeness. Additional remarks

e now master the relations holding among our basic invariants well
enough to be able to enter upon the proof of our tahle's completeness. Restitu~
tion not only will lead to this result, but it will provide at the same time a
systematic method of constructing the whole list that was more or less casually
gathered from the four winds in the preceding section. We start with the typi~
cal Latin invariants which are known to constitute a complete table:

© D=L oceal b)) DDyl o) (xly)
and at once add the most trivial mixed tvpe:
q)  (x§).
(1) A product of n-1 factors of types ¢) and g) each of which involves

. (1) Lnet)
ono of the symboliec vectors X T

(1 m) (a) (a) 1) wn) (m=1) \m~1))
x. - L ) ..
(M y ( 1) \"}m (o \WL
leads by restitution with the restituernt $ to
- Lo () (et 1) wm)
k) Ao“_ L-‘\j \ ) ) ) ) A \ ;\(l. ) - ) '-VL ] it
This becores evident at once if one intcrprets &:c\wﬁ\as the product of x and
\j . [&Qjmcludes the type
Y Co
&) A=0%- 0T
M
for 2 = 0. Onc sees how the [& of necessity make their appearance in the
o
course of the restituting process.
(2) We know from investigation of the affine svace that the following

invariant

B

gives rise to the type

e) AR - [g_/ . §_(v)]
v) v

by restitution with the restituent 5
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(3) The product of a factor A o With mMm-a -1 factors of type (x§)

in which all the m- 1 Latin arguments are symboliec is carried into 8/‘”‘“‘ )

type f):
Exu\\ . DLM\)VL“z' ) ,n&\\ Cd'] ( Lo +1) (ﬂ) (:JCV“ 1) m- 1-°ﬂ)____:>>
)
(st)n_ . SU“ o) \\N\ ,\ '.\rl\m—&\}[x”& ,

{ S’U“*Q) being the restituent). The proof, though it needs a bit of calcula-
tion, is absolutely straightforward.

To prove completeness one must show that restitution in an aggregate
of our basic invariants leads to no other invariants. Let us examine all possi-
bilities! e are to consider a product P of factors taken from our table and
each containing at least one of the symbolie vectors =< “)' The factors there-
fore are of the purely Latin or the mixed type: a), b), ¢), g), h). We can
disregard the possibility of factors like (:Lu)\ xm) where two symbolic veo-
tors :(-kﬁ, 3C-L1\ are united to form a scalar product. A product P conbaining
such a factor would be annihilated by restitution or rather by its first step,

1) \

- () (y . wy s e
the transposition of X and K, since (¢ x )15 symmetric in its

(1) ()
two members K, X
(1) If P contains a factor D, all symbolic arguments may be drawn into
this factor which then by restitution is changed into an (= §) . ‘e assume
henceforth that no factor D occurs in P.
*®
(2) If P contains a faptor O = E_’DC <o ':’Q/u_ depending on the haad
components of x, .., y only, we break up P into two partial products, the first
P! containing all factors of types b), o), h) which involve but the head compon-
ents of Latin arguments. Hence the second part P" is made up of factors of type
(== 5) alone. The product P! can be handled by considering the /& ~dimensional
) Y
space of the head comvonents, and oll the symbolic arguments X = - ', OLU\

*
occurring in P! may thus be drawn into the first factor D or pr. (Their num-
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ber must not exceed }LL or else P will be annihilated by the alternating process)
On canceling factors that no longer involve symbolic arguments, we are left with
an expression

[:Lu? . lmﬂéaw_ﬂ ] ‘AKH] . (:(_“‘"\g_\vﬂ)) .. (Xw‘“)gw-ﬂ)
/&

As was shown in studying affine space, restitution turns it into an invarient

*
built up of types (= §) and A
After we have got the better of factors a) and b), taking into consid~-
2
eration that a product of two Acx. N is expressible in terms of types ¢), g),
and the purely Greek gp , there remain but two cases to be examined:
(3) A product p of types (x§) and (3\\‘3\ ; as we saw before, it
goes into a Aa, by restitution,

(4) A . (o , or in explicit form exhibiting the symbolic arguments

T._?LU) \T . :a_LP)\) ‘ékﬂ\,‘ ' '3\0‘)\) 1%?*?)' ”'L\m—m] times
- o
(l(,,ﬂ\\ %U‘) o (3(_(;“-1:)\ iﬁ)) . (QL(P*H.\-‘)SQ (r+—\\) o :LMMZf(m' 1)>.
We write for a moment
W o Al instead of 4 -,gm\ ,
(7.1) Z,u) . ‘ é, () instead of ZN{ i ',ikt)\

; ! )
Then restitubtion turns our expression into
) ke o (m-p)
%—. = ('\L Lt .Vl “g] ...}‘i" f }-L‘(‘D
[ /
as we mentioned above; ? (t-p) denotes the restituent. On replacing

(1) W) é, 1

V\).‘/.\\‘;

(7.1), we do what was discussed at the end of the last section: some of the

- g/tr)again by what they stand for according to
)

Greek arguments in our %M_P are converted into arguments of type OC\ . As
/

this was seen ta lead to no new invariants, our proof of completeness is finished.

aid W

-y
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Our grouv consisted, as far as the head components of covariant vectors
were concerned, of the proper orthogonal transformations. On adding the im-
proper orthogonal transformations, some of our basic invariants will stay unal- i
tered under their influence, some will take on the factor —71 (even and odd in-

verients), The types c), e), f), g) are even, whereas the odd types are found

under a), b), d) and h):
’D:_D&OC_-..%\:; .\:QL...%_—&)
D= Dl Cac oyl
[‘\a: Esc\,A -,\:\\,§). ‘:Ylj

R I G N

o=
—
it

(ircluding Ao = A J» A full table of basic typical invariants for the com=
plete group can be made up by adding to the even invariants in our list the prod~

ucts of ary two of the odd ones. Lot us examine a little closer the latter sort

of even invariants.
First, the product of two Dfs:
/
Dkl . "E)- D&l . .7’__7._') .

e have vproved the formula

(88 - .,(ﬁ?')'§/~;1-} » S
' (ggl) * J(f‘r‘J ‘((1-1)."(»(\
TEL L .l..?"l = §?“§' ’ 2"\)_\{ .I /,ﬁ
“_g gl] [g 3 J S/w( é’ ) k— £ o ‘gv‘ o -+, 0
/,\-'r) I,M 1) ;
gf:q' . o tN:.; O’ -0

On subtracting appropriate multiples of the last M- /M. = 1/ rows from the
- /
first n, one can change all products like (S §/) into K §l S ) ] We thus

may put the product of two D's into the following determinant form:

Ry ————




\ . i
() j, (21 2') Wy, T X |
- . P
. ! Z A ) =
(2l %] )(Z\z‘é),. ) "
ST T T T oo
)-L*-"\? ' /M.’*\'\)’
i . '
y el 0
:X'M) / = m ! O’

According to the well~known formula

i‘j‘“\x Ty :L/“- ’m;). ‘)a“ |
. . . B ’ ,' . “" ; -
3"' . - . '\ér\ lx}\/\ '(}f&i‘

the »ro'uct of two -.:D*

times D

1 A ©
X‘\ ’ J\'n\ ‘ /
N &,L 11#» .
-~ _( *
Ii1 _z:'“' © .
ylelds a new result
(x\x')

,b D* Li,é’ % - ‘

(:'I.‘\D:.')) SR ki‘:\;\;) , i—j‘“_“' "

(n vectors x, «v., 2; W vectors x', «.., ¥y').

J

(=) -
{ v )

P

(:fo))- .

is exvressible by means of scalar products.

(:"“\al) ):y*/uu-ﬂ' ")XNL\

= D D{x-zlx

kx\*a

Ku\

however D

)|
|
l

92

z'),
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The product of two AQ‘, as we know, is expressible by types ('1.3))
(= \g\, and g(\, ; in particular, the product of two ../l s is %/* . Nor

does the product O - [-Xu_ result in anything new:

x4 "\(\'\ g’\» ’Wl'\
;:x.‘\). . ) acw\l ./ < . ‘ ..s; .. ° ('x\:f.')" . (QQ\:\’)' &XE)" -Kl!(\
) . DQ/UL) C\,‘“a/’*, y\_/.\. — ) L
o £ ..y Lo
3 2 %M. OJ Y TR g
” . : : " (2\3&'))- (zly ), 28
o, ., 90, %M' jxm'\

— !
(o vectors x!', ..., y'). As to the products U - L\q. wo find

{ ]
a1  rm SaE R S, " 4
/L . ) . . »
‘\’ z'\ I _z_’\_': :I:'/‘“ 1(\’“‘ .
Q. O} o 0 S
| 1 . N . .
o.o0j0 R T
!
;:(';at\u’)l co by (=€) - -, ixm)
(z\x} - (2\y), L8) - -, (23
O , : O ) gﬁﬂ, ) Wl prn
o, co, S Mw

On expanding the latter determinant by the last <+ columns one sees that it is

® — ¢/ Ua)
expressible in terms of types (:L\écl) , {(x§)} and N = LS § 1&

Faaalail
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e thus arrive at the following complete table of basic invariants for

the full Buclidean group:

Latin invariants: o), (i\‘a\J
1\" DD‘X"’i\ml""z;l))
— 3% 'x e e
C\- DD {:z_ "al % .

7

Greek invariants:

I N I U T
€. 8, ., 8

LR g ) = AN 0 AT s )
Mixed invariant: —'i} L (% §) .

Another point which deserves mention is the weight of our invariants.

/

When we remove the restriction \CT\;‘-" imposed on the rim of ‘the transformations
s (pe 87) of our grouv, most tvoes become relative rather than absolute invari-

ants: under the influence of the transformation s they multiply with a certain

power/\G' \ 3 of \Q‘\ ;5 the exponent g is what we called the weight. The

weights of our basic invariants of type
(«) | (o) (c_\’ K:\\'(€\I (-ﬁ:\’(%\l\\n)' are
1 ; o, O: "\,“\, -4, O, ""‘,respectively.
Tt is worth while to set forth explicitly what the result of our inves-
tigation tells about mere point-invariants in o Euclidean space of dimensionaliby

n=1 and rank ¢ « The basie invariants are

1) when reflections are excluded:

x* Q
AJA;%“" bM“!.

1

2) when reflections are included:

X% O N
(7.2) A ) %1 ) . . " 0/“_1 i C\)/L\_ -

Let us dwell a little more in detail upon the meaning of this result in the latter

case of the full group including reflections, This indeed is the first, and most
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elemontary, gqiestion a naive geometer will asl: the invariant theorist: Can you
give me a complete set of basio invariants for an arbitrary number of points

g, v in J“uclidean geometry?  :nd he would probably expect the simple an-
swer to be: The square of the distance of two points ™ '“?3 -~ or rather, the
correspond’ng polarized expression, the scalar product of two line elements
{i;?\ ; c_g“’mg‘ is the only existing fundemental invariant. Is he right or
wrong? Our riore complicated table (7.2) seems to indicate that he 1s wroung.

Let it be understood that we now talk about Euclidean space proper
(V: 1} in n~1 dimensions. In this case ovr table reads:

%N\.", %11...)%"\"\'

I}ntil now we have used homogeneous coordinates. Howover, it is natural in
Tuclidean space to represent a point '{1 by its non-homogeneous coordinates
(7.5) \Q”: %1//§m y . . ‘U{)M_1 = g'm_., /g,m'
A homozeneous polynomial devending on the coordinates %,VL, < + . of several
points is changed into the corresponding expression in terms of the non-homogene-
ous coordirates either by putting the last coordirate §m (M ) ) = '\ or
through division hy appropriate powers of §~\ and W\M cer ® "ice vorsa, a
given polynomial g* \\\Q‘ ’UA , \ of the non-homogeneous coordinates of several
peints @ )ug/ , ~ - Dbecomes a gquotient of a homogeneous form ‘?‘(ﬁ', "'1’- . ) and
a prcduct g': ’Lfin' + + on introducing the homogeneous coordinates §C L )
by (7.3)s £ is of degree a in §, or degrco b in v ete. & is the highest
dogree of terms occurring in the non-homogeneous polynomial -g*with respect to
the set of variables €4 %, ; we call it the degree of %* in T-Q -
Similarly for b, «. o

The invariants derived from (7.2) which depend on the non-homogeneous
coordinates only:

.= Sofg rae s

kl:_:_ ",' : J M“‘\)
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are

N T R = aa WP G SRR
Pty M R A G Y

/

~
They replace the Iormer ébv ;s the first invariant g of conrse, has disap-
~M

1
peared. Iny integral rational invariant depending on the coordinates ‘C'“}( ,
of a number of points is expressible in an integral rational manner by invariants
%‘*
of tvpe P - o3t as we saw vefore, and as is well known from the elements of
*
19

analytic geometry, the higher ( G =2 - Uv}) can be represented by means

pe

P’ ’ -
% * / ——3 -
of 4 only, i.e. by the scalar product of two line elements “%3“% and {éi% .
Tor is this result unexpected; as a matter of fact we could have got it much
cheaper by arguing thus: An invariant f in Fuclidean space depending on several
points %3('75 ,§( o isan orthogonal invariant of the (n-1)-dimensional
vectors ug -, '} - e, ; to see this onc only needs to mako <, the
origin of our coordinate system by a suitable translation. But then the main
theorem about the erthogonal group tells us that f 1s an aggrogate of the scalar
products of those vectors.

So the naive geometor is right and our long list (7.2) avpears to be
useless. But lot us not judge too hastilyl They all become indispensable
agein as soon os we put the question in a slijhtly more sophisticated form. An
invariant ~¥ Lkﬂllhi%/ --\ of degrec a, b, .« in \()Iua,! .. being given, we
wish to express it in terms of thc basic invariants such that no single term of
that exdression is of higher degree in any of the variable points 1Q>,“E§' .
than the invariant itself. This is a reasonable reguirement; ond when thus put,

our problen is idehbtical with the one we solved for the homogenoous coordinctes:

<% F x

in this sharpened sense every invariant is pxpressible by é1 , SL R g,k
o\ %
whereas the requirement is not met by the formulas that express the higher & o

i

g'ﬁt
through ;- Tor instance, in

e

o
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3(1@73 iefw'y") =

the left side is or degree 1 in ¢ and \Q’ while the two terms on the right side
are of degree 2 in both = and 1@2
A treatment of the "extended" complex group similar to that given here

for the extended orthogonal group, is to be found in Wemnner's .lrich thesis:

Tolle Systeme von Grundinvariantentypen, Zirich, 1926.

C. The Second lfain Theorem

1. Statement of the proposition™ror tic unimodular group

In n~-dimensional vector space the typical basic invariants with respect
to tlhe group of all unimodular lincar transformations are the Latin bracket factor
Loty 9} of n covariant vectors X, , the Greek bracket factor cs, - - ﬁnf]
of n contravariant vectors § , and the mixed factor (x§)= (~§:&) , the product
of a covariant vector x by a contravariant &, Among these basic invariants there

exist relations of the following five types:

& 2t B 3 0) = o

(11) f e e 2 d=m Yy W) = 0

(111) Z Ls, 8- - §108.x) = 0
O

(1v) Z§r£§1 §L- 500, el = 9,

V"ng <y (= \gq-\\
(v)  L=,x, o x,008,8, 5§ 1- A e

(umg‘])’ ) (XME'\\

The Latin letters denote covariant vectors, the Greek ones contravariant vectors.
The sum :Z;;i in (I) and (II) is to be understood as drawing X  altermately

through the series x X, ' = X, ; in similar fashion %() in (III) and (IV)

-
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is to be drawn through the series §° § §’“., The second main theorem

4

states that all relations holding between the basic invariants are an glgebraic

conseguence of relations of these five types. For the sake of a precise formula-

tion of the second main theorem, one will first have to consider quantities like

(l.l) EQ;1. . -DL_M] , E§1 . fml ' (:(_§):(§x)

es indevendent veriables ("formal standpoint™); the Latin and Greek "symbols" x
= - P ym

and § are here devoid of any independent significance. Nevertheless, it is to
be understood that a bracket factor containing two identical symbols is zero, and
that a bracket factor like L ™43, - + 2. 7 chenges into e WEUMC SR "IM_X
by a permutation of the X == with the positive sign for even, the negative for
odd permutations. Let F be an integral rational funetion of such variables com-
posed of certain Latin symbols X, %z, : - and certain Greek ones %1, §LJ--~
All the functions Cr obtained by substituting into the expressions on the left
side of (I) to (V) those symbols in all nossible combinations for the Latin and
Greek lfﬁifﬁi used there =-=- of course Latin symbols should be substituted for Latin
letters only, Greek symbols for Greek letters =~ form the basis of an ideal

E% = 1-£yt k . One returns to the old standpoint by replacing each of the

Latin and Creek symbols ¢, =, - « ¢ 54, 8., ' ° by a variable covariant

or contravariant vector respectively, ond then interpreting the symbols (1.1) in

their old meaning, as determinants and inner product; this procedure is what I

eall the substitution. The second main theorem contends: If F goes over into O

y

by substitution, then it belongs to the ideal a .

Besides (I) to (V), I wmake use of the following typical expression, which
vanishes by substitution:

(m°§b)‘kmﬂ§,)" c (=, §B)
(x4 %o\ ; {11 §1\; o " (%, g"")

.

(V1)

-

K:x‘mgc\ ) kl-,“%‘\‘ " ' ' 1’“§"") ’

ar—

[EUR .
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It helongs to the ideal jL 3 for on expanding by the first colum and replacing
determinants like det, (°‘L§u<), L o= 1. ,nn.llwhich appear as factors, by
the product,
N SV U I W S
modulo (7), one obtains (I) (where one has to teke § = §, ) multiplied by
0§, 8.7 -

Tlithout loss of generality we may suppose F to be homogeneous in each

of the Latin and Greek symbols. For ¥ may be decomposed in such homogeneous parts
according to the degrees in those symbols; and 1f F changes into zero by substi-
tution, the same holds true for each individual part. (WWhen computing the degree
of a monomiel term of ¥, one has of course to consider each variable { ) of degree
1 in the svmbols that occur, of degree O in those tha® do not occur.) A single
term of ¥ may contain X Latin, Greek bracket factors; then the total degrees as
to the Latin syrbols minus the total degree in the Greek symbols, amounts to
m (- X.\ for this term. Consequently under the assumption of a homogencous F,
the difference 1,~ A_ has the same value for all terms of ¥, The product of a
Latin and a CGreek bracket factor, L4 - '1,“\ and E§.,‘ ’ §,,\] may be replaced,
mod, (V), by an aggregate of variablos of type (x§) : namely, the determinant of
the (:KL.§'R) . Hence we are allowed to suppose that ¥ contains either Latin or
Greek bracket factors only, and each term of F the same numbor of them. Since our
table of fundamental relations is symmetric with respect to the part played by the
Latin and Greck symbols, we eonfine ourselves to the case where at most Latin but
no CGreek bracket factors occur in ¥, After these precparations, the following

sharper formulation of the second main theorcm will hold:

T,+ A homogensous ¥ when becoming zero by substitution and contalning

only variables of type {x§) is ¥ 0 mod. (expressions shaved after the type (VI)

alone).




100

T if, however, the homogeneous ¥ involves Latin, but no Greek,

%*

bracket factors besides variables of type (E§§) , then it is ® 0 mod. (expres-

sions of type (I) and (II).

2. Capelli's formal congruence

Upon the homogeneous F we are going to apply that Capelli identity which
irvolves n+l Latin arguments in n-dimensional space. However, we now stand on
the "new standpoint" where the Latin and Greek symbols are not vectors but simply
ingredients of the notations
(2.1) Cueqc ol U, c -84, (eS)
of wvariables. Therefore we first ought to define the polar process according to
this interpretation ("formal polarization"); Capelli's relation will then hold
as a congruence rod. gﬁ rather than as an equation.

x and y being two of the Latin symbols, the polar process D = EE)%“
is as before bound to satisfy the formal laws: -

@(%«\-%\:c&)% +c<‘>5€a R
(2.2) D () = ¢ DE R (e being a number ),
i)&-%'a\ = o DY ~\-—?-§;ca.
e derive from them how Sthwx affects any polyronial f as soon as we know hLow
it arfects the arguments (2.1) of f. This shall occur according to the rules:
1) A variable is changed into zero by Ei)ﬂlx, if its symbol does not contain the
letter x,

2) %3‘1&[1 w0 %, T o= Uy = w0, S\)M,i(:cf) = («é§) _



1ol
To prove Capclli's congruence we proceed exactly as bolore {pp. 37-42)
distinguishing, however, from the beginning the two cases that our homogeneous F
contains, either (a) variables of type (3.§) only, or (b) braciet factors besides.

- , I , £3 .
One introduces symbols Ao, Ay, =y X not ocourring in F, and forms the sum

" -

-+ e . "
<2°3) Z;-— %af X 331‘1 x, a:x.i:( ‘r'
x ~m [h Q

' i
extending alternately to the (n*l)! permutations of 0(; 1_;, e X Ir the
2

3 "

case (a) this expression obviously is made up of terms
oo 1 Fi 7 -
+ - ..
Q, “ Z.{\ — (’XQ %o‘)<dﬁ.1 g;) (Imgm)
x
where Q is a monomial of the variabies occurring in F,. Hence (23) is congruent 0
medulo determinants of tyve (VI). After forming (23) one substitutes

! ! / X L.
Lo, Xy, © *,*yn for X, X ¢« ¢« L. That this has the same effect as

1 s, [
in the ecarlier less formal interpretation one sees by the same procedure employed

there, thor. one now makes use ol the lollowirng two faots, instead of the differen-

tiation formula («), x, x' being two dilfferent symbols, we have

(§3‘5u_{jéﬁauta~\} . {Ei)ﬂ:L’#L(:LOXJ + ﬁixjuf? (pa&x) 3 ! )

e AEES & =X
\‘3))if £(x!') Le linear in x!', then Sb¢3q/ {3(3L’) = '$ Kég) . Accord-
ing to the rules (2.2) it is sufficient to pive the nroof for the case when f is

nne of tre variables, The only possibility of both symbols x, k' actually occur-

ring together is then a braclet factor

L.'QL/'& Ly —"LN\]
The left side is C as an L X Dy © X, | with two equal x means O by defini-
tion, whereas the right side exlvais

\-—";\1*3“3‘ S E%‘A Heq ot ""-M.l

Tn this manner one {inds that (2.3) goes into

on C N >, .,\
o ZE@ x b ] @28 N IR
X

T
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efter the original symiols ™, x4, vX_ = were substituted ror the new ones
‘ i
Ay, Xy, 0 0y X . Ile albernating sum in (2.4) has now to be interpreted such
’ I l 3 .
thet &, X e is replaced bv all the permutations of -x_, X, -« A one
' 1, / A L ¢ - [« 114 L
after the other. Ei;%x means 1 or O according as the symbols x! and x co-

incide or not. The result is that (2.4) is congruent O modulo type (VI).

In the case (b) we proceed as follows. We have to apply (2.4) on a
menomial ¥ which i1s a product of variables of type thg') and of Lgtin bracket
factors; at least one bracket factor is present. On extending the sum first
only to the permutations of '3-; ) .j;L;m we are capable of successively drawing
all symbols 3&:)‘ q 35; into one bracket factor. This is done by means of the
identity (3.1) of §3, p. 71, where one has to choose as the linear form th“171)
either a variable of type &:gm §) or of typs [_lx.(';)‘—s,_ T 1 . oOne should
be aware tuat that equation in these two cases is either the identity (I) or (II);
hence our transformation is not an idontical transformation but a transformation
rodulis expressions of type (I) and (II). After dropving factors which do not con-

; !

’,
tain the symbols =, x_ . - 3, the sun (2.4) is ncw either aon expression of
’

type (I) or (II). e thus arrive at the result that (2.4) is congruent modulis

types (I) and (IT) vprovided the homogeneous F involves Latin bracket factors.

3. Procf of the second main theorem for the unircdular group

If ¥ is of degrees N, M., - -, “n“, with respect to the symbols
s .
Fg, Xy o, K s We may writo Capelli's congruence just proved in this form:
O . T *
(3,1) P = ozl x ,

Here

i

P Doln s 1) - (h_{“-t /n')

and hence ? F 0 iZ F actually involves the symbol %, The polynomial F* is of

1

: . . . (D . .
lesser rank than F and derived from ¥ by polarigzation; J° is & succession of

polar Orocesscs.
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We defined "formal polarization" such that it does not matter whether
polarization on a given F is carried out ("formally") before, or ("not formally™)
after substitution. Hence if ¥ vanishes by substitution, the same will hold for
any G derived from F by polarization, in particular for the forms F* occurring in
(3.1). The expressions (VI) as well as (I) and (II) chenge into expressions of
the same structure by polarization, We have therefore, by means of the congru-
ence (3.1), reduced the validity of the respective theorems To and r(la‘ for an
F to their validity for the lower F* as long as F actually contains the symbol
HLna The induetive procedure thus started will end in entirely eliminating X
from F.  The same procedure may be repeated as long as F still contains more than
n Latin symbols by assigning to n+l of these symbols the role played by
Loy gt *X,. Just now. In this manner one. finally comes down to F's involv-

) Y

ing not more than n Latin symbols =x¢ e A In the case (u) such an F is

1y ! ~e
a function of ™M v variables of form
K1;§K.\ , Cos 1,00, m y sy '/VK )
the number 1 1s not subject to any limitation. Theorem 'T]o will be proved by
showing: If in case (a) the number of Latin symbols amounts to n, our ¥ cannot
become zero through the substitution unless it was zero before the substitution,.
This is readily done, as one can find at once n covariant vectors
T1,° ) X, 8nd 4 contravariant vectors %m such that the inner products

(. 5§D become equal to arbitrarily preassigned numbers E_-L R For this pur-

pose one only has to take

x, = (‘\’OIO’ o )O)'

= D o - 0 -
x, = (0,1 0, , 0), ‘ém- (%w‘izm‘ C ZEak)
IM‘“—-(C"Q}OI- " \)I

of
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n case (b) the homogeneous F, if comtaining not nore than n Latin sym-

bols, is mecessarily of the form
Coesta - %1 Gllctal

where the second factor G again depends on variables of type (:L;_%K_) alone.
ot more than one such term can occur because the exponent )./ is fixed by the dif-
ference between the total degree of F in the Latin and Greek symbols. Hence,
here azain it is true that ¥ can vanish after the substitution only if' it would be-
fore the substitution; indeed the vanishing of ¥ after the substitution implies

that of G.

4. The sccond main theorem for the orthogonal and complex group

If X is the group of all proper and improper orthogonal transformations,
then we have only one basic type of invariant, namely the scalar product (:Lj ) .
A tvpical relation emong scalar products is the following involving n+l vectors x

and ntl vectors y:

' \_"(‘0\30), (-1°13")s ) (O(-u\é"n;
J = | (%4 ‘&o\, L7-1\(1\, ° °, b"“"‘)é

. . . . -

O R

(This relation follows in ihe simplest way from the fact that J is a skew-symmetric

multilinear form of the n+l vectors X,  H - < X and such & form is always

gero in n-dimensional space.)

Jecond :.ain Jheorem. Twvery relation between scalar products is an al-

N " . . . . .
m Latin "symbols™ X | ,C L, being given, a relation is a polynomial

in the mMir¥1)  variables (xg X 63 that bocores zero whon one replaces the

symbols >, ,+ + *+, X, by arbitrary vectors, and the variable (':\OLX ﬁ\) by



T
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the scalar product of the two vectors o, * g ("substitution™). Ve agree

that even from the formal stendpoint (g X g) and (X g X, ) siall be con~

sidered one and the same varisble. “Yhen replacing in the expression J the

"letters" Ay X4 v T Mo Ha o * 3. by any of the 'symbols" x , one must

o as a letter x; it is use- |
]

less though to replace different letters x or y by the same symbol X, since the v

allow a letter y to be replaced by the same symbol K

whole expression J is skew-symmetric in x as well as in y. The expressions de-
rived from J by the described substitution of the basis of an ideal , and the

exact rendering of the second main theorem states that every relation R is congru-

ent O mod
The proof is giver again by means of Capellit's congruence. The formal

definition of the polar process 0 = ;_D'j"- 18 here as follows: @ (wv) =0

if neither u nor v equals x; & (=< U»\ = k"ju-) , if u is different from x;

D (=) = ZLEL\QS) . The rules («) eand () remain valid; .in particular,

one nay check the case —?-(1'1_) - (1’1) for (s} . In forming (2.3) wo ;

shall obtain some terms that are built quite similarly to " "\“"“‘&‘“‘.M% &V VoY

(4 1) Q25 3y - g, Y )

but just these terms are = & mod. the ideal defined above. dowever, this is

not the only possibility now. Susrpoese that a term of F, for instance, contains

the factor (1C %,) and that the first polarization CE.‘.-I/ x

) [e]

this factor; it then goes into (1&11\ . The second polarization %311‘1 if
1771

performed again on this factor in its new form will change it into (’1: 3(1/) .

is performed on

Hence we should be prepared for the possibility that instead of the alternating
sum ZT in (4.1) , enother might occur whose leading term in addition to vari-
a
/
ables of the kind ﬂio‘jo\ irvolves variables of the kind Q‘X.O/:( ;) joining two

of the new symbols x'. But Z: will then certainly be = O according to the con-

7

x
vention \:r.\o - L‘S 13 . Canpeli's congruence therefore proves to be true
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modulo the ideal here introduced, whose basis consists of expressions of type J,
alone.

Using this congruence the number of Latin symbols may gradually be re-

duced to n. To finish the proof we must show: & polynomial F of the AR

2
variables

C Al
) ' 7

(4.2) (e>xg) | L = i,2
must needs be equal to zero before the substitution if chenged into zero by the
substitution. In the Introduction we alluded to a demonstration of this based
on the fact that (in the realm of real numbers) vectors X can be ascertained
such that the scalar products (4.2) form an arbitrarily preassigned symmetric
matrix if only the quadratic form with this matrix of coefficients is positive
definite.

“Je shall here_prefer to give instead a direct algebraic proof based on
induction from n-1 to n, and valid in any infinite number field. Tor this pur-
pose we denend upon the following two trivial lemmata concerning the vanishing of
polynomials:

1) A polynomial ®(A) of the variable A vanishes identically if <§('A.*'0~):(),
(s being e number of the ring from which the coefficients of ¢ are taken);

2) A polynomial PC A4~ * Ny.) of h variables >\L is zero provided

(?(}:‘-‘ , %xﬁ = () holds identically in >\ when the 7\; are derived from the

variables 7\- by a non-singular linear transformation:
t

1% .
l — h -
>\': %QLR’X\{ \(‘\Lh\‘{—o‘

L

We assume g, P S to be numerically given and linearly independ-

ent vectors in the subspace VQN\_i whose vectors have their last ccomponent = O.

Hence the determinant [& of the n~1 vectors

o
< = L a. Ci=n, 0 M-t
(4.3) * =l »mvﬁ ! ’ A

=

TR

LB

T

Y
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in R 4 is 7! Os Wo consider the vector
'I.:Q}\‘)’ ')/\m-1)>\)

as variable, It is

(xx) = Zoa A, , Listee men]

(W) R, )
hn a L

(xx) = N (X o+ o+ M)

The ziven nolynomial ¥ depending on (x=x) and the (XX ) = §£ may first be

looked upon as a polynomial in (xXx) alone with coefficlents lying in The ring
of polynomials of §1 , T Em .
E - Tx )
(a.4) ! ™ q) (E gm--\
One here has to think of the variables
(4.9) (xaxg) , Do Bsn, o, man]
as beingz replaced by the scalar produsts of the n-1 vectors (‘{-3) in _R“_.‘ .

Putting for the moment
S ™
}\'\.;,_ -e A >\ = o ) and
M=~
‘(\Z\\Q(R}\h\ = \Phk%“' K 7\"“1)

W )

we have, accor ing fo *\w. ofomr

k™ \(\ P,
%Am+«)fwumﬂ-u)wA-o
Hence

(4.6) H(/L*w:{\ =0

idertically in the variable w where
;

W
Hip) = ?ﬂr/“‘ PR Man)

The venishing of the polynomial \-—\\u) now follows frem (4.6) by the first
/

lemma, and the vanishing of all its coefficients \h (}\1 oy ?\ \\) implies that
' g

of (?L\(g\;' - ?m“\) identically in §' according to the second lemma.

PO
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The coefficients of the polynomial F of (= a ) (= =2y (3.3.)
are polynomials £ in Qq,s‘) , Coneerning such a coefficismt f, we learned that
it vanishes if ome substitutes for (A % B) the sedlar products of n-1 vectors
:H* in the space aﬁiNV_1 whose determinant 13~#5C>‘ The restriction by this
algebreic inequality is irrelevant. On assuming the proposition under test to
hold good in FF{M~1 we are able to infer from the vanishing of £ after this sub-
stituticn its vanishing before the substitution, and that concludes the argument
leading to the "formal identity F = O.

In the second place, let us coﬁsider the group ?{ of all proper or-
thogonal transformations. To the type (u_%‘) of invariants has Then to'be ndded
as a further fundamental invariant, the bracket factor

EI.\‘ . :Lm]
and to the relations of type ;Y = :S_« the following two further types:

)
‘ (1\’»\,0

- ~ o (X4 W4)
gg_ = ‘_11 TN 3 \_\3'\ v L’Xv\\& - 3
(-XM.U\'\\’ ) C KX‘M\'&"\\

{

J,= Zrlan <)) =0,

In the last equation N, 1s drawn through the series Ay ,0 5 1w1- The sec-

ond main theorem asserts thet this énumeration is exhaustive for the group 2{ )
Proof: A given relation R dan first b8 reduded modulo type ;Sl. to
such & form thet mo two bracket fadtors ever appear as multiplied together; 1ies
R = F+G6 =0
where P is a function of the

(‘J.»QLDL@) SR Y

}

and G e linear combination of terms of the shape

Cx @ %, 1 F{S\(v&mﬁ\'t .

4
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By means of an improper orthogonal transformation, for instance by changing the
sign of the first component of all m vectors, one realizes at once that \: =0
and (> = O are relations for themselves. The procf we just carried Through for
the {full orthogonal group then shows that F before the substitution must be con-
gruent 0 modulo type 51 . The same consideration as carried through in § 7,
in case of the oscurrence of bracket factors will here show that the Capelli con-
gruzane nolids good for G mcdulo type —33 , The relation (]j_) appearing at
that time besides (| ) doos not come into play here because each term of G con-

tains only one bracket factor. By means of Capelli's congruence the gsneral G is

reduced to a G involving not more than n Latin symbols Seq,t s R

~: < ) ~
% = Ll""lm]‘ \'*’Lkl&in\,‘].
If the corresponding equation & = be a relation, the same is true for F*I 0

and we saw that under such circumstances ¥, and hence G must vanish before the

substitution.

“erheps still simpler than for the orthogonal group is the proof of the
second main theorem for the complex group in Za ~dimensional space. The only
basic invariant here occurring is the skew-product {«.t\ } There exist the fol-

lowing relations:

:S\

<

$ =0

K
Lm-1 A )

{

Zorimene i lm,y - A

w

Z—:{:’W\tO\il‘\—\s‘\‘\{-uLHz%{-DC'S:C‘;{ < i':’( X ﬁ& =0

a 2,y.~‘l .‘L’“

/

» ° . a . - . - . .
. ~

— KT & - h LY -
g - 1 . - . f“ -
3(\!\._ L‘— {' QLSO‘) Kl"]‘s‘\ \3L14\\31A:\§ - O
The sum 2. extends in each case alternately to all permutations of the Zai+ 1
veetors o, x R X 4 a . The left sides being skew-symmetric multilinear

forms with respect to these 9m+ 1 vectors are bound toc vanish. Ve assert that

every relation between skow-produsts is an algebraic consequence of relations of

- . -
these n types 54‘ j"; . ; Ym

s )1" m
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The proof is essentially like that for the full orthogonal group. How-
ever, attention nas to be paid to the possibility, now not excluded, that two of ’
the "new symbols" x! may join in a single factor like {ixézx1lk; for this prod- )
uct is now skew-symmetric instead cof symietric, and hence not arnihilated by al-
ternationd This is the reason why in addition to the relation :E\ that corres- *

ponds to the relation J, , the types €Y1, 3, -+ 4 .arpesr. Again,

., ) A~

Car=!1li's congruence reduces the theorem under examination to the fact <ha' no re-
lat’cn holds between the skew-products of Zm vectors ... This foilcws from
the possidility of ascertaining 2 av vectors %, such that the matrir of their i
skew- nroducts {UHFKRX coincides with an arbitrarily preassigned skew-symmotric ‘
matrixlﬂiﬁtku 5 the coistruction of the 1. can be accomplished in a purely i
rational weay. But one may proceed also in an analogous fashion as before in the
case of the orthogonal group.

These few exomples for the seccond mair theorem may suffice to illustrate
the method whose clue is the recourse to a formal Capelli congruence whers the
proof of the first main tlLeorem made use of the ordinery Capelli identity. It is

remarkable though that the nore cauplicated case avi= ™M involving the Cayley~§jl-

process does not show up in this conmmnection.

CHA-TER IT. THE GENERAL PROBLEM CF INVARIANT THEORY

l. The classical theory of invariants

e ———— s s At A = it # ————

Tne classical theory of invariankts is concerned with the invariants of
algebraic forms under the group ‘X of all non-singular, homogeneous, linear trans-
formations. Here the invariants are relative (multiplied by a power of the trans-
formation determinant) rather than absolute. The latter type is obtained by re-

stricting the group of transformations considered to the unimodular group.
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Consider, by way of illustration, a two-dimensional vector space (E )

and let

_ W h-1 h h-2 o W
{i = G X+ \'\.CL‘ X, 3‘1:.“‘(1)(113‘4 X, 4 .- o o Xy

be an arbibrary binary form of degree h. It depends on its \n.+ 1 coefficients
o, liso 1, o),

Suppose that under the influence of an arbitrary non-singula®, homcgen-

eous, linear transformation
’ ‘
W, = LA, 4+ D
A 1 . %
:ﬁ,q_:xzx.idk-grxg_ AR @b':#’o)

£ is transformed into f£', £ -—>f1:

/ / i h L\ , ,H-17 ' W
= 2 - i o< . ¢« v e
£ = a,x + haix, x + + o0y X

If for every such transformation & homogeneous polynomial —J— KC\O SR & k)

-

has the property that

! 2 G‘ Y
3(‘1;,‘11,' ‘ )ah) =A (&"’&\f "QO

/
identically in Go, a, + ¢+ & W after the coefficients CLC have been replaced

1, )

by their values in terms of the coefficients (-, then S(O\o @, o a k\ is
v +

an invarieant of weight G of the form f.

2
The diseriminent O Q- « of a binary form of degree 2 is the

1
simplest case of such an invariant. It is of weight two.
lMore generally, one may consider a vector space {x, (X, ot ,ler

of n dimensions and an n-~ary form f of degree h. An invariant of f under the

group X is defined as above.

An extension to invariants (sometimes called simultaneous invariants)
of several forms —f— ) % , + v erose early in the history of the subject. Thus,
for example, the resultant o R - \o f\ of the two linear forms A X, + \o A, )

A-;;__\,\. Bxa‘ is & simultaneous invariant of weight 1 of the two forms.
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An extension of the concept of invariants in still another direction is
obtained by permitting the polynomial J to contain the variables X, y Xg = 0 ) L,

of f as well as the coefficients Q& Qe -, Q VW Such invariants are called

covariants of weight G.
Let J be an invariant of k forms -? 1, -f—z_ , 'ik of doxrces

}L, , . /{ R respect'ively in the n variables X, X,, - -, 3, . Sup-

S

pose a Darticular term j of J be of degree m,

in the coefiicients of ?2 , ebce  Apply now the transformation

in the coefficients of 7, , M,
7

! ’ ! TAN S
- = - e = ¢ . . < i =
X g KX , L, XX, ) , ‘J(M cLUL.m_ whose determinant

Then each form #b is transformed intc a form whose coefficients are multiples by
o
e, of the coefficients of ;?i . In the invariant J formed for the trans-

formed coefficients, the term corresponding to j is the product of j by

Paymm RV NG Pog oo T i
(OL ) '\.<d‘ L}'\\\-)_. .. (OL \z) R og“:“f&\ L

-

-~

R
If now G is the weight of J, we have, evidently Z /»&L/YY\- = & .
= b

If WRz=1, we have that for an invariant J of weight G of a single n-ary

form f, of degree V , each term is of constant degree N, where Nv = M.,
2, Examples of covariants
(a) The Hessian of an n-ary form —?(‘1‘ y KXoyt "%, ) is defined by
the determinant =z
\'}i* (taz 1,2 M)
(?31.“3151 ’ NN, ' )

L ke ] ‘
If ;\3'(14,‘ ‘)j"w\) —> Qﬁ‘ R lm) by virtue of a transformation of the

group \6 , it is readily found that

- . | 2E .
\?‘* 5 = A‘\'ax;ols Lz, )

B:L"_'Bxfa ((A=1,2,0 5,m)

Hence the Hessian of a form f is a covariant of f of weight 2.
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(b) Let £1 -?L )-$3 be three forms in X, 6 X, , X, ., The Jacobi-
i

an of these three forms is defined by the determinant
2L,

It is easily seen that the Jacobian is a covariant of weight 1.

2. Symbolic method

The symbolic method of invarient theory, due to Clebsch and Aronhold,
was foreshadowed by the hyperdeterminents of Cayley. The chief feature of the
method is that it reduces the problem of determining all invariants of a form to
that of determining vector invariants, and while the first fundamental theorem for

invarients of forms cannot be derived by this reduction, it furnishes a good start-

-

ing point for thie goal.

Lot - ~~ __._..__:.u_‘(x . . & denote
N o R L

~ .

an n-ary form of degree r, and consider an inveriant J(A) of the coefficients of
e

this form. If A be specialized as (0.1'36.1 R - , the invariant

[ Y, 1

J(A) is a vector invariant depending on one contravariant vector. This suggests

writing symbolically

- ol ", L n. n
P —_— Qe .,r\_:f“x"‘lm':'QQI““"“"OmPQM\\:Q::.)
L ™ v, . \ h‘« ~m, A 1
Perm v e M :
4 "
where G, , -, G, &re mere symbols)cer’ca‘in combinations of which stand- for cer-
tain of the coefficients 0,,\,«, N VY isee, & . n is replaced by
™, L 3\ [0
L o ¥
R AN

One difficulty immediately arises: if J(A) is linear in the cocfficients

of A, it is evident that from the symbolic representation of J(A), say

. ~
‘Z—Cn_ o G &, the non=-symbolic

4 ~
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:S—(P\\ = Z— C’n.«\‘ AW QY\,

hand, this is obviously not the case when J is not linear. To remove this diffi-

is uniguelx determined. On the other

PR

culty, we first replace J\'\K A , 8n invariant of degree h of A, by the completely

[N
polarized invariant J\\ k Am ) P\ ) ) (This is known as the Aronhold

)

polarization process.) Replacing, now, A by the r-th power of a linear form, we
] ] ) Q ™) () ) .
obtain an invariant E\SC\- , ) & of h contravariant vectors. Inverse-

L) - i) (GN
ly, if %kkof’ .o of\“\) is invariant, then Q)\ (A A\ is en
! \

t

invariant, and this leads to :}f\“ \‘\\ ‘
As examples, we write in symbolic form the invariants end coveriants ex-
hibited in §1:
Py

2 ™
(a) Let A-fa“11+—2_ch‘l:>c_‘1l+t\.u_ac_q_= S

e

and consider the invariant t) U\\ = C\-ﬂ&mz" Q-'\'z_ Polarizing first,
2. s &

)

. = ) €] / / ‘
we obtain 3‘1(‘5\ , A ) = OO O 0, o, 0, Now,

speciélizing;,
Ve [P - kN ' [ p - / A
V= - = -— ! =
%,_,\Onc,\. J= 0ol o va @, ~Zaa, oo (oo, oy’_qw\ TLaa'l

' >
It is clear that from (Q‘a,_ - O, 01_‘\ one may derive the invariant
=

2l o ,— O“\z\) .

(b) The Jacobian

RE,
t ﬁlnk » beas V1,3 )
depends linearly on the three forms '—?_‘ , -f—,_) —?'3 . Hence specializing at once,
we write
9 - W [ \1
'$1=C\1 " _?:._\oac ) J‘i;mc'?:t..
q-1 Q-1
The flrst%r1ow of the determinant is, then, Q& % CL:L , C\L%Q\‘_ , N
0"5%0"3. and we have
4= w1 -1 —
&3%- k = qhkeo by e Taboc .
D:LR k(\\:\,l,‘is
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(e) The Hessian

s \ C .
\’Bx{&»xﬂ s Ca s \,1,3>

of a ternary form f is of degree 3 in the coefficients. Polarizing, we introduce
three functions

I " " N ~ it n - r n
£ = G o ,‘ﬁ = \bx , £ = C_ where & b, o_ sare equivalent sym-

bols. We have

i%" -?n?_ $l3 2
" " R 3 Y - >
R N T A IR o INE RO
l
1$

it

(& \DQ) ! 'L('L
-g?‘l— iss
o . [ 3¢
where the summation is taken over all permutations of o \o‘ ¢ éand —,S——,—S—— .
1 LS
3., The binary quadratic form
T
We have soen that the discriminant D = A&, = O is an in-

k. T
variant .of the binary quadratic form % = AR L, X X, A,

We will prove that it is the only inveriant; i.ee any invariant of f can be cx-

pressed as a polynomial in % .

Let o W be an invariant of degree h of f. Its symbolic expression

%(o. yo e, ) is en invariant depending on h contravariant vectors. It
follows, then, that S (q,‘ L e R ) is a sum of products of bracket factors.
In a single term each letter & v ¢ . - will occur twice. Hence one may

casily convince oneself that the term is a product of closed chains like
K = Lav]{bedlcdd - « - Ufal, 1f the length of @ chain X is odd, then

K = 0, for, evidently E-@ cxl - [0\‘&)—1 and reversing the order of the factors

yields K = -{ a8l . - LC\QI LC\QI L bck& ) if the length of the chain is odd.

All the letters o o LSS, being equivalent symbols and hence permutable,

this is identical with =K, and hence K = -K, K = O.

2o pmem

&

T AT TR i

L meali T T =g
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Supposec the lensth of the chain is even. If the chain consists merely
of \‘_&\ol\_\om} then, since Lo\l = — (\aa]) we have - L&\g-&j-) which is
equal *éo - 2.9 . If the length of the chain is even and exceeds two, by use of
the i-den‘city

Cobvllcdl +Lleallvd ] +L\0Q1(_Cc\1 =0

we write

K= -Cea]Tudl0hedlAed - -+ — Toel Cadl Chel-- -,
= —(acilebllballdel s+« = Loed Ladlldel: - o

-

or,
K = — K I\ . . - .
N — & x_ (chain K, of 2 links less than the original chain),
Then 2.K = - % K and . ___ - . - — -
1
hence K is by reduction a power of the discriminant S“. Therefore
B)&(\ ¢ ... ) 3isapolynomial in T . In an analogous fashion one may

show that every concomitant (i.eo invariant or covariant) of the binary quadratic

form f may be expressed as & pclynomisl in % and f.

4, Irrational methods

We may write ? = C\“:L: yla X, + C\wxl‘ - Qm~u\&x~u‘ ) .
Equated to zero, f is represented by two points on the projective line, and the
problem of invariants is to find all projectively invariant relations holding for
the two points. Obviously their coincidence is the only such relation. This is
expressed by (= —ot! \)2- =0 .
For the consideration of covariants, one wishes to ascertain the projec-
tively invariant relations existing betwcen two fixed points and a variable point

on a projective line. Evidently the only such relation is that the variable

il
o

point coincides with either of the two fixed peints; 1.6, ((X- .,\,\) (1_——&'\

This suggests that the form itsclf is the only covariant.
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We show now that every jinvariant of an n-ary quadratic form is a power

of the discriainant.

Let
_ ST -
ﬁ— = L. OLMQD(_LCL.
v =1

be a form for which the numerically given coefficients 8y have a non-vanishing

R

determinant, \ & lw \ % O, By means of a linear trensformation
‘3‘:‘ 23 = 2
§L= ey OIS of determinant. AN ’ - §1"' Ttk g,,\ . Denoting by

J(a) an arbitrary invariant of weight r, depending on the coefficients a,, of f,

we have

(e.1) Ty = N T8

where % ‘e is the Kronecker delta. Since W = ‘\0; U{\ = A ,

-

(4.2) —31(0\) = C,cvvax.X’Dhj

This relation, established under the assumption that \0"-.\4.\ =+ O 1is, by the

principle of the irrelevance of algebraic irequalities, valid as & formal identity

in the variables a., .
ik
To complete the proof we must show that the symmetric determinant D is
an irreducible function of its <;§m(n+l) arguments.

Consider the symmetric determinant

\Q'l\, ) )&\M \
Am = v . . ] )
((.L o O‘M.M,{

and meke the induetion hypothesis that the symmetric determinant An—-l of order

n-1, is irreducible (the induction being "anchored" by the determinant of a single

element). Regarding ’A‘n as a function of & ., we write

(4.3) Ao= A 0 ™ AM'\&MM-’-C),

-4

where the notation /:\Nka,

M\

=0) denotes the determinant obtained from A, by

,%:,
by

!F){' i3 ;[zl{'
2%

nE

AU it e LTI I SR P P ML DT D

LA
4 ]

R

TR

L L A

Lt mink 4

A2 14

™

e P

b ki ]

T H 13

3 A

PEPTT I Y T T IS T e Ty
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putting & O. If, now, we suppose An resolvable into two polynomial factors,

A = \Ba,.r8)C,
when B, C do not contain a, .. Upon identifying with (443) we have An—l =B e« C,
An(ann=0) = B'C. By the inductive hypothesis either C = 4 or B =1, The case
¢ = ] does not represent a real decomposition of An’ If B=1, then C = A,
and we have A M(am”f-o\) = ?)"~ P\M_\ .
That this last relation, showing An(ann'—‘ 0) to be divisible by Am-1
is not, in general, possible, is seen by the following specialization (a, b inde-

pendent variables )

{1 o 0o -0 1O O
ol O 0 oo
A la,z0) = | : < v
6o co. L oo T
g o 60 ¢ ]
O oo 9o
A = O

Mm-A

7o observe that the method by which (4.1) is obteined is irrational,
involving the adjunction to the given number field of certain square roots. The
relation of invariance 'XUL\ = AN' ’Sﬁof\j ,first postulated in the rational
field only, holds as & formal identity in the transformation coefficients
in the extended number field. This justifies (4,1). In (4,2) the irrationali-
ties have again been eliminated.

Another example of the use of irratj..onal methods is given by the follow-
ing treatment of the binary cubic, which, in non-homogeneous form, we write as
- cx,:cm-\—\oac. —c = (-2 - (= — &3) . Our operations

are upon the roots oL, ,otl, ) oty rether than upon the coefficients. We
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wish to determine all the invariants end coverients of the cubic.
Consider an invariant 3 (st ,ot, X5 ) , @ symmetric polynomial
in’ U, , Sk, , Shae Specializimg, we suppose X =0 X = 1 g
then é (st oty 23} = O is a projectively invariant relation of the
three points O 1, A 5 of a line, But the only such reletion is one that ex-

presses the coincidence of OL$ with 0 or 1, and hence

A Lsty) = SN K%-\)%,

where we write 4 () 3 (0,‘94;) .

We make, now, € transformation
-
== (e, -et) 4ol
which trensforms the point O %o the point o, and the point 1 +to the point

of, , with ot -'ol_+0. Them,

2

\
(4.4) A et 'C)L\-‘d‘3\ = C-(oly- oiﬂ\% k<><3— et,\_\cs \cx,__o{‘} .

The condifion ok =X, + O is an algebraic irequality, and hence immaterial
to the validity of (4.4). By symmetry, it is clear that f = g = h = an even
3. )
mmber (since j is invariant), Now 270N = D where
D = (ot =t I =y =ols ) and D = the discriminent.of the
. ™

cubic. Hence g = Cowmh . X LY

In considering the covariants of the cubit we first regard absolute co-
variants that gre rationsl functions of x. Evidently the only projective in-

veriant of four points o ;% o, ol of a line is their cross ratio:
|

}\ = &1—u\\KNB~°LL) — }...l‘
(=) By = oLl Na

Though this is indeed inverismt, the order of the points is essential, as the

cross ratio may assume six values, depending upon the six permutations of the
{

. _b 3 >\ "—‘—“’ ) \ - X )
points oL, oL, , =L4 . These gix velues are DN 7oy -\
_)\ >‘ -1 . The six substitutions transforming 7\ into thesge values form a
X-1
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group. The functions we seek are rational functions R (X\) with numerical co-=
efficients (independent of a, b, ¢) invariant under these six substitutions.

We form a certain primitive such function of degree 6 (all others are
functions of this one) by taking the function )\ -~ X ) substituting the six
possible values of >\ and taking their product. We obtain a function that van-
ishes at X and the six equivalent points. If \( is a fixed point, the num-
ber of equivalent points may be only 2 or only 3.

Thus for the fixed point % we have %, 2, =1 as equivalent points, for
the fixed point ©©, equivalent points are <, 0/ 1 whi the fixed points of
‘}\l’; ‘\"‘_‘_"7—\ y nemely the two conjugate complex cube roots L,I of -1, are
equivalent pointgy

Using the homogeneousg .A.L in place of ), we have for the three

Na
cases

cg - )\\Q*\_‘ -}\LX k’).. .) (0"\‘90,’) |
INEEERCRVED W & WP W [ NP I VA N CLPE N
H = \:\ - \1\7."\' N}.:,_ " \\,'Z\

a
consider ZL\) = C?/H‘3 . Then the only R\)\) invariant with respect to the

-~

six substitutions are the rational functions of z, This may be established by
function-theoretic considerations (the reader is referred to Felix Klein's
Icosaeder for a treatment of similar questions), as well as algebraically.
= 3
In place of # = C?l/ H3 we might also use T /H . Hence it is obvious
o 3 R . . .
that ¢ '\ , = are connected by a linear relation with constant coeffi-~
cientsse We verify this and compute the coefficient explicitly by developing
3 b 5 DN
R S ST
>~ N i V- T Y W
ST N N P W Y ¢ Mo y
Q .
q)z bout }“ >‘\.+ L ’ P
from which may be deduced the "syzygy" ‘
3> r—\l =
L‘\- W o= '+ 2.‘1 (—? .
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We mey readily write (yJ H T in terms of the roots o, o, o3

as well as the coefficients a, b, c. Thus,

g = AN = NN, = (st Mot ) —oty Mot -k Moot Voagat) |
or | C.g = - ‘? A
Hn= (mvs\o)m — (e%=9c) %X, + (v~ 3@&)3.
= = (Hessian of £);

and T is the Jacobian of the form f and H.

2f of
r-rl =2 =, 2 xa
PSR- 30 J B
2>, X,
or
T = (.’Lq -o\a.\o-\.l.’\c\:x,‘-(c\. B-*-l'\&.c.-\lﬂa\i Lo
+3(6 ac - b - o\\oc)i 3( -~ &o\m\oc. gAY —?JC.)}‘{L
Denote by (=, Mo &, &, , 0. ,03) & covariant (relative)
Vg * 3
of the cubie % = QO‘SC? - &\WT&L-L- A, XX, ¥ S P G 5 homo-

geneous in the coefficients a;. We show that Y may be expressed as a poly-
nomial in D, £, T, H, with numerical coefficients -- indeed, as a polynomial of a
certain type..

Introducing the roots o X, , oL, we write

PRI C TR '3.1\(&3—%,)

Nas (."H—Q(l:‘“t\(d.’»“ V) )
and K (=, %, L Ovg 0y, Ao, Gq) = T"&}\“\,\Q , & polynomial homogeneous
in \\ N }\g_ . Now, roots of the equation ‘P‘\\\, ) = O are independent
of the coefficients ai, and hence,

(4.5) PO = Clag,- o) -T(I(‘WP-M),

where (D are numerical constants. ( «L factor 7\\ - P }\,L is to be inter-

Weyl
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preted as )\1 if Q= o)
In general, together with one root 'p there will be the six equivalent
roots arising from the six substitutions on AN = ~ A, . But for special
cases these six numbers are, as we have seen, not distinct. Thus we may have
(1), p=0,2,9; (2),p=%, -1, 23 @ =1, t (the two complex conjugate cube
roots of -1. ‘
The first case gives rise to a factor f on the right side of (4.5);
the second case, to a factor T, and the third to a factor . In all 9_‘9@_1_‘_ cases

the six values of p are distinct. The corresponding value of
3 . i 3
—\—1/ t R [('Lf—\)((z-‘rl)(— e +1\1 / C (.,"_, P+ Y,

¥ -
and,a numerical constant since p is numerical.)

may be Kk, (kisyff-})oloo,
a HB

The product of the six equivalent factors #F ( 7\‘ - P 7‘,_) equals \ — 5

but for a factor independent of the variab%.es RS . .\1_ . Hence we obtain

] ¥ L 3
(4.6) POoux)=C- & T H’_Lr(‘ V"H)>
k> R
where ‘TS_U—‘ - n \"\3) may be written as Q—P&r-“ 5 \‘\3) , & homogeneous

(—-‘1— 3
polynomial in \ ) B with numerical coefficients. In (4.6), C is independ~-

ent of N, ) Na or ., X, . It is clear that the exponent y in (4.6)
may be "reduced" to O or 1, while B may be restricted to the values 0, 1, 2.
Now since C is clearly en invarient (and rational) it follows, from an
argument similar to that used on page 119, that C= < DQL where ¢ is a
numerical constant, and ® = 0, *1, ¥2, .,..,. D(a) is surel{r an irreducible
function of a;, according to the general principle that the prime factors of an
inveriant are invariant themselves. For let Jl(a), Jz(a) be prime factors of
the invariant J(a) of woight 3 : T) = T, (). TJ. (a). After the trans-
formation = T (')« T, (d') = AT ) J. (&) |, where I\ is the

determinant of the transformstion, It follows then from the irreducibility of
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the factors on the right-hand side that T, )= A3 T, () )(for a trens-
formation with unit determinant shows _S\(O.'\ = A3 AR (o) .S-._(D-} to be
impossible). In our case, however, the only invariants are the integral powerg
of D.

ol cannot be <0, If this were the case all coefficients of

RN H%- i V- W)
(cross indexed as & polynomial in ., %X, ) would be divisible by the prime fac-
tor D. By e fundamental theorem of Gaﬁgs this may heppen only if one of the fac-~
tors
£, W, T W
is divisible by D. (Here we are operating within the ring of polynomials in
Go,0,, &2, @3 )« The first three possibilities are to be discarded since
o 3

£, T, H are of lower degree in the a's than D itself. '\ =~ a !
is divisible. Hence if IQL:- 1 ® ¥\3 were divisible, so would be the differ-
ence (v~4%) W3 and hence V\)(Gauss's theorem againl) which already hes
been refuted. Hence we have arrived at the result
(4,7) T M) = o el AN \-\S.%-,*(T”, Hs) ,
where ol may have the walues L, 1, 2, 5383 ‘x , the values 0, 1; and ‘S , the
values 0, 1, 2 If o 2 1 and B2 2, then, by © 7= uw - "\“, we
may sbsorb the part © 2% of the factor o % ° into %,_h(r(‘m, \_\3\ .
Hence vne may add the (somewhat artificial) normalizing condition: oo« = 6 or
R=o,!'.

It might appear somewhat surprising that 5y L'}\, \~m) can be ex-
hibited in the form (4.7), insteed of merely as "some" polynomiael in f, D, T, H.
That this form is, however, a consequence of the jsobaric property of all the

terms of e covariant will appear later.
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We give the following table of degrees and weights:
Degree Degroe

in in
Xy ,Xp coefficients Weight

D 0 4 6
- 3 1 0

TH 2 2 2

Y i T 3 3 3
4 W+ DR, 6 6 6

An aerbitrary polynomial in D, £, H, T is a linear combination of
4 BHBJF\'\ 8
O g ) with numerical coefficients. The degree of this term in
Xys X5 i3, by the above table, 3@ +2 X~ 3 ;3 1its degree in the coeffi-
clents a; is Yoo 4 Q SV ) ¥ + 3% and its weight equals ‘oek;*- lk‘-\'?)g,

Since the invariant polynomial is isobarie it follows that

1 ' !
. = +~ 2 3% ?
IO + 2y + 3% 3@' X'"’ , 5!
4ol -\:—(3-&-18*—'3%: Yo' + R Ly *3 ,
t . '
where ol " [3.’ Y " (L,\' are the corresponding exponents ocourring in any

other term of the inveriant. (We checked this up in our table for the
terms of the syzygyl!)) From these equalities it follows readily upon taking into
account the syzygy that the polynomial can be brought into the form (4.6). '

In closing this section, we remark that the method employed here for the
binary oubic (based upon the projective relation of two:- sets of four points of a

line with equal cross ratios) is not extensible to binary forms of higher order.
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. " L P AL X

5, Some simple general consequences of the symbolic method and the Capelli iden-
tity

() Gram's Theorem,
Let £, g, «es be & set of forms and %X
o
(5.1) ‘\(CL,‘p,") :O) F’-(O')\o)"\zolﬁ ',FR\&‘\J)"\:O)
be a system of relations existing between the coefficients (a) of £, (b) of g,
«es o Projectively invariant properties of the forms f, g, ... are given by

the system of equations (5.1) if we suppose the collection is unaltered under a

transformation x! —> x of the forms £, g, eee » In other words if, when x'—x,

F; —7 F!, then (5,1) is equivalent %o
‘il =0 | F;/ - C)’ . . V’h~ = O .

In case the system (5,1) consists merely of one form Fl, then the hypothesis
amounts to assuming that Fl is an invariant.

Suppose, now, that J(a, b, eee; X, ¥, veo) is a covariant of the forms
f, £, ese o We allow J to depend on several vectors x, y, ... which transform
cogredicntly. If it is required that J 20 (identically in the vectors x, y,...)
then all the coefficients in J vanish, and the set of equations so obtained is a
projectively invariant system of the kind (5al)e It might be conjectured, there-
fore, that any system (5.1) signifies that onc or more covariants of the forms

f, g, ese, vanish identically. This conjecture was first proved by Gram (Math.,

Arn, 7 (1874)), who showod that any invariant equation system (5.,1) can always be

represented by the identical vanishing of a covariant.

To prove this theorem we apply the symbolic method. Suppose
Fy(a, b, ¢, eee) is of degroe - in the coefficients (a) of f, degree -/ in the

coofficients (b) of g, s« o« Polarizing, and replacing the forms £, g, «ss by

()

(‘\/)
- .
for £f3 Db', «ee, b for g; cee)

powers of linear forms (a', ..., &
x

~
Fl(a, b, ..e) boccomes a polynomial %Z\ = % (a', ..o, a(fh); b'y eesy b(vg cea)

Weyl
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dependent on a number of groups of equivalent contravariant vectors

(/u.); DYy wees b(v)

aly, eeo, & 3 ese @ Supposing the vectors in an n-dimen-
sional vector space, with unit vectors e(l), 6(2), eses e(n), we write the compon=
ents &, &s (ae(i)). '

Apply now the linear transformation carrying e(l), e(z), ey e(n) into

n arbitrarily given but linearly independent vectors §) M, T g
CA_\"S &C\ §) l. Q-‘:._*\) &O\ V\\ , . . IQ',\:\' (O.E)&‘l--. : Then
! ! () L) l (v
%AC\.\ o ,Q_M.) Coe o, Q. . \0' - ,\OM‘- ) transforms

into the absolute covariant

& ('8, -y CHSTRE )

If, how, we reverse the whole process, 2% 1 chenges into an absolute

covariant
Woloe, sy vy 5, M, -,f),
depending on n covariant vectors g) M, f’) in addition to the forms
£, &) eess and K1 = 0 is the equation arising from Fl = 0 by the described linear
transformation. The linear independonce of S UL g' may be omitted as

being algebraically irrelcvant.

1f we allow relative covariants, we may apply Capelli's special identi-
ty to roduce the numbor of independent vector arguments of
K. (&, b, vee; §, W -+ -  § ) fromn to n-1l. For, supposing K_ actually to
1 4 ! ) 1
contain 2’, we may write
*
e K, = ZIYXK, + E?‘vy‘-?] ~Q\'<\
* . . . . %) .
where 2. V\\ arises from K* by successive polarizations J” of KT (KI being
1
of lower renk (in § ) thn K ). If, now, K =0, ’chenK;‘=O,_DKl=O
(each of lower rank than Kl)‘ Wo may continue the process until K, no longer
contains Z’. We obsorve that () Y\\ is a relative invariant.,

Gram's Theopem is concerned with a sct of invariant relations in the
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coefficients of certain forms, and the theorem states that such a set means that
a number of tensors algebraically dependent on the forms venish, A more general
theorem than Gram's may bo stated as follows:

Every rcprosontation of the linear group, of algebraic character,

breaks up into irreducible parts. The substratum of each irroducible reproson-

tation is the set of all tcensors of givon rank and given symmotry properties.

(b) Pascal's Thcorom.

As an oxample of the contont of this theorcm, suppose onc wishes to
sfddy the simvltoncous invariants of a sct of binery cubies. Then Pascal's
Theorem asserts that such an investigation can boc restricted to studying the simul-
taneous invariants of four cubics; that is, any simultancous invariant of moro
than four binary cubics is oxpressible by moans of invariants doponding on only
four cubics.

More gonecrally, considor a definite rcprosentation (" or any group of

linoar transformations: % = § < §1, in tho rcpresontation spacce

.
Thoso varisbles undorgo a definite transformation undor the influence of tho
lincar transformetions. If, now, :YK §; il,- .) is an invariant of

g . §i - + thon Pascal's Thecorom statos that J is oxpressiblo by means of in-
voriants deponding on -/ arguments only, Such an oxprossion is obtained by the
Aronhold procoss. (polarization with respcet to tho arguments) and addition.

This is an immcdiate conscquoncoe of the Capelli general idontity, for

we may write

J = Z3"

§

whero J* is of lower rank than J. We may repoat this as long as J eontains more

than v argumonts,

- mo————— o

O

-
Lﬂ(wm W EPE —YF Ay FEpEy T T PP PP TETIFR Py ¥
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6« The adjunction thcorem

As o special casc, consider tho problem of invariants J(f, g, «..) do=-
pending in an integral, rational monncr on the coefficicnts of forms £, g, ..,

where the group of tramsformations is the orthogonal group. By mecans of the ad-

Jjunction theorcem, this problem, stated within the framowork of cuclidean space,
can be trcated in an affinc or cven a projecctive setting.
Supposc %L =7 0 .5 . g\i (the Greek lettors reprosenting con-
VR )
travariant vectors) and consider a cuclidcan vector space (o cuclidean spnce with
one point distinguished as "origin").,  Attachoed to this space we have tho funda-

mental form

R e e A LA

Le R
In arbitrery affinc form, instead of ® woe have §i‘53“Q S5

~

ADJUNCTION THEOREM. Every orthogonal invariant depending on scveral

forms is an offine invariant depending on the same forms and the fundameontal

form = Z%'L\Qitgk,

That is, we cen find an affinc invariant J(f, £*, .4, g) such that
spccializing Biy = ‘% ik (the Kronccker delta), J(f, £*, ..., g) rcduces to the
orthogonal invaeriant J(f, £*, ...). We moy thus trcat o problem of a rostricted
group by imbedding in a widor group, provided we adjoin an "absolute" to the
forms considered. This is, in esscnce, the cpoch-making device of Klein in his
Erlanger Program.

For the proof of this theorcm we consider an orthogonal invariant
J(£, £*, +sa) of dogroc ‘fk in tho cocofficicnts of the form

g’ = :E_ L % ) § o § , of degrce m, of degree v in the co-
efficicnts of £*, ..e o Applying the symbolic mcthod, we introducc the

cquivalent lincar forms £(1), cees £ (M) (polorizing with respecet to f£), the
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equivalent linear forms f*(l), cees gxv) (polarizing with respect 4o £*, ... o
This process reduces J to an invariant depending on ‘/A-vectors a, VvV vectors .

9.*, so8s @

) !

SQC\U)V . O\(/‘Q. O\::). ) C\(:: - ) .

But we have already seen (p. 48) that if the group is the group of proper
orthogonal transformations, then J is expressible in terms of the bracket factor
[a, b, «v., c] and the scalar product (a, b). Denoting by Y 1K {he matrix in-
verse to 8.\’ (0.\k'§ = 2 xluck} o v - We obtain an affine invariant de-
pendent on the absolute and the coefficients of the form .

The following more general problem arises: Let 'K be a certain group .

of linear transformations, and suppose J(f, £¥, «..) is an invariant of forms

£, £*, ..., for this group. Can J(f, £*, ...) be expressed in terms of invari-

ants of the full linear group by adjoining to the forms £, f*, ..., certain other

forms?

By means of the usuel procedurc, we obtain J(f, £*, ...) —>Jd(a,a',e0.),
dependent on a number of covariant vectors., Considor the group of the contra-.
gredient transformations operating on the a's, and suppose jl, j2’ sae jN is a

complete set of typical invariants of ¥ , depending covariant vectors.

If these invariants are subjected to an arbitrary linear transformation
. . . . U N P PO TN

(not contained in the group Y ), then Jps Jgs Iy Jl 3*, , 33

For all such transformations the system jI, j;, ooy j§ varies within a certain

set of forms -- this set is invariant under arbitrary linear transformatioms.
From the assumption made concerning jl, vy jN, it follows that

J(a, a', ...) is cxprossible in terms of J;, ..., jN'ﬂ» j;, j;, cees j§ in which

the arguments arc roplaced by some of our symbolic vector argumonts a, a', ... .

Hence the given  orises from an affine invariant J(F, £%, eeas j;, ey j§),by

s *
spocializing de
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7« Theory of binary vector invariants and the spin theory of valence bonds. The
Clebsch~Gordan expansion theorem.

The Clebsch~Gordan expansion theorem permits the development of a form
f, depending on k vectors, in terms of powers of bracket products of the vectors,
with coefficionts that - arise by polar processes from forms containing at most
k-1 vectors. We are concerned in this section with forms £(X, ¥V, ese) depending

on binery vectors x = (xy, XZ)’ y = (yl, yz), cee

We have
(7.1) %13 {Ll‘jj . ‘a/ IS - [i‘ﬁjaiﬂe\ ) where
a. .
c:bu = 2__”3&; o and, by Capelli's special identity
. ‘3 \ ’(‘)-\jL !

(7.2) Vgt 1, Dy £

= Ll"&]'ﬂ% where Q:. 31 — 3).
%1—\‘\ )%11 axl]};v\l 31;}3\‘

Supposing f to be of degree m > 0 in the vector x, and of degree n in
the vector y, we obtain from the above
et § - D D A= Tyl 025
Y RS /
which we write in the form
‘€—=%""‘3¥I +L:xu§]%\ p

obscrving that f. is of degree m~l in x, ntl in y; while 8, is of degree m~1 in

1
x and n~1 in y. We may apply Capelli's special identity to this result, and con-
tinue the application until the vector x vanishes from the function to which the
polar operator ny is appliocd. We will obtain
(A0S

7.3 =

(7.8) £ &\,ch@(g) A Lwﬂ% )
with @ (y) of degrec m#n.

For. if, now, we suppose this result valid whoen f is of deogree m~=1 in x,

A~ /
£,= 0, 9+ Laylag
we obtain, by substituting i‘l for f above, and making use of (7.1)

£ = %T‘SCP(A)+L1‘31%“ ,  with %;%'_\_%111%1

Woyl
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which is in the form (7.3). This is the Clebsch-Gordan jdentity. Both of the
summands in the expression are uniquely determined. To determine thé first one,
we have only to identify the variables x end y. Then j?\\ﬂ 3‘\ gﬁtﬁ:ﬁle.c?( )'
Thus, except for a numerical constent, G?(xﬁ\ = i? (13,§5\ . The seoond sum~
mend is then determined as the difference of £(x, y) and the first summand.

We consider the group of all linear unimodular transformations in two
variables. A homogeneous polynomial

£a) = aeXia X A X
of degree n is a linear combination of n+l monomials xixg, (i+k = n)e Under
the influence of a transformation s, these monomials undergo & linear transforme-
tion; these monomials constitute the .substratum of a representation V:\ in
n+l dimensions.

The totality of forms f(xz, y) of degrees n and m in x, y, respectively,
form a lipear manifold of (m+1) (n+1) dimensions: they constitute the substratum
of a certain representation. V;Nkyg T;\ . [To describe this product, suppose
the x, undergo & linear transformation of matrix A, vy B linear transformation
of matrix B, The products X3V undergo & linear transformation A X B where if
A= Wey gl (52T = 1 e, n), B=\b, o, &kt =1, e, m),

AX B=0 =\ °ik,i'k'u » Cip ikt T aif'akk"]

Turning to (1), consider Py ) an arbitrary polynomial of one binary

vector, of degree min; all polynomials g of degrees m-1, n=1 in x, y, respective-

ly, form the substratum of the represcntation (~ m-1 X (in—l' We obtain, thus,

7o = \ Y v )

(7.4) er. x V. \M\_‘_M—\-Q\M\”\x Y

which gives the true significance of tho Clebsoh-Gorden exprossion (7.3)  [The
Hy" goourring in (7.4) is in tho sense of the decomposition of & vector space in-

to two partial spaces.]
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A differcnt proof of (7.4) is suggested by the symbolic method. Rep~-

(4% AL
resenting the forms as powers of linear forms, we have (j?\»)} = Ok,j ,
. (e = ) ‘ oL .
PQLY) = T S . . .
3 [ K Consider an arbitrary linear
! Ny Y
form of T A X ¥ ol L X, g then
—— ! T
o Lo OL x - oo
oL ol = Z__\ o \‘L\ C? (. ‘ ) K‘D (‘\'\'L'\-IY\-L

the C?LL::L,»S\ being of degrees m, n in x, y, respectively, and reducing to

xixg when x and y are identified.

Identifying x and y, )
_ v L R
v _ b Y SLA L, X
(oo, + o) o X Fa

consider all linear combinations of Gi‘. with constant coefficients. This ran-~
ifold is invariant with respect to unimodular linecar transformations, for by
meking such a transformation x]i = 8x, + bxz, xé = ox, + dxz, (ad = be = 1) (and

transforming the vector y cogredien'bly\

o, M m P' )
_ ' ! < —_ — (
oL y ng' oL .) /T h‘ (? Z IR, 2z S
3 ’
Writing QL\' = oL, 0 >, 0 ) R, = cx‘b '\'"L:.‘l‘ and comparing coefficients

v o R . . . !
of oL o, we get C?L as a linear combination of C?\’{ .

—

The substratum of the representation u me1 K \n-l consists of the
polynomials g of order m=1 in x, n-l in y. They arc not polynomials of the type
£, but the product [xylg increascs thc order of g by 1 in cach vector without
affcoeting the representation,

For the final step in the proof we consider an arbitrary polynomial £

homogencous, of degree m in x and n in y, and show that the polynomial mey be

written in the form
o M

(7.5) -{i(u,u\\ Z__ oL @ (%) ~ Tyl A (xiy) .

L‘

S—

U

T AT ——
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We observe that we have (m+l)(n+l) linear equations to solve for mn + m + n + 1=
= (m+1l)(n+l) unknowns. To show that this system has a solution we show that
the corresponding homogeneous equations have but a trivial solution.

Put
Z;kaL+-meI%&xwp = O

e e e

Identifying x and y, we have at once o = 0, and hence
[xylg(x, y) = 0. Since [xyl 70, glx, y) ® O. 1

Hence the form (7.5) is possible and, indeed, in a unigue waye.

The development in terms of powers of the determinant [xy] obtained in-
ductively from (7,5) is the Clebsch-Gordan development.

Formula (7.4) lends itself to repeated application and we obtain l

Te6 x U = \ v . .

(e) U x0T =1 +\ o« VL

This is the Clebsch-Gordan development in the language of representation theory.
Finally, we indicate how explicit expressions for the coefficients in

the development might be obtained.

Writing
b =l TG RE N
‘?’(3&,»}\ :cobk\“v) CQOUQ + Y_lﬂlax\j @ (t&) 4 th{& %uu} CP’L(‘” e

we obtain \
(Aw\*t“A .

_‘i-kv\‘mﬂ = ___:\_\“_.. Caoo(‘j) )

by identifying x and y.
If we apply the Q operator to the whole equation and thon identify
2
x and y, we obtain an expression for @, Lv&) ) applying ()  eand identifying

x, ¥, we obtain C?:z.(“\\ etce
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To carry through the details of this process we make first two remarks:

(1) ) ana %:x.}j commute .

We have

ND_F = (g Q}QZ Lgf
\_ (3‘%?‘}

- B o ‘31;—— -— ‘
pal \3 £ - I } £y Qﬁ.
Q{meﬁl W Lu,‘:&\k (e el - n)(_xvﬂ \\)n_'*- [3“—3] -D-“en.)

where Wn is of degrees m-r in x, n-r in y.

= Z ~3ﬂ (313‘»\

For by (7.2) we have
i) & — D Duuh = L9 0F
'\1\
where f is of degrees m, n in x, y respectively, (m> 0). Substituting

n
L’(‘jl . wnﬁu\"\\ for £ in the sbove, and using (7.1), yields,

) D1, — Exﬂ“&&wfbm% [xy - QLT WY

while applying (7.2) to \\) n, We obtain

{‘(!W\ T‘\_\U\\ h-\-\\—'gy\\j '-3:7.15 \Jeh, = [X%} an’

Eliminating % &1 ~ ‘\5«,\‘ from these two expressions, we obtain the desired

result,

i[—*“\—.\ Wil = nlrns m-\—\—"-\c-x‘ﬁl \V "\'D‘IQ 'Q‘x\)ﬂ'

If we apply this formula for the cese "\)r\, "“5 C? (6\) with

(?n. .of degree m + n - 2r, we have
R O™ T Rl -
_D__{EX\:)_\ %xv) C?,\_(\S\\ = R(m-\-m-\-\—iﬂ [x»{l %*‘j C?n_bﬁ\,
e e OB - TG = o

By iteration, we readily obtain

\(M\-\-N\*‘\ “'\) %

ol {u@“‘iﬁ?qm\\ = S

(ran A+ \ - Lh

oA\
while £) = 0O

Weyl

i 3 46 EATTLY et 3 an i maan 13 1A WY

LT 4

154 4 bl a2 e 3

el Skt ol 6 3

) el ¢ B 1 kA S

i s 3 34 Rl 2

bt Yid

y s 4 sl e Sl 2l £ WD)
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Whence, for f(x, y) we get

o Fam)_ by

and the coefficients of [x y]r in the Clebsch~Gordan expansion are explicitly

(e L= ) (o)

given,

8. A basis for binary vector invarients. Rumer's Theorem

In this section we study polynomiels f(x, ¥, 2z, e..) of h binary vectors
X, Vs Z, ses, Which are invariant under the group of unimodular linear transforms-
tions, We suppose f is of given degrees a, b, ¢, +.. in x, y, 2, «.., respective=-
ly, We denote by N(a, b, ¢, eee) the number of linearly independent invariants
of £,

If we consider f(x, y, 2z, +..) 85 & polynomial in x, y with coefficients
depending on the other arguments z, «.., we get, upon applying the Clebsch-Gordan
theorem,

'g("-*.‘j',?: P ) = Z_QL(.E.. 9 (?.L(’at.,’j) + [.x‘j]%&tx,\j VE .)

Since f is an invariant, ZC\-‘_ Q?'.. and [xylg(x, y; 2z, ...) are invari-

ants, for under transformation .
i

Flappz, V= Flaigie) )= Doyl @oiy)ely gy =)
and both of the first summands are linear combinations of (9 .Lk-x‘ \5) . Since
the decomposition is unique, they are identical and hence are invariant. . Hence
Z—_Q; Q. (% “:L.) is an invariant depending on h-1l vectors X, z, .o »
They are in one-~to-one correspondence with the invariants of the type
ooz c) Qs v) . We have the recursive formula

N(o,b o, o) = N(o:t—b,c,,- C) N(Q-_l}‘o—‘,“—,' ) )
and by repeated application of the Clebsch-Gorday expansion,

N(G.,B'Cl' \ = Z,. N‘(Qﬁ—b..zh,)c“. )

rL:.Q‘il. ‘|""“N\-(°~,\))

)

I =
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a recursive expression for’ the number of linearly independent invarisnts.

By the First Fundamental Theorem for vector invariants, we learned that
all such invariants are expressible in terms of the bracket factor [xyl. If we
call [xyfx [xz]ﬁ [yz]x «+. & monomial, we know that all invarients are express-
ible as a linear combination of monomials, with numerical coefficients.

We depict a monomial by means of a diagram in which a point represents
a vector and dashes represent bracket factors. We call the dashes "valence
dashes". The degree of a monomial in x is evidently, pictorially, the number of
deshes issuing from x,

Though the monomials form & base for the invariants, linea£ relations
may exist among these basic invariants. The Second Fundamental Theorem assures
us that only one fundemental relation exists, namely
(8.1)  [=uw]lyz] + LywlCzx] + Tzwllxy]l =0 .

All relations among the basic invariants are, by the Second Fundamental Theorem,
algebraic consequences of (8.,1). We shall give a new proof of this fact.

Relation (8,1) may be represented diagremmatically as follows:
x w
o * o W x w
8 = - -1 1.
\o 130 -0 =
! = '

Thus, the identity (8.1) furnishes & means of "uncrossing" the two dashes appearing

on the left-hand side, replacing them by the two diagrams on the right-hand side,
each of which is free from crossed dashes,

Suppose, now, a certein diagram of arbitrary complexity is given. Is
it possible, by means of identity (8.1) to replace cach pair of crossed dashes by
e combination that is frec of crossed dashes, so that the givon diagrem is changed

into a linear combination of diagrams that contain no crossed dashes?
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This may indeed be accomplished!

Consider the points of the diagram distributed in a definite order along
the circumference of a circle. Either of the circular arcs joining two of these
points is called a valence arc, By the length of a valence arc we mcan the num-
ber of points lying on it, where the two end-points are counted together as 1
point. Thus the minimum length of a valence arc is unity. We suppose the dia-
gram has N dashes.

Case 1. Suppose a valence arc A joining =x and y is of minimum length

1. If, now, the dash x¢———0oy is omitted, we have a diagram containing N-1 dashes,

This diagram may be "uncrossed"; then, by adding the dash xo——-oy to the un-
crossed diagram again we arrive at the uncrossing of the original diagram by a num-

ber of steps of type (*).

Case 2, Shortest valence arc has length excecding 1. Since arc B is

-

g | \bj\c the shortost velence arc, no dash joining points
/ i
/ \ xb of this arc ocan exist except the dash xo—<cy.
W b e e e b E
T& X ; If, now, xy and zu be uncrossed through (*), two
\\ \ ) diagrams arise in which shorter wvalence arcs xz
|/
N &y

\\\\\* and yz, respectively, ocour. By induction with

respect to the length of the shortest valcnce arc our proof is thus finished.

The number of non-crossing diagrams satisfies the same recurrence formu-

la as the number of linecarly indepondent invariants.

Suppose there arc d dashcs joining x and y; 4 < min (a, b). If we let

ijggf”""*L\\\Q\ x and y coalosce to form a single point L, the
/

// ’ number of dashes issuing from L is, then,

( a + b - 2d. Conversely, d being givon as a

murber < min (a, b), the distribution of the

/e,
o
.

N\, 3 . . g
~. _“fﬁs a-d, b-d dashes issuing from x and y, respecctive-

k. T ot ey g e



\.}‘t

138

ly, is uniquely determined, as to their endpoints by assigning the first a=d of
the points (in the cloockwise directiqn) to be joined to %, the other b-d to be
Joined to y. This is of necessity required by the condition of non-crossing.

The result .of this section was first announced by the Russian physi-
cist Rumer in 1931; it may be stated thus:

The monomials of non-crossing diagrams of given degrees &, b, ... form
a base for all invariants of those degrees.

Our proof depends on the first main theorem for binary vector invariants,
but it contains a new proof for the second main theorem since the base consisting

of linearly-independent members is arrived at by the sole use of relation (*).

s

9o The Burnside~Frobenius~Schur Theorem, in elementary disguise

The Clebsch=Gordan theorem states

g M x U, = 2w , Cazo b2o)

o
where the summa?ion is extended to la—b"f v < a+b, v differeing from a+db by an
even integer. We may formulate this by the conditions
a2 0, vS'a+b,
b20, a<b+w, a + b+ v = even integer
v20, bv<v+a, :
Three non-negetive numbers &, b, v satisfying the above relatjons will be said to

Y

form an even triangle.

Repeated application of the Clebsch-Gordan formuls gives

(9.1) Ta x Exlox. oo = Z;_mu_f:}.

o

where we suppose the left-hand member to be composed of 4+ factors. We write
n, = n,(a, b, ¢, eee)s TWhat is the significance of (9.1)? The polynomials

£(Xy, ¥s Zs ees) Of degrees a, b, ¢, .es, in x, ¥+ %, «.., Yespectively, forming
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the substratum of the left-hand side, constitute a linear set of dimensionality
(a+1)(b+1)(e+l) ... o« We may choose e basis for this manifold, consisting of
certain sets f ’ fl; evey fv , each of a certain valence v. The funcfions f-
span a certain linear, invariant, manifold whose law of transformation is F— ;
that is, the f, transform like fj ~~ (-l) ( )?L2_3C1 i Introduce, now, a
"void vector" ¥: a binery vector transforming cogrediently, and form
Z:fililv-i= F(x, ¥, %, «-., ), where F is of degree v in Y.

F(x, y, Z, «ses Y) is an 1nvar1ant for
¥';jL1 /Qa. "”( ) )(9»12\ (R, 1) "(DCQ /Q,x}
)

3 (f‘! LA f,)’ (f"!"",f”))

If, now, we have several set f .
R s a s SS(O,- :fv o v o v

and we write

= F
e =F

the invariants F, F!', F" are certainly linearly independent., The converse, how-

~

)

ever, is not trivial; that is, we wish to show that if F, F!, F" are linearly in-

dependent invariants, and G, G' arc linearly independent, then the coefficients

are lincarly independent. This is, indecd, a conscquence of the Burnside-

Frobenius=-Schur Theorom in the event that (:m is irreducible ( T:m and T;“

are clearly not equivalent for n f'm, since the degrees differ).  Without con-
coerning ourselves here about the question of irreducibility, we can establish
the desired conclusion dircctly by showing thet the total number N(a, b, ves, V)
of linearly indepondcent invariants of degrce v cquals nv(a, b, ¢, ess). We de-
duce this result by an application of the Clebsch-Gordan theorcm. We have
Tyx Vo x- = z&m“&\o,c,- SR

and

— p—
‘:“X"Ykaxxljg‘ L= ::a?fVlihQ\alcl. .y&o‘x\ L) )

[V S, U



where a, u, v form an even triangle.

V&xr\ox‘- T A

c
m\\r(Ou‘b,Cq- .\ = Z;“
u forming an even triangle with a and

The asymmetry of the index and

ing the above for v = 0,

no(a’ b, ¢,
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Thence,

) Y—\F , and

N\.U_(C\‘\QIQ).

r\(\"\l\.(\olc).’.\) )

the argument is only apparent, for apply-

vee) = na(b, Cy aee)

since the only value of u that forms an even triangle with a and O is u = a.

(no(a, b, ¢, ...) is the number of times the identical representation

r; occurs).

/
We write

oo (\y) O*\ k’JCw ’ ') - E;%"FYX Q\k\ E),C,)- ) ') )

(where the swmmation extends over a+v, a+v=2, ..., la-vl) which coincides with

the recursive formula for N with equal anchorage.

Hence

n,(a, b, ¢, ...) = N(a, Dy, C, vees V)a

We can, then, determine a bace

for all polynomials. Take an arbitrary

integer v and determine all the N(v) invariants F(x, y, 2, «s, ¥) of degree v in

X. Write each such invariant in the form i{;filizznl.

The N(v) invariants ¥

are linearly independent and, by the ebove, the coefficients fi are linearly in-

dependent.
from a base depending on one more.

side~Frobenius-Schur Thcorem. )

Thus, we obtain a base for all polynomials of preassigned degree

(This is usually proved by means of the Burr-
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10, Sketch of the quantum-mechanical approach. Angular momentum and spin ,
The close relation existing between the leaws by which atoms combine %o
build molecules, and the laws governing the formation and mutual relationship of

binary inveriants was exhibited as a formal analcgy by Sylvester. This connec-

tion between two branches of science that superficially are so remote has, since
Sylvester's time, been established as a true physical theory by means of quanbum-
mechanics and the introduction of electronic spin. We shall give, in this sec-
tion, & sketch of the physical basis of Sylvester's analogy.

We are here concerned not with the structure of molecules, but with the
forces acting between atoms far apart from each other.  The nuclei are considered
as Tixed centers at distance r much larger than the atomic dimensions.

The state of a single electron is represented in quantum mechanics by a
"wave function" Y/ (x, ¥, z) depending on its position g = (x, y, z) in space.
1\¥(ﬂ9 YL measures the relative probabilities of the electron's presence in vol-
ume elemefits of equal size at different places q. The adoption of a scalar \p
is only preliminary; it might have to be replaced by a wave function with several
components,- in the seme way as the electro-magnetic field strength, the wave func-
tion of a photon, has, according to Maxwell's theory, six components. If the
state of a single electron is described by a function 'VJ(WQ of an argument q,
then the state of a system of n electrons is described by a function

\P(ql, ey qn) depending on n such arguments, the ith one of which a3 refers to
the ith electron. The most essential feature is this: that a state is repre-
sented by a vector in a complex vector space (of infinitely meny dimensions). The

phenomenon of interference requires the possibility of linear superposition and of

shift of phases, i.é, addition and multiplication by complex numbers, and entities
allowing these operations form exactly what the mathematician calls a (complex)

vector space. The connection with the observational data is of a statistical na-

Weyl
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ture: e.ge the wave field determines the probability of finding an electron at
this or that place. Its mathematical expression rests on the fact that the rep-
resenting vector space bears a Ilermitian metric; each vector has a squared abso-
lute value; in the functional space of the V/(g) this is, for instance, the in-
tegral [\ W H1'=. j{ \p(l'“'é)\md;x &M A= , extending over the whole real
space.

A physical quentity is represented by a linear Hermitian operator, e.g.
the coordinate x by the operator multiplying \#’(x, V¥, X) by X. The eigenvalues
of the operator are the possible values of that physical quantity, the correspond-
ing eigenfunctions representing those states in which these values are taken on

with certainty. The energy operator H determines how the state \J' changes in

time according tc the fundamental dynamical law

B Y Wy

)

(%1 = VkLLﬁ ) W is Planck's constent. We choose the units so that Y = 1.)
The eigen-states of H are the "energy-", "quantum-" or "sbationary states".

If two parts of a physical system are combined into a whole, the repre-
senting vector space of the whole is the "eross product" of the two partial spaces;
this is indicated by the way in which n electrons and their representing spaces
combine to form an n-electron-system,

Two states of a system which differ merely by orientation in space and
hence change into each other by a rotation (an orthogonal transformation s of co-
ordinates x, y, z) are not different in any physical sense and must hence be rep-
resented by two vectors "} arising from each other by a unitary transformation

U(s) corresponding to s: s —>U(s) is a representation of the group of rotations

in our multidimensional vector spacs. In particular, to the infinitesimal rota-
tion about the x, y, z-axes correspond infinitesimal unitary overators

i; (V\q_, W\W’ Fﬂ E\ . The quantities represented by the Hermitian operators
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M. , ‘\’\‘,3 . \\/\2_ , are called the components of angular momentum and

M

agreement with the classical definition of angular momentum in the case of a

2 .
= (‘(\:_ + M’l& + M, is the square of angular momentum, (This is in

scalar wave function.) The fact that it is a scalar and hence invariant with
respect to rotations is expressed by the equations

HM— MW =0

Because these equations express the fact that M ,M 4 ,'\V\ z commute with 3! ,

y yT ’

they can be interpreted the other way around as asserting that angular momeritum is

constant in time.

s —> U(s), as a representation of a compact (closed) group is of necess-
ity decomposable into irreducible parts of finite dimensions. Rotations appear,
when the unit sphere is stereographically projected on a complex § -plane, as
a. linear fractional transformation of the complex variable f , or, after intro-
ducing homegeneous variables x,, X, ( ? = x+/x_), as the homogeneous linear bi-~

e
nary transformations:

X

] b 4
. = ax} + bx?!,

(10.1)

i}

X

ex] + dx!.

They may be normalized as non~homogeneous transformations by the condition

ad - be = 1. Each r\; now denotes a representation of the group of rotations;
the substratum of Pv is the totaiity of all forms of order v of the two vari-

ables X,y X_o Such a form may be written either as

= \r )
= v )M\_\r\v_z‘“ ° ) b

Pl

T _ T
Z Qo T s X . ‘("L:

(A A

or as

ZU?(L“~ SO - %

Ly o
with symmetric coefficients C?( Uy, s sy b,) .1t is a fact that the

\-; )(\5’ = 0, 1, «ss) form a complete set of inequivalent, irreducible representa-
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tions. In particular a guantity of the kind T

\ is called a spinor: it posses-

ses two components %, V!, depending on the Cartesian coordinate system in real

gpace, which transform according to K

3 under a change of coordinates, i.e. such

that W, X+ Y_x_ stays invariant.
Hence the total representation space can be decomposed imto subspaces

of dimensionality ~ + 1 where the rdétation group induces V‘v_ . [In the "space"

of scalar functions W (x, y» z) of one point q = (x, y, z) this is accomplished
by the spherical harmonjics: each .ldu.. with an _e_azg;ri v U = 2 2, appears
exactly once.} As Tv‘ is irreducible, one may say that all vecters in this
subspace P\r describe the same fully determined state of our physical system but
with the orientation in space left arbitrary. I refer to ‘bhis'as a simple space
of inner quantum number j = v/2. To the jnfinitesimal rotation of angle &
about the z=-axis there corresponds the substitution

%x*: %'1+ ) %3&.__‘-‘- - Y& x
hence in (1&,1)

0., = —el-mq, .

Consequently M. is capable of the values

_Z.'.

e N R RN

Z ~

N = = .
in our simple state. If one computes MT = f\:x * V\U\ + ‘V\i one finds that
it is j(j+1) times the unit matrix; the square of angular momentum hence has a

definite value j(j+1) in P

With respect to angular momentum J\'L = (M =, M ))our whole rep-

11,[‘!%

resentation space breaks up into blocks of the kind corresponding to the several

distinct values of vy ., It commubtes with the opera-

o o

(10.2) v a ‘ tors induced by the rotation group. Since the sev-
c My @ ‘
O o iy eral V' '8 are irreducible and inequivalent, Schur's

-

fundamental lemma =-- which here may be confirmed by
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elementary computation -- tells us that H breaks up into corresponding blocks of

the type
1 ow
{{En F12 iz |
] {
{ -
(10.3) ‘)Em Epy Epg {
| By Bgp Byg \[

the number Eik here indicating these multiples of the (v+1)-rowed unit matrixe.

By a suitable change of the unitary coordinate system, not affecting the normel
form (10.2), the matrix (0.3) can be brought into diagonal'form. The effect will be
that P\t ‘./12' \d are simultaneously in diagonal form, end thet the energy H

takes on a definite value E; in each simple state. Each energy level or term B!

is of necessity of a certain degree 2j+l of degeneracy because it corresponds to a

certain simple state of inner quantum number j. m/? is called the magnetic quan-

tum number; for it describes the splitting up of this (25+1)-fold term into 2j+1

sndividual terms under the influence of a homogeneous magnetic field in the z-
~

direction. (Such a field destroys the spherical symmetrys; Zeeman effect.)

Whet is the meaning of the Clebsch-Gordan formula

Lengt

~ e
(10 &)Y, ta"\b = L.VW ,Qu'zq*b,&*b-li--,\&—h\»)
in the light of this gquantum~mechanical interpretetion?  If two physical systems

in a simple state with inner quantum numbers j, j' [j = a/?, jt = b/%] are com-

bined into a whole, the whole is capable of exactly one definite simple state

whose imner quantum number J (= v/?) lies within the limit

(#%) |3 - JNSISI+it

This is in complete accordance with classical mechanics. If the orientation in
space of the two parts is loft indeterminate (whereas the sbates in all other re-
spects are completely determincd) then the state of the whole is not completely
fixed because of the variable mutual orientation of the two parts. It can be de-

seribed by the angle between the two vectors of partial angular momentum, end this
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angle is given if the resultant, the length J of the total angular momentum, is
given; J varies within the limits (%), Cuantum mechanics differs however from
classieal mechanics in the following three aspects:

1) j is, in classical mochanics, capable of all non-negative values; in quantum
mechenics, only of integral and half-integral values O, %, 1, JRERE

2) tie square of angular momentum is in the first case j%; in the second j(j+1);
3) in clessical mechanics the resultant is capable of all values J vithin the lim-
its (**); in quantum mechenics only of such values as differ from the limits by
an integer.

The vast empirical material of spectroscopy evinces the fact that the
wave function of a single electron is not a scalar but a spinor with two compon-
ents W, {q), yy_(q). One mey write the index as an argument i, W = W (q, i)
capable of the two values +1, -1. This spin variable i can be more precisely
described as the z-component of angular spin momentum, measurcd in the unih ﬂa/?.
One could say that the electron in an abstract way consists of two parts, the
positional or orbital part represented by the continuous argument g, and the spin
part represented by the discrete argument i.

In a first approximation when one ncglects the interaction of the scv-
eral clectrons in an atom, or a moleculc and the interaction of the orbital and
the spin parts of each electron, one has an inner gquantum number for both parts
and for the vhole of cach electron (they are called: azimuthal, spin and inner

quantum numbers, respectively) and a corresponding enorgy level. Their composi-

)
tion according to formula (i0.4) yields the azimuthal, spin and inner quantum num-
bers of the whole structure. So cach energy level of the whole is associated

(exactly'with a volue of the total inner gquantum numbers, and) approximately with

values of all the other cuantum numbers just mentioned. Thus, (f0.4) is the

btasic formula fcr the ordering of torm spectra according to thesc quantum numbers.
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Analysis of simple states provides an approximate tool for analyzing the energy

states,
For many purposes it is permissible to ignore the positional argument g

entirely. The spin state of an n clectron system is then described by a function
A
Q?(il, cees in) i.es & vector in e 2"-dimensional space. | @ (17, voes iﬁ\\ is

the probability that the first electron has the spin i,, the second has the spin

iz, and so on. The group of rotations induces the representation

‘X X fn X - - X P\ (n factors) which according to the Clebsch-Gordan formula
is decomposable into terms Y:_‘ er = M- -\‘ Here we operate in an el-
ementary domain; we need have no recourse to such general and profound theorems
as that about the irreducibility of fﬂr and the completeness of the set of all
vv)(\y =0, 1, vee)e The physicists are accustomed to describe the formula

V\ *® V\ = V + (10

in a quasi-intuitive way by saying that the spin of the two electrons may be

2.

either parallel or anti-parallel; in the first casc they enforce, in the second

case they destroy or saturate each other. The formula

U R W T

A -

A}

allows of an analogous interpretation.

Long before the dawn of the Heiscnberg-Schr8dinger form of gquantum
mechanics, N. G. Lewis propounded the idea, supporting it by an enormous amount of
chemical material, that chemical bond consisted of some kind of mutual saturation
of two electrons, one in each of the two atoms knitted together. Such a bond is
of a very poculiar and rather mysterious nature: +the "saturation" tekes place be-
tween two partners only,~ and yot shows no polarity. Now the clectronic spin is
endowed with exactly the same features, as it is capablc of two values only and
the combination of spins is according to equation (10,1). If this idea is cor-

rect, then v is not only the spin part of angular momentum, but also the valence.

—— s a2 e
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As v is capable of the values n, n-2, s, the valence of a chemical element
should not be uniquely determined, but its parity (whether its valence is odd or
even) should be. This parity should alternate regularly if one arranges the ele-
ments in the periodical system according to their atomic number n. We are taught
by experience that these are indeed the most fundemental facts about valences.
The formula ((0.4) also is in agreement with the valence picture: two atoms of
valences a and b respectively can give rise to a molecule with v = a.+ b - 2d free
valences)where d is capable of the values 0, 1, «es, min,(a, b); for d valence
dashes between the atoms absorb d velences in each atom and this can continue un-
til (with 4 = min,(a, b)) the valences of one of the atoms are exhausted.
This relationship between valence bond end electron spin appears here as
a plausible hypothesis. But in fact no hypothesis is needed: quantum mechanics
gives an unambiguocus and complete prescription for computing the forces acting be-
tween atoms., We make use of three heuristic preliminaries for this purposc: if
our idea is correct then the spin space of an atom in which all valences are free
or in which no internal saturations occur, is described by a symmetric function
DL, eeey in) of the n spins. We shall procecd as if no other than valence
electrons were present. This is certainly not correct, but it will isolate the
most essential festure. Hencc we procced under the assumption that the wave
function of the individual atom depends symmetrically on the spin arguments of its
electrons.,
Let us now pass to a systematic and quantitative execution of our scheme!
The link to binary vectors and their forms has been provided by the spin phonome-

non and the transformation law of spinors.
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11, Symmetry-spin-degeneracy

If the spin is entirely disregarded, the wave function \%J(ql, coes qn)
of n particles depends only upon the positions of the particles. When the par-
ticles are indistinguishable from each other, the energy operator H depends upon
them symmetrically.

Consider a number of figed nuclei and a number of electrons moving gboutb
them, The state of the system is described by a wave function \LJ (i1, vee, i)
dopending on n variables. Instead of the continuous variable gq.of position one
may choose a disérete variable i distinguishing the several energy states. The
energy operator is symmetric witharqspoct to these partjicles. To simplify things
we rcplace the infinite range of the variables i by a finite one {1 =1, vee, v3

-

Hilbert space of finite dimensionality). 7+)(il, ~sss in) is then a tensor of

rank n in our v-dimensional vector spage.

_The energy is a linear operator H: j—> 4f, so that, explicitly
\P/U’“ Coealy) = Z@\—\QL&,. Sy Ry, ""\‘m\w"“‘i\i .\RM\S

the symmetry of the operator means that H is unaltered by a permutation applied :
cogrediontly to iy, ~.u,lin‘ ki, aer Ko

As a consequence, the tensor space bresks up into sub-spaces that are
invariant with respect to all symmetric linear operators. One may impose on a
tensor W+’ various symmetry conditions; ‘the imposition generating certain " sym=
metry classes". To mako the classification of tensors complete ‘one introduces
Yclasses of highest possible symmetry" which are such that it is impossible to cut
out of such a class a part by imposing further symmetry conditions upon its meém-
bers. The class of symnetric tensors is such & class. Different symmctry
classes do not intercombine, as was pointed out by Heisenberg in the case n = 2;

i.e. if the state of our system lies in onc of the symmetry classes, it will al-

ways stay in that class undor whatever dynamical influcnces. Wigner gave the
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complete group~-theoretic treatment for arbitrary n. Instead of the exact problem
we consider the approximation characteristic for the perturbation problem. The
energy operator consists of two parts: H = Hj + € W, the first H, containing the
action of the nuclei upon each electron individually, the second & W accounting
for their comparatively weak interaction. \P ;5(0), (1 =1,2, oo, n) may be n
energy states of the single electron with the energy levels Wi. Neglecting first
the interaction. e W )

\V(%. x -,C\Qm‘\ = “&KC\)\\ C W lgm)

then describes an energy state of our system with the corresponding energy level
W= Wl + 0. * Wn’ in which the ith electron is in the state \lfi. For the total
enepgy H our.\[f is only approximately a stationary state. From the symmetric
property of the Hamiltonien H, the function P arising from \}/ by an arbitrary
permutation of its arguments is an approximate eigen-function of the same enorgy
lovel. Now under the influence of interaction, the energy level W of the system
breaks up into neighboring energy levels. We assume that no "accidental" degoner-
acy is superposing our symmetry degeneration; i.e., all other energy levels dif-
fer from W by a higher order of magnitude than € , Then one is allowed to dis-
regard the intercombination of the states P belonging to W with all other eigenr
states, provided one neglects higher powers of &€ : +this is the approximation of
the perturbation theory. We thus operate in the nl-dimensional functional space
a basis of which is given by the n! functions P /.
Since PV 1is a (near)eigen-function, so is ZP'aPPW , TWriting
P (the general symmetry operator) we have

K= Z\?('LP‘P\V = Ye .

Supposing all n}§ functions P to be linearly independent, we are operating in an
PP g y

8 =3 a

n! vector space of all symmetry operators a.
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Its metrie is defined by the Hermitian form

T e e = x4y

Soace
7. QDE;Q g\:’\\) -Q_G) C\% depends only on the combination P 1Q (or Qp);
[ G\ }

for

Pl

(P9 aq = (wFaldq=6
if we put GTPL S\VP—\;’ C\C\\) and hence
N A = Tofg Gy

Since the symmetry of H means commutativity of H with P, we have

faTuepda = (AT Tugde = [PTQR- W dq

and hence
(=0 w S o T
BXH\LC\C\Q: 4__&.‘)&.&\“\\3-1& ,
. : "~ .3 —
with \ © &H\\J P W éxc\ (exchange energy).
An eigen vector a corresponding to the eigenvalue A is to satisfy the
equation

Z_P'“QPH oo PN Z\:‘Q‘V-»G“sr‘q'
bQ = ZP-—E'PHP‘IQ is the resultant symmetrio operator b = aH, when first H and then
&a is performed. We have

a¢n G~ H) =0,

To determine >\ , put | AG - H \= 0. The left-hand side of this equa-
tion breaks up into several factors (acoording to the different ways a function
may possess a "highest possible degree of symmetry"). For instance, if we start
with the symmetric %F\P instead of \P then all the P\V coincide, the

dimensicnality n! reduces to 1.

The Pauli exclusion principle, however, asserts that only one symmetry

class is present in nature: the class of anti~symmetric tensors.
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But when the existence of spin is taken into account, while its dynemi-
cal influence or reaction between orbits and spins is neglected, the idea is ex-~
periencing a revival in modified form, This shall be our stendpoint as we pro-
ceed to weave together the two threads of spin andsymmetry.

We now put in the spin, neglecting its. dynemical influence. Since the

energy operator of our-n electron system is supposed to affect only the positional
erguments q , of the wave function, an eigen-function \/J (ql, ooy qn) will depend
on these wvariables only. But not only can \[J be replaced by an arbitrary “linear
combination a \P 6f the n! functions P‘f/ » but one has to multiply it by an arbi-
trary function @ (il, cees in) of the n spin varisbles.
Pl g g ) = W ) Rl k)
is an eigen~function of degree of degefleracy 2" Each funetion arising by a
permutation performed on the pairs ql, a.l; q iz; cee qr}, in is an eigen-
funotion.. We get thus a symmetry-spin degeneracy ‘'of degree n:&n. Applying the
Pauli pr;nciple, we form from the n!2™ basic eigen~functions such linear combina-~
tions as are anti-symmetric in the n compound arguments qj, 11, qz, iz; eso3 Gpodp,
which are associated with the n electrong, Putting
% *1, even permytation
.~ - { -1, odd permutation,

we accomplish the desired effect by forming

@D Klagtquin qein) = o0 ™Y G g TRE 18

Y is here a given function, Whereas the spin ‘I’unc'bl,on C? uniquely determining
.)L is quite arbitrary. The llnear manifold of these functions ‘7& is of dimen-
sion 2o and. J'che perturbation problem is now to be stated in the Zn-dimensional
vector space @ rather than in the nl-dimensional vector space of the symmetry
operators a. This situation was first fully recognized by Slater's "determinant"

method. Again we asstime in the approximation of the perturbation theory that




153
1{J(ql, seey qn) is an approximate eigen-function with the approximate energy
level W,

We emphasize that the following basic assumptions are made:
(1) We suppose the atoms are far apart from each other, i.e., their mutual dis-
tances are large compared to the distances of the electron in one and the same
atom,
(2) We have ho "accidental" degeneracy; i.e. all the eigen-functions except (119
belong to energy levels far off W, This is a very decisive restriction. It in-
volves. the condition that the state of the individual atom is an s-state described
by a spherically symmetric wave funotion “\P , for in all other cases we have the
degeneracy of order 2}/+l in a single atom corresponding to the azimuthal quantum
number Y (the state of the atom being described by a Y/ which depends on direc-
tion in space like & spherical harmonic of order Y).
(3) We neglect all electrons except valence electrons. (This is definitely
wrong; the dynamic influence of the non-valence electrons is not negligible, but

in a first survey this simplification helps to bring out the essential features.)

12, Spin states and binary invariants, Computations of binding energies,

The metric of the 2"-dimensional vector space c? is defined by the
Hermitian form 2. g XT c\c\b We obtain
V)

Ndq = T (5. POW S QW) QO dg, .
%{xx q = = (T80 Py - PR 3 & Wy QLY S
Attaching the sign ® © to our former G of

- ) W A
Go= Oy WO TR Ay
we have the Hormitian form in the variables %) (1)
-\ —_ A =
& - AN L . M\ZTGQ(L\\DC\?
%% V"&C? YT RELG . QTP
For the form j—i HY c\c\) we get the same result where G is replaced by H:

He = %p g\-\\y\rb\"Pﬁ&@é\%-
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Our eigen-value problem consists in determining those values of A for

which the eqations
(*) (N6 -1 JPELY =0 or
(NG - ﬂ)'?gi‘(»\:o

tave e non-trivial solution@ (LY ; G, and H denote the operatops

G = %6—@-.\b 3 (! :\?‘;H{S'-P

— —

Suppose “\{J' (ql, v qa) is an exact eigen-function for the first atom
containing a electréns, If all electrons-are valence electrons according to our
third basic assumption, the gomplete wave function must be of the form
'\J/" (ql, eens qq‘) . C?\(il, eevy 4 g ) With & spin faotor G?‘ o Symmetric in its a
arguments; '\h must then be, according to the Pauli principle, antisymmetric,

.For the whole system we put

‘\‘P(‘Bn tT %w%ow\" " %"\\'z \Ps{‘\\ g l"\o.) \\)kacu\" "“Qo,-\-vb\ Tt
Y (a1, Feus g,) is an eigen~function of the energy level Wy +W, + 00 =W, the
enorgy state of the system, when interacdtion 6f the atoms is neglected. The inw'=~
dices attached to the functions \V refer to the several atoms of our system,
while the indices of the variables q refer to the electrons., We are denoting by
&, b, sees the valences of the atoms,.

In the e;qgression (W we have to impose the restriction on
@ (115 eees 1,5 X9, eeey Ky, oee) Of being symmetric in the a arguments i, sym-
metrioc in the b arguments k , of '\{Jl, '\{J’z, eeeo » (In all other cases Y would
vanish, in consequence of the anti=symmetric nature of \Pl’ 1{)2, cesa) The
linecar manifold of such func:bions <? is of dimensionality (a+l) e (b+l) eee ., We

now consider the form

R R B T RN YRR

Ly
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of degree a in the binary vector x = (x+, x_) associated with the first atom, of
degree b in the binary vector y associated with the second atom, etec, Qur eigen-
value-problem

(2 1) (XQ‘*\‘:\\% = O

is to be solved in the (a+l) (b+l) ... dimensional vector space of all these forms
éPK‘:L‘U&,. : ) of degrees a, b, ..., in %, ¥y, ..., respectively,

We can determine a base for the polynomials a} consisting of = number
ol sections Z’g m (m=v, V=2, ces, -v), such that the functions of each seoction
transform among each other under the influence of a transformation s, according
to (‘\r . 1In a stete described by any linear combination of the v+l functions
@ mn’ the total spin momentum of the system is v. There occur n, such sections

S\@ mﬁi of valence v. Thus, if we introduce the "void" vector (Xer X.), the poly-

nomial
(\1,2) F(M‘x\!' T L\ = ?:T{',_u_dprvn(l»«s:‘ ) SL’,\_ SLQ_: )
—LrR I

of degrees a in x, b in y, «ue, ¥ in ,'L/ is an invariant. We know, vice versa,

)
that we find a base for all 435 when we set up for each v a complete set of lin-

early independent invariants F: F(':) , v =1, 2, oee, nv), and introduce the co-

()
efficients C‘> mo <]L~‘ v.m’ by (12.2). n.v(a, D, +e.) is the number of independenv

invarients F(x, ¥, «.e, ) of preassigned degrees &, b, aee, Vo
Since the symmetry operators G, H obviously change an invariant into

an invariant, we can formulate the eigen-value problem

(12..3) NG -+ =0
in tho n -dimensional space of all invariants F = F_ of degrce v in }:’. If

ey o () — (B ) =y W) = (R)
G :.?:_%d\@\— t\\_\r:zﬁ_\qm\—v

@ =1 it )

its secular determinant reads

() w -
(\2.4) RN Vaa ™ \ o

AR AR OL,(S:.\)~-,MV



Because G and H operate only on the indices associtted with x, y, ... and not with

Y. (13 or

(w) ) () /
Z Ny~ WO VF =0

implies the same relation for ea¢h coefficient ‘b
®)

. () (w) _

(\2.5) (A -H\®, =0 or Z_(\ Vo™ g ) P O

In this way we succeed in decomposing our problem (!2.[) into its several
factors (L2.9 according to the possible values of valence v and magnetic quantum
number m. The secular deteminan‘é12'24>of the part vm is dindependent of m; hence
this factor occurs (v+l)-times in the complete de‘berminan’c, each energy level of
valence v remaining (v+l)-fold degenerated even after interaction has been taken
into account, This corresponds to the fact that the configuration may be turned
around in space without affecting the physicai conditions; states are thus treat-
ed as alike when they differ only by orientation in space,

In practice one tries to put G and H-in better shape. H o has the
same value \/\/o for all permutations P that interchange electrons within the sev-
eral atoms; for these permutations GP= 1. If P interchanges one elegtron in
atom x with one in atom y, the exchange imtsegral thasj the same valué& ny inde-

pendent of which pair one selects in x Bnd y. Compared to Wo it is of order: of

magnitude 0™2T,  All othér terms arising from exchangés of morse than two elec-

trons in different atoms are &t least of order e’q':“ -and hence ‘may be neglected.
With this approximation we have
- =W o+ 228t
@— |+ Z'G*‘j-t*‘j ) E\. o) XY Twy oo

Wo write W, + N instead of A  thus denoting by A the deviation of' the
energy level from its undisturbed value W,. }x being of order e-Zr we have, with
the same approximation

(\-\-Wo\_@ - K =W k\'\'ie 't \4«- )\ - kwo‘\‘ Z\—\\AL\ X\D

= 7\ 2‘_‘\/\/ Jc o VI AN
W =
* /\\5 \N Gr ~y
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“tus is by definition
11':. K
. w‘here% is our ¢ld friend, polarization'. When appliéd to a form <1> (x, y) of

£ b
SR

degrees & and b in x and y respectively, we find

N 3 %
3 ¢ X e
“ c&x‘s&&"“s* )= "w_ «2)‘5 “"3*\ ?\{ ) ;X“‘a

, . EA L
= &% %x@>§=\3+ Ox,dP)
:q;= e
| P -t‘xvs = %3{\3%‘31—‘- o (:. 31:@%&‘3'& \o)
s Wo thus finally mrrive at this resulf: VWhen atoms of giveh valence

8; b, ... and given simple energy states combins into & molesuls of v frée val-
entes, the spin state' of the mblecule 1§ -déseribed, “independ&ntly of its oriénta-
tion in space, by an invariant F(x, ¥y, ves; 2’) ‘depending- on the binary ¥éctors
X, ¥y eees X, and of degreos &, Y, svey ¥, inX,°¥, 2., ¥y réspectively.
According to the first nmain *heorem,. the "mor;omials" (pc:wer—produéts of
the brdckets [xyl, [xzl, [yz], ¢..) form a base for all inv8riants, though they
are in general not linearly independent. A state of the moleule described by
such a monomial &nd hence represéntable by & valende diagratt, may bBe salled a pure
valence state. As @ matter of fact,.thd gqhantum gtates do not coimicide with the
pure valence states but lie between them. They and their corresponding energies
R gZre to be computed by solving, in the i*fie‘ld of all invariants F of the degreces
mentioned, the secular equation * .

(N-T)F =0

where

T W_ .t Coe e
- 1\3 1\j+

{
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A base suitable for carrying out this calculation and consisting of linearly in-
dependent invariants is procured by Rumer's theoreni,

As an illustration, consider a molecule consisting of two atoms x, y of
valences &, b (b‘f a), joined by 4 valence dashes;

v=a+b-~ 24; d=0, 1, eess be

There is only one monomial of the assigned orders

F = [xyld[xy)e~d[yy]p-d
One readily computes

b F = { (a=a)(b=d+1) - a\F, and hence

A = { (a=a) (b=a) - ajW,. |
(This energy state is of multiplicity e + b + 1 = 2d,) Thus the numerical factor
varies from the positive value a * b to the negative value -b. If the exchange
energy W%y is positive (computations show this to be true for the hydrogen mole-
cule) the energy ?\ decreases, the molecule becomes more stable with fastening
tie. For H, (a = b =1), the two energies in their dependence on the distance r
resemble two reflected exponential curves (e‘Zr) for large walues of r. As both
energies become finally positive, the curve corresponding to d = 1 must have a
minimum. This accounts for the existence of a stable molecule H—H.

We remark, finally, that if x, y, z.are three atoms, each of wvalence 1,
and if we consider the states with a free valence v = 1, we have the three pure
valence states: \

= e N
%
3

. Cayilz L)
L4271 Lx L] Czx10y 27 g



But it follows from the identity

[xY1[yz] + [y¥1zx] + [ef){xy] = O,

that there exigt only two independent states, the emergy levels of which are given

by
_ 4 2 W .y ,
A £\ W2+ W+ W) (Wgws AEAAN
[Wl = Wyz‘ rrr]

Indeed, using

Py = [x2)l{y¥], Fyp = [yz)lx}],
as a base, and observing that txy is the operation of exchanging x apd 'y, one

finds

IF) = W Fpmw W Py Wyz (Fl-Fz) = (W mW,)F, + (Wy=W) )F,,

IFp = WeFy = Wzk(Flez) + W Fo = (Wg=Wy)Fy + (Wo-Wy)Fo,

The secular equation for A is thus
i
(\—“ (W\‘V\Jz} W)"'Wg
= O

or,
N - i(\f\}:—«x— WT_«—\U;) — LW, W54 ws\\;\*_w\wl\ls N

Thus the number of different independent states is less than the chemical bond di-

agrams would indicate, for more then two stomic molecules. This reduction is,
strangely enough, in agreement with the facts,

A very difficult part in the application to concréte cases is the com-
putation of the exchange energies; it is an almost insurmountable obstacle unless
one is willing to derive their values in & half-empiri¢al way. We know That the
combinatorial schemes of valence dashes are far from giving a full account of
chemical compounds; they are like a skeleton hardly discernible beneath the 1iv-

- ing flesh of the chemical facts. So it is in our theory. However, we pgan by neo
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means claim that even this theory tells the whole stopy; the situation is still
much more complicated. We pointed out that there are sources for binding forces
other thean the symmetry-spin-degeneracy here discussed; we neglected the elec-
trons whose spins are mutually saturated within the individual atoms; it is un-

certain to what extent our model can be considered an &pproximation to the ready-

made molecule.
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