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veasure Theory

§l. Tepclopye. Throuphout Liis chapter we srell work with a fixed

Hausdor{f space Se. The purpose cf this first section s to estatlish the

few. topolo, icel lemnas reeded n cur cenrsideratlous of neasures.
(1.1) £ sutset C & S is com act if, whenever d s s family of open sets

covering C, C £ Z— o , Llhen there exist a finite pumber, Ui, cee, 9; of

Octh

open sets in Ak coverirg C, C &€ 0; + eee t 0:, . S is lucally compact if

every point of S has & neightorhood whose closure is compect.

(1.2) Vie estarlish the following cciventicns of notation, The let-

ters C, D, E will always denote compact sets, C, F, § will te open sets,

M, %, K will Le arbitrary setis. If M is eny set, we denote by ¥ the closure
s

cof M, by M the conplementeary set S=M, end by Mi the largest open set con-

tained in ¥ -- the interior of M. We use the symbtol 6 for the empty set.

(1.3) If E is a compact set, M an arbitrary set, E° = 6 , and if

to every point x € E there correspond disjoint open sets Qx and Rx’ X & Qx’

kL £ R, then there exists a.peir of disjoint open sets, Q end R such that

ESQ M SR,

n

2 ' Qx, and E is compact, we may find a finite
XeE

pumber of points Xy sees X such that E € Qxl S an. Ve write

Proof. Since E

Q=R+ o0 +Qx sy R=R_ ¢ ecop R_ , 8nd verify that Q end R have the desired
*1 n ! *n
properties.

This lemma asserts, in less formal language, that if every point

of & compact set can be separated from some fixed set M, then the whole com-

pact set cen be separated from M.

*87748




(1.4) If C and D are disjoint compact sets there exist diqoi:g_t':“opﬂ

sets O and P such that C £ 0, D £ P,

Proof. Applying 1.3 with an arbitrary point x & C in place of N,
—-— /
and D in place of B, we find that x can be separated from D¢ Since this is

true for all x € C we may apply 1.3 with C in place of E and D in place of M,

to obtain the desired conclusion.

(1,5) If C 1s & compact set and F a closed set, CF is sampact.

Propf. Let /4 be a family of open sets covering CF,
c

Then we have
C=CF+CF ¢ 0+F
¢ 3, 0+F
80 that C is oovered by the fomily A ana the open set Fe Since C is compact
w may find O, «o., O in O suoch that
. . -
c & 01+...+On+F,
whenoe
CF ¢ 01 + o0 * On,

8¢ was to be proved.

(16) I C S 0 + P (where © is compaot and O, P are open), we nay

find oompact sets D £ 0, E £ P, for whioh C S D+ B,

Proof. According to 1.5, CO and CP are oompact sets; since

C £ 0+ P thoy are disjoint. Henoe, by le4, we may find disjoint open sets

j O) and Py suoh that €3 € 0, cF'g Pje W write D =0, %= CF,. Then,
since €O £ O, wo have T+ 0 2 0., eo that 0 2 C0l; similarly P 2 cP,.

Furthermore, since 01 and Pl are disjoint, we have

D 0. + P 0. P
+EB c(o1 +P) - c(°1P1) -C,




(1.7) If 8 is locally compact, and C and O are a campact and an open

set _respectively with C S 0, then there exists & compact set D such that

(1.7.1) c£Dp'c pgo.

Proof. Assume first that S is compact. Then 0 13 & closed set
in a compaot space end is therefore (see 1.5) compaoct; _ furthermore C and °
are disjoint. By l.4 we may find disjoint open sets Q and R such that
c €Q, 62 R, S8ince Q & ’E, and (ﬁ’ic,oloud, we have Q < ﬁ; since in
tarn B €0, § £ 0. Q 1is the desired set D.

» If we only know about 8 that it is locally compact, we proceed as
followss To every point x there corresponds one of its neighborhoods lx
such that i; is compact, If x & C, wo write Q‘ - OoNx: then Qx is e
neighborhood of x whose closure is compact (see 1.5) and which is entirely
inocluded in Os. 8inoce

C £ 2 Q.

xeC

and since C is compact, we £ind a finite number of points X)s eoey X, suoch that
C_Q_T-qx1+...+ <€ o,
qxn

rh.n?--ﬁ'xli» P -t*Q:h is a compact set. We apply the result of the proceding
paragraph to the sets C & T coneidered as subsets of the compaot spaoo‘?—. and
obtain a ocompact set D for which

ceoptecopcor,

8ince T £ O, this proves everything.

§2. Measure. In this section end the next we goneralisze to 8 the

oongtruotion of a Lebesgue measure as usually carried out in Buclidean spaoces.
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(2.1) Let X\ (C) be a set funotion defined for all compact sets C

such that

(2.1.1) 0S AC)< + o
(2.1.2) A(C +D)S AC) + A(D)
(2.1.8) X(C + D)= A(C) +« A(D) if CoD = ©

By mesns of \(C) we define two more set funotions JL0), for ell open sets O,

T

and V(M) for all sets M, as followss

(éolo‘) /}-(0) = sup )\ (C)
cco
’ ~ (241.5) V(M) = inf p(0),
[ t MEo

We proceed systematioally to derive the properties of A{0) and

V(M) and to establish the relations smong A (C), 2(0), v(n).

(2.2.1) If 0 £ P, them £#0) 3 p(p).

’ Proof. If C S O then C S P, so that, by (2.1.4) A(C) S p(P),

whenocs M(0) = sup A(C) S M(P).
(2.2.2) If M £ N then v(M) S v(N).

Proof. If 0 2 N, then 0 2 M, so that, by (2.1.5) a(0) 2 v ),
whence V(N) = inf u(0) 2 v(u),
(243.1) v(c) 2 A(c).
Proof. £ 0 2 C, then a(0)2 A (C), whenoe V(C) = inf A Q)2 A(c).

(2.3.2) v(0) = ',u,(o).

Proof. Since 0 £ O, we have, by (2.1.5) +(0) 2 »r0). 120 P
then by (2.2.1) (0) € AAP) so that 4(0) ¥ inf p(P) = v(0),
(24) A (0 ) = u(O6)=v(O)=o,

Proof. For A this follows from (2.1.3) by taking C = D = 6.

8ince 6 is the only oompact set contained in 6 , (201.4) implies




H(E) = A(O); and, finally, since © is open, (243.2) i.m.pliea
V(B )= p(8).
(2.5.1) _p(0+P) T m(0) + n(P).

Proof. Suppose C £ O + P, Then, by 1.6, we may find D £ O and

E £ Pasuch that ¢ £ D + E. Then (2,1.2) implies A(C) T X(D) + A (E), so
that A(C) S sup A(D) + sup A(E) = x(0) + i (P), whence, finally,

p(0 +P) = sup A(C)S u B4 s (P).
We note that this proof was the first place where we made use of the relation

between our set funotions and the topology.

(245.2,) If OP = 0, then (0 + P) = x(0) + wu(P).
Proof. Suppose C £ 0 + P; write D = Cf”, E = cO. Then, since
CEC O+P, DoE = CeOP =C(0+P)= O and, by (1.5), D and E are compaot.

—3

Furthermore, D £ O, E £ P, and, since OP = &€, C =D « E. It follows from
(2.1.3) that
A(C) = X(D) + N(B)
whence
(0 +P) = gup A(C)Z A(D) + A(E),

end, finally, '

M0 + P) 2 sup A(D) + sup A(E) = m(0) + ,(P).,
The desired result now follows from (2.5.1).

(206.1) (0 ¢ oo #0 )T p(0)) + oou v pl0)

(2.642) If °1°°;L' & foriy¥3,4,5=1, eee, n, then

SO 4 eee +0 ) = 0] + aea s O).

The proofs of (2.6.1) and (2.6.,2) are immediate by induotion from

(2.5.1) and (2.5.2).




TREVI S, 0) £ Ziea p(0:)

[= -]
Proof. Llet C be a compact set, ¢ & 2., 0,5 then we cen find a

finite number of subsoripts 11. ooy 1n such that

C%O 4+ e0e + 0, o
11 111

It follows from (2.1.4) that
)\(C) $ }L(oi + oe0 * oi )$ /‘(oi ) + oo “'}‘-(01 )n
1 n . 1l n
80 that )

A(C) £ ZO:-,, /L(O;).

o0

Since this is true for all C £ Z¢-=4 O:, we have
/'-(ZL; O:) = sup A(¢) & 221/&(&').
(2.7.2) It oii),‘z_' © for s ¥3, 4, 5= 1,2, ees, then
M ( Z(tf Ot) = Z:'o,, /4-—(0‘)

Proof. We have

/L(Zt-:Oc) 3 /&(Z:; 0.) = Zc:1/&(0L');

whenos, since this is true for all n,
oo a0
w (o, 00) 2 200, plo).

The result now follows from (2.7.1).

-
- (2.8.1) v(u1 + U+ ves) S v(nl) + v(uz) + eee o

.
Proof. For any € > O we may find open sets 01 2 ¥ such that

/"(01) s V(ni) + e/.z"‘) for i = 19 2, eve o Then we have
v( 235, M) /““(Z‘t‘ O) & 2oy w0

< Z:; v(M:) + e

Since ¢ was arbitrary, the result follows.




§3. Measurability

(3.1.1) A set M is measurable if for every set K we have
v(K) = v(R) + V(KM).

($.1.2) In addition to measurable sets it will also be convenient to
consider measurable partitions. A partition i.l a finite or countable sequence
of pairwise disjoint sets whose sum is S. If A 1s the partition (A./ A, . L) amd ®=
(-'Bl, By» ees), wo write A < N 1r every A is a subset of some B. Under
this partial ordering the set of all partitions is a lattices i.e. to every
pair “w , 33 of partitions there oorresponds a unigue partition & (called
the product of AL and BV , C = £ «73) with the preperties that & s,
C<s®, ana ¢’ sa, C' < P implies <, C” 15 the partition
whose sets are ‘iBJ’ 1,9 =1, 2, eee « A partition A& = (4, .‘2' ees) is |

measirable if for every set K we have

V(E) = V) + V(KA 4 eee s
Wo observe that M is a measurable set if and only if the partition (M, M) is
a msasurable partition.

(3.2) If M is such that vV (0) 2 v (OM) + v (GM) for every open set O,

then M is meawurable.

P_x:gg_f_. Let K be an arbdbitrary set, and O an open set, 06 2 K. Then
v (0)Z v(om) + v(oll)Z v(iw) + v (&),
Since Vv (0) = 4 (0), we have
#(0) 2 v(KM) + v(EH)
for 11 0 2 K, so that
V(E) = inf (0) 2 v (EM) + ~(EN).

The opposite inequality follows from (2.8.1).




(3.3) The product of two measurable partitions is measurable.

Proof. Ir 4ff = (Al, A.z, ees) and % = (Bl’ 32’ ess) are measurable,

and ¥ is an arbitrary set, we have

o«

v(M)= o, vIMA) = 32, 2L, vIMAB,)

It follows from (3.1.2) that rﬁt% is measurable.

(8.4) If Ak is & measurable partition and L < %3 , then 0J is

measurable.

Proof. For any set M we have

v{M) = Z:qv(/vl/%;)= 251 ZL- v A )

Ac'&Bd‘
On the other hand
vimg)= 2o, vIMAE) 2 2 v(mac ;)

= 2 vIMAD
&'SB‘;
8o that
- V(M\= ZJ:»\ V(MR()),

88 was to be proved.

(3.6) I At = (Al, Ay, eee)y a necessary and suffiocient condition

for the measurability of A4 is that of every A,.

A
Proof. If AL 1is measurable, so is the partition (&, &) for

every Li (by 8.4), and therefore so is A + Conversely, suppose every Ai is

measurable. Then each of the partitions (Al. Il)' coes (An. 2;) is measur-

able end therefore, by (35.3), so is their product. Since the Aj are pairwise

disjoint, this product is the partition

(Ays dpo eeesn, 0 A,)




Hence, for every set M,
V(M) = fv(ml) 4+ coe + v(mn) + v (M TT;-; Ig) 2 Z"‘-:,V(ni),
so that V(M) 2 2_:1 'V(lﬂ.i). Since the opposite inequality is true by
(248.1), AL 1s m;uurablo.
The three results (S.3), (5.4), and (5.5) can now be used to derive
oasily all the essential properties of messurable sets and the behaviorg of V
on the measurable sets.

(846) If A and B are messurable sets so are T, AB, A + B,

Proof. For A this follows direotly from the symmetry in A end Y
of the definition (8.1.1). 8ince by hypothesis (A, A) and (B, B) are measur-
able partitions and AB is one of the sets in their product, AB is measurable
(by 8¢4)¢ The measurability of A + B is now obvious.

oo
(3.7) 1f A . Ays <o are measurable sets and A = S-cay Ay» then A

is measurablo; if the ‘n are pairwise disjoint, then

(SeTel) v(A) = -v(Al) + V(Lz) 4+ eee o

Proof. Suppose first that the A; aro disjoint. Since A, is

measurable, the partition (A, Ii) 'i.u messurable, and therefore the product
M ~
(*10 ‘23 00y "n’ Tr‘-,_, Ad)
of the first n of these partitions is measurable, Hence, if M is any set,
LN ~. ~ -~ <o ~r
va) = 2, Vo) + Ve T, 1) 32 ZJ=4v(nj) + v (- T, i),

and since this is true for every n

VOO 2 T vowy) +vae T ).

The opposite inequality holds by (2.8.1), so that we have

(847.2) Vag = I, voa) e v T K).
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This means that the partitiom
o0 ~
(-‘-1: ‘21 eeoy "T]" A‘)

(- =)
is measurable, whence, by (3.5), s0 is the set 11,., I;j’ end therefore

Z‘: Aj « A, Writing A for M in (S.7.2) ylelds (8.7.1).
In case the ‘1 are not disjoint, we observe that we may write
Amay Tk + Tplohy ¢ e
and each term in this sum is measurable (by 3.6) and the terms are pairwise
disjoint. This ocompletes the proof of (3.7).
The complete additivity of V for measurable sets implies (since the

apty set is measurable}) its finite sdditivity. In the finite case, howsver,

we cen improve (3.7) as follows.

(3.8) For any two sets A and B of which one, say A, is measurable, we

have .
v(A+B)+ v(AB) = v(A) + y(B),
Proof. The measurability of A implies the relations
(8.8.1) V(A +B)= V((A+BJA) + V((A+BA) = v(A) + v (BK).
(3.8.2) V(B) = v(BA) + v (BA). |

It follows that
V(a) « v(B) = v(A) + V(BA) + v(BA) « v(A + B) + v(AB).

(8¢9¢1) If A £ Ay S ..o i8 & monotone inoremsing sequence of

neasurabloe sets, then

'V(Z-:-:.‘ Ad'): ‘Q\M&V(AJ)~

J—sao

Proof. Since

A A TR e R SRt

we have




) 11
V(Z::,‘ A,B’ d&"t:“; ('V[A4)+ Z.t‘=4 V(/;:'Ac’foa )> = f‘_:‘::, —V(Ad.) .

(3.9.2) If “1 2 “2 2 +ee 18 a monotone decreasing sequence of

megasurable sets of which not all have infinite measure, then

v(ﬁ’;:‘ A})= f\g\g ‘V(Ad').

Proof. If 'V(Ln) < o , then since v(An)Z V(An+p) for
p=~1, 2, ....V(Am_p) < oo . Henoe there is no loss of generality j:n assum~
ing that every An has finite measure, or, in other words, that all A, are con=
tained in a measurable set M of finite measure, The theorem now follows by
spplying (34941) to the sequence

M-AI,M-LZ. cee o

We oconclude this section by proving that its considerations have not

been entirely vacuous,

(8.10) Every open set is measurable.

Proof. Let O be an open set, and choose another arbitrary open
sot P. Let C and D be compact sets, C £ OP, D & PC. Then D » C = © (since
D EE). and since C £ P, D £ P, we have C + D £ P. Therefore

v(P) = w(P)T A(C +D) = A(C) + A(D),
80 that, since Pgis open and 2‘:2 6’, we have
v(P)Z N(C) + sup A(D) = A(C) + s (FC)
= A(C) + w(PE) 2 A(C) + w(FO),
and henoe
Vv(P) Z sup A(C) + v (PO) = w(PO) + v (FO)
= M(P0) + v(PO).
Acocording to (8.2) then, O is measurable.

(3+11) Every Borel set is measurable.

Proof, Immediate by (3.10) end (3.6), (8.7).
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§4. Conneotion between A andV . 1In (2.3.1) we saw that for compact

sots C, V(C) 2 A(C). In this section we shall establish an inequality be-
tween v (C) and A (C) in the opposite direction and then discuss, under suit-
sble hypotheses, to what extent A is determined by 7. We recall the nota=~
tion established in (1.2): for every set M we write ul for the set of all in-
terior points of M,

(4¢1) If in addition to (241¢1)=(2.1¢3) A(C) also satisfies the condi-

tion

(4.1.1) X(C) S A(D) for C €

La}
(=]

then for every compact set C

(4.1.2) v(et) S ().

Froof. According to (2.3.2) and (2.1.4) we have

v(e') = pc(6) = sup A(D) for D £ cl,
Since if D & ¢t then D £ C, A(D) < A(C), whence
sup A(D) = v(cl) S A (c).
(442) To have a convenient terminology we shall say that a set fino-
tion A(C) satisfying (2¢1¢1)=(2,1.3) generates V(M) if (2.1.4) and (2,1.5)
holde TWe observe that to say that a measure v(M) is the measure generated
by some set funotion A(C) satisfying (2.1.1)=(2.1.8) is equivalent, in the

Caratheodory terminology, to saying that 'VIH) is & regular measure.

The object of the remainder of this seotion is to determine, under
suitable hypotheses on the space S, which A(C) can generate V(M). The
first theorem below, (4.3), shows that the largest possible ) (C) always dows

gensrate (M),

(4.3) Ip /\1(0) and /\2(0) are set funotions satisfying (2.1.1)-(2.1.3),
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such that }\1(0) generates V(M) and A l(C) < /\2(0) S V(C) for all compact sets

C, then Az(C) generates « (M).

Proof. We are to prove that, for every open set O,
A (0) = sup A 2(0) for C £ 0.
We have, for every compact C & O,
v(0) 2 v(e)Z X ,(6) 2 A ()
(from (2.3.1)), so that
V(0) 2 sup X,(C) = sup A ,(C) = v (0),
and this implies the desired result.

The result proved above implies easily that if /(M) is a measure
generated by some /\O(C) then V(M) is also generated by A(C), if A (C) ie
defined by A(C) ® v (C). In the following theorem we shall prove that even the
smallest A (C) (and therefore, by (4e3), all A(C) in the renge allowed by the
mequaliti;a (24341) and (441.2)) will generate v (M), We observe that we
shall not need any assumption of the type of (4+1.1) restricting the A(C)
whioh originally generated v(M), but that the lower bound given by (4.1.2) is a lower
bound only for those X (C) which satisfy (4.1.1). We shall not discuss the ques-
tion as to whether or not we may find & A(C) satisfying (2¢1.1)=(2.1.8) tut not
satisfying (4.1.2) (and therefore, sutcmatically, not satisfying (4.1.1)) which
generates Vv (M).

(444) If S is locally compaot and V(M) is a measure generated by a

set funotion A _(C) satisfying (2.1.1)-(2.1.8), then \ (C) = v(cl) aleo gen~

erates Vv(M).
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Proof. We remark that we shall not explicitly use the hypothesis that
v (M) 1s generated by )\O(C)a wo assume it only to be able to apply the con~
sequance of (4.3) alreagly pointed out in the last paragraph, namely that
X(c) = v(c) generates v (M). This means that for any open set O
(4.4.1) v(0) =gup V(C) for C £ O.

To prove (4.4) it is sufficient to prove that for every open set O
we have
(4.2.2) v (0) = sup v (0}) for D £ O.

Let C be any compaoct set, C S O. Since S is locally ocompact we may,
scoording to (1.7), find & compact set D such that

ceptepco.

Then v(C) S v(D*) € (0) so that
(4.4.8) sup v ()< sup v (Di)‘,ﬁ v (0)a

Since the left term of (4.4.3) is, by (4.4,1), equel to +/(0), (4.4.3) implies
(4.¢.2),

e S g A NSRRGSR




I 4 49
e 32 So
20 4§ €2

EN :/SI_ 5% ’ 15

Cha.gter II
Generalized limits

§6. Topology. In this section we state the auxiliary results
from topology that we shall have ocoasion to use in this chapter.

(5.1) Every compact set C is closed.

(632).A closed set C is compact if and only if the condition

(50241) (below) implies (5.2.2).

(5+241) B is & family of closed sets F S C, such that for

Fl. coay Fn < ﬂal“y‘ Fl‘ XXy Fn /0.

(6.242) B s a family of closed sets F & C, such that

Me ¢ » F ¥ o.

Proof. For (5.1): Consider a point p ¢ C. For everyf e C

wo have g / P» hence disjoint neighborhoods 0q of q and PQ— of p exist,
4 € 0, hence C £ > ge¢ Og»  Sinos C s compact this implies by
(1.1) that C £ oq1+ cer + oqn. Therefore C and pql- cee @ Pqn are dis-
joint. But quooo Pqn is an open set and contains p. Henoce p+ <.
In other words p @ C implies p¢ C, so that C is closed.

For (6¢2):t If we replace S by the olosed subset C and topologize
C acoordingly (so that "closed™ sets in C are closed sets in 8} which are
¢CJ,and "open" sets in C are the interseotions of open sets in S with C),
then the conditions (5.2.1), (5.2.2) are unaffected. So is the definition
of compactness in (1.1) -~ we must only replace the sets O € (/. (open in

8) by the corresponding O « C (open in C),.
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So we lose no generality in assuming C = S. But then (5¢2) and

¥ (1.1) are clearly equivalent. We must only pass from the open 0 €L
b ~
to the closed O and thus form 8 == or vice versa.

As an immediate corollary to (5.2) we obtaing

(543) Let S and T be two Tpological spaces and p -5 f£(p) a continu-

_gs (possibly many to one) mapping of a C £ S on a set M € T. Then the com-

g pectness of C implies that of its image M,
| _P_rlf. We use the characterization of compactness given in (5.2).

F Then the observation that every closed subset of M has a closed subset of C

} for inverse image by the (possibly one to many) mapping £(p) — p, yields

| the desired result.

(644) Lot I be an arbitrary set (of indices) and for each o« € I let
8, be a Hausdorff space. We call a function X » Wwhose domain is I and

j whose value at o, € I lies in the space S«, a sequence; we denote it by

’ (x.( | e I)e We now define a topology on the space S of all sequences,
Lot Xys eeey & be eny finite number of elements of I and let N

1’ ecey Nn

be arbitrary open sets in the spaces S.“ s> eeey Sy  respectively. The set

- of all sequences (x, | o ¢ I) for which Xg. € Ny» 1 =1, 400, n, wo shall

: call a neighborhood of any sequence oontained in it. With this definition of
j. neighborhood the sequence apa.co. becomes a Heusdorff space. TWe shall senerally
< denote points of this space by E = (x o | e I); for each %o € I we define
the function Xy, (£) as the function whose value at fo = (x w, | xe 1) 38 x;.
In case all the spaces S, coinoide, Sy = 8, we write C(f£) = C(x.,( ) e I)
for the closure (in S) of the set of points Xygs %€ I. Incase C(§) is

i’ compact, we call f & bounded sequence.




17

(5.5) Retaining the notation in (5.4) we state here, without
proof, a fundamental theorem concerning sequence spaces, due to Tychonoff,

r~
If Sy is compaot, for every o € I, then the space T, of all sequences

(x| e I)is oompa.c‘b.l

(5.6) We shall have ococasion to use, in addition to the sequence

=
space =, defined above, a space @ of the same type. @ is defined

—% o T —*

similarly to S : we teke I to be a fixed set o S <=, for each § € =
we take an arbitrary subspace S(£) of S (where we assume that all 8, = §;
of. (5e4) above), and form the class @ of all functions ‘{’(f) whose
value at £ = £ lies in the space S($ )s It will be convenient always
to refer to elements of E, as sequences, and to elements of @ a8 functions,
Topology is introduced in § in terms of the topology already defined on §
(and thereby on S(£)) just as the topology was introduced in = in terms
of the given topology on S« . Tychonoff!s theorem (504) holds, of ocourse,
for @ : if each S(¥) is compact, so is @

Wo return to the c;onsideration of r\:—} .

(5.7) Xuo(?) is & continuous funotion of & for every %, € 1.

Proof. Let g be an arbitrary sequence, £ o =) and let N
be en arbitrary neighborhood(in 8, ) of Xy, (%, )¢ The set of ell sequences
¢ for which X, () e N is 8 neighborhood ¥ of £ 3 for every § € M,
Xy, (£) € N, so that x,, (¥ ) is continuous,

(548) The result of (5.7) is true for every space formed similarly

to 8 ¢ in particular it is true for @ . In other words: for eany fixed

fo < % ((?(,5) considered as a funotion of (P (a function whose do-

— /

main is P and whose range is S( £, )) is continuous.
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(549) We introduce one more topology on sequence spaces "= . For this
purpose we consider only such spaces S for which S, = S is the same for all

X. We shall define neighborhoods not of all sequences § = (x | e I)
(where xo € S) but only for those sequences £, for which x, (£, ) is inde-
pendent of o ; x, (£ ) = x° € S. By a nelghborhood of So we shall mean
the set of all sequences ¢ = (xo | €& I) (with not necessarily constant
x,, (£)) for whioh xo € 0° for every = e I, where 0° is a nei ghborhood
of xX° (in S)s A funotion £(&) = f(xs | e I) will be said to be feebly
oontinuous if it is ocontinuous (in the sense of the topology just defined) at
every point S, at which neighborhoods are defined.

(This terminology is at varisnoe with the usual ones the topology
defined in (5.4), which we propose to use without any adjective, is usually
celled weak topology, while the above onme, v.:hich wo termed feeble, is a general-
ization end an analogue of one usually called uniform topology. OQur present
terninology is more suggestive in our epplications, where the topologies them-

selves are less in the foreground than the notions of oontinuity whioh they

define.)
§6. Ideals. Throughout this section we shall consider an arbitrary
fixed set I.

(641) A non=empty collection T of subsets of I is an ideal if with
every sot it contains all its subsets and with any two sets it contains their
sum, T is a dual ideal if with every set it oontains all its supersets and
with any two sets it contains their imtersgection. Every ideal contains 0;
every dual ideal contains I. The set of all subsets of I is both an ideal

and & dual ideal. It is obviously the only ideal which contains I, end the
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only dual ideal which contains © -~ under both aspects we call it the unit
and denote it by l.

(642) The following five conditions for an ideal T ere all

eg\_xivalent.
(\_/
(64261) T;"; for any set I' £ I, J containg at least one

o~
of the sets I' and 1Y,

—~— /
(64242) ?//l; if flismideal. T T them 7.
/
or \7—"0

(6.2.3) For any set I' € I, 7oontains exactly one of the sets

P
I* and I'.

(6+42.4) The collection J of all sets ( € I) not contained in

7 is a dual ideal.

(6.246) \7’/ l; it I* . I € T then either I' € T or

else I" € T

- Proof. We shall prove that (cyclicelly, in the order given)
each one of the five conditions implies the next one.
’ 4
(1) (6.2.1) — (6.2.2)e If T is en ideal, T £ ya and if
] / ?4
T y T, then there is a set I' € I, oontained in J but mot in 7
/ - /
Then T' must be in J , eand therefore in J , so that I' + It =1 € J .
, }
Hence T - ‘.
(11) (6+242) -2 (6.2.3). Let I' be any subset of I. The collec~
tion of all subsets of sets of the form I' + J, where J & 7; is an ideal
! '
7_ and T_g 9’ If neither I' nor ’f; are contained in T then we
} ! /
should have I ¢ J ) J o T . Hence, assuming (6.2.2) it follows

! . !
thet 3’ - 1 Consequently I ¢ \T, I € I'+Jwered € T, and s0
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o~

I'¢e J, T' € T) contradicting our above assumption. Then T contains
at least one of the sets I’ and ?'; (this, incidentally, is the statement of
(6e2.1)). If it ocontained both we would have I' + ?[1 =1 ¢ T,‘. i.0.
3/ = ﬂ, whioch is not the ocase.

(1ii) (6.2.3) — (6.2.4)s Replacement of every set I' &€ I by its

>
complementary set I' obviously carries an ideal into a dual ideal. But owing
P d

t9' (6.2.3) -this process carries T into its complementary set T

—~—

P d
(17) (6+2.4) = (6.2.5). Since J is a dual ideal, I € J ,

ot

hence I ¢ 3; J 0. 1, 10 ¢ f means, I', I" ¢ ?’) and therefore,
since J s a dual ideal, I' o I" ¢ 57“, 16, I' e " d T . 50
e eJ impliesI'eTorI"e J.

(v) (64245) = (6+241)s If I' £ I, then, since 7 is an ideal,
6= I « Tt e T, so that either I' ¢ J or'fie J.

This completes the proof of (6.2).

(6.3) An ideal Taatisfying any one of the five equivalent
conditions of (6.2) is called a prime ideal. The aléebra.ic analogy which
motivates this name is best observed in (6.2.2). This also makes it clear
that the prime ideals are the maximal ideals ¥ ﬂ. Another interesting
characterization is (6.2.4), which makes the relation of prime ideals to
duality olearer.2

§7. Independence. A funotion of a finite number of variables

(i.es of a sequence ¥ = (x, | o € I) for a finite I) is obviously a con-
stant if it is independent of every ome of its variables. The same is
not true for a function of an infinite number of variables (i.e. for an

infinite ‘I, ofe 8bove), as the example of I = (1, 2, ..s), S = set of all



real numbers x, 0 xS 1, end the function limsup x, , shows. Thus for
o —» c©

functions of infinitely many variables a closer analysis of the notion of
independence is necessary.

We proceed to carry out such an anslysis, using the concepts in-
troduced above. We shall make use, in particular, of (5.4) and (6.1).
' (7.1) If ¢ (§) is o funotion defined em a set = £ 3 ,
(where .=, is the sequence space of (6.3) and ¢ (¥) is therefore an element
of the function space @ of (545)), and if I' is any subset of the index set
I, we shall say that ¢@ (£) is independent of I' if for any two
£.8, ¢ =" the validity of x, (§,) = xo(§,) for o ¢ I' tmplies
-‘f(?l) - ¢ (fz). Throughout what follows we assume that the set
—

—
= has the following property:

0y

bl

(731) 1 &) = (zh |we 1), £, (A Jxe D), £ = (8 |ae

are three sequences such that for every « ¢ 1I, xz = xi, or x?x- xi » then

— % — %
€., ¢ =) imlies & ¢ 3,

(7.2) The collection 7 of all sets I' & I for which

_©(f) is independent of I' is an ideal: the independence ideal of ¥.

Proof. That T contains with any set all its subsets is clear
from the definition of independences; :7— is not empty since € ¢ T Now
suppose that I' and I" are both in ./ and that xo(£) = xu(£,) for
o ¢ X' + I, Ve define a sequence fo = (x5, | ae I) as follows:

For « & I', xoo,\ =X, (fl)i

for & € ;'I ™, 2, - x*(fz);

o

for de:’[‘:oi\;, X -x.t(fl) -xd(fz).
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Then fo € 3* by (7.1.1), =, (£ ) = x“(fl) for « ¢ I", end
X, (F) = x&(fz) for °"¢ I', 30 that ?(fl) - @ (302 - ‘?(fz)o
This implies that I' + I* ¢ I and completes the proof of (7.2).

(7.8) It is important to observe that the independence ideals
are subjeot to no other restrictions. 1I.e.:1 We assume for the sake of
simplicity that E* - E:' end also, omitting a trivial ocase, that S
possosses at least two points. I, however, is perfeotly arbitrary.

Under these assumptions we prove:

Corresponding to every ideal T (of subsets of I) there is at

least one funotion P(€) = @ (xu} o € I) such that the independence

ideal of ¢ is T

Proof, It is suffiocient to consider only the case where S
contains exmotly two points, x' and x". For if the theorem is proved in
this case and (f’o (f) is a funotion whose independence 1deal is :T, then
the general case follows by splitting S into two disjoint subsets 8' and S"
and defining (((x,( [o €7 1) = ¢, (v, | « € I), where y, = x' or x"
acoording a8 x, ¢ 8'orx, € S".

Suppose then that x , takes only two values, say O and 1, for
all o € I. Then eny funotion {(xy | «e I) depends only on the set
K of n's for which x, = 1, and conversely sny set funotion £(K) determines,
by this correspondence, & unique ¢. Wo assort that in terms of £ we may
charaoterize sets in the independence ideal of (f as follows: J is in

this ideal if end only if (K', K") & J implies £(X') = £(X"), where (K', k")

~ ~
is the symmetric difference K' ¢ K" + Kk". For, suppose ‘f is independent




of J, and (E', K") ¢ J. Then £(K') » ¢(x!, | «€ I), where x', = 1 for
“€ K, and x, = 0for « ¢ K, and £(K") = p(x"| oe 1), where
7(: = 1lfor ® €& K", and x", = O for °l¢ K". Hence x!, = x; for all
® not in (K*', K"), i.e. for all 5 not contained in a subset of J, 80 that
lf(x& l Le I)= @ (xh | L€ 1), or £(K') = £(E*). Conversely, suppose
that (K', K") € J implies £(K') = £(K"), and that (x'y | ¢ € I) ana
(x", | « ¢ I) are two sequences for which x', = x" for « 4 Je let K
be the set of o« 's for which x!, = 1, and K" the set of « 's for which
x°% = 1. Then it is easy to see that (K', X") S J, so that ‘
plxy | e 1) =) =2(x") = p (=" | we 1),

i.e. (f is independent of J.

It is now easy to define a set function f such thet the independence
ideal of the corresponding (f is precisely Ta wo define f(K) = 1 if
K € T and f(K) = O otherwise. To prove that £ has the required property,
first let J be any set in J , and k' and K" two sets for whioh (K', K*) S J.
Then, of course, (K', K") ¢ 7 3 since K' & K" + (K', k") and
K" & K' + (E', K"), Af either K' or K" is in \7', 80 is the other one;
hence f(K') = £(EK"). Next s;zpposo J ¢ T, and teake K' = J, K" = ¢,
Then (K', K¥) = J, tut £(K') = £(J) = 0 and £(K") = £(8) = 1. This ocom-
pletes the proof of (7.3).

We conclude this seotion with the following obvious observations

(7.4) The funeotion ?(5) - ¢ (xa ] & € I) is a oonstent if and

only if I is sn independence set of ( ,i.e. if and only if  1is the inde-

pendence ideal of ¢,
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Returning to the discussion at the beginning of §7: the inde-
pend;noo of (f from each one of its variables x, means merely that every
one-element set () is an independence set of ¢, i.0. (of. (7.2) end
(6.1)) every finite set is in the independemce ideal of . Owing to the
above and to (7.3) this implies that @ is a oonstent if and only if I is

finite.

§8. Commtativity. Throughout the remainder of this chapter we

shall use the following notations. S is a fixed Hausdorff space, I is an
arbitrary set of indices; for each o« ¢ I, S, = §; E is the sequence
space of elements £ = (x o | d e I), o € S ™" Se As in (5.¢4) we

write C(£) = C(xy | ® € I) for the closure (in S) of the set of points

Id, A € 1.
Re define;

(8.1.1) A sequence £ s bounded if end only if C(§) is a compact

sot,
And we prove:

(8.1.2) A sequence } is bounded if end only if there exists a

compaoct set C, such thet x, (§) e C for all « eI,

Proof./’ Put C = C(¥).
4
Fecessityy C is olosed by (6.1), so C(§) £ C. NowC(f) is

& closed subset of a campact set, consequently it is compact by (1.5).

* c ™

We are now in a position to specify the set E. = , which
will be the domsin of all our functions !f(}) = ?’ (xy } X eTI)s
(8.1.8) is the set of all bounded sequences f «c o,

This E: fulfills our condition (7.1.1): Under the assumptions
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of (7.1.1) every x‘; - xd(fo) 3 C(fl) + C(fz). hence fo is bounded
it £, §, are, owing to (8.1.2).

(8+2) We pass now to considering another family of funotions, to
be denoted by \V To this end we introduce & new index set J (which has
no relationship with I), and assume that a compact set E(; s 8 is given
for every (# € J. We then put Sa -EP for ell £ € Je

The space of all sequences 7 = ( Ya , [ J)

(yﬁ € §4 =E, S 5) will be called F—J (this corresponds to the =
of (644))s TWe consider the functions ' ("] ) = LY(y(B l (> € J) which
are defined for all 7\ 6 ¥ (i.6., in forming the P* which corresponds to
the E*of (5.4), we put H§* =H8). Thus our condition. (7.1.1) is automati-
cally fulfilled.

We agsume furthermore that our functions (%) = y (y(, e €
assume values from S, and are continuous in their entire domain ( ~ ¢ H§)
with respect to the topology of (5.6) (with J in place of I).

We prove:

(8.2.1) Consider a funotion W (and J, E 4 ) as described above,

and a (double) sequence S = (z,‘(‘ | ¢ I, r € J) with Zug ¢ Ep for

all &« & I, A ¢ J. Denote by V¥ [ 5] the Gimple) sequence

(\V(Z.‘n l pe J)’ o.e I)e Then Y [ ¥] is bounded.

Proof. The domeinHf of Y(q ) is campact, since all Ep are:
We have the situation of (5.5), and so we may apply Tychonoff's theorem.
Now the range of ty(q ) is the image ofH} by the continuous mapping

"] -y (")) hence it is slso campact by (5.3). Consequently the

J)!



sequence Y (§1- (y (s¢p ] p e J)‘ ® € I) is bounded by (8.1.2).
(8.3) Let (and J, Egq ) be as described above, and assume that
o (double) sequence § = (24, ] A€ I, > € J) with
(843.1) tap € EP for all o€ I, 3 ¢ J,
(8e3424) 97(:,(‘,] “ ¢ I)g Ep forall ez f € J,
ig given. Denote by L([S] the (simple) sequence ( f(z.‘p )a. ¢ I) l p e J)
end by \y [ §] (as in (8.2.2)) the (simple) sequemce ( Y (syn | p € 5| xe 1.
Combining (8.3.1), (8,3,2) and (8.2.2) we see that th'o expression
(8.3.3) ¢(YIED = ¢ (YGup | pe O] =€ D,
as well as the expreseion
(8.3.6) W(QISN = ¢ (plauy] o€ D pe I,
is meaningful. We now defines

(8.3.5) Under the conditions stated above (for ¢, Y and J, E/;)

we say that ¥ is commutative with Y if for all (double) sequences

€ (a2 ip | «e I, 3 e J) fulfilling (8.3.1), (8.3.2), the expression of

(803.3) is .g\}‘l to that one of (8.304). I.0.

e(¢[s]) = v(¢[5I) .

Wo now proceed to derive two easy consequences of commutativity.

(8.4) If @ is commtative with all (continuous) funotions W of

one verisble (i.e. with a ons-element set J — for deteils concerning ¢, vy,

and J, B o ofe (842)) == then for every bounded sequence 4

¢(g)e CLE).

Proof. let £ = (x, | oL € I) be any bounded sequence, snd

write ¢(§) - L. 12’ ¢ c(f‘), let E be the set C(§) + (x°), (then
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E is a compact set), and let x' be an arbitrary point of §, x' 14 2. TWe
define

Y (x) = x for x e ()

1% (x°) = x'.
Then Ly(z) is e continuous function with domain E, so that we should have
Y = G Q. The following computation shows that this is not the

case and therefore contradiots the hypothesis that x° ¢ c(f).

ey = ¢ W) xe T)= @(x'|ae )= %7
yp= ¢le(xilaen)) = ¥ (x°)= .
We observe that owing to this result, for the (¢ in question (8.3.1)
implies (8.3.2).

(8,6) If ¥ 4is commutetive with all (continuous) functions

of two variebles, (i.e. with a two-element J; for details concerning @, Y,

and J cf. (8+2)), then the independence ideal of ¢ is a prime ideal.

Proof. Iet T be the independence ideal of P . We will es-
tablish its prime ideal character with the aid of (6.2.,1). Now if ¢
were & constant, it could not fulfill the above commutativity conditiom
(to see this, choose Y as enother constant # ¢), hence T ¥y § (of. (7.4)).
Consequently we must only show that for any set I' £ I, T containsg at
least one of the sets I' and ’I\-".

Consider therefore en I' & I and let p and q be arbitrary points
ins,p/q. Write y 4 = p for &« & I' and y, = q for o<¢I'. It
follows from (8.4) thet the value of ( (y, | & € I)is either p or q.

Suppose that it is p.



Consider & bounded sequence 2’ =(xy ) %€ I). Define snother
»*
sequence f = (x% \ X €& I) by

(84541) P Xy for & € 71t
xq =g for g I,
A
g is also bounded, since C( i") S C(¥)+ (’).

Now put E* = ¢(§), E* = (ps q), and define a two=variable funoction

X, y)» where x has the domain E' and y the domain E", as follows:
lV y y

q/(x. y) = x for y=p,

¢(x, y) =q for y=q.
This Y (x, y) is clearly continuous, so ¢ ocommutes with it. We have there-
fore (of. (843) end the remark at the end of (8.4))s

@(‘V(X«‘,‘Jﬂl £eI )= L}/((F(Xah(éI))‘P('j‘Jd&I)) .

The left-hend side is obviously equal to go(x‘;( l K € I), while the right-hand

side is equal to Y (xy | o e 1), P)» i.e. to P (x | £ e 1). S0
(8+5.2) q:(%.lo(e I)= qo(x.,"foce I). g
Combining (8¢5.1), (8.5.2) we see that T' is an independence get of ¢ , i.e. that
re T
So @y, | € 1)=p impliesT € T Similarly

~/
¥y )| € I) = q implies I' € J Henoe either I' or I' belongs to J
end the proof is campleted.

§9. Limit funotiong

(9.1) A function ¢ (£) defined for all bounded sequences £ and

commutative with all continuous funotions Y (see (8.3)) we shall call a

linit funotion or eimply a limit. It follows from (8+.4) and (8.5) that if

({’(f) is a limit (£ ) ¢ c(f) for all bounded £ » and the independence

—— e
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ideal of ¢ 1is a prime ideal. In this section we shall be concerned mostly with
the existence of limits. To save detailed explanations in each special case,

wo essume that all the function symbols ( ¢ (x, | ot e I), 1% (xp) (€ J)),

we shell write are meaningful: in other words that the arguments written lie

in the domain of the function considered.

(9+2) The set A s iof ell functions @ (§), which are defined

for all bounded sequences € and are such that ¢ (E) € C(?). is a compact set.

Proof. This is merely e restatement of Tychonoff 's theorem (5.6)
with (= (€) = C(¥). (For the notation see (5.6).) Wo remark that it fol-
lows from (9.1) (see also (8.4)) that the set of all limit functions is a sub-

set of the compact space _A_ .

(9+3) The set of all limit functions is a closed subget of A\ .

Proof. We shall give the proof in four steps,

(1) Let v, (and J, E(3 ) be as deseribed in (8.2)s (In particuler,
Y, is oontinuous.) Consider an arbitrary Qe /\ end a fixed sequence
5°= (z;p l oL & I, mpe J ) with the property (8.3.1), i.e.

(9.3.1) éf,_p e E(b forall eI ped.
Then (8.3.2) is also true, owing to the definition of /\ in (9.2). Consider
now the two expressions of (8.3.3), (8.3.4), i.0.

(9.3.2) @(V,KESPJ/H T) | e )

(0:3.3) Wy (235 | %e1)| peT)

We repeat: \f’o) so - (z;(J |oL€_ Igrg e J ) are fixed; ¢
is variable. Let us fix our attention on a ¢, e A\ and 1let ¢ very over /N,

(11) (9.3.2) is a continuous function of ¢ (in AN, at ¢, ). Let

N be a neighborhood of "¢, ( ¥, (z,o(p l X J‘) l e I) (in S8)s Then




(by (544), remembering (5:6)) ¢ (1, (22, [xe I ped)exn
defines a neighborhood of ¢, (in @/ hence also in /\ ).

(114) (9.3.3) is & continuous funotion of ¢ (in A\, at Y, )e
Let N be a neighborhood of W, (¢, (3%, | ¢ Dlpe ) Ga s
Then, owing to the oontinuity of ., (by (5.4), remembering (8.2), we can
find e finite number of elements (> 1? veer /3 o OFf J» end open sets

L]
Nio eeos N (in 8), such that N, contains ¢, (zdpc ] & e I) for

§ =1, oo n, with the following property: If the sequence (yp ) I J)

(with Vo & Ep forell p e J) fulfills Vo, € Wy for 1 = 1, ..., n,

then qzo (yﬂ I X J) € K. YNow (by (5.4), remembering (5.6))

?(‘:[3;' l oLe 1I) € Ni for 1 =1, ..., n, defines a neighborhood of ¥,

(1n @ ,hence also infl). And this condition implies

%(({J(zz(‘\o{e I)‘/}e J) e N, (put y = f-r(z'“plole I)

I3
for ell (3 ¢ J)e
(iv) We see from (ii), (111i), that for each V),
/

o]
§ -(z:p IoLG I, [se J) the set of all 506.A with

-]

¢(¥o(2plpea)lae T)= 4, (¢ (325 Jxe1)|ped)

is defined by the equality of two continuous functions (in the closed set
and o

I\, cfe (9.2) and (5.1)), 3 consequently olosed., The intersection of all
these closed sets, for all possible q),) S.°= CE:’F‘ l o € I) [5 eJ ) )
is therefore also closed. But this is precisely the set of all limit
functions.

This completes the proof of (9.3).
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(9+4) If I' is any subset of I, the set of all functions @

1=

which are independent of I' is a closed set.

Proof. If (x', | ¥e 1) and (x| ® € I) are any two bounded
sequences, then the set of all funotions ¢ for which
© (x'y e 1) = ¢ (=" | ®€ I) is the set of points of equality of two
continuous functions and is therefore closed. Hence the intersection of
all these sets, formed for sequences (x'.( | ¢ I) and (x", | « € 1) for
which x'y = x% when & 4 I', is a closed set, and this is equivaleht to
the statement of (9.4).

(9.5) If A (I') is the set of all limit functions ¢ which is

independent of I', then

(9.6.1) A(I') is a closed subset of the compact set N\ 3

(9+46+2) A (I') is empty if and only if I' = I;

(9.5.8) I' £ I" implies A (I') 2 A(I").

Proof. For (9.65.1): Immediate by (9.2), (8.3), (9.4).
For (9.6¢2): No limit function has I for an independence get,
owing to (9.1) and (8.5), so that A(I) = & . Assume now that I' ¥ I.

Then we mey find o, ¢ I'. We define 14 () = Xu, (§£), and assert

that ¢ is e limit funotion independent of I'. The independence property is
obvious; eand if % (yp ] (3 & J) is any funotion (not necessarily continu-

ous) and z:P € Sforall x€& Iand P & J, then we have

‘P(%(E;p\063>l°‘€ T)= %(Egspl@eU)and
LPD(‘P(-%;(B l“‘I)lPéI)’ %(2‘:‘,)(11(‘563> , 80 that (p com-

mutes with \H, and is therefore a limit funotion.



For (9.5.3): This is a consequence of the feot that the colleec~-

tion of sets of which a funotion is independent is an ideal.(aee (7.2)).

We have already seen that the independence ideal of a limit is a
prime ideal, The following two theorems establish the existence of rether
general kinds of limits end prove the converse of this statement.

(9.68) 1f Tis any ideel, T{!_. then there exists a limit fumo-
tton P(¥) with independence 1desd & such that J £ £,

Proof. Using the notation end results of (9¢5) we observe that
to svery I' ¢ J  there corresponds & non-empty oclosed set A (I') of the
compact space of all limit functions. (See (945.1), (9.5.2).) Moreover,
if A(I'), «ees A (I°) 15 any finite number of these sete, then (9.5,8)
implies (since cee + I% 15 also in T) that

Mo & (I%) 2 A(T' 44 I7)
is not empty. It follows from (5+2) that there is an element ¢ (f) oom-
mon to 811 A (1') (1' ¢ T )» and this is what was to be proved.

(9.6.1) We observe that (946) has the consequence that every ideal (];# 1
M is contained in a prime ideal.

(Wo obtained this result as a byproduct of (9.8) and (8.5).

Various simple direct proofs, however, are knomm. Cf, loc. cit. (6.3).)

(9.7) Every prime ideal is the independence ideal of at least one
limit funetion.

Proof. According to (9.6) we may find a limit funotion whose
independence ideal \j contains the given prime ideal ? - Now T }( .

(ef. (8.5)) and ? possesses the property (6.2.2), consequently \7’ = 'f




(9+8) The notion of limit as we introduced it in this section

is a modificetion end a very wide generalization of the general limit of

Banach and Mazur. (The latter will be discussed and correleted to our
limit in §12,)

Our existence proof in (942)-(9.6) is based on an idea of Keluteni
and Ulem, which these suthors used in a simplified derivation of the above~
mentioned results of Banaoh and Mazur, and of ocertein generalizations of the
same .

The essentially new aspest im our procedure is in the introduc-
tion of the general notion of independence, the use of set theoretical
ideals snd prime ideals, and the simultaneous use of all continuous funo-
tions W,

§10. Uniqueness

(10.1) A prime ideal ’,'Q is of the first kind if there is an
o ¢ I such that no set of ﬁ contains ® ; otherwise we say that ﬂ is
of the second kind,.
(10.2) We define:

(10.2.1) Given an o € I, let P, be the system of all I' £ I

v

with o ¢ 11,

(10.2.2) Letf be the system of all finite I' < I.

L4
Clearly %/ ? are ideals, ?.( is even & prime ideal (e.gz. by
(6.28)), and? /' if and only if I is infinite. One verifies easily.
that'? is not a prime ideal.

We now proves

(10+2.3) A prime ideal ? is of the first kind, if and only if it

is a %) Le 1.
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(10+244) A prime ideal A? is of the second kind, if and only

if it is 2 4.
¥

(10.2,6) Prime ideals of the second kind oxist if and only if I

is infinite,

Proof. For (10.2.3): Sufficlency: We know that AZ% is e

prime ideal,

Necoessity: If ? is of the first kind, then an « ¢ I oxists.

such thet ' ¢ ¥ implies o ¢ I'. T.e. ? S P . Henoe vy
(6.2.2) ? = fu. '

For (10.2.4): That ;2 is of the second kind, means that for
every « e IanI' € F with o e I', dues (X) £ I', oxists -
that is, (o) € E?. Since ;? is an ideal, this means that ?? must
contain all finite sets I' £ I, i.e. ? 2 ?

For (10.2.5): Owing to (10.2.4) and (9+6) prime ideals of the

second kind exist if and only ig:I is infinite.

The above results indicate that the prime ideals of the first
kind are equivalents of the elements of I, while those of the second kind
are something like an emtension of I, The idea of extending a system
by oonsidering its prime ideals is a fundemental one in modern algebra
and algebreic geometry; it was introduced into set theory and topology
by Stone.  (Cf. loc. cit. (6.3).)

(10.3) In this seotion we shall prove that to every prime ideal

there corresponds exactly one limit whose independence ideal it is (see (9.7)),

Our proof will be valid for prime ideals of both kinds, but we shall first

observe that this fact, as well as another one connected with it, is trivial

for prime ideals of the first kind.

 fE A e ety f
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(10.8.0) Let ?7 - ﬁo be a prime ideal of the first kind.

Then we have:

(104341) There exists one and only one limit function with the
independence ideal ? 3 f’?’ (f) = X, (£).

(10.3.2) In faot, the above ¥p (£) is the only function ¢ (£)

with an independence ideal containing ‘p end with ¥ (f) € ¢(€§),

(10.3.3) The funotion w ( €) has an independence ideal containing
P 1 and only 15 @ (£) = £ Py (£)).

Proof. For (10.3,3): That the independence ideal of w(E)

containsg ‘p = p.,a is obviously equivalent to the statement that the set

I-(o,) belongs to it, i.e. that I - (os) 1s en independensce set of (%).

This means w (f) = £(x,, ) when § = (x, e 1), 1.0 w (F) = £(xa, (¥)),

ors wth our  fuy (F) of (10.3.1), cw ()= {( By (). N
For (10.3.2)s If £ = (% | e I), put Eq: = (%, lxer) . -

B (10.3.3) p(E)= ¢( ?:o )+ henoe with our present assumptions
P8 e C(£ )= (x0) , ¢(8)= x,= % (8) = ¢y (£).
.. x
§5) = fix)e Cleg, ) rvan

For (10+8.3):t Immediate by (10.3.2) and (8.4).

(20.4) We now proceed to analysze the situation for arbitrary prime
ideals ? The discussions which follow provide also the basis for the .
considerations of the next section. Together with those they could be used

for an alternative development of the theory of limita.



We begin by considering ideals T which are not necessarily
prime,

i § = (x“ | ol ¢ I) is & bounded sequence, and I' £ I, then

we write CI;(f) = C(x, [ o e T’) for the closure (in 8) of the set of

points x o, reE T'. The following statements are obviouss

(10.4.1) cI,(f) is & closed subset of the compact set Co(¥) =c(t).

(1044.2) €.,(£) is empty if and only if It = 7,

(1044.3) I' £ I" implies c(f) 2 Crnl()e

From these we concludes

(10.4.4) Let Tbe an arbitrary ideal. The set
L® =T, cpls)

O~
is empty if and only if J = [

T
Proofs Sucociciency: Assume :7: I thea1 (&) & CI(f) - 6
by (10.402)0
Necessity: Assume 3// f. Then LT(_f) ¥ 60 follows from

(10.4.1) - (10.4.3) in literally the same WAy as (9.6) from (905.1) - (9.503).

(10.5) Consider now a prime ideal ?

(10.5.1) L?(f) is a one-slement set. !j;i }

Consequently we must

Proof: Lw(f) is not empty by (10.4.4).
only prove that it cannot have two different elements.

) 4
Assume therefore p q ¢ L  (£), p ¥ q. Choose two disjoint
. e ~
neighborhoods P of p and Q of q. Then F = L £) -T;, G = Lz(f) *Q

are closed sets, and




(10+541.1) péF, gq * G,
(105.1.2) rec=1P(8).
Let I' be the set of ell o ¢ I with Xy € F, and I" the set of all
A € Iwithx, € G. Owing to (10.5.1.2) I' + I" = I, 8o
(10.5.1.5) e Te .
Also, since F ) G are olosed, and considering (10.5.1.3), we have
(10e5.1.4) ¢, () € a, cw(f) s F.
Since ? is a prime ideal, so I' € ? or I' ¢ '? , by (6.2.1))

henoce It € 2 or I" ¢ ¢ . We may assume that It & f Then

.

(£) € ©;,(£); henoe (10.5.1.2) and (10.5.1.4) give G = 1,¢ (£)
But this oontradiéta (10.5.1.1).

-

The proof is thus oompleted.

(10.5.2) Lot P (¥) be a function with an independence idesl con-
taining ‘P and with @ (£) ¢ ¢(£). Then e(k) ¢ L?(f).

Proofs Write £ = (xo | ol € I), and consider en I' € ?.

~s /
Choose an «¢ € I', and form f - (x'“ lol € 1), where

S
Xy " X, for de I,

39 " X4, for wx e I,

Then olearly C( 5/) - Cll(f)n and f’(f) = ?(81) € C(fl) = cI,(f).
00 ¢ (F) € ¢, (§). since this is true for all I' € ¥ s

We are now in a position to proves

(10.5.3) There exists one and only one limit funotiom with the in=-

dependence ideal ? : ‘f’»p { f)

(10.5.4) In faot, the abowe ‘ﬁp(f) is the only function kf[f)




with en independence ideal containing AQ end with ¢ (8) ¢ c(§)y.

2

(10.5.5) L

(£) has the unique elemsnt P¢ (8).

Proof. For (10.5.4), (10.5.5)s These are just restatements of the

combination of (10e6.1), (10.5.2).
For (10+5.3): Immediate by (10.5.4) and (8.4).

The enalogues of (10.3,1) end (10.3.2) are thereby established.
That one of (10.3.3) will be considered in the next section (ef. (11.6)).
(10.6) The definition of a limit function given in (9.1) cen be weakened

~as follows,

(10.6.1) In order that a funotion ¢ ( £) defined for all bounded

sequencos $ be a limit funotion, it is sufficient (and of course algo

necessary, cf. (9.1)), that it be commutative with all (continuous) funotions

Y of two variables (cf. 8.5).

Proof. Under these conditions the independence ideal of f’ (f)
is & prime ideal by (8.5), say ?, and ’(’(f e (&) by (8.4). Hence
¢ (£) coincides with the limit function %i_, (£) by (10.5.3), (10.5.4).

(10.7) We conclude this section by showing that restricting our

attention to bounded sequences was necessary.

(10.7.1) Let S be a topological space, and C a closed subset of §,

Assume that for every index set I and for every ideal \j [ B of subsets of

I there exists a funotion ({)(f) - ¢ (xo‘\ oL € I) defined for all se-

quences f = (xu| oL € I) with C(E) € ¢ (.04 Xo € C for all £ € 1)

and with the following properties:

(1047.1.1) The independence ideal of ¥ oontains ?

(10.7.2.2)  ¢(E)e C(£).

Then C is compact.
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Proof. Let % be an erbitrary family of closed sets F £ §,
such that for Fiy eeeg F € % always Flo ocor F F 0. By adding all
these sets F1°...° Fn to % we see that there is no loss of generality
in assuming that F,G € P implyF -6 e U3 . andstil) O ¢ B .

For each F & % select an element x;. of F.

[
Consider & family % & @  with this propertys
!
(10.7+143) There exists an F_ € % such that F € M implies
)
Xp f Foe )
The set g/of all such 9B is an ideal of subsets of % :+ Yhat
’ v ) " ) "
%eTm PeB imply 6‘-3 is clear. And if 3,33 eJ
i " . |
then % + % € T because if (10.7.,1.3) holds for i with F), and for
’ ] 17
B with F", then it holde for B + B witn Fl « F.  Furthermore
© ¢ F excludes that (10.7.1.3) be true for B witn any F_, henoce %¢ T)
Xp Y %o
i.e. 3’ / lo

So we may apply our hypothesis to 1 = % and this g and
obtain e funoction ff(f) - ¢ (xFlF e P ) which fulfills (10.7.1.1),
(1007.102). Since x; & F é C, we can form ‘f(x;[? € % )o

%I
Consider an F_ € . Let © Do the set of all F € B  with

x;fpo. Then 1B € J. Choo-eaco¢%'mdfom

)

2 = (G FeB ) witn
xl!‘,'x;forFé%,)
x;,-xg forFG%'.

o
!
Thmonryxlgm,iamxgnthc%%) j_.e.withxge F , so
o
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every xp € F_ . Consequently C(S‘) g F . Now
cp(x;:[F eEB ) (e(xf"{F eP e cthe F_, i.e. ?(x;,F eB)e F_-
Since this holds for every F € % 80 ?(‘;}F e §3 ) € W'Fe % Fe .

So , Fedqn Fo is not empty, and therefore C is compact by (5.2),

§11. Convergence

So far the analogies betwsen our limits tf and the classical

notion of 1limit (in topology end in enalysis) have been rather formal.
We shall show in this section that the connections between these notions
are really quite intrinsic and essential,

(11.1) We restate the one-to-one correspondence which exists for

every index set I between the prime ideals "p

tions ¢ (§) = ¢ (xy) X & I)s Aﬁ being the independence ideal of ?[f)
(ofe 844), and ¢ (¥ ) the unique Py (£) (o£e (10.5.3)).
(11.2) Let Tbe an ideal of subsets of I.

of subsets of I and the limit func-

Then L J ( 5)
{of. (10.4.4)) is the set of all T2 (8), for an1 prime ideals W 2 T

Proof. Owing to (10.5
17 (5) « Zy,r1 5.

P27 implies Lv(f) < L:T

+5) the above statement means that
( ? denotes always a prime ideal.) Now

(f). end consequently

LT(f) 2 Z?QTL.?(E )« Hence we must only prove LT(f) =3 Z#"’TL?(E )»

1.0, thigs

For any p ¢ LT(f) there exists a prime ideal 'P 2 J with



Observe first that for sny I'
(11.241)

,I"S 1

CI'IQ(E) - cI.(f) + cIﬂ(g)

(-]
Consider now any p € Lr(f )e Llet 3— be the set of all

. (¢) 1 S 1withp éw T °is an 1deal by (10.4.3), (11.2
-1\__—’, e ——— . ""‘"‘—“N—!v

. 01) (bOth ap~
..... - o
pliod to I' I"). Consider the set y of all It + IV, I' & :r, I* 6\7',

Obviously :f ig also an ideal, end we have

are2) J T2 T, T*27°
j lwould imply I 6-\7_

(]
.e.1-1'+1".1'e-:r 1"6—3—.
1"2 TV, hemoe T+ € J .

Then
Now I' ¢ J implies p € cI,(?). while

T e J° 1mpliesW which is a contradistion.

e T+ 1

Consequently there exists a prime ideal P 7 ,by (9.641).
(11.2.2) gives

a2 P 2T, ¢2

1 p ¢ C;,(§), then T e 3’ s0 by (11.2.3) It € f This
necessitates I' ¢ p ) 0ege by (6:243).

Therefore p ¢ L

So I' € ‘f implies p € C.,(§ ).
(£), which, together with (11.2.3), completes the proof.
(11.8) Wo now defines A property \(f) (&) is trus for almost all

oo ¢ I,modulo \T ,if the set of ell % & I for which {fD(O‘ ) is not true
belongs to 7'

And further: A bounded sequence § = (xy | ol € I) converges to p
(~
modulo v( , if for every neighborhood N of p there is x, € N for almost
f\-
all o € I,modulo J.

Wo obsgerves

(11.53.1) H converges to every p (& §) modulo 1

(11.3.2) § converges to & unique p (e 8) or to none at all modulo
J/ ieJ ¢ 0.

(Ofo (10.4) ) .

/
(11.3.3) If :T T then convergence modulo :7_ implies con-
vergence modulo ?

-
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Proof. (11.3.1) end (11.3.3) are obvious. For (11.3.,2): As-
sume that § = (x « | ®e I) converges to both p and g modulo T,nnd pY¥aq.
Choose two disjoint neighborhoods P of p and Q of q. Let I' be the set of
all e I withx, € P and I the set of those with X, ¢ Q. Then It.I" = @)
and consequently T+ 1 =1,

Now’f:. 'i: both belong to ?’ owing to our hypotheges., Hence
’{'+(2\[-;-Ie «7_) ‘-(/\"""

(11.4) The above elementary oonsiderations indicate a close analogy
t;otwaon our convergence modulo T and the classicel notion of convergence.
Indeed, the two notions oclearly coincide, if we choose -.7‘ = ? (ofe 10.2.2),

After these preliminaries we proceed to an exhsustive characteriza-
tion of oonvergence modulo \7' .

y’
(11.4.1) £ converges to p modulo J~, whenever the set L (&)

has the unique element p.

Proof. let N be a neighborhood of p. Then N 2 L‘T(f).
L‘T(.}’) N .- @, i.e. 77;,6? cI,(S) °’§- ©. since ¥ is closed,
(1044.1)=(10.4.3) imply by literally the same argument which was used in
proving (9,6) and (10.444) that C ,(F) * ¥ = @ for some 1'a J".
Ieoe €1y (§) € N for thet I' ¢ T. them ae T implies x, ¢ W,
1.0, xﬂ# N implies of € I'. Thus x, € N for almost all & € I modulo J .
This completes the proof.

(11,4.2) f oonverges to (f‘# (¥ ) modulo ? ¢ ? & prime ideal,

of, (11.1)0)
Proof. Immediate by (11.4.1) and (10.5.5).

(11.4.83) § oonverges to p modulo ?’ii‘ and only if L?/}) has the

unique element p.




43

(11.4.4) § converges to p modulo T if end only if Cfp (§)=p

for all prime ideals ‘é 2 9'

Proof. (10.4.3) end (10.4.4) are eguivalent to each other by (11.2).
Suffiociency of these oriteria: In the form (11.4.3) this is
merely a restatement of (1l.4.1).
Necessity of these oriteria: Use the form (1l.4.4)., Assume that
§ converges to p modulo T".  Consider a prime ideal % 2.
Then $ converges to p modulo At by (11.3.3), and to Y‘f (£)
modulo $ by (11.4.2). Hence (P¢ (§£) = p by (11.3.2), since & /4.
(11.5) Every (bounded sequence) & converges (to some p) modulo JV

if and only if T is a prime ideal or 7 = l.

Proof. Sufficiency: Immediate by (11.4.2) and (11,3.1).

Necessitys Assume that T is not prime and not l. Then there
wxists by (6.2.1) an I' € I with I' 4 T ana T7 3 T.

Choose two p, @ € Swithp ¥ g. Form § = (x, | % €1I) with

Xy =P for o € I!

(11.5,1) ~
xy ®* q for £ ¢ I,

Sinoe C(f) = (p, q), 80 s is bounded.

Asgume that 5 oonverges to r modulo 7 If r / p> then let N be a
neighborhood of r with p ¢ N. Then (11.5,1) shows that x, € N does not
hold for almost all o € I modulo 7 This is impossible, hence r = p.
Similarly r » q. This is & contradiotion.

Consequently the above f does not oonverge modulo y .

(11,8) We are now able to prove the analogue of (10.3.5). The extra




hypothesis of feeble continuity, which we make, is a very weak one, and it
is easy to give examples which show that it cannot be omitted when the prime
ideal ¥ 1s of the second kind.

The feebly continuous funotion & (_Ez (efe (549)) has an inde-

pendence ideal containing z if and only if w(f) =1¢ ( ‘ﬁﬂ (5)) .

Proof. Sufficienocy: Obvious.

Necessity: Consider a bounded sequence f = (x“( o € I)s Form

the sequence §° = ( (P‘f (_E)l & I)e Since C(?o) = ( Cf,z, E N, &
is also bounded. Consider a meighborhood O of ¢ (§, )« By (5.9) there

exists a neighborhood 0° of (Pf (£ ), such that for every bounded sequence

/
f = (x% | « € I) for which x'y € Q:for all¥ « ¢ I, we have w(?') 0.

o
Now let I' be the set of all « e I with x, # O’. By (11.3),

p L
(11.4.2) I' € . Choose an ®o € I', and form § = (x | ot & I) where
* O
- Xy = X« for o« ¢ I',

*
% ” °
since ¢(§ ) £ c(®), £ is vounded. And since the independence ideal of

o * o~
w oontains ?, so w(f)= w(f). Every x, is en x4 with & L

hence with x, € Oo’ i.o. x:‘ € O: for all &« € I. Therefore  ( E*) € 0,
10, w(§) e o.

Since this is true for all neighborhoods 0 of (W ( £), so

(11.6,1) ()= w($§).

Now form for any p € S the sequence §$[p] = (p l o e I). Since
c(€pl) = (p), s0 € [p) is bounded. Put

(11.6.2) £(p) = w (£lpD.

Clearly fo = ?[ ‘P? (§£)], hence (11.6.1), (11.6.2) give w(f)= /(‘Fz;(f)))

a8 desired.
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(11.,7) The results of (11.3), (1l.4.3), (11+4.4) end (11.6) make
the relation of our convergence modulo 7, to the classical notion of con-
vergence suffioiently olear. In partiouler (11.3.1), (11.3.2) and (11,5)
ghow why convergence modulo prime ideals ¢ is the fundamental notion on
which all others are based through (11.4.2), (11.4.4).

The two following further remarks may also be usefuls

(1147.1) £ converges in the classiocal sense, i.e. modulo ? if and only
if the (F'P (f) have the same value for all prime ideals A’? of the second
kind. (Cfe (1l.4.4) and (10.2.4).)

(11.7.2) Consider a fixed set I,€ I. Let %' be the system of
all sets I' & I for which I, 1 is finite. #l.o is olearly en ideal,
N
and #-to 41-— 7 Observe that if I, < I, end I, I, infinite, then

TS
‘%I, % 417' . Consequently when both I end I  are infinite, then 71;

(1Y)

is gresfer than § but not s meximum ideal, i.e. a prime ideal (of. (6.3)).
Somewhat less precisely: ?1. is more nearly a prime ideal thean t’—' but it
is neverthelwss not s prime ideal,

Consider now a (bounded) sequence 5 = (x, | 2eI)
-EI = (x,‘ \ ol € Io) is the general subsequence of g. Convergence of the
sub:equenoo f I in the classical sense amounts obviously to convergénoo of
§ modulo ;'I.O' Thus our passing from %’to prime ideals ? ) Whereby every
bounded sequence becomes convergent, is the absolutely consequent following
up of these two convergence-producing processes in analysis: First, the
replacement of & sequence by a suitable subsequence, by whioh any given

(bounded) numeriocal sequence can be made convergent. Second, the “"diagonal
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process" of Cantor-Hilbert, which does the same thing for an enumerably
infinite number of given sequences simultaneously. (In these examples

it 18 best to think of the index set I = (1, 2, 3, eus)e)

§12, Numerical limits

The subject of this section is a special discussion of the oase
when S is the set of all real numbers in its usual topology. In this case we
speak of numerical limits or limit functions. From (12.6) on we shall also
assume that I = (1, 2, e..), but for the time being I is perfectly general.

Observe that a numeriocal sequence (xd\ oL &€ I) is bounded in
the sense of (5.4) if and only if it is bounded in the ordinary aense:
when ell )xd l < o for some fixed c.

(12.1) We oonsider functions ? (£)= ¢ (x x \ o & I) which commute
with the following three functionss

(12,1.1) 1,

(12.1.2) =%,

(12,1.3) x + y.
(These are funotions of 0, 1, 2 variables, respectively, playing the role of
the ()l) =y ( td(‘ } N ¢ J ) in the theory of limits in the preceding
sections, They are everywhere continuous in S.

(12.2) The three commitativity requirements (12,1.1)=(12.1.3) be-
come, in turn, when stated expliocitly:

(12.2.1) p(1] xe )= 1; )

(12.2.2) ¢ ( X |26L)= (‘P(X“\*é )7,

(12.2.3) @ (xo+4u |%€I) = ¢ (xuloe I)+ ¢4 |we 1),

(12.3) The conditions of (12.1) imply:

(12.3.1) If all x4 2 Yo then l{’(x“\ oL e I)2 p (Ya.l e 1),




47

(12.3.2) For every rational number ¢
¢(Exe] *el)= cP(Xa]aaeI)
(12.5.3) ¢ (XuYu| ke I)= p(xlxeI)¢(ya| xel).
Proof. For (12.3.1): Apply (12.2.3) to ¥y , Xo = Yo (in
place of xy » ¥o ) #md (12.2.2) to { x, -y, (in place of x, ~-- remember
T, = ¥q 2 0) gives (p(Xa|we I)-= ?(Valuél)*‘(?( l"‘él)))
hmos (% | eI )2 ¢(YufaeI).

For (12.3.2): (12.3.2) holds for ¢ = 1; if it holds for Oy Ops

then it holds for o,- o,,als0 (apply (12.2.3) to o,x “)(°1- °2)*o¢ in pleoe

" of x,, ¥, )s amd if it holds for oy, o, ¥ O, then it holds for /e, also
(epply it to ¢1» Xy 8nd to o, % Xy in place of ¢, x,, ). Consequently
it holds for all rational o.

For (12¢3.3)1 Use (12.3.2), (12.2.3), (12.2.2), and remember that

2 2
xy = ;',-((x*y) - (x=y)°).
(12.4) Now the way is open to our main result.
The conditions of (12.1) are characteristioc for & limit funotion

?(3)‘—' e(xuloeT).

Proof. Necessity: Obvious, of. (S.1).

Sufficiency: Assume that (P satisfies (12.1). By (10.6.1) it
suffioces t.o prove that (¢ ocommutes with all functions ¢ of two variables,
1.0, aﬂf( \U(x,dl«d“) [xel ) - (P[?(Ya leI), el Yal 2 € I’)

(12.¢.1) .
when C, D are two compmot sets, such that ell x,y € C ally, € D, and

Y (x, y) is everywhere defined and conmtinuous within the set x < C, y & D.

4
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C, D 18eFmpact, i.e. bounded and closed. Hence C is a closed,
finite interval U, from which a finite or enumerably infinite number of
open intervals Ul. Uz. «++ have been removed. Similarly D is & closed,
finite interval V, from which & finite or enumerably infinite number of
open intervalsg Vl. Vz, e+« have been removed.

W (x, y) is everywhere defined and continuous within the get
x €C,y € De By linear interpolation in all intervals Ul. U2, ese
(for x, still y ¢ D) we oen extend y (x, y) and make it everywhere de=
fined and continuous within the set x ¢ U, Yy € D. And then we can ap-
ply linear interpolation in all intervals Vl. V2, ess (for y, still x € u),
and thereby extend W (x, y) and meke it everywhere defined and continuous
within the set x ¢ v, ye V. I.es: We can replace C, D by the finite
closed intervals U, V. We restate this:

(12.4.2) The sets C, D mentioned after (12.4,1) may be essumed to

:be finite, closed intervals.

Now let & rational € > 0 pe given, By the well-known approximation
theorem of Weierstrass, there exists a polynomial Ye(x, y), such that

(12.4.3) ¥, ('X,g) -e £ Y’("z‘g)é KPe(’X,‘a> +e

for ell ’xec) J€ D (a)
We can obviously even choose ¥ (xs y) with rational coefficients,
Therefore, if (12.4.1) holds for all Lye(x. ¥), then combination of
(12.4.3) with (12.2,1), (12.2.3), (12.3.2) and (12,3.1) will extend (12.4,1)
to w(x, y) also. Hence we have shown:

(12.444) ; It suffices to estaeblish (12.4,1) when y(x, y) is a

3
: polynomiel with rational coefficients,
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But this follows by combining (12.2.1), (12,2.3), (12.3.2), (12.3.3).

Thus the proof is completed,

(12.6) The above result simplifies the notion of & numerical
limit greatly. Instead of the very general and abstract characterization
of (9.1), the three simple conditions of (12.2), i.e, of (12.1), suffice,

The indepemndence ideal of such a 1imit function § = F’P 5
the prime ideal z » 18 of the first or of the second kind (ef. (10.1)),
In the first cese p = oo tor an «, € dp | ong P(£)= ‘ﬁp(}’) = ’X.,o(f)J
tee (x| e 1) X, (efe (20.2.3), (10.3.1). Thig situation is
trivial, The second case, which is the interesting one, is characterized by
(g ) & "f for every o, e I. I.e. by this condition;

I/, [

(12,5.1) ?)(xq | & e 1) 1s independent of "% «g- for every c;(o € I.
(12.,6) Assume now I = (1, 2, ve.)e  In this case e general notion
of 1imit was introduced by Banach and Mazut{e). Their postulates differ from
our system, which we saw to be equivalent to (12.2.1)-(12.2.3). (12.5.1), '
end & comperison seems to be of some interest.
(12,7) we formulate first a system of postulates.which is weaker
than our above-mentioned system (12.2.1)-(12.2.3), (12.5.1), 1% refers to
e funotion ¢(xy | & =1, 2, ...) (we have Bow I = (1, 2, ...)t) which ig
defined for all bounded numerical sequences (x .(}°< =1, 2, ...), and it con-
sists of these requirements:
(127.1) @1 |aet2... )= 1.
(12.7.2) 1f a1l x,, 2 0, then ¢l =11 Yz, .
(12.7.8) (%t Yu fot=1,2,.0 V= @(xufot =15 Y4l I2=13...),

v

(o)

(12.7.4) P (xd] X =1, 2, ...) is independent of X «, for every



(Indeed: (12¢7.1), (12.7.3), (12.7.4) coincide with (12,2.1), (12.2.3),
(12.6.1) respectively, end (12,7.2) is & consequence of (12.2.2). To
prove the letter, put in (12.2.2) (:u. in place of x, .)

We derive some consequences of (12.7.1)=(12.7.3) alone:

(12 .8) (12.7.1)‘(1207.3) 1mply3

(12.8.1) If all x4 2 y, them ¢ (x4 | & = 1,2,...)

2 P (! & =1,2,..0).
(12.8.2) For every real number c

(f’(c*x,‘l =42, ... )= CP(X“)“:’/";-" )

(12,8.3) (12.7.4) is equivalent to this condition:

(12.84301) If of‘lim” Xy (in the classical sense) exists, then
= 33 A

P (xd‘ R = 1,2,.0.) is equal to it.

Proof. For (12.8.1)s Apply (12,7.3) to y, » x, =y, (in place of

Xy » Yy ) and (12.7.2) to x, =y, (in place of x, ).

o
For (12.8.2):s Observe that | xy|2 0, x, +| x| = 0, end that
(12.8.2) holds for x, if it holds for | xq| end for x, +|=xu|. I.e.:
It suffices to prove (12.8.2) when all x5 < O.
When ¢ is rational, then (12,8.,2) is proved literally like (12.3.2).
Since all x , 2 0, so 1{7 (exp| * = 1,2,...) is & monotone function of ¢ by
(12,8.1). Fow  thes is equal to o P (x| & = 1,2,...) by what we
saw ebove, when o is rational., Hemce it is equal to ¢ { (xge] & = 1,2,004)0
- a/u/ay; :
This completes the proof.
For (12.8.3)s Sufficiency of (12.8.3.1)s Assume (12.8.3.1).

Assume x, =y, for & ¥ ®o . Then lim (xe =y, ) = 0; 8o
b X

P (xq = ¥o | = 1.2...&. 1ee P (x, 1K = 1,2,0.0) = @ (yu| & = 1,2,000)

by (1247.3). / - Ol

o
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Necessity of (12.8.3.1): Assume (12,7.4). Consider a sequence

(o % = 1,2,e40) for which 1lim x, exists, say lim x, = z°.

o & (VRS 9.

Consider an € > 0. There exists an o/¢ such that X > & ¢

implies x° = € € 2% £ x°+€. Put

7(“6-_-./)(.‘ for °<>°(e)

Then always x° - € < xf € ®+e 80 by (12.7.1), (12.8.2) and (12.8.1)
above, x° - € € P (xi !0( =1,2,00.)Sx°+ €. But repeated application
o’f (12.7.4) (for o, =1, ..., e ) gives @ (x| X = 1,2,000) =
- (x“e ( X = 1,2,i0.)s Hence x° ~¢ < ¢ (xx | = 1,2,e0.) Sx° 4 ¢,
Since this is true for every € > 0, therefore ® (xdl A ® 1,2,...) = x°,
This completes the proof.

(12.2) Eenach's system obtains from the above (1247¢1)=(12.744),
by replacing (12.7.4) by the stronger requirement

i (12.0.1) (%, | a- be, .o )= p(xala= by - ).

(Indeed: (12.9.1) implies (12.7.4). To prove this, observe that repeated
appliocation of (12.9.1) gives ¢ (x,‘+d.| X =m),2,000) = P (X} & = 1,2,...),
and the left-hend side expression is obviously independent of xj; )

To bo precise: Banach's system, as formulated loc. cit. (12.6),
consists of conditions emounting to our (12.7.1)=(12.7.3), (12.9.1) (as
stated) together with our (12.8.2), (12.8.5.1)s But since ths latter are
consequences of the former ones (cf. (12.8.2), (12.8.3)), we mey omit them.

So we gsee: Our originel notion of limits, as woell as Banach's notion

of limits, obtainsﬁ;y strongthening the. system (12.7.1)=(12.7.4) in two dif-
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ferent ways: Ours by replacing (12.7.2) by (12,2.2,), and Penach's by re-
Placing (12.7.4) by (12.8.1). We will show;

First: That these two ways of strengthening cen never be
achieved simulteneously. Secord; Yet, when a limit in our sense is given,
& Benach limit can be easily constructed with its help. The converse
process is probably far less simple.

More precisely;

(12.10) A limit in the sense of (9.1) cannot be a Banach limit,

Proof. Considering what was said in (12.9) above, this means:
Using (12,7.1)-(12.7.4), condition (12.1.2) contradicts (12.2.1). 1Indded:
Assume that ¢ (xo l X = 1,2,e00) fulfills all these requirements. Put
- Xy ®*1 for X even,

X ® 0 for « odd,

Then elways xo = 0, 1, x, = x, ) 80 by (12,2.2) ® /xq’o( =~ [ 2, ) =
(P (X | = f2,-- )% ie.

(%) Pl w=t2,.... )= o)

On the other hand, always x, + Xux * 1, s0 by (12.7.1), (12.7.3) and (12.9.1),
gch('x,() o = 'ILJ R )= 1) t.e,

(++) Rolalae 20 ) = 4y,
Now (*), (**) contradict each other,

(12.21) 1ot @ (x| & = 1,2,...) bo & limit in the semse of (9.1).

Then

Alxalaz e, s g Ztoctxe |y, )

t's & Banach limit.

LRI . -
Proof. Observe first, that the sequence ( ! M" . \ =10z ..

1s bounded along with (x“) A = 1,2,000)e
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Observe next that the above @ fulfills (12,7.1)~(12,.7.3) along
with ¢, So we must only prove (12.9.1) for (> - This emounts to show-
ing (b (xgy, = %ol % =1,2,...) = 0, since (} fulfills (12.7.3). Owing

to the definition of (3 this means

x - % —
(*) (((;*‘JT_'-'oz:',:_)...)—O-
. X - %,
Now since the sequence (o & =1,2,...) is bounded, therefore f\;«; %—"=

end hemoe (*) follows from (12.8.%), since that criterion epplies to ?

(12,12) We observed in (12.9) that (12.9.1) is a strengthening of
(12.7.4). ' This will be even better understood by comparing the result
which follows, with (12.8.3).

-

(12.12.1) (12.7.1)-(12.7.3) implys (1249.1) is equivalent to this

conditions

Xq.,.,—!'-" +’xd+A
£

= (in the classical sense)

(12.12.1.1) If 1lim
A deo

exists uniformly in a,then ¢ (xy]| o= 1,2,...) is equal to it.

Proof. Sufficiency of (12,12.1.1)s Assume (12.12.1.1)., Coneider
& bounded sequence (x‘,l R = 1,2,000)e e want to rrove (12.2.1), i.e.,

Oﬁng to (12.7.3) (e(xu.,_' “ Xl % ol = 1,2..0.) = 00 By (12.12.1.1)

this relation cen be inferred if {}im Xatph = W“”_-o uniformly
- oo
€

in . But this is indeed true, owing tp tke boundedness of (x, | « = 1,2,004)e

Neoessity of (12.12.1.1). Assume (12,8.1). Consider a mequence

(xql ot = 1,2,00.) for which 1lim Xag) ¥ --- + Xaap exists uniformly
p>e0 (3
. c .- -+
in x, say /e/vm &'_—*—_————ﬂiﬁ = x°
@qw [5

Consider an € > 0. There exists an [Je such that & > /36




S 4 X
implies x°-e & Xy + “*f £ %% ,ror a1l X. Now
r
% +-.-. + X
(12.7.3), (12.8.1) give  ¢p ( ol 20 | =1,2,... )=

I
¢ (x «| & =1,2,0..), hence the above inequalities and (12.7.1), (12.8.2)
end (12.8,1) give x° = & S "f (xa & *1,2,0.) S ¢ €. Since this
is true for every € > 0, therefore ¢ (Iul L = 1,2,000) ™ x°. This com-
pletes the proof.

(12.13) Comparing what we said at the end of (12.7.2) with the
results obteined in (12.8.3.1), (12.11), (12,12.1.1), the following inter-
pretation suggests itselfs

Two general "convergence improving" procedures are used in analysis;
First, repleacing the given sequence by appropriate subsequences. Seocond,
various "summation" methods. These two procedures correspond to two oppo-
site prinoiples: the first to concentrating the attention on ever narrow-
ing parts of the original seguence, the second to spreading it evenly by
averaging methods.

Our limit (in the sense of (9.1)) is a consequent carrying out
of the first prinociple (cf. the end of (12.7.2)), while Banech's procedure

combines it with the second one (compare (12.8.3.1) with (12.11), (12.12.1.1)).

Footnotes

1 The original publication concerning this theorem is

A. Tychonoff: "Ueber die topologische Erweiterung von Rumen",

Math. Ammalen, vol. 102 (1930), ppe. 544-561 -=- specifically pp. 646, 548=550.

Considerably simpler proofs were given by Ale xuudcr :

Jo We Alexander and L. Zippin: "Disorete Abelian groups and their
oharacter groups", Annals of Math., vole 36 (1935), pp. 71-85 -- specifically
PPe 765-=76.

He Wallman: "Lattioces and topologiocal spaces", Annals of Math., vol,

39 (1938), pp. 112-126 -- gpecifically pp. 125-124.

Je Wo Alexander: Lectures on topology and lattioce theory, Princeton,
1940-41.



The use of subset prime ideals in set theory is due to K. H. Stone:
"The theory of representations for Boolean algebras", Trans. Amer.,
Math. Soc., vol. 40 (1936), pp. 37-111 == specifically pp. 74-78.

8 Ses, for example, R. Courant and D. Hilbert, "Methoden der mathematischen
Physik", Berlin, 1931; vole 1, pp. 55-E7.

The spproximation theorem is valid for the original compact sets; rather
than enter into a discussion of this extraneous fact here we replace it
by the extension process above, which is & particularly simple instance
of a general theorem.

e, e<c.: S. Banach: "Thdorie des opérations linéaires", Monografje

Matematyczne, vole. I, Warsaw (1932) -- specificelly p. 34.
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Haar measure

§13. Remarks on neasures

We return to the considerations and notatisns of §2, Vle assume

that 5 is a Hausdorff space, N(C) is a set function defined for all com-

pact sets C, and ¥ (X) is the measure generated by X (C) (ef. 4.2). For

convenience of refercnce we give below 2 set of Troperties of the space S,

and the functions ) (C) and v{1), #ni then we establish certain implica-

tion relations among then.

(13.1.1) o0z Al) £ =

(13.1.2) AMce+D) £ A(c) + x(D).

(13.1.3) 1 CD=6 , AN(C+D)= Ale) +x2(D).
(13.1.4) Ir C£ D, A(c) £ XD).

(13.1.5) Ir C'¢ 0, A(C) >0,

(17.1.6) A(C) <« oo

(13.1.7) x — @(x) is a homeonorphism of S into itself for which
A (@(C)) = A(C) for all c.
(13.2) S is locally compact.

(13.2.1) 0 & vim) & oo .

=

(13.5.2) v(ZS, M) & S, vim) .

(13.3.3) If{Mjiis a sequence of measuradle se’f (cf. (lS.l.l)}oosuch that
Zor k # dyiye My = 6, then v(Z;., M;)= Zil, (M)

(13.24) 11 M+O , w(M)>o0.

(13.2.5) If 7 is compact,, V(M) < oo .

12.3,6) x -» (p(x) is a homcomor hism of S into itself for which

v (¢ (1))= V(L) for all .

"
w
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A}

We have already seen that (13.1.1)-(13.1.3) imply (13.3.1)-(13.3.3).
‘e shall now proceed to establish the following implication relations, assum-
ing throu hout that A(C) satisfies (13.1.1)-(1Z.1.3), so that +/(./) satis-
fies (13.3.1)-(13.3.3).
(13.4) The conditions (13.1.5), (13.2) together imply (12.3.4).

. (13.5) The conditions (13.1.4), (13.1.6), (13.2) together imply (13,3.5).

(13.6) The condition (13.1.7) implies (13.3.5).

Proof. For (13.4): Suppose that it ¥ 9; take x € . Then by

(1.7) we may find a compact set C such that x ¢ Cl € C £ Mi, so that (by

(13.1.5), (R.3.1), and (2.2.2)) 0 < () T v (C) s V(i).

‘ For (13.5): Let O be any open set for wiich O is compact. Then
(by- (13.1.4), (4.2), and (13.1.5)) ¥ (0) $ A() < ©°, so that (13.3.5) is
valid for M = 0. If X is any set for which M is compact, then (by (13.2))
we may apply (1.7) and find an ozen set Q such that ¥ & & and Q is com-
pact (our T, S are the G, 0 of (1.7), our G is the D* of (1.7)) so that

v () S v()

nA

v(Q) € v(Q) < e . This proves that (13.3.5) holds in

zeneral.
For {13.5): <Cbvious from (R.1.4) and (R.1.5).

£14. Preliminary conciderations about grours

(14.1) We shall use the following notations. If G is a group we
shall denote by ab (for a, b € G) the group theoretical product of a and
b, and by a-'l (for a & G) the group theoretical inverse of a. If ¥ is any
subset of G we write ail (or l!a) for the set of all elements of G of the forn
ax (or xa) where x € li; we denote by Ivi-l the s;at of all elements of G of

—1 e e LY
the form x —, where x € 1. If ¥ and N are any two subsets of G, we denote
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by il O N the set of all elements of G of the form xy where x € 1, y € XN.
If G and H are groups we denote by G * H their direct product:
i.e. G x H is the set of all pairs (x, y) with x ¢ G, y€H, and G » K is a
group if we define the product of (x!', y') by (x", y¥") to be (xtx", yryn).
Sinilarly if S and T are topolorical spaces we denote by S x T the set of
all cairs (x, y) wvith x¢ £, y € T; S x T is a tonulogical space if we de-
fine a neirhborhood of (x, y) to be the set O x P where O is a neizhborhood
{(in 3) of x and P is a neighborhood (in T) of y. If G and H are topological
groups (see below) we denote by G x H the direct product grour with the direct
product topology.
throuihout the rest of this chapter we shall assume that Gis a

group on which a iiausdorff topology is defined so that G becomes a locally

compact topolo_ical space and that G is a topolosical group: in other words,

the functions x'-1 and xy (with domains G and G » G, respectively, and the
range G) are continuous. The principal object of ttris chapter is to prove

that there exisls a measure v (1) defined for =11 Dorel sets and satisfying

the conditions (12.3.1)-(13.3.5) and which is invariant under left multipli-

cation in G, i.e. for which v (i) =  (al) for every a € G and every Borel
set [, In view of the discussion in §13 it will be sufficient to find a
set function X\ (C) defined f{or ~ll compact sets C, satisfying (15.1.1)—(13.1.6),
and which is invariant under left multiplication in G. We shall construct
such a set function A (C) in the next section (§15); in the remainder we dis-
cuss the difficulties to be anticipated and prove some auxiliary results.
(14.2) Vie remark first on the sense in which the distinction be-
tween left invariance and right invariance is essential. It is not essen-

tial in two respects:
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(14.2.1) If G is a group, then another group G° obtains from it
by replacing the multiplication rule xy (which characterizes G) by yx (which
is to characterize G‘I}. Clearly G‘( is the same set as G, but a different
group (except when G is Abelian). Clearly Gd‘( = G. Vihile G‘( has a dif-
ferent multiplication rule from G, it is easily seen to have the same unit 1
and the same reciprocal x_l. Gj‘ is the dual of G. .

If G is a topological group, then Gdr is obviovsly one also, with
the same topology.

Now by vassing from G to G‘{ the notions of richt and left are inter-
changed. Consider a theorem ¥ which is true for all groups G, or for all
topological groups G which fulfill certsin purely topolo.ical conditions (e.z.:
compac'tness, or local compactness). Then the theorem which obtains from §~
by interchanging in it right and left -- its (_iBa_];Tl -— is alco true, for the
sare groups: ‘]"( is proved by ajplying T to (f(instead of G.

(14.2.2) .ore specirically: If V(.) is any left invariant measure
in G, then 9!(.) = O(M_l) is a right invariant measure in G, and conversely.

(14.2.3) Thus the result announced in(14.1) -- the existence of a
left invariant Lebesgue measure for every locally compact topolorical group --
implies a similar result with respect to right invariance.

1This does not necessarily imply, however, that any specific left in-
variant measure 4(iz) (in a particular group 5) is also right invariant; nor
that any simultaneously left and right invariant mearure ¥{(i.) (for a ;iven
group G) must exist. We shall see later (cf. (14.2.4)) that Lhere exist

groups G for which neither is the case, Groups for which both statements

are true, are easy to name: Ubviously every Abelian group is such, and we



shall see that this is also so for all compact groups, as well as certain
others.
(14.2.4) vie conclu@e this discussion by constructing a left invari-
ant measure 4(m) in a suitable group G, which is not right invariant. Let G
be the group of all liiear transformations of the real line, i.e. of the set
of all real t, defined by
t > T(t) =xt +y (x, y fixed, x > O).
we make correspond to each T = Tx,y the point 2 = (x, y) of the Euclidean
plane: this is a one-to-one correspondence between G and the khalf-plane
x> 0. Ve topoloyize G with the topology induced by this correspondence.
It will be convenient to think of the points z themselves as elements of G.
The multiplication law in G is described by the formulae
'zl = (x1,y ) (x",y") = (x'x",x'yn + 1),
27l = (x,y)7L - (%,-J%),
1= (1, 0).
It is readily verified that G is a topolopical group.
The measures we construct will be of the form ¥(E) = 4; 7’(z)dm(z),

where m is planar Lebesgue measure. We observe that if we write, for any

Z=(x: y)é G,

A (25 E) = m(Ez)

";u (z; E) = m(2E),
then we have

(25 B) = xm(E)

T (25 E) = xfm(n).

(This fact is obvious if L is a rectangle and from this it follows easily for

arvitrary L.)
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We write
d
V(E) = v(p(2); B) = Jp £(F) Zm

Then we have

* _ od‘,’
v(E2,) = 4_2_‘ pl(2) 4,2 =£ go[eao)d/u (ao/-g)_e[(f/ze,,)x .

y(26)=/ ?’(*)4,.,2=£f’(202)ﬂ2(h;e);4_ #(2,2)x. 4,2
2,5

Hence the left and right invariance of ¥(E) is equivalent to

(14.2.1) fE el 2)x] 42 = Loela)d, 2

and

(14.2.2) fE P(22,) %oy 2 = 4 ple)d, 2

respectively. (14.2,1) is satisfied by any ¢ for which V(zoz)xﬁ z ¢(2)
and (14.2.2) by any @ for which ?(zzo)xo 2 ¢ (2) (where, of course,

2, = (xo, yo)). Choosing ¢ (z) = —15 (or Qo(z) = %) yields a measure which
is left invariant (or right invaria:rit) but not right invariant (or left in-
variant ).

(14.3) The main steps in our construction of a left-invariant set
function )\ (C) (see (14.1)) will be the following. Let C and D be compact
sets and suppose that D";‘ o. Let n[%] be the smallest number of left trans-
lation copies of D -=- i,e. of sets of the form aD-that suffice to cover C:
the number n[%] serves as a comparison of the sizes of C and D. ‘e shall
then aprly our theory of general limits and form the limit of the Rémbers
n[%] (in a sense to be made precise in §15) as D becomes arbitrarily small:

the resulting limit measure will serve the purpose of A (C).

The outline of the proof in the preceding paragraph is not quite
accurate, In order to illustrate the inaccuracy and motivate our later con-

struction we mention an example. Suppose that G is the Fuclidean plane, C is



an arbitrary closed, bounded set, and D is the interior and boundary of a
circle of radius r. The number n[%] is in this case %he smallest number
n(r) of circles of radius r necessary to cover C. Clearly for all r > O,
n(r)’?rr2 2 m(C), where m is planar Lebes:zue measure. It has been proved
that lim n(r) 97 r? = ﬂqu(C) . /9 In other words: Starting
with the usual notion of measure, which assizns 7T’r2 as the area of a circle
of radius r, we end up with a different measure, a constant multiple of the
originél one, when we apply the process outlined above. For this reason we

shall not use n[%) as a comparison of the sizes of C and D. Rather we shall

take a fixed compact set A with A° # 9, and usec the quotient
C
H[K]
D
H[K]
hoped that the constanl faclors in numcralor and denominator cancel, and that

for that comparison. In the sense of the above example it is then to be

we shall obtain a consistent result. c
n{+]
D
n[x]
furprising inright that this device ruffices to construct a measure. The

fhe uce of this quoticent

is due to Laar, as well as the most

frecise details of our procedure, and also its relatiorship to Haar's original
work, will be iven in £15,

B conclude this section by proving a lemma that will be ns-ful

Tates,

(14.4) 1t A and ¥ arc compact cubsets of Lhe topoloyical group G,

then AQ B is coract.

froof.  fhe set A x B is compact in G & G (by Tychonoff's thcorem).

I'he mayping (x,y) —=» xy (with domain G x G and rance G) is continuous (since

64
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Uis 2 topolosical group) and naps A x B €3G %G into 4 © 3 <. Herce,

by (5.2), A @B is ccmpact.

{15, The existence of Haar measure

The construction wrich follows is based, as stated in (14.3), on
faar's pioneer work.(z) ur procedure differs from his in tvo respects:

First: Haar used the diagonel process (i.e. selection o. guccescive sub-

sequences) to obtain lindts (corresponding to (15.4) below). Ihis restricted LlLe
arlicability of lLis method to separable groups. . We chall arply instead the

theory of r~eneral limits, as developed in Chapter II, (These two —ethods are

tob unrelated, cf. (11.7.2) and (12.1%).) A similar procedure hLas been used

% Banach and Saks.

Second: Dy ceparaling the two nolions A and v completely (cf.

Chapter I and §13) our discussion fits better into the frarme of general measure

theory.

In cornection with the limits zentioned in the first remark above,

this too seems worth noting: By use of the left-irvariant measure thus constructed,

d also of the uniqueness theorem (cf. §20), we can prove what zmounts es—

sentially to the existence of those limits (in the classical sense, cf,

(1.8)).  But thie is only feascible ex post, after the measure has been con-

structed without knowledge of the existence of these limits,

(15.1) We make in this section Lhe assumplion mentioned in (14.1):
compact

i1s a locally"topolo ical group.
Given a compact set C and an arbitrary set ! with LT # 0, we define
¢ set function n[%] as follows: Owing to e £ e, every point of G is con-

kined in a suitable set aIJl. Therefore the sum of all sets alrt covers C

p
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(even Gj.  Now the sets aM* are all open, along with } Ji, and C is compact,
Consequently C can be covered by a finite number of them: i
N &
(15.1.1) Sants a Mt (n=0,1,2 ..). 7.°
Denote the smallest n, for which (15.1.1) is possible, by n[%]. Q4z:§f
One verifies immediately:
C E
(15.1.2.1) n[—] = nlzln(g]
(here E is subject to both conditions: E compact, f 8, while C is only
compact ),
(15.1.2.2) n[—— = n[;Z] + “[E]
(C, D compact). Equally obvious:
(15.1.2.3) nlg] Sald] ir ¢ g p,
(15.1.2.4) n[%] =0 if and only if ¢ = o, ,
aC C

Consider now a compact set E with Ei # 6 (the existence of such a
set follows from G's local compactness). The set E will remain fixed through-
out the rest of this discussion. For any compact set C and any compact set
A with a1 ¥ © (cf. the above remark concerning E) we define the further set

function
[ +]

(15.1.3) A,C) = m
(The denom.nator is # 0 by (15.1.2. 3).)
We proceed to derive certain properties of A\A(C):
(15.1.4.1) 05 A(c) s <
(15.1.4.2) N(c+D) 5 A (c) + A, (D).
(15.1.4,3) )\A(c +D) = ,\A(c) XA(D) m if (D'loc)(A"aA )= 0o
(15.1.4.4) A(C) S ND) ifc € b,

-+

(15.1.4.5) X,(c) % 11__. >o0ifct 4 @.

C




65

(15.1.4.6) X ,(0) S n[%] < oo
(15.1.4.7) A,lac) = A, lc).

Proof: For (15.1.4.1): Obvious.

For (15.1.4.2): Immediate by (15.1.3) and (15.1.2.2).

For (15.1.4.3): Immediate by (15.1.3), if

C+D C D

(%) n[_A— = n[x] * n[K]
is established. This (%) is analogous to (15.1.2.2), and it is obviously
true (remembering (15.1.1)) if no aA can have cormon points with C and D
simultaneously. I.e., if ax =u, ay=v, X,y € A, u € C, v € D is

1 1

impossible. Now this would imply v Tu = ¥ 2x, and as v ru e D lo C,

y-lx € A—lo A, it is indeed excluded by the assumption (D-lo C)(A-le A) =0,

For (15.1.4.4): Immediate by (15.1.3) #nd (15.1.2.3).

For (15.1.4.5), (15.4.4.6): Immediate by (15.1.3) and (15.1.2.1),

£C,A aud by o
by replacing the C, E, ¥ of the latter by ourAC, E, A respectively.

For (15.1.4.7): Immediate by (15.1.3) and (15.1.2.5).

(15.2) Before going any further, we wish to point out that
(15.1.4.3) is a weakened form of the typical additivity condition, as
stated e.g. in (13.1.2). Indeed, the hypothesis of (13.1.2) is
(15.2.1) C.D=o,
while the hypothesis of (15.1.4.3) is
(15.2.2) 0% c) - (aloa) = 0.,

And (15.2.}]-:) implies (15.2.%), since (15.2.1) is equivalent to 1 + D-loc,
i.e. to (D lo C) + (1) = 9, while clearly 1 € A'loA, i.e. '(A‘lo A) 2 (1).
Therefore (15.2.2) will te nearer to (15.2.1), i.e. (15.1.4.3) to

(13.1.2), if the set A™@ A is nearer to the set (1). 4nd tnis is of
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crucial importance, since the other properties (15.1.4) of /\A(C) coincide
with the remaining requirements of (13.1) for A\ (C).

These considerations motivate the lemma which follows. The lemma
says in effect, that for any two compact sets C, D satisfying (15.2.1) it is
possible to find a compact set A with at ¥ 9, with which they even satisfy
(15.2.2). For subsequent application it is convenient to split it into two
parts.

o1
(15.3.1) If C,D are compact sets, C « D = Q, then D 1®C is an

open set containing 1.

(15.3.2) If O is an open set containing 1, then there exists a

compact_set A, with 1 € A7 such that.A"@ A € o.

Proof: For (15.3.1): p~t is compact, since it is a topological

image of the coupact D. Hence D-l@C is compact by (14.4), therefore it is

- =y -
closed by (5.1), and so D" ®C is open. And C * D = © implies 1 f D 1®C,
I

i.e. 1 € D®C.

For (15.3.2): Since y-lx is a continuous function of x,y, it is

possible to find two open sets 01, O2 containing 1, such that x ¢ 01, y e 02

imply y—lx € 0. I.e,, such that OEJE 01 € O. Now apply (1.7) with (1),

'olo 0, in place of its C,0, and let our A be its D.  Then

i c - c
& 0
1l ¢ Ao < Ao = Ol 02, and consequently Ao]@ Ao < 0.

(15.4) We proceed to give the details of the limiting process
mentioned in (14.3). We shall do this by finding a suitable index set I
and an ideal fof subsets of it, and then we shall refer to our theory of
general limits to obtain the existence of a 1imit function whose independence

ideal contains 5" The details are as follows.
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Wwe will choose for I the family J of all compact sets A(E G)
for which 1 € Ai. (In other words, 9 is the class of tiose A for which
A A(C) is defined, except that the requirement At # © Las been replaced by
the more precise reguirement 1 € Ai.) Consider a family g’g 9 and
compare the two following properties:

(15.4.1.1) There exists an Ao e J such that A € gl implies
L€ a.

(15.4.1.2) There exists an open set U containing 1, such that
A 67/ implies A # g. -

We observe:

(15.4.2.1) The two conditions (15.4.1.1) and (15.4.1.2) are equiva-

’
lent. Denote the class of all families g s 7 vhich sabtisly these con-

ditions, by \7/
N

(15.4.2.2)  is an ideal, J 4 0 .

Proof: For (15.4.2.1): Forward implication: Put O = A". In-
verse implication: Use the local compactness or (1.7).

/ v /

For (15.4.2.2): J  is an ideal: That J €J and J & J

v / r~—
imply J € f]’ is clear, and if %/ ' ¢ T then 3"* 3" e J,

’ [ 4
because if, e.g. (15.4.1.1), holds for g with Ao' and for & with Ag, then
/

it holds for %P +F' with Al - AN,

T #D: Use, e.z. (15.4.1.1). Then A § A exclndes that

(-\—
(15.4.1.1) be true for & with any A, hence i ¢ \7— i.e. J ¥ ﬁ
K‘D

It would be easy to show that J = ? (ef. (lU.2.2)), and that

j-is not a prime ideal, but we shall not need these facts.
@-—'
Both definitions of J nake it clear that the validity of a
(~

statement M"almost always modulo \/ " (cf. (11.3)) amounts to its validity for

nsufficiently small sets Aw " in the usual sense.

o
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(15.5) Let f be any li~it function defined ‘or all bounded
Senuences (xA{ a &1 ) of real numbers X, such that the independence
ideal ? of @ contains T (The existence of such a limit function
is guaranteed by (9.6).) This is a numerical limit in the sense of §12.
Since for every fixed C (15.1.4.1) and (15.1.4.6) imtly Lhat (,\A (c) 1 Ae X))
is a bounded sequence, we may define
(15.5.1) /\(C)= f(/\ACC)lAig) .
The purpose of this definition may be inferred from the concluding
remarks of (15.2) and of (15.4). We are now able to prove that A (C) has

the prorcrties discussed in §13z.

(15.5.2.1) 0 £ A(¢c) « =

(15.5.2.2) A(e+D) g Nle) +A(D).

(15.5.2.3) Ale+d) = Aled+ (D) ir ¢ d=20
(15.5.2.4) AMe) A (D) CeED

(15.5.2.5) A(eDddo 44 ¢+ o

(15.5.2.6) aac) = x(2).

Proof: Using the defiritory properties of a 1imit we see:
ror (15.5.2.1), (15.5.2.2), (15.5.2.4), (15.5.2.6): Immediate
by (15.1.4.1), (15.1.4.2), (15.1.4.4), (15.1.4.7) respectively.,

1
ror (15.5.2.5): (15.1.4.5) gives )\(.C> 2 "‘[EJ >0 -
s

For (15.5.2.3): According to (15.1.4.2).
(%) )\/1' (C+D):>\4CC>+)\A(D>,

excert when ' A
(=) Q’D-O CYA-'@4)+9

o~ N
Yow (+) mecns A—l@ A $ Dlec. Put - ¢ in (15.2.1), 2nd form the
N ———
Ao of (15,2,2) for this 0. Then A-l@ A € D lpg. o (%) implies A $ AL
o) o) o) 4 (o)

.
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Thus the set of a1l A ( £ I ) for which (%) is not true belongs to 7
(Use (15.4.2.).)

Conseguently

‘f(/\,*&w—b)[Aa:’I) = :e(z\,‘(C)+z\A(D)j AzI)
= ¢(M @) [ AeT) + ¢ (As(d) VA 1)

i.e.
ACeAD) = A(¢) +a (D).
In view of the remark made at the end of (14.1) the existence of
a A(C) with the properties (15.5.2,1)-(15.5.2.6) proves the existence of a
left invariant Haar measure.

§16. Connection between topology and measure

In §§17, 18, 19 we shall analyze in detail the nature of measure
in topological spaces. On the basis of those results, the most important of
vhich is Fubini's theorem (cf. (19.2)), we shall prove the uniqueness of
Haar's measure (cf. §20). With tke help of these facts, mainly the last-
mentioned one, we are zo‘ng to acquire a much rore precise knowledge of
the properties of Haar's measure. In the present section we shall merely
derive some easily established connections between the behavior of this
measure and the group topology.

(16.1) Throughout tris section we mean by ¥(..) a left invarisnt
Laar measure, i.e. one satisfying ¥(ai) = W(%) anc (13.2.1)-(13.2.5), as
described in (14,1). (A more elahorate definition and theory will be given,
as indicated above, in §§17-18.)

We wish to stress in particuiar the following point: The theorems
(16.2), (16.4) and (16.7.2.1) express the equivalence of certain purely

topological properties of G with other properties involving ¥(..). This is
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to be understood as asserting these equivalences for every fixed choice of
¥Y(i:) (subject to the above requirements for #(if)). 1I.e., those properties
mean the same thing for every such choice of WAi).

#e could even replace W(I) by a right invariant Haar measure, since
some of those properties do not involve the group properties at all ‘namely,
the topological form of (16.,2) and of (16.7.2.1), and (16.4.1) as well as
(16.4.2) in (1€.4)) —- i.e. we could replace G by G‘é (ef. 14.2.1).

(16.2) G is compact if and only if ¥(S) is finite.

Proof: As stated in (16.1), Y¥(N) must be such that the compactness

of G implies the finiteness of 4(&). We need therefore to consider the

converce statement only.

Suppose then that G is not compact. Consider a left invariant

Haar reasure ¥(..) in G. Let O be any neishborhood of the identity for which

-—

D =70 is compact; then D% is compact, so that, by (14.4) C = D @Dt is also

compact. lVrite a,= 1;

compact set aIC + ...+ anC.

after al, coay an & G has been defined, consider the
If G is not compact we may find a4 € G so
that a1 4’ alc + L.t anC. In this way we obtain an infinite sequence

-1
{ ani of elements of G such that for P<gq aq # apC ap(D@D ). This
means that apD and an are disjoint whenever P < g, hencg by synmetry whenever

r #q. Therefore

) 2 I v(a,D) = o,

as

1/(aiD) = (D) 2 ¥(0) > o.

Hence if ¥(G) is finite, G is compact.
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(16.3) If G is compact there exists on G a Haar measure &) for

which
d(aM) = V(L) = ¥(ia)

for all a £ G, and W) = ¥ D).

Proof: Since G is compact, 3 » G is also compact, and there
exists in G X G a left-invariant Haar measure y¥*. For any set » g G,
ley ¥ € Gx G be the set of all (x,y) € Gx G for which xy_lz L.
J#* is the inverse imaye of il under the c.ntinuous mapping (x,y) = (xy—l);
hence M3t is a Borgl set along with li. Ve may therercre derine a measure in
G by ¥' (k) = (i),

(This is only feasible because the compactness of G, and bence of
G » G, implies that (G x G) is finite -- and with it every whe(i#) and
every W(M). Without this it would be uncertain whether ¥'(1{) is ever finite.)

Now

(ait)* = (a,l)wr, (Ma)* = (1, a’l)w,
so that
o' (al) = (w) =1 (Ma).

It is immediately verified that J(1i) = (%) + V'(U—l) has all the desired
properties.

(16.4) In (16.2) we saw that a tojolo ical condition {compactness)
is equivalent, for groups, to the .~casure theoretic restriction of f{initeners.
A similar result in the non-finite case is thc lollowing.

The corditions (16.4.1)-(16.4.4) (below) are eguivalent:

(16,4.1) G is the sum of countably many compact sets.

(16.4.2) G is the sum of countably many sets of finite measure.

(16.4.3) Lvery collection of pairwise disjoint non-empty open cets

is countable.
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(16.4.4) If 0 is any non-empty open set, there exists’a countable

sequence 15 35, eee in G such that G = 310 + a20 * tese

Proof: (16.4.1) — (16.4.2): Obvious, since a compact set has I\1

finite measure.

(16.4.2) —> (16.4.3): Let $0u 3 be any family of pairwise dis-
Joint non-empty open sets , and let{ .‘»In} be a countable sequence of sets of

finite measure such that G = H1+ M2+ cece Consider the set Ni of all «

J
for which « (04 Mi) > %‘:. The set Nij is finite (in fact the number of ele-

. < 2 = .
ments of Nij is $j v(Mi)), so that the set N Z is countable.

S
i,3 '1ij
If &4 N, then V(O 'H;) =0 for i =1, 2, ..., so that v (0, ) = C, whence

O« = €. In other words, N exhausts all &« 's, as was to be proved. |

(16.4.3) —> (16.4.4): Suppose that there is a non-empty open set 0 ‘
sucy that for no countable sequence 415 35y e in G do we have
G = alo + a20 * oieee

Consider an a £ 0. Replacement of O by a—lo does not affect the
above properties, and 1 ¢ a-lO. So we see: There is no loss in generality if
we assume that 1 € 0., Since xy—l is a ceontinuous function of X,y, it is
possible to find two open sets Ol, O2 containing 1, such that x & Ol’ y & 02

1

imply xy- E O. I.e., such that 016 Ogl < O, Put P = 01-02. Then

P is ap open set containing 1, and FO P L € 0.

Let now {2 be the first non-countable ordinal of Cantor. We de-
fine a sequence (a¥ ] < -Q-) in G as follows: Consider an « < L
Assume that the an for all (5 < & have already been defined. Since
(aol > <® ) is a countable sequence in ‘G, our original hypothesis now

A
necessitates G # 2. a 0. Choose a®* 4‘ 2 apO (but, of course, a* g Q.
B <ot Pen




Thus « > 2 implies a‘i a0 , hence a é a‘3 (po@ P—l),
i.e. a< P ard ap P are then disjoint. By symmctry thic is true for all
oL g (5. So the & P, for all = < L2 form an uncountable collection of
pairvise disjoint non-empty open sets. Tiiis contradicts (16.4.3). I.e,
(1€.4.3) implies (16.4.4).

(16.4.4) —» (16.4.1). Let C be a neighvorhiood of the identity for
which O is compact; then if Znano covers G, so does Z_nans.

(16.5) The groups G described in (18.2) are compact; by analogy
we call those described in (16.4) (i.e. those which fulfill the equivalent

conditions (16.4.1)-(16.,4.2)) semi-compact.

There is an essential difference between compact and semi-compact
groups: e.g. the conclusion of (16.3) is not in general true for the latter
ones. In fact, in compact groups an alternative method of obtaining the

7
entire theory of measure exists: It is the approach by almost reriodic functions)

which gives e@¢istance, uniqueness, ~nd general two-sided invariance of the
measure in a simpler way. we do not rropose, however, to discuss this pro-
cedure here, but will continue with the general metlod wldich aprlies to all
(locally compact) groups equelly.

On the oblier hand there is no real difference between the semi-
compact case and the peneral case. Theorem (18.6.%2) below shows that the
topological structure of any (locally compact) group can be expressed in
terms of the structure ol a semi-compact one.

(16.6) Vie prove first the followinz lemma:

(16.6.,1) Let G be an arbitrary topolo.sical group, G, a subgroup

of G, and assume G- # ©. Then every set which is the sum of any number of

lert (right) cosets of Gy,_is both open and closed in G. Hence in particu-

lar, every left (right) coset of Gl’ and thus G1 itself, is both open




s

ard closed in G.

Proof: By (14.2.1) it suffices to consider left cosets. Since
the complementary set of any sum of left cosets is again a sum of left co-
sets, and since any set with an open complementary set is necessarily closed,
it suffices to establish the openness. Since the sum of any number of open
sets is open, it suffices to show that 211 left cosets of G1 are open.

Since every left coset of Gl is of the form aGl, it suffices to prove that

G1 itself is open.
We have Gli # ©, choose a bo E Gll. Now consider any b & G.

-1 -1 .
Then bo’ be Gl’ s0 bbo £ Gl' Hence bb0 G1= Gl’ and so

-1 i i - -1,
bbo . G1 Gl . Consequently b bbo bo < G1

bitrary, this means that Gl is open, and thus completes the proof.

i. Since b £ G1 was ar-
(16.6.2) We call a subgroup Gy of G with ¢t ¥ 6, i.e, one to
which the results of (1€.6.1) arply, a full subgroup. Clearly (16.6.1)
expresses this: A full subgroup Gl of G embraces the entire topological
character of G ,all in G that goes beyond Gy, described by the (left or
right) coret structure of Gl’ is topologically vacuous -- since all sums
of cosets are identically open and closed. Observe in particular that C1
is locally compact if G is.
It is in this light that the theorem which follows should be

vievied.

(16.6.3) Every (locally compact) topological group G possesses a

full subgroup G,, which is semi-compact (in the sense of (16.5)).
Proof: Let C be a compact set with 1 & C*.  Then define a se-

quence of sets Co’ Cl’ 02, ... a5 follows:



(16.6.3.1) C, =¢C

-1
(16.6.2.2) Ces1” Co @ Ce for /=0,1,2, ....
(16.6.3.8) Gy = C* Cy* Cot ..o

+
Vie now prove successively:

@) If Cp is compact, then C‘e—l is too, and so is CY+1= Cé_l@ C‘Q
by (14.4). Now Co is compact; consequently all Co, Cl’ Cz, .+s are compact.
({!» ) Assume 1 & (22‘ Then 1 & (Czl)i as well, hence for every a £ (.)1,
a/sg (Cél)ia = (C‘[la)i s (CZ OCe)i = C€+li' I.e. G € C?+li. We restate:
1z cli implies G, £ ceﬂi.
(¥) The final result of (# ) shows that 1& Czi implies G, £ C€+1i,
hence Cli 3 C( +1i’ hence 1£ G +1i- Now 1 £ Coi, hence 1 & Czi for all
{ = 0, 1, %2, ecuoe Therefore ((}) permits us to assert unconditionally:
Mways C, £ %+1i.
(5 ) Now () implies C, £ C,,,, i.e.
C, £ 0y & Cp
(&) (16.3.2) and (§) zive, considering (16.3.3), that

n

G, 2 Gl @Gl’ This means obviously that Gr1 is a subgroup of G.

(@) Since 1 £ Coi, hence 1 € Gli, we have GlfL £0o0. I.e. G, is

1
a full subgroup of G.

(f) Owing to (&) G, is semi-compact (cf. (16.5)).
The proof is thus completed.

(16.6.4) The semi-compact full subgrour G, of G, which we discussed

1
above, is in general not a uniquely determined object. Ve can choose Gl= G
if and only if G itself is semi-compact.

For a general G we have, however, tiis:

Given a sequence Do’ Dl’ D2, ... of compact subsets of G, the semi-

compact_full subgroup G, of G (cf. (16.6.3)) can be chosen so that G, 2 De
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for all 4 =, 1, 2, ....

Proof: Repeat the construction of the proof of (16.6.3), with the same
(16.6.3.1) and (16.6.3.2), only replacing (16.6.3.2) by
-1 .
(16.6.4.1) Cpe1® C, o Ce+ Dy for € =0, 1, 2, ....
Then the considerations of (¢ )=(¥) in the rroof of (1€.68.3) arc absolutely

unaffected; hence Gl is azain a semi-comuvact fuil subgrour of G.  And fur-
thermore Gl:g Q£+1,§ 92 for all K =91, 2, ..., as desired.
(16.7) “e conclude this section by discussing another topolo-ical

propert; winich is equivalent to a property of the measure ¥(.). (cCf. (16.1).

N~

A topolo;ical .space S is discrete if €Very p £ S has itself --
l.e. the one elerent set (p) -— as a neishborhood. Ther obviovsly every set
“ € S is oth oren and closed, and . is compact 1 and only if it is finite.

(Proof of the last statement: Every Iinite set | ie obviously corpact.

Conversely, let .. be compact. M= & (p), and here each set (p) is open.
beM

sence 4 S (pl) + ...+ (pn), i.e. M is rinite.)
The lemma wh:ich follows is of some interest.

(16.7.1) & locally compact S is discrete if and only if every compact

set CS S is finite.,

Proof: Necessity: rstabliched above.

Sutficiency: Assume that S is locally compact and that every compact

C

11V

S is finite. Consider a ; & S. D possesses a neichvborhood o vilh coim-
pact closure C. Thus G: and with it O, is lirnite. Denote the elerrnte £p
of J by Pis eee, Ppe For every i = l, «.v, m fornm a neirhborhood Pi of p

with p; f( P;. Thent =0 « Py« «.. = P ie also a neighborhood of p.




Hence p £ @, never p; £ & since never p; € Pi’ and Q has nc other

elerents tran p, P15 «+v, P 5 since Q £ 0. Thus P = (p). This proves

the discreteness of 8,
We can now reach our real objective:

(16.7.2.1) G is not discrete if ang only if Y((a)) = 0 ror every

one-element set (a).

(16.7.2.2) If G is discrete, then y(.I) = Cn(l), where ¢ is a conctant

20, <o , and n(i) is the nurber of elements of ...

Proof: sor (16.7.2.1): Sufficiency: Assume that always ¥((a
Since (a) # 6, this excludes the operness of (a) by (13.2.4). 50 g cannot
be discrete.
uecessity: Assume that v((a )) # 0 for an appropriate a € G. Put
'V((ao)) =C. Then(C >0 by assumption, and C < s because the cet (a ) is
compact.  Uwing to the left invariance ¥{(a) V((ao)) for every a ¢ G,
-1

since (a) = aa e (ao). S0 we see:

(*) ¥((a)) = C tor all a & G, where C is a constant > 0, < eo .

—

Consequently Waith  hods {4 Ay
sels M (c# the
() (i) = cn(i) for every finite set . € g. Zﬂ;ﬂf of (167, 2)
e ow)
- - nd
Low for every copact set D, ¥(D) is “inite; hence by ('*')rn(.)) is +

finite, i.e, D is a finite set.  Therefore G is discrete by (16.7.1).

For (16.7.2.2): The desired formula was established lor all finite

sets I under (:4:) above, . If Il is infinite, then we can Jind an n-clewent set

;‘n € X for every n = 1, 2, .... low V(i) 2 V(Ifn) = Célfor all n=1, 2,

.."
leee v(¥) = 0. Since n(il) = 2 also, this proves (3=¢) for all infinite

sets 1 too.

h“_
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Chapter Iv

s
Uniqueness

§17. Set theory. In this section we shall discuss certain

combinatorial properties
to apply later. Let Sbv
classes of subsets of S.

(17.1) A class
ws, 28 £ N

of classes of sets which we shall have occasion

e an arbitrary set: we define five tyves of

W, of sets is a ring if A,3 £ % implies

(17.2) A class of sets is of t_;zgea if, whenever it contains

A and B, it also contains

Cl’ ety Cn’ such that

—

a finite number of pairwise disjoint sets,

X1 + +
Cl coe Cn.

Wie shall use the letter &29 to denote the generic class of this type.--

(17.3) A class

E?' of sets is a field if A,B £ EF— implies
N

A+B, &E' z SF: We observe that if A,3 £~5r then AB = (A+B){(A'+ B')

~
where A! = (A+B)A, and Bt
(17.4) A class
implies Al + Az + o0 £
we note that since
)
where A', = (Al* A+ cee)

(17.5) A class

- (A+B)B, so that AB £ Z.
93 or sets is a Borel field if Ay, Ay, «oe € 93
~
A,B mplies . As above
B anaa,p ¢ B imprs e B

/._____/
cee ® (A1+ Ay* ...)(Ai-* AL+ cee)s

¢ B.

UUZ of sets is a monotone Borel ring if

Ai, it follows that AlAz see

A, €...andA £ m,for { = 1,2,... implies A+ A+ ... € M and

at the same time A, 2 Ay 2 ... and Aizm ,for i = 1,2,... implies

A

LBy e e M.

79



80

we note that the set or all subsets of S‘ fulfille the corditions

of all five definitione, and trat thc intersection of any nurnber of rin:s,

Tields, .orel fields, or monotone orel rings, respectively, is arain a

class of the same typre. lience with an arbitrary class [‘/ ol sets we

May ascociate the intersection of all rings containing C": thie inter-

sect.on is iteel: a rinz containing ¢ and is the crallest cuch ring. e

denote it b, % (C') + Sindlarly ve denovte by ?(Cj) 93(6’) ~nd

772(6') respectively, the s

mrllest field, orel Yield, sr monotone

Jorel rin- containinz= Cv The abovre statewrnis Lo =0t arrly, touever, to

cete of Tme @ :an intersection »7 cven WO snch sets need rot ve of t me

iNd one cannob delire the
’

for:'.C + ... +C »
n

c
<

mallest set of tire @ conbainliig ¢ at ail,

Lo Zenote che collzction of a1l sets of the

vwhere Ci £ C‘/ ard Jor 1 £ 3, c.C. = @) i,i = 1,...,n.

73

(17.€) Let W be a ring, Vl the class of all sets of Lhe orn

/
AB, where 4 and B are arbitrary elec-ents of R and O tre class or 211

Conn

"~
S€Ls ol tLe form AB vwhere 4 and 3 are in ﬂe ond 4 2 2

. Then L2 is of

tyve @ and M-" /(/L/.

/
Proof. Clearly dL =3 5 or the other hand A,” € % imnlies

~ Y / 7/
ab = A(n2) £ I/&, so Jhat /02 = /A Consider n>v Lhe difference of any

/
two sets in.OL : i.e. surpoce that Al’gl’AZ’BQ é‘@?) Al 2 B

T~

l’ AZ CD ‘823

and consider (Alrgl)(Azﬁé). Vle have
/\/

r~ ~ / l-*\ o~ N
(AlBl)(Az—lz) = \Al 1/( 2+ -—2)
. o A N g"
T APt Y335,
—— —
= A (hy* By) + (A,3.)1..
1 1 17271
P ~ ~r
Since (A2+ Bl) £ A, £ 35, the terme uf the last written sum are disjoint,
and since ﬁ_ is a rinz, each addcnd is in M— * This corpleter the rroof

that M is of uype @



8l

/
(17.7) If M is a class of type 02 then ?/,02) = C@K&)
Proof. Jt is clear that 0@-’—&@7@);—6 ‘7-: ?m).)

we shall prove that C@: F by showing that 02 is a field.

(17.7.1) It is clear from the definition of @[&) that

+ ..o * Dng @'

D, £ D fori=1,...,n, D;D, = € for 1 4 j, implies D

(17.7.2) If A,B £ {2 then AB ¢ 2.

(17.7.3) If A £ &) and Bt L2, then &3 ¢ @ For by hy-
pothesis we may write A as a disjoint sum of sets of a/ A= A1+ A2+ eeo * An’
so that

Ar o~ o~ ~
AB = (A1+ cee * An)B = AB+ ... +AB.
By (17.7.2), A;g £ @, and it follows from (17.7.1) that AB £ @
(17.7.4) If A,B £ @) then AB £ @ For if B = By+ ..o * B
where the Bi are pairwise disjoint sets of 1/& » then
P /—-\/ A~ A~ ~
AB = A(Bl+ eee t Bm) = AB182 Bm,
and the desired result follows by repeated application of (17.7.3).

(17.7.5) If A,B £ @) A+B & @ For we have A+B = AB+B. The lattex
sum has disjoint addends which (by (17.7.4)) belong to @ , hence (by (17.7.1))
it belongs to 62 .

Together the statements (17.7.4) and (17.7.5) merely assert that
is a field, as was to be proved.

(17.8) 1z F is a field, then JO(F)= W (F).

Proof. The structure of this proof is similar to the one given

above. We observe that m= m(\?) £ 93: %(7) , and we shall

complete the proof by showing that m is a Borel field. We remark that

it 1s sufficient to prove that '(W? is a field. For if m is a field

3 W? , whence (since %

andAi & 992, i=1,2,..., then Aj'_ - A1+ ces * Ai
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is, by definition, a monotone Borel ring)
oo co /
ZC:: A‘: = ZC=| A ¢ m :

To prove that m is a field we introduce three auxiliary classes of sets

as follows:

/
1,8 a; ,
Let m” be the class of all sets A such that for all B &£
1 m
/14

we have A+B, AR, KB ¢ DM. It is easily verified (cf. (17.5)) that 02?;
'?22” and m”’ are monotone Borel rings since m is one. It A £ m ’
and B £ F  then (by the definition of 37l’) A+B, AB, AB £ X, so that
(interchanging the roles of A and B and using the definition of /I ”),

B & WZ" This means that 3— £ mﬂ and therefore

(17.8.1) Wr= w2 (¥)s W’

Hence 1f A ¢ W (so that A ¢ m’ ) and B £ ZZZ' then A+B, AB, AB e W,
and (again interchanging the roles of A and B and using the definition of
M"y it tollows that B £ M ': or,

(17.8.2) m' s "
Finally, the fact that g is a field implies that ? £ ’ so that
(17.8.3) W = WM(F) £ wb
Combining (17.8.2) and (17.8.3) we obtain
e s
and this implies that for A, B £ 202 (and therefore A€ T2 s B e )
we have A+B, AB, AB ¢ m, 1.6, W is a f1e1d.
(17.9) 1£ Z is any class of sets and A, is any set, we denote
by 5 Ao the class of all sets of the form Mo’ where A ¢ g
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It ﬁ is a ring a.ndAOZ % then

A
(17.9.1) P 7° is the set of all B s R withB <

ar.e.2) B(R4%) = (BHR)?

A
Proof. For (17.9.1): Every element B of % ° has the form

and

B=AA, AE %, hence B ¢ W/ B £ A Conversely, B £ " ,

c %Ao
B:AoimpliesB=BA°£ .

A As
For (170902)3 By (17.9.1) % ° ;C_. m ) 8o that B(w )g— %(%)-
A
Since the sets B € AO form a Borel field which contains all 92 ® and
A Ao

therefore ﬁ (‘R.Ao) ) %(% o) ZC‘ (%(m)) . Conversely, the sets
Avwith BA_ £ B(RA°) form a Borel field. Since A £ X implies
w s A c B(R*) tnis porel field contains W and therefore

%‘3(%) - Hence (% (%))40 & %(R4°)) as was to be proved.

(17.20) £ R 45 a ring and & £ B(R) then there exists a

sequence Al, Az, ess of sets in R such that

(17.10.1) A1 & Az € AS S ..o
(17.10.2) A= AAy +AAy *+ ee s

Proof. The class of all subsets of all sums of the form
A+ Ayt ... with &, s T 15 a Borel field containing R and therefore
containing % ( R ) This proves that every A £ 03 (W) can be written
in the form (17.10.2) with A, ¢ R ; replacing Ay by A+ ... + A, We
obtain (17.10.1).

Combining the results in (17.6)-(17.10) we may sum up as follows:

(17.11) Let K be any ring of subsets of S. _We obtain the

smallest Borel field. 93( % ) containing ﬂ by the following sequence

of etegs.
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Ao

(0) For any Ao E % , form the class m of all sets A & x

<
with A £ AO.

o AO
(I) Form the class @Ao of all sets AB, with A,B ¢ W )

(II) Form the class 3;’ of all sets A.l+ ces * An, where the Ai

are pairwise disjoint sets of 6@4,_

(III) Form the monotone Borel ring WZ4° = m [3;0)

(IV) Form the class % of all sets A = A1+ A2+ «sey Where

un

gl

< E 3
Ay € ...and A, £ o, for some AOk. e® ,1=1,2,....

Then ?3(%): %

We observe that if /-b(A) is a completely additive non-negative

measure defined on % = %(ﬂe) which is finite for A & 32 > then each
of the steps (0)-(IV) determines the measure of the sets formed in terms
of the sets given.
Indeed (0) is only a selection from [t 3 (I) uses the operation
A with A 2 B and s (4), #+(B) finite.(since A,B ¢ A_), so that
,u-(A%) = g (4) - P (B); (II) uses the operation ALt .o+ A vhere
the A, are pairwise disjoint sets, so that (A +...+An) - /J»(A.l)*...*/»‘-(An)-

3 <
(III) is based on the operations A1+ A2+ ... With A__L:C A2 £ ... and

-_—

AjA, ... with Al;i A, 2 ... In the latter case all ,u-(Ai) are finite
(since Ai < Ao), so that /"'(AlAZ"') as well as /a—(A1+ Ayt .e.) equals
lim . _, 0o /A—(Ai). (IV) again uses the operation A+ Ay+ ... with
A £ A, £ ...e

Thus many properties of /+ on % (% ) can be established by
proving that they are valid for A on ﬁ - By way of illustration we
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mention that if two measures 4+ and ¥ are equal on % then they are
equal on 03 - We shall make many applications of this type of (17.11).

An example, often used in the sequel, of a ring of sets is given
by the class of all compact sets in any topological space.

§18. Regularity. 1In order to prove the uniqueness of Haar

measure we have to show that among all measures there is essentially only
on.e that satisfies the conditions satisfied, in particular, by the measure
we derived in the existence proof. In order to make this statement more
specific we have to specify exactly what we are going to mean by a measure,
and what the characteristic properties are. Throughout the remainder of
our work when we discuss measures on locally compact topological spaces
we make the following assumptions. ‘R, is the ring of all compact sets;
% = %(%) is the smallest Borel field containing ﬁ Sets of 73
we shall call Borel sets and we reserve, from now on, this terminology for
sets of 03 exclusively. (Thus our terminology is here at variance with
the usual one in topological spaces ~— the one we used in Chapter 1 —- ac-~
cording to which the Borel sets are the members of the smallest Borel field
containing all open sets.) A measure is a completely additive and non-
negative set function with domain 5 > which is finite for compact sets,
and which satisfies another regularity condition, which will be discussed
in this section. (Cf. also 4.2.)

Consider the following two conditions on a measure V.

(18.1) For all M, v (X) = sup ¥ (C), C £ M, C compact.

(18.2) For all M, 4 (M) = inf v (0), ¥ £ 0, 0 open.
(We write the symbols v (M), v(0) » etc., with the understanding that the

arguments M, O, etc., are Borel sets. Observe that, according to (2.1.5),



(2.3.2) and (4.8), the measure given by our existence proof (§15) satis-
fies both these conditions.)

(18.3) Both oonditions (18,1) and (18.2) are hereditary under

steps (II), (III), and (IV) of (17.11): 4.e. (in the notation of (17.11))

their validity for all sets M in all @A , guarantees their validity for

all M ¢ % = ﬁ(%), where ?K is the ring of all compact sets.

‘ Proof. We conclude from the discussion following (17.11) that
we must prove (18.1) and (18.2) to be hereditary under these three opera-
tions:

(1) A+ <o + A, where the A, are pairwise disjoint.
(11) A1+ 124‘ e sey Where A'l = Azg cove
(444) A) « A, » ..., where A, 2 A, 2 ...,

Throughout (1)-(1ii) every A, £ ‘o,i for some A

- g £ R, nence a1l

’

y (Ai) are finite.
Thus six assertions result, which we now proceed to establish.

For (18.1) and (i): Choose any € > 0. Choose C, £ A, with

i

i
- e =
}l (cp) = v (Ai) */u - Put C Cyt +ee #Cpo Clearly C £ Ay+...+ A.

Since the Ci are pairwise disjoint, along with the 4,, so
'V(C)r—' V(C,)-} e d y(Cu ) 2 vl(Ah,)+--+ v(A.) — ¢

= V(Al“‘"' “A"‘) - €.

For (18.1) and (ii): Choose any & with v(A1+ Ayt ees) > & .

This means 1lim "’g(Ai) > &, 80 we can choose a j with v(AJ) > X,

Now choose C & Aj with V'(C) > «. ClearlyC € Lt Ayt eees

For (18.1) and (i1i): Choose any & > 0. Choose Cy s A

> - &Lr - . . o
with ¥(C,) 2 v(4,) €/4¢ . Put C Cy* Cp* «eeo Clearly C € Aje Ane ...,
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Owing to the easily verifiable set-theoretical identity,

N — ~ ~
(A_l. A2° ces) ® (cl. 02. yeo) E (Alo Gl) + (Az. c2) + ...

we have

V(Alo Age ...) = v(C) = V(A Aye Lll) - V(Cy* Cpe .vn)
—— — ~
- V((Al' Aye cee) o ( Cqy® Cp° ces)) =WV (Al Cl) +v (Az' 02) P

= (v (&) =% (0)) + (¥(By) = ¥(Cp)) + v S €

1.6. V(C)ZV(A].. A2. ooo)- e-

For (18.2) and (i): Choose any € > 0. Choose 0, 2 A; with

€
< =
v(0) § v(a) + . PubO=0+ ... +0. Clearly0 2 A+ ... + 4.
Further
< <
v (0) S V(Ol) * e +~/(0n) = V(A + ..t v(An) + €
- 'V(Al"' seo +An) + € .

For (18.2) and (ii): Choose any € > O. Choose 0, 2 Ay with

v (0,) S v(a) + % Clearly 0 2 A+ Ay* .... Owing to the easily

verifiable set theoretical identity

(0% Op¢ on) o (Bg* Ay* o0) € (01 K)) + (0, Ky + ...

we have

v (0) - V(A* A+ ..l) - v (0,+ Op* «..) = v(Ag* Apr L.}

L r~ land
- V((Ol* 02+ 000) d (Ai+ Ai+ 00.)) 5’/(01. Al) + V(Oa Az) + o0 e

= (¥ (0)) =¥ (A)) + (¥(0y) =~ v(a)) + ... 5 €,

i.e. v (0) S v(A1+ At ees) +E.
For (18.2) and (ii1): Choose any & with v(A1° Aye ees) <& .

This means lim «+ (A,) < ® , 80 we can choose a J with ¥ (A,) < & .
ey i / J

Now choose 0 2 A, with ¥ (0) < 4. Clearly 0 2 Age By oee

J

e
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(18.4) We show next that for the general validity of properties
(18.1) and (18.2) we need require their validity for only a comparatively
small class of sets. In the following proofs we make use of the local

compactness of the space.

(18.4.1) The validity of (18.1) for all open sets M with compact

closure implies its validity for all Borel sets.

(18.4.2) The validity of (18.2) for all compact sets implies its

validity for all Borel sets.

Proof: We observe first that, due to (18,3), in both cases we
have only to prove that the conditions are valid for all sets of the form
~/
CD where C and D are compact sets, D € C. We suppose accordingly that

we are given two such compact sets.

For (18.4.1): Choose any € > 0, and an open set 0 2 C with
compact closure. Then od is also an open set with compact closure so that,
by assumption, we can find a compact set C' £ OD with
V(') ZV(0D) - €. Thus

v(ODGC!) = v(0D) - v(c) S €.
Since C « C' is compact and C « C' = C « 0 + D = C * D, and
~ N o~ 1~ P~ e
since (C D) » (C «+C') =C = (D +C') £ O+ D+ C', we have
~ ~ N ar A~
v(CD) - ¥(C-C!') = +((CD) « (C~cCr)Sv(0DC') S €,
f.e. v(CC')ZV(C - D) - €.

For (18.4.2): Choose any € > 0. By assumption we can find an
open set 0 2 C with v(0) $ v(C) + €. Thus ¥(0C) = v (0) ~ v(C) S €.
Now O « D is open and O -D2c -hﬁ, and since

~ 7 = ~ o~ ~
0D+ (C*D)=(-C)*Dego-T,

we have
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N

v D) =v(€D)=v((0+T)+(C+B)s+v@©: T < €,
1.6 v(0 +D) S +(C - D) +€ -

(18+5) The following two conditions on the measure V are equiva-
lent to each other and to (18.1) as well as to (18.2).

(18.5.1) For all open sets O with compact closure

v(0)= awpv(C) CsO,

C compact
(L.e. (18.1) holds).

(18.5.2) For all compact sets C

v(c) = ,,,'.4/4/(0')) (93(_')0'
(1.e. (18.2) holds).

open

Proof: (18.5.1) is equivalent to (18.1) by (18.4.1), and (18.5.2)
is equivalent to (18.2) by (18.4.2).

So we must only prove that (18.5.1)
and (18.5.2) are equivalent.

(18.5.1) ->(18.5.2): Let a compact set C be given.
€ > 0.

Choose any
Choose an open set O 2 C with compact closure.

No
Then O « C is
also an open set with compact closure.

We can find, by assumption, a

compact set C!' £ 0 «Cwith +(C') 2 v (0 » C) = €. Thus
~r [ad r~

V(0 e¢CeCt)a v(0+C)- v (C')S €.

~ ~ -
Now O » C' is open and O « C* 2 0+« (0-C)=c.
v(O+CH-v(C)=v(0-TI.Tjs €,
i.e. v(o-'(\:/')f v(C) + €.

Furthermore

(18.5.2) —»(18.5.1):

Let an open set O with compact closure be
given.

Choose any € >0, 0O's closure,-a.,is compact, and with it O /5,
(the boundary of 0)., We can find, by assumption, an open set 0! 2 0 . ’C\J/

with ¥(0") S ¥(T+0) + ¢

T —

Thus & (0t « (0 +0)) = » (01) - v (3°0) £ €
Now O is compact, and with it O « 07,
~ e~

ot <

Clearly
0. 0 (60'5’) = 0. Also, since




= ~ =
0+(0+0t)=0+0" £ 0!+ (0+0)=0"-(0~0)

therefore

v(©) = v (3.0 = v (0 (00"
- =,
S vt «(0+0))s €,

-— o~~~
j.ee ¥(0 e 0t)2 v (0) -€.

(18.6) Our results so far motivate the following definition.
If ¥ satisfies any one of the four equivalent conditions of (18.5) we
call 7 a regular measure. In all the following sections we shall as-
gume, in addition to the general assumptions formulated at the beginning
of this section, that the measures we are dealing with are regular.

(18.7) We remark that (18.5.2) implies (18.5.1) even if we do not
require in advance that every oompact set has finite measure, but replace
this by the weaker assmnptién that no point has infinite measure. For
then (18.5.2) implies that every point p has a neighborhood Op of finite
measure, so that for every compact set C we have

The definition of compactness implies C £ 0P1+ oo * 0p , whence ¥ (C) < eo,
n

and the proof may be carried out as in (18.5).

(18.8) The considerations of regularity of measures are usually
obscured when, in discussing measures, only separable spaces are dis-
cussed, since in a locally compact separable space every measure is regular.,
For in such a space every closed set M is easily seen to be the intersection
of a countable set of open sets O;, Oy, .. (1.e. every closed set is a Gy ).
If M = C is even compact, we can find an open set O 2 C with compact closure
D = D, and replacing each O, by O * 0y ... Oy, Wwe obtain D 2 0,20,2 ...,

. and 0102 ... = C. Hence limv(oi) - V(Oloz...) =~ (C), and this implies
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(18.5.2), i.e. the regularity of V.

The reader who knows Caratheéodory's notion of regularity‘®) will
note that the form (18.2) of our definition of regularity is very similar
to Carathébdory's. Nevertheless there is a fundamental difference between
the two, which is particularly clear from the above remark. Our regularity
is vacuous in a separable space while Caratheodory's original concept was
formed in a separable space -- n-dimensional Euclidean space. This is, of
course, due to our considering Borel sets only, while in this part of Cara-
theodory's theory the main emphasis is on non-measurable sets, which are en-
tirely outside the domain of our discussion.

§19, Fubini's theorem. In this section we assume that S and T

are locally compact topological spaces and that 4« and V are measures
defined on the Borel sets of S and T respectively. (We recall that in
accordance with the conventions of the preceding paragraph s+ and V/ are
assumed to be regular and to be finite for compact sets).

In the considerations which follow we shall have to make use of
the notion of integration, for both measures 4 and 4. But we shall
need it only with integrands which are everywhere 2 O. Accordingly we

shall intdoduce the notion of a Baire function, always bearing in mind the

two following points: First, that we can restrict the values of our func-
tions to real numbers 2 O3 Second, that under our present definitions

the entire space may not be a Borel set. (Cf. the beginning of (18) to-
gether with (17.4).) Indeed, one concludes immediately from (17.10) that
the entire space is a Borel set, in our present sense, i1f and only if it is
the sum of countably many compact sets —- which need not be the case. Con-

sequently it is advisable to require that at least the sets where our func-
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tions are > 0 (i.e. ¥ 0), be Borel sets.
For the above reasons we define as follows:

(19.1) A function £(x) is a Baire function if its values are

real numbers 2 0, and if for every & > O the set of all x for which

f(x) 2 & is a Borel set.

It is well known that this family of functions is closed under
the operations of addition, subtraction, multiplication, and passage to
the limit (of an everywhere convergent sequence), and that a theory of
integration, analogous in all respects to the usual Lebesgue theory, can
be developed in it for any measure of the type we are considering, and
we shall freely make use, in what follows, of the concepts of integral,
integrability of a Baire function, etc. (Since the functions under con-
sideration are everywhere 2 0, integrals with the value + * are admis~
sible.)

(19.2) Let 5 x T be the product space of S and T (cf. for example
(14.1)). For every set M € S x T we denote by M_ (or My) the set of all
points y £ T (or x £ S) for which (x,y) € M. We denote by 7’; (x,5)
(or (h;-(x,y)) the function KITS (x,¥) = x (or 'TTT (x,7) = 7); Tg and
WT are the projections of S * Ton S and T respectively. For any set
M E S~ Twewrite Mg = T (M), My = W (). We note that Mg

and ’IE- are continuwous functions with domain S ¥ T and ranges S and T

respectively.
(19.3) We establish now the following facts:

(19.3.1) If M (£ 8 = T) is compact, then Mo, My are also compact.

(19.3.2) M(£ S *T) has a compact closure if and only if Mg, Mo

have compact closures.
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Proof: Fc?r (19.3.1): Mg = /17:; (M), MT -’D’T(M) are con-
tinuous images of the compact set M, hence they are compact by (5.5)_

For (19.5.2): Necessity: M is compact, so (-ﬁ)s, (ﬁ),r are
compact by (19.3.1). Now M € M so Mg < (f{)s, Mo £ (ﬁ)T, hence
E, i; are closed subsets of (fl)s, (i)’l‘ respectively., Thus they are
compact too.

Sufficiency: If Fs" EI'- are compact, then.lfs‘*i; is compact by
Tychonoff's theorem. Consequently it is also closed by (5.1)_. Now
clearly M € MS x MT < -l_ds- X E;., hence M is a closed subset ofis—x TM;
Thus it is compact too.

(19.4) The principal object of the present section is to prove
the following theorem.

Fubini's theorem. For every Borel set M £ S « T

(19.4,1) M_ and My are Borel sets (in T and S, respectively)

for all x and y;

(19.4.2) v (Mx) and s (My) are Baire functions (defined on S

and T, respectively);
Voo e (1944.8) js ‘V(Mx)d—/‘-(") = ,f;_/*(/“y)dV/.‘f’) ¥

(19.4.4) The common value ,2 (M) of the integrals in (19.2.%)

is a completely additive, non-negative, regular set function defined for

all Borel sets M & S x T and finite for all compact sets: in other

words P (M) is a measure in S« T,
T

The proof will depend on several auxiliary results which we

state separately as lemmas.

(19.5) If M is any compact set M £ S x T, then corresponding

to every point y £ T and every open set 0 £ S for which My 0
o




94

we may find a neighborhood P of Vos o & P £ T, such that y &£ P implies

1(1 € 0. In other words M - is an upper semi-continuous function of y.

Proof: Let 0' & T be an arbitrary neighborhood of Yo and form
the direct product O » O'. For any point y £ My, ¥ ¥ Y, let Qy be a
- ¥*
neighborhood of y, such that Yo # Qy Let O* be an open set, 0 £

LR =%

We have

»
Mg 0x0 + Z;}:MT,:I'#% 07 2y

=65==5 such that i £ O".

Since M is compact we may find a finite number of points Yys cees yt £ lLI.
such that

A

M < 0',‘0',4- Z_‘.=, 0'*-1@,7‘..

M
Let P be the complement of Z‘-,, Qyi; then P is an open set, P £ T,

and, because of the choice of Qy’ J, £ P, We assert that P is the

neighborhood whose existence the theorem states. For if Yy & P and
(x,y) £ M, then (x,y) t o* x Qy for any i =1, ..., n.(since y {. ay ),
i i

so that (x,y) € O x O', i.e. x £ O. Since this is true for all such x,
we have uy £ 0, as was to be proved.

(19.6) By a rectangle we mean a set of the form A » B where A and
B are Borel sets (in S and T respectively) with finite measures. (Observe
that if S and T both coincide with a Euclidean line, hence if S » T is a
Euclidean plane, then our nof,ion of a rectangle is more general than that

one of elementary geometry) By a rectangular set we mean a finite or count-

able sum of pairwise disjoint rectangles. We observe that (19.4,1)-(19.4.3)
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are valid for any rectangle (and therefore for any rectangular set). For
if M = A x B then

Bifx g A (AifyiB
e {eifx¢A 5 eif y 4 B
so that
v(B) ifx ¢t A M(A) ifye B
y(u")-{o ifxd A 7 /u'(ny)-{o ity$ B

Consequently (19.4.1) and (19.4.2) are obvious and

[ My )dpelx) = pula)v(B) = oty delaty).
S

(19.7) If E is any Borel set in T and if to each y £ E there

corresponds a neighborhood 0y of y (s0 that E & Z_;!‘ € 0.7 ) ’

then there exists a countable sequence Yys Tos ee- of points of E such

~
c -
wat B £ D .., Q. + N, wherewv (N) = 0.

Proof: It is sufficient to prove the theorem in the case when
v (E) < @ ; the general case follows from the fact that every Borel set
is the sum of countably many Borel sets of finite measure.

If E has finite measure then, because of regularity, we may find 2
compact set C, S E such that v (an) < 1l/n. Since C, € Z'aeca 0; ’

there exist a finite number of points y’i, coey yn in C, (and therefore in E)

Row k,

o>
such that C £ Z.‘-z, 01;‘ . WewriteC= 2, C_, then

Z:, Z.tj 0’3‘.“ :

n’

tin

v (€ E) § ~(C_ E) < 1/n, so that v(C E) = 0, and CE

in other words the sets Oyn cover E except possibly for a subset of the
i

~N
set C £ of measure zero.

(19.8) We are now ready to give the proof of Fubini's theorem.
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We assume first that M is a compact set, M £ S = T.

(19.8.1) For any fixed x £ S, consider the set of all points
(x,7) € S~ T. This set is clearly closed, hence its intersection with
M is compact. 1f we denote this intersection by MJ'{, then the projection
of M! on T, (Ml)p (cf. (19.3.1)) is again compact; but (":':)'i" M_. Hemce if
M is compact, llx is certainly a Borel set for every x, and similarly M - is a

Borel set for every y.

(19.8.2) If M is compact, /u(My) is an upper semi-continuous

function of y for y £€ T. For any € > O and v, € T we may find an open set

0 € S such that My € 0 and ,(0) S /A.(l(y ) + €. According to (19.5)
o )

we may then find a neighborhood P of Vos Pg T, such that for y &£ P, My 0

s0 that (M y) s fL(Myo) + €, This proves the upper semi-continuity of
z (My) .

(19.8.3) We can now prove that V(Mx) and ,u.(My) are Baire func-
tions of x and y respectively. By symmetry we may restrict ourselves to
considering /‘—(My) .

Consider an & > 0. Since /‘-(M y) is upper semi-continuous by
(19.8.2), the set of all y with 4 (My) < & is open. Hence the comple-
mentary set of all y with /"“'(My) > & is closed. This set is a subset
of the compact set M., since y 4 U, implies l% -0, am (My) = 0, so that
the set of all y with /&(lly) 2 & is compact, and therefore a Borel set.
Thus /v(My) is a Baire function of y.

(19.8.4) We prove next (assuming still that M is compact) that

for any $ >0 we may find a rectangular set K (cf. (19.6)) such that
M € K and

S (k) dwly) & Jpulty)dwiy) +5.
T T
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Let € be an arbitrary positive number. The compactness of M implies

that of My, SO that au (MS) < oo ; we may find a positive integer k

such that /‘"(MS) <ke. Foreveryi=0,1, ..., k=1, k,we write

M.jr' for the set of points y & My for which /“(My) 2 1€ . Then we have

(19.8.4.1) e 3 205 2 ... 27 2 - 0,

and every M% is a Borel set (in fact, according to (19.8.3), llf‘r' is compact).
For each y £ M, let Oy be an open set (Oy € S) such that L[y £0

J
and /L(Oy) s /»(My) + €. Then (cf. (19.5)) we may find a neighborhood

In

Py of y such that y' & Py implies My' = Oy. It follows that for

1=1, ccey ky ~ )
"'—'. ¢ < » £ M - y

Mo mE s 2R e Mr - Mc

i -1 T
whence, by (19.7), we may find a sequence of points y £ M,f; . M,ir and a

set N, with 'V(Ni) = O such that
7~ : «~
c~t E P ’ + .
(19.8.4.2) MT ° M-; g ~m ey :": A/‘

We observe that the sets P J and N

I3
[ d
A

5 have three definitory properties:

(1) P.‘c is an open set.

(11) ¥' & Py

¢
“«

e}

O 'y

lies M
implies Hyv £ Oyt

(111) »(N;) = 0.

We have used (i) in order to be able to apply (19.7), to derive (19.8.4.2).
From now on we shall only use (19.8.4.2), while (i) itself will not be
needed any more. (ii), (iii) however will be necessary.

We shall replace the sets P and Ni by certain subsets.

b
Thus (ii), (iii) will automatically remain true, while (1) will be lost.
The fate of (19.8.4.2) must be watched —- as a matter of fact we shall

replace it by stronger statements.



T N~
Replace first every P:f" by its subset PS" '(Z-.:: ?3:;> »
” .
and N, by its subset N, - (Z«___‘ PU:.- ) . Thus (i) is lost, while (ii),

a@xK
(1ii) remain true. me ?:'; *+ N, is not changed, hence (19.8.4.2)

remains true. And the P‘J,i ,(n =1, 2, .,..) and N, are now pairwise dis-

joint. (We consider one fixed i.)
] .—1 e
Replace next every P‘J ; by its subset Lflr' . Mi'. . _P::‘ and N

by its subset u-;"lo g “ Ni. Thus (i1), (ii1) are still true, the Py«

i

(n=1, 2, ,.,) and N, are still disjoint (for one fixed 1), and in

i
(19.8.4.2) the £ is replaced by =. We restate the latter:

(=]

(19.8.4.3) M-;"_ M‘;’ = Z-M:_ ‘ ’P:’i LN /I/l. :

Summing on 1 (= 1, ..., k) we obtain, remembering (19.8.4.1),
R oo
- e ¥
(19.8.408) My = 2., 2on. Pyr vAL

R
where /\/ = Zc:, M

(19.8.4.%) and (19.8.4.1) show that the P N, of different i

3.;4 p) i
are also disjoint, so we see:

(iv) A11 P (=1, ..., k, n =1, 2, ...) and N are pairwise disjoint.

4o

And (1ii) gives
(v) v (N) = 0.
So we have at present (19.8.4.3), (19.8.4.4) and (ii), (iii), (iv), (v).

Consider now the set (in S ~ T)

K= S, Zomes Opc Py;; r Mg

(19.£.4.5) 7e

If (x,y) € M, theny £ Mp, so that by (19.8.4.4) either y £ P,¢  for some
A

i-l, se0y k,n-l, 2, eo ey O!‘ny. Ifyz PJ

R
A

, ‘then (ii) gives

98
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x £ 07:. , hence (x,7)e¢ 0. x Pye . If y & Ny then observe that

at any rate x & Kg; hence (x,y) & Mg X N.  Consequently we have in all
cases (x,y) £ K, i.e.

(19.8.4.6) M

N

K.

By (19.8.4.5) and (iv), K is a rectangular set, and (19.8.4.6)
establishes M £ K. So we must only evaluate f_r_ M (K g ) Al g)-

Now we have, considering (19.8.4.5) ana (iv),
0-3:" for g & 7:':
‘(g = MS for Yye NV
e otherwise.
Hence (iv), (v) give

f Ky )dv(y) = Z,- Z,..,,/*(D_ ) (P‘) £
T 8.1, (rtmyz)ee) v (P y

T "
since yin 3 M%"lo ll;};, and since y & M;}' implies ,u(My) <1 e, we obtain
finally

N

9.8ty [ L (K, Ydvly) £ Z‘ Lo (crde v (P ).

On the other hand, by (19.8.4.4) and (iv), (v),

f /4.{/“ )dv(])- Z =, Zm-: f"' ,u{/“,) a[*u(y),

-~

Since P,s ll,'} M;i.‘ by (19.8.4.83), and since Yy £ M.'% implies
/u.(l(y) 2 (1-1) &, we obtain here

(19.8.4.8) f,w//”:)““’(a) >Z Z«u (v-i)e "(/ )

Subtracting (19.8.4.8) from (19.8.4.7), and using (19.8.4,.4) and
(iv), (v), we obtain
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J_plKy) duty) — [ p (M)A v(y) <
e ae SN ST w(Bz) m2e (M)
Hence choosing € = S/,zv[MT) gives

(19.6.4.9) fr p(Ky)dvly) — LoxlMy)d(3) €5,

which is the desired inequality.

(19.8.5) Let $ be an arbitrary positive number, and M a com-
pact set, M€ S » T. Then (19.8.4) enables us to find a rectangular
set K 2 M, such that fT plKy)dviy) & fT,u./M,)dvf;) +5.
Using the property of rectangular sets established in (19.6) we obtain

S v(Me) dp(x) & J v Ke) Apelx)

= SulKy)dy(y) = S (Mg )duity) # 9,

whence, since this is true for all § >0,

Svime)du(x) & SplMy)dviy).

The symmetry of the roles of S and T implies the opposite inequality, thus
finally proving the validity of (19.4.3) for compact sets M.

(19.8.6) In (19.8,3) and (19.8.4) we proved that (19.4.1)-(19.4.3)
are valid for all compact sets M. Their validity for arbitrary Borel sets fol-
lows from (17.11) since it is immediately verified that the properties
(19.4,1)-(19.4.8) are hereditary under all steps of the construction there
given, Cf. the detailed discussion of the constructions involved in these
steps, as given after (1.7.11). Thus only the assertion (19.4.,4) concern-
ing the properties of the resulting set function (J(M) remains. That L (M)

is non-negative and completely additive is clear; the only thing that remains
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to be proved is that (2 (M) is regular. This in turn is an easy conse-
quence of (19.8.4) and (18.5.2). According to (18.5.2) it is sufficient
to prove that every compact set can be approximated arbitrarily closely
from above by open sets. According to (19.8.4) every compact set can be
approximated by rectangular sets, so that it is only necessary to prove
the approximability of rectangular sets by open sets. This, however, is
an inmediate consequence of the same assertion for rectangles, considering
(19.6). For rectangles it follows at once from the regularity of the
given measures, s and v, and from the definition of topology in the
product space S » T,

This concludes the proof of Fubinits theorem.

§20. Uniqueness of Haar measure. We return to the consideration

of groups. As usual we assume that G is a locally compact topological

group and that 9/(M) is a left-invariant regular measure defined on the

Borel sets of G, which is finite for compact sets and positive for open

sets. The principal object of this section is to prove that, up to a mul-
tiplicative constant factor, ¥ 1is uniquely determined by these requirements;

in other words if « is any left-invariant regular measure defined on all

Borel sets of G and finite for compact sets, then there exists a positive,

finite constant ¢ such that . (M) = ¢ v (M) for all Borel sets M. The

proof of this statement will depend on several aunxiliary theorems which are
of interest in themselves.

(20.1) Throughout what follows we shall make use of the direct
product group G * G and in it the measure f>(M) obtained by applying

Fubini's theorem:

(20.1.1) (o{M): Jv(Mx)dv(x)~ S My )dviy) .
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We assert, first, that the following one-to-one mappings of G x G into

itself are all measure preserving:

(20.1.2) (x,y) - (ax,y)
(20.1.3) (x,5) = (x,by)
(20.1.4) (x5} — (ax,by)
(20.1.5) (x,5) —» (¥,x)
(?0.1.6) (%) — (x,xy)
(20.1.7) (x,5) — (x,x 1y)

For (20.1.2) we see this from the relation (’(/V))-‘— f 'V(Mj)““’(.‘))'
If we denote by M' the image of Y under the transformation (x,y) —? (ax,¥y),
then M}', is the set of all x for which (x,y) & M', or, equivalently, the

set of all ax for which (ax,y) € M'. The latter set, on the other hand,

is a-M_. Hence
o(M') = Syl Mg )dvty) = Jv (a My )dvly) = [v(My) dvty) = p(M),
as was to be proved.

For (20.1.%) the result follows just as above, using, this time,
the relation p (M) = jv (M_)d%(xk The product of the two mappings
(20.1.2) and (20.1.3) is (20.1.4), so that the latter is also measure pre-.
serving, We observe that the assertion that (M) is invariant under
(20.1.4) is merely the assertion that ()(M) is a left invariant Haar measure
in @ » G. The measure preserving character of (20.1.5) is immediate from
the symmetry, in x and y, of (20.1.1).

Finally, for (20.1.6), we prove, as above, that M} = xM (where

M! is the image of M under (20.1.6)), and (20.1.7) is the inverse mapping
of (2001.6)'



Applying (20.1.6), (20.1.5), and (R0.1.7), in this order, we
obtain the fact that
(20.1.8) (%,5) —> G,7 3)
is a measure-preserving mapping of G* G into itself. Hence if N is any
Borel set in G, and we apply this mapping to the set G x M, we obtain
G M. Therefore {3(6"/\4) - PCG x M), e
(20.1.9) v(§)v(m) = ~(a) wUm™) .
Observe that if such a product ® (A * B) = ¥(A)¥(B) is of the form O - <©
or @0 its value must be taken to be O. This is clear from its
origin in the integral formulae of (19.6). Observe furthermore that cer-
taihly v(G) > O, but v(G) § *© -

(20.2) From the above results we conclude for every fixed choice

of ¥(¥) (subject to the requirements Hr ¥(M) at the beginning of (20) ) :

103

(20.2.1) If G is compact, then WM) is both right and left invari-

ant and also inverse invariant, i.e,

(20.2.1.1) v(ad) = ¥(k),
(20.2.1.2) V(Ma) = V(M),
(20.2.1.3) (L) = W(n).

(R0.2,2) For every G the vanishing of W(M) is both right and left

invariant and also inverse invariant, i.e.

(R0.2.2.1) W(aM) = O is equivalent to ¥(M) = O,
(20.2.2.2) ¥(Ma) = O is equivalent to W(X) = O,
(20,2.2.3) WU™L) = 0 15 equivalent to ¥(i) = O.

Proof: Ad (20.2.1): By (16.2), ¥(G) < o , hence (20.1.9) gives

(20.2.1.8). (20.2.1.1) holds by definition. (20.2.1.2) ensues by appli-



cation, in this order, of (20.2.1.3), (20.2.1.1) (with a %), and (20.2.1.3).
Ad (20.2.2): (20.1.9) still permits us to infer (20.2.2.3).
(Cf. the remark following (20.1.9).) (20.2.2.1) holds by definition.
(Even (20.2.1.1) holds.) (20.2.2.2) ensues by application, in this order,
of (20.2.2.3), (20.2.2.1) (with a™Y), and (20.2.2.3).
(20.3) We establish now a relation to which we shall refer as

the average theorem:

If M and N are Borel sets in G, then

Jo v(M st) dytz) = wim) v0').

1

Proof: Form the set E= M xN ~ € G xG; then the image E!
of E under the (measure preserving) mapping (20.1.6) (x,y) — (x,xy) is
described as follows: (x!',y!')¢ E/means that x'= x is arbitrary in M and
Y' =xy for y ¢ N-l: in other words E' is the set of all (x,y) with
x& M,y & L. Hence for all Y, Ej'r is the set of all x for which
X £ Mapd x £ yN:
E; = M. xA.

From the assertion that the mapping (x,y) — (x,xy) is measure preserving,
we obtain immediately the desired relation:

[)(E) = vim)viv” ) = ple' )= _f«v [E.,,)ﬁ(v/y): Jv (M. r/l/)dv{y).

(R0.4) As a consequence of the average theorem we obtain the follow-

ing result:

If for any Borel set M, v(’l\f * xM) = O for all x, then either

v (M) = 0 or ¥ (M) = 0.

Proof: Assume v(ﬁ * xM) = 0 for all x. Then in virtue of the

average theorem

o = ‘/Q 'V(/‘IX-XM)d‘V(‘x)= ’V(/;’T) E((/M—) J

hence either y (ﬁ) = 0 or fv(M-l) = 0, and therefore, by (20.2.2.3), v (M) = O.
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This theorem asserts that a locally compact topological group,
considered as a group of measure-preserving transformations on itself,
is ergodic.

(R0.3) If M and N are any two Borel sets with compact closures

and positive measures, then there exists a Borel set K and elements X,y

such that xK € M, yK £ N, and
(m) v(v')
v(K) 2 v{M)
vimM e wn")

v (M), v(N), v(Mo N-l) being all positive and finite.

)

Proof: v (M), ~ (N) we assumed to be positive -- they are finite
since ¥ and N are compact. Thus M ¥ © and we may choose an a £ M. Since
Vv (N) is positive, so is v(N“l), hence

V[/M onv~') 2 wlan’) = 4/(/1/°’) > o.

Moreover K © N+ € ¥ © -ﬁ-l, which is compact. Hence + (M @ N'1) is

finite.

1

x #M © N~ implies M « xN = @, 1/ (M » xN) = O, so that,

applying the average theoren,

M at)du(x) = [v(M- 2 )dv = vim)viv™')
Mown-' g

Hence for at least one x, E MO N"'l (in fact for x, in some subset of

positive measure in M © N—l) we mst have

(M- x, M) 2

Choosing K = M * xON, x=1l, y= x;'l, establishes the desired result.
Using (R0.3) we shall now establish the principal result needed
for the proof of the uniqueness of Haar measure: a decomposition theorem

valid for any left-invariant Haar measure V.
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(R0.4) If ¥ and N are any two Borel sets in G, there exist in G

two sequences of elements X ¥y B 1,2,... and a sequence of Borel sets

Kl’Kz"" such that

+ Mo,
*”m;

(20.4.1) M= x K+ x Kt
(20.4.2) N = Y, K, + Y> K, + - - -

where the addends in each sum are pairwise disjoint, and either (Mg ) =0

or +/(No ) = 0.

Proof: Since every Borel set can be written as the disjoint sum
of a countable sequence of Borel sets with compact closures, it is suffi-
cient to prove the theorem for the case in which both M and N have compact
closures.

We write Mo = M, N° = N. If M 19 N have been defined for
i=0, ..., n, s0 that‘ﬁi and4ﬁ; are compact, and -v(Mi) >0, Vv (Ni) >0,
1 = 0,...,n, we apply (20.3) and obtain x , ¥, K so that x K =1 Mo,
Yo¥n S N, and

v( M) v/ /l/“)
v(Ke) 2 —— - =

-l
. o M)
Then we define
/—\/ M
M«dl = /wm * X K"\ J /\/"“*’: /l/’“ ’ y"“ ‘(“
If for any positive integer n, 'V(Mn) = 0, we write Kn" Kn-*l’ cee ™ 9;
Moo ™ Mn, Noo = Nn’ and, with arbitrary choice of X9 Fpe1? 000
Yo Ypeps --- Ve have the desired decomposition. Hence we may suppose
that the induction continues indefinitely. In this case we write
oo O~ O
77::9 M'", Neo = U«:-. N , and we obtain decompositions of

the form (20.,4.1) and (R0.4.2). It remains to prove only that at least
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one of the sets M ., and N o» has measure zero.
Since

M=M Ml

= > D
N=N 2 N 2

:v(lln) and v (N ) are monotone decreasing sequences; we write X = =~ D V{/u"‘)

/b' M"”M(’AI") "0

V(Mas, )= v (M) - 'v[x..z(.,\): witma) = vlka)
(M) v//l/-)

£ v(Ma) — TR @71/_"}
£ viMm.) - ‘f;(ZV:; C;::EY:)‘)

so that, going to the limit,

- viMoy ')

This implies (since & 2 O, (3 = 0) that at least one of the two -nlmbers X
and 3 is zero; since X = VMg ) P = v(N ), and since V(N )

vanishes if and only if v (Nay ) does, the desired conclusion follows.

X

(20.5) If M and N are Borel sets with compact closures, then,
in the notation of (20.4), Y (M) = v (N) = v(Mo ) - V(N o). Hence,
since either o (My, ) = Oor v+ (N4, ) = 0, v (M) >, =, < v(N) according
a8 V(Mo ) O, v (N o) “0,or V(M )=V (Noo) =0, or v (M ) =0,
v (Noo ) # 0. Since this is valid for all left-invariant Haar measures,
we see already that, even without knowing the uniqueness theorem, knowing
which sets have measure zero enables us to compare the sizes of any two

gets.  In other words, if s and v are two left-invariant Haar measures

such that v (M) = 0 is equivalent to (M) = 0, then the sign of
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v (M) - +(N) is the same as the sign of a (M) - 4« (N). Another way
of stating this result is the following:

Let 4+ and +be two left—-invariant measures such that +» (M) = O

is equivalent to a (M) = 0. Let A,., and N4 denote the ranges of

M (M) and ~ (M) respectively, as M varies over all Borel sets with compact

closure. Then there exists a one-to-one monotone mapping, X = £(/3 ) of

A, on A,., such that for every M with compact closure s« (M) = £((M)).

(20.6) If » and V are left-invariant measures such that . (M) = 0 is

equivalent to + (M) = O, then there exists a positive finite constant ¢ such

that s (M) = cv (M).

Proof: As usual there is no loss of generality in restricting our
attention to sets M with compact closure. We use the notations and re-
sults of (20.5).

It p,ps £ Dy, 3 £ Ba., then we may find Borel
sets M and N with compact closures such that v (M) =48, v (N) =32,

We write M and N in the form (R0.4.1) and (R0.4.2) respectively, and write
U = 1K * ¥k, + ¢oce  Then ¥ (M*) =¥ (M) = 8, and MU' £ N, so that
N = M'+ N* with M'« Nt = ©® . Since v (N) =g2 and v (M') =3, , we
must have ¥ (N') = B, -3, thus proving that (@.-B3, & d»
moreover since s (N) = £( 3. ), s (U') = £( 3, ), and s (N') = £H(pa-3s )
we have f( (B3> ) = £( f )+ f((b,-—ﬂ.) . We restate this:
‘s.l/s,_ A, and (3 ¥ [3: imply pa.—f31 £ Qv,

(*) and
1(p.-p)=pp)- {(p) .

Now (#) and the non-negativity of f£( (3 ) imply
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(##) £(3 ) = c(> for a positive, finite constant c.
And this is what we wanted to prove. Several ways to establish the im-
plication of (#%*) by (#) (of which we made use) are known. For the reader who
may not be familiar with them, we give a direct and elementary proof of this
implication.
(20.7) A, contains positive elements. Assume first that there
exists a smallest one among these. Denote it by ©&o. For every X<& A
the'.;'e exists an i = 0,1,2,..., such that 1i«, T a < (itl) % . i-fold
application of (%) above shows that «— Jé&o & A . Hence
O<ot -t ®, < o, is impossible. Now clearly o £ o« - L'« < o,
consequently ol —talp = O. Again i-fold application of (%) gives
() - 16(xo) = 0. Thus f (%)= cflx)= 2 flee), sie. 2(x) = ¢«
with ¢ = {(“’o)/do :
Assume next that no smallest positive element of A, exists.
Let ol, be the greatest lower bound of d4,'s positive elements. Clearly
&, 2 0. Assume now «, > 0. Then «, fA.‘,’by our previous assumption.

Now 2&, > &, ; so choose & £, with & < 2«, - Owing to the above

& > «, 3 so choose (d & 4,  with (p < ¢ ,again (3 > % . So
x; < [ <& <2a&,. Hence & - £ Ay by (#), and 0 < &£ -3 < %,
contradicting the definition of & . Consequently o,=0.

Thus for every € >0 an & & 4, with 0 < ® < € exists.
Now consider two arbitrary (3. B2 £ A+ , both positive.

We claim that

1(/5’) = ((/s’) -
(%) Y A

Otherwise we may assume, by interchanging f5 t, /3 2 if necessary, that
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(0 5 160
3, £

Consequently ) )

(§) _ﬂp/')— 7 _(_Pf—*—”) /:6—(—6—;—— , ﬁvq.w'w Po= LY
Y Pc.:cz /3"

Choose an o £ 4y with O <o < Min(‘g" J _gj;. ) Choose r,s8 = 0,1,2,...

with r o 5(3, < (rfl)o, s = [-”z. S (s#l)®, Thenr,s 2 p,- Now

repeated application of (%) above gives:

1(B)=s f(<>)= f(pa— 5D 2 0
(hw){(x) ‘(({5,)= {(()t.n)x) - {(/3,): {(014—1)-(— (s,) 20 ,

hence

{(p:)

and so

G =), {(B2d 2 sfx).

Q‘—fi__ﬂ:)=_".’ii-{[“)¢ het M
- oL o« ’

nh

(;) <

£ K T F

_{[ﬂ») S __5__{;‘_‘.) . S f) bo ()
—[A)‘:- = S+ « S+/ ol = L+ ol ’

giving
{() ,  (er” (P
r AN
This contradicts (§). Hence (&) is established.

Now let c be the common value of ,{ (ﬂ)/ for all positive (:) sy,

(use (¥ )). Then £f( P ) = c[3 for all positive p £ AV/ ané it is
obviously true for =0 (put g3, = P in (#)).
Vie are now in the position to prove the uniqueness of Haar measure.

(20.8) If m and # are left invariant measures then there exists

a positive constant ¢ such that , (M) = ca/(M) for all Borel sets M.
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Proof: Again there is no loss of generality in restricting our

attention to sets M with compact closure. We consider the left—-invariant

reasures

("(M): /V(M)i’,u(M)
M)z 2vim) Fpu(M).

Then r (M) = 0 and ¢ (M) = 0 are equivalent, since they are each equivalent

to the simultaneous validity of v (M) = 0 and A (k) = 0. Hence, by (20.6),

there exists a positive finite constant such that
£ mY= ¥ +#(m ) p

or

(1-0)mim) = (2o-1) vim).

If ¥<S4, then M (M) S0 for all M, so that (M) =20; if ¥ 321,

then ¥ (M) S 0 for all M so that v (M) = 0.  Since we have assumed that

A and v are positive for open sets, neither of these possibilities can

1-&
24 -1

§21s Consequences. We conclude this chapter by deriving, as a

arige. Consequently ¢ < ¥ < 1, and (20.4) is true with ¢ =

censequence of the uniqueness theorem, certain connections between right

and left invariance.

(21.1) If V(M) is a left-invariant measure, then v(Ma) is also

8 left-invariant measure for every a £ G. Hence, by (20.7), we may find

8 positive finite constant ¢ = c(a) such that

v (Ma) = c(a)v (k).
Vo shall investigate properties of the function c¢(a).
(21.2) c(ab) = c(a)e(b).

(21,3) If a is in the center of G, c(a) = 1.

(1.4) If a is in the commutator subgroup of G, c(a) = 1

(21,5) c(a) is a continuous function of a.
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Proof: For (21.2): ¥ (Mab) = c(b)*»(Ma) = c(b)c(a) v (M)
= c(ab)s (M).

For (2143): If ab = ba for every b & G, then
v (Ma) = v (aM) = v (M).

1.-1

J )
For (21.4): If a = bdb™d ™, then cra)=c(8le (d)igye) = 15

it follows that c(a) = 1 whenever a is a product of commutators.

For (21.5): We note first that if a compact set M is contained
iﬁ an open set 0, M € 0, we can find a neighborhood P of the identity, so
that ¥ & P £ 0. For, if x £ M we can, using only the continuity of
multiplication, find two neighborhoods Qx and Px’ x & Qx’ 1 & Px’ such
that xt & Qx and a’e Px implies x' @’ £ 0. Since the family of open
sets Qx’ x € M, covers the compact set M, we may find a finite number

e,
among which cover M, M € Q + ... # Qx . Then we may write P = P
1 n

LN 2N ] P ,
1 Xn

P is the neighborhood of the identity whose existence we asserted. For

suppose x £ M, a £ P, Then x & Qx for some i; since a & P_ we have
1 *4

x ¢t 0, and since this is true for all x £ Manda £ P, we have M @ P § O.
To prove (21.5), let M be a compact set of positive measure,

0< ¥(M) < . 1If €& is any positive number, we may find an open set

0 2 M, such that ¥ (0) § ~(M)(1 +€ ). Then we may find, according to

the preceding paragraph, a neighborhood P of the identity so that M ® P £ 0.

We write P! = P . P_lz then P is also a neighborhood of the identity. If

a £ P', we have

cla) vimM) = v(Ma) £ v(0) £ vIM) (1 +e)

viM) L (Mat) £ () £ a(m)(ise)

cla)
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so that S c(a) S1+ €. This proves the continuity of c(a) at a = 1;

1+~¢ °
the continuity at every point follows as usual from the functional equa-
tion (21.2) and the topological homogeneity of the group G.

We remark that the properties (21.2) and (R1.5) of c(a) yield
st111 another proof of the identity of the left and right invariant
measures in case of a compact group. For if G is compact the subset
c(G) of the real line is a compact multiplicative subgroup of the positive
real numbers and therefore consists of only one point, c(G) = (1). In
other words, c(a) 2 1, so that v (Ma) = v (M).

(R1,6) If vV is a left-invariant measure, let us consider the
set functions (M) = v(M'1) and s, (k) = fM c‘_-?';, dvix). 14 16
easily verified that /u,(M) and 4, (M) are both right-invariant Haar
measures. (For  u, (M) (21.1) and (21.2) must be applied.) Hence, us-

ing the uniqueness theorem for right-invariant measures, we can find a posi-

tive finite constant ¢ such that

(21.6.1) f — dvix) = ¢ 1’[/“—);

Ja clx)
for all Borel sets M. We shall show that ¢ = 1. For this purpose we

observe that for every Baire function f(x) (R1.6.1) implies

(21.6.2) j.f{x) c—(';) Advix) = c/f/x" )dvix) .
Replacing f(x) by f(x'l) we obtain

(21.6.3) f/[x") ;};) dv (x) = cjf/n Advix) .

/

Writing g(x-l) - f(x-l)cfia , and applying (21.6.5) and (R1.2), this becomes

(21.6.4) 2’— f("[,) dv (x) = Cff/k’)dv (x),

whence ¢ = 1,




(21.7) We observe that the function d(x), defined for a right-
invariant measure A analogously to the definition of c(x) for v , il.e.
defined by s (aM) = d(a)/d- (M), bears a very close relationship to c(x).
For if we take the right-invariant measure A (M) = v (M-l), where v is
left-invariant, we obtain

plam)= v(m™a~") = cCa)(m ) = c@')pim),
whence d(a) = c(a-l) = ’/C(a).

(R1,8) As a final consequence of the uniqueness theorem we make
the following remark. In the construction of Haar measure (cf. §15) we
chose arbitrarily a prime ideal 2 containing a certain given ideal T
and we defined Haar measure as thez =limit of certain sequences, Know-
ing the uniqueness theorem enables us to assert that we should have ob-
tained the same 1imit regardless of our choice of z at least for a very

vide class of sets C. (cf. §15, in particular (15.5).)

More precisely:
~

(21.8.1) The compact set C has the boundary C » C*. This boune

e

dary is of measure 0, i.e. ¥ (C « 1) = 0, if and only if v (C) = V(Ci).

(21.8.2) Let C,E,A be compact sets, C,E having boundaries of

measure O (cf. above), and EI:!"L al £ . Form the ideal va of (15.4.2).

Then the [‘ _E]

WORNNES

v(c)
of (15.1.3) converge to v(l:') modulo T

Proof: Ad (21.8.1): Obvious, remembering that C is closed by
(5.1), and that v (C) is finite.

114
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Ad (R1.8.2): Consider a prime ideal Z 2T and the (unique)
limit function S% (£)  with the independence ideal £ (cf. (10.5.3)

and (15.5)). Use this 7)”?(.?) and £ 1n (15.5) (for 1ts pl§) ama £ ),

and form, as described there

(%) A(C) = (AyCc) [ ag 7).

(cf. (15.5.1)). As discussed in (15.5) and (14.1) this A(C) generates

a measure 4, (M) in the sense of (4.2), which is a Haar measure. (We write
v, (M), instead of v (M) as loc. cit., in order to distinguish it from the
fixed Haar measure +(M), which occurs in our statements (21.8,1), (21,.8.2).

Y, (M), 4/ (X) are both Haar measures, hence the uniqueness theorem
(R0.6) asserts that

(%) v,IM)= ¢ vim)
for a positive finite constant c.
The boundary of C has (4 -)measure 0, so ¥(C) = V(Ci) (by (21.8.1))

J
v,(C) = v, (Ci))(by (#)). Consequently (2.3.1), (4.1.1) give

(1) Alc) = w(c).
Replacing, for a moment » C by E gives similarly
(11) ACE) = v (F).

However it is clear that always ’\A (E) = 1, hence A (E) = 1. Consequently

(11) becomes v, (E) = 1, and therefore (1) may be written

(11) Alc) = —:—'(%_E—)l
Combining (11i) and (*) gives
v(c)
(iv) Ale) = ~(E)
Now (iv) transforms (%) into (C)
(% ) fp (M las3) = 2
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The right-hand side is independent of the choice of ;2 -- i.e, it is the
cormon value of the left-hand side for all prime ideals 2? 2 :77 Hence
by (11.4.4) ’\A (C) converges to f\—/—vf-i—g) modulo T

Thus the proof is completed.

(21.8.3) It seems worth while to restate (21.8.2) in an explicit
form, i.e. having substituted into it the definitions (11.3) of convergence
modulo :7’ and (15.4) of the ideal :7T In this way the following state-

ment is obtained:

Let C, E be compact sets, both with boundaries of measure O, and

g § ©. Then there exists for every & > 0 a compact set A = AO(C,E,e )

with 1 & Ai’, such that for every compact set A with 1 &£ Aand A € A

J«if? ) | e -

’“[f] v(E)

(21.9) The result (21.8.3) is quite remarkable, even when viewed
as a geometrical result concerning the simplest Lie groups. Even for the
n-parameter Abelian group (i.e. the addition group of n-dimensional vectors)
it is far from trivial, since the sets C, E, A may have very complicated
shapes — indeed A may have a boundary of positive measure. And for a
general Lie group it conveys a structural insight which is probably en-
tirely unamenable to direct approach.

The heuristic considerations of (14.3) were the basis of our
presentation of Haar's construction,- (21.8.2) gives them an exact meaning.
Continuing this line of thought, however, the following observation sug-

gests itself: Since the quotients

NG
[ 7]

Aa (¢) =
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are shown by (21.8,3) to be convergent in the ordinary sense (when A con-
tracts on 1,~ cf. the exact formulation loc. cit.) it seems peculiar that
a highly transcendental method, involving the generalized limite of Chapter
II, had to be applied.

I.e.: Is it inescapable to obtain the existence of Haar's
measure by applying these generalized limits to the sequences
;nly to discover later, with the help of this existence and of the unique-
ness theorem, that these sequences converge in the ordinary sensel This
is a very paradoxical situation, and strongly motivates the suspicion that

a direct proof of existence for Haar's measure ought to exist. That is,

a finite proof, which proves the convergence of the sequences QA (C) ’ Az )

in the ordinary sense, by explicit evaluations.

We shall see in Chapter VI that such a direct proof can indeed
be found. It will combine some basic components of the uniqueness consid-

erations of this chapter, with certain combinatorial results and procedures

of an entirely different character.

1 C. Carathéodory, "Vorlesungen tber reelle Funktionen", Leipzig, 1918;
particularly pp. 258-274. '



Chapter V

Veasure and topology.

22. Preliminary remarks. In previous chapters we have seen

that under suitatle conditions a topology in a group determines one and
only one (left invariant) measure, to be called the Hear measure, in the
group. This being settled, various other protlems present themselves,

which are in different ways inverse protlems to the above one, i.s. to

the existence of & unique haar measure, based on a given topology. The
main questions of t!is type are these:

(22.1.1) The "suitatle condition" on the topology referred to
above, which was found to be sufficient for the existence of a Haar
measure, wes the local compactness of the group. Is tris condition
necessary? Or may we relax it, and still have & lasr measure?

(22,1.,2) Cean the same group, when provided with two different
topol:gies, have the same Laar measure? Cr does the Haa® measure, in a
topolopical group, in turn determine the topology uniquely?

(22.1.3) 1In (22.1.2) the group wes assumed to be topological.
Let us now o a step further, and consider a group with a Haar measure,

in w ich no topology is given. Does the llaar measure by itself make

tre definition of a topology possitle? Will this topolo,y be of necessity

unique and locully cowpact? (The two last questions bring us back to
(22.1.2) and (22.1.1), respectively.)

(22.2) With the exception of (22.1.2), when applied to a
locally compact group, none of the three above problems can be ettacked,

without a careful reconsideration of what constitutes a Haar measure.

This discussion, together with the steps needed to solve all three problems

(22.1,1)=(22,1.3) would lead essentially beyond the formal framework of
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these discussions, and ther.efore it will not be done here. We shall answer
the questions only of (22.1.2), assuming a locally compact group. But we
shall give a qualitative discussion of the interconnectedness of these prob-
lems, hoping that this will put the reader into a better position to under-
stand and to evaluate the existing literature.

The entire complex of inverse problems was first formilated and
solved by A. Weil, to whose work, which includes a solution of (22.1.3), the

reader is hereby referred*) .

*)

First announcement:
(1) A. Weil: Comptes Rendus,
Detailed exposition:
() A. Weil: *L'integration dans les groupes topologiques", Actualites

Scientifiques et Industrielles, No, 863 (1940), Hermann & Cie, Paris.
See also:

(3) Kodaira:/l« ‘

(22.3) So far, a Haar measure has been characterized as a non-negative,
completely additive, left invariant set function which possesses the following
further properties:

(RR.3.,1) It is defined for all Borel sets.

(22.3.,2) It is positive for open sets (¥ &).

(22,8.3) It is finite for compact sets.

(22.5.4) It is regular.

Ml four of the conditions stated here depend on topological notions. Yet
(2,1.1) -~ and possibly (22.1.2) as well -- deals with a topological group,
in which the requirements concerning topology have been indefinitely relaxed.
dnd (22,1.8) deals with one in which no topology is given at all. Vhat,

under such conditions, are we to understand by a Haar measure?

gk e



120

Thus we must attempt to replace (22.%.1)-(22.3.4) by other conditions
which involve measure alone, without any reference to a topology. The only
feasible procedure to find such conditions is to try to describe the funda-
mental notions of topology in terms of the Haar measure in the case with which
we are already familiar: In a locally compact topological group. If this
description is successfully carried out we may hope to generalize it so as to
give the necessary conditions under which the inverse problems — mainly
(22.1.3), which is clearly the most important one —— can be solved.

For some aspects of (22.3.1)-(22,3.4) this description is easy,
with no more information than we possess already. Thus (22.3.1) ought to
be replaced by the requirement that the measure (i.e. the set function in
question) must be defined on a Borel field of sets (cf. (17.4)). In locally
compact groups (22,3.2) is easily seen to be equivalent to the assertion that

the measure is not identically zero.*) In locally compact groups, in the

*) Assume O open and ¥ (@ 1’(0) = 0. Choose a £ O, replacing O by a-lo

makes a = 1. For any compact C we have C < GZC b0, hence C & z 6}”
$ 4 Lt =g

Thus ¥(0) = O implies ¥(C) = 0. Now the definition of the domain

63 (ﬂQ ) of ¥(M), as discussed at the beginning of §18, shows that

always ¥(M) = O.

presence of regularity, (22.3.3) is equivalent to the requirement that the

x)

measure be not identically infinite for sets ¥ O Thus the decisive diffi-

=) The argument of (18.7) shows that (22.3.3) is equivalent to every point
having a finite measure. By left invariance all points have the same
measure. Hence the negation of (22.3.3) means that all points, and
consequently all sets ¥ & ,have infinite measure.

- —
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culty is presented by the remaining condition (22.3.4): the notion of regular-
ity. This notion was indeed defined in §18 on an entirely topological basis.
What intrinsic — untopological -- property of the measure does it represent?

Our main use of regularity was the proof of Fubini's theorem in §20.
And that theorem was the most important tool in proving the uniqueness of
Haar's measure in §21. Besides it is an intrineic -- untopological -~ property
of measure.

All these reasons make it plausible that Fubini's theorem -- or some-
thing like it =~ will be the looked for substitute of regularity, i.e. of con-
dition (22.3.4). The results of A. Weil (cf. Footnote %), p. 119) Justify
this view.

A more immediate understanding of the intrinsic measure theoretical
meaning of the main motions of topology will be achieved in §§24, 25.

(22.4) The heuristic discussion of (22.3) indicates that we must first
express the main notions of topology in terms of Haar measure, in those cases
where our theory already applies, i.e. for locally compact groups. And this
is also the obvious way to settle the questions of (22.1l.2) in the sense out-
lined at its end.

We shall succeed in doing this as a byproduct of some general results
on the connection between measure theory and topology, to which the remaining
sections of this chapter are devoted,

For the solution of (22.1.1) and (22.1.,3) we refer, as stated
above, to the work of A. Weil (cf. Footnote #), p. 119). It turns out that

local compactness can be replaced by the weaker notion of local total bounded-

ness, but that every locally totally bounded group can be extended uniquely,
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in a very simple and natural way, to a locally compact one., The further—-
going properties of those locally totally bounded groups, which can occur in
this comnection, should be investigated further. The necessary considera-
tions fit paturally into the framework of a general, purely combinatorial --
i.e. untopological -- measure theory. We hope to undertake them exhaustively

on another occasion.

§23. Hilbert space. Throughout this section and the three follow-

ing, we assume that G is a locally compact group, and ¥(d) a Haar measure in
Gy~ 1.2, left invariant and regular, defined for the Borel sets in G.

We propose to discuss the Hilbert space % of all complex-valued
functions f(x), x £ @, for which

ﬁr(x)[ 2afx) is finite.

We must, of course, restrict ourselves to some class of functions in which
the above integral can always be formed. This is best achieved with the
means at our disposal, by demanding that f£(x) be a Baire function in the sense
of (19.1). Since (19.]1) was, however, restricted to functions f(x) which are
everywhere (real and) 3 0, we must add the following explanation:

(23.1.]) A real-valued function f(x) is a Baire function, if the two

functions
Max (f(x): 0), Max ("f(x)’ O)

are both Baire functions in the sense of (19.1).

(These two functions are always 2 O, and (19.1) applied to such functions only.)
Remembering (19.1), this means obviously: For everyod > O the set
of all x with f(x) > o{ as well as the set of all x with f(x) < & is a Borel set.

(23.1.2) A complex-valued function f(x) is a Baire function, if the two

functions

R £(x), ‘Jf(x)

are both Baire functions in the sense of (23.].1).
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The remarks following (19.1) may be repeated: It is well known
that this family of functions ie closed under the operations of addition,
subtraction, multiplication, and passage to limit (off an everywhere con-
vergent sequence), and that a theory of integration, analogous in all re-
spects to the usual Lebesgue theory, can be developed in it for any measure of
the type we are considering, and we shall freely make use, in what follows, of
the concepts of integral, integrability of a Baire function, etc. (Since
the functions under consideration are no longer necessarily = 0, only finite
integrals are now admissible -- this one point differing from (19.1).)

Of course all these considerations can be easily based on the

corresponding ones mentioned in (19.1), by trivial operations of linear com-

bination.

-t et o s

We can now formulate the exact definition of ’%v ]
(23.1.%) The Hilbert space of & to be denoted by é = /é' (6)
v

is the set of all complex-valued Baire functions f(x), x & Q for which

J [£(x)|?a¥(x) s finite.

Two such functions, when differing only on an x-set of measure zero, are con-

sidered as representing the same element of {,1
Tt is well known that for any two f(x), g(x) of ? the functions
« £(x) ( & any complex constant), f(x) + g(x) belong also to {3 - And that
the integral
S £(x)g(x)av(x) exists.
(I.es that the integrand is atsolutely summable, in the usual sense of Lebesgue
integration.) We write, as usual,

(f,g) = f'f(x) 2(x) akx),

and
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[2] = | (£,) = m(x)lzcnf(x)

For these facts, as well as for the elementary geometrical properties of
Hilbert space, and of its fundamental operations

xXg, f+g, (£, g), lf{)
cf, any standard treatise on the subject.*)

#*
) We mention the following:

[1) J. von Neumann: Allgemeine Eigemwerttheorie Hermitescher Funktional-
operatoren, Math. Annalen, vol. 102 (1929), pp. 49-131

(2] M. H. Stone: Linear transformations in Hilbert space, Amer.Math. Soc.
Colloquium Publications Series, vol. XV (1932), New York

(3] J. von Neumann: Punctional operators, mimeographed Princeton Mathe-
matical Notes for the years 1954-35 (Part I) and 1935-86 (Part II),
Princeton

(4] F. J. Murray: linear transformations in Hilbert space, Annals of
Mathematics Studies, No. 4 (1941), Princeton

The pertinent parts are: [1] pp. 63-78, 108-111, or [2] pp. 1-32 (pp. 33-85

are also of interest), or [8] Part II, Chap., XII, or [4] pp. 4-R1, R7-%0.

[4] is the most recent exposition, and gives an excellent concise account

of the present atate of the theory.

- o e =

The reader might experience a certain difficulty due to the fact that
we have to use the term "Hilbert space" in a neutral sense, i.e, without
necessarily implying either infinite dimensionality or separability of the
space - Te.e., of the five postulates A-E which characterize a Hilbert
space (cf. [1], pp. 64-66, or [2] pp. 3-4, or [3] Part II, Chap. XII, p. 2.15,
or [4], pp. 4-6), we assume only A, B, and E.

This does not affect the discussion of [3], because there these condi-
tions receive full consideration. (Loc. cit., the postulates C and D are
replaced by disjunctions 01-02 and Dl-Dz, between which we need not choose.

The non-separable case was discovered independently by H. I8wig, F. Rellich,
Y. Y. Tseng, and J. von Neumann. In [1], [2], [4] the corresponding dis-
cussions must, however, be taken cum grano salis, since they formally pre-
suppose C and D. In fact those considerations which we need here (equally
in fl], [2], and [4]), do not make use of C and D (often even not of E), as
the reader can easily verify for himself. If these circumstances are kept
in mind, the reader will be able to refer to any one of the treatises
[1]-[4] without trouble.
The considerations which will be mainly used here are these:
( £ ) Schwarz's inequality: [1] p. 64, or [2] p. 5, or [3] Part II, Chapter
XII, pe. 2.3, or [4] pp. 5-6
((3 ) The metric of Hilbert space: [1] p. 65, or [2] pp. 5-6, or [3] loc. cit.
p. 2.4, or [4] pp., 67 52)
( ") Riesz's lemma on linear functionals: ([1] p. 94 (Foobnote ), or
(2] pp. 62-63, or [4] pp. 12-13
(5) Approximation of any £ (£ Ay ) by finite linear aggregates of charac-
teristic functions (cf. the beginning of the proof of (R3.2.3) below).
This is explicitly stated, free of any assumption of separahility,
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in [8], Part II, Chape XII, p. 2.32.4 (proof of Theorem 12'.6, discussion
of the sets Sl’ Sz, Ss). The corresponding considerations in (11,

[2] and [4) are: [1] middle of p. 110, or [2] pp. 24-25, or (4] p. 28.
In all these cases separability was assumed, but can be disregarded.

(23.,2) For any set M (§ q) we denote by XM the characteristic

function of M:

=1 forx &M
7 {«)f
M

=0 forx { M
One verifies immediately:

(28.2.1) xM belongs to 9 if and only if M is a Borel set and J(M)

is finite.

(23.2.2) If X/M', X,  velong to § (cf. (23.2.1)), them

(Z, %) =¥ - m,
B £ —
(- Ay! - Vo 1 + @),
We now prove:

(R8.2.8) The Xc (C any compact set € G ) 8ll.belang to é

and the smallest closed linear set containing them all is &

Proof: Since all#(C) are finite, all X belong to K} by (25.2.1).
The finite linear combinations of all Ay 1n Ay (cf. (28.2.1))
are dense in 6 (cf. (§) at the end of Footnote, p. 124. I.e. the smallest
closed linear set containing all XM in ‘) is % . In order to prove
the same thing for the totality of all XC it suffices therefore to prove
that the XC are dense in the set of all ﬂM in Ka I.e.: Given a

XM méandan £ >0, we must find a compact C with l;!{m‘ %}‘6.
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Now ¥(M) is finite by (25.2.1), hence regularity implies the existence
of aC € M with v(C) > v(¥) - € by (18.1). Soa(M +T) < €”. But
C €M and (23,2,2) give I%M - X /"' m consequently
I %M — ’)éc lée,as desired.

(25.5) Owing to the left invariance of W(M) it is clear that for
any fixed a £ G , £(ax) belongs to Ka whenever f£(x) does. Also, that f(ax)
undergoes only a change on an x~set of measure zero, if f(x) is so changed.
So we can define an operator Ua in 4’2 (i.e. a function with the domain %,a.nd
the range in % ) by

U £(x) = £(ax).

This Ua is clearly everywhere defined in 6 and linear.

The left invariance of V(M) also gives

f/ f(ax)]de(x) - J ‘f(x)lzdi(x),
i.e.
[ v e (= (2]
Summing up:

(28.3.1) The above operator U, is unitary. Cf,

One also verifies immediately:

(2%.3.2) The U,a Z C7 form a representation of the dual of

(Cf. (14.2.1)), i.e.
u =1, U, = U,. %
After these preliminaries we prove:

(25.3.3) For every f£, U fis a uniformly continuous (% -valued)

function of ain (. I.e.: Given f and any € > 0, there exists an open

0, = 0,(f, €), such that 1 £ 0,(€ §), and that ab™ £ O implies

[vz-vse]< €.
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(28.3.4) For every f,g (Ua" £, g) is a uniformly continuous (numeri-

cal, complex—valued) function of a in §. I.e.t GCiven f, g and any € > 0O,

there exists an open 02 - Oé(f,g, € ) such that 1 £ 02( $q), and that

ab 1 £ 0, implies

] (0,2,8) - (V. £,e) < € -
. Proof: By Schwarg'!s inequality (cfe («) at the end of Footnote,
p.’124)
0,80 - (0,20 [+ 0,8 - 10| 1,8 = syt
so that (25.8.4) is a consequence of (23.5.,8). (Simply replace € > O by
an € >0 with ¢ e [g]S € ). As to (25.3.3) we observe that by (28.3.1)
and (25.3.2)

[ - ot [ = [ £ - U] = [0 (Ugy £ = ] = [0t - 2
so that we can replace a,b by ab 1,1, I.e., we may assume further that b = 1.
Ad (25.5.5) with b = 1: By (25.5.1)
| e - Ugh |~ /Ua(g - ) = le - nl,

hence Uag is (for all a £ q ) a uniformly continuous function of g. Con-
sequently the set of all those f for which (28,3.%3) with b = 1 is true, is
closed. It is obviously linear too. Hence it suffices, by (28.2.3) to
prove that all )(C , C compact, belong to this set. I.e.: Given a compact
C and any € > O, £find an open D,/= o,l(c,e ) such that I ¢ 0,/(5_:6)
and that a ¢ 0,’ implies

[ Va Xe ~ Xe <€,
since U, X¢ = Xgoc and owing to (25.2.2), this smounts to

e+ ale) « (€ a i) < e
Now (C + a-lc) . m) =C :ﬁ; + a2 lc °Aé/(dis:jointly), 8o
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Alctarc)(tae) )= v eac) +w(ac.E)

..,(c.{-FS = v(c)— v(C ra~'c ),
e T) = vlae) - v(E ),

hence WC) -'l’(a-lc) gives
V(C.a_’"‘)z v(a"C-?))

v[(C+ a='C) ( a'-/'c) ) = @ v(a"'C. &)
So we must establish that
v({a'C &)< e

Regularity implies the existence of an open 02 C with
HHD)<WMc) + 2 e™ , by (18.2). Owing to the continuity of a iy (as a two
variable function) in a,x and owing to the compactness of C, there exists an
0/ with 1 £ 0] such that a £0, xzcimlyax £, (cf. for the
analogous proof of a similar statement at the end of §8 in Chapter VI.) I.e.
af 0;/ implies a~lc € O  But then

v(a’C- &) € w(OF)=v(0)- v(c) <fet,
as desired.

§24. Characterisations of the topology. We are now able to give

several characterizations of the topology of Cﬁ in terms of the measure V(M).
This carries through the program formulated at the beginning of (22.4), i.e. it
answers the questions of (22.1,2) in the affirmative sense of its last part.
We formulate all these characterizations together, since they are best proved

together.

The topology of C‘( will be characterized by criteria which state
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when an x ( € Q ) i3 an inner point of a given set A (§ G ). This doss
indeed determine when A is open, and consequently also when A is closed.

(24.1.1) Given a finite system £;, ..., £ £ ;9) an € >0, and an

a £ § denote by N,V(fl, ey £ 56, a) the set of all b £ § with

| U5 - Tt )< € for all k = 1,...,n.

Then a is an inner point of A if and only if some N, (£, ..., £.; &, &) C A.

(24.1.2) The same is true if we restrict ourselves to the N,rif; €, a)

withn = 1,

(24.1.83) Given a finite system fl’ Bys o-e» fn’ g, & 6 an € >0,

and an a & Q , denote by Nar(fl, B1s sees fn’ 8,3 €, a) the set of all

bé § with

I(Uafk’ gk) - (Ubfk, gk)}< € .fOX' a-ll k = 1,0o.,no

o
Then a is an inner point of A if and only if some N, (fl,gl,...,fn,gn; €,8) C A,

(24.1.,4) The same is true if we restrict ourselves to the

NS (f,8; €, &) withn =1,

/
(24.1.5) For a = 1 we may even restrict ourselves to the

N (£,2; €, 1) withn=1and £ = g. We can also assume that | £ ] = 1.

(24.1.6) For a = 1, |£ [= 1, the above NJ (£, £; &, 1) is the set

)

of all b & § with

(24.1.6.1) |wg, £) -1]< €

We can replace it by the set Nsa' (£5 € )of all b £ § with

(24.1.5.2) [, ) >1-c,

or equally by the set Nf (f3 € ) of all b ¢ C? with

(24.1.6.5) Rug, £)>1- €.

(24.1.7) Given a finite system of Borel sets W, N, ..., W ,N , with
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VL, Y(N)y eeey (), ‘v/(Nn) finite, an € >0, and an 8 £ §  denote

by NS‘” My, B, eeos M, N5 €, a) the set of all b £ § with

| Vet « B) - Wb, « N)/< &  forallks=l, ..., n,
Then a 18 an inner point of A if and only if some NSD— (ll,Nl,...,lln,Nn; € a)$ A.

P

(24.1.8) The same is true if we restrict ourselves to the Nsa_ (M,N; e, a)
withn = 1,

(24.1,9) For a = 1 we may even restrict ourselves to the N:(M,M; €, 1)
withn = 1 and M = N.

(12.1,10) For a = 1, the above NB—[ (M,M; €, 1) 18 the set of all
be § with

V(bM * M) > V(M) = €,

(24.1.11) Given a Borel set M with WK) > O, denote by Ny (K; a)
1

the set aMM ~. Then a is an inner point of A if and only if some ¥s (M; a) € a.

Proof: Observe first that wherever a general a occurs we may replace

a, Abyl, a-lA. I.e. we can, and will, assume a = 1 throughout what follows,
We must prove two things:

(4) 1 is an immer point of each one of the above sets ol

() 1t O is open and 1 £ O then there exists a set N> S O~
for each one of the above described categories of sets N7

Proof of (o¢): 1In this case it suffices to prove (24.1.1), (24.1.8);
the others are special cases of these, Indeed: (24.1.2) is a special case
of (24.,1.1); (R4.1.4), (24.1.5) are special cases of (24.1.5). In (24.1.6)
the formula (24.1.6.1) is evident, since (U.f,2) = (£,£) = [£[* = 1. The
N" (£5 €), N (£3 € ) of (24.1.6.2), (24.1.6.5) may be used since (24,1.6.1)
implies (24.1.6.8), and this again implies (24,1.6.2), so that



131

H;(f,f; €,1)¢ Nz—(f; e)s Nso—(f; € ). (R4.1.,7) is a special case of
(4.1.8), with £) = Xy g = Xw, , - - 5 fuz Ky
(4.1,8), (24,1.9) are special cases of (24.1.7). (24.1.10) is obvious
since Y(bM « M) S ¥(M). (24.1.11) is a consequence of (24.1.10) since
be N:(M; 1) = w L clearly means bM « M ¥ (@ hence is a consequence of
Y(ti « ¥) > 0, and therefore
NSO 1) 2 N (M5 €, 1) with ¢ = u).

Proof of (o) for (24.1.1), (24.1.8): Clearly b = a = 1 belongs
to both sets N involved, and both are open sets, owing to (23.3.5), (23.3.4),
)

regpectively.*

Y This is the only really significant step in the entire proof!

Proof of ( (} ): Here we proceed in the converse direction., In this
case it suffices to prove (24.1,11) » the others are special cases of this,
Indeed: (24.1.,10) has been settled above under (). (( «), ( e ) do not
enter there.) (24.1.9), using (24.1.10), is a special case of (24.1.11) ow-
ing to the same inclusion

NS (M3 1) 2 Ng (M5 €, 1) with e = W),
vhich was used in (X ) for the wonverse implication. (24,1.8), (24.1.7) are
gpecial cases of (24.1.9). The N;—(f; € ) of (24.1.6.2) may be used as a
special case of (24,1.9), using (24.1.10), owing to the following argument:
J(4) = 0 would give Ns"(u, M; €,1) = § (by (24,1.10)), hence A = G ,
therefore we may assume that v(M) > 0. Put £ = X, thenf fO. Now
(Ubf,f) = (X 6’ M 9‘,« ) - V(b-l'M * M) = v(M « bM) (by (23.2,2)), hence
|(Ubf,f)| = v(d « bM). Therefore replacement of € by €/ f(z, and sub-
sequent replacement of f by l—%-]» » £, carries (é4.1.10) into (24.1.6.2). The

(8,25 € 1), N, (£5€ ) of (24.1,6.1), (24.1.6.5) may be used, owing to the
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same inclusions Ng’(f,f; e, 1) s N:-(f; € )¢ Kg(f; € ), which were used in
(&) for the converse implications. The correctness of the formula (24,1.6.1)
(with respect to (24.1.5)) was settled above, under (£ ). ((«), (/5 ) do
not enter here.) Thus (24.1.6), (24.1.5) are completely established. (R4.1.5%),
(24.1.4) are special cases of (24.1.5). (24.1.2) follows from (24,1.4) by
Schwarz's inequality:
[(v,2,8) - (U, 2,8)] S [U 2 -u 2]+ |g]

(Cf, the corresponding part of the proof of (23.3.4).) Again, simply replac;e
€ >0 by an €' >0 with €. [g\s € ) (24.1.1) is a special case of
(24.1.2).

Proof of (,3 ) for (24.1.11): a=1¢s 0. Since xy—l is continuous
(as a two-variable function of x,y), there exists an open P with 1 ¢ P, so
that x,y £ P imply xy"l e 0. I.e. PFY £ O, Since P is open and ¥ &
80 WP) > 0. Thus M = P meets all requirements,

(24.2) The reader will perhaps consider the long list (24.1.1)-
(24,1.11) of equivalent characterizations of the topology of & in terms of
the measure ¥(M), as pedantic. We fsope, however, that on closer inspection
he will convince himse;.f that most of these criteria add some new viewpoint to
this question. ‘

We wish to say first something in favor of the seemingly unnecessarily
complicated criteria (24,1.1), (24.1.3), (24.1.7).

Consider a space \f which is given without a topology, or the topology
of which we choose to ignore. Let a family ? of (numerical) functions
' ¢(x), x ¢ f be given in f We now wish to topologize f so that all

(‘\.r
functions 4) (x) of 7 become continuous. Then the obvious procedure is this:



(24.2.1) Given a finite system of functions ¢1(x), cees ¢n(x)

3t
from g.}an € >0, and an a ¢ 'j’)demte by N (¢1,..., ¢n; &, a) the
set of all b € f with

/cj)k(a) - ¢k(b){ < € for all k = 1,...,n.
We topologize f by declaring that the N" (¢1,..., ¢n; €, a) are the
neighborhoods of a. I.es, 8 i5 an inner point of A if and only if some

N*(¢l/ B | ¢M J 6} 4) .'.-c': A

Indeed: It is easy to verify that this is the "weakest" topology

of :f) *), which makes all 4> (x) of 3- continuous. (In this generality we

*) I.e, the one for which any set A has most inner point. Or equivalently:

Yor which most sets are open. Or just as well: For which most sets
are closed.

mist permit all n = 1, 2, 3, ...q)

Now (24.1.3) and (24.1.7) obtain by application of this principle,
by choosing for f the families of functions

!
(24.2.1.1) $ (x) = (U £,g)
or

’
(24.2.1.2) $ (x) = vhat « 1)
respectively.  And (24.).1) obtains analogously by using the non-numerical func-
tions ‘

v

(24020105) ¢ (X) d Uxf’

with the topology (i.e. the metric) of é . In fact, we could replace both
(24.2.1.1) and (24.2.1.%) by an analogous consideration of the even more ab-

stract, non-numerical functions

(24.2.1.4) ¢ﬂ" (x) = U,

133
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with a suitable topology of the space of all unitary operators in {2 - We
shall however not go into further details.

We only want to emphasize that (24.2.1) is a very simple and very
general method for the topologization of spaces f . It is the abstract core
of widely varied procedures: E.ge in the theory of "™weak topologies of in-
finite direct product spaces", in the theory of "abstract almost-periodic
functions®, etc. And since (24.2.1.1) and (24.2.1.2) are the simplest numer-
scal functions one can think of & group @ , in which only a measure ¥(M) is
given; therefore these formulae with (4.2.1), 1.e. the criteria (24.1.%) and
(24.1.7), are quite natural ways to topologize (§ with the help of its
measure.

(24,%) Concerning the other criteria: (24.1.2) is a’'simplified
form of (24.1.1), and (24.1.4), (R4.1.5) are successive simplifications of
(24.1.3). (24,1.7) is a specialization of (24.1.3), but it also presents
a possibility of expressing the topology of G} with the help of WM) direct-
1y, without the intermediary of % . (24.1.8), (24.1.2), (24.1.1C) are again
succeseive simplifications of (24.1.7). (24.1.11) finally represents a new
principle of topologization, also avoiding 6 and probably the most immedi-
ate of all. 3

(24.1.6.2), (24.1,6.3), (24.1.1.9), (24.1.11) should also be com-
pared with our subsequent compactness criteria of a similar structure, i.e,
with (25.1.8.1), (25.1.3.2), (25.1.5), (25.1.6). In this connection
(24.1.6.2), (24.1.6.3) as well as (25.1.3.1), (25.1.3.2) permit a simple
geometrical interpretation, which will be discussed in (25.2).

We mention finally that certain other linear spaces, based on Ci

could be used instead of 6 ., E.ge: The space p{b of all f£(x) 'in 62

F N o T T e r———— T T
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[£)P = f)£(x)|Pavx) tinite

(LS p<eo ), of course péo‘_ = é . Also the space (/4 of all Borel sets

M with a finite ¥(M), with the distance

"
(M,N] = ¥((M + N) * (M« N)),

( m is really being used in (24.1.7)-(24.1.10).) For some purposes where
the avoidance of the topology of q is not vital the space -{/ of all con-

tinuous functions f£{x) in @ is useful,

It seems to us, nevertheless, that 6 is technically most suitable
in the majority of cases.

(24.4) Since V(M) determines the topology of G it also deter-
mines all topologically defined notions in q . Nevertheless it is of in-
terest to express some of these directly in terms of V(M).

Thus it can be shown that 6 is a finite-dimensional (Euclidean)
space if and only if q is a finite group —— the number of dimensions of é
being equal to the number of elements of ﬁ »  Also, that % is separable

if and only if G' is separable. The proofs of these assertions are quite
easy, but we shall not discuss them here.

We shall however give an independent discussion of the notion of
compactness in the next section.

§25, Characterizations of the notion of compactness. More precisely:

We shall characterize in terms of the measure J(M) those sets A which are sub~
sets of compact sets, i.e, which have a compact closure. If A is closed,
this means exactly compactness.

We shall again give several characterizations, all of which except

one are best formulated and proved together,
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(25.1.1) Given two f,g € '% and an € > 0, denote by N, (£,g; & )

the set of 11 bt G  with

| (v e,0) | 2¢€.
Then A has a compact closure if and only if some N'c (L,85€ )2 A.

(25.1.2) The same is true if we restrict ourselves to the N| (£,f; ¢ )

with £ = g,  We can also assume that | £| = 1.

(25,145) For |£|= 1 the above N, (£,£5¢ ) is the set of all b £ Y

with
_5725.1.5.1) | (U g,8) 2E
: (25.1.4) Given two Borel sets M,N{ fa and an & > 0, denote by
N; (M,N; €& ) the set of 211 be g  with ’

¥(bM « N) 2 £
Then A has a compact closure if and only if some Ng‘ (M,N3€ ) 2 A.

(25.1.5) The same is true if we restrict ourselves to the N;(H,M; E)
with M = N,

Proof: We must prove two things:

(%) Each one of the above sets N° has a compact closure.

(3 ) If C is compact, then there exists a set N 2 C, for each
one of the above described categories of sets N c'

Proof of (o ): In this case it suffices to prove (25.1.1), the
others are special cases of this. Indeed: (25.1.2) is a special case of
(25.1.1). In (25.1.3), (25.1.3.1) is an obvious restatement of the defini~
tion of Nf (£,£5€ )o The Ng (£3 € ) of (25.1.2.2) may be used since
(25.1.8.2) implies (25.1.5.1) so that Ny’ (£,£5 € ) 2 Nj (£5 € ). (25.1.4)
is a special case of (25.1.1), with £ 'XM ) B "XN . (25.1.5) is a

\ special case of (25.1.4).
T W com eplas X By e it N, G:6) A S & e wuth
l (a5.1.3.2) B(Vet.§)=e¢.

Saa
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Proof of () for (25.1,1): Since Ubf is a uniformly continuous func-
tion of f for all b (because it is unitary), and owing to Schwarz's inequality
(cfo (=) at the end of the footnote on pe 124) it suffices to prove this for
all f,g ¢ %“ \ if " is a dense set in ‘ﬂa By (23.2.3) we may choose for

D the set of all finite linear aggregates of characteristic functions of com-

N

'pact gsets: h -Z._‘ W4y 7((‘.‘9 (“1’ cees Uy complex numbers, Cl’ csey Cn

compact sets). For such an h we have h(x) = O for x 4 C, where

N

C -Z_-_‘ c@z is compact. Let D,E be the corresponding compact sets for
£,8, -respectively. Then b § DE™L excludes that bx € D, x £ E for the same X;
hence it gives Ubf(x) e g(x) = £(bx) * g(x) = O for all x. So (Ubf,g) = 0,
and b ¢ N{ (f,g5 € ). Consequently N{ (£,85 &£ ) < DE-l, and DE Y is com-
pact, along with D,E, by (14.4).

Proof of ( [5 ): Here we proceed in the converse direction. In
this case it suffices to prove (25.1.5)3 the others are special cases of this.
Indeed: (25.1.4) is a special case of (25.1.5). The N3(f; € ) of (25.1.3.2)
may be used as a special case of (25.1.5), owing to the following argument :
¥(M) = O would give N; (M,M; € ) = ©y hence A = © , therefore we may assume

¥(M) >0. Put £ =R , thenf #0. Now (G .£,£) = (W ¢ o X m) =

— 1. ¥
= v(b lM e M) = v(M » bM).  Therefore replacement of £ by E - ]f\z, and

subsequent replacement of f by I—}T . £, garries (25.1.5) into (25.1.4.2).

The N.f (£,£; &£ ) of (25.1.4.1) may be used, owing to the same inclusion

Nf (£,£5¢ ) 2 N: (f; € ), which was used in (%) for the converse implication.
Formula (25.1.5.1) obviously defines the same set Nl" (£,£; € ), as (25.1.2).
Thus (25.1.2), (25.1.3) are completely established. (25.1.1) is a special

case of (25.1.2).

N (84 (33.2.2)), haraz 00 on %,%):v (NN WY




138

Proof of (ﬁ ) for (25.,1.5): let a compact C be given. Choose a
compact D with v(D) > 0?) Then C™1D is also compact, by (14.4), and so is
E=CD+D. SoV(E)4is finite. NowE?2 D, and for b £ C,

E2 CIp2 blp, bE2 D, Hence bE » E2 D, W(bE - E) Z ¥(D). So if
we choose M = E and £ = ¥(D) >0, then b € N; (M¥; £ ). I.e.
N.; (M,M; £ ) 2 C, as desired.

(25.1.6) A has a compact closure if and only if there exista a

Borel set M with v(M) > O and V(AM) finite.

Proof: Sufficiency: Let us proceed a’ contrario. Assume that
A has no compact closure, i.e, that A is a subset of no compact set. We
must prove that then ¥(M) > O implies v(AM) infinite. By (18.1) there
exists a compact D & M with ¥(D) > O, so we may replace M by D.

We define an infinite sequence of elements 815855000 (e & ) as

follows: Assume that ay,...,8, 3 (1 = 1,2,...) are already defined. DD -
c=\

is compact, by (14.4); hence each :;\aDD"l and %\ aJDD-l is too. So
S

Vel -
AT a 0.  Choose a, £ A witha, & Z  aDpt.
(B J PR J
Thus all a, € A. Hence a,D & AD. Also for i >J, a, § aJDD.l

2

i.e. 8‘1D’ aJD are disjoint, Thus they are, by symmetry, disjoint whenever
i ¥ 3. Consequently

PPy O

¥(aD) 2 (¥ aD) = 2 Wa,D) = 2. WD) = oo
i 1 i i (T
(since v(D) > 0), I.e. V¥(AD) is infinite, as desired.
Necessity: Let A have a compact closure. I.e. a compact C 2 A,
Choose a compact D with ¥(D) > 0. (Cf., Footnote pe 1351.) Then CD is com-
pact too by (14.4). Bence ¥(CD) is finite. Thus V¥(AD) is & fortiori finite,

(25.,2) Reconsidering the criteria (25,1.1)=(25.1.6) we see that

(25.1.1), (25.1.2), (2541.8.1), (25.1.5.2), (25,1.4), (25,1.5) bear some sim-

S —

*g_a, &mﬂ.*&mv@m ﬂ-d-o*@-m&.nﬁo‘:w

Anasane

—_
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ilarity to (R4.1.4), (24.1.5), (24.1.6.2), (24.1.6.3), (24.1.8), (R4.1.9),
while (25,1,6) may be best compared with (24,1.,11). Clearly (25.1.4) is a
specialization of (25.1.1) and all other, except (25.1.6), simplified forms
of these two. And (25.1,8) seems to be the most immediate formulation
of all,

There is, however, a geometrical remark which can be made in con-
nection with (24.1.6.2), (24.1.6.3) for open sets, and with (25.1.3.1),
(25,1.3.2) for compact sets, and which seems to be quite illuminating.

The inner product (f,g) of a Hilbert space is, as is well known,

intimately connected with the notion of the angle. Indeed, let us normalize
f,g by \£\ = ] g| = 1, and denote the angle of the two directions f,g by ©-
Then there are two plausible definitions for f . Either

(25.2.1) cos B =\ (£,

*) In this case the direction of f is the set of all uf, u any complex number;
and similarly for g. I.e. a direction is an entire complex line.

61is then normalized by 0 S & S ]}-"

or

(25.2.2) cos & =8 (£,8). ™)

#*) In this case the direction of £ is the set of all uf, u any real number > O,
and similarly for g. I.e. a direction is a real half line. © is
then normalized by 0 S ¢ 5 1.

According to which of these two definitions we choose, (?4.1.6.2), (24.1.6.3)
express that the angle of U f, £ is nearly O, while (25.1.3.1), (25.1.3.%)

iy
express that the angle in question is not nearly X'

§26. The density theorem. We conclude this chapter by proving an

analogue in topological groups of the Iusin density theorem.
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Consider two f,g ¢ £3 and an open O with 1 &€ O, and compact
closures. So v(0) is > O and finite. Since (Uaf,g) is a continuous func-
tion of a, by (28.3.3) we can form the expression
(26.,1.1) L(£,g) =;(%—) \j; (Uaf,g)dv'(a).

And since by Schwarz's inequality and the unitarity of U a
\(Uar,g)\ 2\ v,z]e\e| = \£le\e)s

therefore
(26.1.2) \L(g,8) | % |£] - |el.
Obviously L(£f,g) is conjugate linear with respect to g; hence (26.1.2) permits
us to apply Riesz's lemma on linear functionals. (Cf, (G ) at the end of
footnote, p.124.) I.e., there exists a unique f* & ﬁ? depending on £, such
that for all g

L(£,g) = (£,g).
We write £ = A,f; then this becomes
(26.1.3) L(£,g) = (Asf,8).
A 5y is obviously a linear operator, defined for all f ¢ f\,a,

(R6.2) We now use the continuity of U f, as established by (23.3.8),
once more, Given an £ > 0, there exists an U} = O (f,¢e ) such that a ¢ O
implies \f - Uaf \S €. Hence by Schwarz!s inequality (cf. also the proof of
(25.343), (23.3.4)),

\(£,8) = (U L) |5 € - |g).
Assume cc a0 thén the above inequality holds for all a & ag. So
(26.1.1) gives

\(£,8) - Lee)\S € - \g),
and then (26.,1.3) givex

\(£,8) - (Acf,e)| s € «\g)|,

\(£ - 20,00\ S € o \g|.




Put g = £ - Acf; this ylelds immediately
(26.2.1) \f - Asf\S E,

Consider now a Borel set M with W(¥) finite. Put £ = f pm >
then U| = 0\ (£,¢) = U,' (M, £ ). Before applying (26.2,1) we compute
Ae X m: (26.1.1), (26.1.3) give:

AoXomig) sk (o g) =78 e Xuwrg) dv @) -
o ) Lavmig) dvie :

o
v (H’af Xawtny () 400 u(x)} v @) -
(using Fubini's theorem)

\ j{aj Y () § Awq} Lv (x):

“vi) 3§

=\ wam(‘) &v(a)i dc\cﬂ A v(xy -

S V)
-SJ‘S‘TE;) {;Y g (v o | o e te
) v NS
(using (21.1)) e V
:Hj V\-(((CT“:‘ f"\\; s AV
Consequently |
(26.3.2 Ao X ) = Lv(g;%& :

And so (26.2.1), (26.2,2) give together:

6 N\) - v L
(26.2.8) jIXM (x) - Vv((Ui) \ dviy £ €,

b
Giventwocg,") >0,put€-§"7’)’and0—|=0'|(f,5)=

= U,) (M, gl‘rl ) = G,ll (M, S, Y] ). Then we conclude from (26.2.%):
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The set of all x with
(26.2.4) [ Xl = (O | 25
v({0Ox )
has a measure S Z
Summing up:

(26,3) If M is a Borel set with %(M) finite, then there exists

for any two X}t)) > 0 an open set J, = 0;”(M,5;»7 ) with 1 & 0, , which

7/

possesses the following property:

1t O is an open set with 1 & & and with compact closure, and if

0’§ D, then the set of all x with

S1-J whenxe X *)

4’(0%- M)
(0% 2 5 g

*) This is the same thing as the
- 2Ox M) |25
/ Kom (%) V(B x) B

of (26.2.4), since @ s Y(0x-m) $1, and
VOx)

Xl {5 mems? b

has a measure Y%,
T

W (Ox. M) ) v Ox- M)
VO x) &/ Y0« )

converges en mesure to % (x), 1i.es to {é :hhg: :; ﬁ}’ when o contracts

In other words (remembering QO £

on 1. (For the meaning of the last expression, cf, the corresponding dis-
v(0x- M)

v Ox)
sidered the density of M at x. Hence (26.3) may be called the density theorem.

cussion in (R1,9).) This limit of

) when it exists, may be con-

It is remarkable that the use of a left invariant Haar measure V(M)

caused the appearance of the multiplier x on the right-hand side of o~ in @4-

St n.
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1, Notations (Combinatrios and Set Theory)
. Empty set
Set theoretical sum

Set theoretical sum of diajoint sets. (Use of these
symbole implies assertion of disjointness.)

Subset relation

Proper subset relation
. Finite set

- L ) :Finite set with (precisely) p elements (p = 0,1,2,...,)
(P) p ) ¢
All other capitals: Set. (General, or subject to other restrictions.):

2. Lema of Hall, Maak and Mm

Assune
M } ~ ) - .

a) A = Zt':‘ A‘. J B = 2_—3-‘- ' Bd ’ (Mlm = o bz )
also that
b) never Z Ao 2 Z B; , and

¢ F-(&) 4f Gl(c-n)
¢) never > B 2 o Ac

de Gesy ‘€ Rsery
Then there exists a permutation (/). m«) of (I,--, m) and a

permutation (l;---} ~“) ot (! Tty ”‘) together with a )‘ 9, ") ““M("‘ ")
such that

«) Ay’ - By # & tor K= 4., p,
() vhenever A; S B then c=k' for a lp_z ) ...},6, ’
b’) whenever B(f €A then §<R" fora = ey p.
Proof: Assume that this lemma is not always trus. Consider a case
where it fails, and choose it with its #m+m as small as possible.

We make first two observations:

2~



T L o
17
45
I) Always Ao+ O and Bd' FO. Indeed: Assume the
opposite. Assume, by symmetry, that an Ac = O , 8ay /4, = & . Then
E A;,=0= < B contradicting c).
T it ¢4 ng o)
II) At least once A, - Bd' F & . Indeed: Assume the opposite;
that is, that always A Bj = G. Then A-B = & . Now

Ac§ B  would imply, since A S 4 that Ao s A.B - &, A-=-0
contradicting I). Thus @) never occurs. Symmstrically J) never occurs
either. Thus )~ &) could be satisfied with f=0 (and, say, N

J' = 4 ) This contradicts our original assumption.

o v ten o

After these proliminaries we proceed to investigate our system

more thoroughly.

Consider the following assertion:

If =42 ..., M {M,ﬁ) but not S = .= 34 then
(#) ™) never _é:_ Ac 2 Z R J and
€l ) £9¢s)
c*) never O B 2 & A
¢ £ Ges) ‘e F,,

We distinguish two alternatives:

A) (#) 18 not always true

B) (#) 1s always true.

For A): Consider a case where (#) fails. We may assume, by symmetry,

that in this case b#) fails. And, by permuting (-, =) and (4--, =)
appropriately, that £ ., = (..., ¢) andthat Gg, = (1, -..5s)
So we have in this case (of the minimum s )

(1) i A2 Z5,0%

Now put



l—@m
b |
M
(2) /4(- = /4.- [—J':%,‘ Bd) for ¢ = 0 -.}3
(8) Bd' = Bd (_ ¢§, At-) for J.:S-"I"'l M .
We form the two systems
‘ 3 I} ) 5
(4) A=Z Ac , B= 2 B and l
2 ~MA 2 ‘) ot y;
(5) A = Z A J 3 :.Z &d.
Y254 d=S+41

We claim that they both eatisfy the hypotheses b), c) of our lemma. In-

deed, let us analyze the opposite possibilities:
’ < aeey S)
(4) violates b)s <. A; 2 S Bj  (Fuy , Gceny E(Hompsd).
Cefy IE€ Gy nd
Then, a fortiori, Z A2 S B i
Us Fle) Y ,
original system. I £Qets)
< (1y....5) -
(4) violates o): S A £ S By (R, , G »-oy3))
(g F(-(o 1) JE q(()
Subtract this from (1) above; that gives

47 .
CZ- e 2 Z’ 3,

contradicting b) for the

’

where %_t_.) - (J"‘jJ) - F((—-n) )

4

G] (s-¢) - (’/---,5) - C7(,_) Thus we are back to the preceding case.

(6) violates c): Z B 2 S A (Fé__.“) < (S«l-lj-../m))
d £ G C& Fress)

qlé) < [s+'2 Ty ~) ) Then, a fortiori, 2:— 83 o Z_ A
T TG Cefg,,

/

contradicting ¢) for the original system,

(5) violates b): 2 B/ S 2. A, (F;” < (Su/...},m_))J
quCﬂ,) “F(e)

ZA
6(,,,) (S41,--.,w)). Add to both sides; then, owing to

U=y

/
(%), ZA— + 2 Ba' = Z_ A , obtains, where Fl—s,u =
=y de’Cf‘fl) 8 F(Sf't)
= (... s)+ F ‘ Now (1) gives Z . gc.l = : ; Al J
777 (¢) ch'i(;.g{.,.] 'CFCH»-r)




, .
where G gyeqry> (7 s5)+ Geen) ,contradicting b) for the original

system.

s o @

Thus all possibilities are exhausted. Now the m + of (4) is
ZS and that one of (5) 18 ~»m+ m —RS. pg S g Mo (m, )
but not S= aw=m 80 &S < Mm+Mm, a5 § >0 g
m4m~dS & ot m. Hence (owing to our hypothesis concerning

the minimum character of ~m+-m ) our lemma is true both for (4) and

for (5).
/ . I ”
So we have two permutations (‘,---,6 ) and (),.../ 5 of
(1,- ) s) as well as a permutation ((S'h)', Sy 2’ ) of ($+4,. ey )
e and a permutation (Kﬂ)j’_ ‘. ") of (S+/,-.., =)

together with a }'-_- ©,%--,5 ,ada g- = 0,/,-- Mian (o, ) — S,
such that the equivalemts of «)— &) hold for both (4) and (5). That is:

(6) Ay By *+ O tor R= -y B
(7) Ay’ - B;” + O for R =511,--., S+;h ) |

(8) whenever 4. & B’ , (r= 1.-,s) them 0=k  for R= 4 p

(9) whenever A £ 8> L, (=884 ) then =4’ for 4@_—5,,}._.).97__1
(10) whenever B, <= A4’ , (6= --y5) then J= R" for k= .- b |
(11) whenever R & A", (§75+5., ) then j= A" tor

—

L= sS4 vy---, s'+1’
Observe first that (6), (7) imply
(12) Ay 3ku *+ © for A= b P or S+ e, :4?‘.
We shall now consider the consequences of (8)-(11). Consider

these two hypothesesi



—-————w}-

I+ §
(18) Ar € B (=1, . an)
(14) BJ < A (J: ... M)

We discuss all possibilities:

(18) and = 4, -, 8. In this case (2) givea

l.gB[—Z B )= (ZB)(‘ZB)"JéB =

(use (4))} 80 by (8) = &’ for k-= .- /;
(18) and o= $*1,..., o mm”mAC<ZAc_Z4

[N )

B-2a)s (Z5)(-2 4y -

hernce N =y

(as)fz D (57w ey

Now the firet t erm 18 = O by (1), and the second term is - > B’ by

d=> 89y
2 ’
(8). So we have A, & B (use (6)); 80 by (9) ¢= R' gor

R = $+v,...}8i$-

(14) and 4=,.. 5. Owing to (1) we have (for J= Y- S even
s s

without aasuming (14)) 30' s d%— B‘,' < Z'ﬂ . Alao

Bd.s;-_z ;:--ZB s (2»4)(— 3 ).

J-l d 3, J 5y

’
This ia = 2 A, , by (2). Sowehave B; € A’ (use (4))5 8o by (10)
=,
d‘: k ) roz. k_‘.'.’ ’J.") ﬁ )
We may add this observation: Since, as observed above, thie 1s
true for every 4 - //---/ S, ‘the number of the A~ with 4 = /. Ny

is S. So we have

(15) F: S.
(14) and S = S+1,.... 3, In this case (5) givaa
3;’% A(ZA):(ZA)( ZA) ZA‘—A

(uﬂe (5))! 50 by (11) d-"—k.l for R = 5+;/ - 6*}-?\ .

e ane e



Summing upt Owing to (15), (12) now states
(18) Ay Byu #06 for R Y.., 5*2 ,
and the above four cases give
(17) (18) implies (= k' for A= 1, <oy St ; y,
(18) (14) implies J=4" for A= /,---, 5"?'
Thus ) — b’) are satisfied (by (16)-~(18)) with b = S+ ? - This contra-
diotl owr original assumption.

For B): (*) is always true. Consider an A" Bd' <+ O following 1I), say

(19) A3, + B.
Put

3 .
(20) A = Ac'['_ B:) for T F -,y
(21) de’ B&C‘Aa) for 4% Y-,
We form the syatem

x "2": Ax 81_
(28) A< — J -

" X
=2 d= >

3 5
We claim that it satisfies the hypotheses b), ¢) of our lemma. By symmetry,
it suffices to consider b). Assume therefore that b) is violated:

J A 2 5 B (g

S C"I"'/"“')/ q(u.) € ("/"'/"‘)) .

: . G)
“eFcs) df Qrses)
Then, a fortiori Z 4.2 5 B Add 4, to
¢ T 9 .
cefe,, 9 £9¢,, )

both sides; then, owing to (R1
’ 14 8 ( ), 2- Al' __2 Z- B“ ,

/7 ‘r F(;v 3 42 Qeser)
where ;Q.S-o g () + F; sy - fiince (#) is always true, this necessitates
S41 e M = . But Cia,,) ¢ (2., ») implies $¥) £ 11—y

and thus a contradiction.

= e

T

.
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Now the am+a. of (22) 48 v+ - 2 hence < -+ ™.

Hence (owing to owr hypothesis concerning the minimum character of
our lemma 1s true for (22).

So we have a permutation (2;---/ ~') of (%,.-, )Jand a
pesTutation [2',‘-—-/ m*) ot (Y.-ym) together with a E
;’: 0’/)...} /”»Jv.[”“/u)-’/ such that the equivalents of <) — )
hold for (22). That iss

x x ~

(25) Ak’ : 3&,, *+ © tor A=2,..., b +1
(24) whenever A4,

/

p

[ =
Bx (l."'l/--7m) then ‘-’A, for R = 2,--, A >,

(R§) whenever B: < A

(J'= 1,..,am ) then ¢= & for R = Z-/---//"V"”-
Pat =/ =). Then ('}3';- -+, ') 418 a permutation of (/) 2,. - ,m )
and ('] 27, .-y ") 15 a pemmutation of (') 2/ -1, m D). (19), (28) imply
(28) Apr - Byu + O for R=14,2,..., F3s.1,

We shall now conaider the consequences of (24), (25). Consider
the two hypotheses:
(27) Ar e

(28) Ry

((': I)..-/"“‘I)

B
/4‘ (d.: ')--./ﬁ\).

)

Let us analyze {27). If (= them ¢ =/ If ¢'+[Ithat is (= 2,.., om,

then A, & g A4- € — A4, s, a fortiors, 4: € — A,. On the
2 ) e r————
» ~
other hand by () Ar = Ac(-B,) € B3(-8)=(Z 3 (- 3,) 2%

fhas "
Consequently A’.‘- s (Jg 33 >("4:) . This is Z B; by (21)

X ~
Sowe have A, S B” (use (22)); 8o by (24) (=4’ for £=2,..., p+ 1.
Summing up,

(20) (27) implies (=4’ for A= /2,.. , S +/. And now by symmetry




(50) (28) implies 4-&” gor A= 142,... , b +i Ts &)~ F)

are satiofied (by (28), (29), (50)) with p= 4 #/.

our original assumption,

P e st S

asd readers

This contradicts

Thus all alternatives,are exhausted, and the proof is completed.

85, Notations (Topology and Group Theory)

G ; Topological group
Xq Composition rule (in § )

x~' . Reciproeal (in G )
1 : Unit (40 G )

M y /1/ . Arbitrary subset of 6 .
0'/ ’j Q Open subset of 6
C, D} £ : Compact subsets of q.
/—VT : Closure of M (in Gq).
M"Y : Intertorof M (in G) .

x M : set (xu]wsm),
Mx : Set (ux [wem),
,M-'.‘ Set ( ua~' l K!M).

Hypotheses:

1) x-' is a continuous (l~variable) function of x (in all G ).

R) « 4 1s a continuous (2~variable) function of

(in a1l

5) 6) is locally compact; i.e., there exists a C with 1=£C"

4. Equidistribution

let a C be given which will remain fixed throughout all our

discussions.

We define:

15|
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Definition
A set |
(1) F=F_ =(a,. . a.)s C (m=vz..) I

18 7. ~equidistributed (2£5°) if and only 1f it possesses this propertys

Yor every a4 ¢ G there exists a permutation (;:.../4: )of (1,. - am )'
such that for every ¢ = !, am
etther o) 4, O - aazO # O

or B) Q.'o' . ['4 C) + 1) and aFa("a-’C) * 0.
We prove, for future application (in 15):
Leans, Leta P with P S C, 7% O, ve given. Then
theroexiltlm&;=0;(7’) with L £ O mdn/:).-/%(c, P)>°,

AP aad

with the following properties:
If the £ of (1) above s O —equidistributed, withan & with L £ 0 § &
then the number of ¢ /,- <y m ) with @& P (i.e. the nmber of
olements of £ P )1s = (e

Proof: Since X 427’ is continuous (of. 8), and since 1 £ e ’
there extsts an Op = 05 () with 28 0, anda & O; 0;"'5:_. P.
Consequently we have

() 150, < 50 s 6447 Ps ¢
Clearly C £ J%C 49 , C 1s compact, every o/C, open; conse- :
quently N |
(8) c £ & Ay .

=y

R and the d,/.../a/‘._ deperd on &, D, 4.0.0n C, P— we note
this by writing & - 4 (C, P).
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Now consider an & with L £ O € & o4 st £ of the
form (1), which 18 J -equidistributed.
Since all a. £ C g5 (8) tmplies

R
Z (Ntmber of ¢ (= Ij.../.{) with 4(80/10;) >
A=

Hence there existo an A (=/,... &) witn
(€) (Nunber of . (= ’/--y»‘)with 4(:5-0/40;) =
Consider an ¢ with a,- s 0/A ﬂ; - We must have one of the

x|}

alternatives A) and B) given in the definition above.
B) wuld imply 4, O (-of ) # 6. Stnce a, O S A4, G5 J E
Edy 0,0, ¢ d, C (use (2)), this is impossible.
Hence we have A). This implies @, . 4/;1 a;- O # & con-

sequembly  J- Zaa~'4‘.0'0'~’§a{l-'[¢{‘_d;)0’0'\’=

= oo s o ECGE P (use (2)). 80 we see:
(8) A, £ 6{40' implies 4 e P,
Consequently

(6) (Wumber o § (=/,-.. &) with 2,6 P) 2 (umber of ¢(= 54 )witn a,-¢cy 8)

Combination of (4), (6) gives
. . !
(7) (Number of j (=!)--, k) with a;zP) > Z’ S ale P
M - /

[
Thus we can put Bo =ﬂo(cj P):’/k "/((CJP_) 2o and the
proof is comploted.

5. Firot example of equidistribution

Consider the C} 0" of 45 we assume only & O Clearly

C < eezé a- 0— C is compact; every 4-0_ is open; consequently

for a suitable finite set




" F o F v oy a) $C (mesn)
we have e

(2) C € ‘é.' a-0

Obviously (2) is equival’int to

(s) c = ‘é M, with M. ¢ 4‘-57

Now we claim:

Lemma. Choose the ;:— of (1) with a minimm s satisfying (2)
(that is (8)). This # 48 0 -equidistributed.

Proof: Use the form (3). We have (for any < )
e o

W = Z M (e O aM,

‘."." l':,

Apply the lemma of 2 (of Maak and Kakutani) to (4) in place of its « ) .
(I.e,; T om A‘:C} B =4.C/ '4(':-'- M B‘_'C am“),WQ

) ¢
prove the equivalents of its b), c), that is
(5) never S My 2 S a M and
e 'F;s ) ve q(rh)
(8) never O aM, 2 2 M.,
‘2 Qesy v'e F(ru)

Since (6) arises from (6) by multiplying both sides by @' and then replacing
-1

4 by 2 it suffices to consider (6). Assume the opposite:

(6) 18 violated. Then <& &M 2 S M. |, nence (4)

L Qg y ["“23,:)
gives C ¢ Z_ N +° Z a M, ) so by (8)
el m) =K, YE Ges)y
C ¢ S a.00  +°>° aq.l; Denote the @, with
CE(H - yom)- ,';54-,) I'E CN:)
AN (1/---//\-4) - ’L;n.) and the «<,- with g Ci“) in some order,
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g — 1
vy & P a, . Then we have C € 2 7Y d‘, contradicting

) A, oy

the minimum property of 4 in the form (2).

Hence the lemma of 2 is true for (4).

So we havo two permutations (7, --, w’) and (7 .-, ") of
(’/-—/Ma) together with a f = 6,4 -, m guh that the equivalents
of )— ¥) of 2 hold for (4). That is:

(7) Mk" “ML”*’ e Cfor k=Y.l

(8) whemever M, € aC then (-4’ for k=% -, F

(9) whenever « M, £C then = A tor k=4 -, P

Combining (8) and (7)

(10) Ay - J . aay. O + & for k:—'/---//’-
obtains.

Next 4 0 € aC or @ O ¢ a”'C ( A=y yam)

inply by (8) that Mpt € @C or a My~ € C hence by (8) and (9)

L

at any rate R= L -, p. So we see:
(11) aA,D’[—aC) £ 0 ana Qpn O [~a"C)7é9
for AR- )a-H,-../ m .
Thus the alternative of A) or B) in the definition of 4 is guaranteed

(by (10), (11)), if we define the permutation (7,.-,; A )of 4 by &’ = A"

for k=1, om.

J

6, Second example of equidistribution
Consider the C, 0~ of 4. We now assume 260 aa KO £C

for some é

Consider those finite sets

—

(1) G = Gy = (8, ,6.)

for which we have

C (’“':’}L)‘-- )

{Lp




15k

la
S @(- o .
J. =
(The main point is the disjointness of the addends &0 )  Obvicusly

(v

(2) cC

(2) is equivalent to
(8) C==2 M with My 2 a; 0.
i
Such sets § exist by virtue of our original agsumptions: e.g. 4’ 6(,, =(8)
(cf. above). Now we claim:
Lemma. Choose the § of (1) with a maximum =+, satisfying (2)
(that is (8)). This is possible (that is, the ™ in question are bounded),
- iy
This G 18 0O O -equidistributed.
Proofs The # 4in question are bounded. Since x 'Y is continu-
ous (cf. B), we can choose a / with Lt Paq PP g O Apply
the considerations at the beginning of § to P 4n place of 0~ then we

obtain A
(4) c & 3"a-F
=y

/

with a certain s which we consider as fixed.
Consider now (2), assuming ~t >~ s, Then, as 2 &0 an
;5 C for J* ’ --,,m. Hence there must exiot two different
d.-} dJr= ), -y m with gd', 5 ‘60"2. 54‘-7) for the game ¢ = 4 - -, 71,

puy | -/
Consequently &, ¢ @d: P » hence éd; £ a‘-P S éj, PUP g gd', 0'

Since 6’»&-2 ¢ éda o , this contradicts 6{’ J . g{h O =0 that

is (2).

Thus necessarily M Z .»m that is our s are bounded.




I

—— -1
G) is 0o o ~equidistributed: Use the form (2). Consider
d 6’ for which neither

(5) 60 (-c)+6
nor
(8) & € éd, oo for some 4 =',--5 1.

For this & then 30 S C ana g {6 00" 8o 6,0 =0

for all J""'/"'/ # . Hence
m

(7) ¢ 22 60+ 60,
d =

and 80 (7) would give (2) with m41 (put ()

M

., = B ) contradioting the
maximum property of 4. Thus every K fulfills (§) or (6), that is, if we
dofine

(8) c’ = {% * 6/. oo !

then

(9) 84 C’ implies B0 (-C) +o

Since b ¢ C trivially implies &0 (—C ) ¥ o , 80 We can strengthen
(9) to

(10) 4 # C'C—/ implies &0’(~C> + &

Now we have, owing to (R), (8) and to the obvious fact
gd' O < 5/ oo’ (remember Z & O~ ), these relations

~ ~ _, =C.',
240 s = 400 [
d:’ =2 /

hence
™~ ~
(11) Z @J-D‘ < C<c ’ [ 6‘} oo ~,_
f= d.="
Consequently we can put
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-/

(12) Z Ay wn by0- e N, & 6,00
I =
We have (for any a )
(18) - 5 W, elcc’) = S aly
J—-l d.—l

Apply the lemma of & (of Maak and Kakutanl) to (18) in place of its a).

= ! Nl - = - = -J-
A—CC) B:a(CC)/AJ /Ud/ Bd’ Q,UJ)
Ve prove the equivalents of its b), ¢); that is
(18%) never Z NV, 2 é—_ Q_Af

I Fgy / dzq(s-n)

(18%s) never
’ S ak; 2 SN
qu(.s_) JZ ,:(31')\
Since (18%) arises from (15/) by multiplying both sides by « ' and then

replacing @ by q~' it suffices to consider (18/). Assume the opposite:

(I.eet o m = ~M,

(15%) 1s violated: Then & Ay 2 2 aWy; hence
d £ Fg, d £QCsy4y)
(18) gives m
czocc s Z N2 My + & w2
= g= d,g(:,,,),,)—f-;” JiF)
2 ' /VJ + Z\ 4’-/‘/"} ’
ECh...,m) = Fis) d€Qcses)
so by (12)
(14) c 2 5 60+ S @ GO
d'f(l,.../..,)—-F;‘) d € Gesany
Denote the &, with 42 (4..,m)~ ;)  and the ad; with j£ Qssn)
in some order, by e’,/..,/ @,,‘“ Then
4‘4’
(14%) C 2 & ‘@ ﬁ'

contradicting the maximum property of a4 in the form (2).
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Hence the lemma of R is true for (18).

So we have two permutations (/-,%’') and (1'.. 4*) to-
gother witha = & ) -~ 4  such that the equivalents of «) — & ) of
R hold for (15). That is:

(15) Nyr - atMyu +O for R=L-yp,

(16) whensver Ay € a€C’) then y2r' for k=t -k
(168') whenever Q/‘{,' < C,-C.I then a’:«k" gor R=Y--, .
Combining (12) and (15) we obtain :,
(17) ay oo . A~ 00 '+ O ftor R =1y,

Hext, d,- 00 7'c a.[C-c’) or auO'O’"'g d:‘(C"C‘)
imply by (12) that 4, £ a(CC’) or @My S CC’, nence |
by (16) and (16') at any rate k’*’;---,}». On the other hand "
% 5O e alc-c’) or apr 0067 € 2a7'(CC*) pean
Q-lqk'o—".—’% C or a4y~ oo'e c-cf hence by (10) they f
are implied by 4"4U To™'p £C or a ., OO0 '» € C, |
that 8 by A, OO0 '0S 4C or @ 00O S a-'C. F'

So we see: '

(18) 4, 0070 (~4C) 6 aa au 0070 (Fa7C) 46

for R = pty ..., m. 1
Thus the alternative A) or B) in the definition of 4 is guaranteed |

for 007’0 in place of its O (by (17), (18), remember O~ 'S OO0 0~ |

. —_ — - Vi ;
since 1&0 )» if we define the permutation (',---,M) by 4’ =~ k" for i
k = l’ . e O

7. Bquidistribution (Concluded)

Consider the C, 0 of 4. VWe assme only Z2& O°. Then
the lemma of 5 gives immediately an (J —equidistributed set
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o

?-’—'7:(“): (a,,..., 44.,.).

In ordsr to apply the lemma of 6 we must assume C+ B
Choooe a géc",then 14 FP= 5"'C",m 6 F € C . since
Xg"’a- is continuous (see B), we can choose a () with 1e @ aa
RR7'Q € O pt &' = PR. men
(1) 1e0 go’sc oo’ o’ g o
S0 we ocan apply the lemma of 6 to O/ in place of its O and it gives
an O cequidistributed st G = Geny = (6., ..., 6a ).

“)

8, Continuwous functions

We defines

Dafinition. Let a set M (S G) be given. -9/\—4 is the
system of those functions (x) which possess the following properties:
)  {(x) 1s defined for a1l x (in G)
() The values of {[x) are real nuabers
3) ((X) is a continuous (l-variabdle) function of % (in all Q)
S?:{(&)-’-‘O whenever x#M' |

is the system of those functions »{ (~) which possess the above l

M
properties «)— 5') except that /z) is replaced by the (stronger) require- 1k

nent

’(;) The values of ,{(K) are real nubers Z°, = /.

Since {/Y) is continuous, {/k)-'-‘ ¢ 4in all -M implics the same ‘
in all —M)i.o. S) above extends from M to -(—M)’ MfSO we seet

For any function { (x) we define

(2) ,Z (x) = {ﬁ”) :




Clearly _/63/:,‘ /Z} is equivalent to //6 “%a" (\5-2;-:) .
We also dofine

= (X)
(s) {1 e [{ 0ol
{ = ) — / 0— .
(4) One, (){) XMJ [{to - {ip) ! (1 2)
It ie well known that both these quantities are finite. Clearly

(5) I ,{" = gl

Combination of (2) and (4) gives

(5) Oae, () = 2t 1§00 - {(]

xHe D

(Compare (4) and (8)1) Interchanging X, Y in (4) gives, since y"'x-: (x—})_))

(8) O’fac, /{) = 0/%'0_, [f)
(z) and (4) give at once
&) Oac, I{) £ 21U {1-

We also state some well-known computation rules, invelving // < I( and 0:°C :
( ¢ a real constant)
o {0{+6llé u{suugn , I/c{ﬂ= le -0,
o ({"}{3[’9”(51 ”-?g»x G) Dac [cf):)CIﬂAcr ({)
(9)- 5 it 4 3) £ O, D’) v 37, o
Orey ({3) € 141 02y (g) + Mgl Bocy (f)

We prove now some lermas corcerning Jl- )] and Ore in connection with
the C of 4. These deal with well known properties of continuity and
compactness, and the proofs are only given for the sake of completeness.

Lems I. Poran ¢ F- and any ¢ > O there exists an
o= J/{,e) with 120 and  COnc, (/) £ €.

Proofs For every @< C  there exists an On wth a€0
euch that ¥ £ Ja  mplies {30~ J(0] £ Je.




Since @« YV~ is continuous (cf. 8, with respect to 4, v/, we

consider a as fixed for the momemt), we czn choose a 2_ with £

enda fy B € Oa .

Fow (C ga.zc a E . Since C 1s compact and every <4 E.
& R -1
open, 0 ( < a. R, . Pt O =TT Fa. f.

&=

~/
Then clearly 1 ¢ O and o= o]

Assume first /"—I«‘IE o and X £ C. Them x £ Q.. 7;:._

B‘h- ?4.‘ g 024'

for some ¢ = /... 4. Hence,

> a forviori, X% & q,-

Net g = X-x7'y £ aq e, 0 € a- . R, < 0.
If(x)— {/ac)/) /{/g)f— f(q.-)lg
(10) [{(x>Y= Jtyr] e e.

Asoume next  x"Y¢ 0 and g2 C. stnee §'x =
Gy 07 o

! ¢
3 € -

Consequently

B we obtain again (10), by interchanging
X, { - hesume finally x"(yio_/ and X, 4 & C. Then /fk)=/(‘7):o‘
hence (10) is still true.
So (10) whenever X"J s 0 Consequently (cf. (4))
84C5 [{) £ e. Thus the proof is completed.
Lemma II. For an {Z \?C_ the l’{// of (8) and the 0:3'-‘0. //)
of (4) are finite.
Proof: Owing to (7) 1t suffices to consider I {II. Form the 0

of Lemma I above for € = /. Since C € Zc QO—/ we have again
_E

(of. above) C %".-, 4 7. constder an x € C. Then % £ 2.0
for some (s /-, K. Hece A x £ O, |[{l)-flol £,
I{(")/.{E /f@c‘)/ +1. Conaeque;xtly xg C | implies

(11) [ [(x) | £ « for the constant o = ‘Af/;‘.”_/‘k Has1 + 1
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For x# C we have -//‘) = @ hence (11) is st{11 true. 8o (11)
for a1l X and therefore II{ fl 1s finite.

Lemma IXI. For an (e xfcz the l/{/} of (8) is not merely
a l.u.b,, but it is an assumed maximum,

Proof: Assume the opposite, then /{(") ‘ 4///// for all X .

Consequently !
g(x> = nf(x)#—- { (x>
is also a function in . . Hence Lemma II permits us to form the finite
i
"?I{ Now lJCIK)!:://j//,i.e. I n‘(x)"_‘F(’dl £ ”g”
{(x) < l(.f” "ml for all X ,consequently //fﬂ £ //f” yg //

and this is obviously impossible.
® o
Lema IV. For every 0~ with L & O there exists an O = O ((‘)0‘/'

o
(independent of /, of. below), with L ¢ J~ € O anieh possesses the
following property:

YY) 2
For every f[_--,?c— ﬂmca (/ ) = &eco_(/)

Proof: Comparing (4) and (6), and remembering that //é) (2]
for a'fC—-i.e. [(3)— f(é'")—afor P.»fC’-weseethat

we need an 5 with [ ¢ 0 £ O and the following proerty:

/

4 - - ,
(12) } x_l £ 0 and X & C or a e C ! imply ' } & a_.
Observe that

-1 ~1

(18) a7y = AT xThex 2 F e T X

Since u« ' U is continuous (cf. 8, with respect to «, v ), and
since it 18- 1 for 7 =/ (and any « ), there exist for every < , 0;/ A
with @ £ Ja, L& & such that « ¢ %, re A imply

, -1
& u-uzJ Since C Eaé_’ Oa , Are have again (cf. above)

c 5 2. pt O°: 7 B 0 g 1o 7€

L & -,

- a
Assume ueC 5 V& o . Then & € Q;‘- for some = /) -, R,



Y

-y
and Ty Z{,-. Hence & U & & o, So we seet

) @ ,
(14) €« s C , v o imply w'rw £ 0.
Combining (14) with (18) gives (12); we must only put U= 7 x~’
x
and mor “ =4 This completes the proof.

Consider the ( of 4. We define:

Definition. A mean is a functional /V)/{ ) = /l/f,Y ({/x)) y
which possesses the following properties:

«) 4\{() is defined (precisely) for all ./5 3& .
D MYrg) = M) F M)
¥) M(‘)go for %ej;

The three properties S)’ 7 ) which we shall state now would have been
postulated within Definition I if they were not consequences of «)— & )
Since they are, we will prove them.

Lemma I. We have for every mean M({) .
S) M(&‘f) = £ /{({) ( AR any real constant)
£) M({);o if {[x)go for a1l x £ &G .
1) There exists a oonstant o = « (/“) such that for all {& gC_

[ M) L = M1

Proof: Ad §) for rational A . If 5) nolds for 4,1 4
where R' # 0, then it holds clearly for %: too. By B/ it holds for
l' + A" too. Finally it is obviously true for & ~ /. From these we

can conolude that 5) holds for all rational 4 .




Ad € ): Assume f('r)zo for a1l * £ Q. Choose a ra-
tional R >0 with R 2 Ml 4e. 0% f(x £ R foranl xeG-

s k€T oo MUpf)2 e onduo vy mewore M(y) 20

Ad 1 ): Assume the opposite. Then we could find for every

m(=42%-) an fu (e & ) witn
(1) [AU~> | = 4™ gt

(1) excludes {,.‘ =0 (then both sides would vanish); hence 1/(..” 2o.

I
Multiply fu by 2% | {“” — then (1) remains ture, and /I {.‘ I] becomes

|
equal to ?M - l.e., we have with this new choice of f“

(2) l M(fu)/ Za”
and “{,”‘—' —7,?“/ and so IfM{x))é ‘i’; for a11 X & § . This we
can form %o

glx) = 2 }f"«(—x’l/

and it belongs to \?; .
and 80 by 5 ) and € ) /y{(a) 2 M{/M),i.e. by (2)

M (§) > 2™. This must be true for a1l m = 1,2 - ... which is obvi-
ously impossible. Consequently ’]) is true.

Ad §) for all K 1 For a fixed / and verisble £ MCAY)
is.a continuous function of & at A =0 : 1) glves
Imlk{) | € 1 k‘ll = allffl- |k]- 1t 1s clearly additive in £
hence it is continuous for all ;é . Ve have already proved 3) for the ra-

tional R , now it extends by continuity to all A

The ¥ of 9) above (for a given mean ?'{/()) are clearly all
© and they possess a minimum:

1LV

We have 3()() Z }/M(x) ljhence Jx) = /~{")J



(8) Denote the smallest « of ") ) above by I M i observe:
Lemma II. We have for every mean %({) -

) M - ”W' [ ) | W | i)l -

1") A - w/;? i)

€ c
Proof: Ad 7’ Ji' llAhu/ is the smallest o which fulfills 1)

above. Since 1) is identically true for { = o , we may restrict it to
”‘ > ©. Since it is wnaffected by replacement of f by L{ (c£. 8 )

above), Wwe may even assume l/(//s |. So ll//*l Il 18 the smallest X with
IM()] & < toraar Mf=1,1e.
(4) A1 = ”W/ M)l
=1
Obviously /‘"‘4’ 2 auh J/\h( ) ) hence by (4)
iz WN{)/ o= {

() wh (M) )z

e
The definitic{;n of A Il vy 1’> on the other hand, gives W (6 L i /‘1 ]

whenever “,{ 151 , hence
(6) | A (p)] = WAl -
lW( Ah ()
Now (4), (5), (6) together p_rgve 1”)
s g): e smites (fletam Af) s A

80

() /»gf /{1(() & et L (gD |

{U =
Consider now an ff with "{I/é: J. Put §(x) = /{/")Iltheu
0¢ g(x) 2/ forall x& (), 1.e. §¢& F. . Besides + fG>£ g(x)

for all ”(CG), so ), f) € ) gives t/f\(‘)g/y‘/g),i.e.
(O] E Ws"“@, A (k). s



7

( £ anp AR
(8) ./2/[;;’#‘ //*\ ()l La‘ic—

Now (7), (8) and ”[) prove ’7')
Lomma III. /j\@ ) 1s identically o if and only if it is O
o
for all ,{L o

Proof: Immediate by 7') above,

10, Left Invariance of leans

Consider the C, O of 4, assuming only & O, We now es-
tablish an intrinsic connection between means and the group structure of &.

Definition I. A mean /}l{/() is left invariant (abbreviated: 1.1i.)

if it possesses the following property:

%) A({(w)) = Mx (/(X)) whenever //cur)/ D/(x)

both belong vo .)?é

Definition II. A mean /¢’ (/ ) 18 D ~approximately left invariant
(abbreviated: O -a,l.i.) if it possesses the following property:
)1 fram) A ()] 2 K Dae, )

whenever f(“"‘)/ /(") both belong to -?; .

X
Observe that % i1s weaker than % for two reasons: First, because

it replaces equality by the evaluation |- - - | € K 0°‘J /‘{) .
Second, because it replaces \?C' by % . Cf., however, the lemma below,

»
The real number K, in 90, ) in the above definition is an ab-
solute constant, which will be chosen in Lemma I in 15 a8 X, = 2 . We pre-
fer, however, to carry it along as Ko, because its numerical value is unim-

portant in our other discussions.
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The relationship of Definitions I and II is elucidated by this
lemma s
Lemma. A mean /}‘(() 1z 1.4, if and only if it is O -a.l.i.
for every O (with L & o).
-
Proof: Necessity: Obvious, since 9 ) is a consequence of ¥ )

o
(cf. the remark after Definition II).

Sufficiency: Let 4‘!/{) be O -a.lui, for all 4 (with Z¢07) .
Consider an such that f/%)/ ./[X) both belong to \SZC.: . Hence

Whfoo) — A {o) | & Ko O, (£).

Now Lemma I in 8 gives

(1) N ({(ax)) = Mx (f(0)

Assume next merely {(’f) Zo forall x2 (. Choose K > o
with K 2 I/(//- Hence € ./(") 5 for all X £ (. Hence the
/
above considerations give (1) for " { ~— and consequently for ){ too.

Finally drop all extra assumptions. Put
feo= 2 (ol ), 0o = 2 (o] = f6o).
Then { // fulfill our original assumptions along with f Since
f(n)) {(x) 2o for all * £4& , so (1) holds for / f
Since f_: p”-— {" 80 (1) extends tof too.
Thus the proof is completed.

11, Means and Measures

Consider the C o 4. We shall consider measures /4-(/‘4) in

q with the usual properties of general Lébesgue measure, including regu-

larity. For such a measure 0 ( M) the integral
(1) J {/x) Aa ()



can be formed for the well Xnown class of gummable funotions.

(Cf. 8. Saka, Theory of the integral, Warazawa, 1937., p.12 et. seq.)

In particular every {E ‘?—C is summeble: ﬁ//X)
is continuous end bounded for X & C » it vanisghes for
x § C  end 4 (C) 15 fintte. (Cf. 8.) Accordingly form

the expression

(2) %(()'—'é/[")d‘r[*) for all /63’&

This /%1 ( {) is obviously a mean in the sense of the

Definition of 9,

G- =
By (1) in 8. {z \%C _ implies fz’ \'fct'
80 {[x) = o for X 4‘ C“ . Consequently it

seems natural to restriot the study of (2) to measures with
Ve >
(3) a(c )=o0 .

We define accordingly:

Definition I.

A measure o"(/Vl) is a C emeagure if it is regular

and fulfills the condition (3) above.

Lomma I,
For every (regular) measure ’Z'/M) there oxists one
and only one C = -measure f(M) such that
— ¢
(¢) T(M) - T{M) for a1 M £ C .

Thus G‘(M) is defined by
(5) (MY = = (cm)

.
ond wo will call i (M) the _C  -piese of 7/m).
Proofs Obviocusly (5) defines a (regular) measure

o (M) and 1t implies (3), (4). Conversely:s Let o (/M)




£ul£411 (3), (4). then ¢ (-C=0 _, Cc)me -¢
give r((f—c‘")M) =0 , ¥ow (M) = s(cMm)+

r((_c‘:)/w) = r(C"M)zr(C"‘.')proving (5)

(2) establighes o (one to possibly many)
scorrespondence between (poasibly not all) means % ( / / and
(a11) ¢° *measures r[/;.} + We now proceed to show that

this ocorrespondence is ane to one and that it oovers all means.

Im II.

Given a mean //ﬁ/é) there exists at moat one CL' -
measure 0 (M ) to which it corresponds by (2) above.

Proof: Let /}ll/{) correspond to two C° -
measures ¢, (M) and G(M) by (2). W must prove that

07(4”) end 07 (M) are tdentical. Ie. 05(M)= 07 (m)

for all Borel sets M . Stnee g (M) o7 (M)
are both regular it suffices to prove 0; (0’) = 0 ( 0_>
torall 0. Sow o (0) = 6;(0CY), G(0) =0 (0c7)
(apply (5) in Lemma I. with 0, and with @3, ¢,

in place of its 6 T

J + Hence we may replace o by

O-C'  in our preceding equation == {

!

C

*®. WO may agssumo o

l.0.4 We must only prove

(6) G(r): o (0) 4  rect

Consider a D £ 0- . Then there oxists an

everywhere continuous funotion fﬁ\') with

(1) f(x)=) tor xeD
(14) //X)'-‘ 0 for % J o
(111) 0% /[x) =/ foral x £G . \2)

Then application of (2) with J,—{M ) and with 0 (/M) givess

.
[

Wis

o o e =g




(D) £ ch J(x> day(x> = (),
(D) z [, foda o - Ay,

henoce
(7) () e o (0)
since (7) holds for a11 D S O, the regularity of

gives
(s) (o) £ o /0)
Interchanging of r/M) 5, (/Vl) transforms
(8) into (6) as desired.
Lomma III.
Given a mean %({) there exists at least one
CL. “measure 0"(44 whioh corresponds to it by (2) above,
Prootu Let %l f.{) be given we will construot
such e O'(M) explicitly,

Consider an arbitrary o and define

(9) P(o—) /E %/{)

(The requirement [ /E is olearly equivanlent
—_ ¢
_{f %C e And, gince we may replase (. — by C
=~ ofs (1) in 8, = we may also write _f&‘ o‘o, s .
So we have

O plo) 2wt ph§) - P A )
fe %, {¢ %c

v
)

p(D’) 1s obviocusly finite (of, Lerme II, {n §,) and

Define further for every D

(10) A(D) = "«»/ plo)

62D




]'/'/

We derive now verious properties of these set Tunctions

[a) p(o) = 42«4’ A(D).
Indeeds (10) implies r (0') A (b) whenever
G 2 D » hence /’[0) "““-’f’ ACD).

s nee rov o s A(D) -
Thuweedonlyp e/:v( ) m i.0
oonsidering (9) — s
(11) M[O/) A(D) ir /f%, /59:

0"
Consider acoordingly such an D{ For any € >0

form the gset D, of all X with /(k) =2 & o+ Sinoce

1s oontinuous, 80 D,  1s olosed, since /a: \?(; . e Do £ C
Henece -Dc is ocompact along with C . Bosides ’f '3 \%_

implies De s O .

Dof ine /é by

fe (x) = Man (f05 —¢, )
Mwye [ (x) 2 0 Lemp £ (x)< {(x) € J
and X D implies ,{(K) <€, {; (x) = ©o.

8o /6 3 9‘ Y Thus -/& < ‘% )

D¢

J)

and for every P / & e Consequently

2
application of (9) to 7 gives

[O(P)?: /l[{e) 1 P 2 De.

Henoo application of (10) to De gives

A(D, ) 2 M({e) ,
e

and this implies since D&

(12) f?l({e) £ Df:«zé A(D) .

in
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Further
£ e
/[’X)—’ {e[*) = /i'&‘/w(é/ f[x’) [:’o / g
8o ”f-' /g 1 ——ée o Eence

I Gg) = flfer | = L GE LD 12 mpu-1/-f 1

£ I MWE ,

(18) M ({e) 2 nif) - wpn e

Cambination of (12), (18) gives

(14) //1(() — MU e € D%—/D A(D).
to

Since (14) holds for all e o it Yields (i1) and thereby

proves [A],

(5.] PLO)+p(P)eolllis OP- O oy 0+PE R,
Indeed: Assume fe :9;, and SZC , ¥ 3 3';
and \?é , then /-fgf ‘.?'; (owing to O P = O

and 07 + P & ), heuce (use (9) )

AU+ hg) = hlf+5) ¢ p(&),

end passing to the 4up and /J—é*'ﬁ (use again (9) ) we obtain

[B.]
[c.] r (o) 4—/96 P) 2 Aa(D) £ O+ P2 D.

Indeed; 6 is looceally compect, oongequently there

———

exista s &R 2 D such that (B 15 compact and & O£ P

¥ow by (10) P (R) 2 2 CJ)) » hence we need only

prove

(15) e (0) +fCP)’>[°(Q> :
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Owing to (9) this amounts to showing

W () p(P)r ) Ffe T, fe T
Consider accordingly such en

N O~ —
O , P @ ore closed sets, they are < Q

which is compact, hence they are compact. They are disjoint

N — N — A N N
gince O & - P - = 0P Q :'(0'1‘-7’)0:(90'wingto
NN

—

R & O+P . S PO igolosed, O & i

T
[ S, P —_
open, and P @Q <€ 0O Q « Then there exists an

everywhere continuous function A (x) with

(1) Alxy = tor X e P @ A~
(i1) Aixy = o for X £ 0'\’5 ((’-p.x.{&é)}
(144) o Alx) = | forall X £ §.

TN

—

(cf, (2) on p. 27. Our P @ 23'@“ stand for the 2, O~
e

thera.) Now form

R(x) = //X)f/x)} flx) = f/:c) (/- )x’/x)) _

Then clearly ﬁ, ¢ ¢ ?& along with /f \?é ,

kio# O
7\ implies _f(x) o

X g 62 . It implies further

and always o < Afx)/ lix) < /.

hence, owing to f < % )
A (x) q&o/ » hence by (11) X # o a

But xg¢ @ & (] , consequently x# ‘0\: A £ o

/

So R ¢ 3—0 . 8imilerly, by (1) £« 3'7,

Now

AUY) = Slhie) = fhlh) + ple) = plo)r2(P),

proving (16) and consequently [C.].
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[D.] A(D)+ AE) 2 A(D+E).
Indeed: For O 2 D, P2E wehave O t P 2 Dt E,

go [C.) (vith our D+ E  in place of 1ts D ) gives
p(0) + p(P) 2 XD rED.
Passing to the 2 and A (use (10) ) [D.]

V= P
obteins.
(E.] AD)+ X(E)= A(Dye) it D E = B.
Indeeds By [D.] it suffices to prove
(17) A(D)+ x(E) ¢ s(Dre) .

Owing to (10) this amounts to showing

(18) A(D) +Ale) £p0) it O 2 DIE.

§ 18 locally compact, consequently D £ =06
implies the existence of two /~ 2 D Q2 F with
P.Q = © . Replacement of /, Q by P'&; QO
does not effect these properties, i.e, we may assume /j/ @€ 0—.
fow D E P ELEQ pve AMD)g p(P), 4(E) 4 pA) vy (10).
Next /"Q:Q) P+ SO give {a(P)-r[,-(Q);—/J[O'),
Combining these inequalities gives (18) and thereby proves [E,]., ==
stnce AND)  1s always > O eand finite and since
it possesses the properties [D.] ana [E.] above, it follows that
it fulfills all requirerents of § 2, Chapter I. We can therefore
use it to define with its help the « (0') and v(/M) (jgny
Borel set < q )} following the procedure of § 2., Chapter I,
Comparison of [A.] atove with (2.1.4.), Chapter I. shows that the

/u/D") thus obtained coinocides with our f (0') . We also

know from (2.3.2), Chapter I, that e (6-) = w(0) )



hence we have

(19) p(O)= pu(0)= w(o),
The regularity of [-’(0') gives V[D):O‘%/)(D)'

(cf. (4.2), Chapter I, and (18.5.2), Chapter IV.) This, together

with (10), ylelds

(20) AD)= v(d).
8ince the /4/0') coinoides with our /.)[0—'). we prefer to denote
the resulting ¥(M) by o (M).
We olaim nows
[F.) o‘(M) is a ¢ -measure (cf, Definition I, above),
and o (0)= p(0) (or, (8) ), (D)= ACD)
(or. (10) ).
Indeeds o-[A/]) is & regulear Lebesque measure
(L.0. 4t fulfills the conditions of § 18., Chapter IV) by its
nature, The two equations are just restatements of (19) and
(20).  Thus we must only prove (8) (of. Definition I. above).
Now C‘} &) are both open sets and it is clear from
(9') that p(C‘.) = /3((7) ana finite. By the
equations already established (1.6, by (19) ) this means that
U“(C'.) = d"(ﬁ ) and finite, Consequently P(C:\"J )
= g—('(7> — o(c')=o0 , whioh coincides with (38) and
thereby proves [F,], ==
Having thus obtained the desired o (M ) we proceed

to establish the correspondence (2) in several steps.

[G.] %\{{) < j(} f(x}do’@ for all fo

Indeeds Consider en # g 3{: and an € >o .
Choose M:’,z/... with s & 24 « Define

176




77
{‘-/&)=/1/L¢« (l'é/{/x)) for ,:o

), 4 - ) m;'J .
Then clearly all /‘ £ n% along with /é F
and also
(21) 0= fl)s foye . &L (¢ fuln) = [,
and
€ for f(x)> e
= Jolx>= foo, (=)= S Llx) — (c-1)e for ()6 <{(OE0e
O for .f(x) £ ()¢
and " = ’/---/M-'JM.
Define further
@ 3660 = (fotrfios(0) tor 7w 1y o,
and
(24) . o = Set of all x with f(>) > (s
' for (= 019' /«-l ™~

Now (21), (28) give

N
(25) f(x)= ¢ %: Jo(x).
(22), (23) show that almys © £ J.-(x) &/ ,

and (22), (28), (24) showthat g.(x)= o for x 4 07,

Hence ‘7 £ \?;. e Clearly all 9o € 9:.
because all / £ « Consequently (9) and [F.]
give

(26) 45‘[;) i,(o— ) = a-[D:--,).
Finally (24) makes it clear that

(27) >0 2 . 2 b, 20.- 0

[ /



Now by (25), (26)

(28) 451 ('L) = e Lé /}é/‘y,-)é & Lg (2., )
But (27) gives
T(5eey) = o (0, )~ 7 (0L)

- Z{r(ﬁﬂ) a-/a)} < r(%--,-é),

J
Z m(0;)= S (rs) 0"(4},,-5)-

¢ =y

Hence (28) beocmes

(29) //1(,() < Z (§11) € 0”[0; _, 04)
On the other hand since the Q;,,-Jd- , d'z ’,--'//-—.l

are disjoint by (27), therefore

JG, [{(K)fe)o(d‘[x) 2 Z— j r- [{/")fc’)dffk)

J' d
Z_f £y Yr)e da(x) = .f, (g+1)e cr[ ﬂ;))
‘.‘ ’J
i.0.
(30) jg ({(&)-I-e)o(r(x)g S (gr)e rfd;,, 3":1) .
d="

(29), (80) ocombine to
(s1) %(6) f ([(«)+c-)da‘(x

aince 0'(6,): /3 CG,) is finite (of, in [F.] or before
(10) ), the validity of (51) for all € > o implies [G.].

[H.] /"4[{> f {[K)df(x) for all g&

Indeed: Conaidor an {g _?é eand an € > o

Application of (9') with O = & permits us to

—

choose an -“ & .;;: with




(s2) M(A)QG‘CQ)"’&.
Define  §(x) = MAa(a,&(r)—{(a)) then 3£3;:
along with { { 3 ?' and clearly

i(xj }
(33) {(l()f- 3(:) = /I/f,a_«/ f/*)A/x)){

(32), (38) give
?W)* Mis) = M(fsg) 2 p(R) 2 oCs)~c |

/(x) do(x) + / Tk o-(x) = [, (f&)+g0)dats)
< J P (5 ),

hence

@ R+ plg) 2 L Ly deto J, todato ~c.
On the other hand application of [G.] to { and 3

gives

(85) ?ft({) <2 fG' fx) da(x), Q‘(g)é_é g{x)da ().

Combining (34), (85) we obtain
(36) fq/(,‘)da'(x) — € £ /M//j ﬁé f/x)dcr(xj_

Since this is true for all & > o , it implies [H.].

[1.] %(({) f ,f(x)z(a'('c) for all fs
Indeed: Conaider an fé 3‘ . Assume first
{(K)> o) for all X & 6 « Choose a K >o
with i Hence O % {("');" K forall *¥¢& 6 .
Then ;(L' {E 9’ , so [H.] applies to -—%

our [I.] holds for , { == and consequently for i_p too

Now drop the extra assumption,

{60= (1o l+ f(x0), {/x), L (1ftx |~ f(x0)



7 ] [ n ~
Then {/ / < j& along with {6 ‘/C .

8ince {’/,‘)/ {"(x) o for all X £ G,

8o [I.] holds for {,’/” e Sinoce /"'/i /”} [(1.])

extends to f tooe ==

v

[F.] and [I.] together complete the proof.

The definition which follows sums up the situation.

Definition XI.

A mean //4/{) and a ('/‘ ~“measure O'/M ) which correspond

to each other by (2) will briefly be called correspondents.

By Lemma II. and 1II, this is & one to one correspondence of all
means with all C‘l-meaaurea. -—
We conoclude with this observation:
Lomma IV,
ar M(J) and r{M) are correspondents, then
wmm o= (c’) = o(c) = a(g) .

Proof: By (9') in the proof of Lemma I1I. adbove

(37) [,(c‘)=/a(e,)= At %({) _
/C 3;(
By (19) in the same proof the two loft hand side terms are
equal to ¢ (C'.) and to fCG;) respootively, By (1) in
8¢ the right hand side term is equal to M ’}A[() s and
[ 4
this is by ?’7 in Lomma IIe in 94 equal toc il % i

80 (37) bveoomes

(0) c(¢") = a(g) = Iy s

(88) gives the first one and the third one of the asserted equations,

The sooond one ensues, owing to a'(C‘y = a—(C) < 0-(6)
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12, Left invariance of measures.

. ‘.
Consider the C of 4. Vo assume now C - &
The correspondense of Definition II. in 11, will be

specialized in this § to the case when the mean % (/) is

loft inveriant (ablreviateds (. " ) in the sense of Definition

[4
I. in 10. We wish to investigate the corresponding ¢ -

measures O’{A/\)

The pertinent definitions for measures are these:
Definitionl,

A measure ?/M) (1,00 a regular measure in C7 )

is left invariant (abbreviated:s €. .. ) if

T/“M)c ?’/M) for all 2£ 0O gnd Mgé-

Definition II,

¢! ¢
g A C ' <measure 0—[/\/\) is C ' -left invariant

(abbreviated: c'- l...) f

G"A.M): f(M) whenever M, aM £ C.
The Lemmas which follow determine the connection
between these two notions,
Lemma,I,
It TIN) isa {.z'. measure, then its C‘-
plece O'[M> (of. Lomma I, in 11.) 15 a C- 0. ..
c* “measure.

Proofs If /Mj atl € c then
=(M)= T(m) = Tlam) = c(am).
LomnII.

Given a C‘—- L. C‘-muuro d"(/M )) there

exists at most one ¥- (" measure (m) , the C¢ -piece
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of which (of. above) is ¢~ (M).

Proofs Lot @ (M) be the C° =piece of both ©-¢"
measures L, /M) and Taf(M) . Then M S C°
itplies

9
)
3
3
D
X
n?
N
y
N

(1) T, [/l/l )= Toim ) whenever /| C 2 C ‘
R
Consider now an arbitrary D. Them D E 2. a. €

. <=y
[4
(This is due to O € % a C

made in 8. The above relation makes use of C + 5) -

s of+ the arguments

Consequently

(2) D= AV wtn A’Aé- =6 for 4+ 4 and A cqC".
(' =, -—\\‘_//

(Put = D a. e A/ M. (E Md) Now (1),

(2) give

k

A
Tis)- 3 Tla)e £ L)z 1),
i.0.
(3) T(d) = T (D).
since T,(M ), T,_(M) are regular, (3) establishes ‘Z"/m): 21(/”)

for all Borel sets /V| , i.e. bhe identity of <,/#M) anda C1/M )

Lemma III.

Given CL"' (7 = c* *measure T/M ) ,
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-
moasure T(M) the c -

piece of which (cf. above) is V"(’m)
let o {M S be riven, we will construct such

thore exists at least cme '(t

Proofs

T /M) explicitly.
Consider an arbitrary D .
D  into the form

As in (2) in the proof

of Lemme II., we oan put this

2y - ¢ a. €
@ D= =M with A Ay =0 for kg and M € A,
(b= o, ay...< &)
L'
(Again C- = ¢ ig used, of. loc. cit.) Thus a_:l/{/t.
and so we can form
3
oy )
(5) Ap) = & ol W)
L=/
Ve derive now various properties of thie expression A (b>
[A.] /\(,D) ig a function of _b onlye. I.e. it is independent
of the particular decomposition (4) of \D used.
Indeeds Considor two such decompositione
A ¢
D= = M with 4/,1/6-'0 for 44 and M S @€
l:—ll , ’ / ¢
D= 24/” N with ,4/7 = @ for )4:§and%§aﬁc
=1 /
Then A}L_C,: D :b;/%, R , hence 4/ Z_ /V /UP 5
= p =

L X
52 olai (Weapd) .

= (= ‘;c,
Similarly 4
A’ R _ ,
m I (4 A/,/) = ‘,;ZI 5" r(dﬁ (H, "4))
b=

Now 4(—)//1/ /l/’);cz' Cl. and , , [/V/V’,) ¢ c and

a,’ I(/V U ) [Q 62 )(4;/(]/ /]/ )) « Consequently



the Cl‘ 0. of (1) gives

(8) r(a (wensy)) _—a—/a;-’[m-/zf,,’)).

Combining (6), (7), (8) we obtain

/

R R
® = olaW )= 2 (a7 )
U=, P =y

J

proving [A.].

(r.]) AD) + AE) A(D+ E).
[c.] A(D)+ ME)= X(D+E) 1 Dr = 0.

Indeed: Apply (4) to D + £ -

R .
(10) D-H;:Z AV with /1{-/1{,-:(9 for ¢y and A €4.C°

Then

R
1a) D=2 ND

ci. with the same k and q‘,j._’_/ Ap )
(12) E = Z N E

can be used as (4) for J and for & respeoctively,

Consequently we have
A
-1
A(DfE)-: Z U_(qbc' M.))

[ S

[ae-ay)

(13) 2 > (D) = Z (a7 (VD))

k. -
se)- = o(a (M-e))
Besides A c D4+ E/ so Mo = MDD 7 M-E/ 4,-'/(/.' -
=q. {/V:.D)f a= (W E)) hence

ae) o (a; (WD) + o (aZ'(WeE) 2 ola' M),

) (¢ (MD) + o(ar (WE)) = T (&N ) F DE= 6.

Clearly (13), (14) give [B.] and (13), (16) give [C.]. ==
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stnoe A(D)  is always 2 O and finite and since
it possesses the properties [B.] and [C.] above, it follows that
it fulfille the requirements of § 2, Chapter I, We ocan therefore
use it to define with its help the ﬂ/,) and v//m) (M
any Borel set < g )s following the procedure of eel Levee
Chapter I, We prefer to denote the resulting V/fﬂ) by T’[M)
We continue our disoussion,
[Ds] Z‘//w) is a Z ¢ measure.

Indeed: TWe nmust prove
r(aM)= T(M).

Considerirg how 7/A1) 1s defined with the help of A(D) ,

it suffices to prove

(16) Ala D)= A(D).

In;pootun of (¢) shows that it remains unaffected when we replace
in ¢ D/ ., A by nD) aa., «/4/,_' e 8inoe

gy |
éq‘.) [4/1/() = 4:.' A, , (6) now shows that A(a D)= )(b),

1.0 that (16) is true.

[E.] /\(D): d—(D) ir DQC‘.,
Indecds I DS C ¢ + then we oan choose in (4)
R =1 ad QA,=1, N, =) e Then (8) ylolds [E.Js

(r.) r{m) is the C° -piece of T (AN ).

Indeeds We must prove
(17) r(Mm)= a(m) ir M€ C.

It suffices, however, to prove

(18) T(r)= o(0) o 0 £ b
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Because we may then apply . ) to both sides of
(18), obtaining

(19) Q:A/f T(o) = A«f (&) 12 Mect
MEH L MmSo g

Now clearly eaoch . & ] in (19) 18 = the corresponding
mgosc'

ia_:f * On the other hand D)2 41 implies M € oC' g
r2

smd (g ) 2 () , o(0c) <= =(0) .
8o each w . in (19) is aleo < ¢pe corresponding

’L‘"’f' e Hence we have — ,and (19) bvecomes
2 4

(20) /&% Qy(o—): w a-(D") it M &C‘)

2 I2m
and since Yad @V ), a‘(M) are regular this implies (18)
by (18.2), Chapter IV,

Wo now prove (18)., Consider an O s c

Apply Aup to [E.]), then we obtain
Dg o

e UD) s snp o(p) e Osct
D Eo Do

Owing to the definition of i (6-)  the left hama

~8ide of (21) is /4/0’) » and this is equal to ’("'(0‘) .

Since o (M ) is regular, the right hand side or (21) 18 o (J) .
fdence (21) gives ’Z‘(a‘)= 0-(0') » 1.0. (18), as desired, —

{D.] and [F.) together complete the proof,

S anas oo

The Definition which follows sums up the situation,

Definition III,

A l.i, measure ?(/V)) and a ct - 1.4,

4
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’

C —geasure o (M ), where o (M ) is the C ‘-piooe

of (M > , will breifly be called correspondents.

By Lemnag I. and II. this is a one to one correspondence
of ell 1.4, measures with all C:'- 1.4, C‘.-measuree.
Means end meagures. (Concluded.)

Consider the C of 4., assuming L".# A.

We establish the connsotion between our various notions
of left invarliance for means on one hend and {or weasures on the
other hand,

Lemma I.

lot the mean 74 [;) and the C‘-meaaure 0"'(4/\)

be correspondents (in the sense of Definition II. in _1_1_.). Then

yl({) fs 1. 4. if and only if o (M) 1s C = 1.,
Proof: That M(.{,) is l.i. means that we have for

every & ¢ €) this property:

(1) /\x (((Q/x)): %t/(/*)) whenever {(M?} ,/[x)

belong both to ‘%‘

O~

That f/m) belonrs to \7& means that f/x) belongs
-

to J“Q_.C . Hence the hypothesis of (1) means that //x)

(\

belongs to 3‘; and to \fQ"C » 1ee. that 1t belongs
7

to C. a0C « How define

(2) /{/],I (/{K)) = 7«7( {{(")) for the //5) of %-a‘f
(3) %; {/(x)) = M"(f(@“)} for the .{/n)of %: —C

J .
then %’ /)‘ "’ are both means for C "a” C in plece of C —

J

)

l ”
and (1) amounts to stating the identity of /yl and of /f( .
! " ‘
Let U—(M) )G’/M)bethe [('4"C)‘-piece --
i.e, the Cl' a-'C" - piece == of "—(M ) J o*(a."/l/))

respeotively,
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The form of the definitory relation (2) in 1l. (remember
Definition II, ir H.) shows that since o (/V\> is the

oorrespondent of /yl therefore G"/M )) 0"“(/@) are

g 7
the correspondents of /’b\ / /yl 7 respectively. Consequently
! 17
(1), 1.0. the identity of //4 /}/\ is equivelent to the

/
tdentity of ¢ (M )/ o[ M )em 1.0, to

FI/M): F"/M) for all M < (C'a"c)b-

Owing to (4), (8) in Lemma I. in 11, this means

~(m)= ola M) for Me (C.aC)' . clect

J

i.e.
(¢) (M) = (f‘(CLM> for /V\/ aMl & C

Thus the l.i. of A(l which is equivelent to the validity of (1)
forall 4 ¢ (:) amounts to the validity of (4) for all a4 & § .

But this is precisely the statement of the ¢ -1, of F[M) .

W are now in a position to prove;

Lemma II. The relationship

?‘\/‘): ‘,{;{{")ﬂl?‘(x) for all /&%

estalligshes a one to one correspondence btetween all 1. i. means /‘/1}

ard all 1.3, measures 'Z'(M).
Proofs Denote the C* ~piece of ?’(M) by d"['ﬂ ) .

Then the above relation is equivalent to

(5) /yl/,{) :£ //A)da'(z) for all /2 %

(reme:ber (4) in _Jil_.) Ir 7’(/14) is l.i, then r(M) is
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C' - 1., and ir (M) 1s 1.1, then ()
cen be chosen l.i., and this correspondence between ()
and ¢ (/M ) 1s one to one by Definition IIT. in 12,
The correspondence (5) tetween the 1.1, /?K {(,) and the
C ¢ . l.d, o [/Vl ) is also one to one by Definition
I1. in 1l1. together with Lemma I. atove. Combining these
two facts, we see, that our original correspondence hetwsen
the 1,1, ?h /_{) and the 1.1, 77M) 1e also one to

OIl0 ¢ ==

To conclude, we define areing
Definition;
The l.,i. mean /yl[iC) and the l.i, measure
m (M )/ whioh are correlated by the one to one correspondence

of Lemme II. above will a;ain be called correspondents.,

Convergent systems of a.l.i. means.

Our ultimate  oal is the construotion of a 1.4,
r.easure, We lnow from the Definition at the end of 13,
that this is equivelent to the followlng propositions

Choose the ( or 4. assuming C'-t & .+ Then
find a l.1. mean ﬁ /(} (in [ ).

Tho eppropriate tool for this program is contained
in the Lemma which follows. In connection with this Lemma,
we wish to observe that it is a s8lmple oconvergence statement,
a detailed proof of which may seem pedantioc, We rive it
nevertheless, tecause tre converrence ococurs in an unusual
way: With the ér; 1z« 57‘} as indicos. (Cf., however,
the ideel C:;\~ defined in (15.4), Chapter III. The notion

of oonvergence rodulo ;Sr\_— which could be defined in the
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sense of (11.3), Chapter II, is very nearly what we use here.)

lemma I,

Assume that for every 0’ with 1e 0 a get m&— p)

with the properties which follow is .iven -

A ) WD’ is a non ompty set of ( - 8. l. i, means

ﬁ(p’) (4n C_~).
A)  For every {e F.  end overy €% 0 there
exists a 0;’:0;(/}€) with L& O
such tlLat
1s 0”: r’ s g’
and

u’z v Wy, P
imply ///"[f)—/}/ll(()/é.e_

Then there exists one and only one mean /fl(,‘) with

the following property:

¥ ) For every {géz—

and every € > o

C
there exists an 07-“ 0:(,/;6') with L ¢ a;/
such that
/
L ¢ 0 £ O
and

—_—

/}/]///} in WZ‘,,;

|\ PQ) - t))) < e

(For {f, 3(; we oan choose thre 01': D:C/}e) of ¥)

as the 0;_—-_- 0;/{16) ofﬂ).)
This %\({) is 1.4,

Proofs We proceed in several successive steps,
—

imply
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() Kot do
Jz", vy M ﬁv

'Al_,.:um

b iRk ) Kat

_e,/D,’} /ﬂ,{’))...
I(6n,0u A0
* 0.

——

(A.] Given an ,{.‘_ £ thore exists a real mumber S,
with the followiny, propertys
If
e>0, LEOEO(fe) forn Hl)y
then
| %- ) le

Indeed: For overy system €, 0: /ﬂéj with

(1) €>0, L0 8(fe) /ﬂ/;/in /4

form the fnumerical) intervai

(2) I(G,a;/]h(jf)>: /f\(/)-e.{; £ ¢ /y)//)+e.

Consider now a finite femily of systems €. U M, (3)

'z, ...y ~~, all of which fulfill (1). Consider any two

J

4= ).y m o Form r? = J, /ﬂ e")O;//iGJ )

ard choose an /yl*(’-) in 877,,—* e lNow applj (3) above
to ¢, O O* /}h.'(a)//}“f;)and to &, 00 5% A ty), /ﬁ*/;)

in place of its €, 0’,’ U_;’ /h’(f)/ /y’”(g«) i

Then

Metf) = ptg) [ e, 1D -A*(p)] <,

result, and therefore

(3) Mly)-e & Mylf) +e,
Since the f(é,ol- M(sr)) are olosed, bounded,
numerical sets, hence compact sets, it follows from (4)

that all I(G/ 0./ /l/l(g,)) possess a common element Seo .
(crf. (5.2), Chapter II. DYore prociselys We ourht to
have closed subsets of a fixed compect set, This can be

. + 1 +
btained b icking f d syst
obtaine y plckiny a fixed system 6/0’//1/[/})/

19



which fulfills (1) ang then considering the I( € 5; //7 /g)) *
—_ a L +
'.L(f/ 0—/ M(j)) in place of the I(GJJ;%[}))

This §° Possesses obviously the property expressed in [A.].

Be Given an & » there eoxigtg g real number o
(B.] o1 Z. here oxt 1 number $
with the followin property;

There exists for every € >o0 g 0; = 0; [f; €)

such that if

€>0 1¢0¢ 07/411/;)11: Wéa.

L

then
| €, - /‘}’1({) | < €.
———

Indoed;s por £ ;?; (E.] follows
from [A,] with 0'; /[; €) = J; (/; €) . Consider now
an {{ % + Assume firgt f(&)Za for all x<& § .
Choose a H Do with K;l/f(/ « Hence 030/[")‘?‘(
for all x eq§ , Then ‘;— fé ‘?; 8o [B.] holds for
;\‘;‘ / . Ccmaequently it holds for { » too, with

- v .
Df(f/é)“ 0;[1({0,:( €)

Now drop the extra &ssumption. Put, ag et a previous

occasion,

()2 4 (1) plo). f 0= (160~ frmr)

Then /,I//IZ c along with {e: \;—C e 8ince
{ &) [(%x) zo for all  x& G 4o [8.] holds
for {/’ /” . As {: /'— f/' 1t follows that

[B.] holds tor{ »too, with 0,'({/5) - 0‘-//1 %)0-' [{I’, é/z).

[Ce] The fo of [B.] is uniques We donot it vy y\—{{)
Indeed: Let {i gcj and .S(:,/ f;u both
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fulfill [B.] say with 0; r{ /{ ¢) respectively,
g/

Form (J = 0' ('( /z // % ) and choose an %(})
in W@' o Then application of [B.] with f and _@/

with fb" results in , fo -~ .~ /é €& . Since

I

/
this is true for all € >0 , therefore f:, = f:, .

[De] The /)*l(,{) of [C.] i5 & mean (in C Ve
Indeed: [R.] and the uniqueness statement of [C.]

permit us to verify the requirements o‘)— d/) of the

Definitior in 9. immediately.

[E«] The mean /’l //) fulfills our requirement ). For

an _{g? wo can choosge 0—//5-).- J“[/ 6—)

Indeed:s This is ivnediate by [R.] and by [A.].

[Fo.] Thke mean % {{) is the only reen which fulfills our
requirement Y),.
Indeeds This ie immediate ty [C.] since )

coincides with [B,].

[Ge] The mean W{) ia 1.4,

Indeed: Consider a P with 1s& P . Consider
en € £6 end i{[x) for whioh {/&) and /Q/x)—‘ f@«)

both telon: to % « For a.ny €> o0 form

0’ 7)0' {K ‘7L> D(; % and ohoose an /Vl(j’)
in m e Then /V’)[’«) is 07 = aslid., so

I/V’l (K/M))"‘ /ﬂ [{/x) /“ ‘(‘, e, [")"‘K 4/)

Hence application of J') to { and to /4_ Fives

IMx (flam)) = A ({t0) | € K Bac, (1) +¢

Since this is true for all € S>o » therefore
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(-&\Tx (((a"")) — W/—lx {/(*’) } £ K, J/‘acP({j.
So 7VT(3) P - au.t.

Sinoe this is true for all with 1&P
therefore /W|(g)  1s 1.1. by the Lemma in 10.
(D], [E.), [Fe], and (G.] together complete

the proof.

The above Lemma requires one more implementation,
As it stands now it does not exolude the possibility of
/W{() being identically 0 == 1.0. its correspondent
’C‘(/M ) being identically O . If this happened
then the 1l.i, thus obtained would of course be worthless.
One might try to exclude this possibility by

requiring the existence of a fixed & > o such thet

(5) I M"I 2~ >0 for all /ﬁ(,’) in all mﬂ‘ ]

It is possible, however, to construst examples
which fulfill «), ()) in the above Lemms I., as well as
(6), and for which /771_/() is hevertheless identiocally

0. Consequontly we must look for a different safe~
guard. The Lemma which follows gives an obvious one:
Lerma II.

Asgume that there exists under the hypotheses of
lomma I. above, a(fixed) Z" & C?C- and a (fixed) fo > o
with the following property:

There exists for every b with Lo O an
’ ’ ’
o= r(o) with 22 0 €0 4

/f‘\’= /ylo_l & mo_ » such that
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[Ny 12 >0
Then we have for the /l}’l({) of Lemms I.
! N’T ((o 2 B>,
too, and therefore this /Y ('{) is not idcntic.ny o .
Proof: For any & > o form 0O = o’ 7, (;/ €) .
Then obviously I/Y/\[/) 2 (A€ o« Sinoce this is true
for all & >0 , ®0 /M((_) | 2 A , whence all

our assertions follow,

Examples of means.

Consider the C of &.. assuming C‘ -'F G.

Consider any finite set
(1) F: -F—: = /al/---}a_m)'gc

()

Then
(2) M) 2. = {(4) with all & 2 0.

is obviously e mean. And
(3) /)0({) = = f_— /)

is olearly a special csse of (2).

We ostablish now some properties of these means.

Lemma 1.

If the set <~ of (1) is ( =equidistributed,
then the mean /)’/ /’/) of (3) i D = adlai. (e
choose K, =2 .)

Proof: Consider an 0_ =oquidistributed E—
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of (1), and form the meen %({) of (8).

Wo must
prove that 22 in Definition II. in 9, is fulfilled.
We will find K, -2

(ofs los. oit.)

Consider therefore an arbitrary <  and an .//"')
for wrich {[x) ,//M) belong both to ..;"Z

Apply the Definition of ¢, to the «.

I 4./\4.;\

of (1) ebove, which we assumed to be O

-equidistributed.
Let us discuss the two alternatives A) and B),

For A): In thia case we can choogse a 2., § <. o /754
Then

4. 2’ /4— aé e I hence 1,{{48-)—4[2-)
l :(/QQF)"{(&C)( £ /:cJ g))andao

{a:) = flaaz>| £ 200 ().

(4)

For B)s In thin case we can ochoose & 4, &£ &, 0—( GC)
-7
and a Ve €& ( —a C) . Then 4,- & .- 5
ar a~’a v, (: a4 RN

nd dL‘-¢/ QC/Q':.¢C‘.
Henoe ’{(Q.:)_ {(‘h‘)}) }{{443) - {(qr‘)/‘é D;QCJ—[{)/
and (as {(M’) K (x) belong to

9; )) f{k.‘)l {[4(/‘;):0.
Therefore (4) is afaln valid, --

Thus (4) holds for all =/

s T e M, Now
W, (flaws) = W ()
S -k Z fee)
) Zi 2 f/m)“ -~ Z.f/m:-

= ‘2 (/ﬂt)—/(aq))

and consequertly (4) implies

(6) } /x/x (!(‘V”" — Ny ((("’)/ £ 2 b}oca_ [() .
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This is precisely what we wanted and the proof is therefore

oompleted.
lomma 11,

A) There exists an f" & % which is not identically O .

B) Choose a fixed éz% by A). Then there exists
anD';:D"’({’) with 120, ande ()f,—,d’.//:)>o

with the following properties:

7

¥ 1 0 I and if the [

of (1) is 0 -equidistributed, then we have for the mean

//(,/’) of (8)
/}//[{a) ? 0,;70'

v ¢’
Proof: Ad A): Since C # (@, choose an @, £C

Then thers exists an everywhere continuous function %, (x)

with

(1) {. (2, )= '
(11) Jo(x) =0 g x4 7
(111) of [ (x) £ forall x& &

(cf. (2) on ps 27, Our [dp)/(l stand for the D/ s there.)
This ﬁ meots obviously all requirements.
Ad B): Consider an /, which satisfies
A). Then I {, >0 . 1et P, be the set of
all X with l,(»\’) > £ ﬂ/, /. Po 1s open,
since ,{, is continwous. JF, £ C , 2 £ © are obvious.

Now apply the Lemma of 4. to this F:, e Then we

See  araimiig 1s 0 <& O :0:(]:): d”(/,)/?{a_(

|



— L ”{//(Number of ¢ = /---, ™ with 4;::]3)
(e 2

£ Eufd pe

Sotwe have for 0’, =¥, ({’): ;’ ///o//- [ a :‘,L_ lf/.l[%((, E)>o
the desired inequality 4//{{,) > ¥ —

With the help of these two lLommas we obtain nows

Lomma IIX.

Consider an f, of A) in Lomma II., and tho
corresponding D—‘, and r‘, of B) in Lemma II.

Assume 1 £ 0 S O, and that the F  of (1)
is o ~equidistributed,form the mean 4//[#) of (3),

end then put
K-

Then we havo

5,
vif.) 4/{/'/7) '

%)y M 47) is a mean of the form (2).

P) M ({) 1s 0 -add. (Mth Ko=2 ,astin
Lema I,)

&) Wil <

s) M) =0

T e e RS N M O
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Proofs - Ad o)1  Obvious since A/ Jf)
the form (3).

A ) /)//({/) 1s O -aud. by
lomma X. with K, = 2 , hence the same is true for /,W\@()/
an the fasctor )://)V({.) is £/ by B) in Lemma II.

2 )i st Y/[{) nas the torm

2, IV £ 1f1 ensves, 1o, Ml W1 £
This implios Il /y\ W £1 , stnoe the factor %/ /y/"a )

£l

is (ef. above).

o« M [p)-

Examples of means. (Concluded.)

We are now in a position to dofine the sets z?é (1 fd.)

A§)s Obvieus, owing to the definition

whioh are the substratum of the Lemmas ., II. in _1_4_.

Definition I,

Form {,) D, J. a8 in Lommas II, 111 1n 18.
Asoume first [ & O S O,
Consider all ﬁ-oguidietributed sets F J
(ofe (1) in 16.) form with their help the means /W[{)

(efe (8) in 16.) and then the means

(,
Ny - M{) vy

(ef. Lemma III. in 15.)s Then mof is the set of all

tross WM ({)

Definition II.

Asgume now only 1s 0 .



s/

Then m = mo"d'o « (Wo use

g
Definition I. Clearly I § 0-'0_0 < 0; « Alpo
rds £0).
Lomma .

22”20_ Fulfills the condition &) in Lemma I.
in 14, and also the extra requirements of Lemma II. in 14.
Proof: Ad X&) in Lemma I. in 1d.: WZ @?o
2o
is not empty since & D;o ~equidistributed sets £

exist: @0.gs by virtue of the Lemmas of Seand of 6.~ or

equivalently by the disaoussion of 7. Every 4//\ ({
in m % is an 0’ 0;0 - a.l.1,

mean by Lemma III. in l_El.. hence a fortiori an O = a.l.d. )

méan,

Ad lemma II. in 14.: We have for every M (f)
in W W?J()- (for every O with L 0—)
’};\(‘(,)':()3501 » by &) in Lemma IIT. in 15, =—e

If we compare the above Lerma with the conclusions
reacked in 14. then we see that there is only one more estep
noeded in order to obtain a 1.i, measure (in 9) by the
procedure descrited in 14, This step oconsists of establish-
ing the condition (5) in lemma I. in 14. for our above
sets mﬁ « The sections 17. - 20, which follow will be
devoted to this task,

We oconolude this sesction by reemphasizing what
we observed alreedy in the proof of our atove Lermma: That
the equidistributed sets E » which ocour in the
Definitions end in the lLemma of this section ocan be obtained

with the help of the Lemmas of 5. and of 6.==or equivalently

by the disucssion of 7.
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17. 2-variable means.

We define:

Definition I.

\?-CC is the system of all those 2-variable

functions ,f[x/ «,) which rossess the following properties:

) /(x/ u-) is defined for all X, so (in@).

/3 ) The values of ,{ (% « ) ere reel numbers.

r) f[x/ w) is & continuous (2~veriable) function of X, «
(in an@).

5) /(’C/“-)—'Owhenever X%C‘ or “-¢C

Definition II,

Two means Y\ /{J ) /)////) (1.0. M, [//ﬂ)/ /,l//'x///xf)/

of. the Definition in 9.) are commutative, if this is true:

For every { (x/ «w) Dbelonging to ‘?EC wo have:
&) The function of X, Mw (([‘1} «“ )) belongs to \?é
/%) The funotion of «, Mx (({"/ “’) belongs to 3; .

o M (M () = o (W s en).

It is not difficult to prove that eny two mears
/)//\ [()} 4//[/) are commutstive, Indeed: o()J /J)
in the above Definition II. follow with little trouble from
the equivelent of Lemma I. in B, with (the "direct product group")
G' X q and (the "direot product set®) (. =« C  in plece
of its E} end C . (Thenm ggc repleces ::2&
l.0., wo use the "uniform econtinuity" of /{'x’ w ) o)
And ¥ ) in the above Definition II. follows from the conneotion

betwoen means and measures (of. (2) end Definition II. in 1l.)

in oonjunctior with Fubinit's theorem. We do not propose,
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however, to elaborate this proof here any further because
this general statement is not needed for our present purposes.
All we need is this:
Lomma.

Any two moens /y/\-/{}/ //W/,l) of the form (R)

in }_g. are commutative.

Proofs IlI.8. wo asgsune
M

(1) /V\[vf) t-/ vf[‘lc) { the o A, and the
(2) 'X/(f . J;f; s, {18, a, b @ jare tixed.
Then immediately p

(3) A ({(x,«-)) = dé B /(x, b;),

(4) /}9\,4 (gl'r,u))_- g o(-{[ql-)u-))

{% (4 (fex uf}') (M (Pl a17)
. 5 Z o iy {(ac, 45)

L:/

proving « ) Ve ) &) in our nbove Definition .

Corolla:_'z.

Any two means /V\ {(), W/;/) belongling to any

two sets Wo,/} 9720”' (of. the Definitions in 16.) are commut=~

ative,

Prooft This follows immediately from our above Lemma

Af we remember ok) in Lemme III. in 15,

Comparison of two ﬁ'- a.l.i, means,

-
Congider the C of 4. assuming C + @

8ince )(j is continuous (of. 3.) we can choose a

P wth Lgf e A PF £C . P
-1
D;‘, = a B » then olearly

) 10, Oy 707" 010

-

n

C



This 0; will remain fixed throughout the
discussions which follow.

Assume furthermore, that two 9— P with
(2) 1s0 < O CC P)§ s I
(ofe Lemma IV, in 8,) are given,

The discussions which follow concern two means

M [{)/ /W[() about which we assume for the moment

only this,

(3) /Y\[{)) /y'(/) are O «a.l.i. means (with Xp =2

of s the lemmgs I, and III. in 16.) .
@ NN, Il e
(5) /y/\ (g )/ /W/{) are commutative with themselves

and with each other. Further restrictions will be added later,

Porm the set go,. in the sense of the Definition in 8.

%
Clearly (by (1) )

—

(6) @"_-__99?.:‘77

O < ¢ .
For every function {[x) form //x) as in

(8) in 8. 3
(7) ,//x) = //"—')

Thoxi_l_inco 0'_' = ﬁ; by (1) )

* —

(8) .{E %* is equivalent to [_V

£
(Thus in this oase (6) gives f/ //{ ‘?C— s

that thie oould not be inferred e.g. from _/,_r JFE .)

?

X

. Notice

AN o

We proceed now to prove eight consecutive lemmas.

lemma I.

Agsume (1) =« (5) adove, If // j £ \% then

)  f() g(u’x) velongs to ?’

p ) I (M (,{k)g@-w))—M//)/y\/w}

= i O})c f;’)

23
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(Cf. Definitions I., II. in 11.)
Proofs Ad o )s The requirements &) = ) of
Definition I. in 11, are obviously satisfied so only § )
eod. requires closer consideration, l.e., we must prove
;{(K)g(u"x)_: O whenever X#C or IL<{C
Assume therefore {(,{) f (u'x) + ©®. . Then
,{(7()/ 3(u-—’x) qé—o) hence, owing to f/g 3 \—;‘{; 5
X, u'x & ﬁ* + Thus by (1) N
XZO;c-rcc,u:—x(«‘x)—'zé;q::thmia x, o £C
as deaired,
Ad /5 )r  Consider a fixed x<£C .  Assume
first {CX) #F 2 , Them &) atove implies that 5 [ 2 )

belongs to ‘;C' (as a funotion of « ==gince we can

divide ,{(X) ; [q"x ) by {(") ) . Y-

(9) ; V[x"u) = g ((Xd‘( J-I) =7 /“-'W)belongs to \%
(as @ runotion of « ),

Next ?V[u..) belongs to 30—_ by (8), hence by (6)

£
(10) 3"(« )= Fla-) belongs to .%
(a8 & funotion of « ),
Combining (8), (10) and using J ) in Lemma I. in 9.

and 9 ) in Definition II. in 10, we obtain

Mu{,((,);/u ) = flx) Ml gluxs),

)/)4\u (gru-'x;)—/)h(g") E //}/\M(g"/X’u)) “Mu /g”[u))/
£ K, Dac, /;") )

homoo (e 0% [(x) £, )

(11) /M“({&)j(k"a—)) —{(X) /)//\ (3“)/ £ K. &/"Cﬁ (9 v) .
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We had to asgums /[z)# o (for 19), hence for
(11) ). But if {{X): ©  then both terms in the / see = aee f
on the left hand side of (11) venish, therefore (11) is true in
that case too, Thus (11) holds for a11 X £ C .

Now application of ) /y/\ N < 1 (by (4) ) gives

l/}/\x( /)//lw [{’(x) g(&."x))) - /[z) /]/l/j")/:‘_ '(,ﬁ/'ac”_ (3

v

.

i.6s (by 3) in the Definition in 9, and by J ) in Lemma I.
in _9_. ~=in the future we will omit such references to the

elementary properties of the mean)

a2) [ Mx (P (frgletod) = NN )] & Ko O (5%

Since f{/\ is commutative with itself (by (5) ) so

a9 Au (Mx () §00) = A (Mo (pro 36a721))
consequently (12) becomes ‘
a | A (A (f0 geasa)) = ) A (39 ] £ % B, G,
as desired.

Lemma II.

Undor the hypotheses of Lewma I, above, also

Wl e foge=)) =2 { w3 M G7)

~ Ko (O, (f )+ 09 G2 05 0

Proofs For a fixed & _//x) g;/u"l’) belongs %
as a funetion of;;bocauae {{)‘) does (cf. the hypothesis
of Lemma I., ond (6) ) and because o= j/«"x).f/
(of. the hypothosis of Lemma I.). FPurthermore, /(u x) g (=)

(—

belongs to JCC a8 a function of X , beceuss (x ) does
PJ

I



(of . the hypothesis of Lemmn I. and (6) ) and because

0 £ /(u ) &/ (of. the hypothesis of Lemma I.).

80 we goos

(16) {{(‘x) ?(u_”'a:)/ {(uu) '3{“) bolong to %’

as funotions of x .

Besides

(16) {lux) §(u (r)) = flax) 96x) -

-+
Combining (15), (16) and using & ) in Definition

II. in 1_0. wo obtain

{ /))/\x {,{('ux) 3(:0) -—‘/V’lx (((k)j/u"u) )
o { s K, o, (flex) geo)

Now clearly ﬁocﬁ [{/M) ): D”Co //(")) hence (9) in

D—/aca_ <f(‘v)<-)5(k))g‘ 0/'.\:0_(/)-} &Mo_ (J)
so (17) becomes

{[ My ({/wx) g(x)) - My ([(K} j.[u"x)){
(18)

£ Ko(@»co_({) + 030, /3))-

Next observe that o & f[.ux )g(a) =y 9(2&) P

(again owing to the hypothesis of Lemma I.), hence

(19) My [l g o) £ 0 (9

Consequently (18), (19) give

V\x({[") glum) £ Mlg)+ x [O;K'a_ K Jncuff)) .



Now epply /}}\w (using NI /y\ U &t ofs (4) ),

then this becomes

(20) 4/\“ (M (f 0 gz ) ) é//)/(’) +K,( ac, (f)30x, ().

Combination of (20) with /5) in Lemma I, above cives
) Mg)z p() M G) = ko ( Doy, (§)3 Dogy (507 Onc_(57))

v
Replace g by 3/ in (21), then this becomes (remember (8) )

@) A (37) 2 Q) iy )~ Kol Oncy ()7 Doy (7)+ Oocy (5°))

Now substitute (22) into (%) in Lemma I. ebove.

Observe that /i’\ {%) A owing to o= K{x)."z ]
(use again ”I M ”/ < ) , ofe (4) e Then we obtaein

/%u ( /J'\x /flx) 3(4"k))):> {M[()}L M)

(25)
(g () Oy ) #2850, (3)

as desired.

lerma III.
Under the hypotheses of Lemma I. above, there exists
.’.
a function ‘f1 (x) and W ( & 5 ) with

the following properties:

£ 4lx)= f(x) P {10, gto= gl x) 370,

alifour functions ‘f/"), f+(4’)/ ‘f{‘it\')j ?-f(?r)

—aey

belonging to 3(;
¢

[3) Put

c
I P
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J = Max {&;CP (/)j J/"f{i)),
= o (Bacy (), oc, 7))

Then

sTeaf
Y) mcp(?)élr
§) Put
o = A/’l{{)/m{ﬂ
“T.: /W\({+)/V\{j1)
Then
x7 - x4 1%, 5.

Proofs: Form o, 5 (which depend on .{ ‘3 only)

as indicated in & )s §) eabove. Then (2) gives directly
p/oco— /():L &/)CP /{)/ &/Jca_[j) £ Dncp/g)J
and with the help of lemma IV in 8.
0/":5 (‘;y) _-f-‘ O/JCP /f)
Consequently ( )
Hac 4
ﬂ/ocr [{) e &/’(d— (g).’ 2 o 9

Hence Lerma II, above gives

e (Dl frogees) 2 3 Mig) = 155
(2¢) k) 2 {M(()gz/%/g)_.z/kar
with K{u):/%\,\ {I{{x)}(a-'x)) )

lip

¥5 |




S,

Thus (using I V\ L N by (4) )

Wz { gy Mgy — 7RI

-f.
hence there exists by Lesma III. in 8, 4 4 £ &G with

L) 2 {/V/\/./)fL /V\(gz)* YK, .

I.0.

(25) /y'l,‘ /{la)?/uf"x)) > {/Wé/)jz/ﬂ@)~7%f

We now put

(26) p(x) = o) g (7=

Wt //“fﬁjﬁ\

o

and
(28) ("/u = (V- plx) = //«)(/— j/af'; J)
(29) 3+[x) = j[x)-— ;o/kfx/ = ‘7//\')/’” //“1“)j-

As Sz, 1 < ) < ‘
Z, 3 s o henoce always O f(«/j(%’) /,
therefore (26) « (29) imply |

@) oz plao, {7 Pl g e v e Q.

And since X 4 D; implies {[X)S J(X)—-a » therefore
(26) « (29) imply

(31) Plx) - f’L/,\) = pluta) = J*(x)-o £ x ¢ O

(30), (31) mean that
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(2) (=, {’f/x), plutx ), g*/x) belong to %;

Now we oan prove X ) = §)

Ad =« ) 3 Obvious by (28), (28), (32).

Ad (3 ) s Immediate by (28), (26), remembering (9) in 8.

Ad ¥ ) s Immediate by (26), remembering (9) in.8,

M §) s Aways (f’(lt+;\) = © , therefore
/y‘x((e(u"’x)) 2 o hence (by (26) or by ) )

(33) M (37) € Pig).
(25) and (26) give (by (26) or by «) )
(34) M 7)) e M)~ {mipi=mG) +9xr

Now multiply (33) and (34). Observe that M {J') €l
owingto 0% glx) ¢/ (weapain MM Nl <t
of. (4) ). Then we obtain

N /() milg*) N
o) = MG ~ Thpwg)3 + v

i1.0.

+
(86) p( """L"I’?Kar

s

as desired.,

Lemma IV,

Under the hypotheses of Lemma I, above there exists
a sequence of functions fé (x) and a sequence YU & € y

(;/,2) ce e .




with the following properties:

(D= fIx)= S Blx) + fo(x)
)  f00= fiix s Rl + fe .
¢ (x)= jo(,,)_—gg (U x) 3 Jo O

=1

-
N
\

all four functions ) (=7, f( (x), 1, [“(X)) Gy (x)
belonging to % '
A

pr e
5, = Man (Oncg If) ’”C;’;{)o)/ 2
Then o
S¢ £ 268, [e=142--- )
y) 0’°CP (¢ ) e 25¢- (C=1,2, -~ )

Lo £ o&_, - o(l,, + YK, S; | {(:a,/J:_/__,)

Proofs Put (as indicated in oL ) above)
f. ()= flx), 9,(x)= §(x).
Consider an ( = ’1 2,.--- such that {;_, /"‘)/ 7e-, (x)
are already defined end belonging to }' .

o‘
Then apply lemms III. above with these /(_, (=), Je-, (x)

in place of its {(x ), g (x) and ehoose our
+
‘f((x)/ l»((} /(/x}/ ?ef,\.) a8 its .‘f/’(’, a
7‘./;ur} 5 "'/xj .« Thenour &) = §) coineide

with the & ) = J§) of Lerma III, above respectively. This

completes the proof,

e S s
pim— e £
o

£

T T

s T B i £ ek,




lerma V.

Under the hypothoses and with the notations of

lemma IV. we have:

biy
x ) S = fo = M{ﬁ&?qjjﬂﬂcpfg))
z /
.2;,4/ ,b"(/’*l) K, J
for a f£ixed ¢,= z, 3/ - .
then
1
ya - ...
/5 ) fc = ‘ek-ei‘lﬁl(ﬁﬂ)lﬁ, for {-0’ ’ 2,
L
) Ap £ l + tor €=072, -, h
Proof: A4 (; ) 3+ This is an immediate consequence
of o) above, using [3 ) in Lemma IV,
A YY) ¢« Consider first {=0 . Clearly
/%\ {‘)) /X/]/ﬁ) £ | (we argued this ropestedly before),
hense %o £ | , 80 that dJ holds in this case,
Consider next £ =1 ., By §) in Lomma IV,
)
K, L - K FYN, S, £ L £ L 2= =

=y 26-'};(;,_,,) "—l; 2 Y

so that ') holds in this caso, too.
Gonsider fimally en {£= 2,3, ... b, suoh
that { ) is already kmown to hold for £ - e Then
°(e,, £ I/e and s0 by § ) in lemma IV, and by

—-—

'ﬂ)abovo

2l

JJ



p =
g € He_, - Xe., t 4K, Xé-—;
< .L_ ) + _____.___’_-_
= €7 er 25 pa(prr)
& Lo 1 - 4 _ ! - —
14 eL (:((4,) € {((*” e-l-)
so that ¥ ) holde for £ , too.
Thus ) holds for all (=°,’,"-,-—- Y
and the proof is campleted,
Lemma VI,
Under the hypothoses and with the notations of
Lemmas IV., V. we have;
There exists an '( = 0 /, z) NP such that

£
o ) K, h; D@CP (¢ ) = «(5),

[3) oither /V\[{l) & w(¥)
o W (3) & wi(5).

Hore w(f) is a fixed numerical funotion with the following

properties:

&) w ( f) is defined for the & D o , and there
o= cu(é_) < |

5’) lagvv\ &5{4;) =0

)

§-~? o
Remark;
To be precise, w { X’) is the following functions
Put
1
E = . =, 3 _
(87) k O‘ZP") PL(P-)-I) K‘, for }7 ) >,
Clearly
1
(38) =€ P ey >e€, > - > o0

16 K,

23

n

-




Now define

! for 5 > €,
(39) w(s) = « 1

Y*—___;—' for éh’ér_é_- c', with /s;a, 3, - .

!hﬁ wo have agymptotically
!

- for f—vo_
(s s

a
Proofe Por S >, ¢ Put =0 . Them

the left hand side of X ) venisheg, hence &) is true,

In (?) remember that M ({)  MNG) £ 1 hence )

is also true,

(¢0) w(§) ~

Por GP”‘.fé é—,, with 7)32-,3}---.

Pt { = p « Then Lexmas Iv,, V. give

. h b !
5 ) /? £ ko Z 2 5- = 2 -A+) o
K’ A=, /“P h') A=, R A=, QZA A ﬁ"/ﬁf—l) i
f Ut ! [ ! ;n'
T e 52 T Rl T i
r ) |
(41) K, S Doc , ( g,) < ol 2
A= P q
&l
And ) /
A S hn S ;
/

&\ {fﬁ) /V" (J}) <~ P ]




B e
-

Now (41), (42) prove « ), (R ) respectively.

Thus the proof is comploted,

lemma VII,
Assume, as before (1) - (6). Wo will, however, use
now both means /)b\(‘)j l)ﬂ(f) of (3) = (6)s If f, & 9;; )
then either
A) both //\ /{)
s

Ay{(;) - 3awl(y)
/Wzg,)~3td(¢r) |

iy v

or

B) both /}&\({)é /y/l/gz) + 3 wld)
V) € PG)+3 wis).

( w{§) 1s the function introduced in Lemma VI, in 4

partioular in the Remark following that Lerma,)

Proof's FPorm the mean

|
l
W) LM py). |
Tt is oloar, that /Vl//) fulfills (8) - (56) along with
ni), 1) . |
Now apply lemme V1., with /ﬁ //) in place of
ws N ) « choose te =0, 42, ... as indlosted
there, then « ), A ) of Lemma VI, hold., We may assume by

symmetry (for[,; )s that the second alternative of P ) holdes.

Fram this wo are going to derive A) atove. |

& ) gtetoos

£
(63) K, c. pf—“/p [7’,() < wls) f
K=,

E
The second alternative states with /W{[) = '*7'_ (M) *%/()) %I
in place of its /p\ ({)

o w—— o oo
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s (W) pigeem)) ¢ wis) |
This implies, since /Y/\ (3¢ (x))) M 3e(n) 2o,
(a4) /y\ (44 (x) ) V((x)) £ 2cwis)

Add to these the obvious inequalities

(45) N e tx), y elo) 2o,

Finally D*  in Definition IT. in 10. gives
M [(,Ok/uhxﬁé /V\(ﬂ_("’) + K, O/Jc_a_ (g )
e M) 46 oy (p)

hence
¢ ¢ £
(46) Z/l/\[f{[uhx)) €2 My ) +t<,g‘ Oac,, ().

A=, A=,
8imi larly
£ trtas i
(47) /L{ (x)) £ [ (x)) K, . e, Ly
h:’/y(ﬂ(hx) A;'ﬂ// A ) R F IR/
Now a combination of ) in Lomma IV, with €44), (45)

and (46), (47) and (45) gives

///\(5) + 3 w(s)
Vi) < Vi) + 3ewies) |

which coinoides with the two inequalities of A) as desired,

e

Mg
(48) <

Lemmo. VIII,
——nl
Undor the hypotheses and with the notations of Lemmg ViI,

P NIV G) = MG Yif) ] £ ey,

Proof: Consider a real constant XO with
(49) 0 £ ¥V, £

Wo moy apply Lemma VII, to 3/0 /V\ /K)) 4////} in place of itg
M/{ }/ /X///) 8ince the former obviously satiafy (3) - () along




with the latter. Hence we cennot have
(50) Yo MIf) < Mi5)- 3wts),
(51) o W) > Hig)+ 2wrs)

simultaneously, since (60), (51) would exolude both
elternatives 4), B) of Lemma VII,

In other wordss AV, ¥, ean fulfill all three
oonditions (48), (50), (61) at the same time,

It is clear, howsver, that a «: with

4&! (& !“‘ 3 QJ(J:)
9{(3){-;)_3 co(5) . 5 { < ni)
%

= )

would fulfill (50), (61). And such & &, would exigt ir -

N F) - 3ads)
(g)+ 3wls) (< 2AF° 7 Sets)
%’“‘“ )

(52)
J

Honce (62) must not be true,

If the first inequality of (52) 18 not true, then we

MW W)+ 30x) 2 WH)(NG) - 3eis))

W) wig) - MNG) wly) 2z =3 (Mmg)r wig)) o

8ince 4%@ [{)/ /yV/{)<§;/ (we argued this repcatedly before)
the above inoquality implies

) N Wig)- my) M) 2 b e

P

\

Fa
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If the second inequality of (52) is not true, then

we have
(54) ,y(() < W)+ 3w(s) .
Hence we sees Either (53) or (564) is true.,
Assurme now that (63) 1s not true. Then (54) holds.

A simultaneous interchange of M/ A/ and of ,{, 3 does
not affect our original hypotheses, nor (63). Hence its

application to (54) is also true, I.e.
(65) M) < ML)+ 3a(s) .
Now (54), (66) give, remembering /V\(( ) /)///{) £/,
(efe abtove),
WG ) - N W) =
- ) wgr - v} + PPN - g f >
ZA5.3 wis) b o1 £- 3ewes)
= - 6 w(r),

i.04 (53).

Thus (63) is implied by its own negation, I.e. (53)

is true unconditionally,

Interchanging /i/\/ /X/ (but not (, 3 ) does not

arZect our original hypotheses. Hence its application to (53)

is algo true, ie.

(66) M)V (E) — Mig) YF) < 6 wis).
(58), (66) give topether the desired inequality and

thus ocomplete the proof.

19, Comparison of two 0 - 8.1.i, means. (Coneluded,)

We oontinue all assumptions formulated at the beginning

of _1_§_. (before its lemma I,), We propose to extend Lemma VIII,

Ny
Tt
|
i

t




———

N
in 18, from the ,{, g & F to which

Ox
it ws restriocted (of. the Lemmas Vil., VIII. in lﬁ.) to all
{/ Jd ¢ % in a somewhat modified form.

For this purpose we nesed a preparatory Lemma,

lemma I,

Given C end g Q + O there exists &
T = f(C/Q) (= hE,--0) and ¥ funotions

_{s(x)=d€_(9@/x)}5= g

-5t and ¢ corresponding A

elements = q (C, (4 )[E 6))5:5 ~»% with the following 1

properties: '

——

oL ) {i s g}\, for all S =14 .. # . E"
») Z{squ*):’ i x: C. H
S =, |1

Proofs Constderan x,s @ . ( 1s

/
regular and locally compact, so choose a @ with t

s
exists an everywhere continuous funotion & (x) with

|

J

J} — -— .

X, 5 Q £ Q £ & KR’ compact. Then there di
|

}

(1) Alx) =y for X ¢ Q7 ]g',
(11) Alx)=o for x ¢ &
(111) o L(x) £ | forall x & §.
(Cf.\(y/on pe 27, Our Z?—l, &  stend for the D, o there,) {j'
Wo have [ £ 6, @ (This is due ]

to C£5,0 = of. the arguments made in 8. ) {
Cansider t}: function
(2) ki) = S £(87x)

kix)y, evoryvheroi:r:tinuoul since Alx) 1s. 1¢ x6C i
then x ¢ @s Q' ro same 5= LT | Hence g‘
6:7: s Q ’/ A/&,j’x]= I and oconsequently

Ckix) Z A(4’x) =1 .+ Thus ¥




(2) R(x) 2z for 11 x & C i

Now put E

() ABE £ _ aj
Maxll, #(b.x)) r

Our « ), [S) holde for this 4 and these 25/;- 5 |
S=/,--., T ttwpt q =867 s=,-...7. |
Indeed i

M x ) K;_% 6;(1)-—[/1/) and it
mplies [ 5 P

where ocontinuous eand = | .

—_—

» &8 the denominator in (8) is every-

Ad (5) t+ Por X £ C  wg nave, using (2), (3) s

£ gy BT F RET
.Sé é(g_, X) :s:’M('Jé(;—"} as:l ,{(")— = IJ ﬁi

a8 dopired, ===
Now the extension of Lemma VIII, in 18., which we

envisaged, can be oarried out, if

Lomma II. . 4

Assume, as befors (1) - (5) in 18., using both means

/)//\ /()/ /W/‘ﬂ) of (8) = (5) in 18. Then there exists a i

positive, finite constant & = C (c) » & L= '}
'é(c) (: g 2, - - ) , and 7 funotions
{;(x)rzc(C/x), $= 1, ..., ¢ with the following "i
properties: ‘
o) fsf \9; fprall S=/ ..., T .
A) If{,j 2“*3: then i

l/Y/\(g)d/(;)//)h/,)/y(;)}éfw(g,,)j Es




where

22

= Man (Gey f), ncy (30, Ouc, (£D, . Doc, (f))

( w(8) s the function introduced in Lemma VI. in 18,

in particular in the Remark following that Lerma.,)

Proofs Apply lLemma I, above to (. and to
R = Ok ( D5 from (1) in 18.). and form

the € and the fo 5= 4 ...

acoordinglys In Lemma I. these depended on C/ R/ but
now they depend on C only, since C determines the
QR = 0
Ve define next

/ .
,ﬂ. (x) = _/[d-sl")p/_; (x)

J iy for
Js () = 9[4_, x).é/, (x)

/ v
Using Lemma I, we sece that é(x)/ Js ()

Se=/..,¢

belong to %—; along with K, (<) , L.,

/ /
(c) e, <
And sinoe
’
(6) »/_, /st)—‘ //X)/';/QSX)}M' =, . g
s (aex) = xIfs Cacx)

therefore /i'/[(’ 9()/ i//qs x ) belong to %—
along with ,/(x)j b (x) , t.e,

< % for s-4,.., 7.

&)

(7) 4//45 x/, 7‘//4,/1'/ belong to 9; for S-=
Cleerly DACP [f[@t-/)‘)): ﬁ;x.P ///;)) ,

henos (8) in 8+ gives, considering (¢), .

Oscy (§) £ One, f)7 Doc, (f).

4

’ .
>
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Similarly

<9/ac,,/3;) £ o, (f) +Ooc,(f) .

Remembering the definition of '7 these beooms
’ L
(8) O/JCP /K,/); 03‘/’ [ja ) = "27 '
Since always ©O = A//K)J jcl/") £/,
by (6) and s06 O £ /;/f4,x J, jsl/ds x) & I/, therefore

MI/V\ ’“/ N AW & L (remember (4) in 18.) gives

0 = Mx ({s/(“)) //J,,x [é/(")); MX/{:(Q‘”)/ Wz (é?a“”)
® { el $0) ) Wi (5000 M (tagm)), Helfe3) €1

Observe finally that

t..
{’/x)—‘-‘ =2 .Kf (asx)
Si' for all Xz §.
Ix) = & 4, (@)
sy

(10)

Indeed: For X £ C  this is a consequence of

(6) and of 3 ) in Lemma I. For X # C  both sides

i

venish, since s F and considering (7).
. c

We will now show that our & ), /3) hold for this 1

—_—

and these ,{,} s= 1, --->F,  if we put

Indeed:

I

= Vol
M &) 3 Owing to a()inl.amnal,f_,é'dx Jé

A4 3 ) s+ Owing to (6), (7)

| tha [ (a0) = s (f00) | 2 K Bocy ()
henoe by (8)

(11) I/V/\x‘gs/("ﬂ"))"/)hx ({’J’(x))/ £ K.



Algo by (8)

(12) I/Y/\x(&/(asz))—/,{/\x ((;(,,))} €2

Now inspection of the definitory Remark after

loxza VI, inlg_. shows that
K,5
(13) wi(§) EM(UT forall & > 0-

Application of (13) (with S‘=,L7 ) to

(11), (12) gives therefore

(1¢) l /V\A/é,’(dsx))"/y‘)g (Ll(x))/"s -2&:(21’)

) !
Replacement of {, KJ by 9., J.s (the _{3
and the 45 , remsin unchanged 1) transforms (14) into

) | M (3 (@) — Mx Gloon) | 22 wlag).

Replacement of /V\ by V (everything else remains

unchanged i) transforms (14), (16) into
(16) / /%Q‘/[d‘x)) ~ WM /{:.’(x)) / £ -Zwa")))
an | e (o (agm) = e (8 0) [ 2 2 09) .

(8) and (14) = (17) give

(18)

(5) and Lerma VIII. in 18. give considering 8),

| fx (éf'[ a0) PYx (3 (a0) — Mx (95 (as2) W (f,/{«tm) /
(19) £ 6 wlan)

| { Mol f (250) M (5] (asxs) — M [3{(@)}%@’/@:))} |

- {44,‘ (é"(x)) ”x(ng(x))— Mx (3,’&))//7(4’3/(20)} /
= Kw(ivz) .

e | . S T S S = =




20.

Now (18), (19) give together

) | M(p) wis) — M)

And now (10) and 0) yield

lfv'\({W/a)f M) 1yl
S il -

S =y
/
t

s 2 1Y wlzg) = 14¢?

SII(.:I

M) | € 14 wiaq)

Mg W) ] «

w(1'7_) ,

i.0. I /y\{g) 4//&) - /{/\(3)/[/[(){ £ 14¢* cu(z7) .

This is the desired statement of 3 )

The convergence theorem.

Consider the (. of 4., assuming C +#6 .

Wo are now able to fill in the gap indicated in

the digcuesion at the end of 16., by proving

Levma I,

The m of the Definitions 1., IX. in 16. -Fq,l,fi“ al

require meuts of chuwas I ,I., =M.
that we must only verify tho condition

in 14, Certain (rixed) [, 0, ]

Definition I, in _}_6_.

——

let an (23; and an

Choose an 7, > o s that (with the C » the &

(3 ) of Lomma I.

are given by

& ?o be ﬁiv.no

and the fg/ s= /..., ¢t of Lemma II, in 19. for

o/o of + above)
() e w(ty,) £ doe

Then choose & F  (with

1 £ P ) so that all

A .




(2) &Jcp(,/)/ (Q’XP (/:)/ QJCP«)/"/ QMP //{'}

(Use Lexma X, in 8¢) Finally form as in (2) in 18,

(remember also Lemmn IV, in 8e)

(3) o° - 5&(6,}’)5})5&*'
Fow consider two /) j 7 wen
“) 16 00" g 5.0
(for J‘, of, above)s Then Definitions I., II, in 16,
give
m,_/ = mo/—l

1}

7t >

()

Consider further two means

@ W) e WL R e Wy

0

Clearly Lemma IIX, in 18, (compare it with the
Dofinition I, in 16s) applies to toth of theme Therefore
they fulfill (3) = (6) in 18es (8) in 18, owing to 3 )
in Lemma IIIs in 16, (4) 4n 18, owing to ¥ ) eod,., and
(6) in 18, owing to o ) ood. topether with the Lemma in 17e==
or its Corollary, {,/o

Therefore Lerma II, in 19, applies to,(in place of
its ,{, j e Our (2) gives
(7) R

for the 7 loo.0it, Now (3) loc, cit. gives

m/ following Definition I, in 16,

= e
- mom——s oK
- —

PR avtue
= — e



@ | MO = WIOH ()] ¢ Cotn),

hencoe by (7) and (1)
@ | W) MUY WP £ B

And 3) in Lemma III. in 18. gives

MY.) = M'(f)=1,

whereby (9) becomes

(10) | ()~ /VA"M)/ < e

Summing up (4) (for 5; f’/ ) end (6) imply (10).
This means, however, that the condition [5 ) of Lemma I, in
14, is satisfiod, if we choose its 0; = ﬂ; (/,é) :0;0’ &
(of. our (3) and (4) )« This is legitimate since our a;
depends on C only (of. Definition I, in 16, and Lemma II,
in 18.), and since our 0—0 depends on C) P only
(cf. the beginning of 18. in partiocular (2) eod.), while P
in turn depends on C/ f, c only (ef. our (1), (2) ).

Thus the proof is completed.~==

The signigicant results of our disoussions can now be
onmunclated in one Theorem:
Thoorem,

given a C , with C‘.4= O | thess aro true:

o) Thore exists one and only one mean M/{) which

fulfills Y ) in Lemma I, in 14. for the sots @20— of
Definitione I., II. in 186.

{5) This /V] Q’) is l.i. end not identically 0.

22k



zI(Mm)

Y ) Thore exists onme and only one l,i, measure
in & , which 18 the correspondent of the above 44 [{)

in tho sense of the Definition in 18., i.0. with

M({)): g{[;") dtrx) for all f€\?c—
thig C7 A ) 1is not identically O-
Proof: Ad «) ¢+ Immediate by Lemma I. above and

lLemma Ie in _1_4_-
Ad (}) 3+ Considering Lemma I. above, /Vl/{) ia

lsis by Lemma I. in 14., and it is not identlcally O by Lemma

II. in M.
Ad K) i Immediate by our /3 ) and by the Definition

and Lemma II, in _l_g. e
Thug the existence of Haar's measure is estaeblished

by e purely oconstruetive process.

The remarks made at the end of 16. may be recalled
one more. The equidistridbuted sots, which make up the md‘
(ofe o) in our above Theorem == i.6. of. Definitions I.,
1f. in 16.) oan be obtained with the help of the Lemmas of 5.
and of 6, == or equivalently by the discussion of 7,

8. deals with “minimum coverings®". 6. doals with
*raximum £illings®, i.e. with "closest packings”. These notions

lead therefore to Haar's measure == and this in every (locally

compaot) group 9 -

e
. R ————— 1



LLd
Footnotesn

(1)

(®)

Frox Pe l.

Thig losmn is a very far roaching genoralisation of a result of
De KBnig oconeerming "graphs®, Cf. D. K8nig, *Uber Graphon und
ihro Anwendungon®, Math, Am., vol. 77 (1916) pe 468, Tho form
in which we made use of it is due to §. Kalutan! to whom wo are
indobtod for communiceting hisz result, The prodblem is also treated

with varying degroos of generality in the following papers,

Be Lo van dor Kaerden, "Bin Satz Uber Klasseneintoilungen

von ondlichon Mengen", Dambe Abh., vole, 5 (1987), p. 185,

E. Spornor, "Noto su der Arbeit von Horrn Be L. ven dor
Faordon: 'RBin Sats 8bor Xlassonointoilungen von ondlichon Mengen' %,

Hmb. Abh.. 701. 5 (1987) p. 288.

R. Rado, "Bameriamgon sur Kombinetorik im Anscnluss aen
Untersuchungen von Herrn D. K8nig", Berl, Berichte, vol, 32 (1833)

Pe 68,

Pe Eall, "On repreosentatives of subaeta®, Jourral London

Eath, 800., vol. 10 (1985) Pe 26,

W. M¥ank, "Bine noue Definition der fastperiodischon Funktionon®,
Hanb, Abh,, vol, 1l (1985) Pe 240,

Re Rado, "A Thoorem on goneral measure functiong®, Proce

London Math., Soc., vol, 44 (1938) p, 61,

Thig io Urysoln's lomma. It wae first stated in P, Urysohn, "0ber
dio Mlohtigkoit dor susarmonhiingenden Mengen®, Math. Ann., vol, 54,
(1626) p. 262 (Partioularly pp., 290-291), See also F. Urysohm, "Zum

Eotrisationsproblom”, Math., Anne, vole 84, (1925) p. 309 (Partiscularly
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