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To Herb Clemens. Lefschetz wrote that he put the harpoon of topology into the
whale of algebraic geometry. Herb put the harpoon of topology into the whale of
Hodge theory.

ABSTRACT

Period mappings, or equivalently variations of Hodge structure, have
been used both to study families of algebraic varieties and as a subject
in its own right. Among the aspects of a period mapping ® that have

received special attention are

(i) singularities: the analysis of the behavior of ® along a lower di-
mensional subvariety outside of which ® is defined, and

(ii) infinitesimal properties: the study of the geometry reflected in the
differential of ®.

In this paper we will seek to combine these two.

The local 1-parameter situation is given by a period mapping
o: A" —T'\D

where I' is generated by the monodromy operator T. If T' = T,T, is
the Jordan decomposition into its semi-simple and unipotent factors
where N is the nilpotent logarithm of 7', our study will divide into two

general areas:

(1) N = 0, then ® extends to ®: A — I'\D where the image ®(0)

gives a polarized Hodge structure having an action of 7.

Our general references for the topics discussed in this paper are [CM-SP], [G1],
and [CKS]. The first one treats period mappings and variations of Hodge structure,
the second discusses infinitesimal methods in Hodge theory, and the third is a basic
reference for singularities of period mappings. We shall generally use the notations
in [GGR].
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(2) N # 0, in which case we will assume that Ty = I. It is conjectured
[GGR] that ® extends to a mapping to a torodial like completion

where ®(0) is a limiting mixed Hodge structure.

In case (1) the objective is define a generalized differential @ that
detects the first non-trivial part of the variation of ® around ®(0). Our
results will give a geometric interpretation of this in several cases. A

guiding question (informally stated) is:

Let ®: M — T\ D be the period mapping for a KSBA
moduli space of general type varieties. Let M; C M
be the subvariety of the canonical completion M cor-
responding to singular varieties around which the local
monodromy of a smoothing is finite. Then there is an

extension
P : Mf — F\D

and one would like to define subvarieties of '\ D whose
intersections with ®(My) define “special” subvarieties
of M.t For such subvarieties one could like to be able
to say something about their structure, e.g., their ex-

pected codimension and tangent space.

In case (2) the question is somewhat different. Here the leading
part of the differential is N, which gives rise to the nilpotent orbit that
approximates ®. The weight filtration for the limiting mixed Hodge
structure defines a filtration on the differential and the successive quo-
tients encode geometric information. One application is using versions
of Torelli at the boundary to try to infer versions of Torelli in the

interior.?

I'We will not formally define “special.” It could mean, e.g., points of My cor-
responding to varieties that have additional algebraic cycles or have a particular
singularity type.

2Related to (2) is the computation and examples of §® for a family of mixed
Hodge structures. The theory for these is essentially the same as for the N = 0
part of a limiting mixed Hodge structure and that will be their main role in this
paper.
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I. INTRODUCTION

[.A. General introduction. The uses of Hodge theory in the study

of the geometry of algebraic varieties include

e the topology of algebraic varieties. This is where Hodge theory be-
gan. It includes the topological properties of individual varieties,
including singular and non-compact ones, and of families of varieties;

e geometric constructions that arise from the Hodge structure or mixed
Hodge structure on the cohomology (a transcendental invariant), or
from the first or higher order variations of the Hodge structure or

mixed Hodge structure (an algebraic invariant).

In the second case the study has been largely confined to the first vari-
ation of the Hodge structure on the cohomology of a smooth variety.?

In this paper we will seek to extend this to the situation where the

3See the chapter on IVHS in [CM-SP].



4 MARK GREEN AND PHILLIP GRIFFITHS

variety may be singular or where the first variation may vanish and
one has to go to higher order to extract geometric information.

We shall usually restrict to the 1-parameter case of a period mapping
(LA.1) o: A" —-T\D

where I' = {T* : k € Z} is generated by the monodromy operator. In
the Jordan decomposition T' = TT,, the semi-simple factor T} is of finite
order (its characteristic polynomial is a product of cyclotomic polyno-
mials), and the unipotent factor T, = eV.* This work will separate

into two parts:

(a) N =0,
(b) N #0.

In the first case, I'\ D is an analytic variety with quotient singularities
by the action of a finite group and (I.A.1) extends to a mapping of

analytic varieties
®:A—-T\D

where ®(0) € D is a polarized Hodge structure having an action of I".?

In the second case we shall assume that T; = Id. Then ®(0) €
exp(CN)\D where D is the compact dual of D; it is given by an equiv-
alence class of limiting mixed Hodge structures.

In both cases we shall define a differential & that is an invariant
of the suitably interpreted first non-zero term in the expansion of ()
about t = 0. Some general properties of 0® will be given; however, the
main part of this paper is in the examples.

One general guiding geometric question that motivated much of this

study and that in special cases will be illustrated below is the following:

Let M be the canonical completion of the KSBA moduli
space M of a class of varieties of general type (cf. [K]).

4As will be explained below, the case when ® depends on several parameters
may be done by suitably restricting to 1-parameter sub-families.
Here, with slight abuse of notation ®(0) is the lift to D of its image in '\ D.
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How much of the stratification of M by the singular-
ity type of the corresponding varieties or by the pres-
ence of “additional” algebraic subvarieties is reflected
in the stratification of the image of M by a canonically
extended period mapping?® How can Hodge theory be
used to help understand the geometry of the stratifica-
tion of M ?

For the case of varieties whose period domain is Hermitian symmetric
(algebraic curves, abelian varieties, K3’s, hyperKéhler varieties, cubic
threefolds and fourfolds,. .. ) this question is classical and is the subject
of ongoing work. We are particularly interested in the non-classical case
when D is not Hermitian symmetric. Here there is evidence that at
least in particular cases this general question may have an interesting
and occasionally surprising answer, e.g. as provided by the example of
I-surfaces [FPR], [G1], [G2].

Another type of motivating question is to establish Torelli results
on boundary components of a moduli space, and from these deduce
Torelli results in the interior. The point here is that although they
are singular the varieties that correspond to boundary points may be
easier to prove Torelli-type results about, and then these can be used
to infer similar results in the interior. A prototype here is [F2] and
recent related work is in [PZ].

We conclude this part of the introduction with some notations and
terminology. The geometric case is when we start with a family X™* —
A"* of smooth varieties whose associated period mapping A™* — D
has monodromy T = T,T,,. By semi-stable reduction, or by some other
construction (see Example I1.B.4 below), we can obtain a family X = A
where the X; = 771(t) are smooth for t = 0, X; is a reduced normal
crossing divisor and the monodromy is unipotent. We can and will

assume that the finite group {7 : k € Z} acts equivariantly on X — A

SInformally stated, “how much of the geometry of M can be described Hodge
theoretically?”
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and that the induced action on A has the origin as an isolated fixed
point.
We set X = X and shall use the standard identification

T Def(X) = Exty (Q, Ox).

The local to global spectral sequence of Ext’s gives
(LA.2)
H'(Exty (U, Ox)) — Exty (U, Ox) — HO(Exty, (2, Ox))
I I I
T Def®*(X) T Def(X) T Def*™(X)

where the left-hand term is the first order equisingular deformations of
X and where the right-hand term (a quotient space) are the equivalence
classes of partially smoothing deformations. In this paper we will be
interested in both equisingular families and in families whose tangent
in 7' Def*™(X) is completely smoothing (cf. the appendix for further
explanation).

The analysis of §® can roughly be organized into the following cases:

N =0:

(i) Xo = X is smooth, ®(0) = H"(X) lies in a Mumford-Tate sub-
domain D" C D, and the condition d® # 0 means that ®(X})
leaves D',

(ii) X is singular and §® measures either the variation of the Hodge
structure in the equisingular directions or the Hodge theoretic

properties of the smoothing of Xj.

N # 0: Then the family will either be equisingular or smoothing and
the successive terms in the associated graded to the weight filtration
of 6® describe Hodge theoretic properties of either the variation of the
mixed Hodge structure in the ker N part of the limiting mixed Hodge

structure, or of the smoothing itself.

Acknowledgements: This paper is motivated by an ongoing joint
project with Rada Laza and Colleen Robles (cf. [GGLR], [GGR], [G1]
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and [G2]). We wish to express our appreciation for the many discus-
sions we have had with them on the general topic of Hodge theory and

moduli.

[.B. Introduction to Section II. In the first part of Section II.A we
give the definition of the differential d® of the extension to

®:A—-T\D

of a 1-parameter period mapping ® : A*—T\D where [ ={T* : k€ Z}

is a finite group. The definition uses a base change t = ™ to have a

lifting
A_® _p
(LB.1) \ l
A—2T\D.

In Section IT we will drop the ~ and simply work with a period mapping
(I.B.2) d:A—D

where ®(0) is the pair consisting of a polarized Hodge structure to-
gether with an equivariant action of I' on (I.B.2) such that the origin
is an isolated fixed point of that action on A. Then I' acts on the
polarized Hodge structure ®(0). The property 6@ # 0 is independent
of the base change. This is important because in the geometric case
the degree of the base change is not well defined; all one can say is that
it is a multiple of the order of T'.

In Section II.A we give two geometric examples of a family of curves
where the action of I' on ®(0) is trivial. For the first we compute @ in
the smoothing direction for a compact stable curve. The point here is
to illustrate in a very simple case one of the basic points that arise in

general calculation of §®; namely how the BF condition [F1] for first
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order smoothing leads to the intertwining of components in a semi-
stable reduction in the formula for §®.7 ® The second example is when
there is a subfamily of a family consisting of varieties having a non-
trivial symmetry group whose induced action on the period domain
is trivial. A classical example here, treated algebro-geometrically in
(OS] and differential geometrically in [CPT] and [Gh], is hyperelliptic
curves of genus g = 3. Here the basic result is that the usual differential
vanishes in the normal directions to the hyperelliptic locus, whereas the
second order behavior in those directions is given by the full system of
quadrics through the canonical curve. After setting a general context
we will discuss this topic from an alternative perspective.

The examples in Section II.C are normal surfaces X that arise on
the boundary of a KSBA moduli space M ([K] and [KS-B]). The first
example, which is really an illustration, is the standard A; singularity.
The differential 0P is computed using semi-stable reduction and, al-
though it is elementary and confirms the expected result, it illustrates
the general method of how one uses the first order smoothing condition
for a normal crossing variety in the calculation of §®.

The next examples are the Q-Gorenstein smoothable semi-log-canon-
ical normal singularities whose smoothing has finite monodromy. These
singularities are classified ([KS-B| and [K]): they are rational, and aside
from two exceptional cases, are either ADE or quotient singularities of
the ﬁ(l, dna — 1) type. They have the following special property that
holds for any Q-Gorenstein smoothable rational singularity: Given a
local 1-parameter family such that after a base change the varieties
over the punctured disc A* are smooth and have trivial monodromy;,

then the period mapping ® : A* — D extends across the origin to give

"Below we shall in this example illustrate a cohomological mechanism to address
the question: Is semi-stable-reduction really necessary, or can one just fill in with a
desingularized central fibre? There are Hodge theoretic obstructions to doing this;
one such is the example of compact singular curves given in Section IT.A.

8We shall not give detailed proofs of this computation or of several others in this
paper. The point is that once one knows the answer the arguments to justify them
are of a standard type.
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a polarized Hodge structure ®(0). In general this does not imply that
we can then fill in the origin with a smooth variety. However in the
above situation this is possible.

As mentioned an underlying geometric question is whether the sub-
variety of M consisting of surfaces (X,p) with a singularity of one of
the above types is defined by Hodge theoretic conditions. Our main
result gives in variational form sufficient conditions for this in terms
of the conditions imposed by the singularity p on the canonical sys-
tem |Kx|. For the case of canonical singularities, Kx is a line bundle
and | Kx(—p)| has the usual meaning. For the non-Gorenstein quotient
singularities the situation is more involved and the conditions are ex-
pressed in terms of |K ¢ (—E)| where (X, E) — (X, p) is the resolution
of the singularity.

In Section II.D we discuss the Wahl singularity %‘(1, 1) on an [-surface
X (cf. [FPR], [H]). Such surfaces define a divisor in My, and we verify
that this divisor is reduced by showing that at a general point on it
6® # 0 in the normal (smoothing) direction. The desingularization X
of such surfaces is an elliptic surface with a bi-section being a —4 curve
that contracts to the singular point of X. It is classical that generic
local Torelli holds for X. Coupled with 6 # 0 this implies that generic

local Torelli holds for smooth I-surfaces.’

[.C. The case of infinite monodromy. When N # 0 the leading
term of ®(¢) is a nilpotent orbit exp(CN) - Fli,. By definition 6®

90mne may also give an alternative argument for this generic local Torelli result
using singular I-surfaces with a degree 2 elliptic singularity. This argument is
based on the generic global Torelli result (II1.A.12) for pairs (X,C) where X is a
K3 surface of degree 2 and C' is a smooth section of the polarizing line bundle. If
this argument could be extended to the case where C' has a node it would give a
proof of generic global Torelli for I-surfaces. In this regard see [PZ].

It is due to Chakiris [C] that global Torelli holds for a class of regular elliptic
surfaces with a section, and if one were able to extend this to elliptic surfaces with
a bi-section such as X , then also generic global Torelli for I-surfaces would be a
consequence.

The recent papers [S-B1], [S-B2] give generic global Torelli for a large class of
elliptic surfaces having a section. The methods use an analogue of a §® that is
adapted to the particular geometry of these surfaces.
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is the next order term in the expansion of ®(t). It is an element of
gc C End(V¢) and measures the deviation of ®(¢) from being a nilpo-
tent orbit. One objective of Section III.B is to give general structural
properties of 0@ arising from the filtration on g¢ induced by the weight
filtration W(N) on V. The weights w of d® satisfy

—(n+1)Sws+(n—1)

and we will be concerned with the properties of d® on the associated
graded to the weight filtration. In the classical case n = 1 and the
associated graded terms 6®,, are in the range —2 < w < 0. One

structural result is that in general for any weight n
0d, #0 only for —2=<w<n-—1.

This is a Hodge theoretic result that may be expressed informally by
saying that, up to integration constants, the extension data in the
limiting mixed Hodge structure is determined by that data of levels < 2.
When n = 2 the level 41 part of 6@ only arises in the non-classical case
and measures the failure of the period matrix in a family of surfaces
that are smoothings of surfaces with a double curve to remain in the
image of a single Schubert cell. This seems to be the main new Lie
theoretic property of period mappings that is encountered in the non-
classical case (cf. the discussion in [GGR)).

The term 0®q is the differential of the traditional period mapping
for the graded pure Hodge structures associated to a family of limiting
mixed Hodge structures. The next term §d®_; measures how the level
1 extension data varies. It is an Abel-Jacobi type mapping, one part
of which has a classical algebro-geometric construction and one part
that does not. Roughly speaking if we have a family of smoothable
normal crossing varieties, then ®, measures the variation of the Hodge
structure of the individual pieces and d®_; measures the variation of
how they pairwise fit together. The next term d®_5 has a discrete part

and a variable part that is given by a “secondary” Abel-Jacobi mapping
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(like a cross-ratio). Finally as mentioned above the 6®,, vanish for
w < —3.

Another objective of Section III.B is to illustrate by example how for
a family of generically smooth algebraic varieties Torelli type results on
the boundary may be used to infer Torelli type results in the interior.
This requires formulating and establishing local Torelli type results for
pairs (Y, Z) where it is the variation of both the algebraic part of the
extension data, arising when Y is a surface and Z is a curve from the
Abel-Jacobi image of ker{PicY” — Pic(Z)}, and from the variation of
the transcendental part (membrane integrals) of the extension data.
In the example given there it is shown how generically (Y, Z) may be
constructed from its mixed Hodge structure together with the algebraic
information in 0.

The diagram (I11.B.7) gives a schematic for defining and interpreting
the mappings 6®,,. To compute them cohomologically in the geometric
case a convenient device is to use the schematic B.3 in part B of the
appendix for the computation of the associated graded to a limiting
mixed Hodge structure.

In concluding the introduction we emphasize that the purposes of

this paper are

e to define the differential d® of a period mapping, especially where ®
may have degeneracies or singularities;

e to formulate some general properties of d®, especially those related
to the weight filtration in singular cases;

e to give techniques for computing ¢ cohomologically in the geometric

case,

and perhaps most importantly

e to illustrate in examples how these computations may be carried out

and what their geometric consequences are.
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II. THE CASE OF FINITE MONODROMY (N = 0)

II.A. Definition of §® in the N = 0 case. We assume given the
data (D,T’, ®) where
(i) D = Gr/H is a period domain and I' C Gy is a finite group that
acts on D and on the unit disc A;
(ii)) @ : A — D is a period mapping that is equivariant with respect
to the action of I'.
We denote by Dr and Ar the fixed point sets of the action and assume
that

(iii) ®(0) € Dr and Ap = {0} is the origin.
Then ®(0) = {V,Q, F;T'} is a polarized Hodge structure on which the
group I' acts.

Example: &, : A} — I'\D arises from a variation of Hodge structure
over the punctured disc A} = {0 < |t;]| < 1} and where the monodromy
[ = {T*: k € Z} is finite. Using the base change A — A, given by

t, = t? where d is a multiple of the order of T} there is a diagram
A2 D
A —"L T\ D,
and ® extends across t = 0 to give a period mapping ® : A — D
satisfying the conditions (i), (ii), (iii) above. In particular ®(0) is a
polarized Hodge structure (V, @, F;T').
In the geometric case when one does equivariant semi-stable reduc-
tion choices are made that may affect the degree of the base change.
Given a complex manifold M and a non-constant holomorphic map-
ping f: A — M with f(0) =p € T,,M, in local coordinates there is a
smallest integer k such that the k"™ derivative f*)(0) # 0 is non-zero.

Then there is an induced map
f®.Cc—1,M

that is homogeneous of degree k.
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Definition II.A.1: Given the data (D,I; ®) we denote by
0D : T{O}A — T(I)(O)D

the map given by first non-zero derivative of ®.
Choosing a coordinate t for A and making the usual identification
of TD with a sub-bundle of @ Hom(F?, Vi/FP), we have
F~!'End |
(I.A.2) 0d:C— Wd(i/(@))
Even in “standard” geometric situations 0® may not be the usual
differential of ®. We note that the condition 6® # 0 is invariant under

base change.

Note: In some examples we will discuss situations where we want to
define d® on a vector space W that maps to the tangent space T'B to a
parameter space B for a variation of Hodge structure, and in this case
we will define § on W by taking discs A C W. For example if in the
geometric case we have a smooth family X = B of projective varieties
X, =7n71(b) and ® : B — T'\D is the corresponding period mapping,
then W = H'(Ox,) and W — Tg@)(I'\D) is the composition of the
Kodaira-Spencer map and the usual differential of a locally liftable map
to I\ D.

A second example is one wheere we have a sub-manifold A C B such

that for b € A there is a natural splitting of the normal sequence

~z — —

0—>T)A—=TyB——= Nypy—=0

giving Na/pp C TyB. In this case for W = Ny g, we will take a disc
A C B with T{ps A C Nay/pp.

Remark: For a holomorphic mapping f : B — P™ of a complex man-
ifold B to a projective space, there are associated fundamental forms
I, I, I11,. .. (cf. [La]). For a period mapping ® : B — D we may use
a Pliicker embedding to define the fundamental forms associated to ®.

These reflect the higher order behavior of ®. A sample of literature on
this is in [CPT], [FP] and [Gh].
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Example: Suppose that X 2 A is a smooth family of smooth curves
X; = 7 1(t) where X is hyperelliptic but X; is non-hyperelliptic for
t # 0. More precisely, we assume that A is a disc in the Kuranishi
space Def(X,) C C3973 that meets the hyperelliptic locus transversely
at the origin and is invariant under the involution acting on Def(X)).
Then it is due to Oort-Steenbrink [OS], and will be discussed below,
that

®'(0) =0, but ®"(0) # 0.
This phenomenon is general: If v € T" acts trivially on the period

domain D, then differentiating

10(t) = (41)
at t = 0 gives

79'(0) = '(0),
and this may force ®'(0) = 0, as in this example. If ¢ is non-constant,
then some ®*)(0) # 0. More generally we have the

II.B. Examples when N = 0 and the action of I" on D is trivial.

Suppose that we have
e a period mapping ® : B — I'\ D;
e a finite group A acting on B with fixed point set a submanifold
A C B,
e a representation p: A — I' such that for A\ € Aand b € B
D(Ab) = p(N)P(b).
Then we have
(IL.B.1) DN\, = p(\)D,.
This general relation imposes constraints on ®,. For example, suppose
that we assume
e p(A) acts trivially on D.

Then there is an induced set-theoretic mapping

(ILB.2) ®: B/A— D.
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Along A the relation (II.B.1) is trivial on TA C T'B but may be non-
trivial in the normal space N4, p), which we assume to be a direct
summand of TB‘A. Then (IL.B.1) gives

o p(A\)D, =, in Ny/p.
If for example p(A) has no fixed vectors in Ny p,

d =0

*INa/p

and we have to go to higher order to define §® in the normal directions.

How high an order do we expect to have to go to to have (d*®/dt*)(0)
# 07 The analytic variety B/A has quotient singularities along A.
These will have a multiplicity ¢ and a reasonable expectation is that
1 is related to the k above. With the precise formulation and details
to be given elsewhere it may be shown that
(IL.B.3) Suppose that

(i) ® in (I1.B.2) is 1-1;

(ii) @, is 1-1 on B\ A, and
(iii) (®],), is I-1.
Then on any normal disc A to A in B, d® # 0 and the order of
vanishing of(ID}A is equal to the multiplicity of ®(A) at AN A.
Example I1.B.4: Continuing an example mentioned above, let C' be
a hyperelliptic curve of genus ¢ = 3 with hyperelliptic involution j.
Denote by

B C H'(0p) = C*?

the Kuranishi space. There is a smooth family of genus ¢ curves
parametrized by B. The involution j acting on H'(O¢) may be as-
sumed to preserve B and the parameter space A for the hyperelliptic

curves is given by the fixed point set of j. Writing

Hl(@c) = Hl(@c)f &P Hl(@c)Jr
2l 2l
(H0(2KC)—)* (H°(2Ko)t)*
2l 2l

(Cg—? (CQg—l
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we have

A=BnH ()"
The tangent space to B at the origin is the direct sum of the +1
eigenspaces of the induced action of j. At the point in question the
+1 eigenspace corresponds to TA C T'B and the —1 eigenspace may
be identified with the normal space N4,p to A or B, which is then a
direct summand of T'B. In particular

HY(2K¢)™ may be identified with the co-normal space

(ILB.5) N} p at the origin.'?

Identifying H'(C,C) = C? with the standard alternating form Q,
the period domain D is an open domain in the homogeneous algebraic
variety D of Q-isotropic g-planes in C2. At a point F € D,

TrD = Hom®(F,C*/F) = Sym* F*
where we have used @ to identify C*/F with F* and Hom® are the

symmetric maps. If
®:B—D

is the period mapping with
®(0) = F = H(Kc),
then
(ILB.6) ®*:Sym® H'(K¢) — HY(2K¢) = H'(2Ko)™ @ H (2K¢) ™.

It is well known that this mapping surjects onto H°(2K¢)™"; thus

the differential of the period mapping is 1-1 on the sub-
(I.B.7) space TB C TDB and vanishes on the normal space
NA/B C TA.

The period mapping factors
B——D

7
7
7
s

B/j

10¢t. [Gh] and the references cited there.



DIFFERENTIAL OF A PERIOD MAPPING AT A SINGULARITY 17

where the quotient B/j looks like C*73 = C972 ¢ C%~! factored by
(u,v) = (—u,v).This is a (2g — 1)-parameter family of quotient singu-
larities of quadratic type, i.e., the invariants are generated by degree
2 polynomials in the coordinates u; of w. Taking (II.B.3) into account
this suggests that quadrics in Sym? H°(2K¢)~ may be related to 6®
in the normal directions to A in B. Where might such quadrics come
from?

For any smooth curve C' the contangent space to D at ®(0) is natu-

rally identified with Sym?® H°(K¢). For the canonical mapping
¢re  C =PI =PH(K¢)*

Sym? H°(K¢) are the quadrics in the space of the canonical curve. The

co-differential of ® is the map
(IL.B.8) 0 — Ir(px,(C)) = Sym? HO(K¢) 255 HO(2K ()

where the kernel are the quadrics containing the canonical curve. For
C non-hyperelliptic the map ®* is surjective and

Iy(pk,(C)) is the co-normal space to the image of the
period mapping.

For C' hyperelliptic the image of ®* in (I1.B.8) is H°(2K)™; thus
the cokernel of ®* in (I1.B.8) is H°(2K¢)™.

ProrosiTioN I1.B.9: There is an isomorphism, natural up to scal-
ing,'t
§®* : Sym® (H°(2Ke)™) = L(vk.(C))
Il
Ni/s
Explanation: Using the above identifications

6@ : Najp = TD = Sym® H°(Kc¢)*
is a quadratic map. The dual is a map

6®* : Sym* H(K¢) — Sym?(H°(2Kc¢)™).

Un a different but equivalent form this result is in [OS]. This says that the
period mapping in the normal directions to the hyperelliptic locus is analytically
equivalent to the mapping (..., u;,...) = (..., wuj,...), 1 < 4.
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Using the eigenspace decomposition of the action of j the sequence

(I1.B.8) splits; thus there is a natural direct sum decomposition
Sym? HY(K¢) = I (px.(C)) @ H'(2Ke) ™.

Then d®* is zero on the second summand on the right and is an iso-
morphism on the first.*?

The scaling factor referred to in the statement of the theorem will
be given by a choice of isomorphisms

N H?(0c(1)) = C
where O¢(1) is a line bundle giving the 2:1 map C — P
Remark: Geometrically the picture is this: If C’ is a non-hyperelliptic
curve with a specialization C" — C to a hyperelliptic curve, then the
canonical curve ¢k, (C') is a curve of degree 29 — 2 in a P9~'. As
C’" — C' it specializes to 2 x (rational normal curve in P91).

For the period mapping on B, the kernel of the co-differential at C’
is Ir(px., (C")), and as C" — C' this jumps up to I(px.(C)), which
is an additional Sym?*(H°(2K¢)~)’s worth of quadrics. This space is
naturally identified with the co-normal space of A in B. The picture
of the image ®(B) is something like

where the double lines are quotient singularities C972/(£1d).

Proof of Propostion II.B.9: The argument will use standard rep-

resentation theory. For the two-sheeted cyclic covering C' = P? with

12We note that

. +1 > —3g+2
dim I (ke (C)) = % —(29-1)=—"—
— 2 _
dim Sym? (H°(2K¢)~) = (g ) 2) - %.

It follows that along the hyperelliptic locus the embedding dimension of the image
of the period map is g(g+1)/2 = dim D. It also follows that along the hyperelliptic
locus the second fundamental form of the period map is given by the quadrics
containing the canonical curve, and the higher fundamental forms are all equal to
Zero.
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Oc(1) = 7*0p1 (1) we set
U=H0¢(1)).

There is a Zs-action on U and hence on any direct summand R(U)
in the tensor algebra of U and its dual. We will identify the vector
spaces HY(kK¢), H°({K¢)* and their symmetric products in terms
of the + eigenspaces R(U)* of the Zs-action on the GL(U)-module
R(U).*® When this is done there will be a GL(U) map, equivariant up
to scaling,

Sym*(H°(2K¢)™) — L(pk.(C))

which will be the map in the statement of the theorem.

In coordinates if we realize C' C P(1,1,¢9—1) as a non-singular curve
y* = fogra(wo, 1) where (9, 71;y) are homogeneous coordinates with
weights 1,1,¢g — 1 and where the involution acts by xy — xg, 21 —

r1,y — —y, then

HO(Kc) = {—ag‘l(xO’“)} — H(Ke),

Yy
HO(QKC) ~ {bg:s(Z(;, 331)y} @ {CQgQ(yx207$l) } ‘

The canonical curve is given by {a,—1(zo,21)}, i.e., by S9"*U. Thus
(¢ (0)) = ker {S*(S97U) — S¥2U} .

For any d we define

(IL.B.10) S2UY2 s ker{S?U? — U*"}
by
(I1.B.11) PoQ — 2*Poy*’Q — 2zyP o zyQ + y>P o 2%Q.
I3For instance, using the notation S™ = Sym™
HY(Kg)=  S97'U
H°(2K¢) = S973U @ S*2U

Il Il
H°(2Kc)™ HY(2Kco)™
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The right-hand side is clearly in ker{S?U? — U??}  and we will prove

the

LEMMA I1.B.12: Any element in ker{S*U? — U?¢} is of this form.
This will show that (II.B.10) is surjective and then by a dimension

count it will be the isomorphism in Proposition I11.B.9.

Proof of Lemma I1.B.12: If we have

d—j
)

1\

M;; = syl o aly 127,

then if 1 2 2 and j < d — 2,
My; = 20~ Yyttt o g =lyd=i=l _ gi=2yd=in2 g j+2, d=j-2
where the congruence is modulo terms on the right-hand side of (II.B.11).
Ifi>j+3,
Mij = 2M; 1 j41 — M9 510
Tfi—=j+2
Mo =2M; 1,1 — M;;—0=M;_1,1

where the second step uses

ZL'Z_Q o d—i+2 o x]+2 d—j—1 _ Iz—de—z—Q o ZEZyd_Z

) Y

i—2, d—i+2 __
Xz Yy = Mi,i—?-

i—2, d—i o

Thus we can use the right-hand side of (II.B.11) to have only terms
M;; where i <1,52d—1or i< j+ 1
This is because (i,7) = (1,1),(1,0),(0,0) so j = 1 or j =i — 1, and
likewise i = j = d — 1 gives (i,j) = (d,d),(d,d — 1),(d — 1,d — 1) so
j=1t4orj=14—1. In all cases either j =7 0or j =17 — 1.
If
ZaiMM -+ ZbiMi,ifl < ker{SQUd — UZd},

then
d

d
Z a2 4 Z b1y 2=2=1 ).
=0 =1
But the terms are all distinct, hence all a;, b; are zero. O
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This completes the construction of the map in Proposition I1.B.9.
The equivalence up to scaling using the standard notation in represen-

tation appears already when d = 2. Then

S2U2 — U4 D U2,2
where U%? = (A2U)®? and the scaling factor arises from the choice of
an isomorphism A2U = C.

It remains to prove that 0® # 0 in the normal directions to A in B.
In period matrix terms, for a normal disc A C B with AN A = {0}

d*®(t)
0.
dt?  li=o0 7

This is true and is proved by an explicit coordinate calculation in [OS].

(ILB.13)

Assuming the global Torelli theorem that the mapping
M, ——A,
W w
C——-J(O)
is 1-1, another argument for (I1.B.13) runs as follows: We may assume

that A C B is invariant under the involution j; in fact we may take

j(t) = —t. Referring to (II.B.1) we have a holomorphic mapping
f:A—=C
such that

o f(—t)= f(t) (this implies f'(0) = 0);
e fis1-1 on A/Z,.

Then it is an elementary complex variable fact that

£7(0) # 0.

Remark: In [OS] the moduli spaces M, and A, = Sp(2¢, Z)\H, are
rigidified to M and A by adding level n structures given by the
n-division points in J(C') where C' € M, and in J(C) € A,. The
Abel-Jacobi map

AJ: C — Pic'(0)
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induces a morphism of complex analytic varieties
(n) (n)
M — AV

This provides additional geometric information beyond the usual Torelli
period matrix mapping, information that is an integral part of the ar-

guments in [OS].

Example II.B.14: This is an example of family of curves X — A
when N =0 and T = Id. The picture is

Co Ct
e e e e
smoothing to e A N =
p
Cy Cy

where ¢g(C1) = g1, g(Cs) = g2 and g1 + g2 = ¢g(C}). For the period

mapping we have

e D D D; x Dy which are the principal polarized Hodge structures
that are direct sums of principally polarized sub-Hodge structures;

e ®: A — D where ®(0) corresponds to H'(Cy) and ®(t) for t # 0
corresponds to H'(Cy).

PRrROPOSITION I1.B.15:'* For Cy, Cy non-hyperelliptic, §® is the usual
differential ®, and

Proof. We let 6’0 = C1 11 C5 be the normalization of Cy and p; € C; with
Cy defined by the identification p; = ps. The infinitesimal deformation

sequence (I.A.2) is
(ILB.17)

0— H! (5){’5%00 (Qé‘m OCO)> — T Def(Cy) — HO (Sxt(lgco (Qlco, OCO)) —0
I I
TDefes(Oo) TDefsm(C())

14This is the well-known local Torelli theorem for stable compact curves. The
point here is to illustrate a computation of d® in a simple situation as a prelude to
similar but more involved examples discussed below.
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At the point in question and with the notations V=V & V5, Q =
Q1 ® Q2 and F = F, ® I, we have from Tg)D = Hom*(F,V/F) that

at I’ the normal space

(I.B.18) Np,xp,/p = Hom(Fy, Vo/Fy) @ Hom(Fy, Vi /FY).
We note that ®,(0) induces a map

(I1.B.19) T Def(Cy)/T Def*(Co) = Np, xpy/p. 17

Using the local Torelli theorem for the non-hyperelliptic curves C; and
Cs,we want to show that this map is non-zero.

For varying points p; € C; and py € C on fixed curves C and Cy, we
join € and Cf at these points to obtain C U, Cs. Since the identified
points py, p move at the same speed the left-hand side of (I1.B.19) is
naturally isomorphic to O¢, ,, ® Oc¢, p,-

For the right-hand side of (II.B.19) using @7 and @ we obtain

(H°(Ke,)* ® H(K¢,)") @ (H°(Ke,)* ® H)(Ke,)*) .
Using the evident symmetry the dual of (I1.B.19) is a map
H(Ke,) ® HY(Ke,) = Keypy @ Koy py
which is the evaluation mapping

w1 @ we — wi(p1) ® wa(pa).

BNote that using the direct sum decompositions, Np, xp,,p is actually a sub-
space of TrD and T Def®*(Cy) maps via ®; x &4 into the complementary subspace.
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This may be verified by writing out the maps

Oy @ O —= H' (Exth, (O, 0c,)) — Exth, (O, 0c;)
I [
T Def*(Cy) T Def(Cy)
T Det(Co) —— H(Exty,, (R, Ocy))
I

Tsm(CO)
T Def(Cy) — Ty D = Hom®*(F,V/F)

and tracing through their dualizations. For this it is convenient to use a
covering by two open sets, one of which is a neighborhood of p and the

other being the complement of a smaller closed neighborhood of p. [

II.C. Examples when N = 0 and I' is non-trivial. These will be
examples arising from smoothing a normal surface singularity (X, p).
There are two methods that we shall use.

(i) This one works in general. Given a l-parameter smoothing de-
formation of a variety X one may use semi-stable reduction to have a

family
X5 A

of varieties X; = 7 !(t) where X is smooth, X* — A* is a smooth
fibration, Xy = UXj; is a reduced normal crossing divisor and, when
X is irreducible, one component of Xj is a desingularization X of X.
This process requires a base change after which the semi-simple part
of the monodromy of the family X* — A* becomes trivial.

The notations, basic definitions and results concerning deformations
and smoothing of normal crossing varieties and a schematic for calcu-
lating the associated graded to the corresponding limiting mixed Hodge

structure are collected in the appendix.
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(ii) For the special case of a KSBA smoothing (defined below) of
a normal surface singularity when N = 0 there is an alternate per-
haps better method. It is based on the result that semi-log-canonical
Q-Gorenstein smoothable normal surface singularities are rational and
for such singularities there is the Artin component in the versal de-
formation space (cf. [St]). For this component, after base change the
family over A* may be filled in over the origin by simply inserting X.
Thus, after we eliminate monodromy by a base change not only does
the Hodge structure fill in over ¢ = 0 but the family of smooth surfaces
does also. Within this component, but in general not equal to it, there
is the subvariety of Q-Gorenstein smoothings. It is this space that we
shall be concerned with here.

Before turning to this we will first use semi-stable reduction to show
how to compute 6 for the smoothing of a node (A; singularity) on a
surface. The results are well known; the interest is in illustrating some
of the computational techniques in a simple but non-trivial case. These
techniques will extend to the general case

We first give a general result and then apply it to the A;-singularity
case. Let X1, X, be smooth surfaces and C' an irreducible smooth curve
with embeddings C' — C; C X; for i = 1,2. Denote by

X =X Ue Xo

the normal crossing surface obtained by joining X; and X, along C}
and Cy. The BF condition [F1] that X have a first order smoothing is

(HCl) N01/X1 &® NCz/Xz = O¢.

Assuming this the choice of a parameter € for the first order smoothing

X. — A(e) of X is given by choosing an identification H°(O¢) = C.
Associated to X, — A(e) there is a limiting mixed Hodge structure

with unipotent monodromy. Assuming N = 0 we obtain an ordinary

weight 2 Hodge structure H? = G HP? together with a first order vari-
ation of that Hodge structure. This is given by

(I1.C.2) §®(d/dt) € Hom(H*°, H')
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and we will give a recipe for computing the interesting part of this.'
Here we will do this under the additional assumption that the genus
g(C) = 0, as this will be satisfied in the application we shall give. Later
on this method will be extended to the case when ¢g(C') # 0.

ProrosiTION I1.C.3: There are natural isomorphisms
H*0 = HO(QX,) © H(Q%,),
HY = ([C] + [Co])H/([Ch] = (o),
and maps (here i € {1,2} and i = {1,2}\{i})
(I1.C.4) H(Q%,) — H'(Q%)
that give 6®(d/dt).
In (II.C.4) the intertwining of X; and X, will be a consequence of
(II.C.1). For the formula for ®(0), since N = 0 the limiting mixed

Hodge structure associated to the first order family X — A(e) is a
pure weight 2 Hodge structure; it is given by the cohomology of the

complex o
od o o
\ /
H?*(X,)

where the first arrows represent the Gysin map

(ILC.5) le = [Ci] @ [Cy]

and the second arrows are signed restriction maps. The composition is
le = (Cf + C3)[C]

which is zero as a consequence of the BF condition. The first part of
the proposition follows from (II.C.5).
6By intereseting part we mean that summand of Hom(H?°, H1) that involves

the intertwining of X; and Xs. There are other parts that involve either X; or X5
alone. These are of standard IVHS maps and we will not discuss them.
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For the second part we shall use the cohomology sequences associated

to two exact sheaf diagrams, the first of which is

O—>Q§(1(—Cl) Qg(l Qa ®N51/X1 —0
2l
Qng ® NC2/X2

where the last term in the top sequence is adjunction and the vertical
isomorphism, which is the key step, uses the BF condition. The second

is the diagram

0
0 0L, Qk, (log Cy) —= Q, (log Cy) |, —=0
0 0%, Q%, ([Co]) O, (G|, —0
Qg, ([C2])
0

Using QY (log Cg)|02 >~ O¢,(—1), since H(O¢,)(—1) = 0, combining
the cohomology diagrams we have induced maps

HO(K01> — HO(KCQ ® NC2/X27

H° (K¢, ® Neyix,) — H'(Qx,)/H*(0c,)(—1).
Here we have used that the composition

HO(0c,)(~1) = H' (24, ((C))],,) — H'(0%,)

gives the fundamental class of Cy. The issue is now to show that the
map

HY(Kx,) = H'(Qx,)/H'(0c,)(~1)
actually computes ®(d/dt). The idea is
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e to take the argument where you have a smooth family X = A of
smooth varieties and where ®(d/dt) is the connecting map in the

long exact hypercohomology sequence of
0= 7" © Qy)y = Oy = Qjp — 0
and modify it using
0— W*QlA(log{O})@)Q%c/A(log Xo) — Q3 (log Xo) — Qi/A(log Xo) = 0;

e next trace through the same calculation in the case when X, is
smooth for t # 0 and where Xy = X;Ug X5 with the local smoothing
1Ty =t in (zq, 2, T3,1) Space;

e in carrying this out one may use a covering by open sets like the
one that one used in the previous example but jacked up with the
additional parameter xo;

e in the resulting computation the interesting step is in the passage

from X; to X5 using BF conditions to have the replacement

Q, ® Ng, /x, = Qf, ® Neyjx,-

™

Example II.C.6: Let X’ — A’ be a family of surfaces X! acquiring a
node p € X{. Away from the node we have a smooth fibration, and in

a neighborhood U C X, of p we have

U={z,y,x;5}: 2> +y*+ 2% = s}

m(x,y,2;8) = s.
There is one vanishing cycle A € Hy(X!), and local monodromy around
s = 01is aZs acting by A — —A. After semi-stable reduction, retaining

the notations in Proposition II1.C.3 we obtain a new family X — A

where A has coordinate ¢ with s = ¢? and X, is replaced by

Xo = X1 Uc Xo
where
Xl — Xé
U \)]

Cl — b,
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with C; 2 P!, C? = —2 being the desingularization of X, and Xy =
P! x P! with Cy = P! is the diagonal and C3 = +2. Denoting by Ly, Lo
the classes in H%(X5) generated by the two factors in the product,

[Cy] = Ly + Lo
Ly — Ly € ([C1] + [Co))*F7
From the proposition we have that for w € H°(Kx,)
(IL.C.7) d®(d/dt)(w) = w(p)(L1 — La).
More precisely, we identify H°(O¢) = C. Then from

KX1 = NCl/Xl & KCl = OC’1

e,
we have
w(p) == u.7|c1 e C.

Remark: The main purpose of this paper is to define and illustrate
the use of the differential of the period mapping at the locus of singular
varieties in a family {Xj},ep of generically smooth algebraic varieties.
Assume B is smooth and that the singular X, are nodal surfaces that
occur along a subvariety A C B. We will say that the family satisfies
local Torelli if for any disc A C B we have 6@ # 0 at the origin. If
A meets A only at the origin, then d® is defined above. If A C A,
then 0® # 0 means that the differential of the period mapping for the
desingularized surfaces X; is non-zero. In various forms the following

is well known.

PROPOSITION I1.C.8: If each canonical series |Kx,| is base point free
and if local Torelli is satisfied, then A is a smooth, reduced divisor in B.

Moreover, A may be defined Hodge theoretically.

Proof. What the above computation shows is that the locus where a
given cohomology class is a Hodge class is a smooth reduced divisor
A C B. What we have to show is that if we have a family {X;};ea of
smooth surfaces and a Hodge class v, € Hg'(X,) such that 7, is the

17Using the notation from Proposition I1.C.3, (L1 —La) — ((L1—Ls)-C3)[C] = 0.
Thus L — Ly € H? and monodromy acts by L1 — Ly — Lo — L.
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class of a —2 curve Cy C Xy, then Cy deforms to —2 curves C; C X;.
This is also well known and we shall only indicate why it is true.

If Ly — X, are line bundles with ¢1(L;) = & and Lo = [Cp], then it
will suffice to show the vanishing of the obstruction space to first order

deforming &, along with Lg; this is
H'(Ly) = 0.

For simplicity we assume that X is regular; in general an additional ar-
gument is needed.”® By duality h'(Ly) = h'(Kx,—Lo) = h*(Kx,(—Cp)).

Since Cp is a —2 curve, Ky |, = O¢, and we have

‘CU

0— Kx,(—Cy) - Kx, = O¢, — 0.
Using h!(Kx,) = 0 this gives
0 # h'(Ko(—Cp)) <= H°(Kx,(—Co)) = H*(Kx,).

If the linear system | K, | is base point free, then it follows that h'(Lg)
= 0. U

Our next example will be the computation for a KSBA family X — A
of surfaces where X has a Q-Gorenstein smoothable normal singular
point p and the X; are smooth for ¢t # 0. Here we will consider the case
where the monodromy of X* — A* is finite. The period mapping then
extends to A and we will give a method for computing d®. Among the

underlying geometric questions are

What is the expected number of Hodge theoretic con-
ditions imposed on moduli by having a singularity of
the type of Xo? In examples, such as the case of I-

surfaces, are these conditions independent?

Before turning to this we will give a quick

(II.C.9) Review of Q-Gorenstein smoothable isolated surface
singularities.**

18The additional argument entails modifying the L; by elements in Pic®(X;) to
kill the obstruction to deforming the section of Ly whose divisor is Cy. A standard
cohomological argument shows that to first order this is possible, from which we
may conclude the desired result.
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The theory is local and we shall discuss the deformation theory of a

germ (Y, p) of an isolated surface singularity.

Ky denotes the Weil divisorial canonical sheaf; it is represented on
Y* := Y\{p} by the linear equivalence class of the divisor of a dif-
ferential ) € H°(Ky-);

there is a unique minimal (no (—1) curves) resolution (V,E) EN
(Y, p) of the singularity; here E' = ). E; is a normal crossing divisor
(the F; are irreducible, smooth curves meeting transversely) and the
intersection matrix ||E; - E;|| is negative definite; we set E? = —d;
where d; > 1;

the singularity is rational if all the E;’s are P'’s and the graph of E
contains no cycles; this is equivalent to R}O}; =0

we shall assume that (Y, p) is a semi-log-canonical singularity (not
defined here; cf. [K], [H] and [KS-B]), then there is a unique indez 1
cover (Z,q) — (Y, p) such that

e (Z,q) is Gorenstein, thus K is a line bundle;

e for m = index (Y, p) and p,, = m'™® roots of unity, there is a fi,,
action on (Z,q) with ¢ an isolated fixed point and (Y, p) is the
quotient of (Z,q);

by a Q-Gorenstein smoothing of (W, p) we mean a smoothing Z; of
the index 1 cover Z = Z; of Y such that u,, acts on the total space of
the family {Z,} fixing the fibre Z; and where the quotient of {Z; };ea
is {W, }+ea; this may be formalized by a diagram

Zz—Y

-

A—A

on which p,, acts with ¢ € Zj as the unique fixed point (cf. [H]); an
important point is that wy A is Q-Gorenstein with Z — ' being the

relative index 1 cover;

¢t [H] and [St]. In Section ILD these definitions and facts will be illustrated

in an example.
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e For rational singularities (Y, p) there is the Artin component A C
Def(Y') (cf. [St]); it has the property that any family pulled back from
a finite map to A is, after a base change, a simultaneous resolution
of the singularities; the Artin component has dimension h*(©y).

e The Q-Gorenstein smoothings of (Y, p) are, after base change, the
quotients of the ordinary deformations of the index 1 cover in which

the u,, action is preserved; they map to the Artin component.

The semi-log-canonical Q-Gorenstein smoothable normal surface sin-
gularities have been classified (cf. [KS-B]). Those that are open sets
in complete general type surfaces for which the monodromy of the

smoothing has N = 0 satisfy

(a) they are rational;

(b) there are two types
(i) ADE or Du Val singularities,
(ii) some quotient singularities.

The ADE singularities are hypersurface singularities. Hence they are
Gorenstein and their versal deformation, which is equal to the Artin
component, may be described explicitly by varying their defining equa-
tion (cf. [A]). The exceptional divisor of a minimal resolution is a tree
of —2 curves given by a Dynkin diagram.

For the second type of singularities, for a,d coprime integers with

a < d, the singularity gll(l, a) is the quotient of C? by the action
(u,v) = (Cu,¢*v)

where ( is a primitive d root of unity.

e The [KS-B] quotient singularities we shall consider are of type (1, dna
— 1) where d, n,a are relatively prime. They are Z/dZ quotients of
their index 1 cover which is an Ag,_1 singularity

zy + 2" =0

and the action of ¢ = €*™/? ig

= (xyy — (" ly, 2 — (O
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the Q-Gorensetin smoothings are quotients of
(ILC.10) 2y + 2% 4 agt240Y 4 gy =D 4o gt = 0
under the action
r—fx,y — (" hy 2 — 2t — 8

we note that implicit in (I1.C.10) is a base change s = "¢ from the

standard smoothing xy + 2% + s = 0 of the Ag,_; singularity.

Remark: For some circumstances it is preferable to write a general

smoothing of an A,_; singularity Y given by xy + 2¢ = 0 as

d
(IL.C.11) Y, = {xy + H(z —ta;) = 0}

i=1
where the a; are the ordered roots of the degree d homogeneous poly-
nomial in z,t that gives the smoothing after base change. As explained

in [A] the a; correspond to the vanishing cycles by
Al < Ay —al,AQ — a3—a2,...,Ad,1 —ag — aqg—1.

Replacing Y = Yj by Y gives a smoothing family Y — A where A
maps as a d-sheeted branched covering over a general disc in Def(Yp).!
The vanishing cycles are now invariant under monodromy and the cor-

~

responding homology classes are the [E;] € Hy(Y).

Although not needed here, there are similar descriptions for all of
the ADE singularities.

Deformation theory Let (Y, E) — (Y,p) denote the resolution of a

germ of normal surface singularity. We are interested in

(i) TDef(Y; Ey, ..., Ey) := tangent space to the deformations of ¥
along which all of the E; deform;®

N

5Here general means meeting the discriminant locus transversely at the origin.
16T hese correspond to the equisingular deformations of (Y, p).
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(ii) TDef(Y, E) := tangent space to the deformations of ¥ along

which the curve E deforms, and
N

(iii) T Def(Y) := tangent space to the deformations of Y.

By abuse of notation we shall identify the tangent space to the Artin
component, of Def(Y') with T'Def(Y) = H'(Oy).
The normal sheaf to E in Y is defined by

N,y = Homo, (Ip/I%, O).
The following are cohomological expressions for each of the above.
ProprosITION I1.C.12: There are natural identifications
T Def(Y) = HY(Oy),
T Def(Y, E) = ker {Hl(@?) — H'(N, /y)}

k
TDef(Y,Eh...,Ek)gker{Hl(@y)—> ® H'( Ng, v }
i=1

A

Proof. The first of these is standard (cf. [St]). Because dimY = 2
and we are working with the germ of singularity, H*(©y) = 0 and
consequently the first order deformations of Y are unobstructed.
For the second another standard identification in deformation theory
is
TDef(Y,E) = H Oy (—log E)).
From the exact cohomology sequence of

0— Oy(—logE) = Oy = Ny =0

we obtain the result. Finally, the third identification is obtained by
applying the proof of the second one to each of the E;. O

Remark: We may “explain” the Artin component as follows, here
illustrated for the A;-singularity discussed above (keeping the notations
used there).

The tangent space to the deformation space of a pair C' C X is given
by H'(© 4 — Ny x). Then to first order
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o ker{H'(©y) — H'(Ng )} = tangent space to deformations where
C' deforms with X ; and
o coker{H'(03) — H'(N/x) = deformations of X where C' disap-
pears (fails to deform to first order).
For the A;-singularity where X, = X; Ugc X5 with X; = X and Xy =
P! x P!, as usual T Def (X)) = Ext(lgxo (Q%,, Ox,) maps to T°™ Def(X,) =
HO(gXt(lgxo (Q%,.0x,)). A computation using h'(Ox,) = 0 and h'(O¢)
= 0 gives a surjective map
coker{H'(©) = H'(Ng, )} — T°" Def(Xo).
This means that the smoothing deformations of (X,p) are obtained
by deforming the desingularization X in the directions where C disap-

pears. In other words, in this example using semi-stable-reduction is

not necessary; we may simply deform the desingularization of X.

Remark: Keeping these notations, suppose we have just one £ = P17

and a 1-parameter deformation of ¥ given by a diagram
Ec Y c Y

l |

{0} e A.
The exact sequence of normal bundles
2l
N. .
v/,

has extension class e € H* (N sv)- We also have the Kodaira-Spencer
class d/dt € H'(O©y). We will omit the straightforward proof of the
following.
PROPOSITION I1.C.13: (i) e is the image of d/dt in the map H'(Oy) —
HY(N E/Y) ,
(ii) e is non-zero if, and only if, to first order E disappears in the
deformation Y; off/ =Yp;

"Then Y is a cone over a rational normal curve in P4 where d = —E2.
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(iii) n this case
Ng g = Op(—a) ® Op(—p)
where o, 8 > 0, and then E contracts to a terminal singularity in

the deformation space Y of Y.

ProprosiTION I1.C.14: There are maps of Og-modules

2 * *
jE/JE — NEi/Y/ ® NEi+1/Y/

that upon dualizing lead to the exact sheaf sequence of Og-modules

— 0.
EiﬁEi_,.l

k k—1
(IL.C.15) 0= & Npy = Ngjy = & Np v @ Ny

Proof. The issue is local around a point of E; N E;;; locally given by
xy = 0. Then

Ip /% = (3(;3;2) has a C-bases 1 - (zy), 2 (zy),y’ (zy) for i >0,y > 0,
o Qﬂhasabasislw zt -z for i >0
BV T (2)2 ' ’
* Agﬂhasabasisl-yyj-yfOTJ>O
BV (y)? | |
yNEi/Y - ($2y) and xNEz‘H/Y o @
The map
JE/j%E - Ngi/f/ S NEiJrl/Y
given by

(zy) (vy) _ (xy)
@) (@) © @)

is well defined, and because (z?y)N(zy?) = (22, y?) it is injective. Since

1—=1-(zy)®1-(zy), the maps

(zy) (zy) (zy) (zy)
(22y) @) @) @yap)

are individually surjective. By taking the difference locally around

xzy = 0 where E; = (x = 0) and E;;; = (y = 0) we obtain the exact
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sequence
(II.C.16)
00— jE/jz - N; /Y D N*z+1/Y - OEimEi“ —0
U
(zy) (zy) ® (zy) (zy) ~ @)
(x2y?) (z2y) 7 (2y?) (z2y,zy?) — (zy)

which globalizes to

—>€BN*

E/Y®N* — 0.

Eiy1/Y

0—JIg/T5 — GB N;/Y
Dualizing gives the exact sequence (I1.C.15). O
PROPOSITION TL.C.17: H'(Ny y) = 0, so that we have

k—1 k
0= & H' N,y @ Ny, jy) = & H (Ng,3) = H' (Ngjy) = 0.

Proof. Using adjunction and Ny, v = Op,(—d;), in the exact cohomol-

ogy sequence of (II1.C.15) the map

@ HO <NE1-/{/ ® N,

i=1

k
1

is dual to
(II.C.18)
5 H° (O d; — 2 HO (N NY,
l§1 ( Ei-‘rl( )) - 2679 E; /Y ® Z+1 i41 :

Since d; = 2, this mapping is surjective and this implies the result. [
Note II.C.19: Below we will interpret (II.C.18) as giving a map

)

k—1 0
26:91 ( Y}E ) > &H (

whose kernel is equal to H(Ky| »)
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The following summarizes the above:
quotient is & H'(Np, y)
/\
TDef(Y; Ey, ..., Ey) gTDef(f/’, E) g the Artin component in 7 Def(Y")
\—/ \—/

quotient is quotient is
! (NE/Y>

(I1.C.20)

k—1
& Oy

ENE;+1

The canonical bundle.
Setting Y* = Y\{p} with j : Y* < Y the inclusion, the canonical

Weil divisorial sheaf
KY == ]*KY*
is the linear equivalence class of the divisor of any differential ¢ €
H°(92..). Since Ky is only Q-Cartier we cannot evaluate ¢ € H(Ky)
at the singular point p. Rather we shall use the identification
H°(Ky) = H°(Ky)
to define evaluation of ¢ at p by considering ¢ € H°(Ky ‘ ). The basic

observation is that by adjunction

(I1.C.21) Ky|, 2 N: o ©Kpg = 0, (d; — 2).

E;/Y
We are now ready to put things together. The usual form of the
differential of a period mapping for weight 2 is

T — Hom(H*°, H"'),
or equivalently
(I1.C.22) T®H* — H"

In the geometric case
T = HYO),
HQ,O — HO(QQ),
HY' = HY(QY).
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In the local version we use the cohomology of Y, and the commutative

diagram

HY(05) ® HO(Ky) — H'(QL)

(I1.C.23) j l
SH'(Ng, y) ® H(Ky) — ©H'(QF,)

l

From Propositions I1.C.12 and I1.C.14 we have the
THEOREM I1.C.24: If the mappings

H'(Oy) — &  HY(Ng,v)

1=

HO(Ky) —— H(Ky|,)

are surjective, then for a general £ € H'(Oy) and any E;, there is a
(NS HO(K};) such that the image of £ @ 1 in Hl(Q}Ei) 18 noN-zero.

This implies that all images & of £ in H*(N B /y) are non-zero; thus
¢ maps to a non-zero element in T Def(Y") /T Def (Y, E') under which to
first order all of the F; disappear. Thus £ gives a non-zero element in
T Def*"(X). This is the local picture.

For the global case we assume that we have a surface (X,p) with
an isolated semi-log-canonical singularity of the above type and with
canonical resolution (X, E) — (X,p). Denote by (V,p) the germ of
neighborhood of p in X and by (f/,E) — (Y, p) the resolution. For

simplicity of exposition we assume that H'(O y) is unobstructed. There
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are 1maps

/\ A
HY(Kg) — H(Ky) — & HO(K,
H(Kx)

/\

©  HNQY) —— H'(Q)) —— & H(Kx,)

(ILC.25) () )

i

The differential of the period mapping at the point corresponding to
the singular surface (X, p) may be identified with

5@ : H'(©4) — Hom (H(K ), H' (L)) 1*

The following is by far not the strongest possible result. It is given to
illustrate how via the extended period mapping Hodge theory enters
into the geometry of completed moduli spaces, in this case the locus of

surfaces having a particular type of singularity.

A

THEOREM I1.C.26: A sufficient condition that & € T Def(X) map to
a smoothing direction in T Def(X) is that for each i there ezists ¢; €
H°(Kx) such that the composite map X in

ap(§) ® B(¥r) € H'(Ny, x) @ HO(K

T~

)

be non-zero.

18Here we recall our convention that 6® on H'(0 ) is defined by composing the
Kodaira-Spencer map on discs A C H(© <) with 6@ as formally defined in the
1-parameter case.
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Indeed, by the analysis above this is sufficient to insure that to first
order every F; does not move when we deform X in the direction €.

There are similar results expressing when a subset of the E; does not
deform, so that the direction & will give at least partially smoothing

deformation of X.

Summary: Stripped to its essentials the above argument is the fol-

lowing:

e (X,E) — (X, p) is the resolution of a rational, Q-Gorenstein smooth-
able singular surface;

e the [KS-B| smoothing deformations of X are Q-Gorenstein smooth-
ings in Def(X) and are the images of deformations of X under which
the normal crossing curve ' = UF; disappears;

e we ask whether this is the same condition as that the Hodge classes
[E;] € Hg'(X) cease to be Hodge classes;

e the result is that the conditions in the second and third bullets are
to first order equivalent if, and only if, p is not a base point of the
canonical series | K x|;*

e to express this condition cohomologically, first taking the case where

there is one E; := F we have the commutative diagram

H'(0g) © H(Ky)

HY(QL)

|

H! (Ngyx) @ HOK | ) —= H'(Q):

E

o for £ € H'(Oy) the condition that to first order the Hodge class
given by F not deform to a Hodge class is that £ ® H°(K ) maps

non-zero to H'();*

YT his means that there is 1) € H(Ky) such that 1; := image of ¢ in H°(K ¢ ’E)
for all ¢ when X is Gorenstein so that Kx is a line bundle this is the same as
¥(p) # 0; when Kx is only Q-Cartier the condition is more subtle.

20The condition that to first order E not deform along with X is that & maps
to a non-zero element in H'(N / ). We observe that to first order deforming

preserving E and preserving the Hodge class [E] € H 1(9;) are equivalent.
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e for the case when I/ = UE; we use the normal sheaf N /X =
Homg,, (J5 /3%, Op) to obtain the same result where now the map

must map non-zero onto each H°(Kg,).

I1.D. Wahl singularity for /-surfaces.

Local theory: We recall that any é(l,a) quotient singularity (Y,p)
has an index 1 cover (Y,ﬁ) with an action of u,, with fixed point p
and with quotient (V,p) (cf. [H]). For the —-(1,dna — 1) singularity

we have
(V,p) = (Y;p)

where (Y, p) is an Ag,_1 singularity with a pg action. The Wahl sin-
gularity is the first case d = 2, n = a = 1 giving a $(1,1) singularity
with index 1 cover the 1(1,1) singularity A; having an equation and

Zo-action

Ty = 22
R VR T

The smoothing xy = 22 + s gives, after a base change s = t? with
t — —t and then taking the Zs-quotient, a Q-Gorenstein smoothing of
it. The Wahl singularity is of historical significance: it is the first non-
Gorenstein cyclic quotient singularity, and its smoothing has trivial
monodromy.

Before illustrating Theorem (II.C.24) and the above construction
we shall briefly describe some geometric interpretations of the Wahl

singularity and its Q-Gorenstein smoothing.

°a é(l, 1) singularity is realized as the cone over the rational normal
curve of degree d in P¢; equivalently, it is the section P(Op @ 0) of
the P-bundle P(Op1 & Op1(—d)) over P*;

e for a smooth non-degenerate surface S of minimal degree d in P4*!, a
hyperplane through the vertex of the cone over S gives a realization
of this singularity, and deforming the hyperplane to not pass through

vertex gives a smoothing;
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e for the Wahl singularity when d = 4 there are two choices for S, the
rational normal scroll and the Veronese surfaces P? — P® embedded
by |Op2(2)]; only the second of these gives a Q-Gorenstein smoothing,.

. #
For the desingularization (Y#, E#) LA (Y#, p#) of the node, since

the singularity is canonical,
P Ky |pw = Kys| o = O
We note that
H' (Nps g0 ) = H'(0p:(2)) = C
and the map
H'(Og4) — Hl(NE#/y#)

is non-zero; thus by the analysis at the end of Section I1.C the —2 curve
E# disappears (in fact already to first order).
For the desingularization (Y, E) EN (Y, p) of the Wahl singularity we
have the equations of Q-line bundles
1

J*Ky = Ky + 5B,

Ky|, = 0g(2).
The localized derivative of the period mapping s
H(Ky|,) © H' (Ngp) — H'(Npy)
(ILD.1) 2l 2l 2
HO(OE(2)) & Hl(OE(—4)) — Hl(OE(—Q)).
Thus under the smoothing direction of the Wahl singularity the class
[E] € H'(Q};) disappears.

Global theory: FEzample of I-surfaces. An I[-surface is a smooth,

minimal general type surface X with
pe(X) =2, ¢(X)=0, K} = 1.

These surfaces were studied classically; recently they have emerged as

among the first examples where the completed KSBA moduli space
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M; has been analyzed.?! From the cited works there is one divisor
in M; whose general point corresponds to an I-surface (X,p) with a
single Wahl singularity. Here we shall describe these surfaces and, with
details to be provided elsewhere, will discuss how this divisor may be

detected Hodge theoretically under the extended period mapping
O :M;p—T\D

where M; s C M parametrizes the possibly singular I-surfaces that
have a Q-Gorenstein smoothing with finite monodromy.??

Let X be an I-surface with a }1(1, 1) singularity p. There are sev-
eral ways to construct (X, p), and to describe one of these we use the

notations

e P(1,1,2) has coordinates (x1,22,y) and is embedded in P? as a

quadric cone with vertex P

e P(1,1,2,5) has coordinates (z1,x2,¥, z); any Gorenstein [-surface

Y has the equation

2= Goy5 + as(x1, I2)y4 + -+ ajp(xy, z2)

where ag(x1,z2) is homogeneous of degree 2k and ay # 0 (cf.
[FPR)).

e YV — P(1,1,2) C P? is branched over a quintic V' € |Ops(5)| where
PgvV.

218ce [FPR] for a detailed analysis of the Gorenstein components of M; and also
for the elusive non-Gorenstein divisorial components of that space. See also [H] for
the Wahl singularity case. Much of the following discussion is based on notes by
them that are a sequel to [FPR] and on discussions with them and Radu Laza and
Colleen Robles.

22The period domain D has dimension 57 and H C T'D is a contact structure.
The differential ®, : My — T'\D is injective at all smooth surfaces X, and the
image ®(My) is a contact subvariety. The monodromy group I' is arithmetic; it is
not known if it is the full Gz.
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e As ag — 0 the quintic V' passes through the vertex P = (0,0, 1,0)
and the limit surface X ceases to be Gorenstein but acquires a
1(1,1) singularity over P.

e Forag = 0and (z1,x2) # (0,0) over the fibre of projection P(1, 1,2) —

P! we have a double cover of a quartic intersection with the line over

(z1,5). The discriminant of the quartic has terms like a3a3,, a3a2a?,
..,; they all have the same degree 3-24-3-10, 2:4+4-2-6+42-8, - - - = 36.

Hence, when ay = 0 outside of what happens at P we have a 2:1
covering of P(1,1,2)\ P with four branch points over the intersec-
tion of V' with the rulings of the quadric. In general there are 36
such rulings where two of the branch points come together; i.e., the
corresponding curves acquire nodes.

e Over x1 = xo = 0 we have z = 0 which is the singular point
(0,0,1,0) on X. Here P(1,1,2,5) has a %(1,1,1) singularity of
index 2. A weighted blowup inserts a Veronese surface X, under

the map
(x1, 22,0, z) — {all quadratic monomials in xy, s, 2};

the blown up surface X; intersects the Veronese X5 in the conic
hyperplane section E given by z? — ay(z1, 15) = 0. Here we assume
as is non-degenerate. The conic £ maps 2:1 to the P! coming from
x1, To; 1.e., we have z = ++/as(xy, x2).

e Thus X; Iy Pt s an elliptic surface having a bi-section

(o XD

with branch points at the zeroes of ay(x1, z3).
e For the numerology we have for F; := F C X
B E? =—4
E2=4
- KX1 . EX2 =2 (thUS KX1 'E’X1 +E§(1 = —2)

- f*WXl/]pl = Opl(l)
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Since the monodromy 7" = I, from Hodge theory we have p,(X;) = 2.
We now denote by E the P! in either X; or X, and consider the
surface Xo = X; Ug Xo. Then HZ_ is the cohomology of

HYEB)(-1) S HY(X)) @ HX(X,) & H*(E)

where G is the direct sum of Gysin maps and R is the sum of signed
restriction maps. Thus in the diagram (II.D.1) the image of the map
to H*(X,) is spanned by

[E" € H'(,) = H?(Veronese) = C.

This has dimension 1, and from a work in preparation on moduli of
I-surfaces and Hodge theory we will provide details of the argument to

show

For the moduli of I-surfaces there is 1-condition to have a };(17 1)
singularity. This condition is detected Hodge theoretically by the
presence of an additional Hodge class in ®(0) = HZ_.%

lim*
Note: There is an interesting dimension count going on here. Namely,

e elliptic surfaces Y with ¢(Y) = 0, py(Y) = 2 have 30 = 10 - x(Oy)

moduli. Specifically, in the case at hand
h'(Oy) =30 and h°(Oy) = 0;

e the “expected codimension” in moduli for Y to have a line bundle
L—=Yisp,(Y)=2;

e the L we are interested in has L? = —4, L - Ky = 2;

e if h%(L) # 0, then h°(L) = 1 and there is a unique curve E € |L|;

from
F*=—-4, E-Ky=2

we infer that the arithmetic genus p,(F) = 0, and from the above

local picture generically £ = P!;

BIt is due to FPR that there is another divisor in M ; given by I-surfaces
having a 5=(1,14) singularity. We do not know if this one may be detected Hodge-
theoretically. It is work in progress to develop a good formalism for dealing with
the calculation of general such examples.
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e for (Y, E) as above we may contract F to give an [-surface with a

1(1,1) singularity.
With the details to be given elsewhere,

— dim{pairs (Y, L) as above} = 30 — 2 = 28;
— among such pairs (Y, L) it is one condition to have h°(L) # 0;
— the space of pairs (Y, E) has dimension 27;
— since dim M; = 28, the above explains why imposing a 1(1,1)

singularity is one condition in moduli of I-surfaces.

III. THE CASE OF INFINITE MONODROMY (NN # 0)

In this section we will define and give examples of P in the situation
where a semi-stable reduction gives a family X — A where Xy := X
is a reduced normal crossing divisor. We will break the discussion into

two parts.24

(i) T Def*(X),
(i) 7 Def*™(X).

IIT.A. General structure and examples of /P in the equisingu-
lar in case. This is essentially the case of 0® for a family of mixed
Hodge structures ([SZ]). The assumption that these are limiting mixed
Hodge structures does not enter.

There is a structural result concerning the differential §®. Following
some preliminary discussion this result is stated as Proposition I11.A.3
below. The weight filtration is preserved in a variation of mixed Hodge
structure, and in the non-classical case the interactions among the asso-
ciated graded pure Hodge structures are reflected by how the extension
data in the mixed Hodge structures is constrained. Basically up to in-
tegration constants all of the extension data is determined by that of
level < 2.

24We refer to the appendix for the notation and summary of deformation theory
and Hodge theory for normal crossing varieties.
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The space of graded polarized mixed Hodge structures with given
Hodge-Deligne numbers forms a period domain D [PP]. Tt is a homo-
geneous complex manifold consisting of filtrations {F?} on a complex
vector space V¢, and the tangent bundle to D has a horizontal sub-
bundle H C T'D defined by the condition

(IIT.A.1) FP C Pt

There is a weight filtration W on V such that for each point F € D
the filtration induced by F on each Gr!Y(V¢) defines a pure Hodge
structure of weight m. Finally there are bilinear forms that polarize
the Gr'V (V)’s.

The period mappings we consider will give holomorphic mappings
¢ : A — D that satisty (IIL.A.1); i.e.,

o,(TA) C H,

and will induce variations of pure Hodge structure on Gry’ (V) := H*.
Moreover, the variations of mixed Hodge structure we will consider over
discs A will be restrictions to A of global admissible ones over possibly
non-complete algebraic curves C' with A C C. The reason is that ® will
give the restriction to A of a morphism C' — J, where J is an Abelian
variety, and the condition that the induced map H;(C) — Hy(J) be a
morphism of mixed Hodge structures is used in the proof of Proposition
II1.A.3.

The period domain D is an iterated analytic fibration with successive

fibres isomorphic to the space
(IIL.A.2) By = Extyys(H*, HY)

of level ¢ extensions. F, is an abelian complex Lie group that is a
quotient of a complex Euclidean space by a discrete subgroup. Using
the notations from [GGR] it is shown there that

(i) for ¢ = 1, the Lie algebra of E, has a Hodge structure whose

Hodge decomposition looks like

2k+1,0)+---+(k+1,k)® (k,k+1)+---4+ (0,26 + 1)

(.

~~
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and a holomorphic mapping of a possibly non-complete algebraic
variety to Ej has differential mapping to the complexification of
the largest sub-Hodge structure over the bracket;

(ii) for ¢ = 2 the differential is a mapping to the complexification of
the largest Q-subspace, which is then a sub-Hodge structure, over
the bracket in

(2k,0) + -+ (K, k) +- - + (0, 2k);
——

(iii) for £ = 3 the differential is zero.?®
In summary we have the

PROPOSITION II1.A.3: For an equisingular deformation of X, the dif-
ferential of the period mapping to the mixed Hodge structures is de-
termined by the differentials of the map to the associated graded pure

Hodge structures and to the extension data of levels < 2.

Example III.A.4 (general): Let X, Xy be smooth surfaces, C' a

smooth irreducible curve with embeddings
C—=0CCX;, 1=12,

and

(ITII.A.5) X =X, Ue Xo

the normal crossing surface obtained by gluing X; and X, along C}

and Cy. With the further assumptions that the X; are regular so that
Pic(X;) = Hg'(X;)
and notation
Pic(X;, C;) = {L; € Pic(X;) : deg(Li| ) = 0}
=~ ker{Hg'(X;) — H*(C;)}
we want to interpret d® on T Def® (X).

25This does not mean that the higher level extension data is uninteresting. For
instance if the GIZ (V) are Hodge-Tate, then entries in the period matrix rep-
resentation of the higher level extension data is given by polylogarithms and the
constants of integration give functional equations for them.
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Assuming that [C;] # 0 in H?(X;), Mayer-Vietoris gives the exact

sequence
0 — H'(C) — H*(X) - Ker{ H*(X,) ® H*(X5) — H*(C)} —0
2l 2
Gl H?(X) Gry H?*(X).

Part of 6® detects the differential of the period mappings on Gry’ H?(X)
and on Gr}” H?(X). These are standard mappings, so for the pur-
pose of illustration we shall assume that both of them are constant on
A C T Def*(X). Then what is varying is the extension data in

(IILA6) 0— H'(C) — H*(X,C) = ker{ H*(X) — H*(C)} — 0.

From this and setting we may infer the

PropOSITION III.A.7: This extension data is a sum of pieces in
(i) Extyps(Pic"(X;, C), H'(Cy)) =2 Extis(9Q(—1), H'(C));
(i) Extygys (H*(Xi)e, H'(C5)).%

For the geometric interpretation of (i), we let D;; be a family of
divisors on X; such that deg(D;; - C;) = 0. Then AJc(D;:- C;) is a
curve in J(C) and the corresponding part of ®(d/dt) is the tangent
to this curve.?”

The term (ii) is represented by membrane integrals, which are tran-
scendental invariants. Their derivative is however algebraic and we
shall give an explicit example to illustrate how this may contain useful

geometric information.

PROPOSITION III.A.8: IfT Def®(X) is unobstructed, assuming generic
local Torelli holds for each of Def® (X, Cy) and Def®(Xy, Cy), it then
holds for Def® (X)) as well.

We will not give a formal proof of this result; it is a straightfor-

ward consequence of deformation theory, Hodge theory and the period

mapping for normal crossing divisors.

262 (Xt = PicO(Xi)L is the transcendental part of H?(X;).
2TThis is due to Carlson (cf. [CM-SP] for an exposition).
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The point of this proposition will be to be able to use generic local
Torelli on a boundary component in moduli to infer generic local Torelli
in the interior.

A typical example we have in mind is given by the following well-

known construction:

e (Xi,(C) is the desingularization of a surface (Xo,p) with a simple
elliptic singularity of degree d = —C?%; we assume that T Def (X1, C})
is unobstructed;

o (X5,(5) is a del Pezzo surface given by realizing Cs as a cubic curve

isomorphic to C; and blown up at 9 — d points {¢;} so as to have
Neyyx, ® Neyyx, = Oc;
e then X = X; Ug X5 is to first order smoothable, and the limiting

locally in 7' Def*(X) determines the
pair (Xs, Cy); this is because Gr}” HZ  determines Cy and the level

mixed Hodge structure HZ
1 extension data determines the pair (Xs, Cs);
e Gry H2_locally determines X; and then the extension data in H2(X;, C)

locally determines the pair (X1, C});

(IT1.A.9)

e when we discuss 0P in smoothing directions it may be shown that if
T Def(X) is unobstructed, so that the Kuranishi space of X is smooth,
and that if the conditions in Proposition I11.A.8 are satisfied, generic
local Torelli will hold for the KSBA moduli space of a smoothing of
Xi.

Example ITT.A.10 (specific): Suppose that X; is a desingularization
of an I- or H-surface X’. This means that X’ is a smooth, minimal,
regular general type surface with K%, = 1 (I-surface) or 2 (H-surface).
Then the above conditions are satisfied ([FPR], [G1], [G2], [CT]). From

this we may infer that

generic local Torelli holds for I- and H-surfaces.
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Example III.A.11: We will now illustrate how d® may be used to
prove generic global Torelli results.?® The specific example will be the
mixed Hodge structure on a pair (X, C') where C' C X is a smooth curve
in a smooth surface. The idea is that d® is an algebraic invariant
of the pair (X,(C), and in some circumstances it contains sufficient
information to be able to determine (X, C'). This example arose in the

study of the boundary of moduli of I-surfaces

e D C P2 is a general plane sextic defined by an equation F (x,y,2) =
0;

e X CIP(1,1,1,2) is a 2-sheeted covering of P? branched along D; X
is given by

F(z,y,z,w) :wQ—F(x,y,z) =0;

e ( C P? is a line, not tangent to D; we may take z = 0 to be the
equation of /;
e (' C X is the 2-sheeted covering of ¢ branched along ¢ N D.

Then X is a K3 surface of degree 2, i.e., with an ample line bundle
L — X with L? = 2, and C' € |L| is a general section. We note that
(X, C) uniquely determines the pair (D, ¢).?

PRrOPOSITION III.A.12: The mapping

(D,¢) — H*(X,O)

has degree 1.

What will be shown is if (D, ¢) is general, then up to a projective
transformation the differential of the period mapping sending (D, ¢)
to the mixed Hodge structure H*(X,C) is injective and the algebraic
expression for it uniquely determines F’, ¢. This is the analogous situa-

tion to Donagi’s proof of generic global Torelli for most hypersurfaces
in P n = 2 (cf. [DG] and [G1]).

28In [PZ] there is a global Torelli theorem for a particular class of I-surfaces. It
is deduced from a global Torelli result for lattice polarized K3’s.

29What this means is that given (X, C') we may uniquely determine (D, ¢) up to
a projective transformation.
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The following are done by similar calculations to those in [G1] and we

shall just give the basic steps. The intermediate local Torelli step in

Using
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W = H°0x(1)), W* = Sym* W,
W =W/(¥).

the proof is summarized in (III1.A.15) below.

we have

H(X\C) = H(Q% (log O))

FPH*(X\C) =2 HY(Kx(0)) = H°(Ox(1)) = W.

This fits in the standard exact sequence

0— H?*%(X) — F?H*(X\C) —= H"(C) —=0
2l l 2l
C 144 w.
A further calculation gives

F'H*(X\O)/F?H*(X\C) 2 W'/(F,F,, F.).

Denoting by Jr and Jr the Jacobian ideals the extension exact se-
quences are

0 — H*(X) — F2H*(X\C) —= HX(C)(—=1) —=0
2l 2l 2l
0 C W w 0;
172
00— H" (X)p — ppmrag — H™(C)(=1) —0
2l 2l 2l
z w7 w’
Oé WG/JF (Fvasz) E O

53
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and
172
0 — H'"(C) — oty — H" (X)pr ——0
2l 2l 2l
—4 W6 W6
Oﬁw /JF (FrFy7Fz) F 0

Here the map on the bottom left is
u — ukF,

where @ is a lift of u to W*; the map on the bottom right is projection
using Jr O (F, F,, F},).
Next, for the differential of the period mapping we have

0 T{¢} T{(D,?¢)} T{D} ——=0
I Al I
0 W WS/(F, F,, F,) —=W5%/Jp —=0
where again the map on the left is u — wF},. Then
Tipey ® FPH*(X\C) ?lgiEQQ
(I1.A.13) 2 2 2l

WS/(F,F,,F,)@ W ——=WT7/(F,F,, F,)
is multiplication, as is (using W° = C)
Tipgy ® FPH(X,C) —= F'H2(X,C)/F2H*(X,C)
(ILA.14) 2 2 2
WS/(F, F,, F.) ®C WS /(F, F,, F.).

From Macaulay’s theorem
WEO/(F, Fy, F.) = (W' /(F, Fy, F,))",
and surjectivity of the multiplication of polynomials gives the

(IIT.A.15) Conclusion: Local Torelli holds for H*(X\C) and
H*(X,0).
As in the proof of generic global Torelli for hypersurfaces ([DG] and
[G1]), the final step is to deduce the polynomial structure on the W*
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appearing in (III.A.13) and (III.A.14). Setting
RF =W*/Iy, I, O (F, F,, F.);
the period mapping is
W e RS % R
There is a Koszul complex
(IIL.A.16) REW @R 5 AW @ R

where 8 can be deduced from § and we need that (III.A.16) is exact.
Using Macaulay’s theorem in this situation, the dual of (III.A.16) is

NW @R — W ® R — R®.
Then using ([G2], [G3])
NWoWS - WeoW' = WeWw?
is exact at the middle term. Also
W& I; — Ig

is surjective, so that we may infer that (III.A.16) is exact and that «

is injective. Thus we have

R® = W*® R
By duality

R' - W*® R — N°W*® R°

is exact at the middle so that we recover

R' > W*®R.
Continuing in this way we obtain

R - W*® R
But R* =~ W3 and R* = W* so that we have recovered the multiplica-

tive structure on R* R*. From this we are able to recover (F, F,, F.)

in all degrees. It remains to show that

We can recover F,{ from (F, F,, F,).
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We have F,, F, and this gives F' = G(z) for some G(x). If
(F—i—G(l’),Fy,Fz) = (FaFy7Fz)7

then G(z) € (Fy, F3). For a general F' there is no function of = above
n (Fy, Fz)ﬁ.
Having F', since F}, I, F, are linearly independent
W* — 68*W

picks out (W/¢)* and hence ¢, which completes the proof.

II1.B.1. Definition and properties of /¢ in the smoothing case.

Given a period mapping
o A" —=T\D

where I' = {T* : k € Z} with T =T, = e, N # 0, setting I'(N) =
exp(CN) C G there is a set theoretic extension of this mapping to

(ITL.B.1) ®:A—-T(N)\D
where D is the compact dual of D. The image of the origin
(I)<O) = lellm = {V7 W<N)7 Fiim}

is an equivalence class of limiting mixed Hodge structures. There is an
induced mixed Hodge structure on End(V'), and we shall define

F~'End(V)

(I11.B.2) 6P € End(V) + CN'

The principal part of ®(t) is N and 6P will be the term of next order
in the expansion of ®(t).
To define §® we denote by

Ve = eI
the Deligne decomposition of the mixed Hodge structure H|  and by

gc = dgh?
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the induced Deligne decomposition on g C End(V). The Hodge and

weight filtrations on g are

Frge = @ g

p'2p

(Y]

(IIL.B.3)
Wng= @© g™

p+g=m
The tangent and horizontal spaces are
TrD = g/F'g
U
IpD = F~'g/F.

Setting ((t) = logt/2mi the lift of ® in (IL.B.1) is
(II1.B.4) O(t) = exp(L(t)N) exp&(t) - Fiim

where

g(t)eog e

q

Definition ITI.B.5: 6 = ¢'(0) mod CN.
The interpretation of §® is that exp(¢(t)N)Fjiy is the nilpotent orbit

approximating ®(¢) and 0® measures the first order deviation from
®(t) actually being a nilpotent orbit.

The weight filtration on g induces one on d®. For weight n the
weights w satisfy —(n+ 1) < w < +(n —1). The associated graded to
the weight w part of the differential is given by maps

TP Ip—l,q+w+1

in the Deligne decomposition of g. In the geometric case the I”? are
interpreted cohomologically and this leads to a Kodaira-Spencer type
interpretation of the graded pieces of the differential of the extended
period mapping. An application of this will be a cohomological expres-
sion for the first order variation of the level k extension data when that

data of levels less than k& are held constant.

30Here we are following the notations in [GGR].



58 MARK GREEN AND PHILLIP GRIFFITHS

For the cases n = 1,2 we shall give a schematic depicting this struc-
ture. We recall that for an ordinary period map to polarized Hodge
structures of weight n when n = 1,2, the differential is determined by
the maps V™? — V"=bl Hence for the cases of curves and surfaces

the differential will be determined by the maps

v In—l,q—}-w-{—l’ 0< q <n

and so we shall only depict those. The first case is

(II1.B.6) n=1 oo

The interpretations are

— is weight 0 and reflects the first order variation of the associated
graded to the limiting mixed Hodge structure;

— is weight —1 and reflects the first variation in the level 1 ex-
tension data when the associated graded to the limiting mixed
Hodge structures are held constant;

--» contains the same information, in dual form, as . ;
is weight —2 and reflects the first variation in the level 2 ex-
tension data when the associated graded to the limiting mixed
Hodge structures and the level 1 extension data are held con-

stant. This is only well defined modulo the action of N.

We note that there are no elements of positive weight in (III1.B.6) and
that the lowest weight is —2. The first of these properties are special

to the classical case.
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We next turn to the n = 2 case

(IILB.7)

The interpretations are

— has weight +1. It is not present in the classical case, and has
the Lie-theoretic interpretation that to first order the point
®(0) € D moves out of the Schubert cycle in which it lies.?!

The arrows ——, and — have the same interpretation as in the
n = 1 case. The — has weight —3 and reflects the first order variation
of the level 3 extension data when to first order ®(¢) remains in its
Schubert cycle, and the associated graded to the limiting mixed Hodge
structure together with the first two levels of extension data remain
fixed. We have seen that under these conditions this map is zero.

In the geometric case the I”?’s are given by the algorithm repre-
sented pictorially in (B.3) in the appendix. In the geometric case the
maps giving these arrows will then be expressed by multiplication by

cohomology classes, and we now illustrate one of these.

Example: We will cohomologically interpret the arrows —, — and
in (II.B.7) in the case when

X =X Ue Xo

3n the classical case the image of the lift of ® : A* — I'\D to the universal
cover JH of A* lies in a bounded domain in a C™, hence in a Schubert cell. This
is no longer true in the non-classical case, and its failure is a significant property
there. Geometric examples occur already for the smoothing of two smooth surfaces
glued along a smooth double curve (cf. [GGR].) The proof of the main result in
that paper is based on the fact that there is a lifting of ® to a Schubert cell in the
neighborhood of a fibre of ®1.
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consists of two smooth surfaces X7, X5 joined along a double curve C'.
We use C; C X; for the curve C' in the surface X; (i = 1,2). The BF

condition is
NCl/Xl = NCz/X2>

or equivalently
(II1.B.8) Oc(Ch) = Oc(—Cy).
The relevant parts of (I1I1.B.7) are

(IIL.B.9)

The dots representing the I”?’s are given by the prescription in (B3).

Using these a part of the red arrow will be a mapping®?
(I11.B.10) H(Q%,) = H'(Oc,)(—1)/H' (QY,)-

Note the exchange between X; and X»; this will be a reflection of (BF).
To describe the further maps in (I11.B.9) we will use the cohomology

mappings arising from the commutative diagram

Q%ﬁ — Q§<1 = Q};l(—Cl)
0
1 2l
Q%(z
4
0 — QO (logCy) — Q% (Co) — Qp(Cy) — 0

1

Oc, (1)
!

0.

’01

32This mapping was discussed in the special case when C' 2 P! in I1.C.3.
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The horizontal isomorphism on the top is adjunction, and the vertical
isomorphism on the right uses (BF). The composition of the maps on

cohomology give the map

HY(O%,) ——=ker {H' (O, )(—1) — H*(Qk,)}

M M

720 712
An explicit example where this map is non-zero is given by an I-surface
having a simple elliptic singularity.

We next turn to the mapping . In general this mapping is defined
only if the mapping — is zero, which will be the case if we are in the
N = 0 subspace of the LMHS. Thus one may think of X as giving an
equi-singular deformation X; = X, J., X2 Then

cHY(O%,) = HY(Q,)
is the usual derivative of a period mapping. We note that the image of
this mapping lies in
(C)* C H'(Q,)
reflecting the assumption that C deforms along with Xj.
For the mapping
(IIL.B.11) o S

we first note that it is defined when both —» and —— are zero.>?

Geometrically we imagine a family
X=X (X
t,C

where X, X5, C are constant but the gluing of X; and X, along C

varies with ¢t. Now

H' (Z1) ®H?

Extyps(H' (—1), H?) = — —
FOH' (1) ®H?) + (H' (=1) @ H?)

33In a somewhat different form this description has been given above.
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This is a compact complex torus having a summand that is an abelian

variety J with tangent space
TJ = Hom(I*, 12 ® C).

Using the duality /%! = I?! we shall give the geometric interpretation
of (IIL.B.11) under the simplifying assumption that the H'(X;) = 0 for
i =1,2. Then J = J(C) is the Jacobian variety of C. We set

(PicX; @ PicX,)? = (C; @ Cy)*.
For the family of embeddings j; : C' — X; x X, there is a mapping
oy : (PicX; @ PicXy)? — J(CO)

and unwinding the definitions the mapping may be identified with

the derivative of oy. In words

Fixing X, X5, C' and mapping the gluing of X, X,
along a family of different embeddings of C' in these
surfaces, a part of the variation in the first order ex-
tension data is measured by the variation when the

Pic(X;) map to J(C).

To interpret the arrow “\, we note that because we have a limiting
mixed Hodge structure there is a duality between Extyuq(H'(—1), H?)
and Extyg(H?, H'). Thus this arrow contains no new information
beyond

That leaves the interpretation of |. Here we just note that in [GGR]
it is shown that the level 1 extension data gives a cone o of line bundles
over a compact complex torus 7' and that the fibres of the map to
the associated graded maps to a sub-torus J of T" over which the line
bundles L € o are ample. The level 2 extension data then maps the

fibres of ®; to nowhere vanishing sections of these line bundles.

Note: In the geometric case of a family X = A a natural option for

the derivative of the period mapping at the origin is given by using
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the canonically extended Gauss-Manin connection V. As we will now
explain, ¢ corresponds to d/dt while V corresponds to t d/dt.3!

Given the standard geometric situation
X5 A
of a family X; with X; smooth for ¢t = 0 and X; a reduced normal cross-

ing divisor, for V. the canonical Deligne extension of the cohomology

bundle of the smooth fibres there is the map
Ta(—1log{0}) — F~'End(V.)

induced by V. When written out in coordinates this corresponds to
td/dt.

The difference between the two may be illustrated by the period
matrix of a family of genus 2 curves acquiring a node at ¢ = 0. The

picture is

(I1L.B.12) —> @

and the normalized period matrix has the well-known form (cf. [GGR]

for the notation)

>t O
« > = O

where a, A are holomorphic with Im A > 0 and b = £(t) + by where by is
holomorphic. Then

while

00
td/dtz(l 0).

34\More precisely, if we twist ®(t) by composing with exp(—£(t)N), then 0P
corresponds to d/dt|t=0 of the twist.
35Recall the §® is ®, modulo CN.
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Example IT11.B.13: We will show that the example (III1.B.12) is not a
nilpotent orbit. This is interesting not so much in its statement, which
is certainly what one expects, but in the method of proof. The result

is pretty obvious, but how can one prove it?

PRrROPOSITION I11.B.14: The degeneration (111.B.12) is not a nilpotent

orbit.

Proof. To obtain for X a global normal crossing divisor we must blow

up the node to have

where p, g are ordered. The relevant sheaf sequences are first

00— Kx,(=p—¢) —= Kx, — Kx,p ® Kx, g —>0

U
Noyx, @ Nygx,
U

Np.x, © Nyyx,
2l

@Xz,p S ®X2,q

where the second isomorphism on the right uses the BF condition, and

secondly
0— 6){2(]7 — q) — @X2 — @le () 6){2,(] — 0.
The cohomology sequences lace together to give

HO(KX1) - KXl,p D KXLQ

~
~
< l
~
~
EN

HO(@X1) - @XQ,p D @Xz,q - Hl(@Xz(_p - Q))
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The map « is non-zero provided that there is w € H°(Ky,) with w(p),
w(q) # 0 and H'(O©x,(—p—q)) = 0. The latter happens when X, = P!,
which is the case above.

For the former since in semi-stable reduction the points p, ¢ are or-
dered,

AJx,(p—q) € J(X1)
is well defined. If it is non-zero, which may be assumed in the exam-

ple at hand, then the interpretation of the blue arrow (representing
extension data) in (II1.B.6) gives that o # 0. O

Example I11.B.15: A related example that illustrates the weight fil-
tration on d® is given by semi-stable reduction applied to the family

of curves

C

where the order pairs of points p, p’ and ¢, ¢’ on C' are identified to give
the two nodes on C. Then

0® has Grg, Gr_q, Gr_,
pieces.

Gro(0®): This is the differential of the period mapping d for the vari-

able curve C.

Gr_1(6®): If ® is constant, then Gr_, (§®) is given by the pair {AJas(p—
P, Alela =4}
Gr_5(0®): Suppose first that C = P'. Then the points {p,7,q,q}

have a cross-ratio, and as in [GGR] d® is given by its variation.

For C of any genus one may define a generalized cross-ration using
normalized differentials of the third kind.
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APPENDIX: SUMMARY OF NOTATIONS
AND OF PROPERTIES OF NORMAL CROSSING VARIETIES

Notations: In general we shall follow those in [F1].
o X =UX;;

e locally X is isomorphic to x; -+ -, = 0 in C**1;

o X = ]Z[ X; is the desdingularization of X;

° X[k]zl{_[kX“ﬂﬂXZMI:(Zl,,Zk),
I|=

o a;: XM — X a; =a;
(] D = UXz ﬂX] = Xsing;
1<)
o 0L = sheaf of Kéhler differentials with

0= 7x = Q% = ey

where Ty is the torsion subsheaf of Q%;
e Tx is locally generated by ¢; = x1--- ;- - - xpday;
o Op([X]) = Exty, (2%, Ox) = 7x is the infinitesimal normal bundle;

e if X is embedded in a smooth (n + 1)-dimensional variety Y, then

Op([X]) = 0x([X]], = Ov([X])[,,

where the middle term is the usual normal bundle of X in Y;
e the BF condition is

(BF) Op([X]) = Op.

A. Deformation theory [F1]. We shall make the usual identification
T Def(X) = Exty (Q%, Ox).
The local to global spectral sequence of Ext gives
(A.1)
0 — H'(Exty (U, Ox)) — Exty  (Q%, 0x) — HO(Exty (A, Ox) —

I I I
T Def®(X) T Def(X) H°(Op([X]))

The first term is the first order equisingular deformations of X.
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For the third term a smoothing of X is given by a proper holomorphic
fibration X = A where X is smooth and, setting X; = 7'(t), Xy =
X. A first order smoothing is given by similar data X. — A, where
A, = SpecCle] with €2 = 0. The necessary and sufficient condition that
there be a first order smoothing is that (BF) hold. Assuming this we
denote by

T Def*™(X) C T Def(X)
the open set of first order smoothings of X given by the ¢ € ]Ext(lgx (0%, 0x)

that map to a global section of Op that is non-vanishing on every con-
nected component of D. Given & € T Def*™(X) we denote by

x§—>AE

the corresponding first order smoothing.
In the use of the period mapping to moduli two types of deformations

of normal crossing varieties are particularly relevant:

(i) equisingular deformations,

(ii) smoothing deformations.

In (i) it is natural to assume the BF condition; and the deformations
should be constrained to those where the BF condition remains satis-

fied.
We define a sheaf © x(—1log X) of Ox-modules by prescribing local

generators

8/0x;  k+1<j<n+1.
Then
(A.2) Exty (Q,0x) = Ox(—log X)

and the first order equisingular deformations of X are given by
(A.3) T Def*(X) = H' (O x(—log X)).
We note that if we have X C Y where Y is a smooth (n + 1)-fold,

then Oy (—log X) is the standard sheaf dual to Q) (log X). As with
Op([X]) we may define © y(—log X) without knowing Y.
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Finally, we shall collect some standard facts [St] about the local
deformation theory of normal crossing varieties that have been used in
the computation of examples. Here {0} € X C CV is a germ of an

analytic variety with ideal sheaf Ix C Ox0.2® The normal sheaf is
Nx/env = Hom(Ix/I%,0x).
There is a natural mapping O¢w~ |X — Nx/c~, and the space of isomor-
phism classes of deformations of the germ X c CV is
Ty = coker {Ocv — Ny} = Extg (2, Ox).
We shall illustrate this with the cases of a normal crossing divisor

k
X = 'L—J1 X; when k = 2, 3. From these cases the general pattern should

be clear.

k =2: X is given by zy = 0 and from

(A1) @) S bt £ Y e

2,2\
(x Yy ) i>0 §>0

we have

(A5) 0— NXl/(CN X NXQ/(CN — NX/(CN — NX12/X1 ) NX12/X2 — 0.

k = 3: X is given by zyz = 0, and expanding (zyz)/(2?y?z?) as in

(A.4) above gives a filtration of Ny ,cv whose graded pieces with their
interpretations are

(A.6)
EB]\/in/(CNa @inj/Xi ® NXij/Xj/a{vX123/X1 ® NX123/X2 ® NX123/X3'

equisingular smooths some double curves smooths the triple point locus

The map O¢n|  — Nyx/env surjects onto the first piece in (A.6) and
X

misses the other pieces. Thus we have

k=2 Ty =

2
= '@1 NXlg/Xi7
3
k=3 O_>G<9,NXU/X1-@NXU-/XJ-_>T)1(_>‘®1NX123/X1-_>0-
1<J =
Finally we observe that

36A5 we are considering germs of analytic varieties all sheaves are to be under-
stood as the corresponding stalk at the origin.
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(A.7) Denoting by D = Xgng = U X;; the double locus of X, we have
1<)
Tx = 0p([X]).
In particular the BF condition is equivalent to
Ty = Op.

One may determine the subspace of T corresponding to first order
deformations that preserve this condition. Since we will not use this,

the derivation will not be given here.

B. Hodge theory. We shall give cohomological expressions for the
differential of the period mapping associated to equisingular and to
first order smoothing deformations of X. More precisely, in the first
case the weight filtration is preserved and we shall give a cohomological
expression for the differential of the mapping to the associated graded.
From this one may work out an expression for the differential of the
map to the level 1 extension data along the fibres of the map to the
associated graded.

fim (X0,
of which by Clemens-Schmid the image of H™(X) in H[!, is the N =0

part, jumps to a pure Hodge structure and the weight filtration induces

In the smoothing case the limiting mixed Hodge structure H;’

a filtration on what one might call the first order smoothing of the
limiting mixed Hodge structure to a pure Hodge structure. We will give
cohomological expressions for the mixed Hodge structure on H"(X)
and for H{ (X).
For the first case we have on X a double complex of sheaves
Doy = B (an) Ly
k,p

and the formula is
(B.1) H*(X) = H* ().

In the double complex the differentials are the usual d and signed re-

striction. The Hodge and weight filtration on cohomology are induced
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FPQS. . = @ O’
X10] Xx1o]

{p’Zp
q

Wi = @ (ap)«05
R k/;k( w xS 5w

(see [F1] for details).
For the limiting mixed Hodge structure associated to £ € T Def*™ (X)

Xe¢ — A¢ one uses the complex
Q% tim = 2y, (log X) ® Ox.
Then the limiting mixed Hodge structure is

(B-2) Hyip, (X, €) = H(QX i)

Abusing notation we shall simply write the left-hand side as H}; ..

The Hodge filtration on M} is induced by the usual béte filtration
on 2*. The weight filtration is more subtle. If we are considering
Hp . the weight filtration is Wy € W, C -+ C Wa,. Thus Gr"" Hj
has 2n + 1 pieces. We shall describe a set of 2n + 1 complexes whose
cohomology gives the Hodge structure on the corresponding term in
G Hp .

To do this we shall give a useful computational device that is for
computing the limiting mixed Hodge structure in examples. Given a
normal crossing variety X = UX; one may define a precomplex whose
terms are the groups H*(X™)(—c), 0 < ¢ £ b—1 and whose differentials
are composed of signed restriction and Gysin mappings. Then the
condition that this precomplex be a complex, i.e., that d*> = 0, is
that the topological consequence ¢1(Op([X]) = 0 of the BF condition
hold.?” If this is the case, then the cohomology of the complex gives the
associated graded to the limiting mixed Hodge structure. Moreover the
N is induced by the identity map, tensored with a Tate twist, wherever

the resulting terms in the cohomology of the complex are non-zero.

37Computing the extension data in the LMHS requires use of the full BF condi-
tion Op([X]) = Op.
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We shall give the general schematic in the case n = 3:

Gry/ HO (X - FO(XB) - HO(XB)
N— N—— —
GrlV HY( XMWy - g(xB)

—_——  —

B3) Gry HYXP)(-1) = m*(x) e HO(XP)(-1) - HO(X?)

N ~~ g N—  —
Gry HY (XY (1) = H3(x)
N——— N——
Grl HO(XBY(=2) —» H2(XP) (1) —» H* (X))
\_\/_/
\/'/ Hl(l)m ~ = [[]:in/
~— = Hlllm ~— = Hlim
~—~— = H?2

lim
The N maps are given by all arrows H*(X)(—c—1) — HY(XP)(—c)
that can be drawn and that are between non-zero groups. The rules

are

e the horizontal rows form complexes where the maps are either “R =
signed restirction” or “G = Gysin,” whichever makes sense at a par-

ticular spot.
Example: The top row is all R’s and the bottom row is all G’s.

Example:

H(X)

/ \
(B.4) HO(XEh(—1) H?(X1)
/

\

where
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and
/6/
@ /8//
HO(XB)(-1)

The cohomology of these complexes at the appropriate color gives

H*(XW)
5 ( ) — RB'+GP".

the associated gradeds of the corresponding H ’s.

Example:
Gry Hp, = ker{H°(XP) — HO(XP)},
CrfV HE = ker{ H*(X?®) - HO(XBN}/im{H°(X®)) - H(XE)},
Gry’ Hp,, = HO(XP) /im{H(XP) — HO(XP])}
Gry HZ = {cohomology at the middle spot of (B.4)}.

e The map N is given by the process described above where all non-
zero maps H(X")(—c —1)H*(X")(—c) are used.

As a final note we remark that when X = X; U X, U X3 the condition
that (B.4) be a complex reduces to the triple point formula.
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