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Abstract
Hodge theory provides a basic invariant of complex algebraic
varieties. For algebraic families of smooth varieties the global study
of the Hodge structure on the cohomology of the varieties (period
mapping) is a much studied and rich subject. When one completes
a family to include singular varieties the local study of how the
Hodge structures degenerate to limiting mixed Hodge structures is
also much studied and very rich. However, the global study of the
period mapping at infinity has not been similarly developed. This
has now been at least partially done and will be the topic of this
talk. Sample applications include

» new global invariants of limiting mixed Hodge structures

P a generic local Torelli assumption implies that moduli spaces
are log canonical (not just log general type); and

» extension data and asymptotics of the Ricci curvature

P> a proposed construction of the toroidal compactification of
the image of period mapping. 2/21
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The key point is that the extension data associated to a /imiting
mixed Hodge structure has a rich geometric structure and this
provides a new tool for the study of families of singular varieties in
the boundary of families of smooth varieties.

Outline
|. Extension data
» Geometric properties of extension data of /imiting mixed
Hodge structures

[l. Basic results
» Removable singularities for level 1
» Level 2 determines all the extension data
» Fundamental formula

[I1. Applications
» Ampleness of Kg + Z
» Freeness of kLy — {pZ
» asymptotics of the Ricci curvature
» Speculative toroidal completion of period mappings
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|. Extension data

» Hodge structure of weight n (V,F),
FrcFrtc...CcF'=\
FPOoF " S v, 0<p<n

Equivalent to Hodge decomposition

p+q=n
= @

Ve = vPa Vp’q — V9P

(v"vq —FrAE, Pld vp’vq> .

» Mixed Hodge structure (V, W, F)
» WoCc Wi C---CW,=V;
> (Gr,‘(/v(V), Fk) is a Hodge structure of weight k; here

Ff::Fpr]Mam/M@,Lc. 4/21
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» Extension data: & = {MHS's with fixed Gr(V, W, F)}
> Gr(V,W,F)={HO H ... ,H"}
MHS's that are at most k-fold
Hn
' Hom Hk’kal .
> 81 = EB EXtMHS(Hk Hk 1) k@lm = J
> ExtMHS(* x) = 0 for q =2

> Eir1 — & has fibre @ExtMHS(HHM, H*)
which is a C™/A where A is discrete (thus T's, C*'s, C's)
» Limiting mixed Hodge structure (V, W(N), F)
» N € End(V) nilpotent with N™+1 = 0 gives unique
Wo(N) C --- C Wap(N) with

iterated extensions of H°, . ..

?

N Wk(/\/) — Wk_2(/\/)
N< Wi il (N) = Wi (N)

> N:FP— FPl 5/21
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» Polarization and cones
> Q:V®V—C, NeEnd(V,Q)
Wy (N)* = Wop_g_1(N)
{ok Gy vy e B(v) =
Qu(u,v) = Q(Nku, v)
— GrWN(V, W(N), F) = @(polarized HS's)
» will have a cone o0 = span{Ny, ..., N,} where
[Ni, Nj] = 0 and where

W(N) is the same for all N = > X;iN;, A >0, in o

6,21
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» Special structure for extension data associated to LMHS's

» (T.J)®Cis a HS of weight —1 and Hodge
decomposition

(k—1,-k)®---®(-1,00®(0,-1)®--- @ (—k, k —1)

» (Tedap) ® C is the maximal sub-HS in —~
> Gr End(Vy, G) 5 N2Hy (J,Z) = H2(J, Z)*
Proposition:
integral
{ (1,1)5|asses} C H(J,Z) € Gr'Y) End(Vy, Q) and A € &
givesafr%ample line bundle Ly — J,p

Question: What do these ample line bundles have to do with
the geometry of the LMHS's along a fibre of ®.7

o 7/21
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I1. Basic results

» B = smooth variety with smooth completion B and
where Z = B\B is a reduced normal crossing divisor UZ;
with Z; irreducible

Variation of Hodge Period mapping
> { structure V,%,V,B) } <— { ?:B%F\D with }
with monodromy group I image P=®(B)
Here V:V — V ® Qp is the Gauss-Manin connection with
V2 =0 and V := ker V is a local system. The Hodge line
bundle
Ly = & det 57

» May assume monodromy T; around Z; is unipotent with
logarithm N; — a neighborhood of a point of
Z; = ;s Zi looks like A*" x A® and
i :SpanZ+{N17"->Nr} 8/21
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» Geometric case X — B with X — B having the
Abramowich-Karu et al. form of semi-stable-reduction
over Z

> M,; essentially smooth
> KSBA M; OM highly singular.
» Cattani-Kaplan-Schmid: For by € Z;

equivalence class of

lim ®(b) = ¢ limiting mixed Hodge structures
b—)bo

with monodromy cone o

B2 P cT\D
N N
B-%.P

where ®.(by) = Gr ( lim d)(b))
b—)bo
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Conjecture: P is an analytic variety on which Ly . — P is
ample.

Using model theory (O-minimal structures) assuming [ is
arithmetic Bakker-Brunebarbe-Tsimerman proved that P is an
algebraic variety and Ly — P is ample.

» What has been missing is the global analysis of @, along a
fibre B, of ®. — known that B, is a complete subvariety
of some minimal Z; — along B, the Gr(LMHS's) are
(locally) constant — what is varying is the extension data

> B = B,\{intersection of B, with Z's, j & I}
®; :=map B} — {level 1 extension data J}

Theorem A: &, extends to a map
¢1ZBp—>JabCJ.
This is a global result using mixed Hodge theory

®,, := map to extension data of level m on fibres of ®,,_; 10/21
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Theorem B: The &, are determined by ®; and ®,.

. extension data of LMHS's
Thus ¢, = 9y, 1, d, constant — { is constant along B, }
This is a local result using the IPR.

» The main result is

Theorem C: ®3(La) = — >, (A, Ny [Zk]|B,,-

This result relates the behavior of the LMHS along a fibre of
®. to the normal behavior to Z of ®. along that fibre.
Reflects subtle global behavior of @,

» We note that Theorems A, B, C really are results about
the behavior of the period mapping at infinity; they only
use ®. on a neighborhood U of Z in B.
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[I1. Applications
To illustrate a simple application of Theorem C we make the
following

(x) Assumption: ®; does not have any positive dimensional
fibres.
» If B, does not meet any lower dimensional strata of Z,

then
~[Z]|5 — B» is ample
P
— N;/EIB,, — B, is ample

» If (%) is not satisfied or if B, does meet Z;'s, j & |,
Theorem C can still be used; e.g.,
If dim = 2 and ®.(Z;) = point, then the intersection

matrix
M=z - Z] <o.

Thus Z can be contracted in the U above. 12/21
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» There exist a; > 0 such that for m >0

LH,e - Z ai[Zi]

is ample (cannot choose a; = 1; they depend on the
maximal eigenvalue of M.

» In general uses of the main result are somewhat subtle
and still being worked out — for A€ § and C C B, a

curve
0 < degc(La) = Y (A, Nj) degc (N3, 5)—> (A, N;)(Z-C)
icl \6|| jeJd /6”

and these inequalities must be played off against one another
(e.g., the ZZ<0and Z;- Z; 20, i #j, in the dimB =2
result).
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» Among the properties a line bundle L — X over a smooth
variety can have are

— L is nef

— Lis big } numerical
— Lis free _
— L is ample } geometric

14/21
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The Hodge theory literature abounds with results of the first
two types,' but those of the second type are more scarce. One
reason seems to be the lack of global information about <De|Z.

The following is an illustration of what can be done using
Theorem C.
First we recall the Higgs bundle construction

— EP = gfp/gprrl, E = §FEP
— 0P : EP — EP71 © Q} induced by V, 0 = &6P
— V2 =0 s equivalent to # A0 = 0
— 0 : TB — F~*End(E) induced by 6.
On (B, Z) we have

Se : T5(—log Z) — F ' End(E,)

te.g., certain moduli spaces are of log general type or are hyperbolic.
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(LT) Local Torelli assumption: 4, is injective.

Theorem: LT implies
(a) (%) above is satisfied
(b) Kg+ Z is free

the Gauss map G(®1) has
no positive dimensional fibres

(¢) Kg+ Z is ample <— {

For any map ¢ : W — J from a k-dimensional variety W to a
complex torus the Gauss map is

G(p) : W — Gr(k, T.J)

sending w € W to o, (T, W) C T.J}

1G(p) is a finite map <= Ky is ample. 16/21
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» Example of case (b): B = ﬁgor and fibres of
ﬁ:or 5 ﬁZBB = ®,(B) are abelian varieties and ® :=
identity, then Kg + Z = 7*0(2).

» we := Chern form of Ly — B: gives complete Kahler

metric on B — then
cwe < —Ricwe £ we +0

where o = 0 is bounded and o > 0 if G(®,) is a finite
mapping.
» With some details still to be checked, another result is

» |f LT is satisfied at a general point, then there is an £y
and a ko(¢p) such that for k = ko

kLe — boZ is free.

If the details are completed this would give a sharpened
version of the BBT result without the assumptions that

is arithmetic. 17/21
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» Finally we give some speculation on the

Question: What are the natural completions of images of
period mappings?
Given ® : B — I'\D and B as above at the set level one may
define maps

P,

I

qDO; ¢17 q>27 ¢37 s

Theorem B states that the ®,, for m = 3 are determined by
®y, ©1P,. The word “determined” means “determined up to
constants,” like integration constants in calculus. The
geometric/arithmetic meaning of these constants is yet to be
worked out.
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In the classical case when the period domain D is Hermitian
symmetric we have only ®q, ®1, ®,, so this is not an issue.
That being said, provisionally we propose

Pspp = P = Image &, (minimal)
Pro: = Image{®q, ®1, d,}  (maximal)

for the completions of ®(B) = P. The reason for the “Tor" is

that @, is only defined on Zariski open sets W* in the fibres
W of {®g, d;}, and

spany (o)

(bz W —
spang(o/)

® C*
thus ®, maps to essentially a product of C*'s. Defining ®;, on
the complete fibres of ®; will necessitate at least partially

completing the products of C*'s. 19/21
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