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I. INTRODUCTION

Normal functions v provide a method for studying algebraic cycles Z; C X; varying
in a family of smooth projective varieties. Associated to v is an infinitesimal invari-
ant ov that reflects the first order variation of pairs (X¢, Z;). Over the years dv has
been widely used in the study of various geometric questions. We note that whereas
v is a transcendental invariant, like periods of algebraic integrals, v has a natural
filtration whose associated graded gives algebraic sections of coherent sheaves. In
a number of interesting cases these sections have had geometric interpretations.

Recently there has been interest in the analysis of the singularities sing(r) that v
acquires as the pair (X;, Z;) degenerates. In this work we will define the singularity
sing(dv) of the infinitesimal invariant. Our main result will be a sketch of the proof
of an identification

(I.1) sing(dv) = sing(v)

Such a result was suggested in , c.f. 1.3.1 there. The full details of the
argument in a more general setting will be given in a work in progress. It is well
known that sing(v) is constructed from the local monodromy of v in a
punctured neighborhood of the singular locus, typically taken as (A*)". Informally
stated, the basic idea behind is that the residues of dv along the singular locus,
in this case the coordinate hyperplanes, give the logarithms of monodromy. In
order to carry out the calculations a main step will be to associate to an admissible
1
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normal function defined over (A*)" an analogue of the nilpotent orbit that is used
to describe the singular part of a variation of Hodge structure on (A*)". It is not
the same as an admissible normal function defined on a nilpotent orbit as in [KP09].
The construction is somewhat subtle as built into it is the result that non-torsion
singularities of admissible normal functions occur only in codimension at least 2.
It explicitly uses the way in which the codimension 1 singularities of v vanish for a
multiple mv as given in [GGK10], pp. 299-302. In fact, the argument here may be
viewed as what one obtains when trying to extend the argument in loc. cit. to the
several parameter case.

There is a vast literature on singularities of normal functions and on infinitesimal
invariants of normal functions. As a reference for the first of these we suggest
[Chal3|, |GGOT7], and especially [KP09|]. In fact the expository parts of this paper
may be thought of as an invitation to [KP09] which gives background, history,
examples, formulations and at least indications of the proofs of the main results
in the theory. For infinitesimal invariants of normal functions there are relevant
chapters in |Gre94] and e.g. the papers [Col97], [Hai25| which discuss the use of
infinitesimal invariants in the interesting and important example of the Ceresa cycle
[Cer83].

Acknowledgments: We have had several discussions and communications with
Matt Kerr about normal functions, especially regarding work done since [KPO9|E|
We have also had discussion and correspondence with Rodolfo Aguilar and parts
of our joint paper [AGG24] are closely related to this work.

II. BACKGROUND ON VARIATIONS OF HODGE STRUCTURE

A wvariation of Hodge structure (VHS) is given by the data (H,§*,V, B) where

e B is a smooth variety with smooth partial completion B where B = B\D
with D = |JD; a normal crossing divisor. We shall mainly be concerned
with the semi-global case where B = (A*)" and B = A". Everything may
be done with parameters, e.g. with B = (A*)" x AS.

e 7{ — B is a holomorphic vector bundle with integrable connection V : H —
H@Q}; and with H = ker V a local system defined over Z; i.e. H = C®7zHy,.

e §° is a decreasing filtration by sub-bundles §7,0 < p < n, of H satisfying
the transversality condition

(I.1) V:FP - Frle Qg
e Hp and Fg) denote the fibres at b € B of H and §P.
e At each b € B the opposite condition
Ff@ﬁ;_p+ll>Hb 0<p<n

is satisfied so that together with Hy g = Hg there is a Hodge structure of
weight n. We shall always assume these Hodge structures are polarized by
a horizontal bilinear form.

I'Much of that work has been on the arithmetic aspects of higher normal functions (cf. [Ker20]
and [GKS23]), and is in part related to the subject of G-functions to which Enrico Bombieri made
major contributions [Bom81].



3

Usually we shall assume the weight n = 2m — 1 and H or H?™! will denote a
typical fiber.

The geometric case is when the VHS arises from the cohomology along the fibers
of a smooth family X I B of projective varieties X, = f~1(b) where
H=R?Cx @c Op = R?Q;/B.
We denote by X a typical fiber so that using the above notation
H=H"(X,C).
In the semi-global case we assume that the monodromy generators T; € Aut(Hy)
are unipotent with log T; = N; € End(Hg) a nilpotent operator.

There are canonical Deligne extensions H., §¢ where

(IL.2) V:He —» He @ Qp(log D).

The fiber H, 10y = Hiim has a limiting mixed Hodge structure (Hijm, We(V), F}3,,)
with the monodromy weight filtration W, (V) defined by any N = > A\ N;, A; €
Q>°. We will further discuss Hyim, We(IN) and E3., below.

In the case when dim B = 1 we have

X - X
| I
B C B

where X is a smooth partial completion of X with Xo = f~1({0}) a normal crossing
divisor. In this case
He ~ R}OQ% 5 (log Xo)

In the semi-global situation we denote by ¢t = (¢1,...,t.) coordinates in A". We
will be particularly interested in the » > 2 case. Then as t approaches each bound-
ary component D := {t; = 0,t; # 0 for ¢ # j} over Q there will be vanishing
cycles ;o € Im(T; — I). The §;’s may not be independent, and their relations
will be reflected in the cohomology of Koszul-type complexes constructed from the
commuting operators T; — I (c.f. 5.2.4 in |[GGOT7]).

III. ABEL-JACOBI MAPS AND NORMAL FUNCTIONS

For (H?™~! F*) a polarized Hodge structure of weight 2m — 1 the corresponding
intermediate Jacobian is

(IIL.1) J=Fm"\g*" gyt = gzt

Here the dualities are induced by the assumed unimodular polarizing form. In
the geometric case with X a smooth projective variety of dimension 2m — 1 and
H2m=1 = H?m=1(X C) we set J = J(X). For Z € Z" (X) a codimension m

algebraic cycle whose fundamental class [Z] € H?™(X,Z) is zero the Abel-Jacobi
map is
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(111.2) < AJx(Z),w >= /w mod periods
r

where T is a real (2m — 1)-dimensional chain with 9T = Z and w € F"Hp5 ' (X).
To make this well-defined one may use the quasi-isomorphism

(I11.3) {45(X),d} — {A*(X),d}

where A°(X) are the C™ forms on X and A%(X) are the O-closed forms. Then
Hip(X) = H*(A%(X)) and w is defined up to adding a form d¢ where ¢ €

FmAam (X) SO (ha‘
/ /
T A

Given a variation of Hodge structure (H*™~! F* V; B) there is a corresponding
family of intermediate Jacobians whose sheaf of sections is

by type.

(1114) :‘ _ %vm\/H2m71/H%m—l ~ @m/H%m—l

For v a local section of J for any local lifting © of v to a section of H?*™~! from

(TT.2)) the condition

(IT1.5) Voegn!

is well-defined. The sections v of J that satisfy (III.5)) will be said to be quasi-
horizontal, and the sheaf J, C J of such sections are normal functions.

There is a subtlety here in that although [ defines a linear function on F"™H Zr (X, C)
the “obvious” extension [.¢ to all ¢ € HZE (X, C) is not well-defined. If ¢ = dy

where 0y = 0 then
/ d¢ _ / ,y(m—l,m—l)
r z

may be non-zero. One may correct the current Tt = fr by subtracting from Tt the
current 7}, defined by a singular differential form 1 having the properties

e ne FMAY™ 1(X) is alocally L' form and therefore defines a current 7,;

e 1) is smooth in X\|Z| and along Z has a residue current ([KLMO0G], [Kin83]
and |Gri68]) with Tres n(a) = [, a.

e d(n Ix\|z|) = 0 and thus defines a class [n] in H*"~(X\|Z]) such that

L — [n] € Im {H*"~H(X) — H*™~H(X\|Z])}

The current

(IIL6) 0, =T — T,
is then a lifting to Hap ' (X, C) of Jr

In the geometric case we assume given an algebraic cycle 3 € Z™(X) with proper
intersections



3 Xy =2y € Zy,,(Xy)
The quasi-horizontality condition (IIL.5)) is satisfied and so the AJx,(Z;) € J(X})

define a normal function

Vs B — Jh
Although not explicitly stated there, the method used in [Gri68] to construct T,

may be adapted to have holomorphic dependence on parameters (cf. also [KLMO6]).
This gives local liftings © to H of the section v of F™\H/Hz.

A very interesting normal function is given by the Ceresa cycle |Cer83]. Given
a smooth, non-hyperelliptic genus g > 3 curve C the Jacobian variety J(C) is a
g-dimensional abelian variety. Upon choosing a base point there is the standard
embedding u : C — J(C) with image C. Then, denoting by —; the group law in
J(C), Z = {u(p) —s u(p) : p € C} € ZJ(J(C)) is independent of the choice of
base point and defines the Ceresa cycle with image

u(Z) € J(J(C))
where AJ;ycy)(Z) € J(J(C)) is a point in the intermediate Jacobian of the Ja-
cobian variety J(C). For a family of curves C — B the corresponding normal
functions is the subject of continuing interest (e.g [Col97], [Hai25]).

In the geometric case described above, given a holomorphic section w; € F™H?™~1(X;)
upon choice of holomorphically varying I'; with o'y = Z;

(III?) < Vit Wt >:/ Wt
ry

is well-defined and we may ask for its differential. Taking the case dim B = 1
and thinking of T'; as representing a class in Ho,,—1 (X4, |Zt]), one might hope for a
formula of the type

d
(1118) - < Vi, W >= / V awy +/ [N
de r, & VT

There are subtleties here; for example, V%wt € FlH?m=1(X,) and as noted

above th is not well-defined as a linear function on that vector space. To remedy
this one needs considerations similar to above. Regarding the second term
in for geometric reasons we might expect V4T to be concentrated along
Z;. But this is not well defined since we may add to I'; a cycle representing a class
in Hop—1(X¢,Z). An underlying issue is to have a Kodaira-Spencer formula for
computing the differential of the mapping

TDef(X;, Z;) — T{MHS’s of the type of H*" ' (X, Z;)}

Such a formula exists and its use in leading to a cohomological formula for §v will
be discussed elsewhere.

When m > 2 so that the weight 2m — 1 > 3 there is a truncated Abel-Jacobi map

(IT1.9) Ad.x : Z (X)) = J.(X)
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where J.(X) = (F?"1H*™ (X)) /Hapm-1(X,Z) and (IIL9) is defined on w €
F2m71H2m71(X) by

(I11.10) <AJ; x(Z),w >:/w
r

For a family X — B and 3 C X as above, ([II.10) defines a truncated normal
function v, ; where we restrict w; to be in F?™~1H?™~1(X}). In this case because
of (II.1) each of the two terms in ([II.8) may be unambiguously defined.

IV. INFINITESIMAL INVARIANT OF NORMAL FUNCTIONS

Given a VHS of weight 2m — 1 using (II.1) for each k there is a complex

K= 5500, L3200 %)
Given a normal function v : B — J5, we will define the infinitesimal invariant (cf.
[Gre94))

(IV.1) Sv e HYK?,)

Using 3, C J = 3™\ H?>™1/Hz we choose a local lifting 2 of v to a section of
H2?m=1. Then the cohomology class

Vil e HY(K,)
defines dv.

As with periods, normal functions are transcendental quantities. We will define a
variant of v that is an algebraic section of a coherent sheaf over B, thus giving an
algebraic invariant of v. For this we have an exact sequence

0—=Ky 1=Ky, — Gry (K®) =0
the image Gr(dv) of év in the map
HY(K3,) — HY(Gr3,(K))
defines Gr(dv). When we discuss singularities we will see that sing(dv) and sing(Gr?™~2(v))

are defined over Q and the induced map

sing(6v) = sing(Gr?™~2(6v))

is an isomorphism.

V. SINGULARITIES OF NORMAL FUNCTIONS

Over B = (A*)" we assume given a VHS of weight 2m — 1 with unipotent mon-
odromies and canonical extensions H2™ ™! and §2. There is an extension of the
sheaf J of intermediate Jacobians which is expressed by an exact sequence

(V.1) 053 —3.5G—0

where
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e J° — B is the sheaf of sections of a fiber space of connected abelian complex
Lie groupsﬂ

e G is a constructible sheaf supported over 9B and which on each smooth
stratum of 0B is given by the local system associated to a variation of
mixed Hodge structure (VMHS).

We refer to [GGK10] for the case dim B = 1 and to |[KP09] for a general account
of the terms in (V.1) together with references to the literature and illustrative
examples.

For normal functions v : B — J;, in [KP09|, [Sai96] there is defined the condition
of admissibility, one that is satisfied by normal functions arising from geometry.
Admissible normal functions (ANF’s) have canonical extensions to

Ve : B — Je.

Definition V.1. : The singularity sing(v) of an ANF is the image
o(ve): 0B — G

We will now give an intuitive description of sing(v). This is based on monodromy,
so first we will discuss the local monodromy of a normal function.

In the geometric case where we have a codimension m algebraic cycle 3 with 3-X; =
Z; a cycle with support | Z;| and fundamental class [Z;] = 0 in Hap—o(X4;Z), from

(I11.10f) we have

< V3¢, Wt >:/ Wi
Ty

where wy € F/™ and I'; is a 2m — 1 chain representing a class in Ho,,—1(Xy, | Z¢]; Z).
Under analytic continuation around a loop v € 71(B,tg) we assume that the cycle
Z; returns to itself while

Fto — Fto -+ 1)

Here § € Im{Hapm—1(X4;Z) < Hopm—1(Xt,,|Zt,|;Z)}. Thus the monodromy 72 on
Hop—1(Xto, | Zt,|; Z) is of the form

0 I

where T, is the monodromy on Hay,—1(X4,, |Zt0|;Z)E| What this means is that
given a reference point ¢y we choose a splitting of

v2) T = <T7 EV) . E, € Homz(Z(—m), H*" (X, Z))

(V.3) 0— H* ™ YX,;Z) — H*" Y X \| Zty|; Z) — Z(—m) — 0

Continuing this splitting around ~ gives 1) Changing the splitting by (é ;\)
where A € Homgz(Z(—m), H*™~1(X,,;Z)) gives

Ey — Ey+ (T, — A

2Although not relevant here the total space J¢ is a slit analytic variety
3The monodromy acting on the above correction term T}, is the identity.
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Thus having a monodromy invariant splitting of (V.3) around + is equivalent to

(T, — v =245
where

§ = (T, — D).

Still in the geometric case we choose a locally defined on B lifting of v € F™\H?*™~1/ Hy,
to o € H?™ 1 /Hy. Then analytic continuation of © around v leads to the same

equation (V.2)) where now

§ € Im{H*" (X1, Z) — H*™ (24, | 2, | Z)}
When B = A* and 7 is a generator of m1(B) a basic result in [KP09] and [GGK10]
is that ¢ is a vanishing cycle, and then by the local invariant cycle theorem [Cl] we
have § € Im(T,, — I)q; i.e. over Q

(V.4) (T, — D)v = (T — )\

where A € H?>™~1(X,,; Q) = Ha,,—1(X¢,; Q). Then we can subtract A from the lift
v, or subtract it from I'y, in the geometric case, to conclude that the monodromy
of the normal function is torsion. Thus a multiple of v extends to a section of J2
in ; i.e. sing(v) is torsion. These considerations in the geometric case apply
as well to the general case (|JKP09|)

In the semi-global case B = (A*)" we denote by T; € Aut(Hz) the monodromy
generator around t; = 0,t; # 0 for j # ¢. From (V.2 and (V.4]) we have

_ (701 (Ti —II))\z‘)

<Tz‘ (Ti _II)AZ) <1(;] (T} —II)AJ'>

0
(ﬂTj T,(T; — DA+ (T; — I))\i)
0 I

Commutativity of 71 ((A*)") leads to the relation

~

(V.5)

Then

7T,

(V.6) (Ti = D)(T; = DXi = (T = D(T; = D)A,

which will be a critical ingredient in the construction of the nilpotent-orbit-like
approximation P(z) to an admissible normal function v in the proof of Proposition

below.

In we can add to each \; a fixed A\. Then over Q the monodromy of v is
described by the (T; — I)A;’s taken modulo (7; — I)\. We note the subtlety that in
this description of the monodromy of v the way in which over Q the codimension
1 singularities of v are removed appears. This is why sing(v) will be non-zero only
in codimension > 2.

The operators T; — I, T; — I commute and this suggests a Koszul complex
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1<j

Here everything is taken over Q.

Definition V.2. (Provisional definition) For an ANF v defined over B = (A*)"
the singularity sing(v){0} at the origin {0} € B is defined to be the element in
H'(M?*) defined by the equivalence class of the (T; — I)A;.

In general we may define sing(v) by taking the above construction along the non-
singular strata in dB. This defines a section o(v) of a constructible sheaf G — B.
Then

(V.7) o(v) =0 < o extends to a section of J2 in (V.1

Recalling that H = ’thgn ~! for a reference point to, the operator T; — I acts on H
but does not interact with the Hodge filtration §3 . Nonetheless, we may define the
algebraic operator

Ni = log Ti 5
on H and we have

ZNk 1 N

Then the N; and A; all commute and there is a quasi-isomorphism of complexes

H—2%  Pnu SR P NNH ——
3 1<j
(V.8) D A D AA;
o, o
H—>@ —nH 22 P - (1 - nE —
1<J

A basic fact from Hodge theory, one which will be elaborated on below, is that
there is an isomorphism of vector spaces

(V.9) H=~HM 1~y e,{0}

lim
such that N; becomes the usual monodromy operator; N = > N; defines the
monodromy weight filtration and (H;™ ™ W,(N), Fy,) defines the limiting mixed
Hodge structure (LMHS) at {0}.

Definition V.3. We define the complex (LM*®) to be the Koszul complex associ-
ated to {H2""' Ny,..., N, }.

lim

Using the complex (LM?®) is the top row in (V.8) with H replaced by HZ™ !

lim
Since the vertical arrows in ([V.8)) induce a quasi-isomorphism of complexes we have

4M stands for monodromy.
5L M stands for ”log of monodromy”.
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(V.10) HY(M*) = HY(LM?*)

Definition V.4. The singularity sing(){0} is defined to be the class in H*(LM*)
corresponding to the provisional definition [V.2] using the identification [V.10]

This is the standard definition [KP09|. It measures the obstruction to finding over
B a monodromy invariant lift & of the normal function v.

VI. SINGULARITIES OF THE INFINITESIMAL INVARIANT OF NORMAL FUNCTIONS
AND STATEMENT OF THE MAIN RESULT

Over B we have the complex

0— 3" 53 ©0L(log D) 5 372 © 0% (log D) —
Restricting to the stalk at the origin this is

(VIl) 0— S {0} —) Sm{o} (log D){O} —) Sm{o} (log D){O} — ...

where V is an integrable connection with connection matrix

dt; .
Z N; ® - + (terms holomorphic at {0})
Taking residues in 1| and using that the fiber at the origin of 8"2 {0} is Ff | w
obtain the residue complex

(R*) 00— Fiy, — Fl?fn Lol = R @ NPT
where T* C Endpe(HE™ ™) N Endy; (Hﬁ;’f Ql) has the basis Ny,..., N,,,. We note
that

(V1.2) (R®) is a sub-complex of the Koszul complex LM?®.

To define sing(dv) we will use that
e Jv is the class in H(F™* ® 0%, V) given by Vi where 7 is a local lifting
to H of v € F"\H /Hz;
e by admissibility we may choose the lifting to have a section
Vi € F07 1 @ QL (log D).

Definition VI.1. sing(dv) is the class of Res(V7,) in the residue complex.

Theorem VI1.1. There is a natural inclusion i : R® — LM?® of complexes and
under the induced map on cohomology

(VL3) 14 8ing(ov) = sing(v)

We will give a complete proof in a subsequent work; below we will sketch a special
case of the argument. An intuitive reason is that if the local lifting & is defined
using the liftings I', ; with holomorphic dependence on ¢ as discussed above, then

e sing(v) is the obstruction over B = (A*)" being able to obtain a monodromy
invariant lifting o of v;
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e any lifting 7 has an expression as a polynomial in the I(t;) = (5;)logt;
with holomorphic coefficients and the residue terms in V# vanish if, and
only if, there are no [(¢;) terms in © (this is a crucial part of the proof);

e sing(dv) is then the obstructlon to finding a lifting © such that V& has no
residue terms;

Put all together this implies that the vanishing of sing(v) and sing(dv) are equivalent

We recall that Hﬁ;’f‘l has a Q-structure, a weight filtration W, (N), and a Hodge
filtration defined up scaling by to the action of exp(D, u;N;) where p; € C. This
data defines a mixed Hodge structure where the induced pure Hodge structures
on Gr'W V) (H?m=1Y are independent of the parametrization (¢, ...,t,), There are
induced mixed Hodge structures on the H4(LM?*), and a central result [CKS87| is

(VI1.4) the weights of H'(LM®) are < 2m —

In particular GrgVWsz) (H2™~ 1Y is of Hodge type (m —1,m — 1); it is defined over Q

lim
and we denote it by
Hgllm

Turning to the residue complex R* C LM?®, we note that by strictness the induced
maps HY(R®*) — HY(LM?®) are injective and the image defines F"™ 9H(LM?®).
The above inclusion maps then imply that H!(R®) has a Q-structure and

(VL5) H'(R*)q = Hgy

VII. ASYMPTOTICS OF NORMAL FUNCTIONS AND SKETCH OF THE PROOF OF
THEOREM ([VI.1])

A fundamental result in Hodge theory is Schmid’s result that the singular part of
the asymptotic expansion of a period matrix is given by a nilpotent orbit (cf. [KP09]
for an exposition and references). The strategy adopted here is to use a variant of
the proof of the nilpotent orbit theorem applied to the lift 7 of an ANF and infer
the result through an analysis of the resulting formulas. Just as nilpotent orbits
are constructed from monodromy, a similar result will hold here for ANF’s. The
argument here is necessarily somewhat subtle in that the approximating polynomial
in the I(¢;) will depend on the \; taken modulo a fixed A and can only be constructed
when the conditions are satisfied.

Denoting by U = {z : Imz > 0} with U — A* given by t = exp(2miz), as in the
proof of the usual nilpotent orbit theorem given a locally defined lift (t) € H>™~1
of an ANF v/(t), it is convenient to pull #(¢) up to U” to have ©(z) € H2™~! with

v(z+e)=T; v(2)
Then we have over U” the equations

(VIL1)

{ﬁ(z—kez) Tio(z) = (T; — DXi, N € Hy (i)
(Ti = I)(T; — DA = (T; — I)(T; — 1) A (ii)

60ur indexing is adapted to the situation at hand; it is different from that in [CKS87]
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The main step in the proof is the
Proposition VII.1. There exists a unique H-valued polynomial P(z) such that
(VIL.2) P(z+e;) —T;P(z) = (T, — )\

Proof. We will do the first non-trivial case when r = 2. The method used to derive
(VIL.6|) below will extend to the general case. This will be done in a separate work
in which we will give examples and discuss implications of Theorem (VI.1J).

Setting

(VIL3)

g(z) = exp(z1 N7 + 22N>)
9i(2) = exp(2iV;) i=1,2

the formula for P(z) is

(VIL4) P(z1,22) = g(2)A+(91(21) = I)(92(22) = D) Ai+(g1(21) = 1) A1+ (g2(22) = 1) Az
Here A € H and in the second term ¢ may be taken to be 1 or 2. One then checks

that (VII.2)) holds.
Remark: To derive the formula (VIL4|) for P(z1,22) one sets

qk(2) ! =0
k(Z) =9 2(o—1)e(2—(b—
Gl g5 g

Then

Ger1(z+1) = qr(2) = qe-1(2)
Setting
(VIL5) P(z1,2) = Y araaqr(z1)a@(22)

one then uses (VIL.1) and (VIL.2)) to recursively determine the ax;, k41 > 0, in
terms of agg. The result is

P(21,2) = ago + Y _ qi(21)(T1 — 1)*(ago + A1)

k>0
(VIL6) * l>20 a1(22)(Tz = I)! (ago + X2)
+ Z ar(21)q(22)(Ty — D*(Ty — 1) (ago + ;)
k>0
150

where ¢ may be 1 or 2 in the last term. The agg reflects that we may add to each
A; a fixed M.

We note that P(z1,22) depends only on agg and the (T; — I)A; for i = 1,2. Hav-
ing determined the ag; in (VIL5)) in terms of agp one then checks that (VII.G|is
summarized in (VII.4]).

From (VII.2)) it follows that
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(P—0)(z+e)=(P—1)(2).
Thus P(z) — ©(z) descends to B = (A*)"; we write

P(z)=v(z) + Q(t).
Since v is an admissible normal function it follows that Q(¢) is holomorphic on
B = A". We will write = to mean congruence modulo holomorphic terms on B.

From the formula for P we obtain

)~'dP(z Z NiXidz;

It follows that

(VIL7) g(z)"'di(2) = ZNj/\dei = (%) Z(NMJ‘)%

tj

Since

V(z+e)—v(z)= (T —Do(z)=(T; — 1)\
it follows that d’(z) descends to Vi (t). Taking g(z)~'d?(z) and letting Im z — 0
picks out the residue term in V&. This gives

Resqy(0v) ZN i

which is what was to be proved.
O

As remarked above, a subtlety is that in the usual construction of nilpotent orbits
one uses ¢(z) in above. For the construction of P(z) it is necessary to have
a power series in the (T; — I)’s, not one in the N;’s. The reason for this is the
different \;’s that appear on the right hand side of .

Another subtlety is that for F*(z) the filtration on H given by the VHS on B pulled
back to U", the approximating nilpotent orbit is obtained from

G*(2) = g(2) "' F*(2).
Then G*(z) descends to B and the resulting G*(t) extends across t = 0 and setting
= G*(0) the nilpotent orbit is g(z) - F2,. Using that

Vi(z) € F™ 1 (2) @ Q.
we may infer that all

(VILS) N\ € Bt
Finally the A\; € Hg so that
N\ € Hg' !

as has been noted above.
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