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Chapter I

SPINORS AND PROJECTIVE GEOMEIRY

THE MINKOWSKI SPACE REPRESENTED BY HERMITIAN MATRICES

1., If a fixed origin is specified in the Minkowski space of the
special theory of Relativity it becomes a real vector (centered affine) space, Rh’
of four dimensions which contains a special invariant locus, the light cone, with
vertex at the origin. The points of Rh may be put in a (1-1) correspondence with
the two-row Hermitian matrices. To do this we recall that an Hermitian matrix

g .K.Bn is defined by the conditions

(1.1) Tip= Y (i, B=1, 2)

where the bar denotes the complex conjugate, and hence "Pll and @22 are real
while @12 and \]}21 are complex conjugates of one another. Every Hermitian

matrix of order two is therefore expressible in terms of four real parameters

(Xl, 12, ) & s Xh) by means of the equations

“\Pn F10 “xh"'XB X+ ix
= 1 .2 3
To1  Tapll gz UE -3 - x

This correspondence is (1-1), the inverse equations being

2
1

(1.2)

o L Uy 2wk (@ = D),

) NG (Fyp * ‘1’21). =N (F15 = ¥o1)
1 , 1

XB = —“\I_é_ (%’11 = ?22)’ xh = J-é- (\-Pll * {/22).

The light-cone is the locus of those points of RL\ which correspond to

singular Hermitian matrices. For,
QD) 2\ 9 ggl= 2Py Top - Brpey) = - D7 - G- (@74 (22,

and hence a matrix |\J is \| for whiech [\I/AB\a = 0 corresponds under (1.3)
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-~

2

to a point (Xl, X & ) Xb) of By, which lies on the cone

(1.5) g AT = - (H2 - @2 - @2+ @H? - 0. .-
In the abbreviated expression for the invariant quadratic form in (1.5) we are

using the summation convention which is customary in relativity theory and de-

fining the numbers gij by the matrix equation

-1 0 0 0

(1.6) “gij" = 0 o -1 0 .

We also use the convention that small Latin letters i, j, etc., take on the values
1’ 2’ 3, ho
The rows of a singular matrix are proportional so that
\3 in | = 'T\’GA @gl » The condition (1-1) implies for a non-zero matrix that
—— i

¢ = . . P , - T -
QA + {<>(P A where P is real and positive. Writing \.}a A= P @A we have the re
sult that every itwo-row singular Hermitian matrix is of one of the forms
Vi Waive

(1) [Farr  Fowo

3

i

the zero matrix being the only one whiqh can be written in both fo:_‘ms:, ) '
The points of the light cone, exclusive of the vertex (0, 0, O, 0),

thgs fall into two distinct clagses corresponding to -the two possible signs in

(1.7). The points of one class, those constituting the future branch of the

light-cone, are parameberized by the equations

1 - N 2 _ 1, _ _ '
(1.8) x “ =3 (P * “’z‘Pl)f r 5 (Fry2 - \Pa‘h)-’
¥ - \[—;: (f141 = Fato)s x* - _\{:1_2__ (F14a * Foto)e

the other branch being given by changing the sign of the right member in each
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of these equations, The points of each branch clearly form a continuous family
while the two branches are connected only through the vertex (0, 0, 0, Q)
Points on the future branch of the light-cone are characterized in term; of
x, %2, 23, T by the conditions

0, X)">O,

. . == i j
and those on the past branch by

0, *<o.

Equations (1.8) give a correspondence,

(1.10) 2| gl = giniX'j

(1.11) ("f’l’\P2)' — point on future branch of light cone,

between pairs of complex numbers, not ‘bc_rbh zero, and points on the future branch of

the light-cone. This correspondence is not (1-1) for (eie\yl, eie q;z) , with ©

real, edrresponds to the same point as does ( ZF \l/2)c The correspondence

(1.12) (e:Lg e ) <> point on future branch of light cone,
Aol 2

between families of pairs of complex numbers and points on the future (or the
past) branch of the light-cone is (1-1).

Multiplying \Pl and *2 by the same real number r mul'bipl:@es eacl} of
the coordinates Xi by r2 so tha_v.t the pairs of complex numbers ( (DH’ FY/2)’
where (o is a complex parameter, correspond to the points of a ray (i.e. a half-
line) on the future branch of the coné. Since each generator of the céne con-
sists of two cellinear rays through the vertex and is determined by either of

them, there is a (1-1) correspondence,
(1.13) (/0 Y s /0\;/2) <—> line on the light-cone,

between the sets of numbers ( /O‘Pl’ f‘/’Z) and the lines of the light~cone.
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of Rh which do not 1lie on the light-cone fall in‘bo three

disconnected sets, the absolute future, the absolute past, and the absolute

elsewhere, which are

(L) 2 (gl =
(1.15) 2| P;gl =
and |

(L.16) 2| g gl =
;'espectivelyo ‘

If a point

past by a continuous

N

characterized algebraically by the conditions

Xh>O,
X)"<O,

gj.‘j}{i}{J > 0,

g jx"XJ > 0,
ginlX'j < 0,

in the absolute future is joined to a point in the absolute

curve there must be at least one point on it for which

Xh = 0, For such a point g. xlxj < 0 and the equality sign holds only far
Eig* & =

the vertex of the cone, (0, O, O, 0), Hence the curve either passes through

the vertex or through a point in the absolute elsewhere.

A schematic repre-

sentation of Rh is given by the figure:

absolute "
foture \d,u“‘"
(X J (++) &5 o <
absolute absolute
elsewhere elsewhere
(+) (+-)
A
s
3 absolute 6%,}
past %4

L/
~ (~)

Figure 1.
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The division of Rh into regions is easily described in terms of the
Hermitian matrices which correspond to the points of Rh' ‘The condition (1.1)

implies that the Hermitian form

’ . sAB
(1.17) {/AB ANA

1 22, In particular, the

is real for all values of the complex-variables Z
point (0, 0,0, 1) of Rh lies in the absolute future and corresponds under (1.2)
to the Hermitian form --J%:—- (2121 + 2222) which is always > 0, if we agree to
5 : =
exclude (0, 0) as a possible pair of values for (Zl, Z2)o Similarly, the point
(0, 0, 1, 1) 1lies on the future branch of the fl.ight-cone and corresponds to the
-1Z1 e s . . P
form J2 Z°Z~ which is always > O; the point (0, O, 1, 0) lies in the absolute

elsewhere and corresponds to the form X, (lel - 2222) which assumes all real

V2
values; the point (0, 0, -1, -~1) corresponds to the form - V2 7171 which is
always < 0; and the point (0, 0, 0, ~1) corresponds to -J-J_f-_— 71zt - 7222) wnich
2

is always < O.

If an Hermitian form assumes one positive value it assumes ail positive
values since mulbtiplying Z:L and 22 by a real number r mmltiplies the form by the
positive number r2. A similar result holds for negative values and hence the

range of values of an arbitrary Hermitian form is identical with the range of

values of one and only one of the typical forms

(1.18) 7z, 72t 72t « %22, gt - 7222, 7%t - 7%22.

Hence an Hermitian form in two variables falls into one of five distinect classes
according as its range of values is >0, £0, >0, <O, or E 0.

The range of values assumed by an Hermitian form is unchanged if we

make the linear substitution

(1.19) 7t = P P

B
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with \PE] # 0. On making this substitution in (1.17) we find that

-~

\PE:B’ ZAZB = @AB ﬁA'WBg £
where

(1.20) ;5= B 2D Tor
To determine a substitution (1.19) which will reduce (1.17) to one of
the typical forms (1,18), we proceed as follows. Choose QlA such that
q-/AB QlA QlBE!Ol # 0, which is possible since we are assuming I gl # 0. Then
let QéA (# 0) be a solution of the single equation \I’AB QlA Q2B = 0 (and hence
not a multiple of Q%) and WriteJ-\IJKB 3" Q2= p,. If p, = 0 the trans-
formation (1,19) with P, = o,™% Q" and P = Q. will reduce g 72" o
Wt or -v’v]“wla If o, # 0, the transformation (1,19) with P - ,ol"'v‘« Q,", and
P2A = 102-3- Q2A will reduce L'_I_/AB ZAZB to + (W:'wl + szz) or + (ﬁjwl - WZWQ).
We do not need to include both of the forms W™ - WW> and W' + WH° in our
list of canonical forms since interchanging the variables carries one into the other.
Tt follows that an arbitrary Hermitian matrix (| ;o ll (# 0) can be

transformed under (1.20) into one and only one of the matrices

wan |2 | P I

0O 0
. and the matrix is then said to be of signature (+), (=), (++), (--), or (+-), re-

=1 0’ 1 O

2

0O 0

o 1

spectively. From (1.20)

= C D
(1.22) \$isl = 1% (25 ] | ¥epl »
and hence a matrix of signature (+-) is characterized by the condition I\]_}AB] < 0.

" Referring to (1.16) we see that the absolute elsewhere is the locus of points

corresponding to matrices of signature (+~). Since (1.7) with the plus sign is
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of signature (+), the future branch of the 1igh'b—co\ne is the locus of matrices of
this signature and similarly the past brapch of the cone is the locus of mibrices
of signa’gure (~). ‘Since the absolute futwre is bounded by the future branch of

the cone, its points correspond to matrices of signature (++) and not of signature

(==). The regions of R, are therefore characterized in a mamner irdicated in Figure 1.
L

THE COMPLEX PROJECTIVE LINE

2. An ordered pair of complex numbers (\(Jl, \//2) may be interpreted ‘
as homogeneous coordinates of a point in a complex projective space of one
dimension, i.e. a complex projective line Pl. Each point of Pl is represented
by one, and but one, family of pairs ( /0 W /0‘1”2) where {0 takes on all complex
values except zero. The pair of m;mbers (0, 0) does not correspond to any point
but any other pair does determine a unique point. Equations (1.8) define a (1-1)
correspon(ie,nce (1.13) between points of Pl and generators of the light-cone.

In a similar way the ordered sets of real numbers (Xl, X2, XB R Xh) may
be interpreted as homogeneous coordinates in a real projective space RB' This
amounts t0 recognizing that the lines through the ‘erigin of Rh constitute a
projective three-space. The equation (1.5) represents a real non-ruled quadric in

E RB' ‘Ifhus the lines of the light-cone in Rh are points of the quadriec in R,. ‘I‘hei

3
equations (1.8) give a (1-1) correspondence between the points of this quadric

and the points of the complex line Pl'

If we set

1 2 3
X X X
(2.1) ;E = X, ;I =Y, ;{E = Z,
we see the quadric (1.5) as the sphere

(2.2) 2+ Y +2%=1
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in a Euclidean three-space “EB. This Euclidean space may be defined by specifying
the plane Xh’ = 0 of R3 as plane at infinity and (1.5) as unit sphere. The points
of the sphere (2.2) represent the lines of the light-cone in Rh"

Tet us also setb

(2.3) —==3z=Xx+1y

where x and y are real. These equations establish a (1-1) correspondenc;e between
the points of the complek line Pl and the totality of- complex numbers z, including
©. The mumbers x and y can be interpreted as rectangular cartesian coordinates
in a Buclidean plane and we thus have a (1-1) correspondence between the points

of this plame, including one point at infinity, and the points of the complex

line Pl’
Combining (1.3) with (2.1) and (2.3) we have the formulas

S g et ¥ea Ers |

- S
¢1¢1+T/2L[/2 l+2z2 1+:t2+y2
(2.1) goiFa¥e-WoW1 13-z -
L4 b == oy = s

TRt T, l+Ea 1+x° +y°
7 = Wiy - Pols 7z -1_ x2.,+«..y2,-ﬂ1 .
- - B 2. 27

4y + oo 1+z2z 1+x +y
which define a (1-1) correspondence between the sphere and the z-plane (or xy-
plane). This correspondence is discussed in function theory by means of stereo-
graphic projection and indeed (2.l) are the formulas for the stereographic pro-
jection of the sphere upon an equatorial plane.

The points of R3 not on the sphere may also be represented in the

xy-plane. For, a point (Al, A2, A3 ’ Ah) untquely determines its polar pldne
(2.5) Lt - a%2 L 353 s+l - o,




1.9
and this plane intersects the sphere 'in a circle the projection of which in the
xy-plane is given by the equation, / |

(28) (Al emH@@ ey -l alye (b ad) -0

Hence under stereographic projection circles on the sphere correspond te :;irqles
in the plane, it being understood that lines in the xy-plane are regarded as
circles which pass through the point at infinity.

) The locus (2,6) is a rea) circle, g point, or an imaginary circle
(ieeq no locus at all) according as w(Al)z - (1&.2);2 - (1“3)2 + (Al.‘)2 is
<0, = 0, or > Q3 that is, according as the point Ai is outside, on, or inside
the sphers, respectively. A point outside the quadrig in R3 corresponds to a
line lying in the absqlute elsewhere of Rit and pagsing through the vertex of
the light-cone, Such a line corresponds to a pencil of indefinite Hermitian
forms, that is, forms of signature (+~), Similarly, a point inside the sphere
corresponds to a pencil of definite forms (of signature (++) or (--)) and g point
on the sphere corresponds to a pencll of singular forms., Indeed, the peint Ai

corresponds to the farm

2.7) % + a3y7%% + (4} + 122)7122 & (a2 - udz%l + (b - a3)7%22,

5 - .
and if we put - -Z-I = g = x + iy, the form is a multiple of the left mémber of (2.6).
Z .
Two cireles on the sphiere are orthogonal if and only if
(2.8) Vg < 4282 - a3p3 4 algh - o,

vwhere the cireles correspond to points Ai and Bi. Stated in termé-\gf the pro+
jective space RB this means that each of the points A and B lies pn the polar
plane of the other with respect to the non-ruled quadric. The cendition (2.8)
is, however, just the condition that the two circles in the xy-plane be erthon

gonal. Stereographic ppojection therefore carries orthogonal cireles intp or-
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thogonal circles.

THE LORENTZ GROUP ISOMORPHIC TO THE QUADRIC GROUP

3+ The Lorentz group is defined to be the set of all real linear

transformations,

(3.2) -t o

which lea.;_}e the quadratic form

(3.2) - @H2 - @2 - @)+ @2
‘invarian'b and do not interchange past and future. That is,
(3.3) 8155y Ljﬂ’ =g, and th > 0.

The latter condition implies that (0, 0, O, 1), which is a point in the absolute
future, is transformed into a point in the absolute future. Taking the determinant

of both fiembers of the equation in (3.3) gives
(3‘1-") ‘L‘ = : 10

The transformations of the full Lorentz group for which |L] = +1 form
an invariant sub-group called the .restricted, or proper, Lorentz group. The
transformations for which \L\ = -1 are called improper Lorentz transformations,

but these do not form a group. An example of an improper Lorentz transformation is
(3.5) =1, °=x°, P=13, ?-i.

. The totality of improper transformations is obtained by multiplying the proper

¢ ones by a single improper one, such as (3.5).

- The transformations of the restricted Lorentz group maintain the dis-
¢ tinction between right- and left~handed systems of coordinate axes in the space-

| like sections of Ry. The transformation (3.5), however, causes a space reflection
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in each of the three-spaces, Xh = const., and this interchange of right- and
left~handed coordinate systems is typical of improper transformations. A1l the
Lorentz transformations s both proper and improper, leave the various regions of
Rh invariant.

If we remove the restriction th > 0 and only require that (341) leave
(3.2) invariant, we call the group so defined the extended Lorentz group. This
group allows the interchange of past and future as well as the change from righ‘ﬁ-

to left-handed sets of coordinate axes. The extended group is generated by ad-

joining to the Lorentz group the transformation
(3.6) e xt
Beginning with the restricted Lorentz transformations, those for which

(3.7) |zl = +1, and th > 0,

-

~
the Lorentz group is obtained by adding the transformations for which

(3.8) |L| = -1, and th > 0.

The extended Lorentz group also contains the transformations satisfying

(3.9) | |L| = +1, and th <o,

and those satisfying
(3010) {L‘ = "l, a-nd th < OQ

We shall chiefly be concerned with the restricted Lorentz group and the Lorentsz
group, but the restricted Lorentz transformations may be combined with the trans-
formations satisfying (3.9) or with the transformations satisfying (3.10) to form

other groups..

The transformation (3.1) may also be interpreted in R3 and it is then

called a coll:’néation, from its property of carrying lines into lines. Since
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the coordinates of points in Ry are homogeneous, two matrices Il _Lij | and
"\\rLi:j | , where r is real and # 0, define exactly the same collineation. For
example, (3.6) is the identity transformation in Ry.

The quadric group in R3 is defined to be the set of all collineations
which leave the quadric (1.5) invariant. The homogeneous coordinates of the

collineation, I\ Lij\l » therefore satisfy an equation
(3.11) | gijLikL'ji = Py s Vith F= p# 0.

The exterior and interior of a non~ruled quadric cap.not be ixgter—
changed by a col]:i.neation* and since points exterior to the qgadric (1,5) are
characterized by the condition gijxixj < 0 we must have £ > 0.

Hence a Lorentz transformation uniquely determineg a collinga'b:ion of
the quadric group. Conversely, in every pencil of matrices, IlrLi 3 I, definin_g _
a collineation of the quadric group, there is exactiy one matrix satisfying (3.3).
This matrix is in fact determined to within sign by the normalizing condition
L\ = +1, the plus sign béing taken when ]rLi jl - ]Lij\ > 0 and the minus
sign when \rLij\ < 0. The requirement that th > 0 completes the normalization.

The correspondence,
(3.12) Lorentz transformation <=+ collineation of the quadric group,

thus defines a (1-1) isomorphism between the Lorentz group and the group of the
quadric in R3° Under this isomorphism restricted Lorentz transformations cor-
respond to collineations with positive determinant, and conversely. The ecollin-

eations of the quadric group which have positive determinant form a group which

*This is easily proved by showing that a line may contain only exterior points
but cammot contain only interior points. '




1-13

we call the restricted guadrie group.
The one-to-one ‘character of the isomorphisn (3.12) is ‘evident from the
fact that a Torentz transformation is completely deterfiined by the way in which

it permutes the lines threugh the origin of Rh'

THE PROJECTIVE- GROUP IN Pl ISOMORPHIC TO THE PROPER LORENTZ GROUP
. The projective group on thé complex projective line is the set

of all linear transformations P
Py = ayq + DYy
Py = ey + d¥s,

with |2 2| # 0, where two transformations ave identical if and only if their

(k1)

coefficients are proportional. Thus if (h.1) is abbreviated to

(he2) S @A’PABWB’

~

the equations gp ' o—PAB \/JB with o complex and %.O, effect exactly the same
permutation of the pencils of number pairs ( /0‘/"1’ f")L?) and hence defire the
same transformation. In terms of the non-homogeneous coordinate z = \//1/ Was

(4.1) is the general linear fractional transformation

(4o3) w=21%,
where w = ¢1/902o .

’ Two configurations in P, (for example, two ordered sets ofh_points) are
said to be projectively equivalent if there exists a projectivity (L.2) which
carries one configuration into the other. The fundamental theorem of one-
dimensional projective geometry then states that there ‘is a uniquely debermined
projectivity which carries three distinct points into any other thriee dist:i_.ﬁc'b_

points. To prove this theorem it is sufficient to shew that the points (1, 0),




(0, 1), (1, 1) can be carried into the distinet points. (¢ 12 0(2), (/31, /32),
and {7 12 '5’2) s respectively, in just one way. In order that (1, 0) shall go
into (¢ 1 o 2) we.must have in (4.1) a = P%is €= P, and, for (0, 1)
to go into (/314 /9‘2), b = 0'/31, d = 0-/32’ W”ith/o and o # 0. Then/o and o
are determined by the equations

U= LAt Th

Tp = Poy* TP
Whi(‘,}'l have a unique solution with /O #0and o # 0 if the points « , /3 and ¥ are
distinbtr Introducing a factor of proportionality into the'coordina‘bes_of the
points albters the four components of PAB by a common factor. Similarly, in
n~-dimensional complex projective geometry two sets of n+2 points are equivalent

under a uniquely determined projectivity if no n+l points of either set lie in

the same hyper-plane.

CR Pis - isAC PBD P

of the degenerate Hermitian matrices |\ ; Il = HCPA \ppll and if we agree that (L.l
is also induced by (L.2) on all Hermitian matrices, we have the transformation
(1.20) studied in §1.

Let us write (1.3) in the abbreviated form
) e gling,

t The coefficients glAB

P 1
Sy oreee

have the values given by the four matrix equations
H 0 1 s 0 -1
Eal 1 on , o 1P = = H o” ’
E (1,.6) Pl z "

12481 .-._J%_ H; j_“ , ana (| 8] =_{.1§_ uz :“

The transformation (L.2) brings about a linear homogeneous transformation,
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The equations (1.2) which are inverse to (4,5) may then be written

(b.7) Vip=eup ™
and we have

iAB i
(4.8) - 8 ngBLcSlj,
where

[&411=1,
and also

. iCD _ <C, D

(be9) €i4B g =5 iéd5.
where %

&Sl =115 $11=118%01 .

The transformation (L.L) induces a transformation X —> Y of the vari-

ables X~ which is represented by

i _ iABr ., _ iAB5C D _ . .j
(L.10) Y =g §AB g P,” Py 850p X -
This is of the form (3.1) with

i _ iABgC _D .
and ||L* j” is real since (L.L) carries Hermitian matrices into Hermitian matrices.

As a transformation of the four variables Pr10 P10 Porr Fop (bab)

has a matrix

aa ba ab bbb a b 00 a 0 b o

(h12)y = ca: d% c‘E dE‘ _|le ¢ 00 9595
: ac bc ad bd 0 a b c 0 4 0
cc d¢ ecd ad 0 0 ¢ d 0 ¢c 0 d

E Hence (L.11) is equivalent to

 (1.13) 1] = e




1416

where k denotes the four-row matrix of (4L.5) regarded as a linear transformation

. 1l 2
of (F1s Faps Fo1s Fpp) Imto (X, X
both members of (he13) gives

, 23, ). Taking the determinant of

(b 14) l15,1 = vl =12, 2 \8,01 5,
and therefore lLij[ is positives Since (L.)4) changes singular matrices into
singular matrices the collineation (3.1) with Lij given by (4.11) is an element
of the quadric group. Hence every projectivity of P1 corresponds under (h.11)
%o a uniquely de‘bez?nﬁned collineation of the restricted quadi'ic group in R, .

3
This coarrespondence is a (1-1) isomorphism between the projective

group in P1 and 'Ehe restricted quadric group in R3. We shall prove this by

a simple geometric argument which makes use of the fact that a collineation of
the restricted quadric group is completely detérmined by the fate of three
points on.the quadric.

The points on the quadric correspond to the points of the complex line

Pl' We have already constructed the uniquely determined projectivity of P1

- which carries three distinct points into any other three distinct points. This,
combined with equations (L,10), gives a collineation of the restricted qua;iric
group which carries any three points of the quadric into any other three points.
Moreover, there is just one collineation of the restrip‘bed quadric group which
does this. For, if Tl and T2 are tra.nsi‘ormations_ of the restricted quadrie
group which have the same effect on three points, T'il'I‘2 = T is an element of

f the group which leaves three points on the quadric invariant. We shall show

] that in this case T is the identity.

l The plane of the three points is invariant, and hence the conic in

which this plane intersects the quadric is invariant. The intersection of the

ﬁ tangents to the conic at two of the points is a fourth point, not collinear with
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\

any two of the other three, which is also invariapt. The collineation T there-

fore induces in this invariant plane a collineation which leaves four points in-

variant, no three of the points being collinear. By the fundamental theorem of

two~dimensional projective geometry, this collineation in the plane is the

The polar point of the plane with respect to the quadric is an invariant

point not in the plane.  If we draw a line through this point which intersects the

quadric in two rea1§points ’ Pl and P2, the line intersects the plane in an in-

-

|
|
l“
L identity and hence T leaves each point of the plane invariant,

variant point and is therefore itself invariant._ Hence T either leaves Pl and

P2 separately invariant, or it interchanges them. In either case the fundamental

theorem-for three~dimensional projective geometry assures us that there is, just
one collineation having the given effect. We have therefore found that there i g
are just two collineations of the quadric group which leave threé points A, B, '
C on the quadric invariant. One of these two transformations must have negative ) ;
determinant, For, consider an arbitrary collineation with negative determinant; ‘;
i_ it carries the points A, B, C into three points which may be called A', B!, C'; i
1 and a coll:inea.i;ion with positive determinant can be founq which carries A', B", c! j
back into A, B, G. The prqduct of these two coi!.lineations has negative determinant |
'; and leaves the points A, B, C inva;iant. Hence, of the two collineations which i
leave three points invariant, one is the identity and the other is a collineation l
vhose determinant is negative.

“ We have now completed our proof that there is a (1-1) isomorphism be- !
tween the restricted quadric group in R3 and the projective group in Pl‘ In
:“the last section we established the existence of a (1-1) isomorphism between the -

‘restricted Lorentz group and the restricted quadric group. Hence, combining

’these two isomorphisms, we get the (1-1) correspondence

F
.




(4.15) projectivity of P, <—> restricted Lorentz transformation.

I
’_ . To express this isomorphism as a correspondence between matrices s We
. normalize the matrix of a projectivity to within sign by the condition
i

; ' (L.16) |PAB\ = +1.

The matrix llLljl( defined by (l:,.li) is consequently nommalized so that

(117) C =,

as follows from (h.:l_h). Moreover, we saw in §1 that (L.L), or the equivalent
transformation (L4.10), does not interchange the absolute future and the absolute
past. Hence \\L .ll is a proper Lorentz matrix and not the negative of one.
This result means that if we are given a restricted Loren'bz ‘matrix,
\\L ll s there are just two, unimodular matrices, l[P B | and - I\P ” , which

satisf‘y (4e1l). Conversely each of the two unimodular matrices || PABU

and - ||P B(\ determine the same restricted Lorentz matrix by means of (L.11).
Since the product of two Lorentz matrices corresponds to the products of the

corresponding unimodular matrices, we have the (2-1) isomorphism,
(4.18)  unimodular matrix HPABN ~—> restricted Lorentz matrix || Li‘j ] »

I between the group of unimodular matrices of order two (with complex elements)

and the group of restricted Lorentz matrices (with real elements).

) THE ANTTPROJECTIVE GROUP IN Pl ISOMORPHIC TO THE LORENTZ GROUP

5¢ An antiprojectivity in Py is a transformation of P, defined by

1
, equations of the form

Py = PAB Vg

‘yith \PABI # 0, and two sets of equations of this form define the same anti-

[ (5.1)
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projectivity if and only if their coefficients are proportional. In terms of

the non-homogeneous coordinate z = —;l/:l- s (5.1) is

. ¢z + d
where l\?ABII = ” a b” s Clearly, the set of all antiprojectivities results

c d
from combining all the projectivities with the special antiprojectivity

(5.3) , Py =¥,
. “

The an't‘;iprojectivé group is the set of all projectivities and anti-
projectivities; It contains as an invariant sub-group the projective group.
The antiprojectivities alone do no£ form a group since the product of two anti-
projectivities is a projectivity. Thus the product of (5.1) and the antipro-
jectivity, &) = QA]% @B is the projectivity 6, = (QA].B 133“')\//0. ‘The antiprojective
group is- obtained by adjoining‘ any one antiprojectivity, say (5.3), to the
projective group.

The transformation (5.3) carries ‘the singular Hermitian matrix

Vi1 ¥1i¥s

| Esl = into | @AB“ =

e

) Vit Hw
Yoty Foh

Volbp W'y

that is,

64 Py = Fhys B1p= $pys Foy = Prpr and oy = Tpos

and we assumé that (5..h) is induced on all Hermitian matrices by (5.3). Referring
to (1.2), we see that (5.L) is represented in the coordinates of Rh by the trans-
formation (3.5). Multiplying all the projectivities of P, by (5.3) gives the

set of all antiprojectivities and multiplying the _restricted Lorentz trans-

formations by the corresponding transformation (3.5) gives the set of all
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improper Lorentz transformations, as we saw in §3.

In the last section we established a (1-1) isomorph:fLsm between the
projective group in Pl and thé restricted Lorentz_group in Rh" This has now
been extended to include i'ihe (1~1) correspondence,

(5.5) antiprojectivity of P, <> improper Lorentz tramnsformation,

and hence there is a (1-1) isomorphism between the antiprojective group in Pl
and the Lorentz grofip in Rh'

The equations defining (5.5) are got by following (5.h) with the
transformation (L.li). They are

- D .'
(5.6) | Rip =By Py Yi

7
and hence in the coordinates of Rh they are of the form (3.1) with

i _ ilBgG_D .
(5.7) . Lj- g P,” Py g5pc

Since the determinant of (3.5) is -1,
i By2 ;5B)2
(5.8) \Llj\ =-1\p"| % [B%] %,

Normaliziné the coefficients of the antiprojectivities to within sign by the

i

condition
(5.9) lP Bl = +1,

equations (5.7) determine a (2-1) correspondence,

(5.10) unimodular matrix ||P ABll -3 improper Lorentz matrix || Li.j i,

The correspondences (L.18) and (5.10) may be combined to give the theorem:
For every proper Lorentz matrix | 1t 3 | there are exactly two unimodular
.. matrices, I\PAB([ and - IlPABU s which satisfy (4.11), and for every improper Lorentz
. matrix | 1% ;j" ‘there are exactly two unimodular matrices, I PA].BN and - |f PAI.B[[ s




1-21
which gatisfy (5.7). Conversely, if || PAB Il is a unimodular matrix it determines
a proper Lorentz transformation by means of (4e11) and if ]|PA~B | is a unimodular
matrjx it determines an improper Lorentz transformation by means of (5.7)e More-
over, the product of two Lorentz transformations corresponds to the product of

the corresponding normalized transformations in Pl‘

COORDINATE TRANSFCRMATIONS AND TENSOR CALCULUS
6. Up to this ﬁoint w_é have employed only a single coordinate system
in each of the spaces considered. The linear transformation (3.1) of Rh was

regarded as a permtation of the points of Rh.\ The coordinate transformation
(6.1) x* o Agxﬂ,

with lA}'] # 0, is of the same form as (3.1) but is to be regarded as a renaming
of the points of Rh’ rather than as a permubation of the points. Defining a
coordinate” system* in Rh as a (1-1) correspondence between the points of Rh

# For a gemeral discussion of coordinate gystems see the Cambridge Tract "Foun-
dations of differential geometry", by Veblen and Whitehead.

and sets of four real numbers, the cartesian coordinate’syst?ems are'tixose de~
rived from the special one we have been using in the sections above, by the
group of transformations (6.1) with || Ag' [| real and constant.

Under (6.1) the quadratie form g jx"‘x:I becomes g, j*xi*xﬂ* where g, s
is related %o 8y 5 by the usual tensor law

(602) gij* = ali{ ag’ gkl »

with ag defined by

(6.3) o5 o) = S5
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In v’vhati‘,follcws gijxixj is a general quadratic form which can be reduced to (3.2)
by mgans of a real transformation (6.1) but which is not necessarily identical
with (3.2). '

Coordinate systems in which the quadratic form is given by (3.2) are
called Galilean coordinate systems. Since a transformation of coordinates be-
tireen two Galilean coordinate systems satisfies (6.2) with gij* = gij , the ex-
tended Lérentz: group could have been defined as the set of all those transformations
which carry one Galilean coordinate system into another one of the same kind.

The covariant tensor gij and the contravariant tensor gi'] defined by
ij i
(6')4-.) g Jgjk = Sk’
enable us to raise and lower tensgr indices. Thus if Xi is a contravariant

vector transforming by the law (6.1) and we put

> j_
(6.5) gin X,
then

* _ 3
(6.6) Xi ay Xj

and this is the law of transformation of a cgvaz;iant vector. Moreover,

6.7) xJ = gy .

i
If we take the determinant of both members of (6.2), we find that
3 : «
(6.8) g = a2g

b where g = lg. .| and a = ]a‘j I. This is the law of transformation of a relative

scalar: of weight two. In general we consider relative tensors having the trans-

\

% Some writers use the term™lensity". We prefer to reserve density for the
; case to which this term has been applied in physics. Thus a relative
scalar of weight one is a density.
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formatioh law
r . w -)4 .,

(6.9) Xij’°’2m.“ =a” At ad ., a.i a;"l ves XPAo0o

P q Stees

and the weight of such a tensor is said to be w, The right member of (6.9) is
a linear and homogeneous polynomial in the components of the tensor and is a

homogeneous expressiqn in the elements of the matrix "A}' .

THE ALTERNATING NUMERICAL TENSCRS

7. The rule (6.5) is the familiar way of associating with a contra-
variant tensor a covariant one. A less familiar way of doing this employs a
covariant tensor € :i'k 2 of weight -l. In any one coordinate system we
define €; k8 to be +1 if (i, j, k, L) is an even permutation of
(1, 2, 3, h), -1 if it is an odd permutation, and zero otherwise. Then the

formula for the expansion of la'jl , which is

- p_q.r
(7.1) 2€3560 = €pgrs % 25 % 3

insures that the tensor shall have exactly the same components ir} any other
coordinate system. The weight of the tensor eijkﬂ is the exponent of a

when (7.1) is written in the form

= a1 p.q . r s
€ijel T 2 Epgrs 24 35 ¥ P -

A contravariant wvector Xl determines a covariant tensor

(7.2) Xt €T o
This amounts merely to a renumbering of the components Xl, X2, ceey Xh as

indicated in the f ormilas
!I v [s) 3 .
o 231 4 x12h 21’.!. fe ) ¢

U .
While the components of xijk are equal to plus or minus the components of Xl*

U U
(7.3) Xjp3 = Xp3
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: 3 v
4t 18 nevertheless true that X= is a contravariant tensor and Xijk is a covariant

ong. If X" is of weight w; i .
ijk

For the corresponding operation of raising indices we use the relative

is of weight w-1l.

tensor €1 of veignt +1 defined by the relations

+] if (i,j,k,ﬁ') is an even permutation of
ijk.D, (132,_3,Ll-)q
€ -1 if (i,3,k,0) is an odd permutation of
(1,2,3,1),
0 if two of the indices are equal.

[}

(7.54)

The expansion of “A‘?j-‘ can be written in the form

ikl _ pars ,i ,j .k @
€ ae PTS o0l Al al
since ]A:S] = Iag:]—l = a-l, and this identity proves that if eijkﬁ is a .

contravariant tensor of weight +1 then its components have the same values in
all coordinate systems.
“A covariant index is converted into three contravariant ones by the rule

(7.5) ‘ ibkl = Yi € 15l )

U'
and if Yi is of weight w, Yak'o' is of weight 1+w. We may also sum off two of

the indices of elakﬁ against two covariant indices as in the equations
(1.6) peb 1y eiid,

which are an abbreviated form for '
2.1y _ 913 |1y .
(1) Be-3 (T, = T,3)s T° =5 (Y5 - Tp), ete.

Since the right members of these equations involve only the combinations
(Yij - in) » the equations will not have a unique inverse unless the

components Yij are restricted in some way. The simplest restriction is

(7.8) Yij = - ins
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and such a tensor is said to be skew-symmetric. We shall apply (7.6) only to

skew-symmetric tensors and for them the equations inverse to (7.6) are

1 vk )
(7.9) Y5 =% €10 Vandl )
since
1 rekl _ cpa
(7.10) 2 eiijL € B sij
where
Pq _ D . <P <q

The equations inverse to (7.2) may be written in a form s_imilax: to

(7.5) since

1 ijkp = P
and hence
(7.13) ®=L g ik

For a more extended treatment of the tensor calculus, the reader is
referred to: "Applications of the absolute differential calculus ", by A. J.
MceConnell; "Riema;Jnian geometry'f, by L. P. Eisenhart; "The differential in-
variants of generalized spaces", by T. Y. Thomas; the Cambridge Tract, ®"Invari-
ants of quadratic differential forms", by O. Veblen; or to any of the numerous
books on the subject. The first chapter of the Cambridge Tract, "Invariants
of quadratic differential forms", contains general formulas of which (7.10)

and (7.11) are special cases.

3
8. The linear transformation (6.1) may be interpreted as a coordin-

ate transformation in R3 instead of in Rh' In doing this we must remember




that (6.1) and

i

(8.1) ¥ = {cAi 3, with 0 £ 0,

J

effect exactly the same permutation of the sets of homogeneous coordinates
(er, er, rX3 s th) and therefore define the same coordinate transformation in
R3. The formalism in R3

have a simpler geometric interpretation in R3 than in Rh'

is identical with that in Rh but many of the relations

Thus in general coordinates the plane polar to AT with respect to the
quadric is
i

(8.2) Mg, . xt =0, or Aixi = 0,

ji
and so lowering an index by the rule (6.5) corresponds to the geometric opera-
tion of taking the polar plane with respect to the fundamen‘c_,al quadric. The
inverse of this operation, raising an index by means of gij, corresponds to
taking 'bhe/polar point of a plane with respect to the quadric.

The homogeneous coordinates of a point P of R3 are uniquely determined

as solutions of the set of equations

8 .. x¥ -
( a3) Pijk X - O,

v .
where Pijk is defined in terms of PT by means of (7.2). This is evident if

we use (7.3) to write out (8.3) in the form
(8.1) i3 - p3xl = 0, P2 - P = 0, ete.

v .
Hence a point has covariant coordinates P 13k as well as contravariant ones

; Pi. These eovariant coordinates, like the contravariant ones, are homogeneous.
The existence of covariant coordinates corresponds to the possibility

-' of defining a point as the intersection of the planes containing it. Thus if

Oys {Bi and ¥ ; are three independent planes which contain Pi, then the tensor

I VU P
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= L. gPar 3
T\-ijk 3151jk°‘pf3q‘0’r

} =g (g By * Au¥sa * VX fr ™ Ty f3%k ™ B ¥ T X1 ¥ 5AdN

f 15 not zero and satisfies the equation

_ .
‘.' (8.6) Tl'i:jk P~ = 0.

' In a coordinate system in which P has the coordinates (1, O, 0, 0) this equation,
‘ together with the skew-symmetry of Trijk’ implies that the only non-vanishing
components of Trijk. are Tf23h and the ones obtained by a permutation of these
indices. The same result holds for ‘P,ijk and hence
U
(8.7) Wise = P Pijx .
Tn equation (8.7) we must remember that Aif Pi, O(i, ﬁi’ and Xi are
of weight zero, then gijk is of weight -1 and -‘Tijk is of weight zero so that /0
misttransform as a relative scalar of weight +1. We could, for example, pub
p=a (-g)“".‘ where g is a scalar of weight zero.
Two points, P and Q, of R, determine the line joining them, and this

3
line has the contravariant Plficker coordina‘bes%

% A discussion of thesé coordinates is given in Veblen and Young's "Projective
geometry®, Vol. I, p. 327.

(8.8) ot = pigd - ¢lpd

Replacing Pi by P+ )\Q:L in this equation does not change the value of p:Lj
and since a similar result holds for Q" the homogeneous coordinates le do not

depend upon which points on the line are chosen to define it. In particuilar,

we may take P to be the point in which the line intersects the plane § and

then p:l":.l ’gj = (Q:l 'gj)Pl. Hence pij §j is the point in which the line p:l':l
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intersects the plane gj and the condition that the plane contain the line is
8. Vg, =o.
(8.9) : PUEy

Similarly, if 5 and 163'. are planes which contain the line PQ, co-

4

variant PlHcker coordinates of the line are

80 s = . s - » .
(8.10) Uy = X3 B3~ Pioy
Then 9 5 is proportional to the tensor 55.;] defined by

_1l, xl
ij 15kl P

as 'we readily prove by taking the coordinates of P and Q to be (1, 0, O, O) and

(8.11) P

O o

(0, 1, 0, 0) and of X and 8 to be (0, 0, 1, 0) and (O, O, O, 1). The tensor

;ij is said to be the dual of pi'j and %ij (cf. (7.6)) is the dual of qij' The

term "dual® is appropriate since the principle of duality in a projective (of
vector) space implies the existence of the two sorts of coordinates. If we apply

1]

*J and hence the dual of Eij is p™.

the rule (7.6) to Bij we recover p

The coordinates of a line, p:f:’ a satisfy the equations

ije _
(8.12) 1Y ij 0,

since the left member is just
';'. €ixln ot pm
and for fixed i and k = 1, 2, 3, L this is the expression for the minors of the matrix
s e s i S L
pt p° p3 pl .
ot Q? o o

We shall now prove the converse proposition, namely,_ that if an arbitrary skew-

syrmetric tensor not equal to zero satisfies (8.12), its components are the
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coordinates of a line.

From (8.12) it follows that the sum of the nullities of Il piju and
nﬁ jk" is equal to or greater than the range of('the index j and hence rank
Ilpi'jll + rank “53’1{" < k. If rank | pij” = 1, the equations pij gj = Q
have three independent solutions » and after a suitable transformation of
coordinates we may take these solutions to he the unit vectors 5 52 5 and,

63 Then p* i, ;) 12 p13 0, and since pm‘

= 0 on account of the skew-
symmetry, we have p:'"j = 0, contrary to assumption. Hence rank | pj"j N = 2.

“A similar result holds for p. i3 and consequently rank Ilpijll = prank llp 13 =2,
The equations pl'] g = 0 therefore have just two independent sélutions a.nd if
we choose the coordinate system so that they are 53 and Sh

J . !0( 61 53 81 53) and hence represents a line. In the same coordinate

system p.j = o°( 53 5); - 8:1: Sg) and so corresponds to the same line as does
ij

~

b
In this argument we have not made use of the relationship (8.11) be-

tween pfLj and ]gij and we have therefore proved that if p:.Lj and Eij are skew-
symmetric tensors different from zero and

(8.13) P, = o,

then pi':i and 51 3 are coordinates of the same line..Ir.xdeede by an entirely
similar argument it is possible tb prove that if p 12"t ta and qil 2“'lb

are non‘-vanlshmg skew~symmetric tensors which satisfy the equation

Tlgeesiz v
ad1dp-1
then p and § are coordinates of the same linear space of (a-1)-dimensions in a

(8.14) p = 0, with atb = k, (1),1p,000 = 1,2,...,k)

projective space of (k-1)-dimensions.
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Equations (8,13) are equivalent to

; e

] (8.15) q Py = O

as follows readily from the identity

: s U . . v

, 8016 J . + jv E- - & pq i
 (8.16) xiYJk e -2 @) 8]
| which holds for arbitrary skew-symetric tensers X9 (= -x9%) and ¥V (= -x3%),

" To verify this identity we use (8.11) and its inverse, which is of the form (7.6),
to get

3¢ i_.paldy .1 g8
xix:)ks'ze qu 2 e:lkrs}Zr

Hl

pqi
s %o

(8.17).
‘, E-Ll-(sphq52+ S0k Sz + 875 8% T

oyl 1 1

Putting X9 = ¥ = p1d in (8.16) gives

E (8.18) I SR L LS

and hence (8.12) is equiva.lent to
©.19) o'y =3 ei.:]kﬂ bl )y (pi%% pPp2 4 pp23) w g,

' This equation is thm'efor? the necessary and sufficient condition that piJ be

' the coordinates of a line. The condition for the lines with coordinates pid

and qij to intersect can be shown to be
; iju
(8.20) P7q4 = O |
To interpret the covariant tensor Py j geometrically, we observe that
| mltiplying (8.8) by g, g)y nd suming gives
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(8.21) Py =P -4
and hence Py ) are the covariant coordinates of the line polar to pi:j with

respect to the quadric. The line p:Lj intersects its polar if

1]

(8.22) ) 0

pij =
and so this is the condition for le to be tangent to the quadric. The line
will lie on the quadric if it coincides with its polar and the condition for

this is (ef. (8.13))
(8.23) Pp gy = 0o
Thls condition is not satisfied by the coordinates of any real line.

THE SPINCOR CALCULUS IN Pl
9. In the complex projective line the hyperplanes are themselves
points and.therefore a point is equally well represented by its contravariant

coordinates (\Pl, \Pz) and by the coefficients of its equation
(9.1) iR + X2 = o,

Indeed, we have anticipated this result by writing the coordinates of a point
with the indices in covariant position. In order that (9.1) shall be the

equation of the point (\Pl, \FQ) it is necessary and sufficient that

1
(9.2) ff—%’;—i.

This relationship can be expressed in terms of a rule, analogous to (7.2) and

(7.13), for lowering and raising indices by means of matrices || €p  and lleABll

defined by the equa'tions*

% The left and right indices will always refer to the rows and columns, respectively.
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lEugh =] v

The covariant components of a point are related to the contravariant

]=ue

ones by the formula

(5.4) Vo ExV-

In Rh we had two methods of converting contravariant indices into covariant
ones. In Pl’ however, we have no fundamental quadratic form and so the rule
(9.4) is our only way of lowering indices. For this reason we write Yy, for
the left member of (9,L) instead of un , @s we should do by strict analogy with
(7.2).

The equations inverse to (9.h) are

(9.5) Y= eBA"’B

in which it is important vo notice that we sum on the first index of eBA.

The proof that (9.5) is inverse to (9.L) is contained in the equations,

BA

(9:6)  wh= ePyg= e e 0= s24F

It follows at once that

0.0 ¢tyy=- ', andnemce yhy, =o. ~
Moreover,

(9.8) €Eno Sg e’ - - Si,

where

(9.9)

st 0




TRANSFORMATIONS OF COORDINATES IN Pl

10. A transformation of coordinates in P1 is given by equations of

the form
o 4B
(10.1) XA = % XB

where |t§| # 0. The equations

#* B
Xy = fotAXB

f geneous coordinates (o-X,, o~ X,,) and therefore define the same transformation
| 1° 2

i of coordinates.

In every pencil of non-singular matrices || /oti I} there are Just two

mimodular ones which are
(10:2) P = B¢

Whefe t = l'bfl and the two values of || SE || arise from the ambiguous sign of

t .+ For the purposes of projective geometry we could therefore restrict our-

selves to the transformations of coordinates

%*

(10.3) W, = sy

with unimodular matrices. We however find it advisable to make use of the

(10.3) and the transformation
% _ ,1/2
(10.1) v, = 2y,

which multiplies the coordinates of each point by a factor but does not change

the coordinate system.

We may achieve the effect of restricting ourselves to the unimodular
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with f; a complex number # d, determine exactly the same permutation of the homo-

general transformation (10.1) which is a composite of the coordinate transformation
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transformations (10.3) by assigning a suitable weight to LPA' Thus if 7 A
is of weight - ;;—; its transformation law is '
1
. #_,B 7% _ B
(10.5) Wy T Bt T S
Similarly, a geometric being \l/A of weight "Ji will have the transformation law

(10.6) \PA* } T;};\,/13,61/2 _ Sf};q/B

where

» B_ ¢4 B_ ¢A
(10.7) ™ = S5 amd  Shsg = S
The formla for the expansion of a two-rowed determinant is analogous

to (7.1), and therefore the transformation laws of e’ and e Ap 2T

c,D -1 _ _CD
(10.8) 'bK'bB eCDt = eAB = s,8p eCD
' and
(10.9)  TorE e P = €*P = sisp e

| from which it follovs that €0 is of weight +1 and €, is of weight -1.
Hence the weights +3 for \}/A
(9.4) and (9.5).

The geometric being which has the components (\Vl’ ‘Pg) is closely

and ".'lz for WA are consistent with the rules

analogous to & covariant vector in the sense that we have used this term, but

the coefficients of the transformation (10.1), or (10.3), are complex instead

. of real. This allows the more general transformation law .
#* _ .B wed

. (10.10) Wy = tAL{/Bt t

for a geometric being with components "//A’ In (10.10) we call w and d the

- weight and antiweight, respectively. When w = d the transformation may be
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s _ L
‘ written as L,UA& = t.z ‘#B |'l',|2W where |t| = (+ t) is the absolute value of the

determinant, te In this case Y, is said to be of absolute weight 2W.

A geometric being with the transformation law (10.10) is a particular
instance of what we shall in the next chapter define€ to be a sp:‘mor. Whatever
the values of w and d in (10.10), W  Still represents a point, but we shall
wsually take w = -.-;%, d= 0.

A less trivial instance of a spinor is the georﬁetric being defining

-

an antiprojectivity. Thus if an antiprojectivity of Pl has the equations

- .B
(10.11) QJA = PA q/B
in one coordinate system, then in a coordinate system related to the first by

(10.1), it will have the equations

' = % _ ., B¥ ¥
(10.12) A" PA \.}JB
P B
where
B +€ . D . B .c-w yrwd
(10.13) Py By Py Tp b ¥

and v and ¢ are the weights of gﬂA and w and 4 of \;UA. We. shall usually take
vEw= -i and ¢ = d = 0, so that (10.13) may be written

Bt _ =C , D B,
(10.1L4) Pio =5, Py Sp 3

with these weights the normalization \PABl = 1 is invariant. The placing of

the dot over the index C in (10.13) or (10.1}) serves as a reminder that a bar

is to be placed over the carresponding tz or sg in the law of transformation.

Equations (10.13) are of a more general type than is encountered in

the ordinary tensor calculus in that they involve not only the components of

l\t‘g I but also the complex conjugates of these. components. This possibility
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does not arise in tensor calculus, which refers to real coordinates and real

transformations. We shall consider spinors having a transformation law of the

type
B.o.éﬁto. P ‘X'- PQcalééuoo .o B
(10,25) x* FFeo,GH.vo - % TU...WI@..T% Tqe -
=C = T .U =V =W w=d
i TgtE te e By Bge . £

It is always possible to choose the weights w and d so that the transformation
can be written in terms of the unimodular matrices || sg il and | Sg | and we
shall usually do this.

The raising and lowering of dotted indices is accomplished with the

aid of spinors e?B ang €;p by the rules

' A_ _BA _ _ ... B
(10,16) Vo= €Wy and yp= ey
where

' B > O 1
(10.17) netBy - l

= el .
o e

These rules are consistent with the antiweights +;}: for contravariant dotted

indices an ".'li for covariant dotted ones since éAB and € :: have the trans-

AB
formation laws

- mA ~B oCD _ _AB_ _CD A =B
(10.18) E T P - efP- PP
and

“1 ¢ D ~C =D
(10.19) T %% €., =

a% Cep = i € sa Sp
and hence have the antiweights +1 and -1, respectively.
We also need to consider spinors having some indices which refer to a
coordinate system in Rh and some which refer to a coordinate system in Pl

For example, the coefficients of the fundamental equations (L.7) transform

under (6.1)‘by the rule
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(10'20) giAB = a gJABa

and under (10.1l) by the rule

L
Fegoa B D472 E R

EiAB ~ Bi(D A “B
(10.21) o D
gi6p Sa SB

INVOLUTIONS IN Pl

1l. Using our rule for raising and lowering indices, the equations

of a projectivity in P, may be written in the four equivalent forms

1
(11.1) (PA = PAB\{/B, Py = AB\PB’ ¢A = - PAB Wos and ¢A = - PABWB,
where if || PAB\\ = “: g”, then
2w = gl urPuo= |5 )l wa g2t o= {172 2

respective/ly. It is to be observed that the order of the indices distinguishes

i
[ PAB from PBA. Under the transformation of coordinates (10.1) the equations
i
|

of the projectivity become CPA* = ABé B¥ here
* C 4D .a-p
(11.3) P = 1 PO 4] £9P,

if p and q are the weights of q/A and Q)A,, re:spec‘bively, and their ar;‘bi—

;

|

i weights are zero. Taking q =p = :7‘: s PAB and PAB are of weight zero, P,
E is of weight -1, and P*B is of weight +1. The normalization IPAB[ = +1 is
F
|
!

invariant if the weight of PAB is zero.

The matrix | PAB | will define an involution if PAB PBC W C
-py and 1P is not a multiple of |5 3 |- et is,

PN b(at+d)
(11.1) “ s : ZH - , r \,
c(a+d) be + d

i
F
-

———
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or a +d = 0. This is expressed in convenient forms by the equivalent equations

(11.5) PAA =0, or P, =P,.

The point \p will be invariant under the progectlv:Lty (1141) if and

only if (pA /oWA This is equivalent %o \// ¢A = 0, or

(11.6) Py WP =r (2 s, + Pyt WP+ P (0 2)? -

A1l the coefficients of this quadratic equation vanish only when PAB iz a multiple

of € AB and in this case the projectivity is the identity. Otherwise a projectivity
has Just two invariant points which are distinct when the symmetric matrix
e 2 ¥ PBA" is non-singular and coincident when it is singular,.

We can always express the coefficients of a projectivity in the form

l C
(11.7) Pap= U * 3P €4p
_ 50
Since P, - PBA P’ €,ps we have
— 1 =
(11.8) Up 5 (PAB + PBA) Qpa

and so with a projectivity P there is associated the uniquely determined involu-
tion Q. The double points of P are the same as those of Q.

The invariant points of an involution completely determine it. For,
the roots of (11.6) determine its coefficients to within a common factor and the
additional condition P

12 le gives "PAB I to within a factor. Indeed, the

projectivity defined by

(11.9) Y~ Yafpt Aply

is the involution which leaves of and p invariant. Since

(1.20) By~ Xypp= (B “ot ) € sp

the involution is also given by
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(11.11) Q

- C .
hp = Wy fp * (BAc) e,
or by
B _ aC
(11.12) Qp = 2B4%p gﬁ %) €ppe

A singular projectivity (#0) is of the form | pogl and if this is
to be an involution (that is to say, symmetric) we must have og = A Pp Putting

L \\E s . .
N (—2--) /O 5 the general singular involution is

and this is just what we get by put’cing./SA - &, in (11.9). This singular in-
volution carries every point, except f » into X .

Two points, XA and YA , determine the homogeneous scalar XA‘YA the
vanishing qf which implies the coincidence of the points. If the scalar does
not vanis'fl, its value is changed when the coordinates XA are muyltiplied by a
factor. Four points, however, determine the absolute scalar
(@R (¥R A

(g% ay)

which is called the cross-ratio of the four points, ( «4). The value of A
: Wi ¥4

(11.1h)

is invariant under transformations of coordinates. Moreover, since the right
member of (11.1l;) is homogeneous of degree zero in the coordinates of the
points, the value of X"depends only on the points and not on the coordinates
chosen to represent the points. Under a projectivity a set of four points goes
into a new set which has the same cross-ratio as the old, but under an anti-
projectivity the cross-ratio is changed into its complex conjugate.

If ?A = QABL//B where QAB is given by (11.9), we have
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A B
(
(11.35) (@7 ) (W™ ,8p) -

é
]

(¢ a) Py
When this relation holds, the points c)ﬂand W are said to be harmonic conjugates
with respect to of and /5 . Since (11.15) determines (}A as a function of \,UA to
within a factor, the involution with invariant pointsq and Ia may be defined
as the transformation which carries any point into its harmonic conjugate with
respect to the pair of points, ¢ and /6 °

A projectivity which interchanges two points is an involution. For,
by a suitable choice o.f:‘ coordinate system we may take the covariant coordinates
of the points to be (1, 0) and (0, 1) and then || PAB || will interchange them only
1 2

if Pl = P2 = 0. This jmplies the invariant condition PAA = 0, which characterizes

an involution. TIndeed, the projectivity

. Qp = Ax @ *H Ay fos

with A and M arbitrary complex numbers #0, is an involution which interchanges

(11.16)

o and/é « 'The most general projectivity with this property is of this form.
For a projectivity is determined by the fate of three points and if A and M

are solutions of the equations

(11.17) Moy, Og™) + s, (B5D) = 7) 5
Q will carry ,/5 s and g into B ds and 7 respectively, where € and 7)
are arbitrary points distinct from both o and /3 .

It is an important theorem that every projectivity in Pl is the product
of two involutions. We prove this theorem by considering several cases. The
identity is the square of an involution and we have seen that any other projectivity
has just two double points, which may coincide. Hence it is sufficient to consider

projectivities with two distinct double points, non-singular projectivities with
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one double point, and singular projectivities.
If the distinct invariant points of the projectivity P are a and b, we

let A and /5 be a pair of points harmonic conjugate with respect to them and

define Ql to be the involution with double points ! and /3 . Then, denoting
the projectivity which results from following P by Ql by QlP , we have that

QP interchanges a and b and hence is an involution, Q2. Since Ql2 =1,

-—

|
il - - Q12P = Q,Q, ad P is the product of two involutions.
If P is non-singular with the single invariant point a, we take & %o

be a point distinect from a and call /3 = P the transform of X under P. Let b

be the harmonic conjugate of a with respect to o and /6 R Ql the involution with

double points a and b, and Q2 the involution with double points a and /3. Then

- }QQQ]_a = a, Qngo( = Q2 V- 3+ Moreover Q2Q1 cannot leave invariant any point

¥# a./f.jor Qle ¥ =¥ would imply le' = Q27)’ and Q; and Q, would both inter-

il

change ¥ and § le . This and the invariance of a under both Ql and Q2
would imply Ql = QZ’ which is false. Hence, P and Q2Q1 each have the single
invariant point a and each carryol into /3 . Reference to a canonical coordinate
systcim now easily gives P = Q2Q1°

A singulgr projectivity is given by a matrix I o A/BB" and if ¢ and /8
are distinct points this is the product of the singular involutions Il AO‘B“
and || /SB/eC | «+ When the projectivity is a singular involution, |« AO‘B" s it is

the product of llO(AO(Bl\ and \IO(BD’C + b’%{cll , where ¥ is distinct from &

ANTIINVOLUTIONS IN Pl

12. An antiprojectivity y—> (P may be written in the four equivalent

forms

(12.)§* = PAﬁ‘PB’ Py = PapV’s §y - i e and gt = - PPy,
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the components of the four matrices being related as in (11.2). If we take both

¢* and @A o be of weight  and antiweight zero, we mist take P %o be of

weight - %—‘- and antiweight + -;2, PAB to be of weight + % and antiweight - 1

to be of absolute weight -1, and P

3 Pip

to be of absolute weight +1. With these

AB

weights the determinant of each of the four matrices is'invariant and a
normalization such as |PAB\ = 1 is preserved under coordinate transformations.

The invariant points of the antiprojectivity (12.1) are given by

. JAWB .
(12.2) P PP = 0.
If we put
‘ = l 3 —o 1 e - 1 . - -. '
(12.3) HAB = '-2- (PAB + PBA) and:.KAB = -2- (PAB PBA),

then “HAB | and "KAB“ are Hermitian matrices and
(120)4) I PAB = HAB + i KABO

Equating the real and imaginary parts of the left member of (12.2) %o zero gives
A B —A B
(12.5) HigV "¢ =0 and K3y~ =0,

Representing the points of Pl by points of the xy-plane as in §2 by the equation
(ef. (2.3))

2
(12.6) —-Y-:-L-—:-f—;-=z=x+iy
pr T V2
(12.5) are the eguations of two circles (real, degenerate, or imaginary) in the
xy~-plane. (In the special cases in which HAB =0 or KI&B = 0, one of the equations

is satisfied identically and there is only one circle.)
If the two circles do not coincide, they may intersect in two points,
be tangent, or fail to intersect, and the antiprojec:'tivity will then have two,

one or no invariant points, respectively. From (12.l;) we see that




1-43

(12.7)  (\+ 1pPip = (NHjp = MK;D) + 4 (NKjp + pH: D),
- and hence the homogeneous components, || /o PAB Il , of an antiprojectivity do not
determine a unique pair of circles (12.5) but only the pencil of which they
are members.

If equations (12.5) define one or a pair of coincident circles (real
or imaginary), and only in this case, the antiprojectivity will be an anti-
involution. For, if “PAB || = ”i g" s the antiinvolutions are characterized

by the matrix equation

a b a b 1 0
2 [ T
¢ d c d f 0 1
and multiplying both members by “ —S _z ll = transpose || PAB [l gives
a b -d b
~(ad - be) I ‘
- c d c -a

Ve

using the fact that (P]'BD)(PBA) - - lPEF] &S AD), ~= transpose. Thus

(?DC) = -———:ﬁ-—-— (PéD). Lowering the index D we find that a non-singular
B
)

antiinvolution therefore satisfies the equation
(12.9) ip = O"PI'SA
where g~ = -~ 5.(—1% g and it follows from (12.3) that the two circles (12.5)
coincide. Taking the determinant of both members of (12.9) we see that
o = 1, so that
N
=2 5, . 1/2 .
o iR~ O PBA
LY
and hence || ¢2 PAB \\ is Hermitian. The matrix defining an antiinvolution is

therefore proportional to an Hermitian matrix and conversely every Hermitian

matrix defines an antiinvolution.
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A non-singular antiinvolution is of one of two kinds according as the

\

Hermitian matrices defining it are indefinite or definite. The discussion of
§1 proves that a su.i’oa‘ble cho:’Lce of 'coofdinate system will allow us to take
the equation of the invariant circle to be \T/l \‘/l - CPQ \};2 = 0 or

CPlkPl + @2\/’2 = 0 according as the antiinvolution is of the first or second
kind, respectively. In terms of the non-homogeneous coordinate z, these
circles are zz = 1 and 2z = -1, and the corresponding antiprojectivities are

w=-:l:andw=-
3

*

Nt

A singular antiinvolution (#0) is of the form J i’gB and (12.8) now
implies 5('%83 (o B/ch) =0, or By =Q%,. Hence the matrices defining the
singular antiinvolution are proportional to || X A O(B“ and the anbtiinvolution

carries every point, except  , into (.

The antiinvolutions which leave two points, say o and /3 , invariant,

correspond to the circles through ¢ and /6 . These circles are linearly de-

pendent wpon any two among them so that
(12.10) Py = A(o(A/sB * padp) + i u(&yfp - Brag)

is, for a suitable choice of the real numbers A and M any antiinvolution
leaving o and P invariant.

The involution with invariant points ¢y and /5 is the product of the

antiinvolutions (&'A IBB + FAO(B) and i(&A/ﬂB - /gAOIB)’ for

. = = y¢=B =B - s(=B 7
(12.11) 3oty B * SRRl @7 Bg = A7) = LA TFp (X ) po+ L)
Moreover, the singular involution O,Xp is the product of Ay /ﬂB + /§AO(B

and o A% pe Hence every involution is the product of two antiinvolutions.

We saw in the preceding section that every projectivity was the product of two
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i\, involutions and so every projectivity is the product of four antiinvolutions.
' Remembering that all the antiproj ectivities are obtained by multiplying the pro-
| jectivities by a single antiinvolution, we have the result that the antiinvolu- .

} tions generate the entire antiprojective group.

§ POINT-PLANE REFLECTIONS IN Ry

13. The antiinvolution

7] = . B 3 -o = »
(13.1) ¢A PABLF s with iB PBA’
induces in R3 the involution
(13.2) Y = Plj XY,

w;ere (cf. (5.7))
| i iAB ép

(13.3) P =g PepPip g -

since Pgy Pip = Pip Pgp is skew-symmetric both in the indices (AG) and in the

indices (BD), we have
(13.4) Pep Pip = Pip Pop * PEiC €mp

and multiplying by eAC 6BD and summing gives /o = - -2]-‘PEFPEF. Hence, substituting

from (13.L) in (13.3), we get

- s 1 - ’
(13.5) Po= Pt e -3 PR S,

L d

1 alB . . : )
where P~ = g Pip is the point of RB corresponding to P;o under (L4.5).

The involution (13.2) leaves P~ and each point of its polar plane, P,
invariant. For, from (13.5), Plej =% (Pk'Pk)Pl and, if xipi = 0,

pt

jXJ = - % (PkPk)Xl. An involution of this sort is called a point-plane re-
flection. To find the transform of an arbitrary point X, under (13.2) we

observe that the line determined by P and X intersects the plane P, in an
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invariant point, say Q, and hence (13.2) sets up an involution on this line with
the double points P and Q. The transform of X is then its harmonic conjugate
with respect to P and Q.

Two points on the quadric are interghanged by the involution if and
only if they are collinear with the center, P, of the point-plane reflection.,
Hence there is a real pencil of antiinvolutions which interchange two points

qA.ahd./sp and the elements of this pencil are

(13.6) Pip= >\o(A01B + By fos
where X andlkxare real parameters, neither of which is zero.

LINE REFLECTIONS IN R3

1. TIn equations (l?.ll) we expressed an arbitrary involution as the

product of two antiinvolutions. Moreover, since @QeAB f}iexB)GiAFb —/EKXB) = 0, the

éntiinVolﬁ%ions corrésponded to points of R3 which were conjugate with respect
to the quadric. Hence an involution in Pl corresponds to the product of two
point~plane reflections in R., the point and plane of one being incident with

the plane and point of the other, respectively.

Let us denote the two point-plane reflections by Pl and P,, their

2’
centers by C and D, and their planes by ¢ and d, respectively. Since the
point-plane reflections leave the quadric invariant, ¢ is the polar plape of
.C and d is the polar plane of D. The intersection of ¢ and d is a line, cd,
the points of which are invariant under both P1 and P2 and hence under their
product, P1 5 = Qs Moreover, P1 and P2 both induce the same involution on the
invariant line CD and therefore Q leaves each point of CD invariant. An

involution of R3 which leaves each of two skew lines pointwise invariant is

called a line reflection.
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To find the transform of a point X, not on CD or cd, we take the inter-

section of the plane determined by X and CD with the plane detemined by X and

!3 cde This is a line which intersects CD and cd in points E and F, respectively.
| Since E and F are invariant » the line EF is invariant and the line reflection
induces on it the involution with double points E and F. Hence, the transform

‘ t of X is the harmonic conjugate of X with respect to E and F. The line reflection

}‘ ‘ is therefore completely determined by the two lines which it leaves pointwide

h b invariant.

'| ‘ Picturing R3 as a Euclidean space, and the quadric as a sphere in i%,

i the line-reflection leaves invariant each plane of the pencils on cd and CD and

@@ hence leaves invariant two pencils of circles on the sphere. By our initial

| .construction ¢ and d cut the sphere in circles which intersect in the points Ai

|l 'f and Bi gorresponding to the invariant points ¥ A and /B A of the involution in
Pl' The planes on cd therefore cut the sphére in the circles through A and B

and the planes on CD cut the sphere in the pencil of circles orthogonal to the

| circles through A and B.

We can express the components, Qlj 5, of the line reflection in terms
| of the coordinates, gV, of cd by the formula

1 i _  id 1 p i

-' Indeed, if we choose a coordinate system in which the invariant points &, and

A

have coordinates (1, 0) and (0, 1), the corresponding points Ai and B:.L in
A : ’ TEE ;

] R3 are, from (1.8), . (o, 0, 1, 1), and = (0, 0, -1, 1). The coordinates

1 2 2

. of cd and CD are therefore




‘ 0 0 0 0
. £ 0 00 0

(14.2) "qlJ“= and ||q. || =
00 0 1 ? ”qlJH
0 0-1 0

Substituting in (1h.1) we get
00 0 0] 100 0
001 0 001 0
0 0 0 000 1

and so the collineation Y& = 2Qijxj is

(Lr.1y) Tr=xt, Pa-x2, B-%, -z

O O O O
C O O o
H O O O
O = O O

1]
-
O +H O O
H o o o

which is clearly the line reflection with invariant lines X

B == o.

FACTORIZATI/Oﬁ OF THE FUNDAMENTAL QUADRATIC FORM

15. TWe began this chapter by observing that the Herleitian matrices

of order two constitute a linear space of four real dimensions. If we combine

this result, as expressed in (L.7), with the theorem (proved in §12) that an

Hermitian matrix defines an aptiinvolution, we see that (éﬂBXl) (ngcXJ) is

a multiple of S'g for all values of the variables X~. Hence

=, ¥i BC,Jy _ i, ¢C
(15.1) €355 ) (g5 %) = p i XXS,.
To evaluate /oij XiX'j we set A equal to C and sum, getting

ied - i
(15.2) gijxlx 2 (oijxlx ,
since éiAB = g3, and
Ba _

(]5°3) giBAgj = gij’

on account of (4.8). Equations (15.1) are then
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| (15.1) Z(EﬂBXi?ngcxj) = gijxixj 52‘

Equating coefficients in (15.4) gives the important equations

‘ f (15.5) EiAngBC + 'éjABgch = 83 32-

H Equations (15.h) may be interpreted as a factorization of the quadratic form
J g xlxj into the product of two linear forms, 2 g, < AB 1t and (T 858 }{"j with
} matrix coeff:.c:x.en‘bs. We shall be able to write 8; 13 XJ‘XJ as the square of a

b single 11nea.r form if we combine Ng.s s iB il and llg AB linto the four-rowed matrices

: ° % Mg
. 81ip
, (5.6) ¥ =z % °

. “gj_AB“ 0 O

! b and observe that (15.5) and its conjugate implies

I

. (15.7) s b’J + XJ ¥i = Zgij 1.
| | Then (15.L4) may be written
|

(15.8) (¥ xH% = ginin 1




Chapter IT

UNDERLYING AND TANGENT SPACES

1. The space underlying the theory of relativity is the Minkowski
space which we will call Xh' It is a four-dimensional space in which the dis-:
tance between two space-time points (events) xi and yi is given by

(1.1) 5 = gy 6 - G - ).

The preferred coordinate systems of Xh are those in which the distance
formula (i.l) becones

(1.2) RS SRR O LN PO LR CuP e B

Cartesian coordinates are obtained from preferred ones by transformations of the

form

(1.3) . =¥ = A?;:xj + gl

where Ag and a* are constants and A = ‘Ai'_"\ # 0.
If the quantities Az.' are the coefficients of an extended Lorentz trans-
formation, the transformation (1.3) carries one preferred coordinate system:into

another.

Fixing an arbitrary point yi in Xh changes it into the space Rh con-

sidered in Chapter I for if we make the transformation to the Cartesian coordinates

il

(1.4) X+ xi—yi Yi=yi-yi=0

equation (1.2) bécomes

(1.5) 2= - @h2- @2 )2+ (2.

The transformations which leave the right member of (1.5) invariant in form and
the point Ya' = 0 invariant are just the transformations of the extended Lorentz

group. Thus the four-space characterized by the quadratic form (1.5) and its



preferred coordinate systems is Rh'
Allowable coordinate systems in Xh are obtained from preferréd

coordinate systems by transfarmations of the type

(1.6) = = #hx)
where fl (x) are analytic functions of x1x2x3 and x}4 such that
i
(107) Q—i:-l' % Oo
9 x

Since (1.2) defines the distance between two arbitrary points of Xh’ We may
employ this formula <in the usual way to define the length of a curve.

Thus the length of a segment of a curve is the integral of ds taken
along the sefment, where
(1.8) as® = - (&H)? - (@22 - (a3)2 + (a2,

~
In allowable coordinates this equation becomes

2

(1.9) & = g, 4 (x) dxdxd.

The quantities dx:L dxz_de and d.xll may be considered as coordinates in
a space Ty (x), the tangent space. Thus at every point of X; we have an associated
AN h

tangent space Th(x). The transformation (1.6) of Xh induces in Th(x) the linear

homogeneous transformation with constant coefficients

' g%
(1.10) axt® = OE_ 4
9=’
9 =¥ )

since the quantities are independent of ax’,

dxY

The point whose coordinates have the value (0, 0, 0, 0) in one coordi~
nate system in Th(x)'has these coordinates in all coordinate systems of Th(x).
We identity this point with the point xl ees x"1 of the underlying space and call

it the point of gontact of Th(x) and Xh' Because of the special role of the
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point (0, O, 0, 0), Th(x) is a centered affine (or vector) space in which the
length of the vector axt is given by equation (1.9). The points -of Th(x) which
satisfy the equation

ds? - g, dxt axd = 0

are said to be on the light cone. In a preferred coordinate system in Xh this
equation becomes
2
(1.11) _ (ah)? - (@D)? - (&2 + (ah? = o
Thus each Th(x) is a replica of the space Rh studied in €hapter I.

The geometry* of any space may be characterized by the class of pre-:

# Veblen and Whitehead, Foundations of differential geometry.

~

ferred coordinate systems in it and the pseudo group of transfbrmatiqns which
transforms one into another. In the case of the tangent space Th(x),"bhe pre-
ferred coordinate systems are the Galilean ones and the group is the extended
Lorentz "group.

From the relations between the transformations in Xh and Th(x) we see
that a general transformation in Xh induces the satellite Cartesian transforma-
tion (1.10) in Th(x). The only coordinate systems we will use in Th(x) are the
Cartesian ones.

Tt is possible to consider the dxi as the homogeneous coorc}n‘na‘bes of
the lines through the origin in ‘I‘h(x). As remarked in §2, Chapter I, these
1ines constitute a three-space, which will be denoted by f[_‘3(x). Since dxi and

dei correspond to the same point in TB(K) and since they also represent the

Y
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same direction in Th(x), ‘it is evident that T3(x) is the space of directions of
vectors in Th(x) . Thus at every point x of Xh there is associated a real pro-
Jjective three-dimensional space with a real non-ruled quadric, the space of

directions T3(x) .

SPIN AND GAUGE SPACES
2. From the correspondence, discussed in Chapter I, between Rh and
the complex projective line Py, we see that to every Th(x) there is associated
a Pl(x). That is, with every point x in the underlying space there is associated
a complex projective line Pl(x).
The points of each Pl(x) are denoted by the homogeneous coordinates

4(1#1, /‘//2)' A transformation of coordinates

*—-

(2.1) . Y £¢B 4{}* - T%#’B

where the 'bg are arbitrary complex numbers such that

B A = | LA
(2.2) o= 82 amd = [3] # 0
changes a given homogeneous coordinate system in Pl(x) to another such systemn.
Two pairs of equations like (2.1) represent the same transformation in Pl(x) if
their coefficients are proportional. All transformations of the type (2.1)

with proportional coefficients determine the same unimodular transformation:

@3 Yy =k P - sy

where

i~

A_ LA 1AL
(2.4) sp = 'l'.Bt and hence s |SB| 1.

These homogeneous coordinate systems are the preferred coordinate systems

in Pl(x). Any two of them are commected by the transformations (2.1) or (2.3).




fhe transformations (2.1) will be called general spin transformations.

The space Pl(x) differs from the tangent space in that there is no
singular point in it which may be tregarded as the point of contact with the
underlying space. Also the transformations in Pl(x) are completely independent
of the transformations in X) and of the satellite transformations in ‘I‘h(x).

Pransformations of the type (2.1) are generated by a unimodular trans-

- PR Tk R AT
el e e T ot S LA

formation of the type (2.3) followed by the transformation

o
I

i -
g
i
i
)
.

%-\—

(2.4) - % Y,

If we write

(2.5) t = rei®

where r and © are real, we see that the transformation (2.4) may be written as

the product of the following two,

(2.6) w,* = ¥y
and
(2.7) Y, =Y

The transformations (2.6) and (2.7) will be shown to be closely related
to transformations which we will call gauge transformations of the first and
second .kind respectively. Since Pl(x) is a projective space (‘;&l, ¢2) and
(t‘l)bl, t%) represent the same point in Pl(x) s hence the transformations
(2.4), (2.6) and (2.7) cannot be pictured in Pl(x).

However, the totality of transformations (2.6) is a group simply iso-
morphic with the group of rotations about the origin in a real Euclidean plane
and is multiply isomorphic with the group of translations of a real Euclidean

line into itself. Hence, if we associate with each Pl(x) a real Euclidean line,
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we can picture the transformations (2.6) as 'I:ransiations along this line. We
shall eall this associated space the gauge space of the first kind Gl(x) and

deseribe it by the variable x°. The transformations in Gl(x) are of the form
(2.8) x = x° + 0,

Similarly the transformations (2.7) may be pictured as translations
along another real Euclidean line which we will call the gauge space of the
second kind Gz(x). We shall describe it by the variable y°. The transforma-

tions in Gz(x) are of the form
(2.9) y°* =y° + logr.

Hence we see that the geqeral spin transformation of the type (2.1)
may be pictured as a transformation in Pl(x) followed by translations in Gl(x)
and G, k). ¢
Just as in tensor analysis wHere the geometry of all the tanéent spaces
is studied simmlbaneously by considering vectors which are functions of the
coord:ﬁj;gtes of the underlying space, we propose to study the geometry of all
the spin spaces Pl(x) gimultaneously by considering the'_';&Afs analytic complex
scalar funetions of xl x2 x3 xh and the transformation coefficients (2.1)
and (2.3) as arbitrary analytic complex functions of xl ves xh subject to the
conditions (2.2) and (2.h). Similarly all the gauge spaces Gl(x) and Gz(x)
are studied simultaneously by considering r and @ in equations (2.8) to (2.9)

‘ . as arbitrary real functions of £ ..e xh.

Tn the following we shall restrict ourselves to spinors of the form
_ JIx? JIy%. 1 L
(2.10) ’L/)A = e e fA(x eee X7)

where I is a pure imaginary number and J is real. Also x° dnd y° are arbitrary




real numbers; they are the coordinates in the spaces Gl(x) and. Gz(x) respectively. a

If we fix a point x in the underlying space, 17} and 7L? are homogeneous
coordinates of a definite point in the associated spin space Pl(x). That is,
equations (2.10) are another means of writing the infinite set (Joggl,joyké)
( P arbitrary) of homogeneous coordinates of a point in Pl(x), which is
specified as soon as a point in Pl(X) is. specii‘ied. Ir x° is given a-definite
value, that is, if a point in the first gauge space Gl(x) is specifigd, then the
argment of P is fixed. Similarly, if y° is given a definite value, thab is, a j
point in G2(x) is specified, the modulus of P is fixed. Hence assigning définite
- values to'x° and y© selects a partiéular pair of homogeneous coordinates of a
point in Pl(x).
DEFINITION CF SPINCRS

‘/3. A frame of reference is specified when we give an arbBitrary co=
ordinate éystem in Xh and a preferred one in each of the spaces Th(x), Pl(x),
Gl(x) and Gz(x). There is a change of frame of reference whenever the ‘coordi-
nate system in Xh or apny of the associated spaces is changed.

- A geometric or physical béing will for our present purposes be an
entity which has a unique set of components in each frame of reference. ‘The
components in two frames of reference are related by a transformation law,
namely a formula which gives the components in one frame in terms of the
components of the other.

Tensors are a spéégal class of geometric beings. Their transformation

law is such that only the change in reference frame produced by the transformation
(3.1) = 2 (x)

of Xh’ produces a change in the components of the tensor. Under the {ransforma-
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tion (3.1), the components of the tensor in the new frame of reference are linear

homogeneous functions of the components in the old frame , and the coefficients

13
are homogeneous functions in Sx. . The degree of homogeneity of these fumc-

9=’

tions is determined by the number of covariant and contravariant indices and the

weight of the tensor.

For example, the transformation law of a contravariant vector is

sy . . Qx*i
(3.2) v(x) = v(x) 2X
J
ax 5%
where the right member is a homogeneous polynomial of the first degree in T -
dx
For a mixed tensor of second order and weight w we have
. W
. * *
(303) Tl* - Tk axl axl Xx-m .
J 2 dxd” 9xk I
The right member is a linear homogepeous functions of Tk« and the coefficients are
P *i gL 255 | W
homogeneous functions of " since i = are homogeneous functions
951 X 9x Y dx

in of degree minus one and Lw respectively.

k
x

A spinor is a geometric being which has a transformation law of the
following type. It is a tensor under coordinate transformations, a scalar under
gauge transformations of either kind, but under spin transformations of the type
(2.1), the new components are linear homogeneous functions of the old components

and the coefficients are homogeneous functions in the ‘bB and 'EE . For example

A
_ . * _ 4B W
(3.1) P = uht
is the transformation law of a simple covariant spinor of weight w. The trans-

formation law of a contravariant spinor of weight w under the same transformation is

(3.5) W = By P

where




B_ A
Tgtc“gc:‘

The guantities EAB and £ AB which-we have used to raise and lower spin

indices are spinors of weight +1 and -1 respec¢tively. Their transformation laws are

(3.6) gAP o gAB . 0D Tﬁ TD ¢
* - C.D,.-1
(3.7) Eap = Eap= EptytptT

A spin ‘density may be defined as a spinor which transforms as a scalar
or weight 1 under spin transformations. If we require that this density R have
the value 1 in a particular gpin coordinate system, then in any other spin

toordinate system it will have the value

(3.8) Pt

where t is the determinant of the spin transformation which carries theﬁfirs’c. M‘
coordinate/ system into the second. From equations (3.6), (3.7) and (3.8) we ,
see that ﬁ& AB and 73;— f,AB will then have the transformation laws
09 prEg e pepd

(3.10) -P% il =)—,}'— e® 8 o,

That is, -j%—- CAB and jaé Ap e weightless contravariant and covariant
* spinors of second order respectively. They have been used by Van der Waerden

and Infeld to raise and lower indices in plage of 5AB and £ AB’

% Infeld and Van der Waerden, "Die Wellengleichung des Electrons in der allge-
meinen Relativit8tstheorie®, Sitzungsberichte der Preussische Akademie der
Wissenschaften, 9 (1933), 330.

From equations (3.h4) and (3.5) we see that the transformation law for

spinors of the type ¢i= 1?1& is
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¥ _ =B a
(3.11) @i =Pt
We have called the member a the anti-weight of the spinor QDA.

Since the geometrib transformation determined by the spinor PAB is

invariant, the equations

(3.12) NS T

in a new coordinate system are

= % %* ., B¥
That is, the spinor PAB has the transformation law
(3.1k) pir =P, E0 D 4V 2

AB CD A "B
where the numbers w and a are the weight and anti-weight of the spinor PAB’
These are go chosen so that the weight of both sides of equation (3,i2) are equal.
The above are examples of spinors which transform as scalars under
coordinate transformations. An example of a spinor which transforms as & vector.

under a coordinate transformation is one which .may be denoted by 3&&1. Under

spin transformations it has the transformation law

3 B ,w ra
and under coordinate transformations it has the transformation law
* axj
(3.16) Y~y e

»

Another example of this type of spinor is giAB. Under a spin trans-

formation it has the transformation law

(3.17) glAB* - glCD Té Tg ,'Ea 'bW

and under a coordinate transformation it has the transformation law

- bl

e




Py

- . . 3 3%

Ve iA. 5 -A l

(3.18) glAB* - B Bx

N . 9x’

The weights w and a of gJ‘AB will be chosen so that the quantities
_ iAB o

(3.19) 5 =gy

will be components of con'lj,ravariant vectors and thus be independent of spin
transformations. That is, if the weight of P AB is w and a then the weight of
giAB must be -w and -a.
GAUGE TRANSFCRMATIONS

li. The components of spinors are arbitrary complex functions of -
ch‘1, vees xh. They may also be functions- of the gauge variables x° and y° .
However, these variables will only be allowed to enter as factors in the form

o o !
eIx and eJy . Thus, for simple spinors we have

(L.1) ) _SDA - eIXO eJyo fA(x)

where I is a pure imaginary number (usually * y-1 or 0) and J is a real number
(usually 1 or 0), and fA(x) is an arbitrary complex function of (xl, ceoy xh).
The numbers I and J will be referred to as the indices of the first and second
kind respectively.

If we now make the gauge transformation of the first kind
" .
()-I.o2) x° = xo - G(X)

since spinors are secalars with respect to gauge transformations of either kind,

we have
' o o* o’
(13 9, ) = ) = o £ = ) g ) L T g My

where




(L.b) fA%(x) = eIe(x)fA(x).

Similarly under the gauge transformation of the second kind

(15) %% = 3° - log p(x)
we see that

2 < o¥
1.6 - e = %e) = Ve = 7 £
where
(b7) £,56) = Pl Ty

Hence under spin transformations of the first kind we see that the
geometric being whose components are fAEx) , which we will call the basis of the
spinor wA’ undergoes then transformation of the type (2.6). Under gauge
transformations of the second kind the basis undergoes the transformation of
the type (2.7). '

The spinors 6AB’ & AB? &AB and £M3 will be defined to be of indices
I=4J=0, Hence they will be unaffected by gauge transformations.

This implies that the spinors giAB and giB will have the same indices

(i.e. depend in the same manner on the gauge variables). Hence the quantities

(4.8) g = g™ gy

which are the components of the metric tensor of Xh (see Chapter I, section 15)
will have indices 2I and 2J, where I and J are the indices of g ip° If the

gij are to be unaffected by gauge transformations, then we must }}ave I=Jd=0.
Since the length of a vector in Xh must have an absolute meaning, we impose the
condition fha‘b the tensor gij is independent of gauge transformations; that is,

iAB

the spinor g has indices I = J = O.




Qo“-‘}é&&gfv
SPINCRS OF WELGHT - 5
5. If Yy isa spinor of weight w and anti-weight a and indices

ly

I=0andJ =0 sothat the components are functions of xl, esey X alone, then
in’ each coordinate system in each Pl(x) the components assume only one set of
values (—ga_L, —¢2) and this gives only one of the infinite set of homogeneous

. ' . . 1
coordinates (Joyﬁ, /)77”2) of a point in each Pl(x). In case w # - 3 and a # 0,

. when the multiplication spin transformation

3
is appliéd, the coordinate system in each Pl(x) remains unchanged but the com=-
ponents are multiplied by 0 . Thus the transformation (5.1) converts them into

s 3 3* . .
another  pair of numbers (‘L,Ul s Wo ) which constitute another selection of a
particulaz; pair out of the set of p:-.xir‘s ( f%’ f)z//e).

In case w = = %‘ and a = 0, the spinors IPA have the transformation law
1

- =z
(5.2) : . ’LPA* = ‘l'[JB i + = Z'ﬂB Si .

That is, the simple spinors of weight - % are the substratum of the unimodular

"‘
:
5
o
L1
ot
.
35 O
i
(3.
A
!
¥

group in Pl(x) . Since the only multiplicative spin transformations in this
X

group are +1, the general transformation (5.1) cannot be applied to spinors of
weight - %. Thus in this case the components of ;pA are not, strictly speaking,

homogeneous coordinates in Pl(x) , but give a particular choice of one pair of

numbers (zh, 7#2) from the infinite set ( f’y}l’ /03&2). Thus, specifying a

!

point in each Pl(x) specifies the spinor ¢A completely.
chever,' simple spinors of weight - % and indices I, i and J = 1 are
homogeneous coordinates in each Pl(x). This may be seen from the fact that in

each frame of reference the components ¢A are of the form
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(5.3) v, = & e L

where x° and y© are arbitrary real numbers. If we apply the two gauge trans-

formations (4.2) and (L4.5), (5.3) is changed into

(5.1) ’()L'A* - eyo% ej_xoez- fA*(X) - vA
‘where
(5.5) £, = peor, (x).

The basis of VJA* is a multiple of the basis of %' However -‘DA* = T/JA
since spinors are scalars under gauge transformations, hence in each Pl(x),
(1#1*, 1702%) are the same homogeneous coordinates of the same point as (;pl, 7&2)
in the same coordinate system. y"

In case of a spinor of this type, specifying a point in each Pl(x)
determine; the components in the form (4.10) with x© and y© variable. If in
addition a point is specified in each gauge space, the numerical value of the
components ’SI/A is fully determined.

The spinors of weight - % and indices I = 0, J = 1 evaluated at a
point x of X):L’ determine a singly infinite subset out of the doubly infinite
set of homogeneou‘s coordinates of a point in Pl(x) s since the components

are of the form
(5.6) Y, = n®

where y© is arbitrary and real. This subset is the set (kz)pl, k%) with k

real. If we apply the gauge transformation (4.5), (5.6) is changed into
* % %
(5.7) (NECAENCY

where
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¥*
(5.8) £," = piye

The basis of VJA%- is a real multiple of the basis of WA‘ Again, since

#* . 3 2% .
’l.//A = ‘gpA, in each Pl(x), ("ul , ‘;&2 ) are the same homogeneous coordinates,
selected from the subset of all homogeneous coordinates, of the same point as
("Vl, 'L/Jz) in the same coordinate system.

The spinors of weight - %—' and indices I = i, J = O evaluated at a point

x of Xh form another singly infinite subset of the doubly infinite set of homo-

geneous coordinates of a point in Pl(x) » since the components vA are of the form
= o1x°
(5.9) Yy = £,

where x© is an arbitrary real number. This subset is the set (ele';ul, eig¢2) where

0 is real, If we apply the gauge transformation (L.2), (5.9) is changed into

e

(5.10) Wy = e 1, %)
where
(5.11) - £,"(x) = eiei‘A(x).

Thus, the basis of 14, is the basis of 7, multiplied by a factor of absolube
value one., Since ’QPA* = % in each Pl(x), (%*,. “pe%) are the same homogeneous
coordinates, selected from the subset of all homogeneous coordinates, of the same
point as (7//1, ;//2) in the same coordinate system. :
The space underlying the Pauli quantum theory of the electron is the
infinitely many dimensional space Poo formed by taking the direct sum of all the
associated spin spaces Pl(x)o The physical states of any quantum mechanical
system are represented.’by points in this space. The coordinates of the points

in this space are normalized so that an infinite dimensional hermitian form is

always equal to one. Two points are to be identified if the functions which
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represent them in a given coordinate system have a ratio of absolute value one.
This is, the space Poo is a projective space where only a singly infinite subset
of the doubly infinite set of homogeneous coordinates is used. It is the same
subset which in the case of Pl(x) we have described by means of spinors of
weight -~ % and indices I = 1 and J = O. In the following we shall restrict our-

selves to spinors of this type.

SPINORS OF OTHER WEIGHTS
6. The same subset of the infinite set of homogeneous coordinates may

be described by the spinors of weight -1/l anti-weight -1/L, and indices I = J = 0.

This may be seen from the transformation law for these spinors. It is
L

a2
v

L
¢ B "_4 - ¢ - B
(6.1) ‘QZ/A —%BtAt t —-y/B Sy
where 7 )
L
B_ ,B T2
(6.2) s, = ¥, It

and the bars denote the absolute value. That is, spinors of weight -1/l and
anti-weight ~1/Li are the substratum of the linear homogeneous group in Pl(x)

with determinant of absolute value one, since
(6.3) s =1/t = s

where (P is arbitrary.
The only multiplicative spin transformations of this group are of the

form (5.1) where o = e° that is
*_ 16

(6.5) v, Y,

Hence the numbers (*(’Lj_%, Zp2*) are another selection of hemogeneous coordinates

. . 1 i . on
of a point in each Pl(x) out of the subset (e q)‘gul, e (%pz) of the infinite set




of homogeneous coordinates.

The spinors of weight -1/, anti-weight -1/L, and indices I =0, J = 1,
are homogeneous coordinates from the latter.-set since in each frame of reference
they are of the form (5.6). Thuo if we have the homogeneous coordinate (y/l, —902) .
and wish to obtain a new pair ( jm#l, ,/O-W2) , Wwe need only make the mulbiplicative
spin transformation (6.4) where 6 = jD/j'5 and choose a new y'° so that
y°' -y°= 1ogf}<—>75ﬁ. This implies specifying a new point in G2(x) and is not a
gauge transformation.

Similarly the subsets (ky/l, k%) s k real, of the set of homogeneous
coordinates may be described by the spiners of weight -1/li, anti-weight +1/l,

and indices I = J = 0, Thelir transformation law is

(6.5) A

where now
‘ i L
. B_,B, ¥+¢4
(6.6) S, = 'bA t .
We note that
. 4L L ¥
(6.7) . s=t*%t* = [t >0 and real.

That is ,'these spinors are the substratum of the linear homogeneous group in
Pl(x) with real and positive determinants. The only multiplicative spin trans-

formations are of the form (L.8) where "= » and r is real, that is

(6.8) %;* =rY; .

Hence the numbers (‘g&l*, ;&2%) are another selection of homogeneous coordinates
of a point in each Pl(x) out of the subset (k}Li, k;yg) k real, of the infinite

set of homogeneous coordinates ( flpl, f)y/Z)’
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The spinors of weight -1/L, anti-weight +1/L, and indices I = i and
b J = 1 are homogeneous coordinates from the latter set since in each frame of
reference they are of the form (5.10). Thus if we have the homogeneous coor-
dinates. ('5[/1, -(//2) and wish to obtain a new pair (jolpl, /°7;p2) we need only
make the multiplicative spin transformation (6.8) where r =\/—E/? and choose
3 new x‘t so that ei(xo'_xo) = \/}’7/‘? . This implies specifying a new point

in Gl(x) and is not a gauge transformation.

| SPINCRS OF INDICES I # O and J = O
7. The equations derived in Chapter I to express the corréspondence

between points in Pl(x) and-vectors on the light cone at the point x of Xh are
L] - iAB—
(1.1) T - U |
| 1f 1, 16 a spinor of indices I # O and J'= 0, that is if it is of the form
h oﬂ Ix°
(7.2) Y,y (x% x) = e £,(x)

and if %(x°, x) is a solution of equation (7.1), then_sz(x‘_’ + k, x), where

f k is an arbibrary real number, is also a solution gif'equations (7.1).

‘ Thus the correspondence is (1-1) between null vectars in Xh and spinors
: of the type (7.2). These spiﬁors characterize the single infinite subset of the
doubly infinite set of homogeneous coordinates of a point in Pl(:;) , namely the

- set (iIx"%’ eix%) where x° is an arbitrary real number. For, if in a _

| definite frame of reference, Wwe specify a point x in X) and a point x?ﬁﬁ-‘»c@i(x) s

', then a numerical value of ¢A is obtained. If we change the value of x° th,en

- the numerical value of % is altered but it is still in the same subset of

J homogeneous coordinates of a point in Pl(x).
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DIFFERENTIATION OF SPINORS

8s What we propose to do next is analogous to the treatment of
differentiation in the special relativity theory by limiting the discussion
to Cartesian coordinate systems in Xh' The partial derivatives of the com-
ponents of any tensor with respect to these coordinateg bebave like the
components of a tensor with one additional covariant index, under a Cartesian

transformation of coordinates.

For example
- 2.
= LJ
(8.1) » 853 1 _XE..

are the components of a tensor of the sert %ndicateq by the arrangement of in-
dices on the left-hand side of the equation. The equation (8.1) holds in all
Cartesian coordinate systems in Xh but not in general ones. The right—hand
member sabisfies the tensor law of transformation under transformations from
one Cartesian coordinate system to another, since the coefficients of such a
transformation are constants. But the tensor whose components are given in the
preferred coordinate system.by equation (8.1) is given in an arbitray coordi-

g nate system by a formula involving the Christoffel symbols of the gij's.

In a like manner we may write

¥
(8.2) %A,i B o

The right-hand member will obviously transform as a covariant vector under

arbitrary allowable coordinate transformations since ;bh is a scalar function

1 L

of x* to x7. It will also transform as a spinor under constant spin trans-

formations. Thus a spinor which is defined by equations (8.2) in a particular

coordinate system and spin frame is given in any other coordinate system and

any spin frame obtainable from the first by a constant spin transformation by
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the transformation laws (3.15) and (3.16).

In order to obtain the spinor defined 'by equations (8.2) in more general
spin coordinate systems, it will be necessary %o discxg.ss the covariant differen-
tiation of sp:'u;ors. This will be done_in Chapter III.

If ¢A has indices I = J = 0, then it is wnaffected by gauge trans-

formations. Hence under a gauge transformation we have
EA

Y o P
(8.3) T2 32 T Pt Vase

In case -z//A has indices T # 0 and J = 0, then under the gauge transformatien of

the first kind

(8.1) © x% = %0+ o(x)

the equation

8.5) - Yy = e 5, ()
becomes

(8.6) ) VA* - emo*fA%'(x)
where

(8.7) £ = e'Ig(x)fA(x).

From equation (8.5) we have

2 9f
(8.8) 2% _ gx° 7T
’ ox* dxt

From equation (8.6) we have
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3% #*
it N ST N~y (5 TS -YCO TN
-—-—-—-——3 3 =g ma;xi e 5 xi £(x

2% 1e(x) [ 95 ) 20
= @ e x —-———s—--axl -1 —9—;{ fA(X)

of,
eIX ( -T aer A_(x))
e e

In virtue of equations (8.8) and (8.6) this becomes

!

| IUr % 96

8.9 = -T

(8-9) Izt ax 9 ¥

or

(8.10) 2% 9%, +12 ®
9x 7= ax

Since the vector potential of the electromagnet:’_.c theory, Aj » May be
changed by the addition of the grac_iient- of a scalar without affecting the electro-
magnetic field corresponding to it, we see that it has in addition to the usual

vector transformation law the transformation law

(8.11) . A*"A"‘Q‘A“‘o
ox .-

Hence if (Pj is the vector A 32 and if A in equation (8.11) is identified with O(x)
in the gauge trapsformation (8.h), it is evident that

(8.12) % 195 = % I(pj*%*.

Hence, if 'sllA is a spinor of indices I ;‘ 0 and J = 0, the geometric being
2
(8.13) VA - I

transforms as a vector undm' arbitrary coordinate transformation as a spinor
under constant spin transformations, and as a scalar under gauge transforma-
tions of the first kind. It is unaffected by gauge transformations of the
second kind.
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We shall denote the differential operator h (-Q-- - I(pj) where h'

oL 9x9
is Planck's constant, by pj' Thus the quantity

pj?”A“"h"‘( %"I%%

2Ti
is a geometric being with the same transformation laws as those of the geometrie

being defined by the expression (8.13).

INVARIANT DIFFERENTTIAL EQUATIONS

9. The differential equations
where I and (/JJ. are different from zero, have no solutiens other than '(pA =
unless (Pj is the gradient of a scalar (that is, unless the electromagnetic
field is ans,ent).

However, the eé;ua‘bions

) J n [ % iz
(9.2) ’_d_.?_t__ B oeae [ —— . T, & =0
ds Ps¥a o4 < 9 xJ 5% ds

have solutions for arbitrary values of ¢ 5 Equations (9.2) may be considered
as the equatn‘:ogs for a displacemep'!:, of spinors glong a curve in Xh whose tangent
vectar is ox” o Then equations (9.1) are the equations for the displacement
which is iggependent of the curve in Xh'

Although the equations (9.1) have no solutions other than % =0
for arbitrary q) g the simplest linear combinations of these equations, namely,

. .3 2
(9.3) gJABPj"/’B - g% B ?PB - 9”53”3)

2ni
do have other 'solutions. By taking the complerx conjugate of equation (9.3), we have
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. 2 -

9.4 JBA h [ ZPB 1. =0

k) g 2TMi | 9%’ i %%

since EJAB = gJBA and since I is a pure imaginary number. Multiplying equation

(9.3) by -;T/A and equation (9.L) by ¥, and adding, we obbain

(9.5) ‘l,—U'AngBpjt//B * py @—AngB‘% =B -?; (?AngBZ/’B) =0

21
or
j

(9.6) ?—J-j- =0

Ix
where

. — siB, .

(9.7) 7=y et Y

From the fundamental correspondence ‘between .Th(x)!'and I_’l(x) discussed
in Chapter I, we know that the vectar Jl defined by equations (9.7) is the wector
on ’the light cone in Th(x) corresponding to the point whose coordinates are
(Z,Ul, 171/2) in Pl(x)». Since J* satisfies the equation (9.6) which is a continuity
equation, it may be interpreted as the current vector of a particle whose wave

| function satisfies equation (9.3). That is, J%x) is the probability at time t

* _that the particle will be found in the volume element bounded by the points

| X, ¥, 2 and x + dx, y + dy, z + dz; and 3t J2, ‘and 3> are the probabilities that
the particle will cross the yz, xz, and xy planes at (x, y, z, t) in unit time

. respectively.

However, since Ji is on the light cone, this particle travels with the
| velocity of light. The only particles treated in the physic_:al theories with

| this property are t.hg photons and neutrinos. Since photons, or the light fields

which they represent, are described ¥fully by the vector and tensor representations

of the Lorentz group (that is, have integer angular momenta), we see that the

spinor satisfying equation (9.3) probably does not correspond to a photon. It
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may correspond to a neutrino. If in quation (9.3) we set I = 0, it becomes the
équation for the neutrino used by Fermi,”

* E, Fermi, Versuch einer Theories der /s-strahlen, Zeitschr, f. Phys. 88
(193l), 161.

Since the spinor _giéB transforms as a contpavariant vector under
coordinate transformations, it is evident that equations (9.3)_and also (9.4) are
invariant under arbitrary coordinate and gauge transformations s and constant
spin tra.nsi‘onnations. Equations (9.3) are also invariant in form under Lorentz
transformations, as we shall now show.

A The spinors gJAB have the numerical values given in Chapter I in a
frame of reference consisting of a particular galilean coordinate system in Xh
and a pa:c:bicular coordinate system in each spin space Pl(x). They have the

3AB

weight + x and anti-weight + E. The values of the g in any other frame of

2 2
reference are obtained from these by means of the transformation law embodied
in equations (3.17) and (3.18). In particular a constant unimodular spin

transformation changes the numerical values of the giAB as follows

(9.8) | gh"B* = gID §é Sg-

From the fundamental isomorphism between Xh and Pl(x) we know that to each con-
stant unimodular spin transformation there corresponds a unique proper Lorentz

transformation with constant coefficients, namely
i _ 44B zC .
(9.9) w5 s E5ip°

This transformation carries one galilean coordinate system in Xh into another

one. If we define .ﬂj‘ by the equations

- =T . u g - , : . R . R B2 F o ke e i+ gt - s P
o Bt e ot e e ol e vt e e S M O 3 N oot - A S el I

ey




2-25

i.3._ ¢i
then
i_ iAB¢ D
(9.11) «QJ g 5y Sp gt
where
A B _ <A

Hence, if we simultaneously perform the transformation (9.11) in Xh

and the transformation

(9.13) M - P

B

in Pl(i) s We have from equations (3.17) and (3.18)

] pe | 30D sA B pi_ 30D gA B ifF ¢ W
(9.14) ¢ =g SéSDQjmg S‘gSDg Sg S 8341

since
jCcD D
g JGH S Sy

That is, the spinors glAB

are numerically invariant if we make a constant spin
transformation and then perform the proper Lorentz transformation corresponding

$0 the inverse of this transfo:matign. .

In virtue of-equations (9.1L), equations (9.3) may be written:

w0 R ()

or

g’ ;Lbk* I¢y ¢D>
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i pigt % gk %o G
(9,17) , Z -ij > (Pj “Qj(lak’ ¢D S])q/B’
This isy equations (9.3) are invariant in form if we perform a proper Lorentz
transformation, given by the first of equations (9.17) and simultaneously per-

form the spin transformation corresponding to the inverse of this transformation.

DIRAC EQUATIONS
10, In this section we shall consider a set of differential equations
which are slightly more complicated than (9.1) and involve two spinors:

_ T . -
(10.1) g?? (-9—-?3 - I%%> a !

and

(10.2) JAB (323 I(/)a JLB> a;oA'

In these equations a is a constant, ¢A is a spinor of we:.ght - ;', index of

it

first kind I, and index of second kind zero, and xA is a spinor of weight - -5,
index of first kind ~I and index of second kind zero.
From the previous sections it is evident that equations (10.1) and
(10.2) are invariant under arbitrary coordinate and gauge transformations and
; - .
constant spin transformations. They are also invariant in form under proper
Lorentz transformations. This will be proved by the argument used in section 9.
From equations (9.1s) we see that equation (10.1) may be written as
WD A B i /2 _7A |
(10:3) FP B BLE (_}/:%9 -1 %%) = af
x
or
- . 3 %-’i-
kCD * g, y C%
(10.L) g (-5-12; - I?qu}) ) = a)
b4

where
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(10‘5) X_i = ‘g’ij Xj‘)’f’ ¢j‘* = .ij (pk’ ¢£‘X‘ = sg ¢B’ and A% = Séﬂ,cﬁ

Similarly equations (10.2) become

3
(10.6) P 6%& * I‘P:XE) = a P

By a similar argument it can be shown that the equations (10.1) and

(10.2) are invariant in form under improper Lorentz transfarmations provided that
' _B by g A -A 0

(10.7) Xp =8 Y = 551

where Sg is the anti-projectivity corresponding to the inverse of the improper

Lorentz transformation. )

Equations (10.1) and (10.2) are equivalent to the Dirac equations for

an electron provided 903. is the electromagnetic potential vector and

_ 2Trei _ {2 Tmei

7~

where h is Planck!s constant, ¢ is the velocity of light, and e and m are the

charge and mass of the electron respectively. This we shall prove in section 12.

DIRAC EQUATIONS (Continued)

1l. Dirae's derivation of the differential equation for the wave fune-
tion of a free electron employed four-rowed matrices and hence the wave functions
‘were really four-component spinors.‘ His argument ‘ié essentially the followir;g
one. The equation for the wave function of the free electron must be .]:Inear,
invariant wnder Lorentz and gauge transformations, and contain only first-order
time derivatives. Because of the Lorentz invarianc_:g the equation may enly con-
tain girst order spatial derivatives. In addition, the solutions of this
equation'must be solutions of the relativistic analogue to the Schr8dinger

equation, namely the equation
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2 2 2 2
h 2 2 J 22
(1101) - - - "f e = n-¢ w
bl \ 9z ¥ 5° 2? 791-,2 ¥
In terms of the tensor notation, equation (11.1) may be written as
2 2 )
h i3 2 77 2.2
(1102) - g T - W"" ne 'Lpo
R 9xt I9xY ~ =

The conditions enmnerate_d above can be satisfied :i‘f the second-order
differential operator occurring onhthe left of equation (11.2) can be written

as the square of a linear operator. The differential operator

h
(11.3) ¥ = -@-3
2ml 9x
has this property provided the quantities a’j are a set of fowr constant matrices

satisfying the conditions

(1) S+ glph =g

The existence of a set of four four-rowed square matrices satisfying

- }

equations (1l.h) was shown in section 15, Chapter I. Therefore the equations

(11.5) ne
21 3::3 § §
satisfy the requirements given above. In equatlon (11. 5 ) $ is the matrix of
one column
i

| 8]

(11.6) 13| = ;3
§4

and the b’ are the matrices given in section 15, Chapter I.
The wave equation far an electron in a field of force whose vector

potential is cp j'is
.7 a’jpj§ = me’'d

where p 3 is the differential operator defined in section 9, and I has the value
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given by equation (10.8).
Equations (11.5) or (11.7) may be transformed directly to the form

given by Dirac by making a substitution of the form

(11.8) é-1t¢

where T is a properly chosen matrix, and multiplying equation (11.7) by T-l/o

where )0 is another mai;rix. Then we have

i -
(11.9) o't pi'iD- mcqm‘f— 0
where
i -1, 03 -1
(11.10) A" =T JDX T X, =T pT.

If f’ and T are the matrices

0010 1 0-1 0
p- 0001 = |01 01

. 1000 1010
0100 0101

the matrices . and are those given by Dirac*.
X3 Xm

# P.A.M.Dirac, "Quantum mechanics®, Oxford (1930), ps 2h3. Observe that the
Dirac X-matrices are the covariant set (., where

1
0(1=-0( P) d2='d2’ CYB="0(3

and o(h=o(hv.‘

DIRAC EQUATIONS (Continued)
12, We prove the equivalence between the Dirac equations and equations

(10.1) and (10.2) by showing that the latter may be written in the form of
equations (11l.7). We first write equation (10.2) in the form
i ~B
- 2Trei v B V2T mei
(12.1) . [2E - 'l ) =
3 k& . W
where we have raised and lowered indices by means of &AB and g AB and have
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/

taken the complex conjugates of equations (10.2).

If we now let § be the matrix of one column

Y
(12.2) ¢ = | %
%‘z
Equations (10.1) and (12.1) may be combined into the single matrix equation
(12.3) g'jp._j % = mcja§
where
e8] o o 001 0
(12.14) g ={2 0 and p= 000 1
0-0 "éj 1 000
o o WiB 0100
Mulbiplying equation (12.3) by P we obtain
(12.5) ﬁjpjg'? = mc & \
where
0 0 (=3
| i |&s “
(12.6) ¥epgd=yz | O
0

e

The matrices ¥ J are those given in section 15, Chapter I, and satisfy the

relation
1 . s . .
(12.7) SHEY + yIgh =g
Since equations (10.1) and (10.2) are equivalent to the Dirac equation,
we see that the invariance properties of the latter may be treated _by decomposing

the four Dirac equations into two sets of two equations and treating the in-

variance properties of these equations by means of two-component spinors. In se
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doing we restrict the spin transformations of the fgur-component spinors +o
those involving a certain pairing of the components. The Dirac equations,
however, have invariance properties under the larger group of linear homogeneous
transformations which underlies the four-eomponent theory. We shall return to

this. question in a later chapter.

CURRENT VECTOR

134 The vector

(13.1) | &= (Gt L,y
satisfies the equation

(13.2)

9x

as a consequence of equations (10.1) and (10.2) ~ This may be proved by f:Lrst

'ta.klng tlie complex conjugates of these equations. Then we have

B [ 9Yp -\ - A
(13.3) gj (-“‘j + I¢j%> = - ak’
(13.5) 3B {BXB 1Y, YB> - - apt
since ngB gJBA and since a is a pure imdginary number.

If we now multiply equations (10.1) and (10.2) by 1~PA and T’A respec-

tively, and then multiply equations (13.3) and (13.h4) by ’y/A and | A respecfive]y
and add, we have

JAB ? (’v’A% 'XAX) .a._.=o

The vector J:L is a time-like vectar. This may be seen from the fund-
amental correspondence between vectors in Xh and hermitian forms in Pl(x). In

Chapter I it was shown that the vectors corresponding to positive definite
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, hermitian matrices are timelike. Since
 (13.5) P = Ta¥e* Lats
f is a positive definite hermitian matrix, the vectar 2 is timelike. This fact
| nay also be seen by computing the length of the vector Ji, we have
i, _ . _iAB_jCD,— - — =
T =g g (YUg + Tt Te¥p + LoD
e g0y . A
=2 (LT = 2|1, 9

- since giAngD = ghC B

‘: (13.6)

, and since L% 2, = WY = 0. The right-hand member
b of equation (13.6) is always positive if XA is not proportional to Y 4 and

[ hence J‘l is a timelike vector.

Since 'L//A and ;I_ 4 are both spinors with indices of first kind different
from zero a4nd indices of second kind equal to zero, Ji is independent of the

. gauge variables.

; Since -Ji is a timelike vector, whose divergence vanishes, it may be
interpreted as the current vector for the electron which is descﬁbed by the

f two spinors '%A and %A which satisfy equations (10.1) and (10.2) respectively.




- Chapter IIT

COVARIANT DIFFERENTIATION

1. A galilean frame of reference is given by specifying the gauge
coordinate systems, a galilean coordinate system in Xh’ and a spin codrdinate
system in Pi such that the spinors giﬁB take on the numerical values given in
Chapter.I,.section L. We have shown, in section 9, Chapter II, that the spinors
giAB are numerically invariant if\we make a spin transformation with constant
coefficients and then perform the proper Lorentz transformation corresponding to
the inverse of this transformation. Since the latter transformation carries
galilean coordinate systems in Xh into galilean coordinaﬁe systems, we see that
the group of traﬁsformations which carries galilean frames of reference into
galilean frames is the restricted Lorentz group, i

A cartesian frame of reference is obtained from a galilean one by making
a cartesiap transformation of coordinates in Xh or a transformation with con-
stant coefficients in Pi, or both That is, in a cartesian frame of reference
the spinors g 4p may have any constant values subjedt to the quadratic identlty
between them (i.,e. independent of the coordinates of Xh)°

The covariant derivative of a spinor is a spinor with one additional
covariant tensor index, which reduces to the ordinary derivative of the spinor
in a cartesian frame of reference. In the case of the simple spinor quA, in

a cartesian frame of reference we have

3
(lol) "FA i = -a_—iA . . A
Pt | x

In section 8, Chapter  IT we have shown thét AVA i transforms as a ‘vector under
L
arbitrary coordinate transformations and as a spinor under constant spin trans-

formations.

We shall now use the definition of the covariant derivative of a




i spinor to compute YA i after a geéneral spin transformation. If this trans-

2

formation is
i *_pB
‘ | where PE are arbitrary complex functions of xl, cees x"l such that ﬁ s the deter-

i minant of j’ s 18 different from zero, then since AVA,i is 2 spinor, we have
1

: o¥s B B M ¢ 9%
E (1.6) —e 8, =8, Yy s = —5— =-S5 —=

1 9% A A "By 5.3 5 e
f Hence if we define

' #* B

g () Ya,i = % 4,1
|l vhere

| B_ nB W 7a

. o Cosm PR PR
| ‘ and w and a are the weight and anti-weight of Al/ A respectively.
;@ Since B B
I 3 *
| (1.9) a"‘VA=3“VBSB+A‘J 38A=3AFBSB+SC"V*98A
' 3:{3 Ixd A B gy 6X3 A B1C )y
. V i
| A B_ oA
g vvere Sp s = §a
IR we have ' ‘ % B

|

| C C 952

| we have %
.‘!: - (1.8) "-‘/ * - QA.VA _ C 3 3#*
] 9E Aj Yo

tl | Equation (1.8) is the formula for the covariant derivative of a spinor of weight
” w and anti-weight a in any frame of reference. If Ay p are the components of a
-spinor in a general coordinate system, equation (1.8) may be written without the
"asterisks , thus

¥ty c

B 15 2 T e - -

(1.9) Yo" 53 Nas e

where /\_23 is defined by equations (1,7) and (1.k).

The transformation law for the quantities 'A’é.] may be computed from
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equation (1.9). Under a general transformation of spin coordinates equation (1.9)

becomes #

(1.10) Ph _ pcx v A= LS,
. PR A Yo A, B,i S

Since Ayz = A’/B s,» equation (1.10) may be written

B o¥s 95, C* B B c
A';";f+;;""4jB a1 % " ( - Ao ‘Vc) .

Hence C

B % C
{/\ ( A )] A =0 .
Since this is to hold for arbitrary A’JC, We must have
- C
B * c D, %%
(1.11) A =5 (AN D+ 2) .
Ix

1

Since sg are sca]:ar functions of x7, ..., xh, it is evident that ./\_A

Bj

transforms as a covariant vector with respect to coordinate transformations.
/If we set B = A and sum, equations (1.11) become
q B #* _ A B dlog s
(1012) Bj. - Bj_ + ——T——
=) 4
where s is the determinant of the transformation sA.

B
From equations (1.L) we see that equations (1.7) may be written as

(1.13) _/\_CAj = Pg .P-W} -é aaxj (P E fwfa)
M C B . C = B ¢C
“FA;.”“FBJ' 5A*3PB;15A
where B
]
(1.1k) C - pt 2A
I—'Aj B ax‘]
and hence )oB
¢ _ ¢ 9c_a10gp
(1.15) ch Py - -

by the definition of the derivative of a determinant. The géometric being f is
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a scalar under coordinate transformations anc;l a scalar density under spin trans-
formations.

The geometric being with the components [ gl will be called a spin
connection. It transforms as a covariant vector under a coordinate transforma-

tion., Its transformation law under spin transformations will be obtained below.

Instead of equation (1.,10) we may write

2 - —
(1.16) AVA,5=3_A§- sz/v-ljc-wr’gj Yy-2 ey

as an alternative expression for the covariant derivative of a spinor of weight

w and anti-weight a.

THE TRANSFORMATION LAW OF r‘g 5

2. The transformation law for the spin connection may be obtained

from equations (1.11) and (1.13). If we set w = a = O in equations (1,13), we

have
c Cc
(201) -A-Aj = FAJ.
and
B_.B
(2,2) 5y = t’A

| where tﬁ is a general spin transformation., Hence in virtue of equations (1,13)

we have
248
B * _ B A
‘ (2.3) (F’ Dj ty +
b and
3 alog t
(2.) * eyt =5

If we now compare equatlons (2.3) and (1.14) we see that they are the
} same if in equation (2.3) we set r’g 0 and t fA That is in the cartesian
| coordinate system the components of the spin connection are zero and their law of

}'transformation under spin coordinate‘transformations then determines them in any
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spin coordinate system (92 is the transformation from the cartesian coordinate
system to the general one). Thus the ng are determined in a general spin
coordinate system as soon as we know the transformation which carries a.cartesian

frame of reference into a general ome.

From equation (1.15) we see that Just ‘giving the value of the deter-
-minant of the transformation from a cartesian to a general spin coordinate
system determines the trace of the spin connection. That is the spin scalar of

weight one, ? s determines the trace of the spin comneetion. Equation (1.15) may

be written as

) c
But this is just the statement that the covariant derivative of 9 is zero. By
specifying the absolute value of P or the argument of 5; we specify the real
or imaginary part of the trace of the spin conneection. This may be seen as

followss From equation (1.15) we have

=y “ 3"Log P
(2.6) ;= __JL
. PCJ IX

hence

1, vC . 5¢C 1 31logff _ 3 1lo
(2.7) [Gs+ T oy -3 2lel L alelPT
?( Cj C,j. z ax 2x
But the left member of this equation is just the real part of the trace of the

spin connection and the right member involves only the absolute value of J

Hence giving the absolute value of f determines the real part of the trace of the

’

spin connection. Equation (2.7) may be written as

: 2(pp) 5 (% + BCyu(pd) =
(29 S5 pF (Mgt Tog = ey =0

That is, the covariant derivative of the real scalar density Pf is zero.
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Similarly, we have

(2.9) (ng- ]:‘gj> ) ‘9'%3 lg p/P .

Hence we see that giving the argument of f determines the imaginary part of the

trace of the spin connection. Equation (2.9) may be written as

(2.10) 2D (p/F) = PIF (Pos=Dagd=(PIF) =0 .
9 x CJ CJ s J

That is, the covariant derivative of the pure imaginary scalar _fVF is zero.

EXAMPLES OF COVARIANT DIFFERENTIATION
3. The formula for the covariant derivative of a contravariant spinor
may be obtained in the same manner as that of a covariant spinor. In the

cartesian frame of reference we have

(3.1) Aty - i

-

If we make the transformation (1.2) in the spin space, then

Ax By -w = -3 _ B
(3.2) TR sy
where -w and -a are the weight and anti-weight of nq/A respectively and where

, o B A
(303) ngc=gca

Since
* B 95t 9 st
94'& A ASN B B_ gh 94}’8 B Cx B
s - R I g il R I R 3
axj axJ ax 9x 2%
we have ‘
A
B gx’ ox’ ¢ ax"
But
A B
(3.5) 2% _ %% _ _ AA
C 9x3 B JXJ CJj




Therefore we have in any coordinate system

) A A C
(3.6) "‘V,i=991'{'+-/\-01"+’ :
b'q
An alternative expression for equation (3.6) is
A% _ gt A ¢ c A =C A
(3.7 L S o Moo +v Mgy va [T

for the covariant derivative of a contravariant spinor of weight -w and anti-
weight -a.

The formula for the covariant derivative of a spinor with a Hotted
index may be obtained by considering the simple spinor

(3.8) CPA = A_PA .

In a cartesian frame of reference we have

—

— QA-PA Y1\
(3.9) B CPA,i = ()5 = P '(?xi = (1) -
Therefore, in general frame of reference we have
' a?P; _ —
' e = t_o90.P% _L0.7r° _.@.F°
(3’10? i P Pela - los -2 ey

for the covariant derivative of a spinor of weight w and anti-weight a with a
single dotteq index. .

Equations (3.9) express the fact that the process of taking the com-
plex conjugate of a spinor is commutative with the process of taking its co-
variant derivative. Equation (3.10) can also be derived from the definition
of the covariant derivative in the same manmer as equation (1.16) was. It
holds for any spinor with a dotted index.

The formula for the covariant derivative éf a product of simple

spinors is the same as the formula for the ordinary derivative of a product.

For in the gglilean frame of reference we have
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(¥
(311) (4, Xp) ;4 - ——(——A}—B) “B TJA Xp =41 Xp+ #yXp, -

‘Hence in any frame of reference we have

(3.12) (FaXp) s =¥y, Xp + #aXp,; -

By the same argument it can be shown that the covariant derivative of the product
of any types of spinors obey the same law as the ordinary derivative of the product.

From equation (3.12) we see that the formula for the covariant derivative

of the spinor,
(3.13) . &5 X
is

9§AB c ¢ ' ne % c
(k) @y 5= —5 -® e g~ Pes My -wlg; $up -2 ' ¢s 8
where w and a are the welghts and anti-weights of & AB respectively. Equation
(3.1L4) is obtained from equation (3.12) where the values of X a,i and «}/A’i ere
given by equations of the type (1.16). Equation (3.1}) is also valid for any
spinor with two covariant spin indices, as can be proved by a consideration of the
transformation law of <§ AB®

In particular we have for the spinor &, defined in Chapter I, the

AB
relation
. QEAB C C C
(3-15) 8AB,i = 9-x 60B r'A]_ = CE.AC rBl + CAB I—’Cl
_ C c _ C
(3.16) ' CAB,i = —ECB KAi - EAC KBj_ - éBC KAi - EAC
where
. A A A
(3.17) Kpi = Z'I_'Cl *

That is, Kgl is the traceless part of rIBi' Since the trace of K‘gl is zero we have

C - =
(3.}8) Cuc ¥py = Ky Kpag *
Hence
(3.19) E..=0.

AB,i

This means that the process of lowering spin indices is commutative with

the process of covariant differentiation. We shall now verify that




(3.20) Ppi= (Epo ¥ s = Ec oy
Since the relation
(3.21) P, = & t°

holds in all coordinate systems if the weight of 4})0 is one greater than the
weight of ¢ oo We need only verify equation (3.20) in the cartesian frame of
reference., Since the ordinary derivative of 8 AC is zéro, equation (3.20) holds
in this .frame and therefore in any frame of reference.

Equation (3.12) together with equations (3.7) and (1.16) enables us to

show that the covariant derivative of the spinor

(3.22) ¢y XB

is
B
p_ 9%

BaAQC B=C
(3.23) Ve R & r'AJ §A Pca {’A ;s -a{>A My
where w and a are the weight and anti-weight of the spinor @g respectively.

EquationA3.23) is also valid for any spinor with one covariant and one contra-

variant spin index as may be proved by a consideration of the transformation law

of %AB.

In particular it holds for the spinor 5 the Kronecker delta,

B,
Thus

383
(302h) 8 g,l = axB - 8 rIBl 8% r'él =0 .

Since & g is a constant spinor with both weights zero.

From the relation -

(3.25) EpEN =63
and the rule for differentiating a product we see that
A
(3.26) Ep € 5= 0
since & = 0 and 8 C - 0. Hence we have
AB,J B,J
(3.27) ex -0,

’J‘_




3-10

That is, the process of raising indices is commutative with the prgcess

of covariant differentiation., It is readily verified that

(3.28) PF = (€Y ;= E%yy

The formula for the covariant derivative of a spinor with any number of
spin indices may be obtained in a similar manner from the definition of the co-

variant derivative and its transformation law.

Then we have A... B... Ceu. B... A
. + ™ cee
é A'oo Bocc - a§D... E.... §Dooc Eon. Cl
D... E... ,i ax
A... G _ _A... B...
s e vee B C
o S L A r :
(3.29) ¥D... g... & St?c... £, DO
A... B A... B...
sen oo — C C
= - r1 " . r' i
) §D... ... M §D... E.. &
Aoo.é
LN ] — C
-3 +
§D... E... ™o

COVARIANT DIFFERENTIATION OF SPINORS WITH TENSOR INDICES

L. Before taking up the discussion of covariant differentiation of
spinors with tensor indices, we shall briefly outline the theory of covariant
differentiation of tensors. The covariant derivative of a tensor ﬁith respect
to the gij is another tensor with one additional covariant index which reduces
to the ordinary deéivative in the cartesian coordinate systems in Xh' Thus in

a cartesian coordinate system we have for the vector V

v, .
hol + V. T ey °
( ) 1,j axJ . .
- If we now make the transformation to the general coordinate x where

(L.2) ' xJ* = xJ*(x)
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the vector Vi undergoes the transformation

¥ - J
(L.3) A Vjti
where
J
(k) £ = 23X .
+ axl*

By an argument* analogous to that given in section 2 we see that

# OSee 0. Veblen, "Invariants of quadratic differential forms," Cambridge Tract
No. 2k, (1927).

v, * ,

3 oY * *
(L.5) i, 5 T Ny
where )

»nf _

k * i
(L.6) I ij = T}E é:;j.
and

y) k
We note that
 (1.8) plifj* - lefi*

as-a consequence of equation (L.h).

Hence in a general coordinate system we have
av.

(L.6) Co Vgt 7;% -V, r"i‘j .
The transformation law for the geometric being with components (ﬂ?j may be ob-
tained in the same manner as that for 'JN'éi was.

The relation between the quantities fﬂkﬁ and the Christoffel symbols
of the space Xh may be obtained from the definition of cartesian coordinate systems
in Xﬁ. In such a coordinate system the mefric tensor gij is a constant, Hence we
have in the cartesian coordinate systems

ag,
(L.7) g hl

kT oE "0
Since gij K is a tensor and since it vanishes in one coordinate system, it must
b
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vanish in all coordinate systems. Theréfore we have
28
. ij _ L. L.
(L:8) Sk "8ip ljx "8 k=0 -
Equations (L4.8) may be considered as the equations relating the quan-

" ) . | L_ 1
tities rﬂjk and the derivatives of the tensor gij' Since rﬂjk rwkj’ the

only solutions of these equations are
(h 9) I"' E - L - glm agjm . agmk - 3gjk
* L Jk jk 'k J m °
i ax 2x 9x
Thus the f’jk's are the Christoffel symbols formed from the gij‘

Consider the spinor giAB. In a cartesian frame of reference it is a

constant; hence we have .
i, _ 9g*hB
(k.10) gk = _g_f— =0 .
Ix

If we now change the frame of reference by going over to a general

coordinar system in Xh,Aequation (L,10) becomes

. iB . .
i AB (1
(h11) g%k = e e’ {jkj '
X
If we go_over to another frame of reference by changing to a general spin

coordinate system, we have

: il : g e : .

iAB, _ 2g JAB(1i iCB /<A iAC—~B _ 1 iAB~C 1 iAB=C
(b12) gk SE e {jk}+8 Mot € [T =28 Dok =2 ek
since giAB is a spinor with weight + % and anti-weight + %.

Since giAB,k is a spinor which is zero in'the cartesian frame of

reference it is zero in any frame of referencé. We will use this fact in the

next section to obtain relations between the f‘gk and iﬁk} .

A i
RELATIONS EETWEEN P By and {jk} .
5. Equation (L.12) may be written as
i
. aes . . . .
i . AB oy (1| _ 1 0 _ i O _
(5.1) 84B,k ;‘F""gAB{kj} 8ép Kax = € Kpc = O

where
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. A 1l A c
(5.2) ng= r'Bj-"ZSB r'Cj .
The equations (5.1) may be solved for the ng in terms of the { ;j} or vice

versa. If we multiply equations (5.1) by gﬁE and sum, we have .
* agjo-
AE AE AB
(5.2 o figf 6 6 S

since gﬁ gCD 5 & 5 and since Kﬁ = 0., Equations (2.6) express the traceless

part of the spin connection in terms of the Christoffel symbols formed from the

gij of the underiying space Xh

If we multiply equations (5.1) by gAB and sum, we have

i
4 is i =c 9&ip
(5.4) {mj} €m (gAC B * €8 Kps - PR

since gAB gXB = ; . The Christoffel symbols of Xh are thus-expressed in terms

of the traceless part of the spin connection. The former must be real since Xh
is a real-'space. This condition is satisfied since the right-hand side of
equation (5.4) is real as a consequence of the fact that giB is hermitian.

Since equation (5.1) only involves the traceless part of r1 . r’CJ
may be completely arbitrary and equations (5.1) are unaffected.

6. In the preceding we have determined the K%i in a general spin
coordinate system in terms of the unimodular transformation from a cartesian spin
coordinate system to the general one. In this section we shall consider the
problem of reversing this procedure; that is, we shall assume that we are given
the quantities Kgi in a general spin coordinate system and find the transforma-
tion which carries it into a cartesian one.

We first note that our previous definition of a cartesian frame of
reference, namely, one in which the tensor gij and the spinor giAB have constant

values*, is equivalent to the following: A cartesian frame of reference is one

-

* glAB = constants implies gij'= constants of course,
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in which both {31:} and K vanish, It is well known that the necessary and
sufficient condition for the tensor 8y j to be constant in a given coordinate
system is that the Christoffel symbols vanish in that coordinate system, Trom
equation (5.3) it follows that if { ;’k} = 0 and if the gii are constants, then
Kp = O. Conversely if {;k} = 0 and K, = 0, then the giR'B are constant. This
proves the equivalence of the two definitions of cartesian frames of reference,
In terms of this definition of a cartesian spin coordinate system and

the transformation law of the Ky, (equation (1,11) whers S} are cosfficients of

B
unimodular transformations) the problem may be stated as follows: To find the
transformation qoefficients s‘ such that c

(6.1) (xgd o +

" subject to the condition that lsBl - 1/13 | ;( 0. In virtue of this condition

equations (6,1) may be written as
' (¥
~

(6 2) ?’A
L ax xDj A L ]
The .tntegrability conditions for these equations are
R 3 s ?23
: A A E
€~6.3? x 3, k- xE 8x3 BE"“ (e
‘where

(6.4) CHy - (}—1 P + Kp Kgy - ‘ga‘gn) .

The geometric being with components Bgdk is a spinor as may readily be
seen from the analogue of the Riccl identity
(6.5) TRl T o Y
where the 4’* is an arbitrary spiner of weight + 2— .

Hence the necessary and sufficient conditions which must be satisfied in
order to solve squations (6.1) are that the spinor %13 must be zero. Since this
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spinor is zero in a cartesian frame of reference, it is zero in every frame of

reference. Hence we can solve equations (6.1) for the sg.

7. EXTENSION TO THE GENERAL THEORY OF RELATIVITY

The general theory of relétivity differs from the special theory in that
the underlying space is a certain general four-dimensional Riemannian manifold
instead of a flat space. That is, there exists no coordinate system in which the
tensor gij is constant throughout the space. If we replace the underlying flat
space of Chapter II by a more general Riemannian space, everything but the theory '
of covariant differentiation of spinors is unaffected. We must find a new defini-
tion for the covariant derivative of a spinor for the old one is based on thé
notion of a cartesian frame of reference and in general relativity we cannot
introduce such frames.

However, at any point of the underlying space we can introduce a co-~
ordinate s&stem in a neighborhood of the point in which the first derivatives of
the tensor gij vanish at this point, i.e. the Christoffel symbols vanish there.

Such coordinates are called the geodesic coordinates.* We shall briefly review

#* Eisenhart, Riemannian Geometry, Princeton University Press, 1926, p. 53.

some of the facts about geodesic coordinates.
If the coordinates of an arbitrary point Pb are xz in a coordinate system
in which the Christoffel symbols have the values 5;&} at the point xz, then the
o

series

i i i i ik 1l i j_ .k :
(7.1) X" = x4 x'T 4 —.i-cjkx'ax' * 3T Cjk,(LX'JX' x"’a’ + ..,

where the c's are arbitrary constants symmetric in the subscripts so chosen so that

the series converges in a neighborhood of xi, defines a transformation of coordi-
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nates. The constants cgk may be chosen so that the Christoffel symbols vanish in
the primed coordinate system,

From equations (7.1) we have that in the primed coordinate system the
point Pb has. coordinates x'i = 0. Hence at the point PB we have
(7.2) (_?__J_I_]:_ - 5i (32xl -c 5 LR, ax‘e (9xm

Ix19/o 33;:' lm 3"k Lm ax’J a?

From the transformation law of the Christoffel symbols we have

(7.3) Jk} > ) } (X'J ax' ) (xﬂax' ))

‘In virtue of equations (7.2) this may be written as

i)' i i ]
s, - 5,

s R
Hence a necessary and sufficient condition that ‘{gk} = 0 is that cgk = -'{% } .
o) . o)

Therefore .-the equations

i 4 i, ik .1 4 45k
(7.4) X =x 4 x! -zgj#}ox' x' o+ 3T Eﬂjk Xt xrvx'v o+ ..

where the c's are arbitrary constants symmetric in the subscripts define a trans-
‘formation té a coordinate system in which .the first derivatives of the gij at PO
vanish.

From equations (7.h) we see that to every point in the underlying space

there corresponds a family of geodesic coordinates. If we perform a linear trans-

formation on the x'l, such as
(7.5) xY = agx'l
we again get a geodesic coordinate system. In particular we may choose the ai

so that the tensor gij has the values
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0 -1 0 0

(706) g.. =
1J 0 0 -1 0
0 0 o0 1

The group of linear homogeneous transformations which carry geodesic coordinate
systems of this type into another one of the same type is the Lorentz group.
Another type of transformation which carries a geodesic coordinate

system at Pb into another at Po is the following

(7.7) = xtt s Fl(x'l)
where F- is an arbitrary function of the third order in the x'*, that is,
i 2. i
(7.) (25) - (=) -0 .
axtv/ o 3xvgxt"/ o

This is gyident from the transformation law of the Christoffel symbols. The
general transformation which carries geodesic coordinate systems into systems of
the same type is a combination of the type (7.7) and (7.5).

When the coordinates xi are subjected to an arbitrary analytic trans-
formation, the geodesic coordinates at Po determined by (7.4) undergo a linear

transformation with constant coefficients up to terms of third order.

8. GEODESIC SPIN COORDINATES

If at a point PB of the underlying space we introduce a geodesic coordi-
nate system, we may then pick a spin coordinate system in which the first deriva-
tives of the spinor &;in vanish at PB. We recall that the spinor g;in satisfies

the relations

_ B -~ B c
(8.1) €iip 85 *+Eyip8 S

i T 8139

where the g.. are the components of the metric tensor of the underlying space.
1)
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From these equations it is evident that if the derivatives of the spinor 8iin
vanished throughout the space, then the derivatives of the gij would vanish, which
is impossible. Hence we must expect that the spin coordinate system can at most be
so chosen that the first derivatives of the spinor €5 AB vanish at a point.

The differential equations which determine the unimodular spin trans-

formation coefficients are

&3 i5* ) -C_D
(8.2) 3xj = 53 ( 8;6p5A5g ) =0 .
That is,
-G D
98iép ¢ D %5, 1 as
(8.3) 2 ) g — g +g.o 30 —B_g |
axY A"B icDd ng B iCDh ~"a axj
Equations (8.3) may be written as
-G D
ggiﬁ‘E as 98
Bd) @ —Fega—a3,g. TBsBo,
2%9 iCE a—x'j' F iFD BXJ E
where S‘g is such that
A B A
(805) , SB SC = 60 °
Multiplying by glFN and summing, we have
. -G N
s o IEs o as 7s
(8,6) glFN-—lE-E—+Sg ——%S‘é+2——BS§=O .
o "~ 2x9 gx’ 93
Since
© 5% -
(8.7) _A s‘é - 21eels] _
Ix? 9x’
in virtue of the fact that |s| = 1, equations (8.6) may be written as
N o
(8.8) 9sp 1 GAFN dEifg ) E
' 9_353- 2 2x3 B
If wé set
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io 985+
(8.9) %glw ATE ng

x’

these equations (8.8) become

N
dsp E
(8.10) a—x-:_]:' = = ng SB °

The integrability conditions for these equations have been considered
in the previous section. In section 10 we shall show that they are satisfied if
and only if the underlying space is a flat space. Hence in the general case there

exists no spin coordinate system in which the derivatives of the spinor gEB vanish,

Nevertheless equations (8.10) may be used to define a spin coordinate
system in which the first derivatives of the spinor é}B vanish at the origin of
the geodesic coordinate system. If we start with an arbitrary spin coordinate
system and define the ng by (8.9), then a set of transformation coefficients

s% are given by the power series

(8.11) sg = SﬁB - jSEB 3, Céjk EB J xk + e ¥

where siB are constants and the coefficients of the second and higher order terms

are arbltrary. Spin coordlnate systems in which the derivatives of the spinmor gAB

vanish at the origin of geodesic coordinates will be called geodesic spin co~
ordinate systéms.

. Just as in the case of the geodesic coordinate systems of the underlying
space,oat every point Pb there exists a family of geodesic spin coordinate systems.

The members of a family of geodesic spin coordinate systems are permuted among

themselves by transformations of the type
A g A[((E
(8.12) o = L8 (8 + 7o)

where ‘zé is a constant spin transformation and Fg is of second or' higher order in

the x!s, that is
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(8.13). ( )

The transformation (8.12) induces the linear homogeneous transformation of

the components of a spinor AKEF (e.g.) at the point P

(8.14) “ip), = L2 LY )y -

We can find a geodesic spin coordinate system in which the spinor glAB

has the values given in §L, Chapter I, at the point Po’ namely

AN
”glAB 1 fo 1 2il 1o -
Yo 1 o Y2 it o
(8.15) 2 . 2
38 _ 1 |l o -t MB _ 11 o
g "7 lli o & 510 1

A frame of reference defined by a geodesic coordinate system of the under-
lying space and a geodesic spin coordinate system will be called a geodesic frame

P

of reference., A geodesic frame of reference in which the g; 1 have the form (7.6)
and the glAB the form (8.15) w111 be called a normal geodesic frame of reference

A transformation of the type of the combination of (7.5) and (7.7) in the
underlying space and one of the type (8.12) in spin space induces the following trans-

formation on the components of the spinor giB at the point PO:
* i 7C 4D
(8016) (gAB l /Z (g CD) °
If we now require that
i _ 3

equation (8.16) defines an isomorphism between a linear group in the tangent space

at Pb and a group in the spin space.
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9. DEFINITION OF THE COVARIANT DERIVATIVE OF A SPINCR
The covariant derivative of a spinor is a spinor with one additional
tensor index which reduces to the ordinary derivative at the origin of a geodesic

frame of reference when evaluated in that frame. Thus

7y,

By the argument of §8, Chapter II, it is evident that /ﬁi ; transforms as a vector
3

under arbitrary coordinate transformations and as a spinor under arbitrary spin

transformations.

If AHA undergoes the unimodular spin transformation
#* B
(9.2) Afk =5, APé

then by definition
d

(9.3) (A 305 = (55 Hg i)y -
Since

o4 s B 3s, Mo B o x5
o (), (55 ws), (R s w ),
then

aq% B (?qk* aéi *
(SB) (A"J ') = ""‘") (S ) = | —— -——VSQ

(9.8) Ao B,i’‘o (ax o Aoc axd  gx B"‘luc o

If sg are the transformation coefficients from a geodesic spin coordi-
nate system to an arbitrary one in which the ng defined by equations (8.9) have
the values (ng)o at PB’ then Sg are the transformation coefficients of the

inverse transformation and equation (8.10) applies to them. Thus
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C
as
B Cc E
(9.6) ( = -KEjo SBo

QxJ o

Equations (9.5) then become

W*
B , A C
(9.7 (sy), (45,106 =(‘;;5 = K5 4,;0*50 B (WAT.?)O )

Since PB was an arbitrary point, we have that at any point of the under=

lying space in an arbitrary spin-coordinate system

AT,
(9.8) SIWESS T |

The covariant derivative of the spinor gEB is zero; for its value at any point PB

in the underlying space in a geodesic frame of reference is
i
. agr
. i AB
(9.9) (g.&B,:j)o ("9;5 o
and by the .definition of a geodesic frame of reference the right member vanishes.
By the argument of section i of this chapter, we have that in a general frame of

feference and at any point x

. ae . .
o i - B k i i =C i C _
(9.10) ®ls,5 " 5,3 * éis {kj} - 8ip Kyy - 8fc Kp3 =0 .
. These equations may be solved for the Kgi in terms of the {5;} and the

derivatives of the giB and we again obtain equation (5.3). Equations (5.4) may
also be obtained from (9.10). It is readily seen that equations (5,3) reduce to
equations (8.10) at P, in a frame of reference in which the coordinate system of
the undeflyiné space is a geodesic one at Pb'

With the definition of the covariant derivative of a spinor given in
this section all the results of the preceding sections of this chapter and of"

Chapter II may be taken over to general relativity.
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10,. RELATIONS EETWEEN THE CURVATURE TENSOR AND THE CURVATURE SPINOR
In Riemannian geometry it is well known that the vanishing of the Riemann

Christoffel tensor R}‘k ) where*

# In the notation of Eisenhart, op. cit.

com  why - 208 A AN

is the necessary and sufficient condition that there exist a coordinate system in
Which the tensor g3 3 has constant values. From the results of the section 6 we
see that the necessary and sufficient condition that there exist a coordinate
system in which the KABi vanish is that the spinor Bgij vanish, If both Ri 3k J) and
Bgij vani.sh, then from equations (5.3) it follows that there exists a cartesian
frame of reference.

However, from relations between the gi;j and the gij‘B it is to be expected
that these two conditions are not independent. In fact, we will show that the
vanishing of Rijk £ implies the vanishing of B%ij and conversely. We will then
have the result: The necessary and sufficient condition for the existence of a
cartesian frame of reference in that Rijk 0= 0 (or B‘]‘;ij = 0).

The relations between the tensor Rijk ) and the spinor ng § may be

obtained from the following generalization of the Ricci identity:

iAB  _iiB mAB _i iiE _B iEB
(20.2)  egyp-€p=-€ Ryp-8 Byp-s %kl& .

Since the covariant derivative of the spinor glAB vanishes, we have

(10.3) gmﬂB R:zkl = - giAE Bf?-kl - giEB %L .
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If we multiioly equation (10.3) by g 4p and sum, we have

(10.4) Risz - 8.iB (g™ ngL - gP B

. miB mn
since g ;. 8 =5n .
From equations (15.5) of Chapter I we have

idE _ -, iAE _ 1 E _ 1 i oE
€nip & = Enfn € = SpB +2'gn<S‘B
where
iE_1,-, iiE - _ AE
SiB = 2(Bnpa & - €py &y ) -
Similarly
iEB_ 1 E 1 i ¢E_iE . 1 pi cE
g€ =i tzbpbi=8y +zé,8% -

-~
Hence equation (10.l4) may be written as

ik

(10.5) Ri}d, =-s wl gljiAE %kfx

nB

in virtue of the fact that B‘ﬁk £= 0.

Thus we have

- _ E B = E @B
(10.6) Rimkl = %inB Bkl * Sinp kg -
That is, Ri nkl is automatically real and has the proper symmetry properties.

Equations (10.3) may be solved for the ng ) in terms of the Ri‘l y 28

follows. Multiply equation (10.3) by g4y @nd sum on i. Then

mAB _i iiE _B iEB A
. 8iim & Pupeg = = Bimy (8 By * € Egk,@)

(10.7) - - (& ngl'* gﬁﬁfﬂ(L)

rel>e
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since
iiB i ¢B
em € = Sydy .
Setting A = M and summing, we have
mAB _i B
(10.8) Biin &  Bmed = -2 By

since 32k£, = 0, Equation (10.8) may be written as

(10.9) Bul * =7 %N Ruke -

From equations (10.,6) and (10,9) it is evident that the vanishing of

B

< . i
Bkz’imp}ies the vanishing of Rjkﬂ and c?nversely.

11. DIRAC EQUATIONS

The Dirac equations in general relativity must satisfy the following
requirements, They must be invariant under arbitrary coordinate, gauge and spin
transformations, be first order in the time derivative of the wave function, and
must reduce to the Dirac equations of special relativity in case the underlyiné
space is a flat space,

The simplest equations which satisfy these conditions are obtained from
the Dirac équations in special relativity (Chapter II, equations (10.1) and (10,2))
by replacing ordinary differentiation by covariant differentiation. Thus we have

for the two-component form of the Dirac equations in general relativity:

(11.1) L L AR LY o
and
(11.2) e S kA PN R

These equations may be written in the four-component form just as equa-
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tions (10.1) and (10.2) of Chapter II. The equations thus obtained are included
in the class of Dirac equations discussed in the paper "The Dirac Equation in

aProjective Relativity".*

* The Dirac equation in projective relativity, A. H., Taub, 0. Veblen, and J. von
Neumann, Proc. Nat, Acad. Seci., vol. 20 (193hk), pp. 383-388.
References to other papers on the Dirac equation in general relativity and co-
variant differentiation of spinors are:
H. Weyl, Gravitation and the electron, Proc.Nat.Acad.Sci. vol. 15 (1929), 323 .
Electron and gravitation, Zeit. Phys. vol. 56 (1929), 330
B. L. Van der Waerden, Spinoranalyse, GBttinger Nachrichten, vol. 100 (1929)
W. Infeld and B. L. Van der Waerden, Die Wellungleichung des Electrons in
. der allgemeinen Relativitdtstheorie, Berlin Berich., vol. 9 (1933), 380
V. Fock, Geometrisierung der Diracschen Théorie des Electrons, Zeitsch. Phys.
vol, 57 (1929), 261
J. A, Schouten, Dirac equations in_general relativity, 1. Four dimensional
theory, 2. Five dimensional theory, Jour. Math. and Phys. vol. 10 (1931),
239
E. Schr8dinger, Diracsches Electron im Schwerefeld 1, Sitzungsberichte der
Pr;ussgschen Akademie der Wissenschaften, Phys.-Math, Klasse, 11 (1932),
105-12
W. Pauli and J. Solomon, La théorie unitaire d'Einstein et Mayer et-les
équations de Dirac' I and II, Journ. de Phys. et la Radium, vol. 3, series
7, (1932), k52, 582
W. Pauli, Die Diracschen Gleichungen fHir die Materiewellen, Ann. der’ Phys.,
vol, 18 (1933)’ 337
0. Veblen and A. H. Taib, Projective differentiation of spinors, Proc. Nat.
Acad. Sci., vol. 20 (1934), 85-92

et
H
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Chapter IV

PROJECTIVE GEOMETRY OF (k-1)-DIMENSIONS

1. DEFINITION OF PROJECTIVE SPACES

The structure of a projective (k-1)-space Pk—l’ is defined by a
certain class of preferred coordinate systems which are related by linear
homogeneous transformations of coordinates. In any one of these coordinate

systems any ordered set of k numbers (Xl, Xz, ceny Xk), not all zero, corres-

ponds to one and only one point. Conversely, each point of the space corres-
ponds to at least one ordered set of numbers (Xl, X2, P Xk) and also to
all sets (fxl, 7 X2 gesey fX'k ) where f is any number different from Zero,
but not to any set (Yl; Yz; ...,'Yk) uless ¥ = ¢ .

The space Pk—l is a real projective space if the numbers XA, YA
and f in the above statements are real. If they are complex the space Pk—l
is'a«compiex projective space. Topologically a complex Pk—l is a (2k-2)-

* dimensional manifold. The quantities’XA could also be taken to be the elements

of an‘érbitrary field aﬁd then Pk—l would be a projective space in the broad

3*
sense .

*of. Vol. 1 of Veblen and Young, Projective Geometry.

In a complex Pk—l’ if the coordinates of a point are XA in one

preferred coordinate system and XA* in another, then

(1.1) - ¥ =

where Tg are complex numbers subject only to the condition that the deter-

minant of the matrix
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1 1 1
2 2 2
Tl T2 oeoe k
k k k

is not zero. These equations effect a transformation of coordinate X > X%

which is a renaming of the points of Pk—l' The inverse transformation is

(1.3) = thxt*

where

e

1IN
(e Ne

ST e st {oue

o
ol

That is, the matrix llt%l' is the inverse of IIT%“ « We shall denote the
determinant of this matrix by t.
Since the XA are homogeneous coordinates in Pkwl’ the transformation

(1.1) and the transformation

(1.5) ¥ = ghyB

B

effect the same renaming of the points of Pk—l if their coefficients are
proportional and therefore determine the same transformation of homogeneous
coordinates. Furthermore all transformations of the type (1.1) with propor-

tional coefficients determine the same unimodular transformations




(1.6) ¥ = A8
where ’

A _ A1/
(1.7) S5 = TetC
There are k of these transformations corresponding to the k values of tl/k.
Thus the group of all coordinate transformations is (1—> k) isomorphic with
the unimodular matrix group.

The inverse of the transformation (1.6) is

(1.8) ‘ = ngB*
where i
| (1.9) ‘ s% = tgt'l/k and hence s = [s% =1,

)

In this chapter the discussion of coordinate transformations will

»
be made in terms of unimodular matrices.

2. HYPERPLANES
The points on the hyperplane whose homogeneous coordinates are quA

satisfy the equation

(2.1) Y, e =0




Ll
Under the transformation (1.6) the coordinates of the points on this hyper-

Plane are transformed into coordinates satisfying

(2.2) WA* * =0 ’
whers
(2.3) Y o=vy

That is, under a transformation of coordinates the homogeneous
coordinates qIA of a hyperplane transform contragrediently to the homogeneous
coordinates of points.

The homogeneous coordinates of the hyperplane passing through the

k-1 independent points Xg; Xé, coey Xﬁ_l, are the (k-1)-rowed determinants of

the matrix.
Qe oy
R R
(2.4) '
SR

An explicit formula for them is

(2.5) Ya =£ABc;;.Dx1BXC';:' xi-l

where &€ ppc...p is 1 if (A, By Cy oevy D) is an even permutation of
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(1, 2, 35 o0oy k), =1 if it is an odd permutation, and zero otherwise. From
the formula for the expansion of a determinant we have

_ EFG H
(2.6) S€ppc...0 = €Ere,.. w5585 S -
Hence the formula (2.5) is unaffected by coordinate transformations.

From the symmetry properties of &£ AB...D’ it is evident that

(2.7) tpr‘i*=o 1=1,2, eou, kel .

Thus the points on the hyperplane are those linearly.dependent on Xg, seey Xﬁ_l.
Similarly the homogeneous coordinates of the point determined by

the k-1 independent planes q)lA’ Wops eoe P g.1n 2T

) _ _ABC...D
(2.8) <t =£ ¥Pip¥og =or ¥ K=1D

where £ ABC...D is +1 or -1 according as (A, B, C; ..., D) is an even or an

odd permutation of (1, 2, oss, k) and zero otherwise. Aééin from the formula

for the expansion of a determinant, we have in a new coordinate system

sg S5 60 eS

AB ".m= AB D.'D= EFG.OGAB D
& E°F* "¢

(2.9) £

Therefore equation (2.8) is unaffected by coordinate transformations.

3. COORDINATES OF LINEAR SUBSPACES

The homogeneous coordinates of a point YA in P satisfy the set

k=1

of equations




(3.1) YABG...DXD =0

where Y

ABC...D has k-l indices and is defined by the equations

(3.2) TyBC...D =£ABC...DEYE

That is,.the quantities XAB...D are just a renumbering of the coordinates

YE with appropriate plus and minus signs. If we write YAB...D as a matrix

with the different combinations of the first k-2 indices labeling the rows,

and the last index labeling the columns, the matrix will be of rank k-l.

Thus the homogeneous coordinates X° are determined uniquely by equations (3.1).
The quantities YAB...D are called the covariant coordinates of the

pOint YAQ

Similarly the quantities
(3.2) t),,ABD =£ABC...]?E9,E

AB...D has k-1 indices. These are the contravariant coordinates of

where 'Y
the hyperplane Y pe Also the homogeneous coordinates of the hyperplane are
uniquely determined as solutions of the equations

(3’3) ‘ “/JAB‘..DOD - O .

The existence of the covariant coordinates of points enables us
to express some aspects of the principle of duality analytically. Thus the
covariant coordinates of a point may be expressed in terms of the coordinates

of k~1 hyperplanes on the point as follows:




_ pEF...G
XAB..-C —J“ABOOOG (P].ELPZF.O’(PK"].G

where# Jﬁﬁg"'g is the generalized Kronecker delta and has k-1 subscripts and

*For general formulas involving the g 's and 4 !'s see Veblen, Invariants of

Quadratic Differential Forms, Cambridge Tract, p. 9.

p—

k-1 superscripts; the value of the symbol is zero unless both sets of numbers
are the same, then it has the value +1 or -1 according as an even or an odd
pemmutation is required to arrange the superscripts in the same order as the

subscripts. This follows from (2.8) and (3.2) and the identity

gCoooDE - CoooD
gA...BE JA.O.B *

~
The homogeneous covariant coordinates of the m-dimensional linear

subspace sbanned by the m+l independent points X%, Xg, ooy Xﬁ+1, are the

(m+l)-rowed determinants of the matrix

X% X_zl“‘xiﬂ
(3.5)

TR

An explicit formula for them is

(3.6) B0 =€ AB...CDE...Fﬁ.ng"'XFMl
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where X has k-m=l indices and is antisymmetric in all of them. From

AB...C
the antisymmetry properties of the £ AB...F it is evident that

(3.7) XAB..OCX = o

is satisfied by Xi (i=1, ..., m¥l). Hence also the points linearly de-
pendent on the Xg satisfy the equations (3.7). The m-dimensional subspace
is determined by. the equations (3.7).

The contravariant coordinates of the m—dimensional subspace are

(3 8) #BOOOC = l 8 ABO.CDE.O.Fxm L4
(k-m-1)4 oroF
They have m+l indices and are antisymmetric in all of them.
The necessary and sufficient condition that an arbitrary quantity
XAB"'C with m+l antisymmetric indices be the coordinates of a linear sub-

space is

(3.9) . xhBeeeCy

¢p...E = ©

where XGD...E is obtained from XAB"'C by means of the equations

1 Geo ol
(3.10) X =X _ ¢ .
... E T oy cn...EFG...HJCF

and is the covariant coordinate of the subspace.
This theorem is a generalization of the theorem proved~in §p8,

Chapter I, and is proved in the same manner.
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A line is a simple example of a linear subspate. It is a one-
dimensional space determined by two points. The homogeneous contravariant

coordinates of the line determined by the two points X% and Xg are
(3.11) 8= (e - Bxd)

From (3.11) it is evident that if we replace Xé by X% + pxg, B remains
unaltered. Since a similar result holds for X2, we see that any two points
on the line determine the same homogeneous coordinates of that line. The
covariant coordinates of a line are obtained from the quantities XA B by means
of the & yp...c".

The linear subspace determined by the intersection of the two
hyperplanes 9)1A and q)ZA has the covariant coordinates

~

(3.12) Yag = (q)lA Yop = ¥ 13 q}2A) i

The contravariant coordinates of this subspace are obtained by means of the
£ AB.. -F

In P3 the intersection of two planes is again a line. If the two
planes q)lA and q'ZA contain the line Xixg,'the v’AB are proportiénal to the

covariant coordinates of XAB. That is

- — L
(3.13) Xyp = 2 €ppopX

L. ANTIPROJECTIVE GROUP
A geometric transformation is a permutation of the elements (points,

hyperplanes, lines, etc.) of P It should be sharply distinguished from a

k-1°
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‘coordinate transformation which simply renames them. Geometric transformations

XA‘ﬁ> yA, of the types

(L.1) v =P xB,

B
and

(12) 7=l

where the bar denotes the complex conjugate, are called collineations and
anticollineations respectively. Both transfo;pations carry points into
points, and linear subspaces into linear subspaces of the same kind, but in
the latter transformation the complex conjugates of the coordinates appear
and the transformation is safd to be anti-linear.

Under the collineation (4.1) the points on a hyperplane

go into the points on the hyperplane
(L.b) n =0
where
» B

(L.5) Np=F &3 . ,
and ’

c _ 40 _ C
(L. 6) P, PAB_JB-PBAPA :

Here we must assume that the determinant of the matrix ,’PABII is not zero.
That is, the collineation (L.1) is non-singular.
Equation (L.5) represents the transformation induced on the hyper-

planes by the transformation (L.1).
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Similarly the transformation induced on the hyperplanes by the

anticollineation (4.2) is

_ B
where . . .
" e - .(B_ ¢B _ A

Again ve assume that the determinant of the matrix | PAB || 1s not zero.

The product of the collineation (L.1l) and the collineation

(4.9) z* = QAByB
is the collineation

_ A B ,C
(4.10) = P’ .

e

Henée the set of all non-singular collineations form a group, the collin-
eation group in Pk-l'
The product of the anticollineation (Lh.2) and the anticollineation

(4.12) = Q"
is the transformation .

(4.12) 7 = iAchxc

-which is a collineation. Similarly the product of the collineation (4.9)

and the anticollineation (4.2) is the transformation
(4.13) 7 = g pB C

which is an anticollineation. The product of (4.2) and (4.9) is also an

-~ - ~
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anticollineation. Hence the set of all non-singular collineations and anti-

: collineationg form a group. This is ealled the anticollineation group in

"Pk—l' The anticollineations alone, however, do not form a group.

The transformations

-~

(k.1k) ¢ L =P
and
(4.15) g i ?ABXB

are called correlations and anticorrelations respectively. Both trans-
formations carry points into hyperplanes, but the latter‘transformation is
anti-linear. The transformations are nor-singular if the determinants of
the matrices ’lPABII and ,IPAB, are different from zero.

The transformations induced on the hyperplanes by the non-singular

correlatioﬁl(h.lh) and the non-singular anticorrelation.(L.15) are

(4.16) x* = pAB §s
and

(L.17) = P‘;Bé 5

respectively, where

B - _ B
(L.18) ph Pyg = PBAPCA =97
and . . .

_oB_ B _ _BA.
(4.19) PABPAC =fo=dP= pBApCA .

Correlation; and anticorrelations may be described as transform-
ations which carry hyperplanes into points as well as transformations which

carry points into hyperplanes.
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In a Pl the hyperplanes are again points. Hence in this case
correlations and anticorrelations carry points into points and are indis-
tinguishable from collineations and anticollineations respectively.
In -P3 the points on a line are carried into planes on a line by
transformations of these types. Hence in a three-dimensional space they
are transformations which permute the lines of this space.

The product of the two correlations, XA-+§ a &iven by (L.1l) and
a A—-—? YA given by

(4.20) v =fBE
is the transformation
(L.21) ' T = " xC

which carries points into points and hence is a collineation. Also the
product of the correlation (h\.x’Q) and the collineation (L.1) is the trans-

formation s N

AY

\
(L.22) ‘ ¢ A" Il
-

which carries points into hyperplanes and Xxence is a correlation. We see,
then, that although the correlations alone do not form a group, the non-
singular collineations together with the non=-singular correlations do form
& group. This group is called the projective groupe.

The product of the correlation (4.20) and the an‘c.icorrela;oion (4.15)

is the transformation

(b.23) = P y°
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which is anti-linear and carries points into points and is therefore an

anti-collineation.

Similar considerations give us the multiplication tables

i { *Cartan, Geometrie Projective Complexe, p. 97.

collineation correlation anticollineation|anticorrelation
Wollineation collineation correlation anticollineation|anticorrelation
“MMTelation correlation collineation anticorrelation |anticollineation
Ngticollineation anticollineation | anticorrelation collineation correlation
‘W ticorrelation |[anticorrelation -anticollineation | correlation collineation

‘ J

\ From this table it is evident that all non-singular correlations,

\x collineations, anticorrelations, and anticollineations form a group. This

f group is called the antiprojective group. It may be obtained from the co-
1liﬁeation group by adjoining two transformations of different types, for
example, a correlation and an anticollineation.

However, if we adjoin to the collineation group one transformation

of a diffefent type, we obtain subgroups of* the antiprojective group. We
L have already seen how the projective group and the anticollineation group
can be obtained in this mammer. By adjoining an anticorrelation to the
b collineation group we obtain another subgroup of the antiprojective groupe.
The transformations of the antiprojective group have been definedx
:above by stating what they do to points. Each such transformation, however,
 brings about a permutation of all the linear subspaces of Pk-l' The formulas

lwhich describe the effect of the transformations on the linear subspaces of

bvarious dimensionality are obtainable by generalizing the derivation of
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equations (L.5), (4.7), (4.16), and (4.17).

5. MATRIX NOTATION

The matrix notation may be used to write equations (1.1) as

(5.1) X = TX

where T is the matrix (1.2) and X and X# are both matrices of one column

of the form
X1 Xl*
o x*
(5.2) 2 || “and oF

x* x<*

respectively, That is, we considerAXA as a two-index quantity XAI, the
second index taking on just one value.

Similarly equations (1.6) may be written as

(5.3) X% = SX

where S is a unimodular matrix obtained from the matrix (1.2) by the formula
(1.7).
‘ In the following we shall write Y A also as a matrix of one
.colnmn. The trgnsformation induced on Y A by the transformation (5.3) may

be written as




(5.4) Y #=stly

iwhere s is the inverse matrix to that used in (5.3) and the priﬂe denotes
the transposed matrix. |

The transpose.of the matrix X is denoted by X! and is a matrix
of one row. Thus we may write for XA(yA the matrix X'y which has only one
row and one colurm and is therefore equal to its transpose  'X.

The matrices S and s of a coordinate transformation have indices
which refer to different coordinate systems. We take account of this fact
by writing the contravariant index of the transformation matrix directly
above the covariant one, thus Sg and s%. For a matrix of this type the
contravariant index is assumed to come first (i.e., be leftmost). The in-
verse of a matrix is indicated by the exponent -1 so that s = -l. With

these coventions equation (5.L4) may be rewritten as

-~

1

W = gt~ W = suq,u

v -
where S = St 1.

The equations of geometric transformations may be written in

matrix notation. Thus equatién (4.1) may be written as
(5.5) o r=t

where X and Y are matrices of one column and ” PABI’ is the matrix representing
the collineation. In the index notation for a geometric transformation, and
indeed for any geometric being, we never place one index directly above another.
Thus it always has a meaning to say that one index precedes another even if

one is a covariant and the other is a contravariant index. We shall use the
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convention that the first index refers to the rows of the matrix and the

second refers to the columns.

With these conventions equations (L.2), (L.1h) and (L.15) may be

written as

(5.6)
(5.7)
(5.8)

Y
lleppll x
” PAB ” X ¢

ALY I |
I

The transformations induced by the non—singuiar collineation (5.5)

and the non-singular anticollineation (5.6) on the hyperplanes may be written

as

(5.9) .
and

(5.10)

n= A0 e

;i:= ” PAB “ ) E

v
where we denote the transposed inverse of any matrix Q by Q , and we call the

latter the matrix contragredient to Q.

(5.11)

and

(5.12)

Similarly the transformations induced on the hyperplanes by the

‘ j non-singular correlations (5.7) and non-singular anticorrelations (5.8) are

If we make the transformation of coordinates (5.3) equations (5.5)

may be written as
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(5.13) sl = H PAB“ 5”1y

or .

(5.1k) . T = | PAB"* o

where ‘

(5.15) ot I =s ety s

Thus in a new coordinate system, the camponents of the matrix " PAB" which
determine the collineation, are linear homogeneous functions of the components
in the old coordinate system. The coefficients are homogeneous fuwnctions of

the elements of the transformation matrix. Geometric beings# with this type

a2
"A "geometric being" is an entity described by components in every coordinate
system. The components in two coordinate systems are related by a trans-—
formation law, namely a formula which gives the components in one coordinate
system in terms of the components in the other.

e

of transformation law are special types of spinors. Equation (5.15) is a
special case of a transformation law which satisfies the two homogeneity
requirements given above, and hence PAB are the components of a spinor.

| Similarly, we see that in a new coordinate system, equations (5.6)

may be written as

(5.16) T = || PAB”*X*

where

(5.17) [ e =5l s

Also equations (5.7) and (5.8) may be written as

(5.18) , ' E®= “ PAB”* X3¢
and
(5.19) Z/e = || PAB”* K
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where

(5.20) || eyl =s" izl s™
and

(5.21) I 7z [l =§ullPABll st .

Equations (5.17), (5.20) and (5.21) are all special cases of

transformation laws for spinors. From these equations, together with equations

(5.15), we see that if in one coordinate system a single matrix, for example
the unit matrix, represents a collineation, a correlation, an anticollineation
and an anticorrelation, in another coordinate system, these different trans-—
formations will not in general be représented by the same matrix. We have
used the convention that placing a dot over one of the indices of a spinor
implies that the complex conjugates of the elements of the transformation
matrix enter into the law of transformation of the spinor.

6. COMMUTING TRANSFORMATIONS

In this section we will discuss the transforms of geometric trans-
formations when a different geometric transformation is made. This differs
from the work of the previous section where we obtained the tfansformation
laws of the components of a geometric transformation under a transformation
of coordinates. .

Let point Y be the transform of the point X under the non-singular

collineation P, that is,
(6.1) Y=PX .

If we now perform the non-singular collineation Q, the points X and Y are

transformed into the points Z and W where

Y
T
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(6.2) 7 = QX and w=qy .

Equations (6.1) then become

(6.3) v = pg~1z
or ‘

(6.14) W=RZ
where

(6.5) R=qrQ > .

L

That is, the collineation P goes into the collineation R = QPQ-l

under the collineation Q. oo
Two geometric transformations are said to be geometrically

commutative if each transforms the other into itself. It is geometrically
obvious that if a geometricltransformation A transforms a transformation B

into itgelfa then B will transform A into itself. Thus if R = ¢ P where f

is an arbitrary number, the two collineations P and @ are geometrically

commutative. In this case equations (6.5) may be written as

(6.6) g P =qrg™t
or

(6.7) QP = ¢ PQ

From equation (6.7) we see that geometrical commutativity of two
collineations does not distinguish between commutativity and anticommutativity
of the matrices representing the collineations. A geometric distinction be-

tween these two cases will be given in the next chapter.
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If instead of performing a collindation, we perform the anti-

collineation Q:

(6.8) 7 = OX ' and W

QY .
Equations (6.1) then become

(6.9) oW = relz
or )

(6.10) W = RZ
where

(6.11)

ol |
]

QP

Thus the collineation P and the anticollineation § are geometrically

commutative if

(6.12) P=pFQ |,

If the transformation Q is a correlation, then the points X and

Y go into the hyperplanes & and N . That is,

(6.1L) ¢ =x and nN=qr .
Equation (6,1) then becomes

(6.15) elm=rte

or

(6.16) n=R§

where

617) - . R = QrQt
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Thus the transform of the collineation given by equations (6.1)

by the correlation Q@ is a transformation which carries hyperplanes” into hyper-
planes and hence is a collineation. If the two ‘transformations are commutative,
the collineation R must be the same as the collineation P. However, since R

is a transformation that transforms hyperplanes, it must be the contragredient

transformation to P. Thus
v - v
(6.18) gP = ard L or ®=¢PQ

is the condition that the correlation Q be commutative with the collineation R.

Similar considerations give us the result that the collineation

(6.19) R = qrqt

~

is. the transform of the collineation P under the anticorrelation Q. It should

be remembered that R acts on hyperplanes and hence we must have
- —v
(6.20) gP = QPQ or QP =¢PQ

as the condition that the anticorrelation Q be commutative with the collineation
P.
It is readily verified that the transform of an anticollineation

Q by a collineation P is the anticollineation
(6.21) R = PQP~ .

Setting R = ¢ Q we again obtain equation (6.1) for the condition that these

| two transformatims be geometrically commutative.
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Also, the transform of the correlation Q by the collineation P is

the transformation

(6.22) R=P QP

which is again a correlation. The transform of an anticorrelation Q by a

collineation P is the transformation

(6.23) " ' R=Fart

which is again an anticorrelation.
From equation (6.22) we see that the conditions that two collineations
P and R be commutative with the correlation Q may be written as
v -
(6.21) ga =Pt and pQ = Ker™
From these equations it is evident that

Vo ropy =L
(6.25) ~ (PR) Q(PR)™ = £Q .

Hence the set of collineations commutative with a correlation form a group.

Similar arguments show that the set of all geometric transformations commu-

tative with a given one form a group.

7. INVOLUTIONS

A collineation P which carries the point Y into the point X = PY,

whic¢h is not the identity collineation and such that its square is the identity

collineation, is said to be of period two. It is also called an involution.

v
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It satisfies
(7.1) P = g 1

where ? is arbitrary. The collineation ;s a non-singular involution if
§ # 0 and a singular one if ¢ = 0.

Since XA and YA are homogeneous coordinates of points P and ¢ P
where ¢~ is an arbitrary scalar, determine the same geometric transformation.

Hence we may normalize the non-singular involutions so that equation (7.1)

becomes

(7.2) ' P=1

For a given non-singular involution there are just two normalized matrices
satisfying this condition. One of them is the negative of the other. This
normalization is invariant under transformations of coordinates.

Thus the matrix of a non-singular involution satisfies the equation
X" - 1=0." The elementary divisors of the matrix are therefore simple. Hence

there exists a coordinate system in Pk—l in which the matrix of an involution

has the foru
1. 0
(7.3) “ b ” = || ®
0 =
T4

where 1p and lq are the unit p- and g-dimensional matrices respectively and
the two O's represent rectanguiar blocks of zeros. The numbers p and q are
such that p + q = k and must both be different from zero; for if either were

gero the collineation P would be the identity. -
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The involutions which have the further property that

(7.4) trace P = 0

that is, p = gq in equation (7.3), we shall call axial reflections. Axial
reflections can only exist in case k is even.

In P1 all involutions are axial reflections. If P is the matrix

a b
c d
then P2 is the matrix
2
P a + Dbe ab + bd
ac + cd d2 + be .

If the latter is to be a multiple of the unit matrix we must have d = -a.
But this means that the trace of P is gzero.

An aribtrary involution in P1 may be reduced to the form

1 0
(7.5)

0 -1

The invariant points of this involution are the points (1, 0) and (0, 1).
These points characterize the involution. The transform of any point X is

the point which is harmonically conjugate to X with respect to these two points.
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In P3 the axial reflections are called line reflections. They

may be reduced to the form

+1 0O O 0

(7.6) P= .

The involution (7.6) is characterized by the fact that it leaves the two
non-intersecting lines X1 = X2 = 0 and X3 = XLl = O pointwise invariant. These
lines are referred to as the axes. The transform of a point Y not on either
of the axes is found by constructing the uniquely determined 1line through ¥
which meets both axes. Then the transform of ¥ is its harmenic conjugate with
réspecﬁ to- the two points of intersection. This is because the involution in
P3 induces an involution on this line. The invariant lines of a line reflection
are the two axes and all the lines which meet them both.

.In Pk-l (x even) the axial reflections are characteri%ed by their
invariant axes which are non-intersecting subspaces of dimensions %.-1. These
are left pointwise invariant by the involution. The transform o§ a point Y
not on either of the axes is again found by constructing the uniquely de-
termined line which meets both axes. Then the transform of Y is the point on
this line which is harmoniously conjugéte to Y with respect to the two points
of intersection.

In P3 the only other types of involutions are those which may be

reduced to the form
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1 0
0 1 0 0
(707) P =
0 0 1 0 -

0 0 0 =1

This involution leaves the point (0O, 0, 0, 1) and every point in the plane

i

= 0 invariant. It is called a point-plane reflection with center (0, O, 0, 1).
It is characterized completely by its invariant points for the transform of a
point X is found. by jéining it to the center C by a line XC, and taking the
harmonic conjugate of X with respect to C and thé point of intersection of the
line XC and the invariant plane of the involution. The invariant lines of -the
involation are those which pass through C and meet the invariant plane or lié

in the invariant plane.of the involution. .

If the matrix of the involution ip P is reduced %o the form (7.3),

k-1
the pointgise invariant spaces of the involution are

(7.8) YPlayP? = =y¥=0 ana yl=y®=...yP=o0 .

We shall designate them by [P]+ and [P]”, respectively. Points on [P]+ and

[P]- are characterized algebraically by the conditions

(7.9) PY = +y

and
(7.10) PY =~y

respectively, where we have used the matrix notation. If we define t-—P]+ as
the cones of points satisfying Py = I we have [-P]+ = [P]. Simiiarly

[-P] = [P]+. Hence an involution in P determines a pair of pointwise

k-1

invariant spaces but does not impose an order on them while giving a particular
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matrix P in the form (7.3) determines a positive and negative space.

The pointwise invariant spaces of an involution determine it
completely. To prove this we let s and S be the two non-intersecting
pointwise invariant subspaces of dimensions r-l and k-r-1 respectively, and
construct the unique involution in Pk—l with these spaces as pointwise in-
variant spaces. If ¢ 1is any point not on st or S~ there is a unique line
through it and intersecting.sffand S™. The involution then leaves points on
st and ™ invariant and transforms any other point {/ into its harmonic con-
jugate with respect to the two points in which the line throughty meets S+
and S .

The invariant lines of an involution are all the linés which meet

both S+ and S~ or lie entirely in either one of them. Indeed if P is any

r-1
space of r-1 dimensions which is invariant under the involution, then it is
either pointwise invariant and lies in st or 8™, or it intersécts them in
spaces of dimensions rl—l and r2-1 with ry + Ty = Te The proof of this de-
pends on the fact that if a space is invariant, the involution indueces in

it either the identity or an involution which necessarily has two pointwise

.dnvariant subspaces.

-+ 8+ ANTI-INVOLUTIONS

An anticollineation

b4t
i

(8.1)

~ -~

PY
will be of period two and will be called an anti-involution if and only if

(8.2) PP=§1
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where ¢ is a number different from zero.- If we take the trace of both sides
of equation (8.2) we see that kg = trace (PP) = trace (EP) = k}; . Hence ¢
must be real.

‘From the transformation law of P (cf. equation (5.17)) we see that
the normalization condition, ) P] = 1, where |P| is the determinant of P, is
invariant under coordinate transformations. Under this normalization we have
? X = 1. Hence for odd k, P = +l, and for even k we have ¢ = #1. Thus for

even k we have the two cases

g
Il
]
]

(8.3)
and

(8.4)

i

g
-]
H
!

ha

Anti—involgtions which satisfy (8.3) are said to be of the fi¥st kind and
those which satisfy (8.L) are of the second kind.

| Any two anti-involutions of the same kind are equivalent under a
trapsformation of coordinates. The proof of this statemeﬁt is contained in
an unpubiiéhed theorem of Dr. N. Jacobson which states that two non-singular
anticollineaﬁions are projectively equivalent if the matrices of their squares

are equal.#

The proof follows:
Let the two non-singular anticollineations be P and Q Then the
hypothesis is - .
PP = QK-
Let us now subject Q to the transformation of coordinates with matrix T where

T = 619940719 1g

and @ is real and such that | T|# 0. This gives
Q¢ = TQr T = p
since
= (epre )l
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The unit matrix satisfies (8.3) and hence:in a suitable coordinate

system we have for any anti-involution of the first kind

(8.5) P= or =y .

The invariant points of this transformation are all points having a set of
real coordinates in this coordinate system and hence are a real projective
(k-1)-space.

The totality of points in a complex projective (k-l1)-space which
in a given preferred coordinate system have real coordinates, is called a
(kbl)—chgin, Thus any anti-involution of the first kind has the points of
a (k=1)~chain as invariant points, and transforms each point into its conjugate
imaginary with respect to the (k-1)-chain. Conversely, each (k-1)-chain
determines a unique anti~involution of the first kind.

A set of k+l points, say Xl, X2, soey Xk+1’ no k of which are
linearly dependent, may be chosen as the basic points, (1, O, O, O, ess, 0),
(0y 1, 0y eeey 0)y ouey (0, Oy vouy O, 1) and (1,1, +¢., 1) of a projective
coordinate system in Pk-l' Hence this set of éoints deterﬁines a unique chain

the points of which are given by
I‘1X§ + rzxg + eee + rkX.f;’

. where rl, rz; censy X are real parameters and the coordinates chosen to

| represent the k points Xl’ vees Xk are such that
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X§+X2+...+Xﬁ=,}€i+l .

In a suitable coordinate system anti-involutions of the second

kind, which exist only in case k is even, may be reduced to the form

o 1 o o O ©0..0 ©
-1 0 O O O ©O0.. 0 o©
o 0 o 1 o0 o0..0 O
(8.6) P= o o0 -1 0 0 ©O0..0 O

O 0 0 0 O Ooo"‘l 0

~'If a point X were invariant under an anti-involution of the second
kind, we would have 4 X =PX. On repeating the transformation we would have
PPX ='55 f X. Since PP = -1, and ¢ § > 0, we must have X = 0, contrary to
the assumption that X represents a point. Hence an anti~involution of the
second kind has no invariant points. By the principle of duality it has no
invariant hyperplanes. However, through each point in space, there passes
a single invariant line, the line joining the point to its transform. The
set of invariant lines of an anti-involution of the second kind is called

an anti-congruence, Dual to it there is , of course, a set of invariant Pk_3's.

9. POLARITIES
& non-singular correlation C which carries the point X into the

hyperplane £ = CX will be of period two if

(9.1) CC=y¢ 1l
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| 25 one sees on looking at (L.21). Multiplying this equation by C' and re-
~1 .

| nembering that ¢’ = c'™" this condition becomes

(9.2) cC=pCl .

Since the operation of taking the transpose of a matrix is of
| period two, we must have f 2 = 1. That is, £ = :1. In case § = +1, the

matrix representing the correlation is symmetric. In this case we have

| and the correlation is a polarity with respect to the non-degenerate quadric
 (9.1) XX =0 .

' A point and its hyperplane transform are incident if and only if the point
lies on the quadric.
Tn a suitable coordinate system the quadratic form on the left~-

F hand side of (9.4) becomes a sum of squares and the matrix C reduces to the

mit matrixe.

In case 57 = -1, the matrix C is anti-symmetric and will be non-

- singular oﬁly if k is even. Correlations of this type are called null-

] polarities. Since CABXA XB vanishes identically, every point lies on the polar

. hyperplane., Non-singular null polarities exist only in spaces of odd dimension

b ality. Tn a suitable coordinate system they are of the form

i

0 1e/2
~ly/2 0
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t where lk /2 is the unit matrix in k/2 dimensions and we have normalized the

L correlation to have determinant F1.

10,  ANTIPOLARITIES
A non-singular anticorrelation G which carries the point X into
i the hyperplane é where Z, = CX will be of period two and will be called

an antipolarity if )

=D _ .DB7, 2
X -chﬁ
| that is if (cf. §3)
U
| (10.1) CC=¢1l .

Multiplying by C! this ‘condition becomes

} (10.2) € = ¢ C! - or Cin=0Cly -

From the second of equations (10.2) we see that

Cig = ¢S = §5 s

| hence S} S; = 1. Replacing the homogeneous coefficients CAB of the antipolarity
: by 3= %—C’B gives

b (10.3) H=m
A matrix satisfying this condition is said to be hermitian. Hence
t the necessary and sufficient condition for an anticorrelation to be of period
t two 1s that the matrix of its coefficients be proportional to an hermitian
.one. The normalization made to obtain equation (10.3) is jnvariant under
tcoordinate transformations as may be verified from equation (5.21).

The locus of points which lie on their antipolar planes is the




antiquadries

*These loci are called hyperquadrics by Ségre and Cartan, but it seems less
¢onfusing to let a hyperquadric be the analogue of a hyperplane and let an
antiquadric be the locus defined by an antipolarity.

(10.1) cAB'iAxB =0

The left number of this equation is real for arbitrary complex values of
the coordinates XA , hence if we regard Pk—l as a real (not projective) space
of 2k-2 dimensions, the points on an antiquadric constitute a manifold of
2k-3 regl dirr}ensic;ns , provided it exists at all. Whereas the surface of a

quadric in this space has 2k-L real dimensions.

In a suitable coordinate system an antipolarity may be reduced to

the forﬁ

| The signature of the hermitian form (10.L4) is determined by the number of
| plus and minus signs in the matrix (10.5) and determines the geometric
I properties of the antiquadric. However, if we {nultiply C by -1 we change

t its signature but the antiquadric is unchanged. Hence in Pk—l there are

 ust | 1213] distinct types of antiquadrics.
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Chapter V

LINEAR FAMILIES OF REFLECTIONS

1.  STATEMENT OF THE PROBLEM
In this chapter we shall inquire into the question of the existence
of linear families of invelutoric collineations in a complex projective space

Pk—l’ The matrices of such a family are given by the formula

i

(1.1) I xA];” =xéL”7‘°LABH = XOL"QL, .(.A., B=1, 2, e, k
A = 0,1, eeeym

in which X° s Xl g esey ™ are arbitrary complex numbers and ‘7& are m+l
linearly independent matrices of involutoric collineations. We shall use
the word "involution™ as an abbreviation for "involutoric collineation®.

That the matrix X in (1.1) represents a collineation of period two

implies
(1.2) Cab A =%X°‘X’g<va Vo + V%)=l

Taking the trace of the members of this equation, we find

b

(1.3) p= 'fgzﬂx"‘x’g,

where 7& 8 are numbers defined by

(A / =
(1.4) 2('& ')‘/g +‘7/’g Zl( ) -':Kﬂ 1.

Thus every set of numbers (Xo, Xl, cesy Xm) determines a matrix of

an involution and the sets which satisfy

a




oF G
° X =0
(1.5) 4 Y
correspond to degenerate involutions. Two different sets of numbers, X&‘
and ’Y°(‘ s determine different matrices, X and Y.

AY

The equation
(1.6) @ = g 2 rh

‘ G4
can be regarded as a factorization of the quadratic form ‘lcl 8 X X/g into
two equal linear factors with matrix coefficients. Equally well, it may

be regarded as the s’eatemen*t that the matrix
/

(x4, )
V% g 2° o

>

re

is a square root of the identity matrix.

2, THE CENTERED EUCLIDEAN SPACE Em +1

The family of matrices X given by (1.1) is in one-to-one correspond-

The linear

ence with a complex vector space which we will denote by Em +1°
independence of the 1’& 's implies that B 4 18 an (m+1)-dimensional space.
ol

The parameters X may be interpreted as the components of a vector in Em

+1

A}

in a definite coordinate system.

A linear homogeneous transformation of the form
(2.1) ' ¥ = Ad'g A

where the determinant‘ Ad‘ﬂ \ # 0, leaves the family of matrices X of the

form (1.1) unaltered. It may be interpreted as a renaming of the members
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of the family, that is, as a coordinate transformation in Em+l'
In the following we shall asgume that the matrices ;gl are .such
" ‘that the quantities 72(5 defined by equation (l.4) hawe a determinant

different from zero.* In.this case the quadratic form (1.3) may be put

w

*The necessary and sufficient condition that the determinant of i(ﬂ be
different from zero is that there does not exist a vector xR} different

from zero such that

A:

»

e X =0

From equation (1.4) we see that this implies that there exists no vector
o

N

other than X°L = 0 such that

do s X8) + (4g X9 =0.
That is, the requirement that the determinant of ” 4 L4 ” be different

X

from z8ro is equivalent to the requirement that the matrices 11{ be such
that no matrix of the family (except the zero matrix) should anticommute

with all of them.

into the form
(2.2) p= 2 + (@2 + ...+ (@2

by a linear transformation of the type (2.1). The coordinate systems in

Em.+1

Cartesian coordinate sysfems. The vector space Em+l is thus a centered

in which the fundamental quadratic form reduces to (2.2) will be called

Euclidean space of m+l dimensions in which there are preferred Cartesian
coordinate systems. This means that we have assigned to the point (0,0,

«esy 0) a special role, namely that its coordinates are invariant under
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transformations of coordinates. This point corresponds to ‘the matrix all

of whose elements are zero,

When Cartesian coordinates are used in E_ . the relations (1.L)

reduce to ¢

]

(1if =4

Lot =
(2'3) N . 2(1&'{ﬂ + '{ﬂ ‘& ) 0 if 0( # /9 .

¢
Hence the 9/ AT if existent, are a set of mt+l anticommuting k-row matrices
each of which is a square root of the identity matrix. i

In the space Em + Ve shall use the familiar notations of tensor

analysis. In particular we shall raise and lower indices by means of the

fundamental tensor ¢/ and the: tensor <4 defined b
. ol B v

-~

B, o
(2.LY - Y ')l,gy/ = 51
-

where Hé‘j I =1
4

¥
This gives.a definite meaning to 97 and (1.4) may be written in the

form ‘

) X
(2.5) HCAF ZIRE 7R ABEFPRE

0f course in Cartesian coordinates '7""4 is the -same matrix as ')/ul .
It is clear that- constant matrices ’/Ql which satisfy (1.6) must

also satisfy the differential relation

: 2
6 : _ N 2 2 _ %8 2 ¥ ,
(2.6) 1Y 5% @ s ) 1 2ty




which on putting in indices becomes

2, A
LA _2 (ﬂB 2y Qp _2_¥
’ B 5x2 ax:“) U 21 238

Thus we have what may be regarded as a factorization of the quadratic

2

differential operator'{ which is expressed as the square of a
ax% ax

linear differential operator < X _2 .
2x*t

This observation, made by P. A. M. Dirac, was the starting point

in his theory of the spinning electron which has given the theory of spinors

its vogue.

3. _TRANSFORMATIONS OF LINEAR FAMILIES OF INVOLUTICNS

A non-singular collineation ¢ —_> 7

CPA=PABWB

in Pk—l brings about a transformation X-» Y of the collineations given by

(1.1) "according to the formula

(3.2)

where

(3.3)
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In case the family as a whole is transformed into itself we have

also .

(3.k) o v =y® Ta -
Comparing (3.4) and (3.2) we have

(3.5) TN, = (A PHX Y

To solve this equation for YN we make use of the relation

(3.6) Trace (')/"( 7’,8 ) =k J; R

which is obtained from (2.5) by taking the trace of both members.

Multiplying (3.5) by ¥ I and taking the trace, gives

(3.7 r’ =Li %
where
(3.8) Lﬁ =-§ Trace (7’/P}/°L P_l) .

LY

Hence in case (3.1) transforms the family (1:1) into itself, it

induces the non-singular transformation (3.7) in the Buclideah space Em +1
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Since the degenerate transformations of the familf (1.1) are carried into
themselves, the points on the cone (1.5) in Em+1 are permuted among them-
selves. Indeed we may prove that the quadratic form (1.3) is left in-
A . . . K .
variant by (3.7). To do this we first substitute from (3.7) for ¥ ~ in

(3.5) and equate coefficients of the arbitrary variables x> to get

~

(3.9) Ne =74 L’i .
But -
(3.10) g Mg *+ BNy ) =T

is a consequence of (3.3) and (1.L) and substitution from (3.9) in this

v

equation now gives

A
(3.11) A o L‘fg = s -

Multiplying through by XX B and summing, we obtain
(3.12) tup TP = le =xf .

Equation (3.12) is equivalent to the statement that (3.7) is a

rotation of the Euclidean space Em+1 about the origin. Hence the group

of collineations in P _, which leave the linear family (1.1) invariant is
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isomorphic (perhaps multiply) with a sub-group H of the group of rotations
abou:t the center of Em+lo

We shall find that the group H thus defined coincides with the

whole orthogonal group whenm + 1 =2% and k = Z)J . It is the proper

.orthogonal group when m + 1 =2y + 1 and k = 2’# . We shall also prove

that the isomorphism (3.8) between the collineations which leave the

family XQ?:L invariant and the group H is (1-1) in these cases. This

implies that the equation (3.8) is satisfied by a unique collineation g

Il PP Il when |l Li Il gefines an arbitrary transformation of H.

L. EXISTENCE OF LINEAR FAMILIES OF INVOLUTIONS

~In § 2 we saw that the existence of a linear family X‘*?‘:L satis-
fying (1.2) implied the existence of a set of matrices 7y (X =0, 1, +.., m)
satisfying (2.3). The converse is also true,for a set of matrices satisfy-

ing

(h.1) ()% =1, and ATg= =Tp Y, &#EA)

serve to define a: linear family XQ‘YO( which.satisfies (1.2). The ex-

istence of linear families of involutions in Pk

-1 is then reduced to the

problem of discovering sets of matrices of order k satisfying (L.1). We

¥
call an ordered set of linearly independent matrices satisfying (L.1l) a
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79’ -set and say that it is even (or odd) if the number of matrices is even

(or odd). Two y -sets 79 and Bx are said to be similar if (3.3) is

satisfied for a non-singular matrix P.

The existence of a 9y -set in the case k = 2 has been known since

quaternions were represented by two-row matrices. Such a set is

’ ’)/0:":1 117’2 =

¢]

0 -1

A Y -set containing more than one matrix can exist only if the dimension-

ality, k-1, of the space is odd (seef 10) so that in an .even-dimensional

space a 7 -set consists of a single non-singular involution. For. an odd-

7

Y
dimensional space the problem reduces essentially to the case k = 2 4ds

we shall see later. When ¥ =1 we have the ¥ ~set exhibited in (4+2) and

when V=2 (k = 4) a o/ -set is

,/0(2) -

o
i
= o

— —

— —

o

I S N

N ')/1(2) =

72(2) -
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It is easy to construct § —sets of 2 ¥ + 1 matrices of k = 2" rows

and columns from f -sets of 2(¥ -1) + 1 matrices of k) =2 Y=l rous and

colums. Formulas for doing this are

(v-1) !
) '/p : O
'Yp( S | Rl - - == - = s p=0, 1,0-0, 2()/"1)
l (v -1)
O : 7,
(L.k) I |
'i1 1
O 7k !
(V) _ Lt g ) |9 q
Yoyl Sf----p--- > R |
-1, 'O 1,
(v -1) _ . )
where 7'p (p=0,1, ..., 2V =2) is a 7 -set of matrices of order
ky = 2)//’-1 and 1k1 is the unit matrix of order ko Thus a set of matrices
for ¥ =3 is '
1 J | |
1 ol l 0 i '
O ' O
(L.5) 0 -1 O e o 1 O
- e - _ _, e S
‘-1 0 0 -i!
O o 1 ‘ O 5o
'/(3)—t__—J_____I _______ '/’(3)—__._1___._'.‘-._ —_— -
0 - ! J 71 N r
—Il 04 b -,
I | 1
O 'O 11 O i o] O
B | [— — =~ ]
| 1 0 O N
'O o 2 ORI
| I I | }
. I ‘ X !
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-—— e o e e e

o
i

0 i
S
| O 0 1
—..——_.—...{_.——__.__

0
0

0-i 0 01
0 0-i o
0 0 0-i,

— =

- m =

—_— e

(3)
. 7y

- = e

—_— e — = - o e A

— . e — =

- v e o -

1 0 0 O
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Using (L4.L) we readily show by induction on ¥ that the equations

: Y
(L.6) »/OM = (-i) 7/10/)7,2(0 Y, ) 7,2(3;) ,

v -1

and

(L.7) Trace (9 O(V) ,/l(y) '7/2,,()})) = (+i)y Trace 1 = (+i)y 2 v

hold for the 7 =-sets defined in this explicit manner.

5. EQUIVALENCE OF Y -SETS

The remainder of this chapter will be devoted to a discussion of the
geometric properties of the linear family of involutions determined by a
9 -set, and to the equivalence of 7’ -sets under collineation. The main

results are contained in the following theorems.

Y
Theorem (5.1). If k =2 2 () 0dd), the maximum number of matrices

of order k in a 7 -set is 2 ¥+ 1 and this maximum is attained.

Theorem (5.2). Two even ’)/—sets are similar if and only if their '

matrices are of the same order and equal in number.

Theorem (5.3). Two odd 7 -sets, N and J

ol (OL = Q: 1, eeey 2?)

of matrices of order k are similar if and only if

(5.1) Trace (7 oM q «++ Map) = Trace (T Ty ooe Tpp)
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Theorem (5.4), If k = 2)/ , an arbitrary 9 -set M RN 1=
1, ..y 2Y ) is either similar to ,/‘i(y) , 1 0(’/) or is similar to ’fi(v) ,
- 7/0(” according as Trace (Yzo, Nqys ==+5 N 2Y) is (+i)v2yor —(+i)y 2V,
The proof of these theorems is quite simple when one assumes sufficient
knowledge of (k-1)-dimensional projective geometry. Not wishing to pre-
suppose this knowledge, we shall first (§6) derive some algebraic properties
of 1 -sets, then (§7) deduce a few consequences of Theorems (5.1) to (5.L),
and in §§ 9 to 12 derive some general theorems on axial reflectioms, and

finally (§13) give the proofs of Theorems (5.1) to (5.h).

6. ALGEBRATC PROPERTIES OF 4 -SETS

Some important properties of 7/ -sets may be established without
using the theorems of 85 or the numerically given matrices of § k. In this
section we take ’/QL to be any 7 -set of 2 Y + 1 matrices of order 2]/ , where
Y = 1.

i

The trace of each of the matrices 9, 1is zero because
71,6 71( 7’(5 -1l ’)& , where o # /5 and /g is not summed. Indeed, the
product of p 2V + 1 different ’/-matrices, ’/Q{ 7/°L ves 7& has a
1 2

P
zero trace because

. -1 _
(6.1) vg ( % )&2 .yekp) Vg = V"Ll )&»2”' %{p)

if we take j different from all the indices & 1° QLZ, ceey °Lp when p is
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odd, and equal to some one of them when p is even. Hence the product

of 2 Y + 1 factors, some of which may coincide,

TagTey = Ty

has zero trace unless all the indices are different, so that in any case

(Trace(4 o7 1° .’)’"2\) )s

(6.2) Trace (/{'0{07"){1... 1/D< 2})):6{0*1."&"2‘}

is the alternating quantity defined in Chapter IV.
)

where &€
Loy *rrRoy

Using (L.7) we get for the canonical matrices 9 2

(6.3) Trace 4, é") a/di") R U () 27,

2v ARy e Ry

The matrices

(60)4) l’i{ "/;L‘,YB (O(C/)’Z{ylg /f(§{<lgé7/),oco"gzl?£(2000 Z’ZYQléo(XoQKoL\) \H
are a set of 1 + (2 V¥ + 1) + (2v+1)(2r) toees _(_2__»/_);_1_?_! = -12—(1+1)2V+1
2 vl (W+1)!
= 221/
matrices which are linearly independent. For, if we had
_ < B ) Kgeeo Xy : _
(6.5) Az al +a 7’4+a 7;7’/5 +eoet a ’/*17/;&2“.?‘/&\/—0




5-15
B LAY

where a s A , -+ ©tc., were alternating in their indices, taking the

AMeee0 _ 5, Hence there can exist

trace of A'I;\ ~ ..."/0_ would give a

W
no non-trivial linear relation between the matrices of (6.1). Since there
are 22yof them, they form a basis for all matrices of qrder 2Y , that is
to say, any 2)/ -rowed matrix B is expressible in the form

S UL ¢
*LA 1 Y 7";,( cee Wy

(6.6) B=bl+b°(‘/°l‘+b T '7”/5» + 0ee + Db
1

L 4

Y

Y
An exactly similar argument proves that the 22 matrices

(6.7) 1, 7 i’. 'f'i '/j (i< 3)s ﬂ/'iyj "Ak (1<3<k)y ooy 7/11 ‘fiz"'.'fizw

(15 3y see =1y 2, evuy 2V) (il< ipLeee & i2v)

which are ebtained by taking products of the matrices ’/’l, ‘7"2 g evey ’-/ 2y
also form a basis for all matrices of order 2Y + Any matrix which commutes
with all the :"/ i(i =1, ee., 2V ) will therefore commute with all matrices
and must tﬁerefpre be a multiple of the identity matrix. In particular, if
¢ is a matrix which anticommutes with the 7 ;» the matrix 7’00“ will

commute with ')’i and hence
(6.8) ’7’00‘ = 21 © or o= /:‘)/'O o

Y
It follows that a ')’ ~set of 2 Y matrices of order 2 can be extended to
a 7 -set of 2V + 1 matrices in just two ways, by adding to the set the
Y
matrix 7 o = (-1) 94 1)/ peee sz or its negative. The linear independ-

ence of the resﬁlting set of 2 ¥ + 1 matrices is obvious since the matrices
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are proportional to 2 ¥ + 1 elements of the basis (6e7)0

Using the theorems of § 5 on < =-sets which we have stated (but not

yet proved), it is now possible to establish the theorems:

Theorem (7.1l). The group Hz: +1 of all proper rotations about the

origin in E5,, 4 is (1-1) isomorphic with the group G of collineations in

'P2V_1 which transform the linear family of involutions defined by the matrices

‘ Y
XO '{O+XJ.¢1+ oo + X2 ,/2))

into itself.
Theorem (7.2). The group H,, of all rotations, proper and improper,

about the origin in EZ}/ is (1-1) isomorphic with the group GO of collinea-

tions' in sz -1 which transform the linear family ‘of involutions defined by

the matrices
: \ xh. + 327, + + X2V7/
: . 1 2 e 2Y
|
|

into itself.

We take the points of E2V 1 to be the matrices. 6f the linear
family X = X“l?:'Z (A=0,1, co.y 2V) of order 2" and use Cartesian co=
‘ ordinai;es so that the matrices ')g( form a ’7/’ ~set. In § 3 we showed that
| a collineation in P2V-1 which left the linear family X°<7/ /. invariant in-
“ duced in E2\) +1 20 orthogonal transformation YO{ = L&’g X 'g. This was

| shown by means of the equatibns (3.3) and (3.9) which combine into
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A

(7.1) P PT=p L,

We shall use these equations to establish the isomorphism of Theorem (7.1).

If P is a matrix defining a coilineation of the group G, we élready
know (ef. (3.8)) that equation (7.1) uniquely determihes an orthogonal matrix
I L’i Il . But from (7.1) ‘

.

| - 4
(1.2) P(FoT e Tay B o= (G Fp oee T L el

and taking the trace gives

) - N
(7.3) Trace (9 07/1...7’2),) = Trace (7’07’1...12), )é*ﬂ o..,\L%OL’l"L oy
or . ﬁ’ ‘

(7.4) 'l=]L°l/..

-

Consequently a collineation of G always induces in E a proper rotatione.

2y +1

Conversely, if l ' L'i ” is a proper orthogonal matrix, the matrices
Ne =7 A L'g o 2gain form a 7 -set which, by the computation of the last

paragraph, satisfy the relation \

(7.5) Trace (*)l oNyeesNay ) = lLe(lg | Trace (7, Yqeer Vo p) = Trace (Vo¥.. 7))

Theorem (5.3) can now be applied to give us the existence of a matrix P

1

such that P4, P'X = y, and this matrix will then_ correspond to [ L\ . Il

¢

under the isomorphism of (7.1).

The proof of. Theorem (7.1) will be complete if we can show that the

< A

transformation YQ =L A X" cannot be induced in E by two different

2y +1
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| collineations of Pk— . That is, we must prove that (7.1) and Q 9 A Q—l =

1 A 4 _ s ;
! ¥ 4 L oL imply P = V4 Q for some number X But these equations give

pf, Pr=af @t o @ =L @) .

Since Q—lP( cormutes with 7y 1t commutes with all the matrices of (6.4).
This can be the case only if glp = #Llyor P = pQ.
Theorem (7.2) follows as a corollary of Theorem (7.1) by observing
that the full rotation group H2 V in E2Y is essentially the sub-group of
+

H2v 41 which leaves the hyperplane x° = 0 invariant. Indeed, if Yt =

L:"jX:J is a pro;;er rotation in E2 Y

(7.6) B Linj . ° = x°

is a proper rotation in E,, . and if = LleJ is an improper rotation in

Eyy

(7.7) Ll Tt SO P°=-x ,

is a proper rotation in E,, ,;. Conversely, any proper rotation in E,, .
which leaves the hyperplane x° = 0 invariant, is either of the form (7.6) or
(7.7); where 1a (7.6) |1ty | =+l and in (7.7) |1, = 1.

The collineations of G which , induce in E2 v+l rotations of the

special forms (7.6) and (7.7) are those which satisfy

(7.8) T OP“]' = o and P ?/OP‘_]' =7 o

respectively. The collineations of G which satisfy either one or the other
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of these conditions constitute a group isomorphic to Hz,y o« This is, how-
ever, the group GO of all collinéations which leave the linear family Xt 7 i
(1=1, 2,..., 2Y ) invariant. To prove this we suppose that P transforms
. o=l _ 3 -1
E,y into 1tse1;, so that Pf ;P™ =y, = ’/jL ;- Then both 7’0 and P 9P

‘ ' g
anticommute with all the i apd hence (cf. (6.8)) P'foP 1 + 7'0.

8. THE CASE k = 2.

The geometry of 9 ~sets as interpreted in Pk—l makes considerable use
of the geometry of inwvolutions in the complex projective line Pl‘ As a pre-
liminary to the geometry in the general case, we therefore discuss the case
k=2,

A matrix X of order two will define an involution if and only if its

trace is zero (cf. f 11, Chapter I), and so the matrices of involutions in

Pl constitute the linear family

rd

(8-1) 'X = 2 = X.l":l (OL =0, 1, 2) ’

where the ¥, are giveﬂ by (h.2).' The numbers Xpl ( = 0,1, 2) are then
coordinates of points in the centered complex Euclidean space E3 and the
plane in EB given by x° = 0 is our space E2. ‘

Using the notation described in§ 7, Chapter IV, the invariant points

of'/‘]" and ,/2 are
(8.2) [y 1" =1, -1), W1 =1, 1), [f,]" =, 1), and [, = @, -1) .

In terms of a non-homogeneous coordinate (z =~‘PL- ) they are

2
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(893) H;l]*‘ = i, [’ll]- = =1 9 [‘/2]+ = l’ [O/zl- =l

These are two pairs of points which are harmonic conjugates with respect to | ;
one another. Moreover, this is a sufficient as well as a necessary condition
in order that two involutions shall anticommute. | :

\ ‘A harmonic set of points is determined by one pair of points and : ’;
one point of the other pair. Hence in order to find a collineation carrying ]
the 4 -set (fl,'/z) into another 9 -set (N 13 7p) it is only necessary to
find a collineation carrying [1/1]+ , [1]_]- and [’)’2]+ into [711]+ R ['41]'
and [7? 2]+ , respectively. The existence and uniqueness of such é collin- |
1e‘at:i.on is the fundamental theorem of projective geometry for the line. In
terms of the non-homogeneous coordinate =z =.1JL- the collineations of

1;1 are just the linear fractional transformat?;zc;ns (cf. &L, Chép’oer I)

~

|
(8.1) w= 2321%b \ |
cz + 4 . ' A

where a, b, ¢, and d are complex numbers and

3 g)¢ 0. It is evident that
the ratios of a, b, ¢ and d may be chosen so as to transform any three dis-
tinct points into any other three distinct points.

The invariant points of an involution anticommutative at once with

‘]' and ‘f are harmonic conjugates with respect to both the pairs i, -i
1 2

and 1, -1. The points are therefore uniquely determined to be O and @2 . s

Corresponding to the two possible orders in which these points may be given,

1 O -1 O
wve have the matrices l 0 -1 0 +1

these, we have 9/ o =i 7’1 ‘/2. For ) = 1 we have now proved the theorems g o
of §5. L

a.ndl for ’/ 0° Choosing the first of b
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Since by (8.1) the linear family Xcij; includes all involutions
in Pl’ an arbitrary collineation must leave the space E3 invariant and

hence the group G of Theorem (7.1) is the entire collineation group in Pl‘

Theorem (7.1) states in this case that the proper orthogonal transformations
on three variables are (1~1) isomorphic with the non~singular collineations
in Pl' The parameterization of orthogonal matrices gi&en by (3.8) becomes,

for this special case,

°, 1% 1% 2(ad+be)  -2i(ac+bd) 2(bd-ac)
8.5) |1t 1t il |l = —2——|| 2i(abea) a%p24co+d?  i(-a+pP-c®+d®)
2(ad-be)
12, 1% 15 M 2(cd-ab)  i(a®+p2-c?-a2) (a2-bi-c+d?)
where P = 2 g . Every proper orthogonal matrix of order three is

uniqﬁély'expressible in this form for suitable wvalues of the homogeneous para-
meters a, b, ¢, and d, and conversely the matrix is proper orthogonal provided
# 0.

An arbitrary matrix of order two is expressible in the form (cf. 6.5))

iy [2 8

. . 0 1,2
' p+p ip +p
(8.6) P =pl + p"c?& = .

1,2 0
~ip™p p-p !

This matrix will -commute with 1'0 if and only if pl = p2 = 0, that is if
0
' , ptp 0
(8.7) P= .
Y P-P,

We may put this matrix in the form .
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s 9

. et 2 0

(8.8) P=p 4+ 8
0 e 2

, 0
if we take‘p = + J(p)z-(po)2 and 9 = +i log EiEG . Of course 8 is in
P-p
general complex.

The group Gg of collineations which leave the linear family Xl‘fl +
X?‘fz invariant and commute with'f 0 therefore consists of collineations

described by matrices of the form (8.8). Substituting from (8.8) in (8.5)

gives
o o ) ‘
L o L 1 L 2 1 0 0
(8.9) Ll0 Ll1 le _ = 0 cos 8 =sin @
2 2 2 .
L o L 1 L 2 0 +4sin ® cos 8
~

so that the equations = Llej(i, j =1, 2) give the usual formulas for
a rotation about the origin in the Euclidean plane.

If in a similar fashion we investigate the collineations which leave

the family X17f1.+ X2'/2 invariant and which anticommute with 9 5 we find

that their matrices are of the form

(8.10) P=y

Substitution in (8.5) then gives for the corresponding orthogonal matrix
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O (o] (o]
°, 1% 1% 10 0
(8.11) Llo leL L, = 0 -—cos® sin®
L2° L21 1,22 0 sin ©  +cos O

Since 9 1 and 12 anticommute with 9 g» So does every involution of
the pencil A 9/ 4 + p.7/2. Hence the invariant points of A 7 1+ uY, are
harmonic conjugates with respect to the invariant points of -i 7 7’2 =7 e
But if ¢ 4 a:re coordinates of any point in Py, not [')’0]+ or [yl we

can choose A and u so that

(8.12) (A9 g + w7t p B =yt
and Hience by a suitable choice of A and u the involution A 7y + p.‘/z will
have as double points any given pair of distinct points harmonically con-
jugate with respect to [‘/’O]+ and ['7/0]".

The singular elements of the pencil ]L‘)’l + u.'/2 are */ 1+ iy 5 and
4 1= i7”2. The first of these carries every point, except [Y O]+ into

[/ 0]+ as we see from the equation

(8.13) Yy +i7, =

Similarly, 1= i‘/ 5 carries every point, except [7’0]- s into [Y O]-.

9. COMMUTATIVE AND ANTIC'EOMMUTATIVE INVOLUTIONS .

If A and B are matrices defining two non-singular involutions in

Ve
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P _1s they satisfy the equations

(9.1) 2% = a1, and B® = bl

where, since k is the order of the matrices,

(9.2) a= -I-];- Trace A2 and b = -1];' Trace B2 .

Regarding the involutions as permutations of the points of Pk—l’ the

condition that their product be the same in either order is

(9.3) BB= B

where Fd is any number # 0. To determine [/ s we multiply the equation on '

the left and én the right by A, getting a(BA) = /oa(AB). Hence BA = /oAB = /Q..zBA and
£ =% 1. We distinguish between the case in which/ = -__F 1 and the case

in which L= -1 by saying that the involutions are commutative or anti-
commutative, respectively. In either case the involutions are commutative

in the sense of transformations, but there is a geometric distinction be-

tween commutative and anticommutative involutions.

2

If the matrices A and B (A2 =B = 1) of two involutions commute,

then AB = BA so that if ¢ is a point of [A]+, we have
ABy) =By

and hence By is also a point of [A]+. Hence [A]+ is invariant under B

and must therefore cross [B ]+ and [B]” or be contained in one of them,
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Similarly, [A]™ crosses (B]" and [B]” or is contained in one of them. Choosing

the vertices of the reference k-point to be points in the four intersections

r
1 0 |
il | 0
, 1, O 0 -11'2 |
(9.4) A= and B = ___-_-__:--___--_
0 -1 d 0
. Sl
0 |
0 -1

{ S

{

where ry +r, =T and 51 + 8, =8 = k-r. Continuing the specialization of
the coordinate system, it is possible simultaneously to take any number of
corrutative involutions in diagonal form. This is a result well known from

the theory of matrix algebra.

In a three-dimensional projective space this result means that any
set’;f commuting involutions leaves a tetrahedron invariant and consists at
most of-(l)‘the point-plane reflections in the four vertices and their oppo-
site faces, and (2) the three line reflections in the pairs of opposite edges.
In the geﬁeral casé a set of commuting involutions is a subset of the set of

éll'reflections in pairs of opposite linear subspaces of a k-point in a (k-1)=~

dimensional space.

10. EQUIVALENCE OF PAIRS OF ANTICOMMUTING INVOLUTIONS

If A and B are matrices of anticommuting involutions

and if Ay =+ ( then A(By) = -(Btf), and conversely. Hence B exchanges
L J
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the two pointwise invariant subspaces [A]+ and [A]™. Simila;ly, A ex-
changes [B]' and [B]”. This is possibie only if the dimensions of [A]"
and [A]” as well as of [B]+ and [B] are equal. Of course no two of these
four axes can intersect. From (9.li) we see that the difference between the

dimensions of [A]+ and [A]7, (r=1)-(k-r-1), is equal to trace papt = trace

A, so that if A and B satisfy (10.1) we must have#*

*These equations also follow by taking the trace of both members of the
equations BAB™! = -A and ARA~L = -B. It was this method that we used to
prove Trace zk =0 in5§6, but we now see the geometric interpretation of
this result.

(10.2) Trace A = Trace B = 0.

If the matrices A and B are of order k, they define involutions in

a compléx projective space of (k-l)-dimensions, P The pointwise in-

k-1°
variant spaces of A and B must be of equal dimensionality and .so are
( % ~1)-spaces. This is possible only if k is even and consequently pairs
of anticommuﬁing involutions exist only in projective spaces of an odd
number of dimensions. We shall speak of [A]+ and [A]” as the axes of the
involution determined by A and as a naturél extension of this usage we
shall call any linear ( % -1)~-dimensional sub-space of Pk—l an axis. The
"axes" of a space are then the self-dual linear sub-spaces of the space.
The two ordered pairs of axes [A]™, [A]", and [B]+, [B]™ completely
determine (in a given coordinate system) the two matrices A and B in view
of the normalization A2 = 32 = 1. However, because A and B anticommute it
is only necessary to give three of these spaces, the fourth, say [B]”, be-

ing determined as the transform of [B]+ by the involution with axes [A]+

and [A] .
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Putting k = Zkl, [B]+ is a (klml)-space and so is determined as the
join of any k, of its points which do not lie in the same (kl~2)—space.
Through each of the points of such a set of kl points there goes a unique
line intersecting both [A]+ and [A]_. These kl lines intersect [A]+ and
[A]” in two sets of kl points which are 2k1 = k linearly independent points.
We are now in a position to observe that any pair of anticommuting matrices,
say A and B, are equivalent under collineation to any other pair, sa&.Al and
Bl' For, since any k linearly independent points may be carried into any
other similar set, we may transform [A]+ and [A] into the éxes [Al]+ and
[Al]- and indeed may carry any set of kl independent lines intersecting
[A]+, [A]” and [B]* into any similar set intersecting [Al]+’ [Al]- and
[B1]+' Then a suitable collineation on each of these k. lines will carry

1
(B]" into [B]™ and yet leave [A] = (a,1" and [A]” = [4,]” invariant.

e
Thus we have the theorem:

Theorem (10.1). If A, B, Al and Bl are matrices of order k = 2kl

satisfying the conditions

and

then there exists a non-singular collineation represented by the matrix P

such that

pap~t = A, and PBPl =3
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11. THE REGULI DETERMINED BY TWO ANTIGOMMUTING INVOLUTIONS

A line which intersects any three of the four axes of A and B will

also intersect the fourth. For example, if the line intersects [A]+, [A],
+
and [B] s it is invariant under A and the transform under A of its inter—

dgection with [B]+ is a point of [B]~ which also lies on the line. By
analogy with the usual definition of a regulus in 3-space, we shall call
the system of lines which intersect three non-intersec¢ting axes a regulus
of lines or, briefly, a line-regulus.

The lines of a line regulus may also be defined as the lines in-
variant under each of two anticommuting involutions. This suggests the
desirability of considering the set of all linear sub-spaces of Pk—l which
are invariant under A and B. This set contains no points since we have

already seen that the axes of A camnot intersect the axes of B. Hence no

-
-

two lines of the line-regulus can intersect.

No space of an even number of dimensions can be invariant under
both A and B for if there were such a space, A and B would induce in it
two anticommuting involutions which we know eannot exist. Furthermore,
any space pointwise invariant under one of the involutions A or B, is not
invariant under the other.

Any linear space S, of p-l dimensions, which is invariant under A
and B is also invariant under the product K = -idB. Moreovér K2 = 1 and
K anticommutes with A and with B. Consequently S intersects [K]+ and [K]™
in the éxes of an involution in S. Hence the intersection of S and [K]+ is
a space, S+, of % - 1 dimensions. Since st is transformed into S™, the
intersection of S and [K]™, by the matrix A (or B), S is determined by st.
Moreover if ST is an arbitrary subspace of (K]+ then its join with its

transform under A (or B) is invariant under both A and B,
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The join of two invariant spaces S and T will again be an invariant
space and will intersect [K]+ in the join of s* ana T+; A similar remark
holds for the intersection of two invariant spaces and therefore the linear
spaces invariant under both A and B are in (1-1) correspondence with the
linear subspaces of [K]+. This correspondence is such that a point of [K]+
corresponds to the line of the line-regulus which intersects it; a line of
[K]+ corresponds to a three-space containing the lines of the line regulus
which intersect it; and so on.

In 3-dimensional projective space the regulus conjugate to a line-
regulus is again a line-regulus, but in qul (k > L4) this is not the case.
Indeed, in Pk—l the conjugate regulus by definition consists of the set of
axes each of which intersects all the lines of the line-regulus. ' We may
call this conjugate regulus an axis-regulus.

The lines of a line regulus could have beén defined as the system
of lines invariant under both A and B. The axes of the conjugate regulus

may be defined as the axes of the pencil of involutions.

(11.1) I= AA+ B (- A and u not both zero),

The axes of I belong to the axis-regulus, for if { 1is a point on any line
of the line regulus, then I¢ = 7lAJP + uWBY 1is a point of the same line,
which is therefore invariant under I. To show that every axis of the
regulus is an axis of I for suitable values of A and p ma& be accomplished
by observing that the problem reduces to the consideration of any one
(necessarily typical) line of the line regulus and referring to the dis-
cussion of § 8.

The singular elements of the pencil, namely,
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(11.2) K, =4 + iB, and K,=4A - iB ,

1 2

transform every point not on [K]+ or [K] , respectively, into a point of an

axis of K. Thus if K, = §; # 0 we have

Ky, = (KA + iXKB)y = (iB + A) @ =@,

and consequently ¢ 1 is a point of [K]+, and it is indeed any such point.
Similarly K2 carries an arbitrary point, not on [K] , into a point of [K] .

We may regard [K ]+ and [K]™ as the coincident axes of Kl and K,, respectively.

12, The geometric discussion of the two preceding paragraphs may easily
be paralleled by an algebraic one. Thus the matrix K = -iAB may be taken

in the form

(12.1) K =

k
q). =L'J =00'=Lf) =O and. 9)‘=L')=0..=kr’ =O ’
respectively, where k; = k/2.

Since B anticommutes with K and has its square equal to one, a

s:;tmple calculation shows it to be of the form

(12.2) B =




5-31

The collineation with matrix P =

will therefore transform B into

K
(12.3) pEP L = 1

and leave X invariant. After this collineation is performed the matrix A =

iKB will be

0 ilkl
-ilkl 0

(12.4)

We therefore have
" Theorem (12.1). 1If A and B are matrices of anticommuting involutions

and A2 = 32 =1, then there exists a non-singular matrix P such that

0 i 0
. ! . Ty
and PBP ~ =

-ilkl 0 1](1 0

Hence the normalized matrices of two anticommuting involutions may simale

(12.5) PAP™

taneously be taken in the given canonical forms.

If we determine what conditions the equations

-1 -1

PAP ~ = A and PBP " =B

‘impose on P when A and B are in their canonical forms (12.5), we find that
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(12.6) P =

where Pl is an arbitrary non-singular matrix of order kl = k/2. A co-
1lineation which leaves both A and B invariant therefore determines an
arbitrary collineation on (K]" and the same collineation on [K]™. Since
it leaves [A]+, [AT, [B]+ and [B]™ invariant, it leaves invariant every
axis of the axis-regulus containing them and effects the same collineation
in each of these axes. The collineation in Pk-l
is determined by the collineation which it induces in the Pk/2-1 consisting

therefore determines and

of the linear sub-spaces invariant under both A and B,
A matrix [T will anticommute with A and B if and only if the pro-
duct [" X commutes with both A and B. For,

Ve

(12.7) (FK)A = A(['K) implies /" A =-Al ,.

and convefsely. A similar statement of course holds for B. Hence /~ must

be of the form

r, o 1kl 0 rl 0
(12.8) " = (7'K)K = =
o I 0 -lkl 0o - f'l

(12.9) pret =
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and so has the effect of an arbitrary collineation, with matrix Pl’ on the
matrix I 1°
The matrices anticommuting with A and B are of the form (12,8) and
r2-1is equivalent to (f"l)2 = 1, Two matrices, /” and /\ of the form*
(12.8) with 2 = A2 = 1 will be similar under collineations of the form

(12.6) if and only if (cf. § 7, Chapter IV)
(12.10) Trace /"l = Trace A

that is to say, if the corresponding axes of /7 and A intersect [K]+ in

spaces of the same number of dimensions. This condition is equivalent to

(12.11) Trace K/7 = Trace K A

d

on account of the fact that /~ and A\ anticommute with both A and B and

are therefore of the form (12.8).

13. PROOF OF THECREMS (5.1) to (5.L)

With the geometrical discussion of the preceding sections in mind,

we are in a position to prove the theorems of § 5.
Theorem (5.1) has been proved for k = 2¥{ (R odd) when v = 0, for

we have seen that two anticommuting involutions cannot exist when P is of

k-1

even dimensionality.. Of course a single matrix of order k satisfying '7' 2 =1

can always be found; it is 1, -1 or thé matrix of an involution. We may
therefore prove the theorem b;} induction on v , taking J} rixed. But any
q"-set of N (> 2) matrices of order k gives rise to a 9 -set of N~2 matrices

of order k’l = k/2 by taking two matrices of the first set in the canonical




5-3L-
forms (12.5) so that the remaining matrices are of the form (12.8). Then
the maximum number of matrices of order k = 2))1, in a /7’ ~-set is two greater
than the maximum number in a set of matrices of order kl = 2’/ .l_ﬂ,. But
for every odd .,Q, this latter maximum is 2(¢)-1) + 1 by the induction
hypothesis. Hence there are 2(¢ =1) + 1 + 2 = 249) + 1 matrices in a

maximal ~-set of order k = 2?9 s which proves the theorem.

Theorem (5.2) states the similarity of any two even 74 -sets con-
taining the same number of matrices and this was proved in the lowest case
(for two matrices) in Theorem (12.1). We may therefore use induction on
the number of matrices, the induction going by steps of two matrices and
the assumption being that ti'le theorem is true for 2p matrices of any order.

But if 7 4 (1 =1, 25000, 2p+2) is a o -set of 2p+2 matrices it is similar,

by ihe results of § 12, to the set

711j 0 0 11kl 0] 1k

(13.1) ‘ (3 =1, 2,...,2p), s .

EN -

,O =5l | —ilklo J_k1 0

T e, e, mE an

By the hypothesis of the induction, the set n 13 is similar to any other

‘ | set of the same number of matrices. Since any 4 ~set of 2p+2 matrices is
similar to the set given by equations (13.1), any two 9/ -sets of 2p+2 matrices
are similar,

| Theorem (5.3) was proved in §7, Chapter (IV) for a7 -set consisting

of one matrix. We again use induction on the number of matrices in the >

set, supposing the theorem true for ')/ -sets of 2p-l1 matrices of any order

and proving it for 2p+l matrices. As before s we take two matrices, say
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Nop-1 and 7‘2p of theq-gset Ny (A= 0, 1, ,.., 2p) to be in the canonical
form of (12.5), and then the remaining omes will be of the form
0
Mg '
(1302)‘ (ﬂ:—- 0., 1,.00, 2p"2)0

0 -7’1,8

Similarly, we may reduce the matrices of another «f -set, say 3’ a » bo be of

the same ‘form. Using the matrices (12.5) for 7 op-1 agd n 2p it is clear
that the equation

(13.3) Trace (NgnyNge+Nop) = 21 Trace (Ny4N93 W ype+s Ny(ap0))

-

holds for the set Ny and a similar equation for ¥ 4 ° By the hypothesis

of Theorem (5.3),

(13.4) Tf'ace (no‘/zl... 7}2p) = Trace (yo j’l...j’zp) .

This, however, implies the hypothesis of the ’ch;eorem for the 4 -sets 711 8
and 3 1 ,3 ( / = 0y 1lyeesy 2p~2) which are ther;fore similar by the hypothesis
of the induction.

To prove Theorem (5.4) we make use of Theorem (5,2) to establish

the existence of a matrix P such that
(13.5) P711P“1 =f/i(") (1 =1, 2,...2Y) .

Then P P"l and"/ v) both anticommite with all the matrices ‘.(V).
0 0 . i

Hence ' ‘ ’ “~

(13.6) PRF =54,
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where the sign agrees with that in the equation

(13.7) Trace (nonl.,,)?zy) = + Trace («/O(U )7/ l(ﬂ).” 71211()})) - t(i)l/2,/.




Chapter VI

THE EXTENSION TO CORRELATIONS

1, THE DUAL MAPPING OF Eo)i1 ONTO ITSELF

In the last chapter we regarded the matrices X = x° Xo + Xl Yl + ... * XZ)){Z
of the linear family Xabﬁa as defining point —»> point transformations of a complex ‘
projective space P2‘}—1 by means of the equation
(1.1) oAl =xl1¥B), o @f=xhe® .
If the matrix X is non-singular, the collineation (1.l) may be described equally
well as a hyperplane —> hyperplane transformation by the equations
(1.2) 11,1 = pXllpgll
where

ST S TR

“The operation of taking the transposed inverse is one which maps the set
of all non-singular matrices upon itself. It is well kno.wn that this mapping does
not extend in a (1-1) and continuous way to the singular matrices. However, by a
suitable choice of the factor p , the mapping
(1.3) X— p X
of the non—éingular matrices of the (2V +l)-parameter set Xaxa may be extended to

include the singular matrices of the set. Indeed, since X2 = 2"’} (Trace X2 )1,
(1.h4) ;( = 2V (Trace Xz)"lX' ,

and consequently the mapping (1.3) may be written in the form X-—*f)Z’J (Trace X2 )X' o
Choosing P to be o 2_1) Trace X2 , where o is independent of X, the mapping becomes
linear and is extended to the singular matrices of the family in the obvious way.

)‘“12-)) Trace X° and we

We shall find it convenient to take p = (-1
accordingly associate with a point X* of B the hyperplane —> hyperplane trans-
2V+1 P

formation




(1.5) . IERTEREhans STA]

as well as the point —» point transformation (l.l). When X is a singular matrix
of the linear family XaYa , (1.,1) transforms the points of a hyperplane into
points of a linear space of at most 21/_1—1 dimensions and so the point —> point
transformation does not induce a hyperplane —> hyperplane transformation in the
same way that a non-singular transformation does. However, both (1.l) and (1.5)
determine a permutation of the axes (i.e., the subspaces of 2V“l-l dimensions) of
Py _y anc.l. by choosing a coordinate system in which (ef. (11.2) and (12.5) of
_Chapter V)
. 0 12v_1
(1.6) X=21
0 O

it is easily shown that these two permutations ‘are identical. It is in this sense

that we shall speak of (1.1) and (1.5) as defining the same (singular) involution.

e

2. REPRESENTATION OF IMPROPER ORTHOGONAL TRANSFORMATIONS

A correlation q)B_> (?X defined by the equations

(2.1) CPX B AB('VB

transforms the point —s> point collineation (1.1) into the hyperplane—-> hyperplane

collineation
(2.2)  @F - xR, or IERIERC S T
where Q = |[qp|| and [1Q%0]] = @ .

If the correlation is to transform every involution of the linear family
into an involution belonging to the family, the matrix Q(Xa Ya )Qal mast define a

collineation of the set (1.5) with matrix (_1)1/+1(Ya Ya)' so that

a

(2.3) (%fl)xﬂ - (Yl
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for all values of Xﬁ . Hence the correlation (2.1) induces in E, the linear

transformation
(2.4), ¥ o= L“p xP
by means of the equations

B DRPRVES LY
(2.5) QXpQ = (1) Ty, T b
Solv:l.ng these last equatims for .t p We obtain

a )/+]_ .y al =1

(2.6) L,e = (=1) ‘Trace (X QXp Q) .

Instead of using the point —> hyperplane equations (2,1) of a cor=-

relation, we might have employed hyperplane —> point equations
Ast AB
(2.7) P =R W
where l]RABl] = HRABH"]', The family of transformations (1.5) would then be
carried into the family (1.1) by the equations
v v
R{(-1)
Y
(-1 Ry, B2 = Y, r? .
a a P _ Vg gt B

Consequently, ¥ =M p X" and (-1) Xo: R = Xﬁ M Q® When Q = R these equations

'R =Y or
(2.8) 7

are equivalent to (2.l4) and (2 5).

Combining the correlations (2.1) and (2.7) we get the collineation

||cy || = P |~PB| |, where P = RQ The correspondlng transformation in E2)/+1
(2,9) = (M Y )X
where
18
(2.10) PX P ’Xa( g

Comparing these equatlons with equations (7.l) of Chapter V, we see that ]II. M YH
is the proper orthogonal matrix corresponding to the collineation HCP Il = P||Y H
under the isomorphism of Theorem (7.1), Chapter V.

. The improper orthogonal matrices of order 2V + 1 are all obtained if we

multiply the proper orthogonal matrices by a single improper one. Similarly, all
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correlations which transform E2v41 into itself are obtained by multiplying the
colliheations leaving E2V+1 invariant by a single correlation with this property.
We shall therefore extend the isomorphism of Theorem (7.1)s Chapter V, to a
representation of improper orthogonal matrices by means of correlations in the
spin space if we show that a single correlation corresponds under (2.5) to an
improper orthogonal matrix. In a coordinate system in which the matrices 3/
take the forms given in (L.h), Chapter V, we have

(2.11) y; - (-1)%y, (¢ not summedi) ,

and consequently in this coordinate system the correlation described by the unit

matrix corresponds under (2.5) to the linear transformation
Y
(2.12) T° = (_1)2}+1xo’ - () Xls 2 - (=1)’“1x2, ooy sz/: (_1)V+1X2)/’

The righ?/members of these equations contain (V+1) minus signs if ) is even and
"y minus signs if V is odd. Hence the orthogonal transformation induced in
E2v+1 by the "unit" correlation is always improper. This result of course depends
upon our having chosen the numerical factor in (2,5) in the way that we did.

OQur results on the spinor representation of the orthogonal group are

summarized in the theorem

Theorem (2,1). The gr?up H2V+l of all rotations about the origin in E2y41

is (1-1) isoﬁorphic with the group é} of all the collineations and correlations of
the spin space P2”—1 which transform the linear family of involutions defined by the
matrices Xahxc:into itself. In this isomorphism the collineation with matrix

P= IlPAB]] = IIPAB||=1 corresponds to the proper orthogonal matrix determined by
the equations

(2.13) PP =y, L, o PABX#BGPDC =Y s
]Lapl = =1,

[
e oy

Esiialt 30

K S
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I IRAB

| and the correlation with matrix R = HRAB” = H“’l corresponds to the

improper orthogonal matrix determined by the equations

=1 )z/+l A R B RDC - (ﬂl)zl+l D

= (=1 {/;L @ or

(2.4) R YR

We shall refer to the isomorphism of this theorem as the isomorphism
(or representation) A2 Yal® If only the correspondence between proper rotations
and collineations in the spin space is in question, we shall speak of the isomor-

N +
phism A YRR

3. THE INVARTANT POLARITY
‘The improper rotation
(3.1) ¢ = x°
is of f)ériod two and is commutative with all rotations. Hence its image in the

spin space under sz +1 is a correlation

(3.2) el = cllw®ll, o @, =cp¥’,

which is of period two and commutes with all the collineations and correlations of
the group 9 o

In order for (3.2) to be of period two we must have C“ = e¢C, where
e = £1, To determine e we observe that (3.1) is the product of (2.12) and a
proper rotation. In the coordinate system of (L.L), Chapter V, this proper rota-
tion is the image under A2))+1 of the collineation with matrix Yl Y3 fS coo YZV-I'

Hence in this coordinate system

D
(3.3) C=PNY3¥s s Yovrr O Cup=fOucY1 Y5k o0 Yayal -

Using (2.11) we find
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)}———2——()“1) +1 when Y=3 or 0 (mod L)
(3.4) ¢ = eC, where e = (-1) = 1,

=1 when V=1 or 2 (mod )4).
' Sinee (3.1) and (3.2) correspond to one another under A el ? equations
| . -1 Vi
| (2.1}4) give C XGC = (=1) Ya’ or
, L i Y
‘ _, (3.5) (Gxa) =f(0{a) where f = (-1)" e.
Multiplying by %% 'and summing, we observe that the product of the invariant

polarity and an arbitrary involution of the linear family is of period two, This

property of the correlation defined by C is sufficient to determine C to within a
?
factor. For, if (DX) = g(DX) for .all matrices X = Xa)(a and D is assumed non-
Y] -1 1
singular, the scalar g cannot depend on X and we have DXaD =g 1Xa° Consequently

u U v,
(DD)Xa = YG(DD) 1 (since g2 = 1) so that DD is a multiple of the identity matrix

and D = %D, Using this we get (]‘JDC))(CI (%G)m:L '-&-Yao Here the minus sign is
excluded, for it would imply (]%C)v 0" =va(‘1’Jc), a =0, 1, soos 2%, and the argu-
ment at the end of Chapter V, §6 shows this to be impossible for %C % 0. fThis
then implies that C-is a multiple -of Dv and hence a multiple of D,

We have now proved the theorem.

Theorem (3.1). There exists exactly one correlation which transforms

every involution of the family Xaxa into itself. This correlation is the image of

a a
Y = =X underA2V+l

equations (Ca’a)" = f(Cxa), which have a solution only if £ = (-1) 2 . The

and its matrix. C is determined to within a fsct r by the
V+Y +13

type of polarity described by C and by C(XaYa) is given in the table:

C(Xax ) defines a
G defines a polarity| polarfty with re-| The axes of (Xay )
with respect to a spect to a are a

Ve 0 (mod k) quadric quadric exchanged
yz 1 (mod L) linear complex quadric '. separately invariant
V= 2 (mod L) linear complex linear complex exchanged

| V= 3 (mod L) quadric linear complex separately invariant
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The last column-of this table will be explained in the next section.
A1l four possible combinations of signs for e and f occur and the corresponding

geometrical figure in the spin space is accordingly dependent upon the value of V.

h. GEOMETRICAL PROPERTIES OF THE INVARIANT POLARITY

The geometrical relationship between the invariant polarity and the
axial reflections of the family X Xa willibe made clear by a discussion of the
possible relationships which may exist between a polarity C and 2 single axial
reflection, [7, with the pointwise-invariant spaces (r1* anda (17,

If C is a polarity in a quadric and the axes of [ are interchanged by

C, the situation is represented dlagranmxatlcally in the figure:

(r’ F axis
N

The product C[* is a polarity in a quadric since if 4p is a point on {r‘]+, then

(cM)y=2C AP is a hyperplane which does not contain Ay . Hence

]

(Leo2) c

+C, (cr’) =+C[ .
If C is a polarity in a quadric and the axes are separately invariant,
then [ 1" and ["]7 must lie on the surface of the quadrlc and we have the diagram:
L——— axis [["]"
(Le3) ' C
= axis ([17
IfA|J is any point in the space its transform under C[" is a hyperplane containing
it and hence CI" is a null-polarity. 'That is,
() ¢t =ac (e = e
Similarly if C definee a null-polarity which interchanges the axes of T,

we have the diagram:




. \Y
C
(4.5) My :
[ [-1]- . 4\ axis
line
The transform of an arbitrary point, 4/, under C[" contains the point and hence
(1.6) ¢'=c, (cM' =M .

Finally, if C defines a null=-polarity which leaves (ri1* and (]
separately invariant, we can choose a point @ in [r"]+ and then take © to be a

point of ["]” not contained in the hyperplane C r’cy.
(1 —\F axts
(4e7) Y
(ri & axis
\ line

It follows that if L}J is any point on the line joining q? and © and different from

them, then Cr’«‘) is a hyperplg.ne not containing 4.}} . Hence CI' defines a polarity
in a qﬁadric and '
(4.8) ¢' =, (e =sc) .

A commutative axial reflection and polarity are necessarily related to one
another as in (L.1), (L4.3), (4.5), or (4.7) and comparing (L.2), (L.4), (L.6) and
(4.8) with the first two columns of the table in Theorem (3.l) gives the last
colum of that table. When » is even, the axes of every involution Xaxa are
exchanged, and when V¥ is odd they are all separately invariant. In each case the
invariant polarity may be either with respect to a quadric or with respect to a
linear complex'.

The correlation defined by the matrix C may be constructed for a given
value of ) from the correlation in the immediately preceding case (V-1) just as

in the case of Y -sets. In the lowest case, ¥ = 1, each collineation determines a

unique correlation which has the same effect on the points of P1 but which inter-




changes the empty set and the whole line. The matrix HaABH serves as C in this
case and transforms the coordinates A-PA of a point into coordinates A'VA of the
same point regarded as a hyperplane.

The polarity induces on the axis regulus containing the axes of Yzy.l
and {2)) a collineation which either leaves four axes separately invariant or
exchanges them by pairs, In either event [ihu«l )/2‘,]+ = 8" and [:’L(zval xév]+ = S”
are separately invariant., To comstruct C(u) we first define C(y,.]_) on the lines of
the line regulus.. The transform of a line of the regulus is then a P2"-3 which
intersects every axis of the axis regulus in a P2y,_1 “2°

When VY 1is odd, C(V) leaves every axis of the axis regulus invariant, and
when ¥ is even it induces on the axis regulus an involution with double elements
s* and 87, If q? is any point on a line, £ , of the line regulus, it is determined
as the intersection of this line with an axis, A. We \therefore define the hyperplane
c(”)g/to be the oinsof YU ana ¢4, Tnis extends the definition of ¢) to
all the lines which contain two points lying on lines of the line regulus. Every
point of P,v ., is either the intersection of two such lines or lies on a line of

27 <=1

the line regulus, and in either event its transform under C(V) has been defined, . ‘_‘:';

5. THE (1-2) MATRIX REFRESENTATION OF H,, .

<]

Since the improper rotation Y% = -X® commutes with all rotations in E2V+1’

the correlation ?A =C AB“PB commutes with all the collineations and correlations of

the group, 09' s isomorphic to the rotation group H2V+1° Hence if P is the matrix of
a collineation belonging to °9 s CP = PY’C ,° or P'CP = J)C , and the matrix of the collinea
tion may be normalized to within sign by the equation
(5.1) ‘ PCP=C .

Similarly the matrix of a correlation may be normalized to within sign by

the equation
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(5.2) Q'éa = c.

It may be observed that the normalization (5 .1) is unchanged if the matrix C is
multiplied by a scalar factor while the normalization (5.2) is relative to a
particular choice of the matrix C. One may readily verify that the normalized
pairs of matrices form a group provided we multiply correlations by collineations
in the appropriate way. Hence we have the first part of the theorem. .

Theorem (5.1). If the collineations and correlations of o9 are described

by matrices normalized by (5.1) and (5.2) respectively, then the collineation iso-
morphism A 2‘} X becomes a (1-2) matrix representation of the rotation group on
2941 variables by means of matrices of order 2¥. This representation cannot be
sharpen to a (1-1) represendation.

If it were possible to select one out of every pair of matrices iP
satisf‘;ing (5.1) in such a way that the resulting matrices formed a group, then it

would be necessary to include matrices corresponding to the proper rotations

(5.3) P, =2 P=r, e, =2’ and
(5.4) P, Tk, Pex, v, e

In the coordinate system of (L.li), Chapter V, these rotations correspond te matrices

which are multiples of Yo and Yy and these matrices anticommute while (5.3) and
(5.4) commte., Hence the assumed selection of matrices would fail to determine a
single matrix corresponding to the product of (5.3) and (5.4). It follows that the
matrix representation of sz +1 is essentially double valued and cannot be sharpened

to a (1-1) representation.

6. LINEAR FAMILIES OF CORRELATIONS
If the matrices Ye form a Yy -set, then the matrices

C c
”COAB” = “GACXO BH’ oo HCZVAB“ = “C“Acﬁy BH
= 1]|c,

(6.1)

and |Gy 4pll gl

' define 2v+2 correlations which form a linear family. That is to say, if we define
: i AB el
L (6,2) 11e 1] = |16 4al (0 =D, 1, eeey 2v41)
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then
BC 2 ¢B
(6.3) (2%, ) (X7 ) = 2@%)° 6,

and consequently the equations

(6a4) P, = (x"ccAB)AVB and  @* - (x"cGAB)«yB

define the same correlation,

In general, we shall say that two sets of p+l matrices of order k, C0
and Dc(c =0, 1, 00y P), define a linear family of correlations if

G, B A o . .
[, Il = (X CU)IPY [| and |[@7]] = (X DG)IIAYBll define the same correlation,
that is, if
(o T 1 _
(6.5) (X )(XDY = p1 .
Taking the trace of this equation, we have p = )/GtXcXt where
?

Yor = é% Trace (CGDT:+ C.CD;)° We shall consider only those linear families of
correlations for which ||y || is non=singular. |

The problem of determining all linear families of correlations is on
account of (6,5) identical with the problem of factoring a quadratic form into two
linear factors which may not be identical., If we choose a coordinate system in

which p = Z(Xc)2 equating coefficients in (6.5) gives D; = C;;

and consequently the
matrices Cc.satisfy the equation

(6.6) (x%_)(x"c.") = O .
=0

Conversely, any such set of matrices defines a linear family of correlations. We
shall say that an ordered set of matrices G5 Cys Cps ooes Cp, satisfying (6,6) is
a C=set, A‘X-set is also a C=set but we regard the matrices of a C-set as having
two covariant indieces while the matrices of a thet have one contravariant and one

covariant index.

Multiplying equations (6.6) on the left by icgl and on the right by -iCp,
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the resulting equations are equivalent to

2 2
(6.7) (x“sa) = (X% 1 @ =0, 1, coiy P=1,
where
(6.8) s = ic™Lc .
P a

Hence we have the theorem

Theorem (6.1). If Sa(a = 0, 1, ooos P=1) is a E/=set of p matrices and

Cp'is an arbitrary non-singular matrix, then

(6:9) C, = wleS‘d, cp = cp

is a C=set of p+l matrices, Conversely, if CG is a C-set of p+l matrices, then
S = iCnlc is a Y -set of p matrices.

a P a

This theorem enables us to use the properties of Y =sets to prove a
‘number of theorems on C-sets. We omit the proofs where they can easily be supplied.

Theorem (6.2). The maximum number of matrices in a C-set of matrices of
Ve

order égﬁ(,fodd) is 2Y42 and this maximum is attained.

Theorem (6,3). If Cc is a C-set, so is ACGB, where A and B are any non-

singular matrices.

[V} -
Theorem (6.4). If C_is a C-set, so are C', C , and C 1
o o’ o o

3/
Theorem (6.5). If C,is a Ceset of 2V+2 matrices of order 2 and

AlccBl = Azcoﬁz, then
_ _ 1
(6.10) A2 = p Al and B2 = F-Blo

Theorem (6.6). If C and Do are C-sets of 2¥+2 matrices of order 2”,.

there exist two non-singular matrices A and B such that either

(6.11) AC B = D,
or
(6.12) AC B = =-Da(a =0, 1, o0y 2V), and AC,, B =D, 1,

=1

. =1 .
according as the trace of (COC1 Cy oos 02v02y+1) is equal to the trace of
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-l
(DoDl cee D2V+

exist a pair of matrices satisfying (6.12) and if (6.12) holds there does not exist

) or its negative, respectively. If (6.11) holds, there does not
1

a pair of matrices satisfying (6.11).
This theorem implies that every C-set in P, Y3 is obtained from (6.1) by -
a transformation of the type (6.11) or by such a transformation combined with a
. change in the sign of one matrix. When V=0 (mod L) all the matrices (6.1) are
symmetric, and when ¥ = 2 (mod L) they are all skew-symmetric. Hence when ¥ is
even there exists a maximal linear family of correlations all of which are of period
two. Such a set of transformations will be called a linear family of polarities.
Using the fact that the equations (CX'G)v = 2(05&) determine C to within a factor, it

; is not difficult to prove the theorem

Theorem (6.7). A (2V42)-parameter linear family of polarities exists in

P.w . if and only if vV 1is even.
2°=1 7

7. THE REPRESENTATION OF H;y+2 BY COLLINEATIONS IN P2V=1

Theorem (7.1). If C_ is a C-set and ||1L%|] is an orthogonal matrix,
then G L7 is also a C-set and if |L°] = 41, there exists a pair of matrices 4
and B such that

o

(7.1) ACB=CL . -

These equations may be regarded as establishing a correspondence

. 1

(7.2) ]]L_Clle—é (FA’FB)'

between proper orthogonal matrices and pairs of matrices A and B which, by Theorem

(6.5) are determined to within the scalar factors p and % , respectively. It is

evident that if [IquTII corresponds to (P.Al, % B,), then IIIS;Liﬁu][ corresponds
to (f)AAl’ % BlB) and hence the correspondence

. o
(703) JlL_EH HFA

is a representation of the orthogonal group u by collineations in Pv ..
2Y+2 2" =1
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Except for the order of multiplication the correspondence llL || — Lpisa

répresentation of H2V+2' Consequently equations (7.1) also determlne): represen-
tation

(7.1) |1t ]| —pP

where P = BL,

Theorem (7.2). If Co is a C=set of 2V+2 > ki matrices of order fJ and

_ T
(7.5) c B =CL
. T - . T
for some matrix ||L ol |, then B = bl and L™ = bS;C . Similarly, if AC_ = CGL
then A = al and L=_ = a8 T,
c o

A Ce-set of 2Y+2 = L matrices of order 2 is a basis for all matrices of

order 2 and hence if B is any matrix there will exist coefficients LT; satisfying

(7.5). The theorem may be proved by multiplying (7.5) on the left by iCE§+1 and

1
2v+1

S S (a <p and a,f =0, 1, ..., 2V). This linear independence was proved in §6,

using the linear independence of the matrices 1, S C , and

Chapter V, and of course depends upon the hypothesis that 2/+42 > L, or V> 1.

Theorem (7,3). When ¥>1, the correspondences (7.3) and (7.4) esta-

blished by equations (7.1) are (2-1) representations of the proper orthogonal

group H;p+2 by collineations in Py _y. When y = 1 the representations are (1 - 003).
We have already observed that a proper orthogonal matrix determines A
-1

and P = B~ to within a common factor. To prove the converse we assume that
= T ) = * ' -1 =
ACGB = QtL > and ACOB1 Qle o. Then CG(BB1 ) QfM , where L th P’ and
-1 T
by Theorem (7.2), BB; =Dbl and M =D 8T so that L7 = bk, .l._.and b may equal +1

or -1 since the order is even (i.€0, =1 is proper orthogonal), When ¥Y=1, a

3

2V+2

given matrix A will occur in (7.1) associated with ooh matrices B, thus with o
collineations.
If y is even, the matrices (6,1) are either all symmetric or all skew=

symmetric, Hence, if Cc is this set of matrices, taking the transpose of (7.1)




6=-15

gives
{ ]
(7.6) AC_B = BCA
$ [
and by Theorem (6.5), A = PB. (= f’P) By making a suitable relative normalization
of A and B so that A = B', we obtain the theorem

Theorem (7.h). If » is even, there existis a C-set of 2Y+2 matrices of

v
order 2 such that

: v SY(V+1)
(7.7) Cc (=1) Gc
For such a set the equations
] Vool T
(7.8) PCP™ = CL |

establish a (2=1) matrix isomorphism
(7.9) tp <> |17 ]|
between normalized matrices of collineations in Péy=1 which leave the linear
family %?CG invariant and the proper orthogonal matrices of order 2V+2).

For V= 2 the matrices GG of this theorem are a set of six skew-
symmetric matrices which form a basis for all four-rowed skew-symmetric matrices.
Such a set of matrices has been used as a starting point for a discussion of the

Pluecker-Klein correspondence* and the geometry underlying the representation

% "Geometry of Four-Component Spinors", by O. Veblen, Proc. Nat. Acad. Seci.,
19 (1933), pp. 503-517.

(7.9) may be regarded as a generalization of the Pluecker=Klein correspondence.

Theorem (7.5). The isomorphism of Theorem (7.4) may be extended to
include the representation of improper orthogonal matrices by means of correlations
by 'the equations

=] v v
(7.10) QTcQ=¢C L

T
T O

or by the equivalent equations

wo T . CD _ .
(7.11) QER=0CL, (ieees O Qo) = Copdh o
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Chapter VII

TENSOR COORDINATES OF LINEAR SPACES

INTRODUCTION
1. Homogeneous coordinates of linear subspaces of a projective space

were defined by Grassman and have been studied by Severi,l Antonelli,2 and others.

1 pnnali di Matematica, 2L (3), 1915, pp. 89-120.

2 annali della R. Scuola normale Sup. di Pisa, Bd. III, 1883, pp. 71-77.

These studies have not, however, employed the notation and methods of the tensor

calculus. In this chapter we define contravariant and covariant tensor coordinates
of the linear subspaces of a projective space and derive ab initio the quadratic
relations ‘which they satisfy.

These coordinates enable us to give elegant algebraic expression to the

geometric operation of perspection and section, where the center of perspection is

a linear space of any number of dimensions. Two expressions are found for the

coordinate tensor of the join and intersection of two spaces and in verifying the
equivalence of these two expressions we are led to a useful identity. '
In §5 we introduce a non-singular quadratic form into the geometfy and
employ the matrix of this form to lower and raise tensor indices in the familiar
fashion. We then derive some of the properties of the linear spaces which lie on
a quadric. In particular, we find the algebraic characterization of the two fam-

ilies of rulings on a quadric in a complex projective space of 2y -1 dimensions

and obtain the intersection properties of these rulings. Certain exceptional

: . features of the quadric in 3-space are noted which imply special properties of

4

the orthogonal group on four variables.




In §8, Chapter I, we gave a detailed discussion of the linear subspaces
of a 3-dimensional space. That section may be read as an sntroduction to the
- present chapter, but we do not need to make use of the special results there ob-

tained.

2, DEFINITION OF THE COORDINATE TENSORS
An (r-1)-dimensional linear subspace, V, of the real or complex projec-

tive space Pn-—l is determined by any r linearly independent points which it con-

tains. If AL, A3, A;', veey 85 (1= 1, 2, ..., n) ave coordinates of r such
points, then the tensor

V - —— A A see A

ri 818pee5y 1 72 r
: (2.1)
~ - _ A[:L1 A12 Air]
— l 2 LN ] r
ili2. . .ir .3
. where és s s is the generalized Kronecker delta,” is said to be.a contra-
1 2... r

3 For the definition and properties of these symbols see Chapter I of the
cambridge Tract No. 2y, "Invariants of Quadratic Differential Forms", by
0. Veblen.

| variant coordinate tensor of V. Thus the coordinate tensor of the line deter-
| mined by points a% and Bt 1s v19 =5(a’B? - B'A), and the components of the
-coordinate tensor of an (r-1)-dimensional space are proportional to the minors
of the matrix of r rows and n columns formed by the coordinates of r poin'l';s of
. the space.

In computations involving many indices we replace a set of indices such
as ili.? eee 1 » by a single underlined index i. The number of indices in a set 1
 1s denoted by | 1 ], or li}, in words, the length of i. Thus (2.1) becomes in this

I S U ey

e R T g RN iy e A i

e o




. notation

. 8 8 s
(2.2) et cipgla2  oalslo
11)! s 1 "2 isl

; where |s| = il = r. We shall also use symbols such as _151 to denote sets of
ordinary indices, the underline not beiné extended under the subscript for
typographical reasons.

If we define € ) 1il = n, to be +1 if i is an even permutation of
(1, 25 oo n), =1 if it 1; an odd permutation, and zero otherwise, and define
€ 3 to be a covariant tensor of weight -1, then the components of éi have the

same values in all coordinate systems. This numerically invariant tensor is

always present in our geometry and we employ it to define a covariant tensor

~

2.3) V-0l e ¢

] (EAR! ii
associated with Vi. In this definition P is assumed to be a scalar (which may
depend on |i|) of weight +1 so that VY and V-i-‘- have the same weight, which we shall

3
take to be zero. For many purposes in projective geometry it would be_sui'f:}cient

to take P= 1 in an arbitrarily chosen coordinate system. When we introduce the
' matrix of a quadratic form we will determine the value of /O (1i]) so as to give
a convenient calculus.

Observing that equations (2.3) amount to no more than a renumbering of

the components of Vé'-, we may invert the equations to get

(2.1) Vi = 1 vWedl,
PO 15y 7

where € i is the mumerically invariant contravariant tensor of weight +1 defined

by the equations € 1. € In (2.3) and (2.4) we have given rules for lowering

i.
and raising sets of skew-symmetric indices, the hook (U) being ‘added or removed’

]
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by the operation. We also use (2.L) to define Wi in terms of W, and then (2.3)

0 J
gives Wj in terms of W%. So far we have no way of defining a tensor Vi associated
with VX,

The operations of raising and lowering sets of skew-symmetric indices
give algebraic expression to the law of duality as applied to linear spaces.

Thus if we choose coordinates so that A; = S'i (a =1, 2, essy r) in (2.2),

V)
3

quently V; is a maltiple of S T+l 6r+2 5n . Hence a set of r independent
- i [jl j2 Jn-—r}

points in V determines V=~ to within a factor and a set of n-r linearly independent

AN
planes containing V determine V; to within a factor. Also, the coordinates Xi of

vYwill vanish unless J is a permutation of ((r+1l), (r+2), +.., n) and conse-

a point in V satisfy the linear equations

(2.5) VE s X =0,
and the coordinates of a hyperplane containing V satisfy the equations

(2.6) ESY =0.

k. %k k
cps 1,72 r .S
Moreover, writing (2.5) in the form e.i.E g AT A" oo AT XU = 0, we see that

every solution of (2.5) is linearly dependent on Ai, Aé, +s0y and A: and so de~
termines a point of V. A similar statement holds for (2.6). This completes the
proof of the theorem.

Theorem (2.1). A linear space determines its coordinate tensors to

within a factor and is uniquely determined by them.

3. THE QUADRATIC IDENTITIES
The coordinate tensors of a linear space are necessarily skew-symmetric

and non-vanishing. Not all such tensors, however, are expressible in the form
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(2.1) and consequently a tensor X = X[l] # 0 must satisfy additional conditions

in order to be a coordinate tensor. One form of these conditions is given in

the theorem.

Theorem (3.1). A necessary and sufficient condition that V [1] #0

shall be the coordinate tensor of a linear space is that
rank IlvE 5 = l}{_ sl ’

where the set of indices k numbers the rows of the matrix and the single index s

numbers the columns. (Thus \lV-l-{- 5N is rectangular with n‘k\ rows and n columns.)

We first prove the Lemma:

Lemma 1. 1f vE = V(1] # 0, then
rank || vE Sl > lksl .

If rank WvE Sl were less than, |k s| = r, equations (2.6) would have
more than n-r independent solutions. By a suitable choice of coordinate system

a linearly independent set of these gsolutions could be taken to be
§3s 855 oees Y, where t > n-r. Then el ogk2.¢k3. L -vEbao0
and since r indices i cannot be chosen different from one another and from all

the numbers (1, 2, 3, .+, t), we would conclude from the skew-symmetry of Vé'-

that Vé'- = 0, contrary to hypothesis.
The necessity of Theorem (3.1) now follows from Lemma 1 and the obser-

vation that equations (2.6) have at least n-r independent solutions so that rank

\\V-I-{- | <r. To prove the sufficiency of the condition we need only choose

coordinates so that a set of n-r linearly independent solutlons of (2.6) are
i

61.:1, Sr+2, voes and ST 45 then vE will be a miltiple of S l

Theorem (3.2). If X— Yj g = 0, where = = [x] 0, Y




and the indices range from one to n, then
(1) ix\ + iyl £ n, and

(2) if |xl + Iyl = n, then YX = A X;J and ¥= and YX are coordinate tensors of the
same linear space.
For -each choice of the indices J the vector Yj s belongs to the right

mill-space of the matrix \lX-j-' s” and consequently

(3.1) rank || Y. SI\ < n- rank HX:L- S

[ ()

But by Lemma 1,

(3.2) |x| < rank %= S and (y] < rank Iy, A

Gombining these inequalities we have the first part of the theorem. Moreover, if

Ix{ + \yr= n, the equality signs must hold in (3.2) so that by Theorem (3.1) &=
x x b4

is a coordinate tensor. Choosing coordinates so that X= = A 5 1 1 5 22 coe 5 i

1x{

the hypothesis of the theorem implies that Y 1= Y 5 = eee = Y = 0 and

Ixi+l Ix|+2 1 Ixl
5x le cee Sn ]1sanm1'bip1e of X;’

lYl
Theorem (3.3). A necessary and sufficient condition that V = V[i] #0

consequently Y = H

shall be a coordinate tensor is that

ks, _
(3.3) V= V_J._S—O .

The sufficiency of the condition follows from Theorem (3.2) by putting
Xi = V}- and Y 3 = V;. The necessity follows from the observation that when VE

is expressible in the form (2.2), then for each set of values of the indices k

k s

and j, V= Vj\" is a determinant in which two rows are equal.

Equations (3.3) obviously imply the vanishing of v Sy~ s if s con~-

tains more than one index. In Theorem (3.l4) we shall prove that xTrs

s




implies the apparently stronger condition (3.3). This will prove the theorem.

Theorem (3.1). A necessary and sufficient condition that vt = V[i] #0

I, shall be a coordinate tensor is that

krs ,\— _
(344) V= vj ~s =0

The quadratic relations satisfied by the components of a coordinate

N

tensor are usually given in the non-tensorial form

b Bertini, "Einf#hrung in die Projektive Geometrie Mehrdimensionaler R¥ume",
page 43, formula (1kL).

(3.5) yRabgme d , ymacqyn db  yma dymbe g, , .

~
where the set of indices m occurs twice but without being summed. These equations

are obtained by multiplying (3.3) by egi mbe d, summing, and putting m a for k.

We shall here employ only the tensor form of the quadratic relations, (3.3) or
(3.1).

L. JOINS AND INTERSECTIONS

We call the linear space of smallest dimensionality which contains two
linear spaces, X and Y, the join of ¥ and Y and denote it by X + Y. Similarly,
we call the space of greatest dimensionality contained in both X and Y the inter-
section (meet) of X and Y and denote it by XY. We write 0 and 1 for the null-
set and the entire space, respectively.

Theorem (4.1). If X, Y and J = X + Y are linear spaces with the

respective coordinate tensors ﬁf, YZ, and Jl, and XY = 0, then J; is proportional

— w vy (e PTIR  E A
toxix.xi‘-,andtoxiyy. IfXY%O,YiEXx xiy_xy 0.
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If X is the join of the (x| points Al’ A2, cecy A and Y is the join

1x1

of the |yl points Bis Bps ceos B\y(’ 1 o x| 1 5 li:

then J = A, + A, + voo + A, + B, +B. + ... + B| i}

and XY = O implies that these \x\ + |\y| points are linearly independent. Consequently,"}

X, X b4 ya ¥
1. .72 A 1x1 B 1 B 2

i ixy 1 72 AR b 4| 1

LT
2 bl

is different from zero and is by definition a covariant coordinate tensor of J.

yﬁYz-’ (_l)|X||Y|é =

— omam g — e

Using the definition of X= and Y, JiU= € +

so that J;’is proportional to Y£~; = and to X{fé Y. If XY # 0, the points

U=
5 0.

A15"A2, ceoy A\x(’ Bl’ B2, ceey Blyl are linearly dependent so that J
A similar proof gives the dual theorem.

Theorem (L.2)., If X + Y =1 and XY = I, then IE is proportional to

LYY adto 2% ITX+YAL, thenEEyY =2 2xY=0.

Theorem (4.3). If X and Y are linear spaces with coordinate tensors

¥= and Yz, respectively, then the "Yprojection operator® PZ, = Y= £ X defines

J Js

a transformation

(4.1) ‘ CEESNUE

with the following properties:
1. If Lpg-is the coordinate ténsor of a linear space "% such that X =20 and
Y+X+W=1, then q)i (# 0) is a coordinate tensor of the linear space
I(X + ).
2. If either or both of the conditions XY/ = O and Y + X + (Y= 1 fail to hold,
then @ = 0. ,
The theorem follows immediately by applying Theorem (L.l) to the spaces
X and \Pand then Theorem (L.2) to the spaces Y and (X + ). Dualizing Theorem

(L.3) gives
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Theorem (L.L). WYy P-l'j is a coordinate tensor of yY + X unless
b Y+ Y # 1or YIX # 0, and then it is zero.

Theorem (4.S). If ¥= and YL are coordinate tensors of linear spaces

and we form the sequence of tensors
i.8 is s
2, e, TR XY or YO L Spdip
BL ) —a <a—a

 where \sr\ = r and a is the minimum of the two numbers n - [x| and |y|, then the

last non-vanishing tensor factors into the form

B (L.3)
i

B ond T and J, are coordinate tensors of I = XY and J = X + Y, respectively.

J
=r
The spaces X and Y intersect in a space of dimensionality < Ix| -1

" and *§ \yl - 1. Hence if Ii is a coordinate tensor of I = XY, we may put
il = ly| - r where r > O, * Now applying Theorem (4.3), the expression
ol A oo 3
(bols) RIS S S
2rer
| is either zero or ‘45 the coordinate tensor of @=IX+VY ). In the latter case

@ includes XY and its dimension, li:\ -1= |yl -«r -1, equals the dimension

i i
of XY. Hence ¢)="XY and ¢ = P ',

It 1s now convenient to regard (L.lL) as a vector equation = M Y
is
T

where M is the rectangular matrix ||
set of \k| numbers between one and n, the matrix M transforms every vector of

the basis either into the zero vector or into a multiple of T . Hence M is of

rank one and therefore factors into the product of two vectors. That is,
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r i 1
- (L.5) Yo r X =X r .
] ISy dr

s

where T L is a coordinate tensor of XY. Applying Theorem (L.L) to this projection
B operator proves that J.ir is a coordinate tensor of X + Y.

Summing off r + 1 indices of oA against r + 1 indices of XS’ gives zero

| gsince each component of this tensor is a sum of terms of the form Piai, where P

| is a point of I = XY and Q is a hyperplane containing J = X + Y and a fortiori
containing P. It is obvious that if any one of the terms of (4.2) vanish, then

- all folloﬁing terms also vanish.

If we exchange X and Y in (L.2) we get the sequence

i.s i.s
v ST X—-2—2Yu

i
X— - X Y. . o e 0
il 33877 3085’
(b.6) ' 1282 _u Sa
e XY e XY
- Za Za—a

where \sr\ r and & is the minimum of n - }y! and Ix|. It is to be observed that
the number of terms in the sequences (L.2) and (4.6) are, respectively, n - |x| + 1
andn - \yl +1if n g ixt +1yl, and Iyl + Land \x{ + 1 if n > Ixl +1{¥{.

Hence the sequences are in general of unequal length. For coordinate tensors

XX and Yz, Theorem (L4.5) implies a special case of the theorem

Theorem (L.6). If = and ¥ azle any two skew-symmetric tensors, then.
the last non-vanishing terms in (4.2) and (4.6) are proportional.

To prove this theorem Without‘, restricting XX and ¥ to be coordinate
tensors we use the definition (2.3) and its inverse (2.4) to express YJ? and X

in terms of Y-lf and Xn\:, respectively. This gives
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- ingy gV

YA\E— Xézjxyxm
i Al Yi / X S ...1\ ‘]s 7
et [al Fipred g J

+ (additional terms in which more than |s| + 1 indices are summed),

with \s.l = \s| + 1 where the integer |sl| and scalars As /\ and )\2 (possibly

1!
zero) depend on the lengths of the various indices.* Consequently, if Yi - X~

A meaningless summand in (L.7) implies that its coefficient /\p is zero.

is the last non-vanishing term in (4.2), then = L YJ o is the last non-vanishing

\

térm in (L.6), and

(h8) 2y~ - A AExY .

5. THE QUADRATIC FORM
We now introduce into our geometry a fundamental quadratic form Y - i X Xj
and use the symmetric matrlx 7T, i I to lower single tensor indices by the familiar

rule, X 5 = T. .XJ. Covamant indices are raised by the rule X, TlJ = Xj where

ki v i
k;| 6

If we lower each of the indices of a skew-symimetrlc tensor X—- by Ti:l

.the resulting tensor is skew-symmetric and is denoted by X 3° Applying the rule
1

PULDILL,
Alternatively, we could first lower the indices of X--:l by the rule (2.3) to get Xi

(2.l4) to raise the indices j by means of i1 gives the tensor Xi.

and then raise them with 113, The result of these two processes ig the same to

within a factor. Indeed, computation with (2.3) and (2.4) shows that
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G YEIx-1pas) plewh Y7 MO

5.1 8,1 s i
where ')/E.i: -y Y1yt oyl Vi ang Y is the determinant ]’)/ij\.
The scalar factor in the right member of (5.1) will be +1 if we put
L Lril(n-1il)
. z
(5.2) pAULD = FH-1) .
This choice has the disadvantage that P (11\) is sometimes imaginary. This
cannot always be avoided without introducing additional complications into the
caleulus for in the special case in which n = 2)/) and |i| = V/, (5.1) reduces

to

(5.3) v2ixl=pim vt (1Y £

50 that'lo(\}) =Y 1/2 (-1)V/2. However, if || Yij Il is a real matrix of signature
(+-4-...+-), then /o(\)) ig real (cf. Theorem (6.1)).
We now restate our rﬁleg for lowering and raising sets of skew-symmetric

indices. They are -

x”=-{3—lll£ €. . X= and

d gy 43
5 a2 s
13l =
' where
2 1 il (n=-1il)
(5.5) {1} = (D* y

In (5.4) if a hook (U) is added to the X in the right member it is erased from

the left member. We observe that $i} = §x} if (1) + || = n. The operations of
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caleculus are summarized in the theorem5

5 If Yij = - in, a factor (—1)]il must be added to the right member of (5.1).
! FHEY
, _ £ \il(n=111+1)
Theorem (5.1) will continue to hold if we put i_i} = (—'1)2’ in

(5.4). In order that l'Yijl # 0, n must be even and hence {i} is always

real. Equations (5.7) of course require modification when 7’1 5= - ‘)’j 1°

\

Theorem (5.1). If single tensor indices are lowered and raised by

“{ 13 and fij while sets of skew-symmetric indices are lowered and raised by the
roles (5.l4), the resulting calculus is consistent and gives the relations in-

dicated in the diagram

(5.6) ~ , yl I’l

The rules regulating the manner in which sets of summed indices may be

raised and lowered are computed %o be

i - i i L gV i
(5.7) = Yi-xixi, = Y:Z—XEY%
and
. 2
(5.8) 1 gy bl ek
1ilt X k! XE n

The numerical coefficients in equations (4.7) may be evaluated by com-
putation with (5.4). The result of this computation is contained in the theorem

Theorem (5.2). If X= and YL are skew-symmetric tensors, lil is = |x|

and < |yl, and |j| 4s s n - {x| and g n - |¥y|, then




{r}

X_i__x; . (1)lrllsl § i Yi XV

C 1 Ir|t Q £ [s] 48
; (5-9) M ]V
+ (1v1). 5 12"2
\v%\*-lp v (31 -2]

| where i = iliz’ J= lliz, and M is the smaller of the two numbers |i| and []J}.

This useful identity depends only upon the rules for lowering and raising

- sets of skew;symmetric indices by means of the numerical tensors and does not

involve the tensor 'Yij. If I'Yajl is not available we suppose the factor 7 in
(5.4) to be an arbitrary scalar of weight two.

| Special cases of (5.9) are stated in the following theorems.

Thearem (5.3). If %= and YL are skew-symmetric and (x| + |y| = n, then

(5.10) L vy = (pFNTIHEL 2 g2 8 xyy
Irlt = (st 42

+ (additional terms in which more than }s| indices are summed) «

' VY S N\
Theorem (5.4). If V=" =V "7

= 0 and |8| is odd, then

f v mS |

To prove this we put Xi = = Vi in (5.10) and replace i and jby v r
and W p, respectively. This theorem, for |sl| = 1, was used in the proof of
Theorem (3.L).

Theorem (5.5). If = and YL are skew-symmetric and (x] + |yl = n, then

L gt Iy (i Lyt 2 -

5.1 || jr [sl! Js
. _ 2 1) ot
Ixi1t J

This is the special case of (5.10) in which all but one of the indices
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, of XE are summed against indices of Y;. The scalar factor in the right member of
| (5.11) is most readily obtained by taking the trace of the left member.

An application of our calculus to an elementary preblem in projective
geometry is contained in the theorem

Theorem (5.6). If Y= and YL are coordinate tensors of linear spaces,

B X and Y, where X + Y = 1 and XY = 0, then

(5.12) oL gry oty 1 yls gy

I (]t JE 1St i

defines an involutoric collineation gOi = Sij ‘Pj with the pointwise invariant
spaces X and Y.

In proving this theorem it is convenient to abbreviate (5.12) to
(5.13) . S =XY- AYX,
and by a similar abbreviation to replace the identity (5.11) vy
(5.1h) XY+ ATX= pl.
Then S can be written in the forms
(5.15) S=2XY- pl,
and

(5.16) S= pl-2 AYX .

The collineation q)l = Si‘_j \Pj is of period two, for

i

Ss = (2 X°Y - )Jl) ()Jl - 22Y'X)

[}

2 (XY + ATX) - pf1
HEL,

TR ISR,

g
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B ihcre the "product® =L A(X-Y)(Y'X) vanishes since it contains the tensor

g;; Yj 5 which is zero by Theorem (3.3). The collineation is non-singular since

M=0 would imply XY # O, contrary to the hypothesis. A point y/i in the space

. Y satisfies the conditions Y;ﬁ; Vﬁ)= 0, so that using (5.15) we have

sij pd = (ext L Yj\;: —).ASij)k/-/j = -jupi .

Hence the points of Y are invariant. Similarly, using (5.16), the points of X

are invariant.

6. LINEAR SPACES ON A QUADRIC

The tensors VE and VS’have been interpreted as coordinate tensors of
the same linear space. If we write
- i =, b 4
V—= +A. B oooH s

we observe that

&

The hyperplanes Ai’ Bi’ coey Hi are the polars, respectively, of the points

Ai, Bi, seey Hi in the quadric
(6.1) Q: Yij rxd=0.

Hence Vi is a covariant coordinate temsor of the polar of the space V:. Of course
W% is a contravariant coordinate tensor of this same space. Since a linear space
vX 1ies on Q if and only if it is contained in its polar space, we have as a

special case of Theorem (L.5),
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‘ ) Theorem (6.1). A space with coordinate tensor VY lies on Q if and only if

is .

Reference to the first part of Theorem (3.2) shows that (6.2) implies
2|v{ < n, so that the maximim number of linearly independent points in a space

, on Q is 9;2—1 when n is odd and -g when n is even. We now restrict our considerations
-to the latter case so that (6.1) defines a quadric in a projective space, P2v 1

| of 2y -1 dimensions. A linear sub-space of sz -1 of VY ~1 dimensions will be

B called an "axis". An.axis then has a coordinate tensor Vi, where |i| = V. The

 polar of an axis is again an axis so that V= will lie on the quadric if and only

 if it coincides with its polar space. That is ] )

} Lowering the indices i with and raising them again with € 5z gives
j ; - s i

| SR ] -
- VK /;;V— and consequently /0 +1.

Theorem (6.2). A necessary and sufficient condition that a coordinate

tensor vi (111 = y) shall determine an axis on the quadric (6..1) is that either

[ or

1 .
(6.1) o . F,: V== +v% ,

‘ . s
(6.5) F: V== -V,

The axes on Q are thus separated into the two families F,_ and F_,

| characterized by (6.4) and (6.5) respectively. The association of the plus
sign with one family and the minus sign with the other is a rabter of arbitrary
| choice. Indeed it is determined by the §eiection of one of the two values of

_ n
' the factor Y~ occurring in (5.L).
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_Theorem (6.3). If V and W are two axes on Q, then

(6.6) dimension of (VW) =V = 1 (mod 2)
if V and W belong to the same family, and
(6.7) dimension of (VW) = V (mod 2)

if Vv and W belong to different families.6

6 A proof of this theorem based upon stereographic projection is given by
Bertini, "Einf#hrung in die Projektive Geometrie", p. 1?43.

Since V and W are axes on Q,

6.8) - R A, e AL, M=V,

and the spaces will belong to the same family if )\V >‘W = +]1 and to different

families if >‘V )‘W = -1. ZLet us put D(VW) = 1 + dimension of (VW). Assuming

that D(VW) = 1 +1, using (6.8), and applying Theorem (4.5), we have V};\E Wi—js_ =

for \’jsl > V- M. Hence if we put XY = V¥~ and Y:= W, in equations (5.10) they

reduce to

(6.9) viiw - (1Y MR Iy, where 14l = u+ 1.

z ~ iz’

On account of (6.8) these equations imply

(6.10) Wy, =-(nY-H Ay Ay wlv, .

ir J I

By Theorem (L.5) wiv, = I:L- J. where 11 and J. are coordinate tensors of VW
Jr J J

and V + W, respectively. Since V + W is the polar of VW, Jj = /O“/. s IE-, and
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consequently w = Véj-r = /o I}- I-:1 is symmetric in the sets i and j. Hence Wi"- z V-‘ir =
- I V= N = v=Z W—'ir. Substituting in (6.10) now gives

(6.11) , @+ Ay Ny (DY MR Wy =0,

. ir . . ’ .
and therefore if >‘V )‘W = +1 V== W.:j. r ¥ 0 implies Y - M =1 (mod 2), or if

Ay )‘w = -1, implies V- M= 0 (mod 2).

Theorem (6.h). If Sy 18 complex or if it is real and the signature

of Q is zero, then Q contains axes. If 82\) -1 is real, Q contains axes only if
its signature is zero.
We omit the proof. -

Theorem (6.5). If Q contains axes, then axes V and W on Q exist for

which D(VW) = & , where ¢ is any integer > O and < V.
Under the hypothesis of the theorem we may choose coordinates in the

real or complex S2V -1 S° that the equation of Q is
(6.12) fxVla? V2. L+ xY2%Y =0,

let us call the vertices of the coordinate 2V -point E» E2, coey EV ’

B, Eé, seey and E;) » where the coordinates of E_ (a =1, 2, seey V) are Si

and of Ee':. are Si

oty Then the spaces

V=E +E +..0 +E +E +..Q+E and

1 2 = o(+1 Yy

(6.13)
= f 1
W E1+E2+ LE R +Ed +Ed+l+ L 2 +EV

lie on Q and D(VW) = &« .

Theorem (6.6). If the gquadric Q in 82\)-1 contains the distinct axes V

and W, V > 2, and /8 is any integer > O and <y, then there exists an axis A on

Q such that D(AV) = 8 # D(&W).
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The theorem would be untrue for V=2, B= 1, and D(VW) = O for then
V and W would be non-intersecting lines on a quadric in S3 and any line on Q
which intersects one of two such lines in a point also intersects the other in
a point. In the other cases which occur when Y= 1 or 2 the theorem is
trivially satisfied.

- Let us put D(VW) = &« . Then it can be shown that by a suitable choice
of coordinate system we may take the equation of Q to be (6.12) while V and W are
the faces of the coordinate 2V -point given by (6.13). We now distinguish several
cases:

1
Then D(AV) = B, and D(AW) =B +V - x> 8 .

Case 1. /3<cx. TakeA_=E +E2+000+E/6 +Elé+1+ooo +E')jo

Case 2. /a > o and 28 #V.+d . Take A as in Case 1. Then
D(Av)’=/3 , and D(AW) =X +V - B # B.

] = = 1

Case 3. 28 = Y+o . Take A =Ej +E} + ... +Ex;-,6 +E’;_/3+ 1+
taee +E Then. D(AV) =B and if of +/Ag v, D(AW) = &+ 8 - ;/7!/5, or
if o(+/8 <y, DW) =V - —/e , which is different from/g unless
213 =y -o . In this event o= 0, and 28 = V.

Case L. 2/3 =y>2,a=0. The 3-space EV"l + Ev + E'V_1
intersects Q in a non-degenerate quadric which contains the non-intersecting

o+ 1
EV

lines E V-1 + EV and E'\)-l + E;/ . Let F + G another line of the regulus con-

taining these two lines, and take F on fEV‘l + E;} and G on E! V-1 +E v If
Wepu'bA=E1+E2+...+EIB +Ek
D(AV) = B = V/2 and D(aW) =B-2 ¢ B.

Theorem (6.7). If two collineations of S, J -1 (Y > 2) leave Q invariant

AT + E,'é-z + F + G, then

and effect the same pernutation of the axes of F_, then they are identical.

i

i

[

e
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By the preceding theorem an axis of F_ is unambiguously determined by
the axes of F_ which intersect it in a space of /9 - 1 dimensions, where /3 is
any number congruent to Y~ 1 (mod 2) and between O and ) - 1. Hence the two
collineations must effect the same permutation on the axes of F_. Since every
point on Q is the complete intersection of two suitably chosen axes on Q (of the
same or different families), the two collineations transform the points of Q in

the same way and are therefore identical throughout the space.




_ Chapter VIII

REPRESENTATION OF LINEAR SPACES ON A QUADRIC IN P?V -1

1. THE PROJECTIVE SPACE sz-l

In this chapter we shall apply the correspondence of Chapters V and VI
between points in E2V +1 and matrices of order 2\) to study tﬁe linear épaces on
a quadric in a projective space of (2V -1) dimensions. To do this we first
introduce a coordinate system in E2v +1 in which the cone 7; x“ X'g =0

8

(o ,/9 =0, 1, «.., 2V ) has the equation
(1.1) )2 + Vs “xd=0. (i, 5= 1, 2, eeey 2V).

The form of this equation will be preserved under transformations of coordinates

in E2V +1 if we allow only transformations with equations -

e

(1.2) % = x°, x¥ = T;xj, (L, 3= 1, 25 eevy 2V)

where IT:;I # 0.
The group of transformations (1.2) leaves the hyperplane x° = 0 invari-
ant and induces in it the linear transformation Xi* = T?].'Xj, where | ‘1“;& | is an

arbitrary non-singular matrix. Hence the hyperplane x° = 0 is a 2)) -dimensional

2 2v‘) .

complex affine si)ace E2V in which the coordinates of a point are (Xl, X%, eeey X

Thus the coordinate vector (x°, xl, X2, cosy sz) of a point in E2V +1 is made up

2

of a scalar Xo, and the coordinate vector (Xl, X% oeey X2u) of a point in EQV'

Under (1.2) a covariant vector has the law of transformation

- * o4
(1.3) Yo =T, ;= 43,

where té‘l‘g = 5;. Consequently the 'coordinate vector (Yo, Yl, Y2, oses Y2v) of

a hyperplane in E,, ., is composed of the scalar Y and the vector (Yl, Tps eees Y2V)' ‘o




Indeed, since

110 ... 0 110 ... 0
01 0"
t !
: o N . .
CRNEE N 3 R 2% I B b 27 LS TR
p o | o !
1
0| 0+ .
' P '
| where e ij = Si, the covariant components X, = 7;‘/3 X'B of a vector Xﬂ

| are related to the contravariant ones by the equations

. = ¥° - J
(1.5) X, =%, X ”/ijx .

' The rules for raising and lowering Greek indices (o, /3 , etc.) with the range
(0, 1, 2, essy 2V) may therefore be replaced by the carresponding rules for
? raising and lowering Latin indices (i, J, etc.) with the range (1, 25 «ee, 2V)
| . by‘;neans of ’/ij and "]'ij.
If we regard the numbers Xi as being homogeneous rather than non-homogeneous
coordinates of a po::mt, we shall be dealing with a complex projective space sz_l
of 2y -1 dimensions. In effect, this amounts to taking the lines through the
origin in ?2), to be the points of P2V—l° The points of P2V—1 with coordinates
Pxi therefore correspond to a pencil /olleBll , of matrices of order oY by

means of the equations
(1.6) x=x7
Since 7’de°‘ = x°2%+ -fij %+ xJ, we have from (1.6), Chapter V,

2 _ (eial \2 - i o3
(1.7) X = (X ‘/i) Yijx i1 .

The fundamental quadric

.o © L.




(1.8) 'Yij xxd=o0

in P2), -1

involutions with matrices X Y 5°

thus appears as the locus of singular elements of the linear family of

E with non-homogeneous coordinates Xi to the projective space sz -1 with

2y

|

|

Tn the following sections we shall pass freely from the affine space
homogeneous coordinates /OXi. Equations (1.6) will then be regarded as estab-

"1ishing the correspondence s i3 B“ between points of E,,, and matrices

in P,V _; or, equally well, the correspondence IoXi <> {o" XAB | between points

/

and involutions in P2,} -1°

7

b cfPoya

2, THE CORRESPONDENCE BETWEEN TENSOR SETS AND MATRICES

matrices

(2'1) 1, yi’ 7,1 7j(i <\j)9 LA 4 yl 7,2 73 L 12)/
2y

are linearly independent. Since there are 2 of them every matrix of order oV

In §6 of Chapter V we proved that if the 7 ; form a 7Y -set, then the

l

\

1 can be expressed as a linear sum of these matrices. That is, an arbitrary matrix

i x- llXABll of order 2\} is expressible in the form
] 2V

i .2 - = 2 &,
1 . [ij=0 [il! =
where
(203) ' S, = ’Y. 7. ceeo 1 °
. i i, i, ilil
A
It is understood that when }i| = O, sy = 1. When X is a matrix of the linear

family Xi ')’i the coefficients X= in (2.2) vanish unless |i] = 1 so that equations




(2.2) include (1.6) as a special case.
When the ')’ are elements of a 7-set, the quantity s; = Hs A H is
skew-symmetric in the indices i. With the definition (2.3) thls property is not

preserved under transformations of coordinates in E2V . We therefore define 8y

by the formula

(2.1) I o R L T
! mtg-l- 131 732 7(3m

which reduces to (2.3) in a cartesian coordinate system, that is, when
‘f XiXJ = 2xh? ) go that the matrices 7 anticommute.

If we take the coefficients X— in (2.2) to be skew-symmetric, we can
solve for them in terms of the matrix X. To do this we employ cartesian
coordinates to prove that Trace sig 3 = 0 if li] # |j| and otherwise it is a

multlple of . 8 3- The exact relation

(2.5) Trace (s—-s ) = (- ]_),Ull (111-1),v 5:31‘51

may be verified in a cartesian coordinate system and ev:.dently remains valid
under coordinate transformations. Multiplying (2.2) by s= and taking the trace

therefore gives

(2.6) % = (-1}‘lel(‘j'-l)2-v Trace X sd

and we have the theorem

Theorem (2.1). Equations (2.2) and (2.6) establish a (1-1) corres-

pondence

(2.7) Iz < {x, «f, M= x4, .., 2=zt = 20y}

¢




betweeri matrices of order 2)) and sets of skew-=sy1mnetrié tensors.

3, THE COLLINEATIONS CORRESPONDING TO LINEAR SPACES ON THE QUADRIC

The correspondence of this theorem allows us to represent a linear
subspace of PQV .y asa collineation in the spin space P2v -1° To do this it
is only necessary to take the tensor set to be {_0, Oy o000y O, Ai, Oy ooy O}
where A-i- is a coordinate tensor of the linear subspace.

A lemma which we shall need in the proof of the next theorem is

Lemma. If A and B are square matrices, A2 = B2 = 0, and AB = + BA, then

(3.1) rank AB < rank A .

L
2

This.is obtained from the general relation

% C.C.MacDuffee, "The Theory of Matrices," Berlin 1933, Theorem 8.3.

\

rank AB + rank BC < rank B + rank ABC

by putting C = A.

Theorem (3.1). If 1~ is a coordinate tensor of a linear space L on the
LS s;5 then A2 = 0 and rank A= 2Y W,

Vil ¢ =

Let us take Ll’ L2, ceoy Llil to be lil linearly independent points on

quadric (1.8) and A=

L. Then_L=Ll+L2+... +Llil°

Llil EARLEY LV such that A = Ll + so0e + LV is an axis on the guadric. Then

It is possible tc find additional points

'/ijLiL‘g =0for a, b=1, 2, coey V , Where Li is a coordinate vector of the
point La.

Equating coefficients of the arbitrary variables x* in (1.7) gives

(3.2) ‘ ’:‘1(7’1 7’3 + 7’3 7’5_) = 7’13 1.




Multiplying both members of LZL% and summing gives

(303) ' )\ >\b=‘/\b/\a (a,b.=15 cooy V)

a
: _ L1 _ i
where A, = L, ’)’i (= Lysy)e

In particular, ()\a)z = 0, so that rank A, < —2'-'(order of A,) = 2V L,
The product of any number of the matrices A a also has square zero for

. [i, 14 is,]
2 _ 2 2 2 . : i_ 2 lil

()\a)\b ceo )\p) = + (/\a) ()\b) o,.(,\p) 0. Since I= = L, ]‘I..,2 cee Ly s
>\= AlAQ eecso A

Repeated appliéation of the lemma now gives the chain of inequalities

.. and there )\2 = 0,
11\

rank /\1 < 2V

ral}k (>\l>‘2) < -irank A

o

o
o ©

rarilk ()\1)\2...)\r) §°-irank (>‘1)\2°“)‘r-1) ngV'r

ra£1k (/\1>\2..°)\)) §°_Lrank (AlI\Q'”)‘V-l) 562\"‘1): 1

XS

However, if Ai'- is a coordinate tensor of A = L, + Ly + oco * Lv s then

1 i _
Y A= s_i_ = >\1>\2 ..f,)\v # 0 and consequently rank (/\1)\2,.,)\u

the inequality sign cannot hold at any step and rank (>‘1>\2“° Xlil) = oV -l

) = 1. Hence

Theorem (3.2). If A= (11} = V) is the coordinate tensor of an axis on

the quadric and X = ' » then
140t E :
= A = A
(3:5) oa=lot Il = lyhel,

B:;r Theorem (3.1) the rank of  is one and hence all the columns of the
matrix are proportional to any non-vanishing column with elements Lpl, lpz, soey \//2
If the factors of propertionality are called (PB’ we have (3.5). Interpreting

\{JA as the coordinates of a point in the spin space, we have a representation

v
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L (3.6) b —

of the axes on the quadric in sz -1 by means of points in PQ)) ~1° In the follow-~
ing sections we shall study the figures in the spin space determined by linear

spates on the quadric and.apply these results to the representation (3.6). -

[ 4. SPACES IN P,y , DETERMINED BY SPACES ON THE QUADRIC IN Py,

L B}-si corresponding to a linear space B with
' . 1i]t =
‘» coordinate tensor B= is, by Theorem (3.1), singular if B lies on the quadric.

The matrix /3 =

| Hénce the collineation determined by /8 transforms all the points of Pyy _; into

‘ the points of a subspace Rﬂ , the "rank" space of /6 o« A point l,lzwith coordinates
\}/A will therefore be contained in R 13 if and only if there exists a coordinate

\ vector 6° such that q/A = B A pgB,

< The sihgular points of the ¢ollineation form a linear space N, , the

mull" space of IB. Thus a point {/ belongs to N J: if and only if /650 = 0, We

‘ recall the notation of Chapter VII: -

number of points necessary to determine the)

(4.1) D(8)-= 1 + dimension of (S) = (linea.r space S.

It is then evident that D(R 8 ) = rank /3 and D(N '8 ) = nullity of /3 , so that
h.2) D(Rg) + D(Ng ) = 2vY.

In the following theorems of this and the next section, we shall .
suppose that B is a linear space on the quadric and that /e is the matrix corres-
ponding to B under (2.7).

| .. Theorem (L.1). Rﬁ is a subspace of N/e .

.. If  belongs to Rg, \p= AB0O. But /52 = 0, 50 that Ay = % = 0 and




of r linearly independent points in B. Multiplying (Lol) through by_Bp

hence \palso belongs to N /@ « The space R ,8 will be a proper subspace of Nﬁ

if the rank of /6 is less than the nullity of /6 and the spaces will coincide

if the rank and nullity are equal. By Theorem (3.1) the latter case will arise
only when B is a point and then R /5 and I\/Ia are the coincident axes of the

degenerate involution B:,L Y 5 (cf. the last paragraph of §11, Chapter V).

Theorem (4.2). The invariant polarity interchanges: R/‘e and % .
The invariant polarity in PQU .1 was discussed in detail in Chapter VI.
For our present purposes it is sufficient to recall that it was determined by a

matrix C = “CAB" which satisfied the equations (cf. (3.l4) and (3.5), Chapter VI).
¢

(L.3) Ct = eC , e= (~1)2 V(V+1) ,

and

k) < 1)1 =2ed), £=(DYe.

;‘_, B:ZL,, seey Bi to be coordinate vectors

Let us put D(B) = r and take B ”
i
: 5 .
(p=1,.2, «o0o, r) and putting ,ap = Bp ’/i, we get /61'30' fC/ep, or, using

(}403) b

(he5) CAp, =t Bl -

Since i CAB“ is non-singular, D (polar of Rﬂ) = 2‘) - D(R/s) and
combining this equation with (h.2) gives D (polar of R /6) = D(N s ). Hence to
show that the invariant polarity transforms R /9 into N Y it will be sufficient
to prove that the .polar of %8 contains N/g « This will be the case if the -polar
hyperplane of' an arbitrary point, W of R/3 contains every point of N/B o We shall

therefore have the theerem if we -can prove that 97 AC AB k/JB = (O whenever
.
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VB = g8 ana g7 9% - 0.

Calling || LyAll, ll(pAlI and (|6l matrices of one column, the condition

is that cp'Cq/= 0 whenever (/= /A © and /gg)= 0. But since /8= /81/62 cee /8r’ we

can .employ (L.5) to get

QICY = PIGpO = QICE fy e 8= 1 (QIA{AL - F1I00

The points Bp are conjugate by pairs in the quadric and consequently the matrices

/6‘p anticommute by pairs. Hence

(Q1B1Y woe Bi) = (Broee Bo @) = 2 (B1fp oee o)t =2 (B =

and substitut;ing in the last equations gives the required condition, qo'Cl,U = 0.

5. PROPERTIES OF 1}9 AD Ng
Under the restricted group (1.3) of transformations in EQV +1? the matrix

“‘)( OAB “ behaves as a scalar. Indeed we saw in Chapter V that the equations
2 - = e
(5.1) (7)°=1 and 707y T %

determine 7 o to within sign and it is evident that these conditions are not
changed if we replace 7( by tg 7’.]' where (ti , # 0. The invariant nature of the

matrix ')' o is also put into evidencelif we define

2 14,17
To (2 V)::J €7 Yy Ve, Vioy ?

which we may do since the right &ember reduces in a cartesian coordinate system

(5.2) ,

to + (_1)))/ 2 71 ‘/2 e 2y and this matrix satisfies (5.1). The advantage of.

(5.2) is that it determines a particular one of the two matrices satisfying (5.1)

-- at least to within a choice of one of the square roots of the determinant \')( 1 j}'

0
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If this root is the same as that used in the definition of X]."_’ in terms

of ¥ ((5.4) Chapter VII), ’7'0 satisfies the equations

$(v D)
(5.3) Tye = (DY
and
!
; Z(v-1i])
(5.1) By 2= (T Ay .
lilt = ERL

These equations are most easily verified in a cartesian coordinate system and
their tensor form then insures their validity in all centered affine coordinate
sys:tems in E?l) . The corresponding formulas for multiplication on the right
by + o are obtained from these by using the invariant relations

(5.5) 74 1— CORETE

7~

Theorem (5.1). The involution defined by ’7'0 leaves R g and I\ig each

invariant.
Since /8 1 B-l—s 19 where B& is a coordinate tensor of the space B
11} -~ .
on the quadric, we can use (5.5) to get /3 = (-1)‘1\/37'0. If ) is a point

B .C - A {il B C
of R/B so that LI/ /6 09 s then o B‘P -/5 B[(-l) ’)’O c® ] and hence the

involution transforms l{,: into a point which again belongs to %8 » The invariance

of N/B follows from Theorem (4.2) by using the commtativity of the invariant
polarity and the involution ’/ 0°

. If A is an axis on the quadric in PQY ~19 its corresponding matrix is,

by Theorem (3.2), of the form = || L)/A (PBll where 1-‘;8 is the point with coordinates
LyA and I% is the hyperplane with coordinates {p. By Theorem (L4L.2) the vector
(pB is determined as a mﬁltiple of C ABLPB and therefore the point QU determines

the matrix of to within a factor. But the matrix ¢ determines a coordinate tensor
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of A by the equations (2.6) and hence if {/ corresponds to any axis under (3.6)
it uniquely determines the axis. This proves the first part of the theorem

Theorem (5.2). The equations

1 ,i_A A C
(3.6) —;Ai syp= ¥ Cpo¥

and their inverses

i J iC A
(5.7) ke (Y oy 8t O YRR
establish a (1-1) correspondence

(5.8) A e

between the axes on the quadric in P2V -1 and points in P,y ;. Under the corres«
pondence axes belonging to F, correspond to points of the axis [’)( ] and axes
belonging to F_ correspond to points belonging to the axis [+ o] .

To prove the last part of the theorem we apply (5.L) to the matrix
a = 1 Aisl to get "/ of = +o where the plus sign is used if Ai = +A-

TR
and the mimus sign if a3 = —ak . Hemce 7%, P =+ ¢ if 4 velongs to F,, and

’YOAB(,U = - \PA if A belongs to F_. Theorem (5.1) could have been used to

prove that ) lies in either [9 o]+ or [ o]", but the argument just given proves

in addition that points corresponding to axes of the same family lie in the same

axis of 7 o and points corresponding to axes of different families lie in differ-
ent axes of 7.

The invariance of Ry under 7/ _ implies that R, intersects (9 ]+
Y o A 0

and [‘)(o]- in spaces R/S [’)’o]+ and R/6 [ ’7’0]‘ such that

(5.9) D(Rg[7,17) + DlRg [7,]7) = DlRy).
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- If B is not an axis, the statement that Rls [1o]+ and R/e [’/O]' are spaces of

the same dimensionality is contained in the theorem 2

Theorem (5.3). 1If D(ng) > 1, then
(5.10) D(Rg[7 1) = DRALY,)T) = 3 DRY) -

If B is not an axis, its polar space does not lie entirely on the.
guadric and hence we may choose a point in it in such a way that its corres-
ponding colliqeation [7is non-singular. Of course [ commtes (or anticommutes)-
i with the collineation ,6 corresponding to B. If l}/= /39 is any point of R /5 s
y-= F/BQ = + /3([’9) and hence I’ leaves 1}6’ invariant. Since [’ is an
involution of the family x* v ;s it anticommites with 7'0 and interchanges
[’/o]+ and [7’0]-. Hence [’ interchanges Rﬂ [’fo]+ and R/g ['7’0]- and the spaces
are o/if the same dimension.
An (r+l)-dimensional linear space Bl’ on the quadric is determined as
the join of an r-dimensional subspace B and a point Ll in Bl but not in B. The
spaces corresponding to B and Ll determine the spaces corresponding to Bl in the .
§ way stated in the theorem
=B+ L

Theorem (5.4). If B is a linear space on the quadric, Ll

1 1
is a point, BLl = 0, and Bl’ B and Ll correspond to matrices /81’/8 and )\1

respectively, then

(5.11) - Rlel = R,G R>‘1 and Fjel = I\I/3 + N>‘]_ 0

The second of these equations is obtained from the first by taking
polars with respect to the invariant polarity. Moreover, since /81 = /&)\1 = + A 1 A

it is evident that R /6 is included in both R/g and R Y and therefore in
1

R.Ry . Hence it is sufficient to prove that D(R,R, ) = D(Rg,).
A AN £l

g A1
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Let us choose I.2 to be a point on the intersection of the quadric Q with
the polar of B. This can always be done in such a way that L2 is not conjugate
to Ll and then B2 = B + L2 will lie on Q and the line Ll + L2 will not lie on Q.
We now take M‘.L and M, to be two distinct points on L. + L, which are conjugate

2 1 2

with respect to Q and call their corresponding matrices J"'l and Moo Then
)Jl = aXl + b>\2 and p, = ¢ >\1 + d>\2. Since both )\1 and >\2 commute with Y-
so do My and Mos and hence the non-singular involutions with matrices ﬂl and
)J2 transform R/B into itself. The same is therefore true of their product,
)Jl Hoe In §11, Chapter V, we discussed the axis regulus determined by a peneil
of involutions and there proved that the axes of a product, H1 Hos of two anti-
comrmtative involutions are the rank spaces of the singular elements, )\1 and A\ 03
of 'bhi’pen'cil. Hence D(R,g R>‘1) + D(Rp R)\Q) = D(R/s ). Bu'qul interchanges R)‘l
and Ry and leaves Rﬁ invariant so that D(R/e RAl) = D(R/‘9 R/\2). Therefore
D(R/e R’\l) = ‘;%D(Rp ), which is equal to D(Iigl) by Theorem (3.1).

Theorem (5.5). If L, and L, are points on Q and ’\l and }\2 are their

corresponding matrices, then either

| V-2
.12 D(Ry, R = 2

and the line Ll + L2 lies on Q, or

(5.13) D(R)\l R)\z) =0

and the line Ll- + L2 does not lie on Q.

If Ly + L, lies on Q we may put B = L2 in Theorem (5.L4) and use the

fact that D(Big ) = ol -D(By) . 2\)_2 to get (5.12). The only other possibility
1

is that L. + L, does not lie on Q, and in this case R, and Ry, are distinct
1 2 /\1 /\2
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axes of the axis regulus determined by the pencil of involutions za./\:L + b>\2. Dis-
tinct axes of a non-degenerate axis regulus do not intersect and we therefore

have (5.13).

6. GEOMETRY OF A GENERALIZATION OF THE PLUECKER-KLEIN CORRESPONDENCE

The properties of the geometrical correspondence
(6.1) B—>1R Y

between linear spaces on Q and the spaces into which the correspénding matrices
transform the whole of P2"-l will be made clearer if we discuss some special

cases. When) = 1 the quadric in P. consists of two distinct points and these

1
points correspond, respectively, to two distinct points in the spin space, which
is agaimn a Pl'

When V = 2 the spaces P2 y-1 and PQV-l are again of the same number of
dimensions but the axes on the quadric are now represented by points of two non-
intersecting lines .0.1 and _02 in the spin space P3. T™wo lines of the same
regulus correspond to points of the same line in t’he spin space. Two lines on
the quadric which intersect in a point Po correspond to two points Ll and L2
lying on the lines 'Bl and 12 r;espectively‘, and the point Po corresponds to the
1line Ll + L2 crossing .?1 and ,Q2.

When V= 3 the quadric is in P5 and the spin space is 7-dimensional.
The axes ['{0]+ and [’f o]- are non-intersecting 3-spaces. A point on Q corres-
ponds to a 1”3 in P, which intersects each of the 3-spaces [’7’0]+ and [’7’0]- in a
line. Two points Bl and B2 on Q therefore determine a pair of lines in ["{ o]+

and a pair in [’1 o]-‘ These two pairs of lines may intersect in points Ll and
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L2 and if they do the line Bl + }32 lies on Q and corresponds to the line Ll + L2

crossing [ 4 o]+ and [’/o]-. If the plane A = By + B, + B3 determined by the

three points Bl’ B2 and B3 lies on Q and belongs to F_, then the points determine
in [1 o]- the edges of a non-degenerate triangle while in [ °]+ they determine
three lines through the point corresponding to A under (6.1).

For V = 1, 2, or 3 it can be shown that all the points of [7’0]+ and

[’fo]_ occur as images of axes on Q. When ) > 3 this is no longer the case, as

could be proved by comparing the dimensions 2\)-1_1 of [’7' o]+ with the dimension*

Bertini, "Einf#lhrung in die Projektive Geometrie Mehrdimensionaler Riume",
Vienna 1924, p. 1h2.

e

-é ASY; vi) of the families of axes on Q.
Referring to the table of Theorem (3.1), Chapter VI, we observe that ‘
the invariant polarity determined by C = lI¢C AB“ interchanges [ 7 o]+ and [ Y o]_
if Y is even, and leaves them separately invariant if ) is odd. Hence when VY
if even a point \(/ of [’)( o]+ is transformed into a hyperplane CLIJ which contains
[’)’o]- and intersects [’)'0]+ in a space of 2‘)-1-2 dmensions. That is, when V/

is even, C induces a polarity within the space [’/ o]+ and, similarly, within

(7,

When )/ is odd, however, a point {/of [’)/o]+ is transformed into a

hyperplane C |/ which contains [’/ o]+ and intersects [ o]- in a space of -1

2
dimensions. The invariant polarity therefore defines a mapping of the subspaces
of [’/ °]+ into subspaces of [’/ o]' in which points correspond to hyperplanes (with

respect to [ c)]”), lines correspond to spaces of 2V-l-3 dimensions, and so on.
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It Ro( is an axis in P2V—l corresponding to a point on Q, R, = No( and
Theorem (L.2) states that the polarity C leaves R, invariant. However,
+ - ] + -
R, =Ry [7’0] + Ro( [’/o] and hence the mapping of [’/0] into [’/0] trans-
forms Ro([’}/o]+ into Ro([’/o]_. The space R, is therefore determined by its
intersection with [ 7 )%, Similarly, a point of [7 )7 is determined by the

(2v*1-2)-dimensional space in which its polar hyperplane intersects ['/ 0]"'.

These results can be combined with the theorems of §5 to give the theorem

Theorem (6.1). The points of a quadric Q in P,, , may be made to
correspond to axes in P 2V-1 in such a way that the points of an (r-1)~-dimensional
-1

1—!"1) -

space, r < J, on Q correspond to axes all of which contain the same (2\)-
dimensional space. Under the correspondence the points of an axis on Q either
correspond to axes all of which contain the same point or to axes all of which
lie /::Ln the same hyperplane.

For Y = 3 this theorem gives the Pluecker-Klein correspondence between
points on a quadric in PS and lines in P3. In this case all the lines in P3 enter
into the correspondence. Lines on the quadric correspond to pencils of lines

in P3 and the points of a plane on the guadric correspond to all the lines

through a point or %o all the lines in a plane.

7. COLLINEATION REPRESENTATION OF HZV FOR ¥ > 2

The geometrical correspondences established in this chapter give rise
to representations of the;'mproper orthogonal group on 2) variables, H;V . In
this and the next two sect:;.ons we shall discuss these representations.

In Chapter V we used the equations P’/)la Pl = 7(; Lq:d to establish a

(1-1) collineation isomorphism between the proper orthogonal group Hgy 41 o0

2y +1 variables and the group of collineations leaving the linear family xX 9 o
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invariant. In §7 of that chapter we observed that the full orthogonal group
H2 N is a subgroup of H;v +1° This leads to the representation of HZV stated

in the theorem

Theorem (7.1). The equations

-1 4
(7.1) : PY.P = ’7'iLlj

J
establish a (1-1) isomorphism

(7.2) nx,ij | < prp

between the group of orthogonal matrices of order 2y and the group of collineations

of PQ,J -1 which leave the linear family Xi 'f 5 invariant. Under this isomorphism
+ . = i =
(7.3) Hy,, TP =+P7, if lel +1,
and
= - R iy .
(7.4) ip=-pP7, if |L j) 1.

If we choose a coordinate system in the spin space so that the points

A A A R + . A A
Sy 80y eees and § lie in [ ]  and the points & s & cee

1 A2 g))--1 o 21)-1 +1 21)—1 +2’ 2
and &~ , lie in [ 7 ], then

2V ©
12\,_1 0

(7.5) 1, =

o}
0 ~1
2V"l

Equations (7.3) show that in this coordinate system a collineation corresponding

to a matrix of H+ is defined by a matrix of the form
2V




(7.6) *
0 P_

Similarly, equations (7.lL) show that improper orthogonal matrices correspond
to collineations with matrices of the form

0 P
(7.7) P=\ A 12“

le 0

It is evident that collineations of the type (7.6) leave [’7'0]+ and
[ 70]° separately invariant while collineations of the form (7.7) interchange
them. Using the (1-1) correspondence of Theorem (5.2) between axes on the
quadric and points in [’fo]+ and ['fo]- we get the theorem

Theorem (7.2). Collineations in P defined by proper orthogonal

2y -1
matrices (lLlj| = +1) leave the two families of axes on the quadric separately

invariant while collineations defined by improper orthogonal matrices interchange
them.

If all the matrices of a group are of the form (7.6), elementary
arguments suffice to show that the matrices P, form a groép which is isomorphie
(perhaps multiply) with the original group. Combining this isomorphism with

(7.2) we get the isomorphism

(7.8) It — P,

between H;l/ and a collineation group in P vl .* Moreover, two different
. 2 -1
matrices llLijﬂ and nM;jll which correspond to the same pencil oP,, induce

the same permutation of points in [')’o]+ and hence the transformations of

ng -1 which they define effect the same permutation of the axes of J If

y > 2, Theorem (6.7), Chapter VII, states that the two transformations must be
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identical. This will be the case only if IlLiju and HMijN are proportional.
Since both the matrices are orthogonal, ﬂMle =+ ||lL
The matrix ]  anticommites with all the matrices 7, so that

10 11'1;l = - 71. Comparing this with (7.l) we see that under (7.2)

(7.9) | - 851 <= p7, =/o“z _2

Hence if "Llsﬂ corresponds to f3P+ under (7.8), ”—Lij" also corresponds to
the same pencil of matrices. The isomorphism inverse to (7.8) is therefore (1-2)

and we have the theorem

Theorem (7.3)s If V> 2, the matrix group H' , is (2-1) isomorphic with
. 2
a collineation group in P .
]
We have determined the isomorphism of this theorem by equations (7.1),
which are equations between matrices of order oV, If, however, we employ

cartesian coordinates in E,,, and also take ’70 in the form (7.5), the matrices

’Yi are of the form

0 Ci~
(7.10) 1, - Lo )
i
and equations (7.l) reduce to
N -1 _ i
(7.11) P, CjP_ = CiL 59
which are equations between matrices of order v-l. The other equations that we

obtatn from (7.1), P_C3'P, = 6311, follow from (7.11) by taking the imverse of
both members.

Comparing (7.11) with equations (7.1) of Chapter VI, we see that the
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isomorphism which we there obtained from the study of linear families of correla-
tions has now been obtained from the geometry of linear families of involutions.
Equations~(7.lQ) establish the connection between these two approaches to the

representation.

+
A%

We normalize the matrices P entering into equations (7.1) to within

8. MATRIX REPRESENTATION OF H for Y > 2

sign by the requirement that
(8.1) PICP=C ,

as we proved we could do in §5 of Chapter VI. The collineation isomorphism
(7.2) then becomes the (1-2) matrix isomorphism

P, O\

o P

(8.2) i IlLijIl «> + P = +

If y> 2; we may again conclude that the matrices #P, form a group isomorphic

(perhaps multiply) to the group of matrices +P, and so obtain the isomorphism
(803) "Lljn ——— tP+ -

We shall refer to this correspondence between proper orthogonal matrices of order

2y and matrices of order V-1

as the representation (or isomorphism) Z&+. Sim-
ilarly, there is an isomorphism nLij" -~ +P_ which we shall refer to as A .

We shall now Qetermine the nature of the correspondence inverse to (8.3).
Since the isomorphism of Theorem (7.3) is (2-1), the orthogonal matrices corres-
ponding to a given pair of spin matrices iP, are at most the two matrices

L= '\Llj“. and -L. Moreover, if +P_ corresponds to both -L and +L, then

'




8-21

‘:(P_'_) (P:l) = :12\)-1 corresponds to -L(L"l) =~ | S;]l . Conversely, if - || S%” |
corresponds to _4_-12‘)_1, then both L and -L correspond to the same pair of spin
matrices *P_.

By (7.9) the orthogonal matrix - US::;" corresponds to two matrices (of
order 21} ) .out of the pencil Io’/o. To determine the values of Io for which the
matrix lo’fo satisfies the normalizing condition, we make use of the equations
(cf. (3.L) and (3.5), Chapter VI), (C7.)' = £(C7,) and G' = eC, where of = -1,

Hence,.

(8.4) [-0"/27 Jier-0Y/24 ) = ¢
and we have for Y odd

(8.5) - - 6:;)1 —s #1,

and for ) even

(8.6) I- 631 --—>_-i:l;

The properties of the representation A + therefore depend essentially
upon whether ) is odd or even.

Theorem (8.1). If V> 2 is odd, A, is a (1-2) representation in which

i Lij | <— +p,, and
(8.7) i -
-lL jll <—> HP_ .

The group H;v contains with each matrix || 1t j" its negative and no other

matrices proportional to it; the group G of matrices of order 2\)-1 contains

with any matrix P_ also the matrices -P, iP, and -iP_ and no other matrices

B
= ot

1]
1

P g e
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proportional to P . It is not possible to sharpen A, toa (1-1) representation.
The group G does not contain a proper subgroup in which there occurs at least
one out of each set of four matrices #P,, #iP_.

Proof: in order to sharpen A to a (1-1) representatién it would be
V-1

necessary to select a single matrix of order 2 to correspond to each of the

proper orthogonal transformations

(8.8) ?=axt e x5, ™= ..., 2 - 52V ama

8.9) Tt =1, Y-, -2 .., Y -0

¥
|

ER=—N

In a cartesian coordinate system these transformations correspond to collineations

TEE

defined by /0’711'7'2 and /0’/1 ’)’3. A (1-1) representation would therefore include
two partial matrices, say (a,'7'._L ‘7’2)+ and (b’Yl'13)+, out of these pencils.
These partial matrices anticommte while (8.8) and (8.9) commute, so that the
(1-1) representation would break down for their product. .

To prove the last statement of the theorem: any subgraﬁp of G containing
at least one out of every set of four proportional matrices would contain the ,
maﬁricés (a‘11‘72)+ and (b‘11f13)+ for some choice of the scalars a and b. -
Hence the subgroup would contain the matrix (a‘fl'12):1(b’11‘13):l(a‘71’12)+(b‘71‘73)+,\
which is equal to -1l. If the subgroup contained three matrices out of any one

pencil, it would contain the matrices 1, -1, il, and -il and therefore all the

elements of G. The only remaining possibility is for the subgroup to-contain

one of the two pairs #P_ and +iP_ out of each set of four proportional matrices.
Such a selection of matrices out of G would lead to the determination of a sub- |

group of H;v'which would contain one out of every pair of orthogonal matrices I
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@ * “Llj" . Such a subgroup cannot exist for it would necessarily contain either n::

. w
1 1 M
!

(8.10) T

or its negative and also the square of the matrix chosen, which is in both cases -l.

L This proof shows, incidentally, that H;1) is not the direct product of |
the two-element group consisting of 1 and -1 and a proper subgroup of itself. ﬁ
We may also conclude from Theorem (8.1) that no identification of the matrices «
nLij" and - ﬂlﬁj" can lead to a (2-2) isomorphism of the sort given in the
following theorem. i

~  Theorem (8.2). TIf V > 2 is even, A, is a (2-2) representation in which

+

i ‘ L
(8.11) + o J.N <~ +P, . |

1t is not possible to sharpen A to a (2-1), (1-2) or (1-1) representation. "
The first part of the theorem follows immediately from (8.6) and the
preceding discussion. A (2-1) representation cannot be obtained from Z&+ since

the group of matrices of order 2""'1

cace-
e

contains elements which anticommte. A (1-2)

representation cannot exist since it would imply that sz is the direct product

—_—— RN e ST

of the two element group and a subgroup of itself. Finally, a (1-1) represen-
tation cannot be obtained from ZS+ for the commtative transformations (8.8)
and (8.9) correspond to anticommuting matrices.

In §6 we discussed the way in which the invariant polarity determines

a mapping of [’10]_ into itself when ) is even, and into [‘10]+ when )/ is odd.
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From (8.1) it follows that the matrix C commutes with - o, When Y/ is even and

anticommites with it when V is odd. Hence

1 ¢, ©
b (8.12) C =
0 ¢

1= eCl, C,l, = eC2 ’

if V is even and

0 C

(8.13) c = , Ch = eCp

if yis odd. The normalizing equations (8.l1) may therefore be written in the

forms

-l v _1 v
(8.1k) C,P,C;” =P, and C,P C,” = P_
for V even, and

-1 _ v -1 _ v}
(8.15) 02P+02 =P_ and ClP_C = P+

for V odd. The last equations give an explicit formula for P_ in terms of P_
when V is odd.

A discussion of the representation A + in the terminology of repre-
sentation theory is contained in §6 of the paper "Spinors in n Dimensions®
(Am. Journ. Math., LVII, 1935, pp. L425-L449) by R. Brauer and H. Weyl. We have
,here given the geometry underlying the representation and given a more compléte
accotint of the differences betweeh the cases in Whicﬁ Y is even and those in

which V is odd.

At
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9. REPRESENTATIONS OF H and Hy
We complete the discussion of A + o7 treating the cases )/ = 1 and
V = 2 in the two following theorems.

Theorem (9.1). If the quadratic form in E, is taken to be XlXQ, the

2

proper "orthogonal" matrices are of the form

a ©O0
i =
(9.1) “Lju.ﬂ- . %

and the representation A + is the (1~2) correspondence

(9.2) by — 2 3a .
To prove this theorem we recall that when V=1, C = llc e AB" 80
p O
that (8+1) is the condition |P| = +1. Hence P = 1] + Taking
°c 1z 1442 2
Xi '15_ = 5 , we have (X 11) = X]X 1. The equations of the isomorphism,
X 0

p(xt ’/i)P"l - v '13., are then

(9.3) = p2Xl and Y° = —15 X .
P

a O i “pz' 0
1] = 1
0 ry 0 -5
P
Theorem (9.2). A proper orthogonal matrix ft j“ of order four

Hence “Lij” = and p = + {&.

corresponds under (8.2) to a pair of matrices

A o0
(9.14) +P = +

0O B

where |A] = |B] = 1. Conversely, if A and B are any two unimodular matrices

of order two, then the matrices (9.4) correspond to a proper orthogonal matrix
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under (8.2). The representation A_ is (2-003).

When Y = 2, the matrix C is skew-symmetric and since it is of the

form (8.12) we must have

1}

—_— e e e em e ma pm.

(9+5) C

so that the matrices (9.L) satisfy the normalizing condition if and only if
(Al = Bl = 1,

It is a theorem of 3-dimensional projective geometry that a collinea-
tion may be constructed which simultaneously effects arbitrarily given collin-
eations on the two reguli of lines on & quadriec. Since we have represented
the lines on Q by points of [1 o]+ and [’10]', the matrices A and B describe
ihe collineations on the two reguli and may be taken to be any two unimodular

matrices. We could also show this directly by proving that every matrix of

the form (9.4) transforms the linear family of collineations into itself.
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Chapter IX
THE LORENTZ GROUPS

1. DEFINITION OF THE LORENTZ GROUPS

In studying the real linear transformations which leave a non-singular
quadratic form invariant, it is necessary to take account of the signature of
the ‘quadratic form. If the symmetric matrix [l ¥ 41 P is real, .a suitable real
iinear substitution on the variables X™ (o' = 0, 1, «.., m) will give

(1.1) Pxf e @2 @2 - - @2 @H2 e @™?

Yopp

The difference bgtween the number of plus signs and the number of
mimis signs, (m-t) - (¢+41) = m - 2t = 1, is an invariant under real transforma-
tions of coordinates and is called the signature of the qugdratic form. If m
is even, the signature s can assume only the values #1, +3, ..., #(m#l)., Ifm
is odd, the signature has one of the values 0, +2, +i, ..., +(m+1).

- The Lorentz group L

melss 48 defined to be the group of all real linear
transformations .
(1.2) ¥ = 1% x”

wliléh leave the quadratic form (L.1) invariant. The matrix L = L~ s Il is

therefore subject to the two conditions

' = '8 =
(1.3) L ‘60(,5!! L ‘Moga L Ll = Y,
and
(10)4) . L=i °

On account of its tensor character, the first of these conditions is

\




invariant in form under an arbitrary transformation of coordinates
*
(1.5) 1% = 1% x4

where the coefficients T°;q may be complex as well as real. We are regarding
(1.2) as a point —> point transformation and not as a coordinate transformation.
Equation (1.Lh), however, retains its form only if HT‘; Il s real. In order to
make use of the theory of the preceding chapters, which always referred %o
general coordinate systems in a complex affine space, we shall replace (1.k)
by a condition which retains its form under complex as well as real coordinate
transformations.

This is accomplished by observing that the reality of Il L°l(3 I s
equivalent to the statement that (1.2) commtes with the antilinear transforma-

tion -of period two with the equations i‘x = x% s Or

(1.6) %= A°‘/6 1,
; ot
where it is only in special coordinate systems that A‘TG =d K Indeed,

under (1.5),

(1.7) £ = Fart

where-A=‘= u.n.‘fflell and T = ll'r°;sll .

Equations (1l.4) are, in general coordinates,

_r x P _rx A
(1.8) A R LR VENE

In what follows we shall use the symbol Lm+1°s to refer to the group of trans-
2
formations (1.2) which satisfy (1.3) and (1.8). The group is characterized

completely by the cone and the antilinear transformation (1.6). The invariant
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points of (1.6) constitute a real E‘Z‘V 41 which intersects the cone in a real

cone with the signature s.

2, DEFINITION AND SPINOR REPRESENTATION OF THE ANTIORTHOGONAL GROUP Am+1
We have regarded the orthogonal group as the group of all the linear
transformations which leave )/o( 8 x*x# invariant. We may extend the orthogonal

group to a group which we shall call the antiorthogonal group Am+l by adding to

it all the antilinear transformations

=& 3
(2.1) T o= L“/g z”
. a_pg | L . . . Xc( sol o
which leave ¥ X X/ =X X_  invariant in the sense that X" X =Y , Or
. olp o o o

= X
(2.2) ¥, L. L
Taking the determinant of both members of this equation, we get

x (& | ¥u0l
(2.3) | L 8 | = -—__f'———-
so that |L . | is of absolute value one. By taking lb;wl to be real we will have

(2.L) \LA;SI =41,

and this partial normalization of ‘J)‘ and L‘x will be preserved if we restrict

Y-

the transformations (1.5) to be unimodular.

Theorem (2.1). The antiorthogonal group 4, , ., on 29 +1 variables is

(1-1) isomorphic with the subgroup of the antiprojective group in PZ‘” -1 which
leaves the linear family XOKO + Xl?)'l + oee. * sza’zu of involutions invariant.

The equations establishing this isomorphism are:
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| @5 r- et Py, Pl = Y, L°‘IB , lLofgl =41
| 2o a-lggl, ey ot Pyt L e
(2.7) R = llg"‘BH > R Rt - (-1)‘) B'd L""’f9 , |1.°"/3| = 41 3 |
and .
| e s- Isigh, s 7, st--%, L"':e , |L‘;;3] -1,

and antilinear transformations, respectively, of determinant +1 and correlations
and anticorrelations correspond to linear and antilinear transformations, re-

spectively, of determinant -l. {

|
|
i
Under this isomorphism collineations and anticollineations correspond to linear

Equations (2.5) and (2.6) have already been used to establish a
collineation-correlation representation of the orthogonal group. To show that
equ;;ions (2.7) and (2.8) extend this to a representation of the antiorthogonal
group we should first show that when we multiply two transformations in P24;_1

! the corresponding transformations in E21)+1 multiply in the proper way. This

is an elementary computation which we omit.
The antiorthogonal group is obtained from the orthogonal group by
adjunction of any one antilinear transformation which leaves the quadratic
form invariant, Similarly, the group of all antiprojectivities which leave
the family X°‘Kd invariant is obtained from the group of all projectivities -
with:this’property by adjunction of a single aﬁticollineation or anticor-
relation which leaves the family invariant. Hence the isomorphism stated in
the theorem will be established if we show that a single anticorrelation in
P,y _, has as its image in E, , , an antiofthogonal transformation. We do

this by using special coordinates.
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Choosing a cartesian cgo’rdinate system in E2 9 +1 and making a suitable
choice of coordinate system in P21, .12 Ve may suppose that the matrices ]fa are
given by the formulas (L.2) and (h.h) of Chapter V. We shall call this combination
of coordinate systems a canonical frame of reference. In such a frame the

matrices )’o( anticommute by pairs and satisfy the equations

U

(2.9) Xol = ("l)‘>< ?5; = (-l)d 5"0( = 5’0‘ (x not summed) .

If we now put S = 1 in (2.8) we get {p = - b"x Lo‘,d so that the antipolarity

(2.10) P, = wh
. ’ 2"
in the antiquadric Z {EA YA =0 corrésponds under (2.8) to the antiorthogonal
A=1
trarisformation
- -
(2.11) - Y = -xX .

Y

Theorem (2.2). The matrices P = | PABII s Q= I(QABN s R = IIRABII 5

and S = nSAB“ , defining antiprojectivities which leave x = Ko( invariant, may

be normalized to within sign by the equations
v - v
(2.12) PICP = C, Q'CQ=0C, R'R =C, and S'CS = C ,

respectively. With these normalizations the equations of Theorem (2.,1) determine
a (1-2) matrix representation of the antiorthogonal group.

The possibility of normalizing the matrices of the anticollineations
and anticorrelations follows from the fact‘ that their corresponding antiorthog-
onal transformations commute with Y* = - X* in a ‘canonical frame, which is the

image of C/) 'S CABWB. The proof of the theorem is similar to the proof




preceding Theorem (5.1), Chapter VI. .,
. =

3. THE INVARIANT ANTIINVOLUTION AND ANTIPOLARITY
By regarding L21) 135 as a subgroup of sz +1 Ve obtain from Theorems
(2.1) and (2.2) representations of L2 Y +l:s® We shall describe these represen-
) b4
tations only for the group L; Y +13s consisting of the Lorentz transformations
3
with determinant plus one. The extension to the representation of Lorentz

transformations with determinant minué one by means of correlations in P21; 1

can easily be made.

Theorem (3.1). The Lorentz group L;‘U +1ss is (1-1) isomorphic with
3
the group of collineations of ng -1 which leave invariant the linear family

x& K& and an antiinvolution

(3.1 - gh-uhy?.

The antiinvolution of the theorem is the image under (2.7) of the
antilinear transformation (1.6) in E21) +1 of period two. Thus the transforma-

tion of coordinates

t+l 2V * 2V

% £ bl X - x

(3.2) ¥ =ax®, ¥ = axl L X . ixt X = x

carries the quadratic form (1.1) into

2¢ %0
(3.3) =
. d_—_o
and carries the antilinear transformation % = x%X into
Sh% -xt*, b+l X(t+1)*’ s, (V)% | x(2)*

(3.4) % = x%, ..., T =

B et

:
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In this coordinate system the matrix of = llo(AB" of (3:1) is determined t6 within

a factor by the equations

(3.5) & %y « =077 AT
where
. Lea1 0
(3.6) - (Y =j) "
0 1

4nd the sign is chosen so that |A6‘pl = +1,

Proof: by employing a canonical frame of reference (dropping the stars
on x"‘*-, Y“*), we may give an explicit fermula for X in terms of the matrices b’o(
In view of the fact that (2.10) and (2.11) correspond under (2.8), and that
v* = x%* corresponds to (fA = CAB'Z//B under (2.6), the image of % = x%
is theantiinvolution /I @A I =c HcpAH . We are here using the matrix (cf.

(3.3), page 6-5)
(3.7) C= ¥ %3 ees Yppoys

which was originally introduced as a matrix of the type || Qpl s as a matrix of

the type IIRAB l « It should be emphasized that the numerical equality of the

(e

matrix defining the image of Yo‘ = X and the matrix defining the image of -

=
Y = ch is due to our special choice of coordinate system.
Using (2.9) and equations (3.h) and (3.5) of Chapter VI, it follows

that the matrix C given by (3.7) satisfies the equations

Vi V-
ﬁ« = ("1) Uo‘

3

and [(-D° ¥, 1 [(-D7 Y 1=cC .

(3.8) ’ gc=1 C ¥y ¢l = (-1)
)




Hence if we define

B(t+1)

(309) = ("l) C \6 03132 soe B‘b

we shall have

(-1)V*t p if fst
(3.10) (Y gt - e
-(-1) % f if g>4.
Comparing these equations with (3.5) we see that the matrix o does indeed de-

fine the antiinvolution which is the image of (3.4). Moreover, the matrix o

satisfies the normalizing equation (ef. (2.12))

. (3.11) XCA=C .

This equation and (3.5) are sufficient to determine  to within sign.

Theorem (3.2). Under the (1-2) matrix representation of the anti-

orthogonal group given by Theorem (2.2), a transformation of L; P +1ss is repre-
3

sented by a pair of matrices +P which satisfy the commutation rule
(3.12) x P= pPo,

where p = +1 and o is either of  the two normalized matrices (j_-ot) corresponding
to ¥¥ = A"“/s 1* under (2.7).

The statement that (3.12) is satisfied for some value of p is just
the translation into P21) -1 of the condition (1.8) which was used to define
L21) 138 To show that p = +1, we form the expression (a P) 1C(x P) which is
equal to C on account of the equations 10 = C and P!CP = c. But, using

(3.12), the expression is also equal to p2(§ot YT (Px) = p2 x'(PicP) A =




2 2

= p° ¢ & = p°C and hence p = +1.

Equations (3.12) imply that

(3413) Prap = pH ,
where
- = = A

From (3.7) and (3.9) we have, in a canonical frame of reference, after a little

computation
15’(1) +£+2)
(3.15) H= (1) T By oee By
and
s - 1 _ 9@+1)
(3.16) =y ° 2 &

where s = (2V -t) - (t+1) is the signature of the quadratic form. For a quad-
ratic form in 27 +1 variables the signature is always odd so that ﬁ' = +H and
H is either Hermitian or skew-Hermitian, depending upon the values of 9 and s.
Equations (3.13) may be interpreted geometrically as the statement
that the collineations which correspond to transformations of L;v +13s leave

invariant the antiquadric

HABij-/AsbB =0,

This is obvious, for the antipolarity

(3.17) P, = B’
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is the image of the antilinear transformation 3% - -Ac‘lg X’g

. REALITY OF THE SPINOR REPRESENTATION OF 'L2 v +1
,

We have seen that the images of Y = A% /g X"s and Y = —A Xﬂ

, =A _ A

are the antiinvelution ¢~ = B t'% ~and the antipolarity CPA = 1//B

this section we study these invariant transformations more closely and apply

the results to obtain information about the spinor representation of L;ﬁ +1:8°
, 3

To determine whether the invariant antiinvolution is of the first or

second kind, we observe that (3.11) can be written (Co¢ )t = eC, where

1)
= (-1) 1)( +1) .nd we have used the relation C' = eC. Hence,
H'XA = eC& = eH, and comparing this with (3.16) gives
8_2_8'__1
(4.1) oo = (-1) 1.
i 2

Hence the invariant antiinvolution is of the first kind if s" = 1 (mod 16) and
of the second kind if 325 9 (mod 16).
Using the fact that s = 217 - 2t - 1, these conditions on s may be put

into the form given in the theorem

Theorem (h.l), The invariant antiinvolution is of the first kind
4f Y= t or +1 (mod L), and it is of the second kind if 2/ = t+2 or t+3 (mod L).

Since a suitable choice of coordinate system will allow us t’o take o
£6 be the unit matrix when the antiinvolution is of the first kind, we have the
first part of the theorem

Theorem (4.2).. If 525 1 (mod 16), the (1-2) spinor representation

+
of Ly 41

. . . . +
nate systém in PQ,; -1 every ma*pr:uc of the spinor representation of L2 D +13s is

is real in a suitably chosen coordinate system. If in any coordi-




either real or pure imaginary, then-sz’-:- 1 (mod 16).

Without affecting the real (or pure imaginary) character of the
matrices P = || PABH we can choose cartesian coordinates in E, , ., SO that
the antilinear transformation (1.6) determining L; P +1ss has the form (3.L4).

>

is properly normalized and corresponds to the

Then the matrix (-1)1) U)\
' A H

L

transformation of L; v +1:s which changes the sign of X~ and X° and leaves
- 9

all the other variables > &l unzltered. Hence 2&754 is efther real or pure
imaginary and so is Ko = (-ZL)2 (‘[1‘62)(‘633’h) cos (‘621)_1‘621)), From
this we can conclude that every matrix ¥ o = b’o( ¥ o ¥ - ) is either real or
pure imaginary. .

A

The antiinvolution 'c} = ‘VJA therefore leaves the linear family

xXy » invariant and its image in Ez P +1 is a transformation

-0 o g 1 <2V 20 .
(k.2) b4 =eoX, Yl=e1X,,,,Y =e21)X ,wrbheo‘ =41 .

Since ?q"A = ‘VL commutes (or anticommutes) with every collineation

(PA = PAB\PB of the group in PQV -1° (4.2) commtes (or anticommtes) with

every transformation of L+2 P +l:s° The product of (L.2) and (3.4) is there-
3 g

fore an orthogonal transformation with this property. Such an orthogonal

transformation is either the identity or ¥ - -»Xo( and so QA = 'l,UA
& A

s
invariant antiinvolution corresponding to ¥ = A y: X" . By Theorem (L.l) this

is the

is possible if and only if s°= 1 (mod 16).

Theorem (L.3). The invariant antipolarity is a polarity in an

antiquadric of signature (+ - + = ... + =) unless s = +(27 +1) and then
the signature is (+ + ... +), or (- - ... =), The spinor representation

of the real orthogonal group is then unitary in a suitably chosen coordinate

R R
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systen.
Choosing the index & equal to zero if ¢t + 1 is even, and equal to
t+2if t + 1 is odd, we have, from (3.15) and (2.9), in a canonical frame

of reference
(h.3) qx H x“ = -H

and hence the signature of H is equal to the signature of -H and is thex;efore
(+# =+ = .eo +=). Our choice of § fails only if t + 1= 0 or 27 + 1 and
then s = +(27 + 1) and H is a multiple of the unit matrix. Equations (3.13)
cannot be satisfied if p = -1 for the signature of H is invariant under trans-
formations of the form P'HP. For p = +1 and H = hl, (3.13) is the condition
that P be unitary.

e

5. ¥ -SETS IN WHICH EACH MATRIX IS RFAL OR PURE IMAGINARY

The existence of J§ -sets of 21 +1 matrices of order 2V in which each
matrix is either real or pure imaginary may be settled in the following way.
. IfY =t +hporv=1t + Lp + 1, theorem (Lh.1) states that the
invariant antiinvolution associated with L;v +1;s (8 = 29 ~-2t~1) i8 of the
first kind. In a suitably chosen coordinate system its matrix o will be
the unit matrix. For ¥ =t + lp, equations (3.10) imply that 29 -t =9 + kp
of the matrices Xol are pure imaginary and t + 1 = Y- Lp + 1 are real. In the
other case,v = t + lip + 1, the number of pure imaginary ones is t + 1 = 2 - lp.
Hence in either event the number of pure imaginary ones is congruent to v modulus
k. Since p may have any value wilich does not make either t + 1 or 29 - ¢

negative, we have the sufficiency of the condition stated in the theorem
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Theorem (5.1). There exists a J -set of 24) + 1 matrices of order

2V in which T of the matrices are pure imaginary and R are real (I+R=21+l1) if
and only if

This condition is equivalent to the congruence

.(5.2) R-I=1 (mod 8)%

# In a paper by M.H.A.Newman entitled "Note on an Algebraic Theorem of BEdding-

ton® (Journ. Lond. Math. Soc., 7, 1932, pp. 93-99) it is incorrectly stated
that R-I = 1 or -7.

’

-

The necessity of the condition follows from the observation that a
¥ -sjet of I pure imaginary and R real matrices could be used to obtain a
represenﬁ;ation of“a Lorentz group for which the invariant antiinvolution is

of the first kind.

Theorem (5.2). A real maximal Y¥-set exists if and only if
4= 0 (mod ). A pure imaginary maximal ¥ -set exists if and only if
P=3 (mod k).

This theorem is obtained by putting I = O and I = 29 +1 in (5.1).

6. SPATTAL AND TEMPORAL SIGNATURES OF LORENTZ MATRICES
We return for the moment to a coordinate system in which Ko( ” x% X'6
is given by (1.1) and determine the conditions which the elements of a real

matrix L must satisfy in order that it define a transformation of the Lorentz

group. Writing




A B
(6.1) L=

C D

where A is a square matrix of t + 1 rows and columns, these conditions are

found to be
A'A-C'C =1,
(6.2) B'B - D'D = "1m-t , and
A'B-C'D=20.

. A -C! A B
If we form the product of the matrices 0 1 and " c D" s We

may use the first and third of equations (6.2) to get

(6-5) o I B A B

Taking determinants gives
(6.1) |41 ILl = IDI .

The determinant |Al is not equal to zero, for then there would exist a vector

1 t

(Xo, Xy eeey X'y Oy oosy 0) such that * = L°‘/5 X’e is zero for ¢ < t and

this is impossible since XXX, = Y'Y, and XX, < 0 while Y¥1 3 0.
1

We shall call Xo, X"y eesy, and X the "gpatial" coordinates of E21) +1

as a natural extension of the terminology of the Special Theory of Relativity.

b1 2V will be called the "temporal® variables. We shall

The variables X* 7, ...y X

also speak of the spatial and temporal signatures ¢ _(L) and ¢ (L) of the

Lorentz matrix L. They are defined by the relations

(6.5) oo )= {TE M0

and




9-15

' - - {#1if\pl >0
(6.6) o, =0 (L) -1 if |D] <0

! respectiveiy. When t + 1 = Owe put 0_ =+l and when t + 1 = 27 + 1 we put

0, =+l. If we also put =0 (L) = IL1 (=+1), equations (6.4) imply
(6.7) o=0_0, .

. + _
For transformations of L21)+1;s o (L) = +1 and so g _(L) = c'*.(L).

We shall now prove that the factor p in (3.12) is equal to this common value.

We have from previous theorems that
(6.8) P§.P Lty 1% ,PCP=C and oP = pPa
P a B’

and we wish to prove p = o _(L).

From the first of equations (6.8) we have

(6.9) P(Y By e TP = Y P D)., P
oVl t 0o t
oo O] A,
= (Kaoxd""xcxt)ll OOL lQoOL to

Using a canonical frame of reference, the matrices Xo{ anticommute and we get

multiples of products of t+1
matrices ?fd in which some

!
i (6.10)P(¥ ¥ .- 7)’1;)?'1 = 1AL Y T Yy or all of the factors are ’
difference from ¥ , B1s ++es f i
and ¥,. ’ :
| |

Multiplying on the right by ¥ % +lb, £40 0 T oy and teking the trace, all the

terms after the first one in the right member vanish and we have
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(6.11) Trace [p(xoxl...xt)p‘l(xm...yfw)] = 18] Trace (¥ j¥yeee¥ )

From the second and third of equations (6.8) we find that

1« prpl. But by (3.15), H is a miltiple of

B1a = PG = CF ' = pla P~
s R

BBy vee Yyo 50 that (¥ Yy oeo ¥IPT = %-p: (8, 8q «++ ¥y) Sub-

stituting in (6.11) and using the fact that 1% 1 1 *++ Foy is a mltiple of

the idéntity matrix, we get

(6.12) Trace (PP!') = pla| .

However, Trace PP! = Z PABf’AB > 0 so that p has the same sign as [A],
A,B

Since p = +1, p = ¢ _(L).
If P = llPAB | corresponds to L = I|L°f6 Il and Q = IIQAB" corresponds to
M= JH Nl so that of = o_(L)Pa and aQ = o_(M)3a, thex

aPQ = g _(L)FaQ =0 _(L)o_(MPQX. However &PQ = o_(ILM)PQx and consequently

(6.13) o_(Wo_M) = o_(1M) .

This relation has been proved only for Lorentz matrices with determinant +1,
but it is easily extended to all Lorentz matrices by observing that it holds if
one of the matrices, say L, is -1. Since o (L)o (M) = o (LM), we may use

(6.7) to conclude that

(6.1L) o, (L) 6,00 = o, 1) .

This multiplicative property of the signatures enables us to define

subgroups of Lm-l-l;s by the conditions
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+

LI;I"'].;S : 0=+l (i.es o_=0, =+, 0r o_= o,= -1)
+ 4+ ~
Lm+i;s o=+l o, =1
(6.15) +
m+lzs © 0. T I oy = and
++

These groups are the generalizations to m+l dimensions of the groups defined

in §3, Chapter I.

7. THE INVARIANT SPINORS ASSOCIATED WITH LQZ)‘ s
2

We shall employ the results of §7, Chapter V, in order to consider the

. ’ + .
full Lorentz group I.2 Vs on 2V variables as a subgroup of L2 V41351 which

is a group on 27/ +1 variables. In doing this we put b:x X“'X’6 = - (X°)2 + zyijxixj

. . A
so that b;(px“ X’g has signature s-1 if Xi jXIXJ has signature s. We then have

in addition to the invariant spinors C,o , and H = C¢f, the four additional

spinors

(7.1) b’o,n=cvo,,e= XY ,and K=HY .

The commutation rules between normalized collineation matrices in sz_l and the
invariant spinors are given in the theorem

Theorem (7.1). If o, 0°_ and O, are the determinant, the spatial |

signature and the temporal signature, respectively, of the Lorentz matrix
IlLijﬂ (1, § =1, 2, +ss, 2v)corresponding to the normalized collineation

matrix P, then

Py, = o¥pP, aP = o Px, AP = o'-_f’/s

(7.2)
PP = o H and P'RP =0 K.

N
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We verify only two of these commutation rules since the others may
be proved in a similar fashion. The rule P b’o = a‘Z{oP follows from the fact

that P corresponds to a Lorentz matrix of order 2D +1 of the form

+1 0 0 LN ) O

Qe OO

The determinant of this matrix is +1 and consequently the sign in the upper
corner mist agree with the sign of the determinant lLijl o This sign, however,
is determined by the equation P D'OP'l = i-b’o. To prove that (P = 0'+13 «

we combine the rule P = 0'_(L°;, )P with the equations

) o_1%) = ety _aty = o 1ty .

If we had written the quadratic form X, X*X/ as +(x)% + ¥, jxixj

(3
instead of as -(Xo)2 + b’i jxixj , the only effect would have been to interchange

the roles of ¢ and/a and of H and K in (7.2).

Restricting ourselves to the subgroup L; of the Lorentz group, in

V38

a coordinate system in which 7{0 = ”é _8 ' , the matrices of the group in

P,y _y have the form

2.

(7.4) . P = lo P

as we saw in §7 of Chapter VIII. By (3.15), the matrix H is a multiple of
Fo¥q o )’t in a canonical frame of reference and so in such a frame it
commtes with ¥ when t is bven, and anticommtes with ¥  when t is odd.

That is,




i
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Hy 0
(7.3) . H =
0 H,
for t even, and
0 H
(7.6) H = 1 ,
H, 0
for t odd.

Equations (3.13) now become

-1 4 -1 4
(7.7 H,PH," = 0 P, and HPP H" = 0P
for t even, and
-1 ¥
(7.8) P_= O PH

for t odd. In equations (8.15), Chapter VIII, we have already obtained an
explicit expression for P_ in terms of P + for odd values of ¥ . Equations (7.8)
extend this result to even values of 7/ provided we restrict ourselves to the
. + .
transformations of L2 732 ( 2 ~t) with + odd. . ) _
£ 7 = 2 and xijxjxj - -@H2 - @2 - @32 + ()2, we have to do

with the group of the Special Theory of Relativity. We may choose coordinates

so that .

0O 1 )
(7.9) H=h s

: 1l O

and then equations (7.8) give

P+ 0
(7010) P= [V}

P
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to be the form of a matrix corresponding to a transformation of the restricted

proper Lorentz group, Li:t_z.
3

Since the matrices ¥, anticommute with ‘o’o, we have

0 N3
-1
&N 4 0

= =1 and eh = +1, The equations of the isomorphism

(7.11) ¥, -

where el = 32 = 93

PY i‘l”"':L = ¥ ij 4» may now be written in the form
= 3

Putting 1, ‘éiABl‘ and P_ = | PAc | , equations (7.12) are, after taking

complex conjugates,

rd

“C.D. .3
(7.13) P,"Pp &58p = &japl"s

which are equivalent to equations (L.h) of Chapter I.
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