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I. INTRODUCTION

This paper is in part motivated by the following:

Let M be the KBSA moduli space for smooth varieties X of general
type and with given numerical characters. Then M is quasi-projective
and has a canonical projective completion M.! The singular varieties
X, corresponding to points of the boundary OM = M\M are locally
described by the requirement to have only semi-log-canonical (slc) sin-
gularities, but very little is known about the global structure of the
Xo’s, or about the global structure (stratification) of OM.> A natu-
ral invariant of M is the period mapping ® : M — I'\ D whose image
®(M) is a quasi-projective algebraic subvariety of the complex analytic
variety ['\D. One seeks a canonical completion ®(M), of &(M) and
an extension ®, : M — ®(M), of the period mapping. We note that

1Our general references for the theory of moduli are of the expository papers by
Kollér [Koll] and [Kov1].
20ne exception is the recent work [F-P-R1], [F-P-R2], [F-P-R3)].
1
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if dim X = 2, I'\ D is never an algebraic variety ([G-R-T]) so that an-
alytic methods seem to be required for the study of & and ®.. From
the theory of degeneration of polarized Hodge structures ([C-K-S1] and
extensive subsequent works; cf. [Ca]® for a recent overview), one may
hope that this theory will lead to analysis of the behavior of &, on
OM = M\M, and then this information can in turn lead to an under-
standing of OM and of the global structure of the Xj’s.

Various aspects of this and related topics are work in progress by a
number of people including the four of us, and are the subject of other
papers currently in preparation. Here we shall be concerned with the

study of a period mapping
(L.1) o:B—-T\D

where B is a smooth, quasi-projective variety having a smooth pro-
jective completion B where Z = B\B is a reduced normal crossing
divisor. We assume that the local monodromies 7T; around the irre-
ducible branches Z; of Z are unipotent. For example, this situation
might arise starting with a ® : M — I'\ D as above and then passing to
a finite covering B of a desingularization of M and completing B to a
B as described. Given (I.1) the image M = ®(B) is a quasi-projective

algebraic subvariety
M cT\D

of the moduli space of I'-equivalence classes of polarized Hodge struc-
tures parametrized by the period domain D.* The primary objectives

of this paper are

(i) to construct a canonical completion M of M as a compact, complex

analytic variety, one that is minimal in a sense to be explained; and

3The volume in which this reference appears contains a number of papers that
provide general references to the material in this paper.

4t we assume, as we may, that & has been extended over the Z; where T; is
trivial, then the resulting period mapping ® : B — T'\D is proper, and hence
the image is a closed analytic subvariety. The quasi-projectivity result has a long
history that will be discussed below. One of the earliest results is given in [Som)].
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(ii) to show that the Hodge line bundle A — M extends to an ample
line bundle A, — M.

This provides a canonical, projective Hodge-theoretic object that
may be used to study moduli of varieties of general type. Some early
examples suggest that it can give a very effective tool for this study.’
A consequence of this result and other work in progress is that one
may now define the Satake-Baily-Borel (SBB) completion of the image
of the period mapping ® : M — I'\D to be Proj(A.).® Examples
show that this SBB completion can be very effective to organize the
boundary structure of some surfaces of general type.”

We will now explain points (i) and (ii) in further detail.® To begin, we
recall that given the data (V, @), where V' is a Q-vector space containing

a lattice Vz and
Q: VeV ->Q

is a non-degenerate bilinear form satisfying Q(u,v) = (=1)"Q(v,u),
the period domain D is the set of polarized Hodge structures (PHS)
F* = {F?} of weight n. The conditions that the decreasing Hodge
filtration F'* give a Hodge structure is that for each p with 1 < p < n

we have the isomorphism

F? @Fn—p—i-l 1> V(C.

Equivalently, setting V7 = FP? N E" there is the Hodge decomposition

Ve= @ VPi, V=V

ptq=n

®An informal overview of some aspects of this is given in [G3].

6A Lie-theoretic Satake-Baily-Borel completion of T\D,, of T'\D is also under
construction. It is hoped to be able to relate M and T'\ Dy,.

"Some examples are discussed in [G3], and there is currently further work in
progress in this area. Basically the boundary of the Gorenstein part M is strati-
fied according to the associated graded of the mixed Hodge structure, modulo the
Hg'-part of that mixed Hodge structure.

8A general reference for period domains and period mappings is [C-M-S-P].
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The relation between the two is F? = @& VP 7. Defining as usual
p'Zp

the Weil operator by
Cv)=®" M, veVPi

the polarization condition is given by the two Hodge-Riemann bilinear
relations
Q(F?, Frl) =0,
{Q(CU,U) > 0, 0#£wvel.

Setting G = Aut(V, Q), the period domain is a homogeneous complex

manifold
D =Ggr/H

where Gp is the real Lie group associated to the Q-algebraic group G
and H C Gg is the compact subgroup leaving invariant a reference
polarized Hodge structure. A period mapping (I.1) is given by a mon-
odromy group I' C Gz and a locally liftable holomorphic mapping (I.1)

that satisfies the infinitesimal period relation
o, :TB—1

where I C T'D is the invariant distribution defined by
FPc Frt

n+1

The differential of ® is a map &, : TB — 629 Hom(Fp,prl/Fp)
and we shall denote by
®,, : TB — Hom(F", F" ' /F")
the end piece of ®,.

Definition: The Hodge vector bundle F' — D is the homogeneous
vector bundle whose fibre at F'* € D is F™. The Hodge line bundle is
the line bundle

A =det F.

We shall frequently refer to A as simply the Hodge bundle, but we will

always use “vector” when discussing the Hodge vector bundle. We

9<I>*7n = &, when the weight n =1, 2.
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have chosen A as the notation for the Hodge bundle by analogy to the
standard notation A for the Hodge bundle over M,.

There are other vector bundles such as those with fibres FP~!/FP as-
sociated to period mappings, but for application to moduli of varieties
of general type the Hodge vector and line bundles are especially impor-
tant due to the identification F" = H™(X) = HY(Kx) where X is a

smooth projective variety of dimension n and H"(X) = @& HPY(X)
pg=n

the Hodge decomposition of its n'® cohomology group.

The Hodge-Riemann bilinear relations induce invariant Hermitian
metrics in /' and A, and denoting by {2 the curvature form in the
pullback A — B to B of the Hodge bundle over D, the positivity of
the Hodge bundle over B is expressed by

(L.2) Q) = [2.a(OI?,  E€TB.

Here @, , is the component of ®, in Hom(F", F*~!/F™). Thus  is a
positive semi-definite (1,1) form, and its null space is the kernel of the
end component of the differential of the period mapping. In particular,
2 is positive if, and only if, ®,.,, is injective. This covers the particularly
interesting case of moduli of surfaces of general type for which local
Torelli holds.

It is standard that the data of a period mapping (I.1) is equiv-
alent to that of a (polarized) wariation of Hodge structures (VHS)
(V,F°,Q, V) over B. Here V is a local system with Gauss-Manin con-
nection V : O5(V) — QL(V) where Op(V) = V® Op, the F? C 05(V)
are holomorphic sub-bundles, @) : V® V — Q is a horizontal bilinear
form and where this data induces at each point of B a polarized Hodge

structure. The infinitesimal period relation (IPR) is

(1.3) VIP C Qp®Ir L,

10A more precise notation would be ®*A — B. But since we will mainly be
working with the Hodge bundle and the Hodge vector bundle over B we shall omit
the ®*’s.
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The Hodge vector bundle F' is F"*. We shall use interchangeably the
data of period mappings and of variations of Hodge structure.

Given a period mapping (I.1) and completion B C B as described

Zy =%
icl
where Z; are the irreducible components of the divisor at infinity Z =
B\B. We denote by Z; C Z; the open strata obtained by remov-

ing from Z; the lower dimensional sub-strata. Under the assumption

above, we set

that the local monodromies around the branches Z; of Z are unipotent
with logarithms N, it is well known ([C-K-S1] and [P-S]) that there
are canonical extensions of the Hodge filtration bundles F? to vector

bundles 37 — B where the infinitesimal period relation (I.3) becomes
VI? C Qp(log Z) @ T2,
and where up to a factor of 27y/—1
Resz, V = N,.

We denote by F. or F, the canonical extension of the Hodge vector
bundle, and by A, = det F, the canonically extended Hodge (line)
bundle.

Setting Ny = >, ; INV; we obtain a nilpotent operator to which there
is canonically associated a weight filtration W4 (N;) uniquely defined
by Ni : Wy(Ny) = Wy o(Ny) and N§ : GrlV 07 = Gl QY0 11 1 g
a consequence of [C-K-S1] that there is over each open stratum Z; a
polarizable variation of mixed Hodge structure (VMHS) with weight
filtration W (Ny).'? Passing to the primitive parts of this variation of

mixed Hodge structure gives period mappings
(14) d; Z; — F[\D[.

HWe are centering the weight filtration at n, which is the weight of the polarized
Hodge structures under consideration, rather than at zero which is perhaps more
customary.

211 the literature the VMHS is frequently referred to as the limiting mized Hodge
structures associated to the VHS over B. For the general theory of variations of
mixed Hodge structures we refer to [S-Z].



3/28/17 COMPLETION OF PERIOD MAPPINGS 7

We note the important relation

(1.5) Ae

Zr

where the left-hand side is the restriction to Zj of the canonically

extended Hodge line bundle and the right-hand side is the Hodge line

bundle associated to the period mapping ®;. It is this relation that

relates the canonical extension A, — B of the Hodge bundle to the

Hodge bundles on the open strata of the boundary Z = B\B of B.
We set

M= ®,(Z7)°.

Here the exponent ° refers to a covering space of the image ®;(Z7)
obtained by a Stein factorization of the map (I.4). As noted above,
M7 is a quasi-projective algebraic variety, which may be described as a
finite-covering space of the set of equivalence classes of PHS’s given by
the primitive parts of the VMHS arising from the canonical extension
of (V,7°,Q,V) to B. Basically, M; is obtained by taking the limit-
ing mixed Hodge structures along the open strata Z7, throwing out
the extension data in the mixed Hodge structures, and passing to a
finite covering of what is left, the purpose for this is to have connected
components of the fibres of ®; : Z7 — I'/\Dj.

THEOREM A: There exists a canonical extension M of M, which is a

compact complex analytic variety and where there is an extension
®,:B—> M
of the period mapping (1.1). As a set

M=MII (HMI)

In first approximation, M is obtained from M by attaching the as-
sociated graded PHS’s to the limiting mixed Hodge structures arising
from the period mapping (I.1) and describing how these fit together.
The precise statement differs in that we pass to the I'-equivalence

classes of the set-theoretic mapping described above, and then we pass
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to a finite covering arising from a Stein factorization in the construc-
tion. The mechanism for fitting the pieces M; together in a consistent
way to obtain the structure of a complex analytic variety is the most
subtle part of the construction.

A natural way to try to prove the above theorem would be to show

that there is an extension
D cT'\Dy,

of the moduli space of I'-equivalence classes of polarized Hodge struc-
tures as a complex analytic variety, one to which the period mapping
(I.1) extends and whose image provides the M in the theorem. In the
classical case when D is a Hermitian symmetric domain and I' is an
arithmetic group such a completion is provided by the Satake-Baily-
Borel compactification ([Sa] and [B-B]). However, in the non-classical
case the construction of such an extension encounters new and signif-
icantly different phenomena that are both Lie-theoretic and Hodge-
theoretic in character;!? it is currently a work in progress that has only
been partially carried out.
Our approach will be to construct M by mapping neighborhoods
U =2 A** x A’ at infinity in B to CV and showing that
(i) the maps u: U — CV extend to U = AF x A’ and have image an
analytic subvariety;
(ii) these extended maps have natural compatibility properties (ex-
plained below) when restricted to sub-strata of U; and
(iii) the extended maps glue together in the intersections UNU of the

open sets in B.

We may think of the u : U — C¥ as local charts for the image of
the period mapping around the points at infinity.!* They are not local

coordinates in the traditional sense, but operationally serve a similar

13These phenomena are related to the fact noted above that T'\D is not an
algebraic variety, so that considerations of a different sort than the classical case
must enter into the story.

14T6 be precise they serve as local charts up to the finite coverings that arise
from a Stein factorization of a holomorphic mapping.
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function. Even in the classical case they seem to provide a different
way of approaching the construction of compactifications.

These maps will first be constructed in case the restriction
Oy : U — I'7\D

of the period mapping is a nilpotent orbit. Here, U = A** and I'p =
{TE,...TE} is the local monodromy group generated by the mon-
odromies T} around the branches of Z; N U. Denoting by (t1,...,t)
coordinates in A**, the to be constructed p will be a monomial map-
ping

p(t) = (4, .. t4Y)

where

A] = (ajl, . ,ajk) € 2207

aj

th =tk

Of the properties listed above, the definition and combinatorial prop-
erties of the A;’s needed to satisfy (ii) are the most subtle and require
both non-trivial results from combinatorics and the relative weight fil-
tration property of limiting mixed Hodge structures.!> We note the
similarity to aspects of toroidal geometry; in fact, one may reasonably
expect that around points of Z the completion has locally the structure
of a normal toroidal variety.

A general period mapping &y is well approximated by a nilpotent
orbit and a further argument is used to establish the properties (i)—(iii)
for such a ®y. The approximation that will be used has evolved over
time from the one in [C-K-S1]; here we will use the version given in
[C-K2].

An interesting point concerns passing from the image of the local-

ized at infinity period mapping to the quotient by the full monodromy

15B§cally what has to be proved is that for index sets I C J the closure in
A% C A% of the level sets of the to be constructed p; : Aj — CN7 will be contained
in the level sets of p1; : A% — CNv, and that the level sets distinguish the associated
graded polarized Hodge structures to the limiting mixed Hodge structures.
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group; i.e., to
(L.6) U 2% Tp\D — T\ D.
Denoting by H the upper-half-plane in C and by U = HF x AL the
universal covering of U with coordinates (z1, ..., zx, w1, ..., wy), we let
8§ = {(z,w) : |[Rezj| £ 1/2 and Imz; =2 ¢ > 0} be a fundamental
domain for the action of I'y on U. Then if there were a Siegel set
> C D with the property that the lifted period mapping

Ef)u : ﬂ — D
maps S to the Siegel set; i.e., that
(L.7) dy(8) C ¥,

then there would be only finitely many v € I'/T'z such that the image
(T)ﬁ(S) meets the translate v%u(S) of that image; i.e., finitely many
such that

(L8) Y(®u(8)) N dy(8) # 0. '°

In this case passing to the quotient by the full monodromy group I' in
(I.6) would be a finite operation. However, the Siegel set property (1.7)
is mot true in general. But we will see that as a consequence of the
results given in [C-D-K] the set of v € I'/T'r satisfying (I1.8) is finite, so
that the discrepancy between working with the local monodromy group
'z or the global one I' is a finite set. One may phrase this informally
as saying

Variations of Hodge structure have the Siegel set property.

The second main result in this paper is the

THEOREM B: The Hodge bundle extends to a holomorphic Hodge line
bundle on M, and there A, — M is ample.

In the classical case when D is a Hermitian symmetric domain and I"
is an arithmetic group this result is a consequence of the properties of
6For the definition and properties of Siegel sets we refer to [B-B]. Informally

3 may be thought of as an approximate fundamental domain for the action of I'
on D.
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the Satake-Baily-Borel construction; it is a global one in that sections
of A®™ that give a projective embedding of I'\ D, are constructed using
modular forms. For the reasons explained above, such an approach is
not possible in the non-classical case. Our proof is in spirit analogous
to the one used by Kodaira to show that over a compact, complex
manifold a line bundle with positive Chern class in the differential-
geometric sense is ample. The proof of the result here depends on some
rather subtle properties of the Chern form €2 of the Hodge bundle. It is
well known that, as suggested by (1.2), the Hodge bundle has positivity
properties. It is due to [C-K-S1] with an important amplification in
[Kol2] that Q defines a closed (1,1) current Q. on B. For the proof of
Theorem B we need to significantly refine this in several ways.

First, since currents are differential forms with distribution coeffi-
cients, the singular support sing (). of €. is defined, and assuming as

we may that all monodromy logarithms N; # 0 we have
(a) the singular support sing Q. = Z.

Next, it is well known that distributions and currents cannot in general
be restricted to submanifolds. To get around this one needs a more
subtle notion than just the singular support. Associated to a current

U on a general manifold Y is its wave front set
WF(¥) C T*.

If W C Y is a submanifold whose tangent spaces are transverse to the

wave front set in the sense that
TW C WF(¥)*,

then the restriction \I/‘W is a well-defined current on W. Applying
this to the situation at hand where Y = B and W = Z}, in first

approximation we will show that
(b) WF(Q.) C LIJN*;/B;

that is, the wave front set of the Chern form (2, is contained in the

co-normal bundles of the open strata Z;. The proof will also give the
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conditions under which equality holds in (b). It will follow that the

restriction €).|, . is well defined, and we then have

(c) Qe

Z;

7= Q is the Chern form of the Hodge bundle A; — Z7.

We have used the qualifier “in first approximation” because what
will actually be proved is not (b) with the usual definition of the wave
front set, but rather we will have (b) with an extended definition of
what is meant in this paper by the wave front set, a definition that
has for our purposes the all important property that the restrictions
Q. 7 AC defined. We might say that “we have (b) adapted to the

Hodge-theoretic situation at hand.”

With this understanding we may summarize the above by the fol-

lowing

THEOREM C: The Chern form 2 of the Hodge bundle A — B extends
to a current Q. on the completion B of B. There it has singularities

as described in (a), (b), and (c) above. In particular it represents the
Chern class of the Hodge bundle A, — B.

Regarding the positivity of the extended Chern form 2., an interpre-
tation of the analysis behind the properties (a) and (b) above may be
informally expressed as saying that the more singular the extended pe-
riod mapping is, the more positive ), is. This heuristic will be further
explained and used in Section VI where we discuss curvature properties
of the extended Hodge vector bundle.

We will give two arguments for Theorem C. The first, in Section III,
will be geometric and essentially deals with the case of 1-parameter
degenerations. The result (Proposition II1.9) is a statement about the
curvature properties of the Hodge vector bundle and will be used later
in the paper. An additional aspect of the argument is that it displays
the estimates on the Hodge norms and the resulting connection and
curvature forms giving descriptions that are more precise than the ex-
isting ones in the literature.

There is a short appendix to Section III in which we show that in

the geometric case the Hodge theoretically defined polarizations on
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the limiting mixed Hodge structure coincide, up to constants, with
standard ones derived from geometry.

The second proof given in Section IV establishes the result in full
generality and exhibits in detail how the very special and subtle gen-
eral properties mentioned above of several variable degenerations of
polarized Hodge structures come into play.

It is worth noting that in [C-K-S1] the asymptotic properties of sev-
eral parameter degenerations of polarized Hodge structure, properties
which lead to the analysis of the degenerating Hodge metrics, involve
choosing an ordering of the parameter coordinates and dividing the
universal covering H* of the parameter space A** into sectors. Sim-
ilar issues arise — in perhaps a more transparent way — here. The
underlying question is one that is interesting in its own right. Let
P(zy,...,x) and Q(z1, ..., x;) be homogeneous polynomials that are
positive in the sense that they are positive if all x; > 0. Suppose that
deg P = deg @+1. Then the conditions that lim,, ,o Q(x)/P(z) = 0 be
defined, and therefore be zero, requires special properties of the mono-
mials in Q relative to those in P.'" In the situation at hand, P(x) arises
from the determinants of ), z;N; acting on the associated graded to
the limiting mixed Hodge structures along the A%. The resolution of
the issue raised above requires a classical result from combinatorics
and linear programming and a suitable interpretation of the relative
weight filtration property of several parameter limiting mixed Hodge

structures.

T1+xo
1T

17For example, limg, 2,0 is not defined.
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Turning to the proof of Theorem B, using the properties of the Chern

form we will prove successively that

strictly nef

/

A, — M is — big

N

free.

Here “strictly nef” means that for any curve C C B
A.-C>0

unless C lies in a fibre of the map B — M in Theorem A. These three
properties will combine to give that A, — M is ample. Of the three
the most difficult is the third. In fact, we shall show that A, — B is
free, and since A, is trivial on the connected fibres of B — M this will
give that A, is free on M as well.

In addition to the three principal results stated above, in Section VI
we will discuss curvature properties of the Hodge vector bundle F' — B.
Here although there is only the one result stated below, the main point
is to raise some questions concerning positivity properties of the Chern
classes of the Hodge vector bundle. At the end of that section we will
discuss how these positivity properties enter in important results of
Viehweg and others ([V1], [V2], [Kol2]), together with a few historical
comments concerning the evolution of these properties.

Given a holomorphic vector bundle £ — Y with a Hermitian metric
over a complex manifold Y, we recall that there is a unique Chern

connection
D : AO(E) — Al(E)

with the properties

D" =39
d(e,e') = (De,¢e') + (e, De'), e,e’ € AYE).
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The curvature O € AV} (End E) is as usual defined by
Op(e) = D%

where e € A°(E). In terms of a local unitary frame e, for E with e}

the unitary dual to eg and local holomorphic coordinates z* on Y,
Op =)  0%:ca®e;®d2' AdF

% =0. The curvature form is defined by

aij

where @%‘ﬁ +0

Or(e, ) = ((Or(e),e),EAE) ec E,£€T,Y.

For e = Y vaeq,& = > £'0/07" this is the bi-quadratic form
D 0%t

The bundle F — Y is defined to be positive if there exists a Hermitian

metric such that for non-zero e, £
@E(ea 5) > 0.

If we only have
@E(67 5) z 0

then F is said to be semi-positive. The condition of positivity is too
strong for many purposes, while semi-positivity is too weak. For ex-
ample, the trivial bundle is semi-positive. A more substantial example
is that the universal quotient bundle ) — G(k,n) over the Grassman-
nian of k-planes in C” is semi-positive, but is not positive except in the
case k =n — 1 when Q = Opn-1(1)."®

From the elementary symmetric functions of the curvature matrix

one constructs the Chern forms ¢ (©g) by

Z Ck(@E))\Tik = det
k=0

1
‘(—) @E—i—)\IH, r =rank F.
211

18 An important algebro-geometric analogue of semi-positive called weak positiv-
ity was introduced by Viehweg ([V1], [V2]) and has been extensively used by him
and others. A relation between the two is discussed in [P], Theorem 2.21.
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The Chern forms represent the Chern classes of £ — Y in de Rham
cohomology. For an index set I = (iy,...,1,) with ¢, = 0 we define the

Chern monomials by
(19) C[(@E) = 01<6E)i1 s Cr(@E)iT.

In the following we will use the notations

o I'="T,B for b e B;

o H™O = F;

o H" M = FP T/ Fp.
We then have

®,,: T — Hom(H™, H* 1),
and we will denote this mapping by
T®H — H"

THEOREM D: For a variation of Hodge structure (1.1) the Hodge vector

bundle F — B is semi-positive. Moreover, the Chern monomials satisfy
C](@F) Z 0.

We have
e ¢,(Op) # 0 if, and only if, there exist k-dimensional subspaces
ACT and B C H™ such that
A® B — H" 1!

has no left or right kernel;
o ¢, (Op)* # 0 if, and only if, there exists a k-dimensional subspace
A C T such that

A — Hom(H™?, H"11)
18 1njective.
Since ¢1(F) = ci(det F) = ¢;(A) where A — B is the Hodge line

bundle, the last statement follows from (1.2).

The above raises the general
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Question: What properties of the variation of Hodge structure (I.1)
will imply the positivity of the Chern monomials? This question will
be amplified and refined at the end of Section VI.

In this regard we shall give a heuristic argument that suggests the

result
If ® : B — T'\D has no triwvial factors and if h™* < dim B,
then cpno(OF) > 0.

At the end of Section VI we give a brief historical discussion on the
positivity of the curvature of the Hodge bundles up through the period
(roughly the late 1980s) when the two basic properties — the sign
and the nature of the singularities — were developed in the form most
relevant to this paper.'® Since that period the positivity and singularity
structure of the Hodge and related bundles has been and continues to
be a very active and interesting area and there are excellent survey

articles (cf. [P] and the references cited there) on this topic.

II. CONSTRUCTION OF A COMPLETION OF THE IMAGE
OF A PERIOD MAPPING

In this section we will give a proof of Theorem A as stated in the
introduction. We recall that we are seeking to construct a compact,
complex analytic variety that completes the image of a period mapping

as described in the diagram
B—2-~M cTI\D
(IL.1) N N
B 1.
The argument will be in number of steps. For the first we localize the
period mapping to a nieghborhood U = A** x A’ at infinity to have
@ulu%MuCFT\D

For us most relevant means that the curvature of the Hodge line bundle exactly
detects the variation of the associated graded to the limiting mixed Hodge structures
along and in the normal directions to the strata of the completed period mapping.
It is this geometric property that underlies Theorem B above.
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where T'p = {TZ,... T} is the local monodromy group. We want to

construct a local extension of My to obtain for U = A* x A? a diagram
U—2> My c p\D
(IL.2) N N

The steps are

Step 1 (main step): We will construct (II.1) when & is a nilpotent
orbit. This will be done in several stages — Step la, Step 1b, Step lc.

Step 2: We will extend the construction to the case where ® is a

general variation of Hodge structure.

Step 3: Finally we will give the construction of (II.1) when the full

monodromy group ' is taken into account.
Step la: We are given a nilpotent orbit
®: A" - Tp\D

where, for notational convenience setting ((t;) = (logt;)/2mi,

(I)(t) = exXp (i g(t])NJ> . FO

with Fy € D being a reference point. We set N = 3 ; Nj and denote
by

lim (1) = (V. W(N), F)
the polarized limiting mixed Hodge structure (LMHS). Our basic ref-
erences for the definition and properties of limiting mixed Hodge struc-
tures is [C-K-S1]. Without loss of generality we may assume that the
limiting mixed Hodge structure is R-split, and we denote its Deligne
decomposition by

Ve = @I, Jra = JOP
Then
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and for the Hodge filtration £ of the LMHS we have
FP = g [V1.20
p'Zp
We ask the question

Which monomials t7* - - - t7* are constant on the connected
fibres of ® ¢

For the answer we first recall that ®(¢t) € D for 0 < |t;| < e. Since

(I1.3)

D = Gg/H where H is a compact subgroup of Gg, the vector field on
D induced by the action of a non-zero nilpotent N € g is non-vanishing
on D. Thinking of the nilpotent orbit as given by a homomorphism
® : C** — G where the image acts on Fy € D, passing to the induced
mapping on the Lie algebras this implies that for 0 < |t;| < €

D, (Z aitia/(‘?ti> is tangent to a fibre of & <= Z%Ni = 0.

(2 K3

We shall write this condition as

J
at the point ¢ in question.

From

(Z aitia/ﬁti> 15t = (Z aicl-> 15t

we have the conclusion

£t -+ -t} is constant on
the connected fibres of ®

} — (Cl,...,Ck) S 1%61(]\[1,...,]\@)L

where Rel(Ny, ..., Ni) is the Q-vector space of linear relations among
Ni,...,Np. We may choose a generating set of the c¢q,...,c;. where
¢ € 4.

2The Fy € D is only defined to the action of exp(C - Zle N;) on D. The
fibres F, of the extended Hodge vector bundle are however well defined, as is the
associated graded Gr(LMHS) to the limiting mixed Hodge structures. Since we
shall only be concerned with the associated graded to the limiting mixed Hodge
structures we hope the ambiguity in the notation will not create a difficulty.
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Step 1b: For each index set I C {1,...,k} we let
Ar={t=(ts,...,tg):t; =0 for i € [ and j#0 for j € I}

denote the open strata in the standard stratification of A*. Setting

N; = > ,c; N; and denoting by ¢; a point of A}, there is a polarized

limiting mixed Hodge structure

t—tr
where F; = exp(iNye) - Fy and with weight filtration W (N;).?! Taking
the primitive parts of the associated graded to these limiting mixed

Hodge structures leads to a period mapping
CI)[ . A? — FTI\DI

where I'p, is generated by the T; for j € I°. The question arises as to
the relation between W (Ny) and W (Nyyy) where I, J are disjoint index
sets. The answer is given by the relative weight filtration property that

we now explain.

(i) Since [Ny, Nj] = 0, the map N, induces a map
N : Gy Ny — Gryy VMDY

on the graded pieces of the W (Ny) filtration;

(ii) this nilpotent endomorphism induces a weight filtration W (N9)
on GV v

(iii) W(Nuy) also induces a filtration on Gr’ ™DV and the relative

weight filtration property is
(IL.4) Wotm(Nrug) N GrZ(NI) V =W,(NJ)N GrTVr‘L/(NI) V.

In words:

e N induces a filtration W (N9) on Gr!¥ V1) v,

e W(Nyuy) also induces a filtration on Gr/V ™1 v,

e these filtrations agree.

2IThere is a subtlety here in that the choice of a reference Fy depends on the

index set I and an ordering of the indices in {1,...,k} (cf. [C-K-S1]). However,
the associated graded to the limiting mixed Hodge structures are well defined.
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This is a wvery special property of a pair of commuting nilpotent
endomorphisms of a vector space. That it holds for the N; arising
from a VHS is a Hodge-theoretic, not a linear algebra, property of the
nilpotent Lie algebra generated by Ny, ..., N, (cf. [C-K-S1]).*

Step 1c: The action of Ny on V induces one on g C Hom(V, V') and we
denote by W (Ny)g, or just W(N;) when no confusion is possible, the
weight filtration induced by this action. The analogue of the condition
>.;a;N; = 0 in Step la is now that the condition

(Z ajtja/f)tj> CI)[ =0

jele
on A7 is equivalent to

> a;N; € W_y(Ny).

jele
It is here that one sees operationally how passing to the associated
graded of the LMHS’s enters the picture; the condition just above
means that the vector field >, a;t;0/t; is tangent to the fibres of the
period mapping ®;. We note that in both cases above the sum is over
all j; in the first sum we have ¢; = 0 on A} for ¢ € I, and in the second
sum N; € W_1(N;). What we want to prove is

For I C I', if t{* ---1i* is constant on the fibres for A},

I1. . S
(IL.5) then t5' - - - ;" is constant on the fibres of A}, C A3.
The proof will be given by two propositions, the first of which is

ProOPOSITION I1.6: Set S] = {Z CLiNi a; € R and Zz aiNi € Wfl(N[)} .
Then for I C I’

Sr € Sp.

Proof. Let J = I'\I. Setting Ny = )
tent operator N; induces a weight filtration W (N;) on g. The relative

se1 Ni, as noted above the nilpo-

weight filtration property says that you add the weight of Grgv N1) vy J

22Cf. also [S-Z] for an extensive discussion of the linear algebra involved here.
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acting on @ End(Gr!Y ™) g) to m. Now

ZaiNi € Z(N;) = centralizer of N; in g.

Thus for N;o = GrgV(NI) N; we have
Zain €z (GI'[‘)/V(NI) N]>

which implies that
Z aiNi,O € WO (GI'SV(NI) NJ) .

If > a;N; € W_1(Ny)g, then by the relative weight filtration property

we have

> aiNi € Wy o(Niis)(g) = Wi (Np).
This gives the statement in the proposition. U

Remark: The relative weight filtration property implies the following.

If N, N', N” are in the closure of the monodromy cone, then
N'e W {(N) = N'eW_(N+N').
Thus
> a;N; € W_o(Ny) = > a;N; € W_y(N; + Ny) for any k ¢ I.

J J

The other key to the construction of the monomial charts is a sec-
ond proposition given below following two preliminary lemmas whose
statements are necessary for the formulation of the proposition.

Let Q7 = {(x1,...,2x) € R¥ : 2; = 0} be the first quadrant, and let

S C R¥ be a linear subspace.
LEMMA IL7: If SN QT =0, then ST N QT # 0.
The proof of this lemma is a consequence of the following result from

classical linear programming.



3/28/17 COMPLETION OF PERIOD MAPPINGS 23

FARKAS ALTERNATIVE LEMMA:** For A a real m x k matriz and
b € R¥, of the following two problems exactly one has a solution:

(i) Az = b where z € R*¥ and z; = 0 (i.e., 7 € QF);

(ii) y'A = 0 and where y € R™ and y ‘b < 0.

The second preliminary lemma is

LEMMA I1.8: Given Q*,S as above, there is a unique partition K of
{1,...,k} for which there exist

v €QTNS x>0 if i € K where vy = (z1,...,Tx)

vy € QT NS x>0 if i € K where vog = (2],...,7}).

Before giving the proof of the lemma we note that it is possible that

K=0,v,=00r K=, vy =0. From the lemma we have the
COROLLARY: If Qt NS = 0, then there exists v = (vq,...,v;) € St
with v; > 0 for all i. If QT NS+ = 0, then there exists v € S with
v; > 0 for all 7.

For the proof of Lemma II.8 we have from Lemma II.7 that either

there exists v; Z 01in QT NS or v, # 0 in Q* N S+.

By symmetry it suffices to consider the case where we have v; =
(v11,..yv1) # 0in QTN S. If vy; > 0 for all i we may take
K = {1,...,k}. If not we have J # () with v;; = 0 < i € J.
For Rl = subspace of R* corresponding to vectors with coordinate
entries corresponding to the index set J, we let 7 : R¥ — Rl be the
orthogonal projection. For ey, ..., e, the standard basis for R¥, if there
exists w € S with (w, e;) 2 0 fori & J and (w, e;,) > 0 for some i € J,
then v; — ew € QT NS and has

(nn—ew); =0 < i€ J with J CJ (ig#J).

We may assume J is minimal, so v;; > 0 if 7 € J°. Then there does
not exist w € S such that (w,e;) 2 0 for ¢ € J and (w,e;,) > 0 for

23An informative discussion is in Wikipedia:
https://en.m.wikipedia.org/wiki/Farkas’ lemma
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some iy € J. Equivalently

m(S)N(QTNR) =0
by induction on k, for some v; # 0 so that dim R/l < k. By the above
corollary there exists u € RN (7(S))" with coordinates u; > 0 for all
i € J. Lift u to v, € R* by taking ve; = 0 if ¢ € J° Then vy € S+,
and vy, vy satisfy the conditions in the lemma for [ = J.

To prove uniqueness, if K and K’ both satisfy the conditions in the

lemma, then we have
!
v1,v9, K, K¢ and v}, v}, K', K.

If KN K +# () we would have (vi,v}) > 0 contradicting v} € S,
vy € St. Then KN K' # () and K¢N K’ = () gives uniqueness. O

For I C {1,...,k} we set
S = {(Ulw .- 7Uk) tv; € R and Z'UlNZ € W_l(N[)}.

The crucial second proposition is

PropPoOSITION I1.9: Let K; be the K associated to St by Lemma I1.8.
Then
S;=Sp forall ICI' CI+ K.

Proof. Let vy = >, x, MiN; where all m; > 0. Then by the defining
property of Kj
Z m;N; € W_l(N[).

€Ky
From the property of relative weight filtrations we have

We(Nr) = We(Niyx,)-

Then S; = Si4+k, which using S; € Sp C Sy, gives the proposition.
O

We are now ready to construct the monomials that give the map
1 AF — C™ with the desired properties. We note that

t5' -+ -t;* is constant on the connected
c€ SfNQ"NZ" <= [ fibres of the nilpotent orbit correspond- .
ing to ®;
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If I C I’ there are the two cases

(a) I'N (I + Kp)° # 0
(b) I' C I+ K;.

In case (a) there is ¢{' - --t* with all ¢; > 0 for ¢ € (I + K)° and all
other ¢; = 0. Such a monomial restricts to 0 on A%, and therefore it
can be used as a component of y. The set of monomials corresponding
to S N Q* NZ* distinguish the points in A;.

In case (b),

SENQTNZF =5 NQTNZF =S, NQTNZ.

Then since I’ + Ky = I + K; every monomial corresponding to S7 N
Q' N ZF restricts to a monomial on Ay corresponding to a vector in
SENQTNZF.

In summary we have obtained the following

(II.10) Prescription for constructing the monomial map: For
each I use all monomials corresponding to S N QT NZF with ¢; > 0
if, and only if, i € (K;+ I)°.

When we restrict to Ay where I C I’, then the restrictions of the
monomials in the prescription vanish (case (a) above), or they restrict
to monomials corresponding to S3 NQT NZF with ¢; > 0 if, and only if,
i€ (Kp+1') = (Kr+1)° (case (b) above). We note that the crucial
step in the construction is the choice of the exponents in 7' --- "
exactly corresponds to ). ¢;m; = 0 whenever > . m;N; € W_;(N;). It
is this last relation that means we are picking up the associated graded
to lim; ,a+ ®(t), and it is the relative weight filtration property that
ensures that the maps fit together across the strata.

This completes the construction of the monomial map charts for the
case of nilpotent orbits.

The final step is for a general VHS to suitably perturb the given
monomial map chart for the approximating nilpotent orbit to obtain a

chart for it. We will turn to this after we discuss the following
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Example: The maximal degeneration in M, of a genus 2 curve is the

&

In M, a neighborhood of this curve is a A® and we will (i) describe the

nodal curve®*

corresponding nilpotent orbit, and (ii) illustrate how the above proof

works in this case. The picture is

l3
)— ty.
131

The maximally degenerate curve corresponding to the origin is the one

above, the curves on the axes outside the origin will be

o)

those on the 2-planes outside the axes will be

Ca

and those in the interior will be smooth. Our conclusion will be that

the monomial mapping is
AP - ct
m m
(t1,ta, t3) — (tito, tits, tots, titats)

We note that

24 A5 usual we denote by M, the moduli space for smooth curves of genus g = 2,
and by M, its canonical compactification (Deligne-Mumford) obtained by adding
stable curves C' with arithmetic genus p,(C) = g and ample dualizing sheaf we.
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e the axes all map to a point.

The curves on the axes have moduli; their normalizaitons are (P!,
4 points) and the cross ratio of the 4 points gives the modulus. But
this parameter is in the extension data of the limiting mixed Hodge

structure and it disappears when we pass to the associated graded.
e the level sets on the faces are parabolas tity = c, etc.

The curves on the faces have two moduli; their normalizations are (E,
2 points) where F is an elliptic curve. The 2 points are in the extension
data of the limiting mixed Hodge structure; the associated graded is
the Hodge structure of E. Note that as ¢ — 0 the level sets tend to
the two axes; this is the compatibility result in this case.

For the computation, we may choose a symplectic basis for V = Z*

with the standard alternating form so that

N [0S
0 0
10 00 11
S, = Sy = .Sy = .

For example we may take for the vanishing cycles 01, d2, 3 giving rise

where

to the Picard-Lefschetz transformations corresponding to the N; to be

those in the picture

01 )
Here the standard basis for Z* is ey, es, f1, fo, Where ¢; corresponds to

0; for 1 = 1,2 and f; is the dual 1-cycle to ;. The period matrix for
the nilpotent orbit is

1 0
0 1
Utits)  L(t)
Uts)  U(tats)
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The N; are linearly independent so that the period mapping has no
positive dimensional fibres in A*3. On the face corresponding to t; = 0

which corresponds to the monodromy logarithm Ny, we have
e € W1<N1>V, f1 S Wfl(Nl)V and eg,fg € Wo(Nl)v
Thus W_1(N;)g takes

€y — Zfl

and so it is the set of endomorphisms (§ %) € End(V) where
S = (0 *> .
* 0

N3 — N2 — N, e W_l(Nl)g

{61 — ng

This gives

and the monomial constant on the fibres is tyts.
As a final comment we note that
e the image of the monomial mapping A3 — C* lies in the toroidal
algebraic variety
22 = 212323.
As one sees from (I1.10), this is as a general feature of monomial map-

pings associated to nilpotent orbits.
Step 2: We want to extend the prescription (I1.10) to a general VHS
A x A' = T7\D.

We shall give an argument in the weight 1 case and then take up the
general case.

In the weight 1 case it is classical (cf. [C-M-S-P] or [Ca]) that a
symplectic Q-basis for V' may be chosen so that the period matrix
Q(t) € H, has the form

Qt) = S Ut)S; +A() B(t)) o
'B(t) ct)) }g"
where

e S; =15 = 0 are integral symmetric matrices and ), S; > 0;
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o A(t) ="A(t), B(t),C(t) are holomorphic and C(t) € H .
Here we are using the customary notation J{,, for the Siegel general-
ized upper-half-plane of m x m symmetric matrices Z with Im Z > 0.
Let P = space of ¢’ x ¢’ symmetric matrices, R = spanc{Si,..., Sk}
and R* the orthogonal space to R so that

P=Ro® R

Under a reparametrization ¢; = t;e%i(t) we have
A+ )
J

Thus we may choose coordinates so that €2(¢) has the above form with
A(t) € R* in the above decomposition. Consequently the level sets
for >, £(t;)S; + A(t) are intersections of the level sets for the nilpotent
orbit » £(t;)S; and for the holomorphic matrix A(t). Thus the desired

result in the weight 1 case is reduced to

e the case (II.10) of nilpotent orbits;

e a standard foundational result in complex analysis.
The foundational result is the following

Let F : U — CV be a holomorphic mapping of a neigh-
borhood U of the origin in C". Setting F'(0) = p € CV by
shrinking U, F(U) will be an analytic subvariety defined
in a neighborhood of p.

(IL.11)

Without normalizing as above, for the component

Zé )S; + At

of the period matrix we may proceed as follows (ignoring the 27i fac-

ZS—+dA

If p(t) =t5---tiF is a monomlal for the nilpotent orbit, then we have

dt
dlogp = cht_]
J J

tors):

from
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that
dlog ;1 = 0 modulo the entries in d (Z K(tj)5j>
J
Z c;m; = 0 whenever ijNj = 0.
m J

If we consider
Ft) = p(t)e"®

then we have
dlog f(t) = 0 modulo the entries in dZ(t)
if
(i) chmj = 0 whenever ijNj =0
J J

and
(ii) du(t) =0 entries in dA(t).

If we choose separately p(t) such that (i) is satisfied and such that
(ii) is satisfied, then f(¢) is constant on the connected components
of the Z(t) = constant part of the VHS. The remaining parts fall
under (II.11).

We note the implication of the above argument:

If we perturb the nilpotent orbit to a nearby VHS, then
the level sets will drop in dimension. This is what is ex-
pected by upper-semi-continuity. However the equations
of the level set separate into the ones arising from the
nilpotent orbit (the logarithmic ones) and the rest (the
holomorphic ones).

(IL.12)

We will give an argument following (I1.14) that suitably interpreted
this implication remains valid for a general weight.

For this we shall use [C-K1] to normalize the expression for the VHS.
For

®(t) = exp (Z E(tj)Nj> -u(t) - F,
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where F, € D and u(t) € G¢, we may choose u(t) such that the

normalization condition

Adu(t) (L) ]tv—j +u(t)'ou(t)/ot; € b

271

is satisfied, where

b = @ g

p=-1
q
is a nilpotent sub-algebra of gc and gc = @ gP? is the Deligne decom-

P
position of g¢ relative to the R-split limiting mixed Hodge structure as-
sociated to ®(t). If the vector field ), a;0\0t; with a; = a;(t1, ..., tx)
is tangent to the fibres of the variation of Hodge structure ®(t), then

F'nge =P g¢""

p'20
q
for the limiting mixed Hodge structure gives
Fgenb =0.
The condition that F, not move then becomes

1 Nj 8u 1 .
S ( (o) £ ai) =0

j
Setting b; = a;/t; this gives

(I1.13) Zb N; + (2mi)b g L—o.

As above denoting by
S = {Cl,..., ZCJ —0}
the relations among the N;, we decompose
b=bs + bg.
into its S and St components. Then (I1.13) gives

0
S bg Ny 2y bjtja—:‘zf1 —0.
j j J

This gives a bound
[bs2 | = Clo []2]]-
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In other words, by normalizing the u(t) that gives the perturbation of
the nilpotent orbit approximating ®(¢) the component of b orthogonal
to the relations on the Nj; is small.
The above estimate may be rewritten
b5 |
[b]]

S Cllefl;
i.e., most of b is in the space S of relations among the N;. Now let

X = bit;0/0t;, Y =) Ut;0/0
J J

be tangent to the fibres of ®(¢) and chosen so that the bracket [X, Y] =
0. We will show that

(IL14) Ybs — XV, € 5.

Proof. From (11.14) we have

which gives

1 1 /
Y Xu= <%> ( Ej ij,SJ_Nju — (%) < Ej bj,SJ_Nj> < Em bm,SiNm> u) )
1 , 1 Z Z /

Using [N;, N;,,] =0 and [X, Y] = 0 we have

1
0=YXu—XYu= <—%) (Z Yb; g1 — Xb;sL) Nju
J
which gives

> (Ybjse — XV g0 ) Nj =0
J

as desired. O
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We want to find functions g that are constant on the fibres of the
integral varieties of the commuting vector fields X = )" a;0/0t; and

Y = a};0/0t;. The commutation condition is
Xa;- =Ya,
for all j. If we set
g= til .. -tzkef,
then by the above estimates
X=Xo+eX1, Y=Y+,
where Xy, Yy are tangent to the fibres of the nilpotent orbits and
[Xo,Yo] = 0. Then
0
Xg=(Xo+eXy)g = (M)ef + 15 F (Xob)e!
+e(Xab)ti e + e( X (15 — t7F))e’
= (Xo)t§t -+ tike +eed Xy (15 - - 17)
so we want
(I1.15) Xf=—eXi(logt---t7F).
Now
YXf=—-eYXlog(t]---t;*),
XY f=—eXYlog(t5 - - t}%)
while

0= [X,Y] = (X,Y0) +e(Xo¥ + X1Y — YoXo — YiXo) + (1Y) — Y1 X))
0

=e((Xo+eX1)Y: — (Yo + eY1)Xh) + e(XqYo — Y1 X)),
Then
Xolog(t1' -+ }f) =0, Yolog(ty--- ;") =0
SO
(XY = YX,)(log(5 - £)) = 0.
Consequently Y X f = XY f if f satisfies (I1.14) for X and Y.
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We note that if Xogo = 0, Yog0 = 0 and if ¢ = goe,
Xf=—eXiloggo
is what we need, since this gives
XYf-YXf=—-e(XY; —YXi)loggy=0. O

Step 4: At this point we have constructed local analytic charts corre-
sponding to a neighborhood U C B around points of B\B where we
have U N B 2 A** x A’ and the VHS is given by a period mapping
A** x A* — T'r\D. Here I'r = {T1,...,T}} is the local monodromy
group, but the construction must take into account the global mon-

odromy group. In the diagram

~ ~ 3

B u D

o

B c U-—2T1\D

where the tildes are universal covering spaces, we shall first prove

Only finitely many elements v of I outside of I'r satisfy
& (U) N D(U) £ 0.

We shall derive this statement as a consequence of the theorem in

(I1.16)

[C-D-K].?* Here we shall use their results in the following form.
We consider the global VHS given by the product

®x®:BxB— (I'\D) x (T'\D).

In terms of local systems, we think of ® as given by a local system
Vz — B with V = V;®Q satisfying the usual conditions, and using the
bilinear form ) we identify the fibre V,,, XV, over (p1, p2) € Bx B with

Hom(V,,,V,,). The condition to have a morphism of Hodge structures
v:V, =V,

preserving the integral structure is then equivalent to have an integral

Hodge class v € Hom(Vz,,, Vz,,). The equations that under parallel

2 The reference [C-K2] also contains a clear account and discussion of the proof
of the main result in [C-D-K].
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transport v remain a Hodge class in a neighborhood of (py, p2) in B x B
define a local analytic subvariety in the neighborhood. The theorem in
[C-D-K] has the following consequence:

The condition that there exist an integral Hodge class ¢ €
(I.17)  Hom(Vz,,, Vz,,) and with Hodge length ||C]| < ¢ defines
a global algebraic subvariety in B X B.

This implies that the locus in B x B where the following is satisfied is

an algebraic variety: There is
v € Hom(Vy,,,Vy,,)
with the property that there are determinations
Vip V2, Vy,, =V,

such that v corresponds to the identity. Here, “determinations” means
that we identify Vi ,, with V up to the action of the global monodromy
group T' C Aut(Vz, Q).?® The Hodge length of such a v is equal to the
Hodge length of the identity and consequently (II1.17) may be applied
to give the algebraicity of the locus described above.

We will give a special case of the above that will illustrate the essen-
tial idea behind the proof of (I1.17). For this we assume that dim B = 1

and we localize around a point p € B\ B where we have the picture

Here we identify the slit disc with the strip | Re z| < 1/2 in the upper-
half-plane and think of ¢,, ¢/, as being points (,,,) in this strip with
Im?,,Im#, — co. Then

O(t,) = @(t) in T'\D

n

translates into

1®(En) = B(F,)-

26The issue of whether or not I is an arithmetic group does not enter (so that
e.g. I' could be a thin matrix group).
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By restricting to the strip |Re z| = 1/2 we have eliminated the local
monodromy around the puncture, and so if ¢, t/, are infinite sequences
of points tending to the origin in A* and that are identified by ® in
['\D we conclude that ® is constant. Thus the image of A* in I'\D

cannot look like

The idea in the picture is that the <> 's should be approaching the
origin. A similar argument shows that we cannot localize around two

different points p,p’ in B\B to have a picture

A* A"

where ®(t,) = ®(t)) in '\ D.
For B of arbitrary dimension, the application of [C-D-K] extends to

give the result:

the identifications of A** x A — T'\ D that occur outside of the
local monodromy group U'r take place along a closed analytic
subvariety in AF x A°

This analytic variety will have only finitely many irreducible compo-

nents, and from this we may infer (I1.17). O

Remark: Recall that a Siegel set for a subgroup I' of the arithmetic
group I'z = Aut(Vz, Q) is given by an open set ¥ C D such that the

set

{yeT:7EnX#£0}
is finite. If it were the case that the lift of a VHS ® : A** x A® — T'\D
to @ : H* x A* — D maps a Siegel set {| Rez;| < ¢,Imz; = ¢/} for the
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action of Z* on H* given by z; — 2z +m;, m; € Z to a Siegel set in D,
then the desired result (I1.17) would be immediate. We may informally
phrase this property as “Siegel sets for the action of Z¥ on H* map to
Siegel sets for the action of I' on D.” This property is true for k = 1 as
a consequence of [Scl], but even for nilpotent orbits it fails for £ = 2.
Thus it seems that some result such as [C-D-K] is needed to be able to
prove (I1.17).

At this point we have completed the proof of Theorem II.1. Among

the principal steps in the argument are

e the use of the relative weight filtration property for a several pa-
rameter degeneration of polarized Hodge structures, and

e the use of [C-D-K] to control the global action of monodromy.

III. CURVATURE PROPERTIES OF THE
EXTENDED HODGE BUNDLE (A)

A central ingredient in the proof of Theorem B will be the use of the
curvature properties of the extended Hodge bundle. We will give two
approaches to these. The first, given in this section, will be inductive
on the singular strata of the boundary divisor. Moreover, it will be
restricted to the geometric case arising from a family of varieties, one
of the points being that in this situation the singularities of the Hodge
norms are localizable and visible analytically in a way that is suggestive
of the general case. The second argument is given in the next section; it
provides a proof of the general result, one in which the relative weight
filtration property of several parameter degenerating polarized Hodge
structures plays a central role.

We begin by discussing two general properties of currents that will
arise.?” On an n-dimensional complex manifold Y, we denote by A?4(Y))
the compactly supported smooth (p, ¢) forms. A current 7" of type (p, q)

gives a linear function
ATPrA(Y) — C.

21¢t. [De] for a general account and references to the literature.



38 COMPLETION OF PERIOD MAPPINGS 3/28/17

The currents we shall encounter will be differential forms 1) whose co-
efficients will be locally L' functions, and the corresponding current Ty,

is given by

Ty(a) = / YA a.
Y
The differential 07 () is defined as usual by

awwy:i£¢Aaa

Similarly we may define 9T, and 90T}
For the ¥’s we shall use, we will also be able to define 0v by apply-
ing the formal rules of calculus to the coefficient functions of . The

equality
(ITL.1) 0Ty = Tyy

shall mean: first the coefficients ¢ computed formally are locally L*
functions; and secondly that we have the equation (III.1) of currents.
A similar notion holds for 9y and 9.

Definition: We shall say that the current represented by a locally
L' differential form v has the property NR if Oy, O, 00 computed
formally have L' coefficients, and if we have (IIL.1) for di, 9y and
0.

For example, in C, we have 0dlog|z| = 0 formally, while up to a

constant the equation of currents
0Tiog)2) = Sodz A dz
holds. On the other hand, again up to a constant

— dz Ndz
00log (—log |z|) = —|z|2(10g EiE

holds both formally and in the sense of currents, so log (—log |z|) has
the property NR while log |z| does not.
In both these examples the coefficients of the derivatives computed

formally are in L'; the difference is that for log|z| we pick up a residue
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term in 90Tjsg|-, While no such term arises in 9Tiog(—10g|2))-> The
term “NR” is meant to suggest “no residues.”?

For the second property we first recall that a current 7" on Y has a
singular support singl’ C Y, defined to be the smallest closed subset
such that on the complement Y\ sing 7', the current 7" is represented
by a smooth differential form.

More important for our purposes will be the wave front set
WF(T) C T*Y.

If W C Y is a submanifold, then in general the restriction to W of
a distribution or current T given on Y is not defined.?® However if
W C Y is a submanifold whose tangent spaces are transverse to the

wave front set in the sense that
(I11.2) TW C WF(T)*,

then the restriction T‘W is defined.

In this work we will use a modified version of the wave front set, one
which will satisfy the condition that the restriction property implied
by (II1.2) is defined. As an illustration of what will occur, we note as
above that the currents we shall be interested in will be constructed
from locally L!-functions. It may or may not be possible to simply
restrict such a function in the usual sense and obtain a well-defined
function. As a simple example of what will be done below, on A x A
with coordinates (¢,w), the current given by 1/ logﬁ + f(w) where
f(w) is smooth may be restricted to {0} x A to give f(w).

Returning to our Hodge theoretic situation, we localize to a neigh-
borhood U of a point of Z = M\M where for U = UN M we have

U2 A < Af

Z8Note that “0log|z| computed formally in in L'” means that dlog |z| A a is in
L' for any C* form a.

29The property NR implies that the currents defined by 1), v, 901 have vanish-
ing Lelong numbers (cf. [De]).

30A good discussion of this with illustrative examples and references may be
found under “Wave front sets” in Wikipedia.
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with coordinates (t,w) = (t1,...,tx; w1, ..., wy). The period mapping
(I.1) induces

O A x A' = Tr\D
where I'y = {TZ, ..., TE} with T; being the unipotent monodromy

around the local branch ¢t; = 0 of Z;. We recall our notation: For each
subset 1 C {1,...,k} weset Ay = {(t,w) : t; =0 for i € I} and

A7 ={(t,w):t; =0 for i € I,t; #0 for j € I}

where /¢ is the complement of 1.

Definition: A positive function h defined in U = A** x A® is said to
have logarithmic singularities if
1 1 1 1
h=P log—,...,log—) +R (log— ...,log—)
( |t ] [tk ] |t
where P(xy,...,2,) is a homogeneous polynomial whose coefficients

are real and are in C*°(U) and are positive in the sense that

P(zl,...,xk)>0 if all z; > 0,

R is a real polynomial with C*°(U) coefficients and that is lower order
than P in the sense to be explained below, and where the conditions
(i) log h has the property NR;

(ii) the current Q. = (i/2)00log h is positive and with our extended

notion of the wave front set has the property that
WF(Q) c N o
I

*
where N N

u.

. is the co-normal bundle of the open stratum A7 in
K
Because of (i) the current 2, is defined so that (ii) makes sense. The

extended definition of the wave front set that we use will be explained

below.

In the remainder of this section we will restrict to the case k =
1 where U = A* x A’. This is essentially the case of 1-parameter

degenerations with dependence on parameters. In fact, for notational
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simplicity we shall also assume that ¢ = 1, so that we are working in
A* x A with coordinates (¢, w).

The functions h we shall consider will be of the form

Bl(ta w) S Bm(t7 w)
10g ﬁ <10g |1_|)

where A(t,w) and the B;(t,w) are C* in A x A and A(0,w) > 0. We

note that the expression (II1.3) is invariant under holomorphic coordi-

(IIL.3)  h = A(t,w) <log %)m 1+

nate changes

th= tf(t7w) f(tvw) # 0
(TTL.4) {w’ =g(t,w) gw(0,u) #O0.

As will be seen below, the motivation for considering functions of this
form arises from the periods of holomorphic differentials in a degener-

ating family of algebraic varieties.

PropPOSITION II1.5: The function (111.3) has logarithmic singularities.

Proof. Denoting by C' the term in parentheses, since logh = log A +
log(mlog1/|t]) + log C the only issue concerns the log C' term. In

9 9C _99C
co o

we shall separately examine the singularities in each term. For the first

00log C =

the most singular terms arise from

1 = 1
ol ——= | "NO| ———= |, a,b>0

(log ﬁ) ’ <log ‘71|> '

1
Ol ——— = | Na, a>0 and «a is C*.

1 a
(108 (1))
The first of these are of the order
dt A dt

2 (log )"
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and hence are o(PM) where PM is the Poincaré metric. The second

are of the order

dt

it (log )

and are again o(PM).

A B cz22 and [ is C*

The terms dlog C and dlog C' may be estimated by the last terms

just above. For 0C/C?, the most singular terms are of the order

99 1 N dt A dt 0> 1

a at2? =
(log ﬁj) |t]2 (log \71|)
which is again o(PM).

Note that the estimates in this argument have no room to spare. [

We denote by
Q. = (i/2)001og h
the curvature form associated to the function A in (II1.3). Then
i > dt A dt
2 |t*(log [t])?

and assuming that m > 0 it is positive with

sing 2. = {0} x A.

(II1.6) Qe = mA(v,w) < + o(PM)

It defines a closed, positive (1,1) current on A x A (cf. [C-K-S1] and
[Kol2]). As for WF(€2.), the terms in €2, not containing a dt or dt¢ are

of the form
~

(log [¢[)*
where 7 is a smooth (1, 1) form and @ > 0. Thus although it is not the
case that WF(Q,) = N{*o}xA/ﬁ is the co-normal bundle of {0} x A in
A x A in the usual sense, the restriction

(ITL.7) Qe gy

is a well-defined smooth (1,1) form. In fact, the above calculation

shows that to define (II1.7) we use the prescription
(i) in the formula for ddlog h first set dt = dt = 0;
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(ii) then in the remaining terms take the limit as ¢t — 0 (i.e., set
1/log 5 = 0).%

The point in (ii) is that after (i) is done, in what remains log 1/|¢| only

appears in the denominator and with positive powers. We note that

the above prescription is invariant under coordinate changes (I11.4).

The calculation in the proof of the proposition gives

(II1.8) t/2)00log A0, w).

Qel{O}XA = (
The somewhat subtle point here is that if we successively set dt = dt =
0 and then log 1/|t| = 0o, no terms other than 99log A(0,w) remain.
We now apply the above to a weight n variation of Hodge struc-
ture over A* x A. Denote the canonically extended Hodge bundle by
F. — AxA and let o(t, w) be a nowhere vanishing holomorphic section
of this bundle. We assume that m is maximal with o € W, ,,(N)N F,
and denote by o,,(w) the projection of ¢(0,w) in Gr'™) F,. Then

n+m
,ijﬁ) V N E" over {0} x A.

PROPOSITION I11.9: The Hodge norm |o(t,w)|* is of the form (IIL.3),

and

om(w) is a non-zero section of Gr

99 log |lo(t, w) — 9 10g o (w) %

2
H {0} xA
COROLLARY: If$2, is the Chern form of the extended Hodge line bundle

Ae — A XA, and if Qqoyxa is the Chern form of the gradeds to the
associated variation of mized Hodge structure along {0} x A, then the

restriction Qe‘{O}XA is defined and

QB’{O}XA = Q{O}XA'

The corollary follows from the proposition by taking o to be a gen-
erating section of the line bundle A, — A x A.
We shall prove the proposition in the weight n = 2 geometric case

of a family X* > A* x A of smooth surfaces where o (¢, w) is a section

31T his same prescription will be used in the several parameter case in the next
section. The issue will be to have the property (ii), specifically to show that the
limit as t = (¢1,...,tx) — (0,...0) exists which will require subtle properties of
several variable degenerating Hodge structures.
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of mwy/a=xa given by a family

b(t,w) € HO <Q§((tyw)>

of holomorphic 2-forms along the smooth fibres X, ) = 7~ !(¢,w).** By
base change and semi-stable reduction we may assume that we have a
smooth completion X = A x A of the family where the singular fibres

X(0,w) have normal crossings. The local models are

o X(0,w) is smooth and the mapping 7 is locally given by (21, 2, 23, w) —
(x1,w); L.e., t =xy;

® X(0,w) has a smooth double curve and the mapping 7 is given by
(21, T2, k3, w) = (122, w); L.e., t = T1T3;

® X(0,w) has a double curve with triple points and the mapping 7 is

locally given by (21,2, T3, w) — (r12273, w); i.e., t = T1T973.

By a standard property of the canonical extension, the 2-forms giving

sections of m,wy/axa are locally Poincaré residues

W(t,w) = Res (9(371, To, T3, w)dxy A dxg A da:3>

f(z1, 20, 23, W)
where g is holomorphic and f is given by
f=ax1—1

f = 172 — t

[ =ziwow3 — 1

in the three cases listed above. The properties of the extension (0, w)
to a section of F, — {0} x A relative to the weight fibration are, in

reverse order to the cases listed above,

e (0, w) induces a non-zero section in GrZV(N) if, and only if, the
double residues of ¥(0,w) at the triple points are not all zero; i.e.,
if

9(0,0,0,w) # 0;
Tdiscussed at the end of Section VI similar algebro-geometric considerations

suggested the general form of the singular Hodge metrics and their curvatures for
a degenerating variation of Hodge structure.
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e the double residues of (0, w) are zero; then ¥ (0,w) € W3(N) and
¥ (0, w) induces a non-zero section in GrgV(N) if the single residues

of (0, w) along the double curve are non-zero; i.e., if
g(oa 07 07w) =0 but g(ajla 07'7:37 w) % 07

e the double and single residues of (0, w) are zero; then (0, w)
induces a non-zero section of Gr?/(N) and (0, w) is a holomorphic

2-form on the desingularization )?(OM) of X(0,uw)-

The Hodge norm is, up to a constant, the L?-norm
[t w)|* = Y(t,w) At w)
Xt,w)
of the holomorphic 2-forms (¢, w). Then || (¢, w)||* has an expansion
in terms of powers of log Ii_l’ and the local contributions to the expansion

in each of the above cases are respectively

2
o |[¥(t,w)||* =]g(0,0,0,w)[? (log ﬁ) + B (t,w) logﬁ + By(t, w);
o [[¥(t,w)|]> = ([ |g(x1,0,0,w)|*dzy A dZ1) log = O w);

o |[Y(t,w)|*> = [19(0, 1, 22, x3)|*dxs A dTy A dg A dTs

where By, By, C' are smooth functions. This establishes the first part of
the proposition: namely, that the Hodge norms are of the form (IIL.3).

For the second part we will discuss the above three cases. In the
first case, o4(w) is a section of GrZV(N)(LMHS), which is a family of
polarized Hodge-Tate structures along {0} x A. The period domain is

0-dimensional and its curvature form, which is
(1/2)001og A(0, w)

where A(0,w) = |h(w)|?* with h(w) holomorphic, is zero.*® However, of
interest is to observe that the polarizing form on GrZV(N)(LMHS) is by

definition
Q(N?u, 7).
33More precisely, one has a family of Hodge metrics on a single Hodge structure

(this one being Hodge-Tate). This defines a Hermitian line bundle on the parameter
space, and the associated curvature form is zero.
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On the other hand
h(w) = Z double residues of (0, w)

where the sum is over a subset of the double residues at the triple points
of X(0,w)- The identifications of the polarizing form on GrZV(N)(LMHS)
with |h(w)]* will be discussed below.

In the second case, o3(w) is a section of Grgv(N)(LMHS), which is a
Tate twist of a variation of Hodge structure of weight one. Geomet-
rically, the double residues of 1(0,w) are zero and the single residues
induce holomorphic 1-forms Res ¢(0, w) on the normalization D,, of the

double curve of X(g,). In this case there are two potential polarizing

forms
(i) @(Nu,v) on Grgv(N)(LMHS) (Hodge-theoretic one);
(ii) [, Rest(0,w) A Rest)(0,w) (algebro-geometric one).

We will see in the appendix to this section that, up to a constant,
(i) = (ii).
In other words

On GrgV(N) (LMHS) the polarizing form arising from the
(II1.10)  limiting mized Hodge structure coincides with the natural

polarizing form on sub-Hodge structures of HYO(D,,).

Finally, in the third case the 2-form (0, w) is holomorphic on the
desingularization )?(07w) and the polarizing form is just the usual one

given by
/ (0, w) A (0, w).

Xo.w)

At this point we may complete the argument for Theorem C in the
introduction in the special case where we consider only the weight
n = 2 case, and we restrict to the geometric situation where the period
mapping (I.1) arises from a projective family X* — A** x A of smooth
algebraic surfaces.

We first consider the case of a 1-parameter degeneration, and in the

corollary to Proposition I11.9 we will suffice to consider the case k = 1,
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¢ =1 and here, we take a section

o(t,w) =i (t,w) A--- ANy, (t,w)

of det F, where the v;(¢,w) give a framing of the canonically extended
Hodge vector bundle F, — A x A that is adapted to the weight filtra-
tion

W(N)NEF.,.

As previously noted, that means that we filter the sections of F, — A x
A by their logarithmic growth along {0} x A. Setting h° = dim I°° and
h'Y = dim I'°, where we recall the P9 are the Hodge decomposition of
Gr(LMHS) along {0} x A, the calculation in the proof of the proposition

gives that up to a constant
Q. = (2n° + KYPM + LOT
where PM = % is the Poincaré metric and “LOT” are lower

2 1
" 1812 (log 3y )
order terms.”* Moreover the restriction

QE‘{O}XA
of the current €2, is defined and there it coincides with the Chern form of
the Hodge line bundle for the VHS over {0} x A given by the associated
graded to the LMHS defined there.
We now consider the case of a period mapping (I.1) for general k
and ¢, and we will argue that

The general case may be reduced to it by a succession of
1-parameter degenerations.

(III.11)

Before turning to the argument, we remark an in many ways more
satisfactory proof of Theorem C will be given in the next section. There
the analysis of the behavior of the curvature form in sectors in A** x A
will be given. For example, when k = 2 the sectors will be |t1 /3| > ¢,
[ta/t1] > co, c3 < |t1/t2] < 4. For k = 3 they are somewhat more
subtle.

34Lower order terms means that the ratio LOT/PM tends to zero as ¢t — 0.
35This required the non-vanishing of A(0,w) in (IT1.3).
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Turning to (II1.11), the argument will be based on the results in
[C-K-S1] detailing the structure of how several parameter variations of
Hodge structure degenerate. Taking the case £ = 2 we shall explain

the meaning of the equation

Gr
(II1.12) lim <lim q)(tl,tg,w)) = lim O(ty, 2, w).

to—0 \ t1—0 t1,t2—0

First, for a 1-parameter degeneration ® = A* x A* — I';\D by

(II1.13) lim & (¢, w)

t—0

we mean the variation of mixed Hodge structure given by the limiting
mixed Hodge structures along {0} x Af. In (II1.12) this serves to
define the terms inside the large parentheses on the LHS. The result is
a variation of polarizable mixed Hodge structures along {0} x A* x A.
The “Gr” on the outside means that we take the associated graded to
the mixed Hodge structures. Applying (II1.13) to the resulting VHS
along {0} x A* x A’ gives a variation of mixed Hodge structure along
{0} x {0} x A, and then we take the associated graded to obtain a
variation of Hodge structure along this locus.

Turing the the right-hand side of (I11.12), by [C-K-S1] the limit as
t1,to — 0 defines a variation of mixed Hodge structure along {0} x
{0} x Af, and we then take the variation of Hodge structure given by
the associated graded to these mixed Hodge structures. The equation
(IT1.12) means equality of the two variations of Hodge structure along
{0} x {0} x A~

Lurking behind the above words are subtle properties of several vari-

able degenerations of Hodge structure. Specifically they include

(i) the independence of A\ of the weight filtration W (N,) for Ny =
Zle AilN;, Ay > 0;36

36For 2-parameter degenerations it is obvious that the weight filtration is the
same along ones that are not tangent to the axes. It is not obvious that this is
true when the parameter arc is tangent to an axes, or that the weight filtration is
invariant under base changes.
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(ii) the relative weight filtration property of the W (N;) where N; =
>ies Ni for a subset I C {1,...,k};* and

(iii) the asymptotic analysis of the period mapping in sectors in A**.

All of these will enter into the proof of Theorem C to be given in the

next section.

We conclude this section by discussing what some of the issues are
that arise in trying to extend the above geometric argument to the
several parameter case.

The setting is a projective family X* 5 A** x A? of smooth varieties
Xty = 7 (t, w) where (t,w) = (t1,...,tg; wi, ..., we) are coordinates
in A* x A’ According to Abramovicz-Karu [A-K], after successive

modifications and base changes the above family may be completed to
X5 A A

where X is smooth and the singular fibres X,, = 771(0,w) are locally

a product of reduced normal crossing varieties. For the purposes of

illustration we take the case k = 2, = 1 of a degenerating family of

surfaces. The strata of X,, together with local coordinates on X and

the mapping 7 are

XB]($1,$2,1’3,1'4) t, = l’g,tz = 1'4),

2.1 _ _
XI[U ](131,372,553;1?4 t1 = 2129, by = T4),

)
XE’I] (w1, 22, T3, T4) t1 = T1X9%3, te = 14),

2,2 _ _
X,[U ](I1y$2,$3,$4) th = 2129, ty = T32y)

and similarly for X1® X[®. The sections 1(t, w) of the direct image
of the relative dualizing sheaf are locally double Poincaré residues of
4-forms where the two functions in the denominator are the defining
equations of the graph of w. For example, for Xq[f a

Y(t,w) = Res Res (f(xl’ L2, T3, La)dxy A divy N dis N d$4>

(IllL’Q — tl)(l'3$4 — tg)

37This is a subtle and very special property, recalled in Section IV below, of
the relation between the weight filtrations constructed from a pair of commuting
nilpotent operators on a vector space. The proofs of (i) and (ii) require Hodge
theory, including the second Hodge-Riemann bilinear relation.



50 COMPLETION OF PERIOD MAPPINGS 3/28/17

The highest order terms in the expansion of the Hodge norm

ot w)2 = / (t, w) A DT W)
X (t,w)

are of the form

A (w) (log |t—11|) " B (log ﬁ) (log ﬁ) + Ap(w) <log |t%|> B

The lower order terms are of the form

1 1
C1(w)log hl + Cy(w) log Tl + D(w).

When we compute 99 log |1 (¢, w)||? and set
dty =dt; =dty =dty =0

it is possible that we could be left with a term like
log 1/]t1| 4 log 1/[ts]

(log ﬁ) (log ﬁ)

which does not have a limit as t;,t5 — 0. Consequently we need

some control of what can appear in 9d1log || (¢, w)||?>. Now log1/|t|
corresponds to Ny, log 1/|ts] to Ny and log 1/|t1|+1og 1/[t2| to Ny + No.
Thus it is necessary to examine more deeply how the relative weight
filtrations interact; this is the relative weight filtration property and

the issue of how it enters leads us into the next section.

Appendix to §III. In order to prove (III1.10) we will describe the
limiting mixed Hodge structure and its polarization for a family of
surfaces X = A with central fibre

X = U X;, I = ordered index set

el
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a reduced normal crossing divisor in a smooth 3-fold X.*® The usual

notations

xW=T]x.

XP =T xinX;,
1<)
X¥ =T xinX;nX;
i<j<k
will be used for the desingularized strata of X. The groups that appear
in the complex whose cohomology gives the associated graded to the
LMHS are
HY( XY (—¢), 0<Sc=b-1.
We set
I™ = Gr/V™)(LMHS), 0<m<4.
The I = & IP7 are the F>-terms of a spectral sequence, where the

prg=m
FE-terms and differential dy, £ — FE; will now be described in dual

pairs.
For GrXV(N) and Grgv (N), denoting respectively Gysin and restriction

maps by G and R we have the dual complexes
mapy O HEED) S EEE D S ),
o (b)  HOXW) B goxy By o xi)

and where initial and terminal cohomology groups are
(IILA.2) I* = I*?
= kernel of G in the initial term of the first sequence,
(IILA.3) 1°= 1%
= co-kernel of the second term in the second sequence,
and where
N2 . J22 _y J00

38A general reference for this discussion is Chapter 11 in [P-S]. Here we will use
the setting and notations developed in [G-G1].
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is the “identity” under the composite map
ker G — HO(XP)(-2) = HY(XBl) — coker R.

Here “identity” means the usual identity mapping where we ignore Tate
twists.

Next GrgV(N) is the cohomology in the middle of the complex

(II1.A.4) HO(XE)(-1)

T~

HO(XB)(~1).

H2(X)
R

\
@ H?(X P
%

Asnoted in [G-G1], it is a consequence of the Friedman condition in [Fr]
for smoothability to 15% order of the abstract normal crossing variety
X that the above is actually a complex; i.e., that the composition
(R G)o(G'® R) =0. We will explain this in more detail at the end
of this appendix.

The monodromy maps are induced by

ker G c HYXBNH)(—2)  in (IILA.1)(a)
N L identity
coker RNkerG < HO(XPl)(-1) in (IT1.A.4)
N L identity
coker R c  HYXB) in (IIL.A.1)(b),

and the iteration N? is (II1.A.2).
For the odd weights for Gr' ™) (LMHS) the analogue of (II1.A.1) is

the pair of dual complexes

(2)  HY(XE)(-1) S 5(xW)

(II1.A.5)
(b)  HYXE) DS g (x?)
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and

I? = kernel of G in the first sequence

I' = co-kernel of R in the second sequence.

Monodromy is given by

“identity”
y H’l

ker G ¢ HY(XBE)(-1) (XB) — coker R.

Replacing X by X,, we then have the description
FazﬁGrXV(N) =1%*?C Hl(XB])(—l) is represented by the double
residues of forms (0, w).
F2AGry ™ = 21 ¢ HO(ng])(—l) is represented by single
residues of forms (0, w) whose double residues are zero.
F?n GrgV(N) =1*%c H° (Qim) s represented by the holo-
morphic 2-forms (0, w) whose both double and single residues

vanish.

We now turn to the issue of polarizations. There are two polarizing

forms on the groups
** = F2nGry, "V (LMHS),  k=2,1.

One is the Hodge-theoretic one arising from

Q(u,v) = Q(N*u,v).
The other is the geometric one obtained by

e first taking limits, we realize the elements in ¥ as singular differ-
ential forms on X g );

e then by taking sequential residues of these forms we obtain holo-
morphic differentials on the desingularized strata Xl[l} T of X 0,w);

e finally we take the usual polarizing forms [« A /3 of holomorphic

forms on smooth varieties.?”

The claim is that, up to constants,

(IILA.6) ThgdHodge—theoretic and geometric polarizing forms co-
incide.

39For 0-dimensional varieties this is just the usual product of complex numbers.
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We shall give the argument for this in the critical case £k = 1. The

situation is this:

e we have a family X, of smooth surfaces specializing to a singular
surface X, that has a double curve Dy C Xj;

e ¢, are holomorphic 2-forms in H°(Q%,) that specialize to 1y €
H° (Q}O (50)>, which is a 2-form on the normalization X, of X,

having a log pole on the inverse image Dy of the double curve on X.

By what we have seen above, there is an expansion

Yy N, = czlogi +LOT.
X I

On the other hand we have the 1-form Res(zzo) =1y € H° (Q%()), and
the assertion is that up to a universal constant

/~ Res o A Res o = C

Do
for the same constant C' as in the preceding equation. By localizing
along 50 and iterating the integral, this essentially amounts to the
following 1-variable result: In C? we consider the analytic curve C,
given by

xy =t,

and on C; we take the Poincaré residue

g(x,y)dx A dy)

got:Res(
Ty — 1

Then locally
/ o0 A @ = 19(0,0)*log = + LOT.
¢ Iz
We conclude this appendix with a brief discussion of some of how
parts of [Fr| apply to complexes constructed from an abstract normal
crossing divisor X = UX; to give conditions on complexes constructed
from the cohomology group H*(X)(—c) to be the Ej-term of a spec-

tral sequence whose abutment is a limiting mixed Hodge structure. If
D = 1I,;D;; is the double locus of X, then as in [Fr] in terms of X
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above there is defined the infinitesimal normal bundle Op(X), and a

necessary condition for the smoothability of X is
(ITL.A.7) Op(X) = Op.

If X is smoothable to be the central fibre in X — A, then Op(X) =
Op ® Ox(X). The cohomological implications of (III.A.7) then give
conditions that diagrams such as (I11.A.4) actually be complexes whose
cohomology is then the associated graded to a limiting mixed Hodge
structure.*’ In other words, the condition (III.A.7) is sufficient to con-
struct as in [P-S] the spectral sequence that would arise from X — A.
To keep the notation as simple as possible we shall do the case where
X = X, U X, U X3 where Xj is locally given by xz; = 0 in C3. If X is
smoothable so that along the double locus the smoothing is given by

r129 = t, then the relation

dt = xodxy + x1dTe
translates away from the triple points into

Op,,(X1) ® Op,,(Xs) = Op,,.
For a smoothable triple point given by xixox3 =t we have
dt = xoxsdxy + x1x3dT9 + T1T9dX3,
which at xyx9 =0, 3 = 0 gives
Opy,(X2) ® Op,,(X2) ® Op,,(p) = Op,,.

From this we obtain the triple point formula
(I11.A.8) Dl y, + Dy, +1=0

where D%QI «, Is the self intersection of Dy in X;.

40This discussion may be extended to the case when X is locally a product of
normal crossing divisors (such as arise from stable nodal curves), and also to the
several parameter case where X is locally a product of normal crossing divisors
such as arise in the semi-stable reduction constructed in [A-K]. The details and
applications of this will appear elsewhere.
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We now explain how (III.A.8) enters into (III.A.4). In
H(X1)

/

HO(XPH(-1)

\
XB(=1)

the map is

(I11.A.9) [Dia]| ., = Do,

P
\

is the class of Dis in HQ(Xi). For

1D12

where [Dlg] ’

X
HQ(X[I
H*(XP) = H*(X15) ® H*(X13) ® H?(Xy3)
HO(XB) (-

the maps are induced by
(ITII.A.10)

Dially, — [Drall, = (Dl + Dy, ) [Xial @ (= [X1)) @ (~[Xas])

where as above D%, ! X is the self-intersection of D5 in X5 and similarly
for D3, } Xy and where [X;;] is the fundamental class of X;;. The points

here are

e If (' is a smooth, irreducible curve on a surface Y, then the restriction
H*(Y) — H?*(C) maps the class [C] € H*(Y) of C to the self-
intersection number C? times the generator of H?(C); this accounts
for the first term in (I11.A.10).
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e If C,C" are smooth, irreducible curves in Y meeting a point, then
H?(Y) — H?*(C") maps [C] to a generator of H*(C"); this accounts
for the last two terms in (II11.A.10).

Using the above to compute the maps G', R',G, R in (II1.A.4) we

may draw the conclusion

The triple point formula for each pair of components of X im-

plies that (I11.A.4) is a complez.

IV. CURVATURE PROPERTIES OF
THE EXTENDED HODGE BUNDLE (B)

In this section we will give a proof of Theorem C as stated in the
introduction. The argument will be given in several steps and will be
independent from that in the preceding section and from the results in
[C-K-S1] and [Kol2] about Chern forms in the literature.

Step 1: We shall first establish the setting and notations. We assume

given a variation of Hodge structure of weight n
d: A x A' = Tp\D

where 'y = {TZ,...,TZ} is the group generated by the unipotent
monodromies 7; around t; = 0. The A’-factors are parameters that
play no essential role; for notational simplicity we shall assume that
¢ =0.

As above, we set
Ap={t=(t1,...,tg) : t; =0 for 1 € I'}
U
Aj={t:t;=0 for i€ 1,t; #0 for j eI}
The variation of Hodge structure ® induces variations of polarized

mixed Hodge structure lim; ,A: ®(¢) on the open strata Aj, and we

denote by
d; A? — F]\D[
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the variations of Hodge structure obtained by taking the primitive parts
of the asssociated graded to lim; ,ax ®(t).

There are two pictures of limiting mixed Hodge structures that will
be convenient to use. The more common one is the Hodge diamond

picture

arising from the Deligne composition @&  IP9 of the canonically
0<p+q<n

associated R-split mixed Hodge structure. Here the vertical arrows are

the monodromy operators
Ny=:) N
iel
associated to lim_,A: ®(t).*

The other is the picture that displays the N;-strings that arise from

the canonical representation of sly on
Vge,1 =: associated graded to (V, W (Ny)).
Our V. ; there is a semi-simple operator
Yy GV NIy GV Ny

which on each piece is a multiple of the identity and which satisfies
Y7, Nj| = —2N;.*2

413ometimes this diagram is rotated to be in the first quadrant in the (p, ¢)-plane.

42Here we are using that if we have a graded vector space A = ®A,, and a
nilpotent operator J : A — A where J(A,,) C A;—2, then there is an sly action on
A with J as nil-negative element. Which multiple of the identity on A,, depends
on where one centers the weight filtration associated to a nilpotent operator.
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Then there is a canonical sly { N7, Y7, N;7] with N7 as the nil-negative

element. The N;-string picture is

H}(=n) =

where H"™ is a Hodge structure of weight n —i and H"(—(n —1)) is
the primitive part appearing at the top of the corresponding N;-string.
It will be convenient to abbreviate this by setting
Veer =@ H 7 @ U,
where U; = Sym’ U with U being the standard representation of sls.
We recall that by the Hard Leftschetz Property of W (Ny),

Np: Hy 7' (—i) = Hp™
is an isomorphism, and the polarization on H} ™" is defined by
Ql(ua 17) = Q(N}u7 @)‘

We recall our notations F, — A* for the canonically extended Hodge
vector bundle and A, — A* for the Hodge line bundle where A, =
det F,. Over A} we have the Hodge line bundle A; — Aj. The bundles
A., A; have metrics arising from the polarizing forms, and we denote by

Qe, 21 the corresponding Chern forms. Theorem C may be formulated

as
Modulo dt;,dt; fori € I,
(Iv.1) lim Q(f) = Q.

t—A7

Implicit in this statement is that the limit exists.

Step 2: We will reduce to the case of a nilpotent orbit. Setting ¢(¢;) =
(1/2mi) logt; the variation of Hodge structure is

B(t) = exp (Z wj)Nj) -u(t) - F
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where u : A¥ — G is a holomorphic mapping. The metric is

(v,w) =Q | exp <Z K(tj)NJ) u(t)v, exp (Z £(tj)Nj> u(t)w
=Q (u(t)—iexp (Z (ﬁ(tj) — M) Nju(t)v, w))

J

0 (eXp {m‘l (Z (ﬁ) log |tj\2) u(t)N]} v,w> |

Letting Gr' ™) F. be the graded vector bundle associated to the fil-
tration on F; — A% induced by W(Ny), then using the identification

Gt F, = @ H"0(—i)

if v € H"%%(—4) and w € H"™*Y we have

(v, w) = G) Q| u Z (%) log [t;[*N;

If H is the metric on A., then setting z; = log1/|t;| up to non-zero

u(t)v, w

Hn—i,O(,Z')

constants
u(t)

1= [t () (Z%Nj)
0 7 Hrn=10(—i)
_ ((det ul®)) "~ det u(t)) : <]3 det (Z ;N Hn-z-,o(_i)> ) a3

When we take 00 log H the first factor is a C* form on A*. From this

we infer that it is equivalent to prove (IV.1) for a nilpotent orbit.

Step 3: We use the notations

[ N[ = Zie[‘riNi? N[c = Ejelc xij;
o N = ZlmzNz = N]+N1c.

43The meaning of taking the determinant will be explained in Step 3. Basically
it is the induced mapping on the top exterior powers of two vector spaces that are
identified by a linear mapping.
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Then for the nilpotent orbit the metric in the Hodge bundle is

(IV.2) pP= ngdet ((N}H (_i)>i) .

Here we are taking a basis for H"%%(—i) and using the corresponding
basis for H"~%° using the identification given by Nj. Since the fibre of
the Hodge line bundle is & A"~ H"%%(—4), we see that Hodge metric
has the indicated form. It is a homogeneous polynomial in the z; of
degree >"7  ih" . We set

(IV.3) Sp =[] det (( NI|H?_1.,O(_Z_)>1') .
=0

We will show that there is a factorization
(IV.4) P=S5/P +R,

where Pj is the Hodge metric in the Hodge line bundle corresponding
to ®; and R; is a remainder term to be dealt with later. If R; = 0,

then
d00log P = 0dlog S; + 001og P;
= 00log P; modulo dt;,dt; for i € I

which, without having to take limits, gives the desired result (IV.4).
From [Ny, Nie] = 0 we have that Ny acts on Gr"W WD) v and hence

on Gr'Y W) g, Since Ny decreases weights on Gr'V (Vo) v/
Nje= @ Niem
m=0

where Nye,,, = Grnw:(Nf) Ni.. We may write
Ve 2 @H 7 U @ U,
Vge is notation for the associated graded to a bi-filtration on V' that we
do not need to specify in detail, and where
o H : ;i_j is a polarized Hodge structure whose weight n—i—j depends
on I;

e U; = S*U where U is the standard representation of sly in which

Ny is the nil-negative element;
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o U\ = SIU where U is the standard representation of sl, in which

Nie is the nil-negative element.

The action of powers of Ny and Ny on V = Vi, are derived from the

maps in the commutative square

i

n—i—j . NN n—i—j .
Hz',j j<_2_j);)Hi,j ](_J)

J J
Nlc,ol lNIC,o

R Nt L
H 7 (—i) ——— H] .

1,J

Then H given in (IV.2) becomes the product of terms

i NJJ
det (NIN[c,o th.—i—j,O(_i_j))
%7

plus terms involving Nye ,,, for m < 0. This gives that

(v5) P =TT et (Nil, oo, ) det (N,

1,J

)+m

—i—5,0, . .
HP 90 (—img)

where R; consists of terms involving the Nype,, for m < 0.

From (IV.3) we see that we need to compare

Veor C@H @ U; and Ve 2 HS' 7V @ U @ W,

1,J
From the definition of the H Zn ]_ =7 we have
H}'L—’L,O ~ @H;?j_z_]’o

so that in (IV.4)

S] = H det (NHH?—i,O(_i)) .
i=1

As a consequence of the relative weight filtration property (I1.3) we

have
e o @iJrj:mHZ;i*j’o‘
The metric P; in the Hodge bundle A; — A7 arises from the forms

Q(Njtv,w) where v,w € Gr'"™D v Again using the relative weight

filtration property, we see that these terms are the same as those that
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appear in the second factor in (IV.5) that factor being
P =] (det Ni.,

0,
This establishes (IV.4) and completes Step 3.

yoip)

Step 4: We use the notation

Ry = dim Hp 7.

For a monomial M = z{" - Z’“ we set
deg, (M) = Zdi'
icl

The following is a key step in the argument:
PROPOSITION IV.6: For P given by (IV.2) and any I C {1,...,k} we

have
(a) deg; M = nhg + (n — 1)h}’0 4ot h?—l,o =y, ihrIL—i,o‘
If m is a permutation of {1,...,k} and

n—j,0 n—j,0
ZJ (h =0} ~ M), m(z’—l)})

then
(b) My = 25 o algl = g )
appears with a non-zero coefficient in D.

The statement (a) says that

The monomials M appearing with non-zero coefficient in P are
in the convex hull of the k! monomials {M,}.

This means that the exponents of M in Z* are in the convex hull of
those of the {M,}.

We recall our notation
Nie , = 0-graded piece of Nye in GrW V1) g,
Var 2 @ H '@ U,

=0

o
IIZ

EB EB HCTLLzZa@ua@u;fa

i=0 a=0
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where U; is the standard representation of sl, with nil-negative element

N; and U;» is the same using N ,. Note that we use the “o” rather
than “0” in Nre,. We emphasize that the H;' * depend on I.

The map N : H" %°(—i) = H" %° induces a map

EB H’I’L 7,0( )% @ H’I’L ZO

ai—a ai—a*
a=0 a=0

By construction the N; weights of vectors in H;';- * are all equal to a.
Thus
o NMTT <69 Hbo(— )> has weight >_._ ahl;"%;

a=0

o AT <69 H!, “’) has weight — ' _ ah”;"°

a,1—a az a’
a=0

Consequently, any monomial in det (Nl‘ ) drops weight by

23 ahl 0. Now

aza

det <<N|Hn_i,i(_i)>i) = det (<(NI + N[c,o)‘Hn—i,o(—i)>i>

+ terms involving Nre peq

Hn— zo(

where Nyeneg = Y 0 Nrem-  Any term involving Npe e, will have

weight that satisfies

2deg; M +d = QZah"f”’

a,i—a
a=0

where d > 0 is the total negative weight of Nye ;.. In particular,

deg; M < Z ahl ;.

Hn—i,o(ii)> ) we Obtaln

( 1
P =TI, (det ((NI + Nieo| i (_i)) > n
(IV.7) a linear combination of monomials satisfying

deg; M < z”:z’: hZZZZ

\ =0 a=0

For P =[], (det (N
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Using the bookkeeping formula

n

n—a,0 n—i,0
h] - E :h’a,i—a

i=a

we have

n i n

n n
n—i,0 __ n—i,0 __ n—a,o
&ha,ifa - § : E :ha,ifa - § :hI .

=0 a=0 a=0 i=a a=0

Together with (IV.7) this gives

P —

<det <N1 + Npe H"*i»O(—i)> ) + a correction term

n
=0

where the correction term has deg; < > ah} ™°. Combining with
(IV.5) above gives P = Sy P;. This establishes (a) in the proposition.
A parallel argument shows that for 1N J = 0,

)i
n—i,0
HIUJ

n
+ a collection of terms with deg; < Z ahy “°.
n=0

Sluj = Hdet ((N[—FN{LO
=0

By the definition of H} )}

det <(Nf + Naol o) > 7Y

and

n

deg; (det (o + N 7U‘j’°(—¢)>)i) =Y anpee.

n=0

It is automatically the case that

deg;,;(all terms of Spy) = Z ah7 7°.
a=0
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Thus

deg, det ((N] n NJ,O|H?J;,O(_Z.)) )

= degIUJdet ((N["’N]O‘Hn 10( 2)> )

IuJ

— deg; det ((NI + NJO\H?U;O( 7;)) )

n
= > a (i - W)
a=0

Proceeding inductively on {w(1),7(2)} C --- C {w(1),...,7(n)} we
obtain that if N{7r ,,,,,

respect to Gr'VWir()x-130 then

Hdet ((N{w W} + Nx)m@mro + -+ Nir1),.om(1)}1,0 Hn_i,o(,i)> )
is a non-zero multiple of

d d d, o n—a,o n—a,o
xr 1(1) 71'2(7‘) () where d; = Z (h ..... m(r)} h{ﬂ'(l) ..... 71'(1”)})'

=(m}0 is a weight 0 piece of Ny, @)y With

.....

a

This is our M. Tracking the correction terms,

D = Z ¢ M, 4+ terms strictly in the convex hull of the M

™

where ¢, for all 7
This proves (b) in Theorem C. O

Step 5: We now have

P =S;P,+ R,
R homogeneous of degree = deg P and satisfies (a) in Proposition IV.6
Working modulo dty, dt for i € I¢,

logp — 2PN 01;2— POP

_ (5/0P; + OR) + (S;0P; + OR) — D}P;00P; — S;P;00R
B D?p?

0P ANOP; — P00P,
N Pp
=—900 log P; + correction term modulo dty, dt, for i € I¢

+ correction term




3/28/17 COMPLETION OF PERIOD MAPPINGS 67

where

S (0P NOR+0ORNAIP;) +0RNORY |, 5
—S1PiOOR
Since we are working mod dt;, dt; for i € I, R, R, DOR have the same

properties that R has. In conclusion:

correction term = (

correction term = Correction 1 4+ Correction 2.
IP;NOR+ ORNOP; — PLOOR

Correction 1:
St Pr

ORNOR
sz

The numerator of Correction 1 has deg, < deg; s,, and all monomials

Correction 2:

satisfy (a) in Proposition IV.6. The numerator of Correction 2 has
terms in the I-variables that are a product of monomials M; M, where
each M; has deg; = deg; S; and also satisfies (a).

What we need to show is:

Given a monomial M in the [-variables satisfying (1)
deg; M < deg; D, and (2) M satisfies (a), then

lim M/S; = 0.

1A,
Note that (1) and (2) for M implies that for some monomial M’
deg,(M'M) = deg; S; and M'M lies in the convex hull of the argument
M, ’s for S;.
Note that t — Aj is the same as all x; — oo for i € I.

(IV.8)

Step 6:
Cramm: If M'M is as above, then
M'M
1
Proof of Claim: Because the numerator and denominator are homo-

1s bounded as x; — oo for all 1 € 1.

geneous of the same degree, the ratio is the same for (z1,...,z,) and
(Az1,...,Azy,), A > 0. For simplicity, re-index so that I = {1,...,d}.
Let z, = (zy,,...,%,,) be a set of points in {z; > 0,7 € J} such that
M'M (x,
lim MM (@) _
V—r00 SI(:EV)
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Consider a successive set of subsequences such that for all 7, j, we have
one of three possibilities:

(i) lim, o 7y, /7, = 00;

(ii) 2,/x,, is bounded above and below;
(iii) limy o0 2y, /20, = 0.

Now replace the sequence by the following subsequence: Let I;;, ..., I,
be the partition of I such that i = j <= (ii) holds for 4,j. Order
them so that (i) holds for i,j < I,,,,j € 1,,,j € 1,, and m; < my. We
may find a C' > 0 such that é < z,,/r,, = Cifi,jare in same I, and,
for any B > 0,

Ty, /1, > B"™7™ Af i € Iy, j € Iy, v sufficiently large.
By compactness, we may pick a subsequence so that

lim (z,,/z,,) = Cy; if i,j € same I,.

V—r00
Introduce variables yy,...,y, and let
T; = Q; Yy if 1€ Ir, (J,Z'/Clj = C@j, a, > 0.

We may restrict our cone by taking
i€ Jr

This reduces us to the case |I,| = 1 for all r, i.e.,

}Llioloxui/xyj =o0 if i < j.

It follows that for any B,
Ty, [Ty, > B for v>> 0.

Now

ki+-+ka=0+ -+, and
aj‘klku P ka
1/1k11/2 kj’/a — 0 if k,‘l < 61 or kl — 617]{;2 < €2 or
Il/1~~'xljj k1:€17“'7k'a_1<€a_1
Consequently S; = CM 2, o1+ terms of slower growth as v — oo

and where C' > 0, i.e.,

(M1 2,... ay/others terms)(z,) > B.
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Since M'M belongs to the convex hull of the M, (M'M /Mg 5, a1 )(x0)
is bounded as v — oco. This proves (IV.8).
As a corollary of (IV.8), under the same hypothesis,
lim M'(z) = .

z1—0 for ier

We then have
lim  (M/S;)(z) =0;

z;—0 for icj
ie.,

lim (M/S;) = 0.
t—A7
This is what we needed to show; i.e., that

lim (—001og P) = —001log P; modulo dt,, dt, for i € I°

t—)A]

and that the limit exists.

V. PROOF THAT THE EXTENDED HODGE LINE BUNDLE IS AMPLE

In this section we will give a proof of Theorem B. We recall the
statement: Given a period mapping ® : B — T'\D and a smooth
projective completion B of B such that the local monodromies around
the irreducible branches Z; of the reduced normal crossing divisor Z =
B\B are unipotent, the image M = ®(B) C I'\D is a complex analytic
variety, and in Section II we have constructed a completion M of M

such that the period mapping extends to give a diagram
B2~ M cT\D
no |
B2
The Hodge line bundle over T'\D induces A — M and there is an

extension A, — M such that ®*(A.) is the canonically extended Hodge
bundle on B. The result to be established is

A, — M is ample.

The proof will be given in two steps, the first of which is a general

result — not related to Hodge theory — and is an extension to singular
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varieties of the classical Kodaira theorem. The second step will extend
the proof of the first to the case where the metric and curvature have

singularities of the type described in Sections III and IV above.

Step one: In this step it will be convenient to change our notation to
better reflect the general nature of the result being proved. Thus we

assume

e X is a compact, complex analytic variety;
e [ — X is a holomorphic line bundle having a Hermitian metric

whose Chern form (2 is positive in the Zariski tangent spaces to X.

In fact, we assume that X is covered by open neighborhoods U which
are realized as analytic subvarieties in CV, and that the restrictions
L b= Op are trivialized and the metric in L|U is the restriction to U
of a positive smooth function defined on an open set in CV.

e X5 Xisa desingularization of X with connected fibres; we set
L=n"L.

In fact, although it is probably not necessary, we also assume that X is

a smooth projective variety, as this will be the case for our application

to Hodge theory. With the above notations and assumptions we will

show that
THEOREM V.1: L — X s ample.
For the definition of ample we shall use

for any coherent analytic sheaf F — X, we have hY(FRQL™) =0

for ¢ >0 and m = my(F).
Finally we shall relax the first assumption above in that we allow X to
be a complex analytic scheme; i.e., we do not assume that the analytic
space (X, Ox) is reduced. This is necessary as the proof will be given
by induction on dim X, and even if X itself is reduced we shall see
that in the intermediate steps of the argument the analytic varieties
that arise may not be reduced. The second assumption above should
then be that L..q — X,eq has a Hermitian metric with a positive Chern

form as described there. The argument in Step one is an adaptation of
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the standard one in algebraic geometry; e.g., the one on pages 31ff. in
[K-M].
We begin my noting that

(V.2) L — X s strictly nef.
Strictly nef means that for any analytic curve C' C X we have
L-C=deg (L) >0

In fact, for any k-dimensional analytic subvariety Z C X we have

L* 7 = ¢ (L) Zed] > 0.
The reason for this is that for ¢ = 771(C) C X we first have
c1(L)[Crea] = 1 (z> [5red]-

Then Q = 7%(Q) is non-negative (1,1) form on X with the property
that for & € T)z,

Q&) =0 <= m.(¢) =0.
It follows that

Cred
As we will see, it is really the properties (V.2) and (V.3) below that

are needed for the argument.

1 (L)[Cred] = / Q> 0.

A second property is
(V.3) L — X s big.

For us, this is a direct consequence of results of Demailly [De], specifi-
cally his holomorphic Morse inequalities. It also follows from the work
of Siu [Si] on the Grauert-Riemenschneider conjecture. If dim X = d,
then since > 0 and Q? > 0 on a Zariski open set in X , it follows

from the Riemann-Roch theorem that the Euler characteristic
X[L™ =em+---, ¢>0.
By Demailly (loc. cit.)
hi(L™) = o(m?), ¢ >0
which gives that L— X is big.
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We next have
0—=0x »m05g—=>F =0
where JF is supported on a proper subvariety of X. Since L is trivial
on the connected fibres of X = X , we have
0L s ml"—sFRL" >0
which using
HY(X,L™) ~ H)(X,m,L™)
and the big-ness of L — X gives (V.3).
The key part of the proof is to show that
(V.4) L — X is free.

Asuming this, in case X is reduced the linear systems |mL| for m > 0

give holomorphic — not just meromorphic — maps
Om + X — PNm
with
©r Opnm (1) = L™.
Because of (V.2) no positive-dimensional subvariety of X is contracted
by ©m, so that ¢,, is a finite map and this gives the result in this case.
Still assuming that we have V.4 in the reduced case, to give the

argument when X may not be reduced we proceed by induction on
dim X. If dim X = 1 the result follows from

deg <L‘Xa,red> >0

where X, are the irreducible components of X. If dim X is arbitrary,

assuming as we may that X is irreducible, in the exact sequence
(V.5) 0—-3—0x—0x,,—0

the sheaf F has a filtration whose associated graded sheaves Gr®*JF
are Oy, ,-modules. Tensoring (V.5) with L™ and using the result
h'(Ox,.,,Gr* F® L™) = 0 for m > 0 in the reduced case leads, by the
usual spectral sequence argument, to h'(X,F ® L™) = 0 for m > 0.
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To finally prove (V.4) in general when X may not be reduced we
use the classical argument. Replacing L by a high power, we use (V.2)
to give that there exists a possibly non-reduced effective divisor Y €
|L|. By the induction assumption, Ly = Oy (L) is ample. From the

cohomology sequence of
0= LYt =LY =LY —0
and h'(L¥) = for m > 0, we obtain
HY (LY — HY(LY) — 0, m = my.

Thus the h'(L™) are non-increasing for m = mg, and for m = m; we
will have
HY(LY™Y) = HY(LY).
This gives
HO(LS'(L) — HO(L?}) — 0.
Then since Ly — Y is free the same will be true for Ly — X.

Step two: The proof of Theorem B now may be completed by com-
bining the argument just given with Theorem C as stated in the in-

troduction. We first note that for any irreducible curve C' C M we

have
(V.6) deg (Ac,,) = / Q. > 0.
c
Indeed, for some index set I the intersection C* =: C' N Z7 will be

a Zariski open set in C'. From the analysis of the singularities of €,
given in Section III (cf. Proposition II1.9), it follows that the integral in
(V.6) is defined. By the construction of M, the image ®;(C*) C T';\D;
is a (possibly non-complete) curve, and consequently the integral is
positive.

It remains to show that if dim M = d, then the integral

(v.7) / Q> 0

M
is defined and is positive. This result is proved in [C-K-S1] with im-

portant amplifications in [Kol2]. Tt also follows from the calculation in
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Sections III, IV above. In a neighborhood of a point in a codimension
one stratum Z; the calculations in Section III easily give the result. In
general one needs to consider possible cross-terms of the form

ti 2(lo tz 2 1 “

P0og 07 " 1 (tog 1)

where « is either C'* or has a dt;/|t,] (log ﬁ)b term. The first case
is easy, since dt; must appear elsewhere in Q4. In the second case,
since both a, b are positive any such term will not cause the integral to
diverge.

Once we have (V.6) and (V.7) the same argument as in step one may

be used to give a proof of Theorem B. O

VI. CURVATURE PROPERTIES OF THE HODGE VECTOR BUNDLE

This section will be divided into three parts, listed just below, fol-
lowed by an appendix.

(i) Generalities on Hermitian vector bundles;
(ii) Proof of Theorem D;

(iii) General issues concerning the Chern forms.

At the end we shall give some general comments, partly of a historical
nature, about the positivity of the bundles arising in Hodge theory dur-
ing the early and middle developments of the topic; these developments

are all that are needed for the present work.

(i) Generalities on Hermitian vector bundles

Given a holomorphic vector bundle £ — Y over a complex man-
ifold, to a Hermitian metric in the bundle there is canonically asso-
ciated its Chern connection D:A°(E) — A'(E) with curvature Op €
AM(Hom(E, E)) and curvature form

G)E(eag) = <<@E(€),€),€/\ §> .

To interpret the curvature we shall use the associated projective
bundle 7 : PE — Y with tautological line bundle Opg(1). Here we are
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using the standard convention
* -1
(PE), = PE, =m (v)

and so that the fibres of Opg(1) along 7=!(y) are the 1-dimensional

quotients of E,. As is well known, for the direct images we have
(VI.1) m.0pg(m) = STE, m 2 0.
We will denote points of PE by (y, [¢*]) where 0 # ¢* € Ey and [e*] is
the line spanned by e*. Then

Opp(1) e = Ce™.

Using the conjugate linear isomorphism £ = E, given by the Hermit-
ian metric in £ — Y, there is an induced metric in Opg(1). We denote

by Qg its Chern form, and note that
QE|(IP’E)y is the Fubini-Study form on PE}.
At each point of PE the vertical space
V(y,[e*]) = kerm, : T(y,[e*])]PE — TyY

is defined, and using that Q E| 7 *]IP’E; is a positive (1,1) form we may

define the horizontal space
Hiyfey = Viwlerp)™ € Ty e PE
where () is relative to Qr. We then have for ¢ € Ey and £ € T,Y

(VL.2) O(e. ) = Ul (€.

This means: e* corresponds to e using £; = E, via the metric, and on

the right-hand side § € H(, +) under the isomorphism
Ty - H(y7[€*]) = TyE

The RHS of (VI.2) is the value of Qz on £ A €. In other words,

The Chern form of Opg(1) is equal to the Fubini-Study
(VL3)  form on the fibres of PE — Y, and on the horizontal
spaces it is identified with the curvature form of E — Y.

As an application of this and as a check on signs, we shall prove the
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ProrosiTioN VI.4: IfY is compact and E — Y 1is positive, then
H(Y,E*) = 0.

Proof. From (VIL.1) we have that H°(Y, E*) = H°(Y, Opg-(1)), so it
will suffice to show that this group is zero. If o € H°(Y, E*), then at a

maximum point of ||o||? we have
(1/2)09 10 lo]]> < 0.

In the fibration PE* — Y the (1,1) form (i/2)001log ||o|*> is minus
the Fubini-Study form in the vertical tangent space, and using the
identification described above it is —© g« (0, £) in the horizontal tangent

space. Our assumption gives —Op«(0, &) > 0, which is a contradiction.
O

As another check on signs we have the following special case of a

result of Bloch-Gieseker ([B-GJ).

ProrositioN VL.5: IfY is compact and E — Y 1is positive with rank
E =2 dimY, then any section o € H*(Y, E) has a zero.

Proof. We assume that ¢ has no zero and go to a minimum vy, of

log ||o||* where we have
(/2)901og [|o]|*(yo) = 0.

This time the term on the left is the restriction to the graph of o of
the (1,1) form

(Fubini-Study form) + Og(o(yo), ®).

The first term is positive of rank equal to dim £, — 1, while the second
is negative of rank dim 7Y > dim E, — 1. Thus (i/2)00 log ||o||* must

have at least one negative eigenvalue, which gives a contradiction. [J

Finally, for use below we have the

PROPOSITION VIL.6: If Y is compact Kihler and o € H°(Y,E) is a
section with ©g(c) =0, then Do = 0.
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Proof. We have

00(0,0) = 0(0, Do) = (Do, Do) + (0,0g(0)) = (Do, Do).
Then if w is the Kahler form and dimY = d,

O:/de1/\(2’/2)85H0H2:/Ywd1(2’/2)(D0, Do) 20

where equality holds only if Do = 0. U

(ii) Proof of Theorem D
The first step in the argument is to show that the curvature © has
a very special form that we now explain. Suppose given complex vector

spaces T, F, E and a linear map
A:T — Hom(F, E).

Assume that 7" is the (1,0) part of the complexification of a real vector

space and that each of F, E have Hermitian metrics. We are thinking

of the case

(VL.7a) T=TyB, F=F, E=(F"/F"),
and where

(VL7h) A=0,,

is the first piece of the differential of a period mapping. (To avoid
notational clutter we drop reference to the point b € B.)

Given the above data we define
(VL8) O=AANAcHom(F,F)T* QT

where 'A is defined relative to the Hermitian structures on F and E.
We note that

0+'0=0.
We may then define the Chern forms ¢,(©) by taking the characteristic
polynomial of (1/27i)©. In the examples (VI.7a), (VL.7b) above we
have from [G1] that ©® = ©p. In fact, for e € F}, and £ € T,B the

curvature form for the Hodge vector bundle is given by

(VL9) Or(e, &) = || ®un(&)I*
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so that (A, ¢) is @, ,,(€). We will give a proof of this in the lemma just
below.

The point is that when the curvature has the special form (VI.8), the
Chern forms are non-negative and their vanishing has a linear algebra

interpretation. For this we have the following

LEMMA VI.10: The linear mapping A induces
NA:NT — NF*® SE
and up to a universal constant
¢a(©) = || A AJI2.
Proof. The notation means
| AT AJ]? = (A2A, N2A)

where in the inner product we use the Hermitian metrics on F* and FE,

and we identify

NIT* @ NIT* 2 (q, q)-part of A2 (T* @ T).
Then letting A* denote the adjoint of A we have

NO = NARNA* =NTAR (ANTA)F
and
cg(©) =Tr A7 (0) = (AN1A,N1A). O
In matrix terms, if

A =dimF x dimT matrix with entries in F

then

minors of A where the entries of F

matrix whose entries are the g x ¢
m:{ }
are multiplied as polynomials

It follows that again up to a universal constant
g(Op) =) Vo AT,

where the ¥, are (¢, 0) forms. In particular, any monomial ¢;(©r) = 0.
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We note that

the vanishing of the matrix N1®,, is not the same as

(VL11) rank @, ,, < q.

In fact, as follows from (I.2)
(VI.12) rank @, , < ¢ <= (0p)? =0.
In the geometric case when we have
@, : T,B — Hom (H°(Qy,), H'(Q% 1))

and the algebro-geometric interpretation of (VI.12) is standard; e.g.,
®, ,, injective is equivalent to local Torelli holding for the H™%-part of
the Hodge structure.

In contrast, the algebro-geometric map corresponding to (VI.11) is
NT,B @ NTH™ (X)) — Sym? H"HH(X,),

which thus far does not seem to fall into the standard theory.
We conclude this subsection with a result that pertains to the ques-

tion at the end of the introduction.

ProrosiTION VI.13: If & : B — I'\D has no trivial factors, and if
h*0 < dim B and H°(B, F,) # 0, then

Cpn,0 (F) 7é 0.

Proof. We will first prove the result when B = B. The general case
will then be done following a discussion of the singularities of Op, .
We let 0 € H°(F,B) and assume that cp»o(F) = 0. Then o is
everywhere non-zero, and we may go to a minimum of ||¢||*. From
Proposition (VI.6) we have Do = 0, which using (VI.9) implies that

the norm ||o|| is constant and
Vo =10

where V is the Gauss-Manin connection. Using standard arguments
(|[G2]) we may conclude that the variation of Hodge structure has a
trivial factor.

If B # B, the arguments given in Section III may be adapted to
show that the proof of Proposition VI.9 still goes through. The point
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is the equality of the distributional and formal derivatives that arise in

integrating by parts. 0

Finally for this subsection, we remark that if L — B is a positive line
bundle, then for any € > 0 and even though the metric is singular F,®L¢
is a positive vector bundle and Opg, (1) ® 7*L€ is an ample line bundle.
It seems plausible that this will lead to a proof of Viehweg’s results
about the weak positivity of the direct images of relative dualizing

sheaves in algebraic fibres spaces.**

(iii) General issues concerning the Chern forms

We consider a variation of Hodge structure given by a period map-
ping (I1.2) satisfying the conditions stated there. We are interested in
the behavior of the curvature form Op(e,§) and Chern forms ¢, (Op)

on B. Their basic properties are:
(VI.14) For any monomial cA(OF), we have that

(i) ca(OF) defines a closed, positive current whose entries are L' func-
tions;

(i) the wave front set WF (ca4(OFr)) is defined and

WF(ea(0r)) € N 5
1

are defined and are smooth

(iii) because of (ii) the restrictions ca(OF)| .
I

forms on Zj which satisfy

ca(OF) 2 = Ca <@Fe|z;> .

In order to establish these properties we offer the following would

observations:

A If h is the Hodge metric relative to a local holomorphic frame around
a point of Z = B\B, then we may calculate # = h='00 and © = 96
either as currents or formally by calculus, and when this is done the
results coincide (the property NR in Section III; as noted there, this

implies that the Lelong numbers of the currents 6 and © are zero.).

4“For a treatment of fractional powers of line bundles we refer to [De].
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B: We may restrict the forms c4(©F) by the same process as in Section
IV; ie.,

e first along Z7 formally set dt; = dt; = 0;

e then set log1/|t;| = oo; i.e., the limits as ¢ — Z7 of what is left

after the first step exist.

Proof analysis gives that A can be done by the methods in [C-K-S1]
and [Kol2] or those in Section IV above, and also that B can be carried
out also using the methods in Section IV. The details will be further
discussed elsewhere.

We also note that one PF, = B if we consider the Chern form  of
Opr, (1), then

C: Q defines a closed (1,1) current on PF, that has properties analogous
to (i)—(iii) above;
D: the push-forward m,() in the sense of currents exists and may be

used to define the Chern forms ¢,(©p) via the Grothendeick relation.

The details of this will also be discussed elsewhere.

We conclude with a question motivated by the results in [V1] and
V2]
Question VI.15: If F — X is a vector bundle over a compact, com-
plex manifold that has a Hermitian metric with positive semi-definite

curvature form
Op(e.§) =0,
and if the Chern form
1
E)=c(detE) =T — | O | >0
-gaes - (1))
is positive definite, then is the Kodaira dimension
K(F) 2 dim X7
For period mappings we have the related
Question: If A — B has positive Chern form then is

k(F) 2 dim B?
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Both questions may be raised when the stated conditions hold on a
Zariski open set.

Finally one may pose the less specific

Question: Under the above assumptions, are there positivity condi-
tions on the Chern monomials that will increase the estimate on the

Kodaira dimension?

We will conclude this section with some historical comments on the
evolution of our understanding of the positivity of the Hodge bundles
up to the period when the papers [V1], [V2] and [Kol2| appeared; these
works are the ones most relevant to the current work. Early computa-
tions of the curvature of homogeneous vector bundles over flag domains
appeared in the 1960s and showed that their behavior in the Hermitian
symmetric and non-Hermitian symmetric cases were quite different (cf.
[G-S1]). The computations of the curvature for the Hodge bundles and
tangent bundles over period domains given in [G2] and [G-S1], [G-S2]
then made the point that when restricted to integral manifolds of the
infinitesimal period relation the curvatures had positivity properties
analogous to those in the classical Hermitian symmetric domain set-
ting. In particular the Hodge vector bundle was semi-positive and the
Hodge line bundle had positive curvature if the differential of the pe-
riod mapping had suitable injectivity properties. The paper [Fu] was
an important development here. As discussed above, for a variation of
Hodge structure the Hodge vector bundle is almost never positive and
the understanding of just how positive it actually is under geometrical
assumptions on the differential of the period mapping seems to be still
incomplete.

The next stage was understanding the behavior of the Hodge metrics
and curvature forms when a variation of Hodge structure degenerates
along a normal crossing divisor. Here the works [Scl], [C-K-S1] and
[Kol2] played a major role; it is worth noting that both [C-K-S1] and
[Kol2] were in part motivated by algebro-geometric questions related to

the Iitaka conjecture and where the singularities of the Chern form of
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the Hodge line bundle entered in a crucial way (cf. [Kal], [Ka2], [Ka3],
[U1], [U2], [V1], [V2] and the references cited in those works).

As a historical note, the indication that the curvature forms had
Poincaré metric singularities may have originally come from the reg-
ularity of the Gauss-Manin connection (cf. [De|). Namely, the result
that the periods of algebraic differential forms had logarithmic singu-
larities in a degenerating family {X;} of algebraic varieties implies that

the Hodge norms, given up to a constant by

[l = | e A,
Xy

where v, is a holomorphic n-form on X; for ¢ # 0, are of the form
1 m
I CTINCG
where hy(t) is positive and where it together with dlog hy and 99 1og hy
are bounded (cf. the discussion in Section III above). Then up to a
constant

00 log ||v4]|* = mddlog(—log |t|) + LOT

where 09(— log [t]) = % is the Poincaré metric and LOT are

lower order terms. If instead the Hodge norms had singularities like

HmW=G%>%®, o> 0

then the curvature form would have had terms like
00 log |t| = dodt A dt

and therefore one would have picked up contributions given by currents
with non-zero Lelong numbers in the Chern classes of the Hodge bun-
dles. Thus the difference between 90 log(— log |t|) and ddlogt|, i.e.,
the difference between periods having logarithmic singularities and hav-
ing poles, suggests the mild singularity behavior of the curvatures of
these bundles.

The main result of this work is the existence and ampleness of the
extended Hodge line bundle

A, — M.
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It may be viewed as an extension of the earlier positivity-type results, a
main point being that Proj(A.) exists and may be exactly described as
the general analogue of the Satake-Baily-Borel compactification in the
classical cases.*> From an exterior differential system perspective, the
maximal integral varieties {2, = 0 of the extended Chern form define a
foliation of B by complex subvarieties whose quotient by contracting
the connected leaves of the foliation exactly captures identifying the
limiting mixed Hodge structures that have the same associated graded.
The main issue here is to make sense out of the exterior equation 2, = 0
when (). has singularities.

Finally we note that the curvatures of the Hodge bundles and their
singularities is currently an extremely active and interesting topic; we
refer to [P] for a recent survey paper with references to some of the

current work in this area.

REFERENCES

[A-K] D. Abramovicz and K. Karu, Weak semistable reduction in character-
istic 0, Invent. Math., 139 (200), 241-273.

[B-B] W. L. Baily, Jr. and A. Borel, Compactification of arithmetic quotients
of bounded symmetric domains, Ann. of Math., 84 (1966), no. 3, 442—
528.

[B-G] S. Bloch and D. Gieseker, The positivity of the Chern classes of an
ample vector bundle, Invent. Math., 12 (1971), 112-117.

[Ca) E. Cattani, Variations of Hodge Structure, Chapter 7 in Hodge Theory

(E. Cattani, F. El Zein, P. A. Griffiths and L. D. Trdng, eds.), Math.
Notes, 49, Princeton Univ. Press, Princeton.

[C-K1] E. Cattani and A. Kaplan, Polarized mixed Hodge structures and lo-
cal monodromy of a variation of Hodge structure, Invent. Math., 67
(1982), no. 1, 101-115.

, Algebraicity of Hodge Loci for Variations of Hodge Structure,

Contemp. Math., 608, 59-83, Amer. Math. Soc., Providence, RI.

[C-K2]

[C-D-K]

[C-M-S-P] J. Carlson, S. Miiller-Stach, and C. Peters, Period Mappings and Pe-
riod Domains, Cambridge Stud. Adv. Math., 85, Cambridge Univ.
Press, Cambridge, 2003.

[C-K-S1]  E. Cattani, A. Kaplan and W. Schmid, Degenerations of Hodge struc-
tures, Ann. of Math., 123 (1986), 457-535.

45Classical refers to curves, K3’s, Shimura varieties etc. where the period domain
is Hermitian symmetric.



3/28/17
[De]

[F-P-R1]

[F-P-R2]

[G-G1]

[G-G2]

[G-R-T]

[Kal]

[Ka2]

[Ka3]

[Koll]

[Kol2]

COMPLETION OF PERIOD MAPPINGS 85

J.-P. Demailly, Analytic Methods in Algebraic Geometry, Surv. Mod-
ern Math., Vol. I, Internat. Press, Somerville, Ma.

M. Franciosi, R. Pardini, and S. Rollenske, Computing invariants of
semi-log-canonical surfaces, Math. Zeitschrift, page online first, 2015.
doi:10.1007/s00209-015-1469-9 (cited on pp. 3, 4).

, Log-canonical pairs and Gorenstein stable surfaces with K2 =
1, Compos. Math., First View: 1-14, 6 (2015) (cited on pp. 2, 3, 4, 11,
20, 21, 22).

, Gorenstein stable surfaces with K% = 1 and pg > 0,
arXiv:1511.03238v1 [math.AG] 10 Nov 2015.

R. Friedman, Global smoothings of varieties with normal crossings,
Ann. of Math., 118 (1983), 75-114.

T. Fujita, On Kahler fiber spaces over curves, J. Math. Soc. Japan, 30
(1978), 779-794.

P. A. Griffiths, Hermitian differential geometry, Chern classes, and pos-
itive vector bundles, Global Analysis (Papers in Honor of K. Kodaira)
(1969), 185-251, Univ. Tokyo Press, Tokyo.

, Periods of integrals on algebraic manifolds III, Bull. Amer.
Math. Soc., 76 (1970), 229-296.

, Hodge Theory and Moduli, informal notes for a course of four
lectures given in the summer school of Levico (Trento) June 6-10, 2016.
P. A. Griffiths and W. Schmid, Locally homogeneous complex mani-
folds, Acta. Math., 123 (1969), 253-302.

, Recent developments in Hodge theory: a discussion of tech-
niques and results, in Discrete subgroups of Lie groups and applications
to moduli (Internat. Colloq. Bombay, 1973), 31-127, Oxford Univ.
Press, Bombay.

M. Green and P. Griffiths, Deformation theory and limiting mixed
Hodge structures.

, Deformation theory and limiting mixed Hodge structures,
London Math. Sci. Lecture Notes, 427, Cambridge Univ. Press, 2016,
88-133.

P. Griffiths, C. Robles and D. Toledo, Quotients of non-classical flag
domains are not algebraic, Algebraic Geometry I (2014), 1-13.

A. Horing, Positivity of direct image sheaves - a geometric point of
view, L’Enseignement Math., 56 (2010), 87-142.

Y. Kawamata, Characterization of Abelian Varieties, Compositio
Math., 43 (1981), 253-276.

, Kodaira dimension of certain algebraic fiber spaces, J. Fac.
Sci. Univ. Tokyo, IA-30 (1983), 1-24.

, Minimal models and the Kodaira dimension of algebraic fiber
spaces, J. reine angew. Math., 363 (1985), 1-24.

J. Kollar, Moduli of varieties of general type, in Handbook of Moduli,
Vol. II, Adv. Lectures in Math., 25, pp. 131-158 (G. Farkas and I
Morrison, eds.), Internat. Press, Somerville, MA, 2013.

, Subadditivity of the Kodaira Dimension: Fibers of General
Type, Adv. Stud. Pure Math., 10 (1987), 361-398, (Algebraic Geom-
etry, Sendai, 1985).




86
[K-M]

[Kov1]

COMPLETION OF PERIOD MAPPINGS 3/28/17

J. Kollar and S. Mori, Birational Geometry of Algebraic Varieties,
Cambridge Univ. Press, Cambridge.

S. J. Kovécs, Singularities of stable varieties, in Handbook of Moduli,
Vol. II, Adv. Lectures in Math., 25, pp. 159-204 (G. Farkas and I.
Morrison, eds.), Int. Press, Somerville, MA, 2013.

C. Mourougane and S. Takayama, Hodge metrics and positivity of
direct images, arXiv:math/0505324v2 [math.AG] 19 Nov 2005.

M. Paun, Singular Hermitian metrics and positivity of direct images
of pluricanonical bundles, arXiv:1606.00174v1 [math.AG] 1 Jun 2016.
C. A. M. Peters and J. H. M. Steenbrink, Mixed Hodge Structures,
Ergeb. Math. Grenzgeb., 52, Springer-Verlag, New York, 2008.

I. Satake, On compactifications of the quotient spaces for arithmetically
defined discontinuous groups, Ann. of Math., 72 (1960), no. 3, 555-580.
W. Schmid, Variation of Hodge structure: the singularities of the pe-
riod mapping, Invent. Math., 22 (1973), 211-319.

Y. T. Siu, Some recent results in complex manifold theory related to
vanishing theorems for the semipositive case, in Workshop Bonn 198/
(Bonn, 1984), Lecture Notes in Math. 1111, Springer-Verlag, Berlin,
1985, 169-192, MR0797421; DOI 10.1007/BFb0084590.

A. J. Sommese, On the rationality of the period mapping, Ann. del.
Sc. Norm. Sup. di Pisa (Ser. 4), 5 (1978), 683-717.

J. Steenbrink, Limits of Hodge structures, Invent. Math., 31 (1969),
229-257.

J. Steenbrink and S. Zucker, Variation of mixed Hodge structure. I,
Invent. Math., 80 (1985), 489-542.

K. Ueno, Classification of algebraic varieties and compact complex
spaces, Lecture Notes in Math., 439, Springer-Verlag, Berlin, Heidel-
berg, New York, 1975.

, Classification of algebraic varieties II., in Int. Symp. Alg.
Geom. Kyoto 1977, Kinokuniya, Tokyo, 693-708.

E. Viehweg, Weak positivity and the additivity of Kodaira dimension
for certain algebraic fiber spaces, Adv. Stud. Pure Math. 1, Algebraic
Varieties and Analytic Varieties, (1983), 329-353.

, Weak positivity and the additivity of Kodaira dimenaion II.
The local Torreli map, Classificaiton of Algebraic and Analytic Mani-
folds, Birkh&user, Boston-Basel-Stuttgart, 1983.




