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Dr. Pais was born in Amsterdam on May 19, 1918 . He obtained 

his Doctor ' s Degree at the University of Utrecht in 1941. During the 

years of the occupation , he continued to wor k under conditions of great 

difficulty, and the year after the war he was an assistant at the Insti-

tute of Theoretical Physics in Copenhagen, In the fall of 1946, Dr . Pais 

came to the Institute for Advanced Study. 

The record of Dr. Pais ' work in the la st decade is almost a 

history of the efforts to clarify our understanding of basic atomic theory 

and of the nature of elementary particles . Pais first proposed the compensa-

tion theories of elenientary particles , and much of his work has been devoted 

to exploring the success and limitations of these theories, and indicating 

the radical character of the revisions which will be needed before t hey can 

successfully descri be the sub- atomic world. Pais has made important contri-

butions to nuclear theory and to electrodynamics . He is one of the few 

young theor etical physi~ists who within the last decade have enriched our 

understanding of physics . 
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JOURNAL OF MATHEMATICAL PHYSICS VO LUME 3, NUMBER 6 NOVEMBER- DECEMBER 1962 

. 
On Spinors in n Dimensions* 

ABRAHAM PA1st 

Brookhaven National Laboratory, Upton, Long I sland, Ne:w York 
(Received June 29, 1962) 

The matrix which enters in the charge conjugation transformation of the usual spinors in 4-space 
is an invariant ma trix and is skew symmetric. It is shown that there exists such an invariant matrix C 
for any number of dimensions (and independent of the number of time like dimensions). I ts symmetry 
properties depend on the dimension number n modulo 8. With the help of the C matrix one can con
struct, for n = 1, 2, 7, 8 mod 8, an n-dimensional invariant bilinear in the components of a single 
n-dimensional spinor. Some examples are given for n = 2, 3, 7. A bilinear baryon invariant is formed 
for a. theory with high symmetry . I ts existence is closely related to the triality property of 8-space. 

I. INTRODUCTION 

SPINORS '1' in n dimensions are mult icomponent 
objects which transform in a specific way [see 

Eqs. (13) and (18) below] under transformations 
which leave invariant a quadratic form E" = 

.L:7. 1 E,X~, where E; = ±1. The signature of E" 
[given by (n - m) + m , where m is the number of 
minus signs or time like dimensions in E"] will be 
immaterial unless otherwise stated. For n = 2v or 
2v + 1, '1' has 2' spinor components. In general 
each component may be a function of the X ,. In 
this note we shall only be concerned with the case 
that there is no such dependence (constant spinors). 

We call Dirac matrices in E" a set of n matrices 
r "' a = 1, ... , n which satisfy 

a, {3 = 1, · · · , n, (1) 

where I is the unit matrix. For n = 2v and 2v + 1 
these relations can be satisfied by r's which are 
2' X 2' matrices. 

It is well known1 that the r" can be expressed as 
direct products (also called Kronecker products or 
tensor products) of the Pauli, spin matrices 

= [o 1] = [o -iJ <Tz ' <Tv 

1 0 i 0 
u, = [l OJ· (2) 

0 -1 

This is quite familiar in the case n 
example, we can take 

4 where, for 

(I) 
<T, • (3) 

The superscripts (1), (2) refer to two distinct sets 
of Pauli matrices and the notation X denotes clirect 

•Work supported, in part, by the U. S. Atomic Energy 
Commission. 

t Permanent address: The Institute for Advanced Study, 
Princeton, New Jersey. 

1 R. Brauer and H. Wey!, Am. J . Math. 57, 447 (1935). 

product. For example to get r 2 , first write down a 
matrix u,, but consider its elements as 2 X 2 null 
and unit matrices, respectively. Next multiply each 
of these four matrices by the 2 X 2 matrix u!2 >, 

so that 
0 0 0 -i 

r. 0 0 i 0 

0 - i 0 0 

i 0 0 0 

The direct multiplication process can be repeated. 
For example to obtain r 2 X u~3>, consider the ele
ments 0 and ±i of r 2 as 2 X 2 null matrices and 
±i times 2 X 2 unit matrices, respectively, and 
multiply each of these matrices with u •. For n = 2v 
or 2v + 1 we shall need direct products of v matrices 
of the kinds u~ '>, u!0

, u!'>, l co, i = 1, · · · , v, 
where 1 co is the ith 2 X 2 unit matrix. 

This construction procedure for Dirac matrices 
makes it considerably simpler to derive and under
stand some results due to Cartan.2 In his book on 
spinors a more geometrical reasoning is used which , I 
believe, makes the derivations for general n unduly 
cumbersome. There are several interesting theorems 
on bilinear spinor covariants which depend in a non
trivial way on n modulo 8. These can all be obtained 
by asking, in the language of the physicists, the 
following question. What is the n-dimensional 
generalization of the familiar charge conjugation 
matrix C? 

Briefly, C is a unitary, skew symmetric matrix 
and is invn,riant under the full Lorentz group.3 

Jn any given representation, C considered as a 
unitary transformation sends any of the n Dirac 

2 E: Cart~n, Levms sur la theorie des spineurs (Hermann 
and Cie, Pans, 1938), 2 vols. Actualites Scientifiques, Nos. 
643, 701. 

1 For a discussion of the properties of C, see e. g., A. Paie 
and R. J ost, Phys. Rev. 87, 871 (1952). 
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matrices into its t ransposed. In the next section 
we construct a unitary and invariant matrix C for 
any dimension. The interesting thing is the way the 
symmetry of C depends on the dimension number, 
see Eqs. (9) and (25) below. In Sec. III we give 
some illustrations for two-, three-, and seven-di
mensional rotation groups. 

rl A., 

r2m A ,_m X u~•-m+ 1 J x 1 C•-m+2) 

r2m+l A.-m X u~•-m+i > x 1 (•-m+2) 

r 2. = (I) x 1(2 ) ... X l C•l, u. 

where 

Am = u! ll X u!
2
' X · · · X u!"'>. (5) 

For n = 2 this reduces to Eq. (3). It is easy to see 
that Eq. (1) is satisfied. As the u's are Hermitian, 
so are the r's. Furthermore 

r~a = -r2a, (6) 

where t denotes transposition. Equation (6) is true 
because the transposed of a direct product equals 
the direct product of the transposed factors. 

We now define the "charge conjugation matrix" 
Cby 

(7) 

x 
x 

II. THE C MATRIX 

(A) Even Dimensions, E2' 

Lemma. There exists a representation in which 
all r a are Hermitian, half of them are symmetric 
(real), the other half antisymmetric (imaginary). 

One way of achieving this is as follows: 

x 1 (>) il 
X 1 <» J 

Eq. (10) so that 

m = 1, · · · , " - 1 (4) 

C' = S'CS. (12) 

It follows that C' again satisfies Eqs. (8) and (9). 

(b) Invariance of C under Rotations 

An infinitesimal rotation on the 2· -component 
spinor W' is given by 

W'' = S'Ir, S = 1 + lepur Pr "' Epu = -ew (13) 

Under this specific S-transformation C' = C; from 
Eqs. (IO) and (12) . Note that the reality properties of 
Epu do not enter the discussion here, so that these 
results are independent of the signature of the 
metric. 

(c) Invariance of C under Reflections C has three main properties. First, 

etc= i. (8) At this point it is helpful to introduce the generali-

Secondly, from Eqs. (1) and (6) 

C' = (-l)c·12>c•-l)c = C, .,, = o, 1 mod4, 
(9) 

- C, v = 2, 3 mod 4. 

Finally, it follows from Eqs. (1) and (7) that Cr a = 
(-1 r+• raC where e = 0(1) for a = even (odd). 
Hence using Eq. (6) 

(10) 

Thus for v = 2, Eqs. (8), (9), and (10) show that C 
has the familiar properties. 3 

Next consider the behavior of C under the follow
ing kinds of transformations. 

(a) Change of r Representation 

r~ = s-1 r ps. (11) 

The corresponding C' is defined so as to preserve 

zation of the customary 'Ys matrix, namely, 
2• 

r2•+1 = (- iY II r a· (14) 

In the special representation of Eqs. (4) and (5) 
we have 

r _ o> _ [I·-1 0 l 2P+l - CTz - J 

0 -I.-1 
(15) 

where I .-1 is the 2·-1-dimensional unit matrix. Thus 

(16) 

while from Eqs. (6), (10) , and (14) we obtain 

(17) 

Consider the coordinate reflection in E 2
' : X ~ = - X a, 

Xb = XtJ, fJ ~ a, a = 1 or 2 · · · or 2v. There is an 
ambiguity in the definition of the behavior of '1' 
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ON SPINORS IN n DIMENSIO NS 1137 

under reflections. We may put 

'11' = s ,;iI! ' (18) 

With this choice, C is also invariant under reflections, 
as follows from Eqs. (12) and (17). Thus Eqs. (8), 
(9), and (10) are invariant and independent of the 
choice of representation. 

Bilinear covariants. We have at once that the 
quantity T, defined by 

T = '11 'C'11 , (19) 

is a scalar with respect to the full n-dimensional 
rotation group (i.e., including reflections) . For 
T' = '11' S'CS'I! = T . However, it is evident that 
T = O if4 C' = - C. Therefore 

T ¢ 0 if 11 = 0, 1 mod 4 , (20) 

that is, in 2, 8, · · · dimensions. The exten
sion to tensors of higher rank is trivial. Thus 
'll'C(~ ± r µ, ••• r •p)'ll is a tensor5 of rank p which is 
¢0 for 11(11 - 1) + 2p(11 + 1) + p(p - 1) = 0 mod 4. 
In particular, for p = 211 we get a noll'rnnishing 
"pseudoscalar" for 11(11 + 1) = 0 mod 4. 

Bilinear covariants excluding reflections. It follows 
from Eq. (15) that in the special representation Eq. 
(14) the quantities 

(21) 

have, in general, 2•- 1 nonvanishing components. 
These are the so-called semispinors of first and 
second kind. Define 

(22) 

These are scalars with respect to the restricted group 
where reflections are excluded. From Eqs. ( lG) and 
(17), T + ¢ 0 for 11 = 0 mod 4. Likewise T:. = 

'11 ~C'll. ¢ 0 for 11 = 1 mod 4. The construction of 
higher rank tensors in terms of semi-spinors is 
obvious. 

(B) Odd Dimensions, E 2
' + 

1 

According to Eq. (15), r~ ... I = 1, and furthermore 
r2>TI anticommutes with all r <I) (X = 1, • • • ) 211. 
For 211 + 1 dimensions a representation of the Dirac 
matrices is therefore giYen by Eqs. (4) and (15). 
Define 

•+I 

c = rr r2cr-I• (23) 
a - I 

4 The components of '11 are supposed to commute. 
• l: + denotes the alternating sum over permutations of 

( 1, ... 'p). 

One has 

er .. = c -1rr~c. 

(24) 

(25) 

(26) 

The t ransformation Eq. (12) holds true here too. 
So does the invariance of C under rotations. We 
need not consider reflections. We have 

T = 'll'C'll ¢ 0, "= 0, 3 mod 4, (27) 

and of course T is a scalar. Tensors of higher rank 
are discussed as under (A). 

Expressions like Eqs. (19) , (22), and (27) can of 
course be generalized to it>'C'I!, where CI>, '11 are two 
distinct spinors. For CI> ~ 'It the corresponding 
scalars and other covariants clearly are in general 
nonzero for any dimension. 

ill. APPLICATIONS 

(1) For orientation, consider the familiar instance 
n = 3. We are in case (B), 11 = 1 and according to 
the recipe of Eq. (4), r. = Uz, r2 = u., I'a = u., 
so from Eq. (23), C = - iu •. Consider two spinors 
CI>' = [a{l ), .8(1)] and '11' = [a (2), .8(2)]. a and .B 
denote the eigenstates for spin up and down, re
spectively. The "arguments" 1 and 2 simply denote 
that we deal with two distinct spinors. The scalar 
CI>'C'll = -a(l).8(2) + a(2),B(l). This is of course 
the two-particle singlet state. Kow put "l = 2," 
that is, take the scalar CI>'C<I>. This vanishes identi
cally. 

Thus Eqs. (20) and (27) say that only for di
mensions n = 1, 2, 7, 8 mod 8 is it possible to form 
a nonvarushing singlet state bilinear in one single 
spmor. 

(2) As the simplest example for a nonvanishing 
invariant take n = 2. We have case (A), 11 = 1. 
Thus r 1 = uz, I'2 = u., C = u%. Therefore CI>'C'll = 
a (l ).8(2) + a(2).S(l). This quantity is indeed a 
scalar for rotations in the xy plane, as it is the z 

component of the spin I-vector in 3-space. And 
<I>'CCI> indeed does not varush. 

(3) A less trivial example of a nonzero scalar is 
provided by the seven-dimensional charge space 
formalism of baryon meson interactions. 6 Here the 
coupling '11 r µ 'lrit>,. is considered with 

' - ( '="o -=-- ~ + A - :zo A+ zo ' ""-) (28) 
'11 - p , n , - ' - '""' ' V2 ' V2 ~ 

6 First given by J. Tiomno, Xuovo cimento 6, 69 (1957). 
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r = • u!11 X u!21 X l <
3>, u!11 X u!21 X 1 <3>, 

(I ) 
u. x (2) u, x 1 <3>, (1) 

Uv 
x 1(2 ) x 1

131
' 

(1 ) 
u, x 1121 x ( 3 ) 

u, ' 
(l) u, x 1 <2> x (3) 

Uv I 

(I) u, x 1 <2> x U~3). (30) 

'IJt is an 8-component spinor with respect to charge 
space. Each of its components is a 4-spinor with 
respect to Lorentz space. We shall denote by 
'IJIA, A = 1, 2, 3 or 4 the four quantities obtained by 
taking the same Ath Lorentz space component of 
each charge space component. Each 'IJt A transforms 
as a spinor under the seven-dimensional rotation 
group. 

The r representation of Eq. (30) is not like Eqs. 
(4) and (15) but it does satisfy Eqs. (6) and (16). 
We can therefore apply the formalism of case (B) 
with v = 3. Thus C = -1 cu X u~2> X u!3>. Define 
TAB by 

TA B = 'll~C'IJts = AAAs 

- (~1~8 + ~~~~ + 2::~2::;) 
- (pAZs - nAZ~) - (E~PB - E~nB). (31) 

For all A, B = 1, · · · , 4, TAB is a nonvanishing 
scalar with respect to the 7-group. The same is true 
for TAB = "W~C..YB. 

TAB is of course also a scalar with respect to any 
subgroup of the 7-group, but then it breaks up in 
separate parts invariant with respect to that sub
group. An obvious example is the isotopic spin with 
respect to which TAB clearly consists of four addi
tive scalar parts. A less trivial case is the exceptional 
group G2 with respect to which AA AB and 
TAB - AAAs are separate scalars. For example the 
finite angle rotations of G2 explicitly given by 
Behrends and Sirlin7 are seen to leave AA AB and 
TAs - AA AB separately invariant. 

There begins to emerge a certain three-way 
equivalence for the baryon, the antibaryon (each in 
a given spin state) and the meson. For each there 
exists a bilinear invariant, namely, TAA, TA.A and 
ef>: = KK + KK + 7r

2
, respectively. Let us intro

duce an additional meson state u with zero spin 
and hypercharge which forms an octet with 7r and 

' R. Behrends and A. Sirlin, Phys. Rev. 121, 324 (1961), 
Table I. 

K. -ow all three quantities are 8-component. The 
structures now before us are just the ones which 
play a role in the principle of triality,8 unique for 
dimension eight. Briefly stated, triality is a certain 
substitutional invariance (involving the alternating 
group on three things) between vectors, semi
spinors of the first kind and semispinors of the 
second kind in an 8-space which leaves invariant a 
trilinear form. In our case this form is '1t r . 'IJl'ef>. + 
..Y'IJtu. Note that such a substitutional invariance is 
conceivable only in an 8-space, because only for 
that dimension do vectors and semispinors of either 
kind all have the same number of components. 
Triality invariance is very closely connected with 
the octonion formulation of interactions given else
where. 9 If applicable, the principle of triality would 
state that the baryon, the antibaryon and the meson 
have identical properties of higher symmetry and 
that the interaction should be such that these 
three objects are interchangeable (with respect 
to their intrinsic symmetries) as is the case for 
their t rilinear invariant. In all this we have not 
insisted on the spatial transformation properties 
such as the spin zero character of the meson. 

In all the foregoing, the signature of the metric 
played no role. This only enters when we have to 
consider simultaneously a spinor and its adj oint. 
Let the directions h, k, · · · be timelike. Then the 
adjoint of '1t is '11 = '1t

1
rhr .. · · · . 

It is well known that familiar charge conjugation 
can only be formulated consistently in a quantized 
theory. Likewise the desired change of sign of the 
4-current is also closely related to the 3 + 1 sig
nature of the metric. 

Consider as a last example a 7-space with sig
nature 6 + 1. Let "4" be the timelike direction. 
Form the current '1'r.'IJI, \lf = 'IJl'trt. Perform now a 
charge conjugation 'IJI' = c-''11'. Taking the adjoint 
of this gives '11' = - '1t'C. [Vi'e are in case (B) with 
v = 3.] Note how this minus sign is closely con
nected with the oddness of the number of timelike 
directions. Now let 'IJl

1 and '1r anticommute. Then 
(..Yr.'IJI')' = - ('1'r.'1t) . 

This property is isomorphic to G conjugation. 
This is seen as follows. A representation of the r,. 
is provided by r ,. = 'Y,., µ. = 1-4, r 6,5.7 = 'Ys7'1,2 ,3• 

Here the 'Y,. are the usual four Dirac matrices and 
r, is the isotopic spin vector. Take -y 1 and 'Ya real, 
'Y2 and 'Y4 imaginary. and apply the general formulas. 
This gives C1 = 'Yi'Ya · -i7'2 = C, · - i7'2. C7 is the 
over-all charge conjugation matrix, C4 is the corre-

8 Reference 2, Vol. 2, p. 53. 
9 A. Pais, Phys. Rev. Letters 7, 291 (1961). 
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sponding matrix for Lorentz space. Thus C1 is the 
G-conjugation operator. The 1-4 components of 
¥ r,. 'Ir are the baryon current and the 5-7 com
ponents are the ?r-meson source. Together, these 
form a vector in a 7-space. 

The enlarged current structure is just due to the 
fact that 7r is pseudoscalar.10 If we use the r's of 

11 However, a scalar ,.. with scalar coupling would also be 
odd under G. 

Eq. (30) and denote them now as r~1> we get again 
such a structure, namely, r 0 = ('y,., -y6 I'~1') . The 
r 0 again satisfy Eq. (1) and ¥ra'1' is again a vector, 
just because 7r and Kare pseudoscalar. This current 
consists of baryon current, 7r and K sources. There 
exists a corresponding conjugation, enlarging G 
conjugation (with K -t -K) just as G conjugation 
enlarges charge conjugation. It would be interesting 
if, along with the enlarged conjugation one could 
also enlarge the gauge principle. 
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C orrelations Between Cusps in Differential Cross Sections and in Polarizations 

M . Nauenberg and A. Pais 

Institute for Advanced Study, Princeton, New Jersey 

Abstract 

Experirr..ents h2.ve shown that partial waves with 1. > ! appear in 

- 0 
ir + p .- A+ K at the LK-thresholds. This necessitates a reconsideration ot 

the cri teria sufficient to determine the LA-parity P(2:.A) by the method of c usps. 

In thi s paper we start from the usual assumption that contributions which show 2.. 

cusp i n either the d·!.fferential cJ-oss section or the polarization may be ignored 
.. 

beyond some optimal power i n cos e. On this sole basis previously stated 

criteria a.re rendered inadequate due to the occurrence of Minarm and other 

ambiguities . It is shown that under suitable circumstances there exist un-

ambiguous cor::-elations between certain properties of cross section cusps and 

of polaYization cusps. These co!"relations could possibly be of use to 

d et ec:rnine P(!:A") -and give inforrn.ation as to which states contribute 

s igmEcantly to the AK production at "" 900 Mev. The finite separa tion b etween 

0 0 - + 
!: K - a nd L K -thresholds is taken into account. The results are summarized 

i n a table of cusp properties . 
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The matrix which enters in the charge conjugation transformation of the 

usual spinors in 4-space is an invariant matrix and is skew symmetric. It is 

shown that there exists such an invariant matrix C for any number of dimensions 

(and independent of the number of time like dimensions) . Itsi -symmetry. properties 

depend on the dimension number n modulo 8. With the help of the C matrix one 

can construct, for n = l, 2, 7, 8 mod 8 an n - dimensional invariant bilinear in 

the components of a single n-dimensional spinor. S ome examples are given for 

n = 2, 3, 7. A bilinear baryon invariant is formed for a theory with high symmetry. 

Its existence is closely related to the triality property of 8 - space. 
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Farleigh: split publication costs; 100 
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Dear IIiss .Uo.xa.."ldcr: 

Herem. ~'l I sulxni t ·t.o you £or publication in the 
Procoe~s or tr.e Ua:~onal Acad...-my of Scienc~a a ,.....:.nu
script by Dr. A. Pais entitled "On the Program of a 
Syste:natization of P&·J~cles and Interactions . rr The 
estimated lengt.i. of this pa.per is about eig..11.t pages, plus 
one page of footnotes . Please bilJ. Dr. A. Pais, Institute 
for Advanced Stu.c;tr, Princeton, U. J . , for the space above 
the five-page limit. WoU.:d yoi.1 al.so b~ good e."lou..:;..'l to 
correspond directly with hi:n concerning all practical 
matters such as galley proo1'a and reprints. 

ProceedinBs of the 
National Academy 0£ Sciences 

University or Chicago Pres'J 
5750 Ellie Avenue 
Chica.go 37, n 1; nois 

.Attentions Miss Mary D. Ale~dcr 

enclosure 

Copy sent to Prof. Pais 

Sincere:cy yours, 

Robert Oppenheimer 
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E~ 

'"Qhe Qniuct\1·: "1W~hicago 12ress 
5750 ELLIS AVEN . "'-~~GO 37 ~ILLINOIS 

·~_<~;/ 

Mr . J. Robert Oppenheimer 
The Institute for .h.dvanced Study 
Princeton, New Jersey 

Dear :.tr. Oppenheimer: 

July 6, 1954 

This will acknowl edge with thanks receipt of the paper 

"Spherical spinors in a euclidean 4-space 11 by A. Pais. 

This paper is scheduled for publicc..tion in the 

September 1954 Proceedings of the National Academy of 

Sciences. 

eh 

Sincerely yours, 

/J; ,/,)!,I)./ A5ttk ~ 
1 

~:;;. "J. Alexander 
Production Editor 
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The Proceedings of the 
National Aca.cie!ny of Sciences 

University of Chicago Press 
$7$0 Ellis A venue 
Chicago 37, Illinois 

29 June l9S4 

A. ttention: Mi.Gs 11&7 D. Alexander 

Gentlemen: 

• 

I am sul:mitt.i.n8 herewith a note bf 
Professor A. Pais of the Institute for Advanced 
Stud;y for publication in tho Fro edinga of e 
·ational Acarlem;v of Sciences . urther corres

pondence f1ll33' be addressed to Professor ~~ at 
this address. 

Sincerely~, 

Robert Oppcnheimcr 

enclosure 

Copy: Prof. Pais 

• 
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.. Me.;rrie Mitchell called to say that she had 
been in touch with Prof. Pais, and he had 
asked if you would be willing to write a 
covering letter and send it to Merrie for 
mailing . (She has to add instructions to the 
printer) . 
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Secretary 

TOTAL: 

BALANCE: 

I QUANTITY I UNIT PRICE I 

300 ~0 . 1; 

No. A-277 

Dat:e: February 10, 1954 
Ref : 

In behalf of ; 

AMOUNT REMARKS 

1- -

IMPORTANT: Please send checks on banks in dolla rs or pounds, or UNESCO Book Coup:>n>. Avoid sending currency. 

Director's Office: Faculty Files: Box 25: Pais, Abraham, Publications 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



COPY 

INSTITUTE FOR ADVANCED STUDY 

PRINCETON, NEW JERSEY 

REQUISITION FOR PAYMENT 

ll/25/54 Date ........ ............................................... . 

Pay to ....... .G.4.?.:.r.J.:.f:.~ .... ~lf. .~ ... J~µP..t.~.~1 ........................................ ............................................................................................................................... . 

Address ..... Law:r.en.c.ev.i.lle ... Rm..d.~ .... Pri.r..c.e.to.n.,. ... N .•.... J ..................... ......... ......... ......... .......... ...................................................... . 

Approved by (Signature) ........... ............. ...................... .. ........................ .... .. .... ..... ........ ................... ................ .......... .. .. .... Amount $ ... ?. .. :g~ ............ . 
To be charged to ........... ~.~.~.~ ................................................................... .. ...................... .............................................................................................. ... .. 

In payment of (Itemize) 

Prepare 2 gr~phs for publica ti on f o r 
Dr . P~ ii:t , p f- r · in8t r uct1oi:.a of Miss Hudnleeon ,--

2 112 hrs ~t $2.00 oer hr. $5.00 

Check No. .. ............ ?..9..7.~ ............................ .. Batch No . ............ J.~:::-:3 .......................................... . 

Extensions Chkd ....... ~~~ ............................ ... .. Entered By ................................ ...... ......................... . 

Director's Office: Faculty Files: Box 25: Pais, Abraham, Publications 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



INSTITUTE FOR ADVANCED STUDY 

PRINCETON, :t\TEW JERSEY 

REQUISITION FOR PAYMENT 

'V' 

Date ... J5 .. {~ .. ~ ..................... . 

Pay to ............................ .... :P;r;".! .. ~!' ... !.~ ... ~~.~? .. . ~~~~····· ········· ············ ·· ···· · ····························· .............................. . 

Address .............................. ~~~~.t.~.~~ .. ~~.~~ ... ~~.~.~~~~~~~~ .. ~.~ .. ~~~~~~ .~ .. ~ .. ~~~~~~.~~·~ ······ · · ··· ·· · 

Approved by (Signature) ..... '. ...... . J ...... .r:· .. ... .. :f. .... .... ~.f.f..(.!..~ ....... ......... ... ... ... ... ....... .... ........... ........... Amoun~~~~ .. ~J~.~7.8.64 
{ 

T o be charged to .. ... ....... .... ~~~~~.t.1-~~.s .. ~.~······ ·· · ··························· · ·· ··· ··· ········ ·· ····· ······················· ................................. . 

In payment of (Itemize) 

Please issue bank tranaf er for paiment 1n Floria• for the aboTe 
na, to OOTer 350 (of llhioh 50 are tree) repl'iJLta of Dr. Pai•' 
paper, Iaot0pt c ~ ~ !!!! g11&1Ltizat1oa; or1g1Aal. statement 
attached.. 

Check No . ............................ ............... .. . Batch No . ....................... .. ............................ .... . 

Extensions Chkd ... .............. ... ...... ......... . Entered By ................ ................... ......... ... .. .... . . 

Director's Office: Faculty Files: Box 25: Pais, Abraham, Publications 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



Bankten: Amsterdcmuche Bank 

BtJkantoor Utrecht 
(Postrehmlng 2900 t.n.v. 
Amsterd. Bank. Utrecht) 

STICHTI N G PHYSICA 
* 

No. Ph-,.6J 

UTRECHT, December 9th, 1953. 
Bijlhouwerstraat 6 
Telefoon K 3400·15901 

Rekening voor ... -~- A ........ f?..~-~-,. ..... t.A~_t1.t.Y.t~ .... !.o.r_ Advan.c.ed .... S.tudy..,. ..................................... .. 

PF IJl ci;o!!Q!i.~ ..... f..!. J.: .~ ..... :'.' ........ V. . .! .. §., .. A, ................................................................................................ . 

Pais A. - Iscto ic snin and mass 
(Physic~ , XIX , no . 9) 

50 free reprints for author 
00 extra reprints (20 pages) 

000 pages 2 cent 
20 pages f . 2 , 50 
uthor ' s correction 
ostage 

Totali Dutch florin.a 

120 -
50 -

fl178 , o4 I 
=, ===.=== I 

J..f'ter receipt o~ your cheque - made patable to ~ w ,~ . Be~kman , 
Treasurer Foundation Physica , Bijlhouwerstr~at 6 , Ut~echt. I 
The Ne ·herlande - the repri nts will be I sent to 1ou. 1! ! 

Director's Office: Faculty Files: Box 25: Pais, Abraham, Publications 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



AMERICAN INSTITUTE OF PHYSICS 
Incorporated 

57 EAST 55 STREET, NEW YORK 22, N . Y. 
CABLE ADDRESS: .. AMPHYSICS" TELEPHONE: ELDORADO 5·5850 

October 231 1952 

Institute !or ~d'Yanced 5tudT 
Director' s Office 
Princeton, Hew JertJffT 

Publishers of 

nm PHYSICAL REVIEW 

REVIEWS OP MODERN PHYSICS 

JOURNAL OP Tim OPTICAL SOCIElY OF AMERICA 

l1lli JOURNAL OF nm ACOUSTICAL SOCIETY OF A.\!BRICA 

AMERICAN JOURNAL OF PHYSICS 

HI 

l1lli REVIEW OP ScrENTIFIC INSTRUMENTS 

nm JOURNAL OF CHEMICAL PHYSICS 

JOURNAL OF APPLIBD PHYSICS 

PHYSICS TODAY 

UMB 

Article by A_. Pais an:i n.. Jost int.he \)eptember 11 19S2 issue: PHYSICAL 

REVIEW 

2SO reprints, S-8 pages (first 100 given f'ree 1n considarat on of tb!S 

publication charge) 

So covens, regular 

Poatage 

v 
Director's Office: Faculty Files: Box 25: Pais, Abraham, Publications 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



AMERICAN INSTITUTE OF PHYSICS 
Incorporated 

'57 EAST 55 STREET, NEW YORK 22, N. Y. 
CABLE ADDRESS: "AMPHYSICS" TELEPHOl\i"E: ELDORADO )·)8)0 

1bo Institute for kh-anced Study 
F,:oi .ceton, 

Je?f8C7 

Toward the cost of publication at $15.00 per page, 

P11b/ishers of 
THE PHYSICAL REVIEW 

REVIEWS OF MODERN PHYSICS 

JOURNAL OF THE OPTICAL SOCIETY OF AMERICA 

THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA 

AMERICAN JOURNAL OF PHYSICS 

THE REVIEW OF SCIENTIFIC INSTRUMENTS 

THE JOURNAL OF CHEMICAL PHYSICS 

JOURNAL OF APPLIED PHYSICS 

PHYSICS TODAY 

REFER TC THIS NUMBER~ 
WHEl\J MAK ,,.. o{\-vu.-~ !"7" 

Article: Sel.ect1on Rules lqlosed lT.f C~ Conjugat.ian ci Char 

Author: Pai& and Jo:rt 

Published in: PHYSICAL Rm'!E 

Issue: Septetlber l, 1952 

Pages: , 71 ""' 875 

75.00 
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, . ' 

• August 271 1952 

Dear Hiss Kelder: 

'lhank you for your letter of August 25th to Dr. Res Jost, 
which has come to my attention, Both Dr. Pais and Dr. Jost are abroad; 
and since they rl.ll not return to the Institute for some veeks, I am 
taking the liberty of handling the order for reprints . 

The reprints order forms ara usually sent in to the 
Amerioan Institute from our office . It may have been a slip up that 
none vas a-ant in for the Pais-Jost paper. Dut without question, the 
order can be filled aa stated by Dr. Pais. I am therefore sending 
t!E enclosed form ubich I have completed in their absence and uith 
the approval of oll!" office . I hope this will straighten out t.h.e natter • 

lli~s Diane :-t. Kelder 
American Institute of Physics 
57 East 5$th ~t. 
Neu York 22., U. Y. 

• 

Since~e Jy yours , 

K£.the:·ine Russell 
Secretary to the Director 

Director's Office: Faculty Files: Box 25: Pais, Abraham, Publications 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



CABLE "AMPHYSICS" 

AMERICAN INSTITUTE OF PHYSICS 

57 East 55 Street, New York 22, N. Y. • Eldorado 5-5850 

Mr . R • .Jost 
Inst i tute for Advanced Study 
Princeton University 
Princeton , n . .r . 

Dear Sir: 

August 25, 1952 

Vlith reference to your a rticle "Selection Rules Imposed by Charge 
Conjugation and Charge Symmetry" appeari ng in the Septem-
ber 1st issue of the PHYSICAL REVIEW , we have received comm
unication from Dr . Pais ordering 250 r eprints (200 without and 
50 with cove rs) and stating that the Institute at Princeton 
would pay the publication per page charge. 

I am therefore enc losing order forms, as we have not yet 
received same from Dr . Pa is . I should appreciate your re
turning them with the necessary information, which I am sure 
will corroborate Dr . Pais's Statement. 

Thank you . 

Very truly yours, 

• 

Diane M. Kelder 

Member Societies: American Physical Society • Optical Society of America • Acoustical Society of America • Society of Rheology • American Assn. of Physics Teachers 
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s;gnature of Autho< ~ ~ Date 
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Reprinted from THE PHYSICAL REVIEW, Vol. 113, No. 3, 955- 958, February 1, 1959 
Printed in U. S. A. 

A General Transformation of the Symmetrical Pseudoscalar Theory 

A. PAIS, I11.stib11tefqr Advanced Study, Princetim, New Jersey 

AND 

R. SERBER,* Department of Physics, Columbia University, Ne-tJJ Y Mk, New Y qrk 

(Received October 1, 1958) 

The symmetrical pseudoscalar theory with extended source is subjected to a rigorous transformation in 
such a way that the transformed Hamiltonian depends explicitly on the total isotopic spin and total angular 
momentum of the system. These collective variables are introduced by the same method of employing a 
general distribution function which was previously studied by the authors for the charged scalar theory. 

I. INTRODUCTION 

I N a preceding paper1 the authors have shown how 
certain symmetries possessed by a field theory can 

be explicitly expressed in terms of appropriate collective 
variables through the introduction into the Hamiltonian 
and the commutation relations of a distribution function 
f. In first instance f is arbitrary, so that a way is 
opened for the application of variational methods, 
namely by minimizing a suitably chosen leading part 
of the Hamiltonian with respect to f. As an illustration, 
the scalar charged meson theory was considered, and 
it was shown how a particular choice of the distribution 
function led to the usual strong-coupling treatment. In 
the present paper we develop the formalism for the 
symmetrical pseudoscalar meson theory. Our treatment 
resembles that of Pauli and Dancoff,2 but is more 
general in that these authors make a particular choice 
of distribution function, and more exact in that no 
terms are dropped in the present derivation. The final 
form in which the dynamics is cast in this paper is 
given by Eqs. (46)- (49) below. In the rigorous expres
sion for the Hamiltonian, Eq. (49) , the to tal isotopic 
spin and the total angular momentum appear explicitly. 
While the extreme strong-coupling approach becomes 
immediately obvious for a particular choice of f, there 
is nothing in these equations that confines the formalism 
necessarily to this rather unrealistic regime. We believe 
that this generality and exactness will prove of value 
in the further development of the theory, to which 
recent experimental indications have lent added 
interest.3 

where K is the meson mass (in units h=c= 1). Sum
mations over a and k are from 1 to 3. The 3-fi.eld 
corresponds to neutral mesons. <n,, is the nucleon spin. 
The meson field commutation relations are given by 
(h=l) 

II. TRANSFORMATION OF THE HAMILTONIAN 

We start from the outset with one nucleon treated as 
a static extended source U(x), so the Hamiltonian is 

H=Hmeo+ Hint, (1) 

['1T"a(x,t), \O/J (x',t) ] = -io.,~(x -x'). 

The operator Ta0 of isotopic angular momentum is 

(4) 

The operator J ko of angular momentum is 

(5) 

In analogy to our procedure for the charged scalar 
case,1 we put 

(6) 

where f is the variational function of the problem. It 
is provisionally left arbitrary apart from one restriction: 

f is a spherically symmetric function of x. (7) 

The Pak, Q.,k are defined by 

Pak=[Hf ~,.dx, Qak=[H f !!__\OadX. 
axk axk 

(8) 

Hmes=~ ~ f ('1T"a2+\0aW2\0a)dx, (2) As a consequence of condition (7), the P's and Q's are 
canonical in the sense that 

*Partly supported by the Atomic Energy Commission . 
1 A. Pais and R. Serber, Phys. Rev. 105, 1636 (1957). 

(3) 

2 W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942). 
a See L. Landovitz and B. Margolis, Phys. Rev. Letters I , 206 

(1958). 

(9) 

provided F is chosen to be 

F=! J (v f)2dx. (10) 

955 
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We further note the following commutation and 
or thogonality relations: 

[11"a1 (x,t),<f>/ (x',t)] 

[ 
af(x) af(x') ] 

=-iSap S(x-x')-P-1 I:---- , 
k axk axk' 

Substitution of Eq. (6) in Eq. (1) gives 

H - H '+H '+ ~ [.!.p 2+1.r'2Q 2 - mes int ~ 2 ak 2H ak 
a .k 

while Ta0 , Ji,0 become 

Note that 

T.,0=ta'+!r.,+J.,0, 

11°= L k(Q2kPak-QskI'2k), cycl. , 

l a0= l.,' +!u .. + L.,0 , 

L1°= L 1<(Qk2Pk3-Qk3Pk2), cycl. 

[ I 1] •I [l 1 l 1] ·zt l1 ,t2 = it3 i I 1 2 = i 3 1 

(11) 

(12) 

(13) 

(14) 

(16) 

(17) 

(18) 

(19) 

(20) 

even though the 11"1, cp' do not satisfy the usual com
mutation relations. The orthogonality relations (13) 
make up for this, while for the lk'-relations the condition 
(7) has a lso been made use of. Further, we obviously 
have that 

[11°,UJ=ils°; [L1°,L2°]=iLa0 ; cycl. (21) 

Following Pauli and Dancoff,2 we next transform the 
nine collective coordinates Q .. k into a set of three angular 
variables in space, a similar set in isotopic space, and 
three radial variables. Considering the angles in space, 
one can introduce the usual orthogonal matrix (call it 
A kz) that corresponds to the solid rotation described 
by these angles. Likewise one introduces an orthogonal 
matrix B.,13 for the isotopic variables. The transfor
mation from the variables Qak to the rotated set qak, 

is of the form 

The defining condition for the transformation in ques
tion is that it be a principal axis transformation, that 
is, that g .. = q,l>.,. 

(22) 

The corresponding transformation for the momenta is 

(23) 

The problem of expressing the p., in terms of canonical 
variables has been treated by Pauli and Dancoff, and 
we need state only the result. This is expressed in terms 
of the quantities 

(24) 

which are the components of the isotopic and angular 
momenta in the directions of the rotating system of 
axes. The proper ties of these variables are well known 
from the theory of tops,4 and can be readily derived if 
one notes that, since BafJ (for fixed a) transforms like a 
vector under rotations, its commutation relations with 
ll are• 

[Bap,lp,0]=iBaw', (/3, {J', {311 cyclic). (25) 

It then follows immediately from (24) that the I" 
satisfy the anomalous commutation relations 

[I .. ,Ia']=-ila" (a, a', a" cyclic), 

while the I .. and 113° commute: 

[I .. ,/(3°]=0. 

(26) 

(27) 

From (27) and the orthogonality of the B matrix, one 
verifies that 

(28) 

BafJ and I a satisfy the commutation relations 

[B .. 13,J .. ,]=-iBa"f3 (a, a', a" cyclic). (29) 

It is sometimes convenient to introduce the notation 

I .. =Ia'a", (a, a', a" cyclic). 

The momenta p., then take the form 

l (L,.+I,,) 1 (L,, - 1,.) 
p .. = p-1>,.+- - ---+ 

2 q,-q. 2 q,+q. 

where p, is canonically conjugate to q,. 

(30) 

(31) 

The angular momenta can be expressed in terms of 
the rotated variables by 

J rr' = L s(qr•Pr's-qr'sPrs) = qrPr' r- qr•Prr' , 

Lrr•= L .(qsrPsr•-q.,,p .. ) = q,p,,,-q,'Pr'r· 

I t may be remarked that 

I .. +Lra=O when qr=q,. (32) 

This is the analog, in the present problem, of the familiar 
relation that the angular momentum is zero if the radial 
coordinate vanishes. 

The kinetic energy can be expressed in terms of the 

•See J. H. Van Vleck, Revs. Modern Phys. 23, 213 (1951). 
• Exactly analogous relations hold for A ;k, Lm0• Since the 

relations in both spaces are identical, we shall only write ouL one 
set. 
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new variables by using Eqs. (23), (31) , and (29). One 
finds 

[
(I,.+L.,)2 (I .. - L ra)2

] 

t LP ak2 =t L Pr2+l L 
ak T T,8 (q,-q.)2 (q ,+q.)2 

i 1 
- - L.: --(q,p,-q.p.). (33) 

2 r,a q,2-q,2 

The appearance of a term linear in the momenta of 
course means that a weight factor (the part of the 
volume element depending on the q,) has been intro
duced by our transformation of variables. The weight 
factor, g, can be determined by writing the radial part 
of the kinetic energy operator (leaving out the cen
trifugal potential terms) in the form 

One finds 

1 a a 
- t L.: --g-. 

, g aq, aq, 

g= (q12-q22)(q12-qa2)(q22-qa2). (34) 

This weight factor vanishes when two of the qr's are 
equal, and its form makes evident an ambiguity in our 
definition of variables which can be removed by an 
ordering convention, e.g., 

(35) 

Furthermore, bearing in mind that the matrices A, B 
in Eq. (22) have determinant + 1, one sees that it is 
possible to choose qi~ q2~ 0. 

The weight factor can be elimina ted in the usual 
manner by changing the state vector by the relation 

(36) 

The Hamiltonian, considered to act on cf>', is then 

H= Hm .. '+Hint1 

1[ ( (Irs+L,.)
2
- 1 (I,.-Lra)

2
- 1)] 

+ - L.: p,2+t L.: + - - - -
2 T r,a (q,-q.)2 (q,+q.)2 

+tn2 L.: q,2+P-i L.: q,B,aAkrf <pa'w2~x 
r a,k,r axk 

g(211')! 
+ - -b L q,Brc.AkrTa<Tk. (3 7) 

K a,k,r 

The (- l)'s in the centrifugal potential terms resul t 
from the transformation (36). 

Next we apply to H a canonical transformation S 
such that the angular variables contained in A and B 
no longer occur explicitly in the Hamiltonian. Put 
S=S,S~. Then S, should be such that 

(38) 

where Xa stands for Ta or <pa' or 11'a1
, while 

(39) 

where Y k stands for <Tk or Xk. The explicit form of S is 
given in the appendix ; there it is also shown that 

Sla0S-1=la°- L P Bpa (ti/+ t Tp), 

SLk0S-1=Lk0
- L m Amk(lm'+tum). 

Hence from Eqs. (16), (18), (38), and (39): 

Furthermore we see from Eqs. (24) and (40) that 

SlaS-1=[ a-ta'-tTa, 

SLkS-1=Lk-lk'- tuk. 

(40) 

(41) 

(42) 

By taking the S transform of the commutation rela
tions (26), it follows from (42) that Ia- ta'-tTa 
satisfies anomalous commutation relations. This is in 
accordance with the anomalous relations tha t hold for 
I a itself and with the normal relations that hold 
for ta' and for ha· [Note from Eqs. (12) and (24) that 
I a commutes with ta'.] An entirely similar situation 
obtains for L k-lk'-tuk. 

It follows from (41) that the components of isotopic 
and angular momenta in the directions of the rotating 
axes, Tp and h [which are related to Tl, h 0 by the 
analogs of (24)] transform according to 

STaS-1=la; ShS-1=Lk. (43) 

The relations (41) , (43) show that the new variables 
I a

0
, I a represent the components of the total isotopic 

spin vector along the axes of the fixed and rotating 
systems, respectively. They have the properties de
scribed by Eqs. (21) and (25) to (29). Similarly La0, La 
represent the total angular momenta. The total isotopic 
spin and angular momenta are, of course, half-integer 
quantized. 

Applying the S transformation to the Hamiltonian 
(37) we get 

g(27r)i 
H= Hm.,.'+Hint'+--b L q,u,r, 

K 

+t L.: (p,2+n2q,2) + P-i L.: q,f ip/w2 af dx 
T T ax. 

(44) 

We reca!J that the commutation and or thogonality 
relations for the meson fields are given by Eqs. (11) 
and (13) and that the form of t,,' and l,,' isgivenin 
Eqs. (4) and (5). 
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As in the scalar theory, it is possible to eliminate 
entirely the radial oscillator variables p,, q, from the 
H amiltonian (44): define new meson variables 11"a.

11
, 

'Pa." by 

,,_ '+v-tp af 
7ra -?ra I ' a-, 

axa. 
(45) 

Note that no summation over a is implied in the second 
term on the right. Upon using the orthogonality rela
tions (13), it follows that 

(46) 

T he commutation relations are 

[7r ,." (x,t), <p/1 (x',t) J 

[ 
a f (x) a f (x') ] 

= - ioa/3 o(x- x')-Jr1 I:'--- -,-, 
k axk axk 

(47) 

where the prime on the summation over k means that 
the term k=a is to be excluded. Instead of the ortho
gonality relations (13), we now have 

a~{3. (48) 

As a result t .. ", l,.'' still satisfy commutation relations 
of the type (20) . 

In terms of the double-primed variables, H becomes 

H = H mes"+ H int
11 

[
[(I .,- t,.'' - tr.,)+ (L .. - l .. " -tu,.) ] 2- 1 

+l I: 
•.• (q,- q.)2 

[ (I ,.-!,.'' -tr,.)- (Lra-lr.'' -tu.,)] 2-1] 
+ . 

(q,+q.)2 
(49) 

No approximations whatsoever have been made in 
the derivation of Eq. (49). In the usual strong-coupling 
treatment a par ticular choice of the distribution func
tion f is made : the choice f = U, which, in virtue of 
(48), diagonalizes H int"· In comparing (49) with the 
corresponding expression given by Pauli and D ancoff, 
it should be remembered that these authors dropped 
terms, in the course of their calculations, which were 
inessential for their purposes. Thus they omitted the 
contributions of free mesons both in the numerators 
and denominators of the centrifugal potential terms, 
and also the (- l ) 's in the numerators. This is in the 
spirit of a quasi-classically determined self-field: in 
the classical theory a particular solution is obtained in 
which the free meson fields are exactly zero. Nor are 
the ( - l ) 's, arising from the transformation (36) , 
present in the classical treatment. 6 

APPENDIX 

The S Transformation 

We wish to construct S=SSa such that the relations 
(38) 1 (39) hold true. we give the derivation of s T; s a 

is found in an entirely similar way. 
For this purpose it is easiest to write down B,.13 

explicitly in terms of Euler angles e, cp, Y,: 

[ 

cosO coscp cosY,-sincp sinY, cosO sincp cosif+coscp sinY, 
Ba13= - cosO coscp sinY,- sincp cosY, -cosO sincp sinY,+coscp cosY, 

sine coscp sine sincp 

- sine cosY,l 
sine sinY, . 

cosO 

Introducing the abbreviation ' 

Ya.=t,.'+!ra, 

one readily veri1ies that the desired S, is given by 

D enote by P 8 the conjugate toe, etc. Then 

COS<p 
! 1°= -sin\OPe+--(P.,, - cosOP "'), 

sine 

sinip 
I 2°= coscpPo+--(P .,,-cosOP "'), 

sine 
I a0 = P"'. 

Now 

SPeS-1= Pr (y1 sinY,+y2 cosY,), 

SP y;S-1=P "'- (- y1 sine cosif+Y2 sine sinif+Ya cosO), 

SP,,,S-1=P"1-ya. 

From these relations one immediately obtains the first 
of Eqs. (40) . 

6 It may be pointed out that in the WKB treatment of the 
radial Schrodinger equation it is also necessary to add a fictitious 
centrifugal potential l / (4r2) which changes 1(1+ 1) to (l+t)2. A 
similar argument, based on the WKB approximation, applies in 
the present case. 
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