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i : Dr. Abraham Pais

Dr. Pais was born in Amsterdam on May 19, 1918. He obtained
his Doctor's Degree at the University of Utrecht in 1941. During the
years of the occupation, he continued to work under conditions of great
difficulty, and the year after the war he was an assistant at the Insti-
tute of Theoretical Physics in Copenhagen. In the fall of 1946, Dr. Pais
came to the Institute for Advanced Study.,

The record of Dr. Pais!' work in the last decade is almost a
history of the efforts to clarify our understanding of basic atomic theory
and of the nature of elementary particles. Pais first proposed the compensa-
tion theories of elementary particles, and much of his work has been devoted
to exploring the success and limitations of these theories, and indicating
the radical character of the revisions which will be needed before they can
successfully describe the sub-atomic world. Pais has made important contri-
butions to nuclear theory and to electrodynamics. He is one of the few
young theoretical physicists who within the last decade have enriched our

understanding of physics.

Statement prepared by J. R. Oppenheimer
Enclosure: Bibliography of papers by Dr. FPais
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PUBLICATIONS OF ABRAHAM PAIS

The energy momentum tensor in projective relativity theory, Physica 8 (1941),
1137-1160.

Projective theory of meson fields and electromagnetic properties of atomic
nuclei, Utrecht, 1941 (Thesis).

Meson fields in projective space, Physica 9 (1942), 267-28l.

On the electric charge current density of a nuclear system, Physica 9 (1942),

On the photo disintegration of the deuteron, Proc. Copenhagen Acad. 20 (19L3),
No. 17.

Lifetime of the neutrsl meson, Nature 156 (1945), 715-716.
On the theory of the electron and the nucleon, Phys. Rev. 68 (1945), 227-228,

(With L.J.F. Broer) Note on the theory of vector wave fields, Proc. Amsterdam
Acad. L8 (29L6), 190.

On the scattering of fast neutrons by protons, Proc. Camb. Phil. Soc. L2

(19L6) 5 L5-5Sk.
On the self-energy of mesons, Physica 12 (1946), 81-96.
(With L. Hulthen) On proton-neutron scattering, Phys. Rev.

On the theory of elementary particles, Verhandelingen Kon. Ned. Ac.v.
Wetenschappen Amsterdam (With C. Méller)

On the possible existence of mass spectra of elementary particles, Proc.
Phys. Soc. London.

Developments in the theory of the electron (1948) U5 pp., pub. of IAS and
P. Univ., Princeton Univ., Press (Out of print).

(By AP and S.T. Epstein) Note on relativistic properties of self-energies,
Revs. Mod. Phys. 21 (19L49), LL5-LlL6.

(By AP and K.ii. Case) On spin-orbit interactions and nucleon-nucleon scatter-
ing, Phys. Rev. 80 (1950), p. 203-211.

(By AP and G.E. Uhlenbeck) On Field Theories with Non-Localized Action,
Physical Review, Vol. 79, No. 1, 1L5-165, July 1, 1950.

(By AP and K.M. Case) On High Energy Nucleon-Nucleon Scattering, Physical
Review, Vol. 79, No. 1, 185, July 1, 1950.
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November 7, 1963

Mrs. Verna Hopsin

Director's Office

Institute for Advanced Study
Princeton, New Jersey

Dear Mrs. Hopsin:

Professor Pais of the Rockefeller Institute suggested we write you with
regard to his reprint order for 100 copies of his article which will appear
in our publication "Baumrin, PHILOSOPHY OF SCIENCE, VOLUME 2" to be published
early in 196k4.

To avoid confusion at the time of invoicing we would appreciate your confirmation
of this order and an early reply would be appreciated. The order for 100 reprints
will amount to $215.00 plus postage for a 28 page article. The invoice will not
be issued until the reprints have been mailed.

You may call me callect if you wish.
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THE ROCKEFELLER INSTITUTE

A Graduate University and Research Center

NEW YORK 21, NEW YORK

February 17, 1964

Mrs. V. Hobson

Physics Department
Institute for Advanced Study
Princeton, New Jersey

Dear Mrs., Hobson,

Dr. Pais has just received the reprints of his paper "The
Structure of Matter" and would like to know how many reprints
you would like to have for the Institute for Advanced Study.

Sincerely yours,

=

( Miss) Dominique Lehner
Secretary to Dr. Pais
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Reprinted from
JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 3,

Printedin USA.

NUMBER 6 NOVEMBER-DECEMBER 1962

On Spinors in # Dimensions*

ABrAHAM Paist

Brookhaven National Laboratory, Upton, Long Island, New York
(Received June 29, 1962)

The matrix which enters in the charge conjugation transformation of the usual spinors in 4-space
is an invariant matrix and is skew symmetric. It is shown that there exists such an invariant matrix '
for any number of dimensions (and independent of the number of time like dimensions). Its symmetry
properties depend on the dimension number n modulo 8. With the help of the € matrix one can con-

struct, forn =

1, 2, 7, 8 mod 8, an n-dimensional invariant bilinear in the components of a single

n-dimensional spinor. Some examples are given for n = 2, 3, 7. A bilinear baryon invariant is formed
for a theory with high symmetry. Its existence is closely related to the triality property of 8-space.

I. INTRODUCTION

PINORS ¥ in n dimensions are multicomponent
objects which transform in a specific way [see
Eqgs. (13) and (18) below] under transformations
which leave invariant a quadratic form E" =
2. &X? where ¢, = 1. The signature of E"
[given by (n — m) + m, where m is the number of
minus signs or time like dimensions in E"] will be
immaterial unless otherwise stated. For n = 2» or
2y + 1, ¥ has 2" spinor components. In general
each component may be a function of the X,. In
this note we shall only be concerned with the case
that there is no such dependence (constant spinors).
We call Dirac matrices in £" a set of n matrices

I',,a =1, -+, n which satisfy
I‘¢]“3+I‘BI‘,, =25ﬂﬂ'1, Ct,,8= 1,"'  n, (1)
where [ is the unit matrix. For n = 2v and 2v + 1

these relations can be satisfied by I's which are
2" X 2’ matrices.

It is well known' that the T', can be expressed as
direct products (also called Kronecker products or
tensor products) of the Pauli spin matrices

a,z[‘”], a.=[°""J, a,=[1 °J~ @
10 ¢ X} 0 —1

This is quite familiar in the case n = 4 where, for
example, we can take

T (1) L AD (2)
I‘:l_'o'z XO’,,I';:,—U', XO',,,

s = o’ X a:z), B0 b (3)

The superscripts (1), (2) refer to two distinet sets
of Pauli matrices and the notation X denotes direct

* Work supported, in part, by the U. S. Atomic Energy
Commission. n

t Permanent address: The Institute for Advanced Study,
Princeton, New Jersey.

1 R. Brauer and H. Weyl, Am. J. Math. 57, 447 (1935).

product. For example to get T, first write down a
matrix o,, but consider its elements as 2 X 2 null
and unit matrices, respectively. Next multiply each
of these four matrices by the 2 X 2 matrix ¥,

so that

0 0 0 —i
r, = 0 0 2z 0_

0 —z2 0 0

1 00 0

The direct multiplication process can be repeated.
For example to obtain T, X ¢, consider the ele-
ments 0 and =7 of T, as 2 X 2 null matrices and
=47 times 2 X 2 unit matrices, respectively, and
multiply each of these matrices with ¢,. For n = 2»
or 2y - 1 we shall need direct products of » matrices
of the kinds ¢(”, ¢{”, ¢!, 17, i = 1,
where 1‘” is the 7th 2 X 2 unit matrix.

This construetion procedure for Dirac matrices
makes it considerably simpler to derive and under-
stand some results due to Cartan.®* In his book on
spinors a more geometrical reasoning is used which, I
believe, makes the derivations for general n unduly
cumbersome. There are several interesting theorems
on bilinear spinor covariants which depend in a non-
trivial way on n modulo 8. These can all be obtained
by asking, in the language of the physicists, the
following question. What is the n-dimensional
generalization of the familiar charge conjugation
matrix C?

Briefly, C is a unitary, skew symmetric matrix
and is invariant under the full Lorentz group.®
In any given representation, C considered as a
unitary transformation sends any of the n Dirac

=L

* E. Cartan, Lecons sur la theorie des spineurs (Hermann
gng Cae, Paris, 1938), 2 vols. Actualités Scientifiques, Nos.
43, 701.
3 For a discussion of the properties of C, see e. g., A. Pais
and R. Jost, Phys. Rev. 87, 871 (1952),
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matrices into its transposed. In the next section
we construct a unitary and invariant matrix C for
any dimension. The interesting thing is the way the
symmetry of ' depends on the dimension number,
see Eqgs. (9) and (25) below. In Sec. III we give
some illustrations for two-, three-, and seven-di-
mensional rotation groups.

ABRAHAM PAIS

II. THE C MATRIX

(A) Even Dimensions, E”

Lemma. There exists a representation in which
all T', are Hermitian, half of them are symmetric
(real), the other half antisymmetric (imaginary).

One way of achieving this is as follows:

P]_ — A,,
Ju. (r=—m+1) (r—m+2) oy (»)
P2m Ar*mxa’n Xl X Xl f] m=1,"',!f_1 (4)
Woneny = By M0 LG VOmWD S8 e e 19
T, el LS
where Eq. (10) so that
A==l Hotms D Dewirerit il (5) Gt = R8I (12)
For n = 2 this reduces to Eq. (3). It is easy to see It follows that €’ again satisfies Hqs. (8) and (9).

that Eq. (1) is satisfied. As the ¢'s are Hermitian,
so are the I''s. Furthermore

I‘;a-l o P2a—1: I‘S‘Bu = _FEQ; (6)

where ¢ denotes transposition. Equation (6) is true
because the transposed of a direct product equals
the direct product of the transposed factors.

We now define the “charge conjugation matrix”
C by

C = H Thise (7
C has three main properties. First,
o= (®)
Secondly, from Egs. (1) and (6)
C' = (=1)"?""C=¢C, »=0, 1mod4, ©)
—C, »=2, 3mod4.

Finally, it follows from Eqgs. (1) and (7) that CT, =

(—1)""*T,C where ¢ = 0(1) for « = even (odd).
Hence using Eq. (6)
C0, 0BG, (10)

Thus for » = 2, Egs. (8), (9), and (10) show that ¢
has the familiar properties.”

Next consider the behavior of C under the follow-
ing kinds of transformations.

(a) Change of T Representaiion
BE=NSERIS: (11)

The corresponding C' is defined so as to preserve

(b) Invariance of C under Rotations

An infinitesimal rotation on the 2"-component
spinor W is given by

Wi= 8, 8=l Fe T T, (13)

€og = = Eap

Under this specific S-transformation ' = C; from
Eqgs. (10) and (12). Note that the reality properties of
€.. do not enter the discussion here, so that these
results are independent of the signature of the
metric.

(¢) Invariance of C under Reflections

At this point it is helpful to introduce the generali-
zation of the customary v; matrix, namely,

Tay = (—2) Izj: 1ELL (14)

In the special representation of Egs. (4) and (5)
we have

112 = 0_(1} oy [Is—l 0 ]
0 —Irfl

where I,_, is the 2" '-dimensional unit matrix. Thus
(16)
while from Egs. (6), (10), and (14) we obtain

COls,.y = (=10 (17)

Consider the coordinate reflectionin E*" : X /= — X,
X=Xy 8 a,a=10r2 -:- or 2y. There is an
ambiguity in the definition of the behavior of ¥

(15)

t
Ty = Issia,
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under reflections. We may put

¥ = S.7, Se = 1T Tou1. (18)

With this choice, C is also invariant under reflections,
as follows from Eqgs. (12) and (17). Thus Eqgs. (8),
(9), and (10) are invariant and independent of the
choice of representation.

Bilinear covariants. We have at once that the
quantity 7, defined by

T = ¥'Cy, (19)

is a scalar with respect to the full n-dimensional
rotation group (i.e., including reflections). For
T = ¥'S'CS¥ = T. However, it is evident that

T = 0if* ¢' = —C. Therefore
T=£0 if »=0,1mod4, (20)
that is, in 2, §, dimensions. The exten-

sion to tensors of higher rank is trivial. Thus
¥'C(Z %= T,, --- I,,)¥isa tensor’ of rank p which is
Z0forv(v — 1) + 2p(r+ 1) + p(p — 1) = O mod 4.
In particular, for p = 2» we get a nonvanishing
“pseudoscalar’ for »(» 4+ 1) = 0 mod 4.

Bilinear covariants excluding reflections. It follows
from Eq. (15) that in the special representation Eq.
(14) the quantities

W = [(1 =+ Ta,00)/2]1W

have, in general, 2"~ nonvanishing components.
These are the so-called semispinors of first and
second kind. Define

T. = V.C¥..

(21)

(22)

These are scalars with respect to the restricted group
where reflections are excluded. From Eqgs. (16) and
(17), T, # 0 for » = 0 mod 4. Likewise T. =
ViIC¥. £ 0 for » = 1 mod 4. The construction of
higher rank tensors in terms of semi-spinors is
obvious.

(B) Odd Dimensions, E***'

According to Eq. (15), T's,., = 1, and furthermore
T;,.: anticommutes with all T, @ = 1, --+ , 22
For 2v + 1 dimensions a representation of the Dirac
matrices is therefore given by Eqgs. (4) and (15).
Define

r+1

=iy

a=1

(23)

4 The components of ¥ are supposed to commute.
¥ £ + denotes the alternating sum over permutations of
i b

1137
One has
c'c=1, (24)
Cl - ('—1)“/2]“"-”0, (25)
Cry = (=1)'T.C. (26)

The transformation Eq. (12) holds true here too.
So does the invariance of C' under rotations. We
need not consider reflections. We have

T =v¥'C¥ #£0, v = 0, 3 mod 4, (27)

and of course T is a scalar. Tensors of higher rank
are discussed as under (A).

Expressions like Eqs. (19), (22), and (27) can of
course be generalized to ®'C¥, where ®, ¥ are two
distinet spinors. For ® # ¥ the corresponding
scalars and other covariants clearly are in general
nonzero for any dimension.

III. APPLICATIONS

(1) For orientation, consider the familiar instance
n = 3. We are in case (B), » = 1 and according to
the recipe of Eq. 4), I}, = 0., I = o,, T3 = o,
so from Eq. (23), C = —io,. Consider two spinors
@' = [a(1), B(1)] and ¥* = [a(2), B(2)]. « and B
denote the eigenstates for spin up and down, re-
spectively. The “arguments’” 1 and 2 simply denote
that we deal with two distinct spinors. The scalar
®'C¥ = —a(1)B(2) + «(2)8(1). This is of course
the two-particle singlet state. Now put “1 = 2,
that is, take the scalar ®'C®. This vanishes identi-
cally.

Thus Eqgs. (20) and (27) say that only for di-
mensions n = 1, 2, 7, 8 mod 8 is it possible to form
a nonvanishing singlet state bilinear in one single
spinor.

(2) As the simplest example for a nonvanishing
invariant take n = 2. We have case (A), » = 1.
Thus I', = ¢, I's = 7,, C = g.. Therefore ®'C¥ =
a(1)B(2) + «(2)8(1). This quantity is indeed a
scalar for rotations in the zy plane, as it is the z
component of the spin Il-vector in 3-space. And
&'C'® indeed does not vanish.

(3) A less trivial example of a nonzero scalar is
provided by the seven-dimensional charge space
formalism of baryon meson interactions.® Here the
coupling ¥T,¥®, is considered with

e reaes A | AR

‘I!'=(,n.:,_,_u
B e V2

=) @9

& First given by J. Tiomno, Nuovo cimento 6, 69 (1957).
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@:(K_+K+ K —kK R+K
H vﬁ : | ‘iﬁ ’ _\/E b
R—-K 7+ = —a = ) (29)
ST B Sae
P = o_“.) X 0_(2) X 1(3) a_(l) X D_(Q) x 1(3)
B z v ’ x v 3
e X o X 19, oD X 1?9 X 19,
0_:1) X 1(2) X 0_1(3), O'Sl) X 1(2) X 0_53),
T e R, (30)

T is an 8-component spinor with respect to charge
space. Hach of its components is a 4-spinor with
respect to Lorentz space. We shall denote by
Y., A = 1, 2, 3 or 4 the four quantities obtained by
taking the same Ath Lorentz space component of
each charge space component. Each ¥, transforms
as a spinor under the seven-dimensional rotation
group.

The T representation of Eq. (30) is not like Eqgs.
(4) and (15) but it does satisfy Egs. (6) and (16).
We can therefore apply the formalism of case (B)
with » = 3. Thus € = —1¥ X ¢ X ¢. Define
TA B by

T“, = ‘I’LC‘PB = AsAp
— (2125 + =02} + Z3=Z3)
— (paEr — n4Ep) — (Hips — Eimg).  (31)

Forall A, B =1, --- , 4, T4 is a nonvanishing
sealar with respect to the 7-group. The same is true
for Typ = ¥,CTp.

T 45 is of course also a scalar with respect to any
subgroup of the 7-group, but then it breaks up in
separate parts invariant with respect to that sub-
group. An obvious example is the isotopic spin with
respect to which 7,5 clearly consists of four addi-
tive scalar parts. A less trivial case is the exceptional
group G2 with respect to which A Az and
Tip — AsAp are separate scalars. For example the
finite angle rotations of G2 explicitly given by
Behrends and Sirlin” are seen to leave Ay Ap and
Taiz — A4 Ap separately invariant.

There begins to emerge a certain three-way
equivalence for the baryon, the antibaryon (each in
a given spin state) and the meson. For each there
exists a bilinear invariant, namely, 7.4, T.s and
¢> = KK + KK + =, respectively. Let us intro-
duce an additional meson state ¢ with zero spin
and hypercharge which forms an octet with = and

7 R. Behrends and A. Sirlin, Phys. Rev. 121, 324 (1961),
Table 1.

ABRAHAM PAIS

K. Now all three quantities are 8-component. The
structures now before us are just the ones which
play a role in the principle of triality,® unique for
dimension eight. Briefly stated, triality is a certain
substitutional invariance (involving the alternating
group on three things) between vectors, semi-
spinors of the first kind and semispinors of the
second kind in an 8-space which leaves invariant a
trilinear form. In our case this form is ¥I',¥¢, +
¥¥g. Note that such a substitutional invariance is
conceivable only in an 8-space, because only for
that dimension do vectors and semispinors of either
kind all have the same number of components.
Triality invariance is very closely connected with
the octonion formulation of interactions given else-
where.® If applicable, the principle of triality would
state that the baryon, the antibaryon and the meson
have identical properties of higher symmetry and
that the interaction should be such that these
three objects are interchangeable (with respect
to their intrinsic symmetries) as is the case for
their trilinear invariant. In all this we have not
insisted on the spatial transformation properties
such as the spin zero character of the meson.

In all the foregoing, the signature of the metric
played no role. This only enters when we have to
consider simultaneously a spinor and its adjoint.
Let the directions h, k, --- be timelike. Then the
adjoint of ¥ is ¥ = ¥'I,T, --- .

It is well known that familiar charge conjugation
can only be formulated consistently in a quantized
theory. Likewise the desired change of sign of the
4-current is also closely related to the 3 + 1 sig-
nature of the metrie.

Consider as a last example a 7-space with sig-
nature 6 -+ 1. Let “4” be the timelike direction.
Form the current ¥T,¥, ¥ = ¥'T,. Perform now a
charge conjugation ¥' = C7'¥‘. Taking the adjoint
of this gives ¥/ = —¥'C. [We are in case (B) with
v = 3.] Note how this minus sign is closely con-
nected with the oddness of the number of timelike
directions. Now let ¥ and ¥ anticommute. Then
(¥1,¥)" = —(IT,T).

This property is isomorphic to G conjugation.
This is seen as follows. A representation of the T,
is provided by T, = v, 0 = 14, T'5.5,7 = ¥s571.2.5-
Here the v, are the usual four Diraec matrices and
7; is the isotopic spin vector. Take v; and +; real,
v and v, imaginary, and apply the general formulas.
This gives C; = v1ys- —tr, = C4- —ire. C; is the
over-all charge conjugation matrix, C, is the corre-

8 Reference 2, Vol. 2, p. 53.
9 A. Pais, Phys. Rev. Letters 7, 201 (1961).
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sponding matrix for Lorentz space. Thus C; is the
G-conjugation operator. The 1-4 components of
YT,V are the baryon current and the 5-7 com-
ponents are the w-meson source. Together, these
form a vector in a 7-space.

The enlarged current structure is just due to the
fact that = is pseudoscalar.® If we use the I's of

18 However, a scalar o with scalar coupling would also be
odd under G.

nn DIMENSIONS 1139
Eq. (30) and denote them now as T'Y’ we get again
such a structure, namely, T, = (y,, vsI'Y’). The
T, again satisfy Eq. (1) and ¥T',¥ is again a vector,
just because 7 and K are pseudoscalar. This current
consists of baryon current, = and K sources. There
exists a corresponding conjugation, enlarging G
conjugation (with K — —K) just as G conjugation
enlarges charge conjugation. It would be interesting
if, along with the enlarged conjugation one could
also enlarge the gauge principle.
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Correlations Between Cusps in Differential Cross Sections and in Polarizations

M. Nauenberg and A. Pais

Institute for Advanced Study, Princeton, New Jersey

Abstract

Experiments have shown that partial waves with £ > 1 appear in
m +p— A+ K at the TK-thresholds. This necessitates 2 reconsideration of
the criteria sufficient to determine the ZTA-parity P(ZA) by the method of cusps.
In this paper we start from the usual assumption that contributions which show a
cusp in either the differential cross section or the polarization may be ignored
beyond some optimal power in cos 6. On this sole basis previously stated
criteria are rendered inadegquate due to the occurrence of Minami and other
ambiguities. It is shown that under suitable circumstances there exist un-
ambiguous correlations between certain properties of cross section cusps and
of pclarization cusps. These correlations could possibly be of use to
determine P(ZA) and give inforrnation as to which states contribute
significantly to the AK production at ~ 900 Mev. The finite separation between
=°K°- and E-K+-thresholds is taken into account. The results are summarized

in a table of cusp properties.
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On Spinors in n Dimensions

Abraham Pais iz

Brookhaven National Laboratory, Upton, New York

Abstract

The matrix which enters in the charge conjugatibn transformation of the
usual spinors in 4-space is an invariant matrix and is skew symmetric. It is
shown that there exists such an invariant matrix C for any number of dimensions
(and independent of the number of time like dimensions). Its symmetry properties
depend on the dimension number n modulo 8. With the help of the C matrix one
can construct, forn=1, 2, 7, 8 mod 8 an n-dimensional invariant bilinear in
the components of a single n-dimensional spinor. Some examples are given for
n=2, 3, 7. A bilinear baryon invariant is formed for a theory with high symmetry.

Its existence is closely related to the triality property of 8-space.

b
Work supported, in part, by the U. S. Atomic Energy Commission
+
Permanent address, The Institute for Advanced Study, Princeton, New Jersey
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950 31.80 48.50 72.00 110.00 128.30 153.30 188.30 224,70 243.20

1000 32.50 49.90 74.20 113.60 132.60 158.40 194.80 232.70 251.80
Additional 50’s
over 1000 70 1.30 2.00 3.30 3.90 4.50 5.80 7.10 7.60

NOTE: These prices are for reprints in the regular size and format of the journals. They can be furnished stapled and trimmed or unstapled and
untrimmed. Reprints can be furnished in a one-column format, provided tables and figures permit, and in such cases the number of pages in the
finished reprint determines the cost. Any deviation in size or format will be charged for, and the amount of such charge will depend on the additional
printing cost incurred.

PRICE LIST FOR COVERS
(Supplied in lots of 50 only, but with a minimum of 100)

Number of Covers | For 1 or 2 page | For 3 or more
Supplied reprints* page reprints

100 (Minimum) 12.60 10.00
150 15.60 11.70
200 18.60 13.40
250 21.60 15.10
300 24.60 16.80
350 27.60 18.50
400 30.60 20.20 *Prices for covering re-
450 33.60 21.90 prints of articles 1 or 2
500 36.60 23.60 pages in length are
550 39.50 25.20 higher than for longer
600 42.40 26.80 articles because more
650 45.30 28.40 hand work is required in
700 48.20 30.00 the binding process
750 51.10 31.60
800 54.00 33.20
850 56.90 34.80
900 59.80 36.40
950 62.70 38.00

1000 65.60 39.60

Additional 50’s 2.80 1.50

SPECIAL COVERS: Any deviation from the regular reprint cover, whether by
addition to or deletion from, constitutes a special cover. An additional charge,
depending on the number of changes made, will be added to the regular cover price.
Special covers will be furnished in the regular cover stock of the journal unless
requested otherwise.
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19 April 195k

Dear Miss Alexander:

Herewith I submit to you for publicatien in the
Proceedings of the National Academy of Sclences a manu-
script by Dre. A. Pais entitled "On the Program of a
Systematization of Pariicles and Interactions.” The
estimated length of this paper is aboul eight pages, plus
one page of footnotes. Please bill Dr. A, Pals, Institute
for Advanced Study, Princeton, ll.J.s; for the space above
the five-page limit. Would you also be good enough to
correspond directly with him concerning all practical
matters such as galley proofs and reprints.

Sincerely yours,

Reobert Oppenheimer

Proceedings of the 3 :
National Academy of Sciences

Universily of Chicago Press

5750 Ellis Averme

Chicago 37, Illinois

Attention: WMiss Mary D. Alexander
enclosure

Copy sent te Prof. Pais
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5750 ELLIS AV

¢f Clhicago Press
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[

July 6, 1954

Mr. J. Robert Oppenheimer

The Institute for Advanced Study

Princeton, New Jersey

Dear Mr. Oppenheimer:

This will acknowledge with thanks receipt of the paper
"Spherical spinors in a euclidean 4-space" by A. Pais.

This paper is scheduled for publication in the

September 1954 Proceedings of the National Academy of

Sciences.
Sincerely yours,
1

Mary Alexander
Production Editor

eh
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Copy:

29 June 1954

The Proceedings of the
National Academy of Sciences
University of Chicago Press
5750 Ellis Avenue
Chicago 37, Illinois
Attention: MMiss Mary D, Alexander

Gentlemen:

I am sumitting herewith a note by
Professor A. Pais of the Ipstitute for Advanced
Study for publication in the Proceedings of the
National Academy of Sciences. Further corres-
pondence mey be addressed to Professor Pais at
this address.

Sincerely yuui's,

Robert Oppenheimer

Prof, Pais
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Merrie Mitchell called to say that she had
been in touch with Prof. Pais, and he had
asked if you would be willing to write a
covering letter and send it to Merrie for

mailing. (She has to add instructions to the
printer).
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PROGR

Princeton, NJ, U

§"OF THEORETICAL PHYSICS

Publication Office
Yukawa Hall, Kyoto University
Kyoto, Japan

INVOICE

7

—

No. e 7

Dae;February 10, 1954

Toa Ref :
DI’ - A . ?815
The Institute for bn Bttt ikt
Advenced Study .
Princeton, N.J., U.S.A.
DESCRIPTION : 'QUANTITYi UNIT PRICE ‘ AMOUNT REMARKS
Pepr rts, Vol. 10 No. b, Prog.
Theor. Phys.: "On the Baryon-
meson-photon System, pp.457-
hxs -hba 300 $0.13  $39.00
S04t M 41 20 4RI I AR S S ¥“u~%ﬁrﬁ=**ﬁ*%%hh%%%%m*
|
K. Okumura wﬁ‘
Sscretary &ﬁ X '
A &
TOTAL: \f-ﬂ‘ UUL\ $39.00
BALANCE:

IMPORTANT : Please send checks on banks in dollars or pounds, or UNESCO Book Coupons,

Avoid sending currency.
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B L

INSTITUTE FOR ADVANCED STUDY
PRINCETON, NEW JERSEY

REQUISITION FOR PAYMENT

Payto...Charles W. Hubbell

Address .. hawrenceville Bed, PRIADCEION.,. Mo din. oo o i e
=

Approved by (SIENABRIEY ... 1.1 icirisilisisinisaminismtossebs it osdies ol s oo i s s et b s ronsoganss [ AR DORENE 3-"00

To be charged to ol RN SN R TR ks S e

In payment of (Itemize)

Prepvare 2 graphs for publicetion for
Dr. Pais, per instructions of Miss Huddleson,--

2 1/2 hre at $2.00 per hr. $5.00

ek D .o SR A Bt O v BT B st O
Extensions Chkd ...3M ... Etered BY ..o asi ol
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INSTITUTE FOR ADVANCED STUDY
PRINCETON, NEW JERSEY

REQUISITION FOR PAYMENT

Pay to ... o . v Dr, V. J, Beekman, Treaswrer . TN 2 0. I 01 4
S ... Foundation Physica, Bijlhouwerstraat 6, Usrecht, The Netherlands.
Approved by (Signature) ... A 0061t CU LT LARE oo . Amount® Dutch F1.178,64
To be charged to .............. e RN S R . R Sl N Y Y I

In payment of (Itemize)

Please issus bapl: transfer for payment in Florins for the above
sum, to cover 350 (of which 50 are free) reprints of Dr. Pais'

paper, Isotopic spim and mass guantizatiom; original statement
attached.
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_____ STICHTING PHYSICA
Bijkantoor Utrecht *
(Postrekening 2900 ta.y. UTRECHT, December Sth, 1953,
Amsterd. Bank, Utrecht) Bijlhouwerstraat 6

Telefoon K 3400-15901

No. Phe=63
Rekening voor HI‘A,P&!.SQ Institute for Mmendﬁtudy.,. .......................................

Pais, A, - Isctopic spin and mass quantintion l
(Physieca, XIX, no. 9)

50 free reprinis for author
300 extra reprints (20 pages)

6000 pages & 2 cent £, 120

20 pages & £, 2,50 " ;
Author's correction “

Postage " é

Total: Duteh florins | f% 178,

| After receipt of your cheque - made p 'ablb $o0 1
Ireasurer Foundation Physica, Bijlhouwerstrsat &, U
The Netherlends < the reprints will be sent to you. |
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AMERICAN INSTITUTE OF PHYSICS Publishers of
Incorporat e THE PHYSICAL REVIEW
57 EAST 55 STREET, NEW YORK 22, N. Y. REVIHWS GE MUBEEN R
CABLE ADDRESS: “AMPHYSICS” TELEPHONE: ELDORADO 5-5850 JOURNAL OF THE OPTICAL SOCIETY OF AMERICA
’ THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA
October 23; 1952

AMERICAN JOURNAL OF PHYSICS
THE REVIEW OF SCIENTIFIC INSTRUMENTS
THE JOURNAL OF CHEMICAL PHYSICS
JOURNAL OF APPLIED PHYSICS
PHYSICS TODAY

Institute for Advanced Study
Dirvector's Cffice o
Princeton, New Jersey _ g TO THI \UMBE _ g RS89

Article by A, Pais and R, Jos£ in the September 1, 1952 issue: PHYSICAL
REVIEW

250 reprints, 5-8 pages (first 100 given free in consideration of the
publication charge) $8,30

50 covers, regular 5e25

)
o - ¥ .
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AMERICAN INSTITUTE OF PHYSICS Publishers of
Incorporated THE PHYSICAL REVIEW
57 EAST 55 STREET, NEW YORK 22, N. Y. REVIEWS OF MODERN PHYSICS
CABLE ADDRESS: “AMPHYSICS" TELEPHONE: ELDORADO 5-5850 JOURNAL OF THE OPTICAL SOCIETY OF AMERICA

THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA
Septenber 18, 1252 AMERICAN JOURNAL OF PHYSICS
THE REVIEW OF SCIENTIFIC INSTRUMENTS
THE JOURNAL OF CHEMICAL PHYSICS
JOURNAL OF APPLIED PHYSICS
PHYSICS TODAY

The Institute for Advanced Study
Princeton,
New Jersey

Toward the cost of publication at $15.00 per page,

Article:  gglestion Fules Imposed by Charge Conjugation and Charge Symmetry.
Author:  pais and Jost |
Published in:  pHYSIGAL REVIEW

Issue: gaptenber 1, 1952

Pages:g71 - 875

S pages @ $15.00 per page $75.00

. /g
j Foe = z /

I 20 7 27 A e~
J /f 5 _/ébi:?;/ ' ./aﬂf{é&,b«"/wﬁv

z S
7/5277
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August 27, 1952

Dear Misg Kelders

Thank you for your letter of August 25th to Dr. Res Jost,
whigh has come to my attention, Both Dr. Pais and Dr. Jost are abroad;
and sinee they will not return to the Institute for some weeks; I am
taking the liberty of handling the order for reprints,

7 The reprints order forms are usually sent in to the
Ameriecan Institute from our office. It may have been a slip up that
none was sent in for the Pais-Jost paper. Dut without question, the
order can be filled as stated by Dr, Pais. I am therefore sending
the enclosed form which I have completed in their absence and with
the approval of our offiee. I hope this will straighten out the matter.

Sineerely yours,

Kztherine Russell
Seecretary to the Director

Mise Diane M. Kelder
Ameriean Institute of Physics
€7 East 55th ct.

New York 22-, N. .
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CABLE "AMPHYSICS"

AMERICAN INSTITUTE OF PHYSICS

57 East 55 Street, New York 22, N. Y. e ELdorado 5-5850

August 25, 1952

Mr, R. Jost

Institute for Advanced Study
Princeton University
Princeton, N.J.

Dear Sir:

With reference to your article "Selection Rules Imposed by Charge
Conjugation and Charge Symmetry" appearing in the Septem-

ber 1lst issue of the PHYSICAL REVIEW, we have received comm-
unication from Dr. Pais ordering 250 reprints (200 without and

50 with covers) and stating that the Institute at Princeton
would pay the publication per page charge.

I am therefore enclosing order forms, as we have not yet
received same from Dr. Pais. I should appreciate your re-
turning them with the necessary information, which I am sure
will corroborate Dr. Pais's Statement.

Thank you.

Very truly yours,

a Y LT

Diane M. Kelder

Member Societies: American Physical Society ® Optical Society of America * Acoustical Society of America * Society of Rheology * American Assn. of Physics Teachers
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T e FORM A352
' Fill out the order blank below if your institution WILL

l honor a publication charge of $15.00 per page for your article.

Order for Reprints and Covers

Return this form to:

AMERICAN INSTITUTE OF PHYSICS PHYSICAL REVIEW
o LT bt 3 0oy P o WS e (e T R e SR T L RS T 5 IR i s B = U e B O o o L AL
Moy Tk &2 Nenpias Issue. ... Sepbember. 1, 1952 ... ............ ot =

Title of Article. . .. "Seleetion Rules Tmposed by Charge Conjugation and Charge Symmetry®
ATEhOT, i e Pln BA R 008 ... ... B e e e

I shall authorize the payment of $15.00 per page in support of the publication of this article. It is my understanding
that 100 reprints without covers will be furnished free of charge to this institution.

.The Institute fox Advameed Study....... ... ... ?M : 44' Yy
Institution and Department Signatfre of Department Head or Authorized Agent

Space is provided below for two individual orders for this article. (Additional orders may be appended.) If no reprints are desired, please so in-
dicate. The cost of the total number of reprints and of covers will be divided between orders in proportion to the number of each in each order.

Please list the 100 free reprints with whichever order they should be included. If they are not specifically indicated, they will be sent to the
address given in Order 1.

Order 1 Order 2
Number of reprints wanted: Number of reprints wanted:
Without covers .......... A - - S i3 R e P W IEHOUTIEOVETE 1> o More s oot 0l S EEMRE )
With regular journal covers. .. ... - AP O s With regular journal covers. .. ......................
With special covers (copy enclosed). . ................ With special covers (copy enclosed). . ................
Total TePHDIS s s sleies s & n o S el s BOtANIEDEINTS: & o m s v = 2cioin = siis ol s srolinohtats mnte
Return [] original drawings Return [] original drawings
Send [J complimentary copy of issue (one per author) Send [] complimentary copy of issue (one per author)
SHIP T0z, 5o Director's Offise. ............... SHAB Oz e i e e e o
............. Institute for Advaneed. SBudy..... [l ... oo i ittt e
............. FRRRSON, B i .o b St s e e e ) e e e e
BILL TO:....Directorfs .Office.................. BALTTREL [ O, Gl TRt el e N L e e S
............. i B - SRR R L S
............. TR e o e | S T e L RS e MR ST

This form with its attachments covers all requirements for reprints of this article. Type may be destroyed when this
order has been filled.

)% Avgal vy 9. o WW%@&%
Date Signature of Author
2y A f =

PRICE LIST FOR REPRINTS* PRICE LIST FOR COVERS*

REGULAR JOURNAL COVERS:
PAGES PAGES PAGES PAGES PAGES PAGES PAGES PAGES .
1-4 5-8 | 9-12 | 13-16 | 17-20 | 21-24 | 25-28 | 29-32 50 regular journal covers $5.25
Additional 50's 1.75

First 100 reprints given to institutiqu in considerat_ion of payment of publ'ica:cion charge. Ad- s
ditional reprints will be charged for in accorda.ncq w1t!1 the scale below. Shipping charges will be  *Supplied in lots of 50 only
added to invoice.

50 Copies $2.50 | $4.80 | $7.30 | $9.60 | $12.00 | $14.50 | $17.00 | $19.50  SPECIAL COVERS: Any deviation from the
Additional 50's 1.00 1.75 2.50 3.50 4.25 5.00 6.00 6.50 regular journal cover, whether by addition to

or deletion from, constitutes a special cover.
*Supplied in lots of 50 only. An additional charge, depending on the num-

NOTE: These prices are for reprints in the regular size and format of the journals. They can be ber of changes made, will be added to the
furnished stapled and trimmed or unstapled and untrimmied. Reprints can be furnished in a  regular cover price. Special covers will be
one-column format, prov:dqd tables and fizures permit, a{ld in such cases t.he_ number of pages in furmiched: f th | o o
the finished reprint determines the cost. Any deviation in size or format will be charged forand ~‘Wrmished in the regular cover stock of the
the amount of such charge will depend on the additional printing cost incurred, journal unless requested otherwise,
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Fill out the order blank below if your institution WILL NOT FORN. A352
honor a publication charge of $15.00 per page for your article. .

Order for Reprints and Covers

Return this form to:

AMERICAN INSTITUTE OF PHYSICS
57 East 55 Street
New York 22, New York

PHYSICAL REVIEW

R R I ST R R R R

FSRHE s o Sirslals e et e e Sa s eSS i
Titleob Arhele U R e T o (ke I T AR I b o e B U RcR o el LB T o:% Dot o LA CINEot SR
Anthor. . . . st U A el R B e B e e s 3 L e A e L L B R

Space is provided below for two individual orders for this article. (Additional orders may be appended.) If no reprints are desired, please so in-
dicate. The cost of the total number of reprints and of covers will be divided between orders in proportion to the number of each in each order,

Order 1 Order 2

Number of reprints wanted: Number of reprints wanted:

WithOUE COVETS i Siatits o sl e L s S o Withiout-covers v s mhmey olayieme o et =clin 0w s

With regular journal covers. . .............. | e = With regular journal covers. ... ......covvnnennnnnn.

With special covers (copy enclosed) . . ................ With special covers (copy enclosed) . . .. ...oooivnn...

Total reprints........ W T g R e o R Fotalreprintaiyine, cUlSd SR L e S

Return [ ] original drawings Return [ ] original drawings
Send [] complimentary copy of issue (one per author) Send [] complimentary copy of issue (one per author)
SHIPHEO s sl o p i sl i S =i, %, B, S LR SHIFP Tl i e Brie ey o M - A ST s )
1a 00 B EICE el LR Ly & S el e SR TR e A B s cs o vt i e e e o= e T S el e

This form with its attachments covers all requirements for reprints of this article. Type may be destroyed when this
order has been filled.

----- Date Signature of Author
PRICE LIST FOR REPRINTS* PRICE LIST FOR COVERS*
REGULAR JOURNAL COVERS:
PAGES | PAGES | PAGES | PAGES | PAGES | PAGES | PAGES | PAGES £0 far ; {
1-4 5-8 9-12 | 13-16 | 17-20 | 21-24 | 25-28 | 29-32 regular journal covers $5.25
Additional 50's 1.75
50 Copies $ 7.00 | $13.00 | $20.00 | $26.00 | $32.00 | $38.00 | $45.00 | £51.00
100 Copies 10.00 20.00 29.00 39.00 40.00 58.00 68.00 78.00 *Supplied in lots of 50 only.
150 Copies 12.00 24.00 36.90 48.00 60.00 7_7_..00 84.00 96.00
Additional 50's 1.00 | 175 | 250 | 3.50 | 425 )| 500 | 600 650  gpECIAL COVERS: Any deviation from the
regular journal cover, whether by addition to
#Supplied in lots of 50 only. or deletion from, constitutes a special cover.

NOTE: These prices are for reprints in the regular size and format of the journals. They can be  An additional charge, depending on the num-
furnished stapled and trimmed or unstapled and untrimmed. Reprints can be furnished in a  ber of changes made, will be added to the
one-column format, provided tables and figures permit, and in such cases the number of pages in  regular cover price. Special covers will be
the finished reprint determines the cost. Any deviation in size or format will be charged for, and  furnished in the regular cover stock of the
the amount of such charge will depend on the additional printing cost incurred. journal unless requested otherwise.
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AMERICAN INSTITUTE OF PHYSICS
Incorporated

57 EAST 55 STREET, NEW YORK 22, N. Y.
CABLE ADDRESS: “AMPHYSICS" TELEPHONE: ELDORADO 3-3850

August 27, 1952

Ingtitute for idvance Study
Director's Office
Princetm, New Jersey

Publishers of
THE PHYSICAL REVIEW
REVIEWS OF MODERN PHYSICS
JOURNAL OF THE OPTICAL SOCIETY OF AMERICA
THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA
AMERICAN JOURNAL OF PHYSICS
THE REVIEW OF SCIENTIFIC INSTRUMENTS
THE JOURNAL OF CHEMICAL PHYSICS
JOURNAL OF APPLIED PHYSICS
PHYSICS TODAY

REFER TO THIS NUMBER ==
WHEN MAKING PAYMENT

Article by Ae Pais in the June 1, 1952 issuet PHYSICAL R EVIEN
200 reprints, 9=12 pages (first 100 given free in comsideration of the

publication charge)
50 eovers, regular
Postage

$ 9.80
S5e25
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AMERICAN INSTITUTE OF PHYSICS Publishers of
Iucorporated THE PHYSICAL REVIEW
57 EAST 55 STREET, NEW YORK 22, N. Y. REVIEWS OF MODERN PHYSICS
CABLE ADDRESS: “"AMPHYSICS” TELEPHONE: ELDORADO 5-5850 JOURNAL OF THE OPTICAL SOCIETY OF AMERICA

THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA
AMERICAN JOURNAL OF PHYSICS
THE REVIEW OF SCIENTIFIC INSTRUMENTS
THE JOURNAL OF CHEMICAL PHYSICS
JOURNAL OF APPLIED PHYSICS
PHYSICS TODAY

June 27. l952

Institule for Advanced Study
Princeton,
Hew Jersey

REFER TO THIS

¥ i . 2
WHEN M NUMBER =» p-3013
N S PATVMENT
Toward the cost of publication at $8.00 per page,

Atticle: gone Remarks on the V-Particles
Author: A, Pais
Published in: PHYSICAL REVIEW
Issue: June 1, 1952
Pages: 663 - 672
10 pages @ $8.00 per page $00.00_

ok c[%,, PuMM:?’MX

/L /5
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AMERICAN INSTITUTE OF PHYSICS - Publiskers of
Incorporated THE PHYSICAL REVIEW
57 EAST 55 STREET, NEW YORK 22, N. Y. REVIEWS OF MODERN PHYSICS
CABLE ADDRESS: “AMPHYSICS"” TELEPHONE: ELDORADO 3-5850 JOURNAL OF THE OPTICAL SOCIETY OF AMERICA
THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA
Oct. 303 1950 AMERICAN JOURNAL OF PHYSICS

THE REVIEW OF SCIENTIFIC INSTRUMENTS
THE JOURNAL OF CHEMICAL PHYSICS
JOURNAL OF APPLIED PHYSICS
PHYSICS TODAY

Institute for Advanced Study
Princeton, New Jersey e TO THIS NUMBER

. F
Talbel = e AR 1"
s aerinte~ BAVMERNT 025
TRETREE W N

ez,
Toward the cost of publication at $4:00per page,

Adice: 0 Spin-Orbit Interactions and Nuclesn Seattering.

Es ¥, Case and A, Pais
THE PHISICAL REVIEW
Issue: Oct. IS, 1950

Pages: 203-211

Author:

Published in:

8.50 Pages © $8.00 per pugtceesss $68.00
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AMERICAN INSTITUTE OF PHYSICS Publishers of
Incorporated THE PHYSICAL REVIEW
57 EAST 55 STREET, NEW YORK 22, N. Y. REVIEWS OF {MODERDN ‘RHEYSICS
CABLE ADDRESS: “AMPHYSICS" TELEPHONE: ELDORADO 5-5850 JOURNAL OF THE OPTICAL SOCIETY OF AMERICA
THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA
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Dr. N. H. Furman ; .:;_ i

Department of Chemistry .
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Princeton, New Jersey

Subject: REQUEST FOR REPORT
Dear Dr. Furman:

This office has received a request for a report entitled "Developments
in the Theory of the Flectron" by Abraham Pais, Princeton University
(19L8). $5pp IAS/PU B U Patsa.

It would be appreciated if two copies could be furnished. If copies
are not available for permanent retention, a loan copy would be suf-
ficient for our needs. We would like permission to photostat a copy
for permanent retention in our files. Distribution will be limited
to official requesters within the Atomic Energy Commission.

Very truly yours,

I. A. Warheit, Chief
Reference Branch
Technical Information Service

Henderson:ek
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21 December 1955

Dear Mr. Hill:

In answer to your enquiry of November 30th
about PAIS (Abraham) Positron Theory, this is a paper which & 4
was published in Mat.-Fys. Med. of the Kgl. Danske Videnskab- L2
ernes Selskad. We do not have here any reprints except for

our file copy, but it may be that if you write to the magazine
they could help you.

Sincerely yours,

(Mrs. Wilder Hobson)
Secretary to the lirector

Mr. R. H. Hill, Librarian
The National Central Library
Malet Place

London, W. C. 1

England v
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Dear Sirs,

T o b TVl e N T D T Te
AT3 (Abraham) Positron theory.

We are trying to obtain full information on
the above work, and we shall be most grateful if
you will tell us whether it is still available,
its publication date and price, and also send a
prospectus or any other information you have
which will help us to decide whether we wish to
purchase it for our librarye.

Please do not send the book to us as we shall
order it through our local bookseller if we require
it.

would you be kind enough to add our name to
your mailing list so that we may regularly receive
catalogues and information about your publications.

Yours faihfully,

R'm"}‘%,z

Librariane.

T ﬁ./ CB
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A General Transformation of the Symmetrical Pseudoscalar Theory

A. Pars, Institute for Advanced Study, Princeton, New Jersey

AND

R. SERBER,* Department of Physics, Columbia University, New York, New York
(Received October 1, 1958)

The symmetrical pseudoscalar theory with extended source is subjected to a rigorous transformation in
such a way that the transformed Hamiltonian depends explicitly on the total isotopic spin and total angular
momentum of the system. These collective variables are introduced by the same method of employing a
general distribution function which was previously studied by the authors for the charged scalar theory.

I. INTRODUCTION

N a preceding paper! the authors have shown how
certain symmetries possessed by a field theory can
be explicitly expressed in terms of appropriate collective
variables through the introduction into the Hamiltonian
and the commutation relations of a distribution function
f. In first instance f is arbitrary, so that a way is
opened for the application of variational methods,
namely by minimizing a suitably chosen leading part
of the Hamiltonian with respect to f. As an illustration,
the scalar charged meson theory was considered, and
it was shown how a particular choice of the distribution
function led to the usual strong-coupling treatment. In
the present paper we develop the formalism for the
symmetrical pseudoscalar meson theory. Our treatment
resembles that of Pauli and Dancoff,? but is more
general in that these authors make a particular choice
of distribution function, and more exact in that no
terms are dropped in the present derivation. The final
form in which the dynamics is cast in this paper is
given by Eqgs. (46)—(49) below. In the rigorous expres-
sion for the Hamiltonian, Eq. (49), the total isotopic
spin and the total angular momentum appear explicitly.
While the extreme strong-coupling approach becomes
immediately obvious for a particular choice of f, there
is nothing in these equations that confines the formalism
necessarily to this rather unrealistic regime. We believe
that this generality and exactness will prove of value
in the further development of the theory, to which
recent experimental indications have lent added
interest.?

II. TRANSFORMATION OF THE HAMILTONIAN

We start from the outset with one nucleon treated as
a static extended source U (x), so the Hamiltonian is

H=Hmes+3inty (1)
Huuw=3%3% f (1ot pat® 0a) X, (2)
g(z-.rr)5 au
int— Talk _@adxl (3)
K a.k 6xk

* Partly supported by the Atomic Energy Commission.

! A. Pais and R. Serber, Phys. Rev. 105, 1636 (1957).

2W. Pauli and S. M. Dancoﬁ Phys. Rev. 62, 85 (1942).
( 3 See L. Landovitz and B. Margohs Phys. Rev. Letters 1, 206
1958).

where « is the meson mass (in units z=¢=1). Sum-
mations over e and % are from 1 to 3. The 3-field
corresponds to neutral mesons. ¢ is the nucleon spin.
The meson field commutation relations are given by
(h=1)

[a(x,0),05(x’,1) ]= — idagd (x—X').

The operator 1,0 of isotopic angular momentum is

T 0=t b,

(4)
1= (t;‘z‘ﬁ':}— (,Dg?Fg)th, cyc].
The operator J;° of angular momentum is
=lt+304,
(5)

= —Zf-:ra(:w—— X— ) eadx, cycl.
das dxs

In analogy to our procedure for the charged scalar
case,! we put
af

== ‘Pu’"'_FL% z Qak_,

k axy

af
Ta=Ta +F1Y Po—,
k dxy

where f is the variational function of the problem. It
is provisionally left arbitrary apart from one restriction :

f is a spherically symmetric function of x.  (7)
The Par, Qar are defined by
d
Pai— F —Tadx, Qa;,,= 7tpadx. (8)
axk aﬂ:k

As a consequence of condition (7), the P’s and (Q’s are
canonical in the sense that

[Pak,Qs1]=—1dapdir, 9)
provided F is chosen to be
F:%f(vf}?dx. (10)

955
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We further note the following commutation and
orthogonality relations:
[W.;’(x,t),¢3’(x’,£):|
af(x) af(x")
=—i5..,g[5(x—x’)-lf‘" > ], (11)
E o Oxp  Oxy
[Par, s ]=[7a",08:1=0, (12)
ad af
f o f S it (13)
dxy 0x;
Substitution of Eq. (6) in Eq. (1) gives
H=HIHEE'+HEISt'+ Z %Pakz_’_%n?(_)ukg
a.k
af  g(2m)}
+F‘_§Q0L’f ?arwg—dx'i_ ankTac'k], (1 '1')
X K
92=§I"-1f(vf)-m2vfdx, b:%F_*fVL'-Vfdx, (15)
while T°,% J,° become
To0=t+t3r.+1, (16)
1°=3% (02 Psi— Q3:Pax), cycl., (17)
-]au= la’_i_'%a'a—l_ Lau: (18)
L*=3% e (QrePrs—QxsPrs), cycl. (19)
Note that
[i]’,tz’]:ilaf; [11’,12’]=‘i13’, (20)

even though the 7', ¢’ do not satisfy the usual com-
mutation relations. The orthogonality relations (13)
make up for this, while for the /;'-relations the condition
(7) has also been made use of. Further, we obviously
have that
[I21"]=4l; [LL]=ilLy; (21)
Following Pauli and Dancoff,” we next transform the
nine collective coordinates Q. into a set of three angular
variables in space, a similar set in isotopic space, and
three radial variables. Considering the angles in space,
one can introduce the usual orthogonal matrix (call it
Ay;) that corresponds to the solid rotation described
by these angles. Likewise one introduces an orthogonal
matrix B,.s for the isotopic variables. The transfor-
mation from the variables Q. to the rotated set ga,
is of the form

cycl.

Qck = z:r BraA ;an-

The defining condition for the transformation in ques-
tion is that it be a principal axis transformation, that
iS, that qn=qﬁrn-

Quk=Zr BfaA rk{r. (22)

SERBER

The corresponding transformation for the momenta is
Puk=Ztr B A skPra. (23)

The problem of expressing the $,. in terms of canonical
variables has been treated by Pauli and Dancoff, and
we need state only the result. This is expressed in terms
of the quantities

I.=3% 3 Bagl®, Li=3%; AuiL; (24)

which are the components of the isotopic and angular
momenta in the directions of the rotating system of
axes. The properties of these variables are well known
from the theory of tops,* and can be readily derived if
one notes that, since B,s (for fixed &) transforms like a
vector under rotations, its commutation relations with
I are®

[Bag,Is"1=iBag, (8,8, 8" cyclic).  (25)

It then follows immediately from (24) that the 7,
satisfy the anomalous commutation relations

[oJo]=—ila (e, d, & cyclic), (26)
while the I, and I¢® commute:
[La,Ig"]=0. (27)

From (27) and the orthogonality of the B matrix, one
verifies that

2alld=2pI" (28)
B and I, satisfy the commutation relations
[Bag o J=—1Bars (@, &', & cyclic). (29)

It is sometimes convenient to introduce the notation

I.=1a0r, (a,a,a” cyclic). (30)
The momenta p,, then take the form
L et ln)  LER=15)
Prs:prars_l_— + 3 (31)
2 Qr_q.! 2 Qr+q.u

where $, is canonically conjugate to g..
The angular momenta can be expressed in terms of
the rotated variables by

Lo =2 o(@raprrs— Qo sPra) = @rpr's— QrrPrrrs
Lrv=2 (qarPsrr— QarDar) = QrPror—Qr Prs .
It may be remarked that
I.+L..=0 when g¢,=gq.. (32)

This is the analog, in the present problem, of the familiar
relation that the angular momentum is zero if the radial
coordinate vanishes.

The kinetic energy can be expressed in terms of the

4See J. H. Van Vleck, Revs. Modern Phys. 23, 213 (1951).

¢ Exactly analogous relations hold for 4, L,° Since the
relations in both spaces are identical, we shall only write out one
set.
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new variables by using Egs. (23), (31), and (29). One
finds

%Z Pak2=% Z ?r2+% Z
ak r

(Irs+Lre)2 | (Irs'— LTI)E]

ml (o= @ter
1 1

e Z (grpr—'QsPa)- (33)
2 re g2—q.°

The appearance of a term linear in the momenta of
course means that a weight factor (the part of the
volume element depending on the ¢,) has been intro-
duced by our transformation of variables. The weight
factor, g, can be determined by writing the radial part
of the kinetic energy operator (leaving out the cen-
trifugal potential terms) in the form

19 a
REE =
r gdq; 9¢r

1

One finds

g= (g2~ ¢) (g~ ¢5>) (g2*—g). (34)

This weight factor vanishes when two of the g¢,’s are
equal, and its form makes evident an ambiguity in our
definition of variables which can be removed by an
ordering convention, e.g.,
912292229'32- (35)
Furthermore, bearing in mind that the matrices 4, B
in Eq. (22) have determinant +1, one sees that it is
possible to choose g;>¢.>0.
The weight factor can be eliminated in the usual
manner by changing the state vector by the relation
B=a"/gh, (36)
The Hamiltonian, considered to act on @/, is then

H= Hmes’—'_Hint’

(]rs—*_Lrs)?—'l i (Ira— Lrs)g—'l)]

1
+"|:Z _'Pr2+l Z
7, i (g+.)?

(gr—gs)*

af
+%Qﬂ Z Qr2+F_% Z QrBraA krf ‘Pa’ﬁ-’!—dx

a. kv axk

g(2m)}
b Z QrBraAkrTa'Tk-

K a.k,r

+ (37)

The (—1)’s in the centrifugal potential terms result
from the transformation (36).

Next we apply to H a canonical transformation §
such that the angular variables contained in 4 and B
no longer occur explicitly in the Hamiltonian. Put
S5=23.S,. Then S, should be such that

SfXaSrﬁl=Zﬁ BﬂaXﬁ: (38)

957

where X, stands for 7, or ¢’ or 7', while
S ¥uS, =21 Au¥y, (39)

where ¥ stands for o, or xz. The explicit form of § is
given in the appendix; there it is also shown that

SILOS=1,9—3 5 Bpa(ts'+37s),

40
SLkuS_1=Lk _Zm A mk(lm!'*'%O'M}- ( )

Hence from Eqs. (16), (18), (38), and (39):
STIASH=1.% SEAS=I,0 (41)

Furthermore we see from Eqs. (24) and (40) that
STS =1,—l,'— 17,

42
Skalsz—lk’—%O'k. ( )

By taking the S transform of the commutation rela-
tions (26), it follows from (42) that I,—f.,/—%7.
satisfies anomalous commutation relations. This is in
accordance with the anomalous relations that hold for
I, itself and with the normal relations that hold
for #." and for 37,. [ Note from Eqgs. (12) and (24) that
I, commutes with #,".] An entirely similar situation
obtains for Lk—lk'—%ﬁk.

It follows from (41) that the components of isotopic
and angular momenta in the directions of the rotating
axes, Tg and J; [which are related to 75" J,* by the
analogs of (24)] transform according to

ST S =I,; SIS-=L. (43)

The relations (41), (43) show that the new variables
1.°, 1, represent the components of the total isotopic
spin vector along the axes of the fixed and rotating
systems, respectively. They have the properties de-
scribed by Egs. (21) and (25) to (29). Similarly L.°, Le
represent the total angular momenta. The total isotopic
spin and angular momenta are, of course, half-integer
quantized.

Applying the § transformation to the Hamiltonian
(37) we get

g(2m)?

H:Hm&'+Hintf+ b Z qro+Tr
K r
af
+% Z (Prg'l'gzqrz)-l'F_'} Z Qrf go,.'mga—dx
T T Xy
[(Iru_ frs’_ %Trs)_f' (Lrs'_'lrs’_%a'rs)jg_ 1
|
(¢:—q.)*
I:(Irs_tra'—l’rra) = (Lrs_lrx’_‘;grs 1
i ; 30vs) | ] (ad)
(g-+q.)°

We recall that the commutation and orthogonality
relations for the meson fields are given by Egs. (11)
and (13) and that the form of /.’ and [,," isgivenin
Egs. (4) and (5).
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As in the scalar theory, it is possible to eliminate
entirely the radial oscillator variables p,, ¢. from the

Hamiltonian (44): define new meson variables m.”,

e by

af
’n‘Ta”:Wa"!_Fk&Pa—,
0%
(45)
af
‘Fa”= ‘r’;a’—i_F_%Q'ai-
0%e

Note that no summation over « is implied in the second
term on the right. Upon using the orthogonality rela-
tions (13), it follows that

af
gu=F-1 f pu—dx. (46)
Xy
The commutation relations are
[ra" (x,0), 08" (x',1) ]
df(x) af(«")
- —ié.,,;[&(x—x’)—F‘l ) ] (47)
k dxy axk’

where the prime on the summation over k£ means that
the term k=a is to be excluded. Instead of the ortho-
gonality relations (13), we now have

3 af
fcpa”la’-x= f‘?l'a”——d-X:O, aFp.

dxg dxg

(48)

As a result 4., 1"

of the type (20).

still satisfy commutation relations

— cosfl cose simy—sing cosy

cosf cose cosy—sine siny/
Bas=
sinfl cose

Introducing the abbreviation
Ya=ta'+37a;
one readily verifies that the desired S; is given by
S, = eivsbgivbpivie,
Denote by P, the conjugate to 6, etc. Then
cosg
I,'=—singPy+——(Py—cosiP,),

sinf

sine

I=cosePit+
I9="P,.

(P.;,-* C055P¢),

sinf

A B ATST AT SRS

SERBER

In terms of the double-primed variables, H becomes

H=Huo'"+Hine"

_|_l Z [[(Irs_ tﬂn_%fn)"‘ (Lrs_lrs”_ %grs)jz_ 1
; s (gr—gs)?
Ir.-r_'!ﬂ:"'r—l el = Lra‘—'lre”_% T8 =1
+[( )l are) ] ] o)
(grtgs)*?

No approximations whatsoever have been made in
the derivation of Eq. (49). In the usual strong-coupling
treatment a particular choice of the distribution func-
tion f is made: the choice f=U, which, in virtue of
(48), diagonalizes H;,:'’. In comparing (49) with the
corresponding expression given by Pauli and Dancoff,
it should be remembered that these authors dropped
terms, in the course of their calculations, which were
inessential for their purposes. Thus they omitted the
contributions of free mesons both in the numerators
and denominators of the centrifugal potential terms,
and also the (—1)’s in the numerators. This is in the
spirit of a quasi-classically determined self-field: in
the classical theory a particular solution is obtained in
which the free meson fields are exactly zero. Nor are
the (—1)’s, arising from the transformation (36),
present in the classical treatment.®

APPENDIX
The S Transformation

We wish to construct S=.S..5, such that the relations
(38), (39) hold true. We give the derivation of S;; S,
is found in an entirely similar way.

For this purpose it is easiest to write down Bag
explicitly in terms of Euler angles 6, ¢, ¢:

cosf sing cosy+cose simy  — sinf cosy
—cosf sing simf+-cose cosyy  sind siny: | .
sinfl sine cost
Now

SPoS'= Ps— (y; sing+92 cosy),
SP,S7'=P,— (—v; sinf cosy~+ vy sinfl sing—+ 3 cost),
SPyuS1=Py—ys.

From these relations one immediately obtains the first
of Egs. (40).

6Tt may be pointed out that in the WKB treatment of the
radial Schridinger equation it is also necessary to add a fictitious
centrifugal potential 1/(47%) which changes [(I+1) to (I4+3). A
similar argument, based on the WKB approximation, applies in
the present case.
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