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Introduction .

In these lectures we shall be concerned chiefly with three important lines
in the development of the theory of groups. First, we shall consider certain prop-
erties of groups which hold regardless of whether the groups are finite or inf{nite,
discrete or continuous, This part of the theory is of a distinctly algebraic char-
acter. In this connection we may mention the Jordan-H8lder-E.Noether theorem and
the Burnsids theorem.  As in these two exemples, we shall see that we may distinguish
between results which hold for any field and those which hold only for sufficiently
extended fields such as the field of all complex numbers. Many of the theorems in
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N
 this section may be considered from the more general point of view of the theory of
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structure and representations of associative algebras. The fundamental work in the

?;olassification of associative algebras with a finite basis over an arbitrary field

| is due to Wedderburn, The representation theory was begun by Frobenius and Burnside
and was considerably extonded and simplificd by E. Noether,

Secondly, wc shall discuss the classical Lie theory of the goneration of a
continuous group germ (a neighborhood of the identity) by infinitesimal transforma-
*@ions, We shall be concerned with the rclations betwcen tho group germ and the al-

Ecbra of infinitesimal transformations, This algobra is non-associative of a
spceial type and will be called a Lic algebra. The classification of Lic algebras
%as carried through to thc same degree as the classification of associative algcbras,
mentioned bofore, by Killing and Cartan. However, the methods uscd arc irrational,
and it is as yot en unsolved problom to carry through these rosults rationally.
Cartan has considercd also the problom of the roproso%tation of thesc algobras.

Finally, we shall study the propertics of the group monifold in its cntiro-

ty. The considerations will be topological. The chicf tool at our disposal is the
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inSegration process introduced by A. Hurwitz. This method was used by I. Schur to

ohtain all the representations of the orthogonal group and by Weyl to obtain all the
representations of any semi~simple Lie group,
The following is a list of references:

A. General theory of groupn
Speiser, Theorie der Gruppen vor endlicher Ordnung
Burnside, Theory of groups
Miller, Blichfeldt and Dickson, Finite groups
van der Wacrden, loderne Algebre
Weyl, The theory of groups and quantum mechanics (translated by H. P. Robertson)

B. Lie theory of continuous groups
Bienchi, Theoria dei Gruppi Continui
Kowalewski, Einfllhrung in die Theoric der kontinuerlichen Gruppen
Buhl. Apercus Modernss svr la Theorie des Groupes Continus ot Finis
Veyl, Nathemetische Analise der Raumproblems (5, 6 Vorlesung and An: g 8)
Eisenhart, Ccntinuous grcups of transformations

Co Integral theory of cecnvinuous groups
Cartan, La Thsorie des Gioupes Finis et Continus et l'Analysis Situs
I. Schur, Heue Anwendungen der Integralrechnung auf Probleme der Invarianten-
theorie, I, II, III, Sitz. der Preuss. Akad. 1924
Woyl, Theoric der Darsteliung komtinuerlicher half-cinfachor Gruppen durch
lincare Transformationen, I, II, III, Math. Zeits. 23, 24,

( Chapter 1.
Fundamental Concepts of Groups and Represcentations

ls Transformation groups wnd abstract groups

A mapping or transformation S of a point ficld (sct of points) M upon it-

self is a correspondence which associates with ovory cloment p of M a singlc clement
p! = Sp. ¥le say that two mappings arc cqual S = T if Sp = Tp for every point p ¢ M.
There is o mapping which we call the identity I having %hc property that Ip = p for

CVery Po Vo shall consider only (1-1) mappings; i,c. overy cloment of M is the

imagc of onc, and only, clemont of M. Hence if S is a transformation such that

p' = Sp we may definc en inversc transformation S_1 such that p!' — p = S—lp’. Ir
Ng .

p§-+ p'—> p", then the correspondence dircctly fram p to p" is called the product

of S and T, TS, If I is a finite sct of n elumonts, the mappings arc called permu-

tations.
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A sot (» of mopings of o point field M is called a btransformotion group
&

if it has tho propcrties:
(1) Tho identity tronsformation I (bolongs to) %l«
(2) 1t s € ¢f so doos 5™t

(3) If Sond T € @ then so does TS

-
.

If p and p' < M, we may consider thom as equivalent with respect to

-1
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(p~~ p') if there is a transformation § C Cél such that p — p!' = Sp. This dofin-
ition of equivalence has thc properties

(1) p— p (refloxive)

(2) p<— p' implies p' — p (symmetric)

(8) P~ p', P'em "¢ .. = = ) p" (transitive)

These propertics arc mercly o restatcoment of the group prorertics of % Equiva-
lence cf figurcs (sub-sets of M) may bo.dcfinod in a similar fashion. Tt is this
concepc of oquivalence which wos cmphasized by Kloin as fundamental in geometry.

Let A be a (1-1) mapping of M into anothor point ficld W (not nocessarily
diffcront from M) such that p —» g=4ap, p<C Mandgc W For overy mapping S of
(Z}tncro corresponds o mapping T = asa~t of N which is defined by

A 8 A
9—3 Pp—>p'—> q'
Evidently the sot of transformations § of N into itsclf is a transformation group C;/ZC
L. particular, if M = N and B is a socond mapping, thon BA is also such a mopping of
M upon itsolf; it changos p into (BA)p = B(Ap) and S imto (BA)~[:i " = B(asa™l)pl,

An abstract group g 1s a sct of clomonts of an unspecifiod naturoc for

which a law of composition is given which satisfies the following postulates:
(l) There is an cloment i % such that ai = o = ig for cvery a g -

(2) For overy a thore is an olomont a-lc g such that aa—l = a—la = 1.

(3) If a, b g so doos their product ba.

(4) Tho associative law holds: c(ba) = (eb)a.
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Two groups 2 anu ¢ arc simply isomorvhic or equivalent if thore is a

(l—l) corrospondence betweon their oloments which satisfics the conditions

(1) i the corrcspondent of i is the idontity of j.

(2) o~ = -1

(3) ba =D a

Morc gonernlly if therc is a mopping of 9 into g which is assumed to be morely

single valued and which satisfies these threce conditions, then wo say that 4 ic iso-

norvhically manped into § or is isomorvhic with % . If we have o mapping of g in-
to a transformation group ‘gl which has the proporties just foscribed whore, of course,

the product of two transformations is dofincd as bofore, then we apcak of a roaliza~-

tion of g - If the correosp ndonce is (1-1) wo call the realization fistinct,

The postulates for an abstract group were formulated for the purpose of
cxpressing the formal ruleos which appl; to the composition of transformations. The
quesii~m ariscs as to whother or not tho postulates are suffici-ant. Can all the
propertics of the compositiun of transformaotions be deduccd from our postulatcs?

Wi shall show that this is thc casc by obtaining a distinet rcalization of any cb-

stract group. For this purposec wc usc the group monifold g as the point fiold,

With overy clement a wo associato the loft translation '\\,1«“ i.0. the transformation

§ —> § = as

The sct of loft translations is casily scen to be a distinet roalization of G -

The transformation § = §“ =S of tho group manifold is called a right-

translation,

2. Sub-grougs and factor groups.

A sub-sot f cf g satisfying the group postulates is called o sub-group.
Consider “ho group 5 of 1rf% tronslations of % which correcspond to the cleomonts of
#. As in soction 1, wo can dofinc an oquivalcnec of tho clomonts of o by moans

of the *ronsformation group % iece S® §° if S’'=hs vhoro h ¢ F . By obstrac-




. e
tion from this notion of equivalence ws obtain a set of elements callsd the left co-

gets of inye If the number of co-sets is finite, it is called the index of
in ?o In the case of finite groups the sets of mutually equivalent elements of g}f
with respect toé all have the same number of elements and the number of distinct

-

sets obtained in this way is the index of %,, Hence, the order of €% = order of

%x index of 2’/«:

Because of the associative law, the powers (positive, negative, zero) of

en elemeat satisfy

and herce their totality is a sub-group which we call the cyclic gzroup generated by

Ay If La = ab for any rair of elements cf &, CF is abelian or commutative,
J v s & = -

The transformation

-~ _‘1
({3 : s —»s! = asa
1 a

is a m.pping of the group manifold on itself which is called a conjugation by a.
< P = Ry

The se¢t of conjugations is a realization oi’?, though not in general distinct. Iz,

for iastance, a belongs to the centrum of?, 1,00 is commutative with evory cloment
—
of C¥, then d?a = ﬁ’it. Conjugation has one important advantage over trenslation in
W

that the correspondence s —»s! is a simple sclf-iscmorphism or simple aubcomorphism

.

-

kR

of 27, If s and s' arc oquivalent under the group of conjugations, i.e., sf = asa” 5

8¢ then they are conjugato. In a similar manner we dofine conjugate sub-
» y Jug Jug

/ -
Zroups.  If 7’= a%a Y for evory a & ? , %is inverient in %75

7
It j/ is an invarient sub-group, and s

g t' with rospoet o 7

1
]
ot

fn

(2,1) ts = tist, sz g1l
Thus, by composing the clomonts of ono co-sot with the cloments of anotheor, tho
products obtainod arc all in the samc co-sct, Wo may thoreforc associatc this so-

gct as the produect of the former two. In this way we cbbtain a group callcd the

ractcr groun off in C%, ‘7/% I5s order is the index of%n By lotting an

T
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element of 7 correspond to its vo-set, we obtain by (2.1) an isomorphism of c? into
7%. The elementg of % correspond to the identity of C}’/f in this isomorphism.

Conversely, auppose that ?is isomorphic with a group?. The sot % of
elements of % which correspond to the identity of -g' is an invariant sub-group and
the olements which correspond to any other element a ofgf have the samc co-set with
respect to%. It follows casily that ? and 7/% are ecquivalent. We therefore

L4

havo the. following fundemontal
Theorom: If% is an invariant subs~group of C} the co-sots of f in %‘/
may be token as the cloments of o group %?Zgg'to which %ﬂfis isomorphic. Converse-
ly, if ? is isomorphic with ?, then 9 d g/%whorc % is tho sot of olcmonts
of (% which corrcspond to the identity pfg’,
As o corollary we havo the result that any realization of %ﬂ'is o distinct

'd
roalization of o corbain factor group of ;7.

~

3, Vector spoacces ond lincar tronsformations

The purposc of this scetion is to rccall some of the fundamental concopts
of the theory of voctors ond lincor transformations and to introducc o notation
which will bo followod without commont in the sequecl. The roader is roferred to
Woyl's "The Thoory of groups and quantum mochanies", chapter 1, for a morc cxtonsive
troatment of this subjcct. It should bo obsorvod, howevor, that tho notation thore
is differont in somec particulars from tho ono dovclopod hero.

Summary of the notation:

Voctors: small Lotin lcttors
Voctor spaccs: Gorman capitals
Line r trrusformations: Latin capitals undorscored

Matricos: plain Latin capitals

Tronsposcd matrix of A denoted by A!

Projoction spacos: Z?/ﬁ%‘ ote,

Inner product of two veetors: (x.y)

Vimbers varying within a given number field usually the continuum of complex

numbers: small Greek letters
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ir W’ is o sub-spaco ofﬁ, wo define x € y (mod ’f'z') to mcan that
X -y LI As in tho case of groups and factor groups, we can look upon cons
grout group

gruont voctors as tho same and obtain o now vector spaco 9‘1’/9’1", the projoetion of

-

?ﬁ with respect 'bom te
2
Tho sot of vecetors of the form %:qz’”i A8 a vector sub-space 27 of ﬁ
called tho spaco spomned by %, Uy .-« Up . Wo donobe it by (U, Uy, .- . Uy ).
Wo assumc tho spacc is finite dimonsional; i.c. it can bo sponncd by a
Tinite number of voctors and honce by o finitc number, say n, lincarly indcpondent
veetors, Tho dimension n is an invariant sinco it is tho maximum number of lincar-
ly indopondont vectors of ﬂ. We shall give a proof of this fundamental fact in

the noxt scetion., If 9? = (01' e, cn.) and the o's arc indopeondont, we call thom

a coordinate systom of 9?. Any voetor X =2 E; 9;’ = (f,)E 2" ?m) if we donoto c;
. 4

{ .
by (0...0, 1, 0...0). The ¥ 's arc the coordinates of x. If oj'_, cé, cee, or’l is
another cobrdinato systom, thon
/ ’
(3.1) ;=2 MwiCu Op=2"%,€
It follows that MN = 1 = NM whoro M = ( My;) and N= (2}, )or N=M . If

gi, “§é, see, ‘§I’l aro theo coordinatos of x roforrod to ci, cé, caes olfl, then

X=ZEZ'/6’,'/ = Z;,'/“K?'QK =2 g, E

and .-henco

7/

. m
(5.2) e = Z Mai % (=1, ..., n).
=/
If @?’ is a sub-sprec of G7T and (U,, .- - U, ) o coordinate system for ﬁ',

n is o goordin-

wo oan find voetors 7'{/2.,,) L(/“z )'--Z(m such that &, S U, , o U
ato system for R, ilc call such a coordinate system one adapted to ZR,' .

A troansformation A of Wupon}/t is lincor if it satisfies tho cquations:
(8.3) alx +y) = Ax + Ay A(ox) = K (ax).

If ol, c voe, Op ond f

]

£.5 eee, i’m arc coordinate systoms of 77 ana 7(' rospecctive-

2’ 1’ 2’
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ly, then A is fully described by _

(3.4) Ae; =,(=Zl%z' 7{; (i =

1, eeoy, n)

and conversely any such equations define o linear transformation. The coordinotes

of the image y of x are given by

(3.5) 7}( - Z q/;fz' \sz'

*

Hence A is specified by the matrix A = ( Xy ) ond the coordinate systems ey, «.., g

and fl, evey £ A s (1-1) if, ond only if m = 1 ond A is non-singdlar. If

e]’_, sous eI'1 is a coordinate system defined by (3.1), and f]'_, b, fl;l are given by

(306) 76", = %710,(]' 75( 76'( = Z’O}K 7/[?

/

£

and R = (P‘(]’ ), S= (Gyx), then the transformation A is represented relative to
these new bases by

1

~ ' -
(3.7) A* = SAM = R TAM.

i

i

In particular, ifﬁ= e, e; = £, of = P:'L, then (3.7) becomes
(3.8) A% = wlay
From (3.8).it follows that tho invariants of . under similarity corres-

1

pondence A —> 4¥ = M™ M are invariants of the transformation A of n upon itself,

The characteristic polynomianl
o, N7 "
(3:9) PA) = | AE-A] = "=, A+ ),

where E = (c‘);] ) and | | donotes determinant, is such an invariant. The roots FZ'

of ? (A) are called tho roots of ie Of particular importaonce is the trace of s or

of .[A.,

(3.10) L (A) =7 (A4) =o, = 2% =2 £

Becausc of its invariancc or by dircet computation, we have

(3.11) tr(iB) = tr(BA)

i
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By (3.10) follows .
(3.12) tr(Xa + B3 B) = Ktri + BtrB .
If wo defino the linear tramsformation OY 4 + ﬂB by
(A + 3B)x = A ix + BBx
then (3.12) holds for the underscorod X 4 + A B.

The resultant of two linocar transformation _Ii(z_\._x) is lincar and may be
¢alled the product BA of tho two. Its mabrix relative to ©5 sees O is BA.. The
sot. 0f all linear transformations on§> upon itself is an algebra which 4is essential-
ly the algebro of oll matrices of n rows ond columns with elements in our number
field. The transposed matrix A! of A is defined by a’z,';r = @,.,/. TWe have
(3.13) (A4 + @B)! = AL + BB (4B)F = BIA!

In order to give a geometric meaning to the relation between 4 and A' we

m
consider the space 7‘ dual to ﬁ Its, elements are the linear forms j(’() =IZ1/‘3' ?z
where x = ( f,) coe £, ) is on arbitrary vector of 2? We may take the
linear for,';ns fz' os o coordinate system inT and in this system the coordinates of

;‘-Z(x) are ;ll)’\z) . Am . Under the influence of a coordinate transformation of W

defined by (3.2) and (3.1) the coordinates A[ undergo the contragredient transforma-

tion /
(3.14) Ape= 22V A7

The inner product, (x.y) = Zf.; 77; of a vector xe 97 ond o vector

y = (77,’- .. 7M)C ?A ; is invariaont under a change of coordinate system of Wto-
gether with the induced contragrsdient change of coordinates in 94. If A is o linear
transfoma’;ion ofa/l) upon another spoce a?' such thot x —» x! = ix, then this defines
a linear transformation A' of the dual space X‘" of 7! onf’, Vyi—> y = A'y', satis-
fying the equations

(5.15) (dxey') = (mi'y')

or

(3.16) 77 =2 Ay Py o= qu?-]. 7,
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ijoe. the matrix of A' is the transpose+of the matrix of A. If A is (1-1) so is Lt
osnd we hove defined in this way the controgredient transformation of ﬁ’ upon )""
and its matrix is (A’)-le

& sub-—space’]{’ of’ff is invariont under A if it is transformed upon it-

solf by A« In this case A induces o linear transformation (also denoted by L) in

9? '. If the coordinate system is adapted to 79! = (u., ..., u.), then
¥ p -

1
oo
(3.17) _/ﬂ H; :_7%, Xy Y (i =1, eve, 1)
4 m ()
Avg= 22 BipUn 2 Ko g o (A= £ 4,00 m)

and hence in this coordinate system .. is represented by

A, B
\ O /47_/ .

L
The wvectors Uppp eee W are indopendent mod ﬁ? cend may be tokon as o coordinate

(3.18)

is the matrix of 4 acting on this coordinate system in 27?/'2’27" 0

system inm/m‘o '&2
Ir g? (A) is the charactoristic equation of 4 in@yY" and %_ (X)) its characteristic
equation in a‘?/@:ﬁ‘, then (23.18) shows that
(3.19) @A) = g/v/,})gpr/,{)‘

If W admits on invariant sub-spacc 7" # 0 and # 97, wo. call the trans-

formation 4 of@? rcducible. If@? can be decomposed into two invariont sub-spacecs

7(O and having only the O vector in common, thon i is said to be complotoly reducible

or decomposable . -In this casc a coordinate system can be found so that the upper

corner B as woll as the lowor corner in (3.18) vanishes.
In gonoral, rcducibility doos not imply dccomposability, but in the im-

portant case in which . is unitary it does. Wo reccall that a transformation is uni-

tary if it leaves invariont the form Z fz' E’z' 7 the absolute magnitudo of the voctor

( g.—l) %’z RERY fm ). It follows casily that the matrix i of A reforred to tho co-
ordinatcs ?zl satisfic. tho oquation

(3.20) ALY = B. , PJ'
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" Now if '??' is invariemnt the space )7 " perpendicular toJ?', i.e. consisting of the

=]
vectors ('g:'i, ;2', cony f;) such that Zg"; §Z. = 0 for every vector

(gi{ Eé’ cee, ‘g;l) of 77, is also invarient end J7 = 77! +a?", 'ﬂ'r\%’" =-0

(7' and J3" have only O in common). Hence we have that reducibility of A implies

decomposability.
A set of n mutually perpendicular vectors, each of absolute magnitude 1, is
called a normal coordinate system for 2/‘[;. The passage from one normal coordinate

L4

system to another is effected by a unitary transformation. Now by choosing normal

coordinate systems in 29! and )" we obtoin such a system for 77. Hence we have the
result that a unitary transformation which is reducible has as its matrix in a suit-
ably chosen normal coordinate system one of tho form

( ) A= ’
3.21
O '47_

e

vhere A,A' = E. (E, = (J .) and of same order as A, ).
1] it 13 i
“L tronsformation A of 97 is cquivalent to A% or a(( (i~ A%) if N and Y
may be put into (1-1) lincar correspondence in such a woy that if x<¢>y, x ¢ 97,
y < Q/L then A x i—-?_j_x*y. If A~ i&f a coordinate system may be chosen in?? and’a/“
in such a way that the two transformations are represented by the emc motrix,, and
hence in any coordinate systems their matrices arc similar. In casc the transforma-

tions A ond A" are unitary, we are usually interosted in unitary-equivalence, i,c.

-~

the correspondence botween ﬁandb"' prosorves the absolutec magnitude of veetors.

This moans that the matrices of A and A¥ referred to normal coordinato systems aro
similar by moans of o unitary matrix,

(3.22) A= uatt Ut = B

If 4, B, C, ... is a set of tronsformations, wo usc the same dofinitions of
reducibility, decomposability, ete., as for a single transformation; C.gs o sct of
tronsfornations is reduciblo if by a proper choice of coordinatoes they may be brought

similtancously to the form (3.18). The above remarks for a single unitary transform-

ation, apply ¢qually well for sots of unitary transformotions.,
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If we compare this secticmr with sections 1 and 2, we observe that a vector
space i1s analogous to an abelian glgoup, sub-space to sub-group, linear transforma-
tion to isomorphism, projection space to factor group. The concepts-just discus3ed
also have analogues in the theory of groups. Corresponding t‘o a set Ozof linear
transformations of ?/Z) upon itself we have a set 0% of automé)rphisms of a group %
To an invariant sub-space underOZ trere corresponds an allowsble invariant sub-
group %' under & , an invariant sub-grou} which is transformed into i’cself‘by the
automorphisms of O . Corresponding to invariant sub-spaces of W which give rise
to equivalent components of a set of transformations, we have the concept of oper~
ator-isomorphism between allowable sub-~groups o.’? , i1eeo an iscmorphism between
the sub-groups such thut if h €«>h", a(h) «>a{n™) where a is -1y Operator of OC .

As a matter of fact, by us.ing this idea of an operator group, we can look
upon a vector space as a definite gemeralization of an sbelian group and nob mersly
as an analogue. We may define ?? as an abelian group with which there is associated

-~
a set of operatorsﬁ- which aré aubtomorphisms of ??
K (x+y) = A x + Xy
and such that the set of these automorphisms is a field

O({ﬂ;x)= (D(p)x lx=x 0(x+ﬁx= (Q(+ﬂ)x.

Linear btransformations are then operator-automorphisms and may be taken as a second

set of operators (which are commutative with the setﬁ )o This is expressed by

(3.3). This generalization of the definition of a group will be very useful for us.

4, Jordan=H8lder argument. Uniqueness of irroducible components.

Let ch a set of transformations and a?l 7/ 0 a2 minimal invarient sub-
space of a?and 27[)2 a minimal invariant sub-space of ﬁ/ﬂf‘, Corresponding to 5?-2
wo have an invariant sub-space 2? of thich contains W and such that ﬁ ~

Z?Z/ﬁli If a? 7’@4 , we continue in this way and obtain a sequence of invariant
weinimals .

sub-spaces ﬁf =ﬁ%j}?{r1) ﬁ,{’a) DZ?L such that a? /0/(' is jreoduci-

‘ o,  If wo adapt tho ‘coordinate system to this rcduction by first choosing a basis
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of7€ then supplementing it to obtain a basis for WZ and so on, then the trans-
1

pormations of Cl will heve the form

3

B/é
Pay
Ag ¢

P -

Bz

As
O

. - . -

(4.1)

A,
O
O

v

Suppose we have a second reduction of the space (ﬁjthen we will show that the ir-

reducible components of the set of transformations determined by this second reduc-

tion are equivalent except for order to the first set. In terms of the matrices

this means we may set up a (1-1) correspondence between Ai and the matrices A:!L aris~

ing from the second reduction in such a way that the corresponding metrices are sim-
-

ilar.

~  We shall first prove the corresponding theorem for groups. A sequence of

- 0 e ¢ s : . . . .
sub-groups ? )gz > s S ese such that ?’1 is inverient in %inl will be called

a normal sequence for ? If the normal scguence is finite and each (311 is a max-

imal inverient sub-group of %Zi L e call it a composition series forgl,

Theorem of Jordan-H8lder: If C} has a composition series 9392‘) 0 uj?}'{:
= i, then any normal sequence for %éa‘n be imbedded in a composition series. Any
two composition series are equivalent.

By equivalence of composition sories we mean that their fac’qor groups
%—i = 371/?/:.“_1 can be put into (1-1) corrospondence in such a way that corresponding

pairs arc simply isomorphic.
. £ 1 3 3 - 1 4 -~
Lomma: If ?2 and ?2 are invariant sub-groups of% and 92 is maximal
and does not contain 7%, then %u 5}72 e\ %2 (intorsection) is invariant in Cglz

and(?é and?/g’z -—"i?’é/f “7/5% g'?/f"

The rolation botwoon thesc groups may be indicated by tho figure:




14

/{?
' Y
Proof: % é?z = O&’z% (elements which ere products ‘of elements of %’é

. . . o . ¢
by those of 3’2) is an invariant sub-group ofC?. It contains 72 and gz and
since ?2 was assumed to be maximal end not containing 3é it follows that
9}292 ? ?2?2. Now from
: t = t
58t t2t2 (mod ?2)
where s, t, < ?2 and s}, téC ?é there follows
i 1= gt
s} = t2 ~ (mod %).
Hence we may set up a correspondence between the co-set of any element 5554 of 7,
with respect tq?{and the co-set of sé with respect to%. This correspondence
&
is easily seen to be a simple isomorphism between ?/gz and ?é%. We have made
no use of-the fact that?/z is maximal except in showing that ? = ?Z%é =?’ é?z.
C [
Hence we may reverse the roles of(& 2 and ?é and show that ?’/gé At 72/f.
Proof of the Jordan-H8ldor thoorem: We shall show first that any normal
1 t : -
scquence of ? has at most k terms. Let 73 ? 5 DC? §D oo be a normal se
quence. 1) If %) ?/2, then we may usc induction on the length of the sequence
and concludo that ?23 % 5D ? 5. ++s, vhich is a normal scquence forg s has

ot most k-1 terms and honce OJ’J % 3 D %Zé ess has at most k terms. 2) If

1 1
?2¢ ?2, wo denote 72/‘\ %2 by% and construct any normal sequcnce for% , say

j{/) %2 D %33 vie Thon%z D% > %2') «es is a normal soquonce for

72 and by the assumption of induction it can have at most k-1 terms. Honce we may
obtain a composition scries for%. By the lcmma, we have that % is a maximal in-
variant sub~-group of?é. Honoc we may obtain a composition soriocs for%é consist-
ing of at most k-1 torms. It follows thon that ?é > ?fs D e has at most k-1
terms and honce 7) % 52 % ¥ «.o has at most k torms. his procoss may bo

illustrated schematically by tho accompanying figure:




e
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We usc tho some typc of argument to show that any two composition series

arc cquivalent.  Supposc 73 ?’ éj 7 :'53 cee D %i = i is a sccond camposition

series. By tho first part of thé thecorem h=k. If%é = %2 we use induction. If

4 ;!% p Wo construct the composition: sorios & D gz_jf > f oo ond

A>3 DL D £ 3> or v Bytho e /0, O y/f ma G /P2 G o)L
and honee thoseo last two serics are equivalont. But by induction 93?2‘)95).”
is cquivalent to ?’39’23% > ... ond %D%’zé D? $D ... is oquivalent to
%D%‘ré ')/3 «e» . Honeo ? 3%2 > 75 > ... is oquivalont to

oo géD Odféb vee s

The Jordan-H8lder theorom ¥Xolds also for groups with opcrators. e have
morely ﬁo substitute the phrase "allowable invariant sub-group" for "invariant sub-
group” in the above argument. This genoralization of the Jordan-H8lder thoorem is
duc to E. Nocther,

As o simple application of this thcorom wec prove the invariancc of the
dimensionality of a vector spacc. Let 77)= (el Oy eee on) where the ¢; aro inde-
pendont and scot Z?i = (oi, Cip1s voes on). Thcnﬁjﬁz) Ws ) ...,)ﬁn-) 0
is a composition scrics for ??, the projoction spaces a?i/ﬁfwl o (ci) being irrec-

duciblc, Lot fl fz voo fm bo o scb of independent vectors of a?and denote the

Spaecs (fk £y eee f,) by a?l'c’ then %jﬁij ﬂé D DR Il'l S 0 is a normal

sorics for ﬁﬁ Henee by the Jordan~-HY¥lder thcoorom m £nor ,tho moximum number of

indopondent wveebors is n,.

We reburn to the thcorom of the invarianceo of the irroducible componcnts of
o sct of transformations. It ﬁ)ﬁz‘) ﬁs :). ces) a?h = 0 is a scqucncc of
sub-spaccs which are invariant under a sect of transformationsogsuch that Wi/ﬁi+l

is irreducible, then we may considora? as on abclian group with the scts of opor-
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atorsﬁ anda° The sequence of ﬂ‘s is then a composition series. If we have
another series of this type, then the Jordan-H8lder theorem ststes that they are

operator isomorphic or equivalent.

5. Representations. Characters, Formal processes.,

A representation of a group is a realization of by & set of linear
g y

transformations. If a coordinate system ofﬁ is chosen, we have, to the element S

L4

of & a matrix U($ ) such that

(5,1) U(i) =1 U(st) = u(s) u(t).
Of course we do not asszume thatg is a distinct realization of? + We call the
dimensionality of Z?the degree of the representation. Equivalence, reducibility,

deccmposability have the same meaning for representations as for the set of trans-

fomaticnsgo
td
For some considerations it will be convenient to think of the elements s
of% ns the linear operators of D/Z;defined by s(x) = U(s)x where xC 7.
The trace tr U(s) = X(s) is called the character of the representation.
If two representations are equivalent, then their characters are identical. The

character of a represontation is a class function, i.c. it is the same for all ele-

nents of a conjugate class:
(5:2) X(asa""') =>((s) or }((s‘t) =’>((ts)
It %is reducible into gl and 92 and )(i(s) is the character ofgi,

then by (3.18),

15.3) X = X (o) + X, (o)

The identical represcntation %makcs every olement of % correspond to

the identity transformation of a onc-dimensional space, yo_(s) =1,

Before procceding further In the theory of representations we consider some

cxamples.

Pinito cyclic groups. Lot ? be the group whose oloments arec

8, & , &%, so00, a = i, Supposc that in a one-dimensional represontation of?’,




17

.~ t
a5 . Then ;h = 1, Conversely, if a corresponds to andy hhroot of unity, we

get a representation of degree 1. Let g be any representation and a —> A. Then

Ah ]

1, To any hth root of 1, g we associate the sub-space Wg‘ of vector.s Xg
such that Ax§ = fxg. The sub-spaces W‘Q which are difjf_eren’c from O are inde-
pendent., Lét ?(g, A) = ‘élf(l+§h-lA+ §h~2A2+...+ZAh“l)'._ Any vector

x = Z gp(%ﬂ, A)x = Zg:x.g where xp = ?(Zj, A)xc:ﬁg . Hence Wis decomposed
into ihe sub-spaces, ﬁ 7( 0 and the ﬁg may be decomposed into l-dimengional in-
variant sub-spagdel’sj:‘Wt)Thus any representation of a finite cyclic group can be de-

composed into representations of degree 1 and there are as many inocquivalent repro-

sentations as tho order of the group.

Finite abelian groups: If a is an cloment of ? such that ol = 1, and A

the corresponding matrix, thon by tho above argument we may supposo that

where the QD 's arc hth roots of unity and are arranged so that tho first ny of them
arc cqual, the hext n, cqual cte, and diffeorent from tho first n, and so ons If

B is o mabrix which corrosponds to b, thon AB = BA or (€ - ©,) @ik =0

@ik = 0 if §) i %Pk Hence B has thc form

J

B|O»_O'""

O B0 -e-- |} A
(5.5) = of order Mg
- 5 0083""’(BK )

. . . *

g
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Wle can choose a coordinate system in the invariant sub-spaces corresponding to each
Bi in such a way that B has a diagonal form. Under this coordinate transformation
the form of A is unchanged. If we continue in this menner we can obtain a complete
reduction of the representation into l-dimensional representations. To obtain the
l-dimensional representations'we take a basis 81, soey By such that every élemen’c

i

i i .
&= a4 1 ) 2 e ar.r and the order of o, is hy; h, order of %'—'Whic To each

a; corresponds an hi:t_h_ root of 1, g 59 and hence to a there corresponds

‘Zliltziz eoe ;r.ir_ We obtain in this way h inequivalent irreducible represen-
tations of ? into which every representation can be decomposed.

The argument for the decomposability of the representations of a finite
abelian group can be put in su-h & Zc¢o~ that it applies to quite general representa-
tions of sny abelian group. We assume merely that the transformation which corres-
ponds to any single element of Of is decomposable into l-dimonsional part:c;  then

I
wo shall show that all the transformations are simultaneously decomposeble in this

way.  Supposc that a?= ?’?l + Wz + oaes +2?1: is a deccomposition of a? into inde-
pendont sub-spaces invariant with respecs tu% “ If a transformation A is not a
mere multiplication (transformation of x ——7?:{) in one .of the sub-spacecs D?i’ then
D?i -—ﬁi +R; + ... where the operator A is the multiplication Hy Soi in ﬁi, by
Pf in {5 eteer . =g m @ % "or xC {1 ete. Thon A B x!=BAx!=

= P; B x:{ or, B xi also belongs to ﬁi Thus ﬁi,ﬁ; sos BTOC invariont sub-spaces
under all tho transformetions and we obtain a further docomposition. Wo continue
in this way until we have a decomposition of W into sub-spaces such ’cha%\. overy
tronsformation A in these sub-spaces is a mere multipiication. But 'bhen""q,‘ll tho
A's have diagonal form. By choosing a basis for this sub-space we obtain a docom-

position of it and then of the whole Winto l-dimensional invariant spaces.

In particular, if the rcproscntation of an abeolian group is unitary it con

be decorposod into representations of degrec onc.

For the character of a unitary rcpresontation we have

(5.6) YT = Y GET
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for tr U'(s) = tr U (s) = tr U(s.").
We consider next some formal processes by which new representations can

be constructed from given ones.

Addition of representations: If %1 and %2 are two representations of ¢
acting on 6?1 and ‘&2 respectively, we form the direct sun (yl + %. It is the
vector space obtained by considering Rl and &2 as independent and by "adding" *he
vectors of '(Rl and 6{2 to obtain new vectors., This "addition" can be defined aob-

stractly by pairs of vectors of Rl and RZ' If a coordinete system of T is de-

termined by coordinate systems for G{_l and "&,2, then the matrices of the sum

?l + %2 have the form
/ U, (s) 0

\ o - UQS)}'

(5.7)

Hultiplication of representations: If under a Jlinear transformation A of

' ®.an arbitrary vector (Z 12 gves Zn) —a( Z]’zé.. Z;l) and under B of _.6g the vec-

1 1 4
tor (:71.” r)m) .__.,( Hives l7m), then the products Zl))  Bre transformed linearly
into 'nt, If these products are arranged in some definite order they constitute
17k & y

a vector spaco and tho transformation induced in this vector space by A and B is

called the direct product of A ond B, A X B, The multiplication of dircct products
satisfiocs
(5.8) (A% B)(&X By) = & 4 X BB

f %1 and %2 are two represcntations, then “thc gct of transformations

U.{s* % ¥5(s) gives a ropresentation of ¢¢ called the direct product %1 % %2 of
%1 and :5;«2. By direct computation we hLave

(5.9) tr (AX B) = tr A tr B.

and hence, if %5 = ?1 X %‘2,

i
ol
il
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| g (s)k= % (s)y, (s)e
Bl suppose g, ond ¥, ere two groups. Consider the pairs (31’ 82) 5:<C Ui for

which multiplication is defincd by (sy, 52)('b1, ty) = (sl’cl, soty)e  The sysfem of

| pairs with this law of composition is o group called the direct product ¢y X Us

of %1 and 92. If (%’ is a representation of c?i then the set of transformations
El(sl)x _I_I_z(sz) is o represontation of g1 X c?z By lotting Uy (sq) correspond to
(sl, 55), %l may bo tekon as o roprosentation of ¢y X Y2 and similarly f?r%z.
H The represontation whoso clements aro _I_Il(sl) % y_z(sz) is thon the direct product

%1 X %2'

Speccinlization to a sub-group. If we have o roprosontotion of a group 4

we may obtain from it a represcntation of any sub-group r?’ by taking thosc trans-

formations which corrospond to thce oloments of %’.

Ropresentation of the linogr group. If % is an n-dimonsional ropresenta-
tion of ¢ : s—s»u(s) and L a. represontation in N-dimonsions of tho full lincar
group 0/1;‘ n-dimensions (all non-singuler matricos of n dimonsions): u -»U; thon
s—u(s) 3U(s) gives an N-dimensional rcpresontation s —»U(s) of % For examplc,
tho matric corrcspondence u--éu'-l is a rcprosontation of tho linear guoup. Hence

. . . . -1 . .
if s->u(s) is a rcpresontation, so im s — u! (s), the contragrediont ropresontation.

6. Schur's lommao.

Lot {U(s)} be the matrices of an irrcducible sot of n~dimcnsional trans-
formations whoro s tpkes on the valucs of some range not nceessarily e group, and
iV(s)} those of on m-dimonsional irroduciblo sot and supposc that A is a matrix of

n rows and m columns such that

(6.,1) U(s) A = A V(s)
for all s, Schur's lcmme statos that there aro only two possibilitics in such a
situntior: 1) A =0 2)m = n and A non-singular. In the scecond casc tho two scts

of tronsformations arc cquivalcnt. Lot a, donotc the veetor whoso cowponents arc

the clcments of the ith column of A, o, = (okli’ A pir K 355 ...aLni). Equation




i

21

-

(6.1) states thab U(s)ai, which is the ith coluwmn of AV, is a linear combination or

the a; or that the space R}! = (al By o am) is invariant with respcct to the- trans-

formations U(s). Hence, either ' = 0, i.6c A v O or &' is the whole space li.e.

m 3 n and renk of A = n. If A # O we teke transposed matrices and obtain from (6.1)
Vi (s At = AT (s)

eand hence n 2 m or n = m and A is non-singular.

Schur's lemma may be given the following equivalent form: If (6°13 holds
and 1) {U(s)} > EV(S)}, then A = 0, 2) U(s) = V(s), the set of matrices A satis-
fying (6.1) is a division algebra. So far we have made no assumption as to the na-
ture of the underlying number field, However, in the case in which it is the com-
plex continuum, the matrices A ore multiples of the unit matrix. For if A satisfies
(6:1) with U(s) = V(s), so does A - A B. If ok is u ront of the characteristic

,
equatioa of A, then A - AE is singular and hence by Schur's lemma it must bo zero,
or A = &R, In case the number field £ is not algebraically closed, suppose that
PN =@ ) @,(A) e (M)
is a factorization of the charactoristic function of A into prime factors in the
riela. 1@ ()} = o - o)l a ~ckig) ... = 0irf o, are the roots of ¢, inen
extension of ff. But then QEKA) = 0 and since the ¢>i are prime they must all be

equal. Hence the characteristic function of A is a power of an irreducible polynomi-

al in £,

7, The Burnside~Frobenius-Schur theorom.

(1) Burnside's Theorem: If {U(s)} is on irrecducible multiplicative system

of matrices, then the coordinates u;y(s) arc linearly independent., (;upL Qonv€x3elg§)_

By a multiplicative systom we moan onc that is closed undor multiplication.
If we take the lincar sot of matrices goncrated by this system we obtain an algcebra.

The linear indcpeondenco is oxprossed by:

(7.1) 2, Ny ugle) s tr UL =0
i,k B
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implies L = (hik) = 0, Burnside's theorem states that if the special relations
among the u's which express the reducibility of a system of matrices do not hold,
then no relations other than the trivial one trif(s) O = O can hold.

Proof: Consider the set of matrices L which sa‘b-i_sf'y (7.1). If this set
does not consist of the O metrix alone, _ it contains a su’t;-set having the maximum
number of first columns, say h - 1 (<n), zero, but with the hth column different from
zero. We call the matrices of this sub-set special L-matrices. Let W' denote

the sub-space generated by the hth column vectors of the special L-matrices. [ The v
special L-matrices together with the O matrix form a vector space of the ssme number
of dimensions as R’.J If L is a special L-matrix, so is L' = UyL where U, is any
matri- of the set U(s) . For,

tr (UL!) = tr (ﬁUoL) = i (UL) = 0

where U, = UUO < {U(s)}. Thus if Z is the hth column of L the vector Uo,l/ C R,

1

ise. is the hth column of a special L-matrix. Hence R ' is an invariant sub-spave
P 2

;«/ 0. and sc by the irrsduci»ility of the system W' =% . Hence there are n special

-

1%
L-matrices Ly, Ly, oes, L, such that the hth cclumn ,lli of L, is (0 66 030 5+ O) and

n

every special L-matrix belongs to the linear set (Ll, Lo, coey Ln')o It follows that
= 5 =
ULr - ""“'/1'5?' Ll (Y‘ =1, 2, 560, n)
and comparing hth columns, /‘&ir = WA, or
(7.2) UL, = 2, L.

If we compare elements in the jth column of the two sides of (7.2), we obtain

) X (i) b= o o -F
(7.3) Z;uthkj =0 Uiy ML) (4=1---n)
{
where ()\(1) A (1) cees N (1)) is the jth column of L.. -If A, is the matrix having
1 "2y * 'nj - i 3 _

7\(&1) as its element in the tth row and ith column, (743) may be written as
(7.4) U/‘\j = /\jU (j =1, coo, n)

By Schur's lemme )ﬁ‘:} = )‘J Csét and so b (7.1)

(7°5-) Z %'%M(S\:‘@
] J i
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or (7\1, >\2, cae, 7\n) is invariant undor the set U'(s) . Hence Ai = 0 (except
in the trivial case in which n = 1) and all the special L-matrices vanish, contrary

to hypothesis.

(2) The generalizetion of Frobenius-Schur:

If iU(s)}, {V(s)} «+s are inequivalent irreducible ﬁultiplicative systems
of transformations, then their coordirates are linearly independent, i.e.
(7.8) tr U(S)L + tr V(s) M + .., = O
implies L = M = ,vs = O,
We consider sets of matrices (A, B, C, ...) where A has the seme order as
U; B the same as V, e@cd We define '
«m,&.w%wxux&h”)
(A, B, vuu) +(Al, B, ves) = {4+ Ay, B+ By ace)
(4, B, «..)(&y, By, ..2) = (Ad., BBy, ...).
We obtain/in this way the direct sum in the terminology of the theory of algebras.
Consider the set of elements (L, M, ...) which satisfy (7.6), If this
set has any elements other than (0, 0 +..) then there exists a sub-set of elements
called special sequences having a maximum number, say h - 1, of first columns = 0
while the hth column % 0. {(We consider the columns of (L, M, «eo) in the following
order: first the columns of L, then the columms of M ete.) TWe may suppose that
hin where n is the number of rows and columns of U(s). For otherwise we drop a
cortain number of the systems U(s) » V(s) ... and consider the remaining ones,

Low, the proof proceeds as before: -

'[The special sequences have a basis of n independent elementq]say
’ K
(Lk, Mg, sec) where k = 1, 2, ..., n, and the hth column of L, is (0 .,. 010 .., 0).
(U, v ...f(Lk, My, «..) is a special sequence snd hence

(7"7) ULM = Z bL("Li
A M« = Z Legp M.

{

- - - -

= oy (1) oo i
If/\j (}\kj ) (k row, i column), MP (/-(qp ) +eo, then

. Oy
G e oo o




(7.8) UA; = /\jU

Hence by Schur's lemma ﬁﬁp = 0, ... and we are brought back to the situation of
Burnside's theorem,

(3) Applications:

Inequivalent irreducible ropresentations cannot have the samc charactor.
For if U(l)(s) and U(z)(s) dotermine the representations and ’)51)(5) = )éz)(s),

(1) and U(z) contrary

wo have a spocial linear relation botwcen the coordinatos of U
to the abovo theorem. Thus the character of an irreducible rcprescntation detor-
mines the reprcsentation completely.

By this typo of roascning we can obtain a now proof of the uniquoncss of
the irreoauciblc compononts of a ropresentation, Tor, supposec that
U(s) = nlUl(s) + anz(s) + oee = miUl(s) + szZ(S) + ... whorc the oxprescion indi-
cates tnat in tho first reduction there are n, irrcduciblo components cquivalent to

-

Uy, ani dn the second mqy, oto. Thon.rﬁ?%(s) + né}%(s) * oone = m3 (s) + mp¥o(s) +eos
or(ny - ml)‘}&(s) + (n2 - mz)ﬁﬁz(s) ++«+= 0, By tho Burnside~Frobcenius-Schur
theorom ny = my . Of coursc, this éroof, as Schur's lemma, holds only for algebra-
ically closod fields. In casc tho representations arc determined by their irreduci .
ble components, i.e, if the theorem of decomposability holds, thon overy representa~
ticn is dotormined by its character.

We shall now apply thc obovc rosults to tho represontations of the diroct

product of two groups. Lot iU(s)} and {V(t)} be irroducible roproscntations of &

r.ndﬁrospoctiv01y; thon U(s) X V(t) is an irrcduciblc roprescntation of %‘(f . o r\’a\/

The cloments of tho matrix U(s) ¥ V(t) arc tho products w;,(s) szét)‘ ©. Sup-
posc
(7°9) ) A { —

, T i e W = 0

where Yfixeag is indcpondent of s and T, For any fixed s (7.9) givos a lincar
,°

rolotion botwecon tho cloments 451:,%(1:)c Heneo by Burnsido's thcorem

-
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\2 Y ap kST = 0 F

for all s and of—,fi =1, 2, ees - Applying—the-thoorem_ta_ the irreducible repre- " .
sentation {U(s)} , S~

Xiu,aa.;s =0 ) ‘
i,00 the elements of U(s) X V(+) are linearly independent anc'i‘the representation is
irreducible.

Theorem:  If every represcntation of 4‘? and of(‘f is decomposable,'then 80
is every ropresentation of %X ‘f and its irroducible components are equivalont to
direct products of irreducible componcents of %} gmdf . !

Let W(s, t) bo the reprosonting matrix of (s, t) of 9 X f and sot
W(s, i) = U(s), W(i, t) = V(5), The sub-sct of ?Xf of clomonts of the form
(s, 1) is a group =% %, so that the matriecs Uls) give a roproscntation of (‘#a

Similarly V(t) is a representation ,off . Sinecec cvory roprosonbobtion of fél is

docomposable we mey chooso a coordinate system in such a way that U(s) has the form J

o Uy, O |
(7.20) "y, | '
U= U
Q) "

whero the blocks off the "diagonal" arc all zoro and tho first nj; arc ogqual, the
noxt 1y oqual but not oquivalont to tho first ctc. From j

(s, 1)(3, £) = (i, t)(s, 1) = (s, %)

follows )

S

(7.11) U(s)V(t) = V(t)U(s) = WIS,¢E)
Id \t
Supposc tho matrix V(t) is blocked off into sub-matricos Vik(t) in the samc way as

Hm

U(s) is in (7.10). The condition (7.11) in torms of the blocks is

E o e

Ui(s)Vik(t) = Vik('l:)Uk(s)

By Schur's lemma, if Ui(s) # Uy (s), Vi (t) = 0, and if Ui(s) = Up(s), Vik(‘t) =

[Spv—




26

-~

- [3 . (8)E, _whore By is the idombity matrix in tho blook i, k. Thus
1

ﬁuEu

@I’LEI’L ot ﬁlm.E!m,

¢ -

. -

(2’0;" Em,l (5m,1 Em,z .- '@(;‘M,E(".("‘x

@,

O (5m.‘+|>\ Em|+l)| cese

(7.12)

V =

We obtain in this way a partial decomposition cf W(s, t) whorc the components are

products of matrices of the form

Uy 0 - - - (&HEH @‘IE'ZGOW
O Ul v el ", ()32|E7_) (57_2]':'27.0 P

(7.13) LT , . /
g N eY U, . .

(We have set Uy = Uy = vv0 = Uy )o

Wlo denotc the matrices in (7.13) by U and V
again oand note that

U= Uy X By V=B, XV,

ny rows and columns, E2
[ Xwy,
number of rows ond columns as U; and V1 = (B ik>,\' The matrices Vl givo a represcn-

where El is the identity of v is the identity of the samec
tation of%. If this represcntation is irrcducible we obbtain from (7.13)

oV = Uy X Vl
which is an irreducible reopresentation of %X% 0 If {Vl(t)} is not irrcducible we
may decomposc it into irreduciblo compononts which may bo used in placo of V4 in the

argument just mado.

[ T PRSI )
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1 8. The algebra of a finite group and its reduction

The methods used in the theory of representations of finite groups are
h fundafnental for the representation of continuous groups. We consider them briefly
in this and the next sections,

Suppose that ? is a finite group and the corrcspondence s —» y_(s) where
g_(s) is a linear transformation of %) is o representation of? . We consider “ho
elements of ?— as linear operators ofa? given through the representation by the
equation
s(x) = U(s)x

where x 1s any vector ofﬁ. We may form lincar combinotions of thoss operators and

obtain an algebra of operulors consisting of ail the clements of tho form ZQ/S S

ch—

where
‘ , Z‘X33+Z,@s$=2(ds+@s>3
(8.1) 7 o 2 osS = F A S
Z s gt = Z(Z Yspr )

It is evidont from (8.1) that the addition and multiplication of clements oi' this
algebra deponds only on the group ?’, and not on the represcntation. The lincar de~
pendence of tho operators, i.c. thc reproscntation of the O operator or the topology
of the algebra does depcnd on the represonbation. As wo shall seo, therec oxist rep-
resontations for which the operators s corrcsponding to thc group cloments arc lin-
early independent. Apart from this fact, we can dofinc an algebraa by (8.1)

whore we supposc that the s's are independont. This algebra, which is uniquecly de-

E termined by % and the ficld of the coofficients, is callod the group algebra of 97,,

% A reproscontation ofOZ is o sot _I_I_(a) of linocar transformations of a spacc
35 23,5 thot a—= U(a) and

é.‘ T

187 U(o +2) = U(a) + U(b), U(Xa)=o(U(a), Ulab) = U(a)U(b).

Yol - - - - - - -7

B

'[Fsgransformations which corrospond to the clements s of % give a ropresenbation of

e

e i e e -




%’. On the other hand, if we take "all the linear combinations of the transformations

of a representation of%, we obtain a representation of‘@, Thus, the two problems

are essentially the same.

Passing from the group 9: to the algebra 0[ extends our field of operations

and allows us to construet a very important representation of %. We take 0[ as our

‘vector space and to the element a of& we let correspond the linear transformation

which is given by R
(8,3) (a): x—>»x!' = ax

where x is ahy element ofa}(. Tho correspondence a—> (a) defines a representation,

the regular representation ofO( (or ofy Yo It is distinct. For, suppose that
(2) is the zero transformation which send# every x into O. (a) sends the identity
i (correspondent of i of%) into a and hencec a = 0. An invariant sub-space yun—

der the regular represontation is a l¥ncar sub-space ofag which has the proporiy

that ax < (,7 for every acC 0{ and x ¢ y . It is usually called a left-invariant
= A

sub-algebra or a left-ideal in the theory of algebras. If 01, Ops eso, O is a

&
basis for f)’ and

(804) 0.01 = (Xllel + 0(1202 + osae * ngog

aeg = O(glel +O<g2°2 + aeo + ngog

then

i

a—> A (O(ik)
in this coordinato system.

The nature of the represcntations of O{is fully described by the following
thoorems:

I. If tho regular recpresontation of an algebra is decomposablo, thon evory
represq’h’cation is decomposoblo and its irrcduciblo components arc contained in tho
‘lrcgulo.{‘ representation,

!
! II. Tho regular ropresentation of a group algebra is dccomposablo.
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Supposc an algobra‘a/ is- rcprosorrbod“o'y\linoar-'transiormaxj_qnﬁ-oﬂ-&vﬁpaw’f’ .

Ta\nd lot y be o left ideal of&. If y is any vector of r andyy donotcs the

sot of traonsforms of y under the transformations corrosponding to the o.lcments ofC7,
thon Uy is an invariant sub—sp'aco of ru For, if a is an arbitrary eloment of OZ
‘;, ard b on arbitrary eleoment of<7 then -

] a(by) = (ab)y = b'y p

}' : or in symbols ,

f '1 4 (Sfy) <C?(73y =£7’yo —
| ‘1 The clomonts © ofy for which by = O form an invariant sub-spacc or loft-ideal ‘7

li ofy. Henoco ifqy is irroduciblo,y = 0 or =c_7° In the former caso

) is such a basis for

H

(oly, O, o ogy) is an indopondent basis for «73} if (°1°'°0g

I 27, Then by (8.4),
l = = i ) =

1 ‘[ (8,5) a(opy) —(aok)y = O{kl(ely) + O(kz(ozy,. + aes O(k% (ogy) (k=1 .0e 8)

l i and honco tho rcproscntation determined by (yy is ogquivalent to the represontation

' detorminecd by c7.
x Supposc now that the rcgular roprosontation of OZ is dccomposablc. Then

g O s+ Fov o)

b !‘VF wherc tho (7 are irrcduciblec invariant sub-spaces of azor minimal left idcals such

i j
'!i that (-73 (‘\(71{ = 0, Lot (yly2 0se yn) bo o basis for tho spacc Xof a roprosonta~

[
% tion oi‘Of° Wo shall show that this roproscntation is dccomposable. Since OZ

has on idontity, we have
£ \ M
(8.7) Y=0]BA=(/7/B/+..°+<7f0/£=(71yl+u1y2+”e+€7fyn_
Wo have sccn above that if kY3 7( 0, it is o sub-spacc which gives o reproscntation

ofﬁ oquivalent to the reprosontation givon by yk.' It follows that if k:):]' 7( 0,

it is an irrcducible invariant sub-spaco of,Xto Since tho intorscetion of two ins-

B8 oriont sub-spoces is also invariont wo have C7kyj N LYy = 0, or
: g Cykyj = %& Honoo wo may omit in (8,7) tho spaces Q7kyj which aro zecro, and

"‘;'; l  solect from tho romainder a sot of indopondont invoriant sub-spaccs which dotermine




}

B -}(a Thus, thoorem I is established.

In ordor to prove thcortém II we shall show first that overy ideal of a

group olgebra is goneratcd by a singlo idompotont clomont, 1.0, g= O[G where

¢ = 6. For oxamplo, from (& .6)

i=il+ i2+ oec+if ‘_-ikc :71{
a=ai+a2+n.u+a7[ ﬂa11+a12+...+aif
and sinco aikC_ Uk ond the U's arce indepondent, aik = 0. It follows that

3k=ﬁ[ik 1224, 14,45=0 & # 3) :

If the idoal (7 is genorated by a singlo idempotont quantity o, C7= Qc, thon the
corrospondence which sonds a into ao = a’ is lincar and has tho proporties:

(1) atc C7

(2) if 0.C(7 , then a' = 2.

Now, considor any lincar tromnsformation %tf’v wahich has thu propertics (1)
and (2).  (If (ol oo o%.) is a cobrdinate systom for wand (ol - og) a coordinatoe
.systos, for ny, then we have mercly to put 0;. = 0 (i=1... g) and of = lincar com-
bination of ©7 e.» Oy (k = g+ 1 ... h) to obtain such a corrospondence).  Supposo
(8.8) a=Zo(ss Zo((s)s -——920(’(3)5 = !
ot (s) = 207(s, BN (6)s
-1,

The correcspondence a—>r d = a, r_légf is also a mapping satisfying (1) and

(2). It sonds a—> a" whore -
X" (s) = tZ Virs, £)0((t).

Finally, theo corrospondonce a —» a¥ whore
(6.9) o*() = T Vs, A (5) - Ze G, aUt)
also has tho desirod propertios. From (8,9) wo have that E(rs, rt) = € (s, %),
1,00 & (3, ) os o function of s and © dopends only on +1s and wo moy sot £ (s, t) =
=& (t'ls), The clement o =%: & (s)s is tho genorating idempotont cloment ofy..
For by (8.9), a* = ac. '

We may now complote tho proof of II. Suppose that le is o minimol loft-

idoal ofO( (irrcducible invariant sub-space), Thonc71 =ﬁi1 whero il is idom~

’ /
potont. Q71 =Q(i - il) is o left idoal ofd{ such that X - 0/1 +y1,

e AL

-
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glfj £71 = 0. For, if xlf_ Ul and xi C{jl

-

xlll = xl X.

so that if xy = xi, then xq = xi = 0O, Further, for any x in 0[we have

. -0
13

e

/
= %] X - = - T ©g 4 ini 5 e
X x11 + (x xil) xqy * xi. | nyl is not am nlz;nal lof
e
ideal ofﬁ[, then it contains such an ideal Cyz and C]g/-\‘ yl = 0, (71 + (72 is a

A ’ 7
left-ideal of‘ﬁZ and ﬁ(z: + + t o We repeat the argumont with . in
1 2 2 P g 2

f
place of 1,o.nd continuing in this way we obtain a dcccmposition of 0{ into minimal

loft-ideals.

The above proofs are strietly rational, I requires no restriction on tho

underlying numbor fiold, while II roquires only the mild restriction that the charac-

o

p

teristic of the £icld shall not be a divisor of the order of the group algebdbr

. As o simple application of I we montien the theorom that thero is only cue

"2

irreduciblo reprosontation of a division algebre in the ficid of its coofflicicnts.
td
For 1t is oasily scon that a division algebra has no left~idcals other than itsolf

and 0,°

9. Tho hermitian argument.

A seccond proof of tho decomposability of the roprescatations of a finite
group is the one based on the hermitian argumcut, I% is consideorably simpler than
tho prodeding proof, but it has tho disadvantage of holding only for spccial numbor
fields such as tho complox continuum,

Lot s =% U(s) dofine & reprosontotion of the finite group Oq s If we por-
form the tronsformation U(s) on the voctor x = kEl Ez ove \fn) the unit hermitian
form (x, x) = Zgl?l is transformed into the positive definite hormitian form
(U(s)x, T(s) x) = (x, Ut (s)U(s)x) = {4s). Thon the form H, = gH(s) is positive
dofinite ond invarient under the tronsformations of the group, icc. tho trensforma~
tions x —> U(s)x. By o chonge of coordinatos H, can ™o transformed into the unit
form, aad hencc the matrices U(s) can be tronsformed into unitary mabriocs. The

thooren of decomposability for the reprosentation of ? then follows from The cor-
{

“

respo-.ding theorem for sots of unitary transformations.

o
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Chapter 2.

Survey of Lie's Theory

l. Infinitesimal generation of transformation groups
As an introduction to the Lie theory we congider the group of rotations of
a rigid body about a fixed point. In this connection a.rotation means a single

transformation

?

xt = £(x, y, z) y! = glx, vy, z) z!' = hix, y, z)

a displacement of the rigid body from one position to another about a fixed point.

But a "rotation" also calls to mind a continuous set of transformations.

(1.1) x! = £(x, y, 23 ) y' ' =g(x y, 23 t) 2'=nh(x, vy, 23 £t) (t = time),
the displacements obtained by spinning the rigid body about a fixed axis through the
fixed point -~ an axial sub-group. The first sense of rotation is the more teechni-
cal, the second the more intuitive, The bond between them is the fact that a rota-
tion in the first sense has an axi; of fixed points and thus determines (uniquely)

a rotation in the second sense.

From the intuitive standpoint a rotation in the second sense breaks up in-
to a succession of infinitesimal steps, iterating an initial one. In this way we
are led to the infiéitesimal transformations
(1.2) dx! = (bgl - cy')dt, &y' = (ex' - az')dt, dz' = (ay' - bx')dt

dx' dy! dz!
dt ’ 4t ’ at

The vectors ( ) belong to a 3-dimensionel linear family consisting of

{ 3 '

all vectors of the form a(o, —;’, 1‘) + b(x', o, =x') + c(-y', é’, o)e It is this
idea of the generation of a group of trensformations from infinitesimal transforma-
tions that is fundamental in the Lie theory.

tle consider an r-dimensional continuous group of transformations s of a
point field such that X, —>X = X > Suppose that a coordinate system can be de-
termined for a neighborhood of the identity eiement of the group manifold in such a
way that the identity is given by the coordinates s? = o, @ = O, ses, s’ = o, If

the s* are sufficiently small, the corresponding transformation will be near the



ot 8{%
s—més = ¢ (o;gs(‘ g) [o 5)+<} oS

4 oy | B 4(05)=6
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identity and, since the transformaizi:on group is continuous, will send X, into a near-
by point x. We assume that the point field can be parameterized and so we can sup-
pose that X, and x can be assigned coordinates in a single coordinate ’s.ystem, -say
x = (x'é coe xg), x = (x? \,s x®), and we have
(1.8) s g (sh, e 8T WD) = s, x) | (W= 1, ., n)
where 'i(o, xo) = Xgo

The condition s = 88, ’cha‘l? the s's form a group, is expressed for s's in

*

a suitable neighborhood of the identity by

(1.4) % . Sb"(s", eee, 855 8%, ..., sg) (=1, vee, )

and since the transformation group is a realization of the sbstract group- of the s's

we have oX -f% xo-—s—eo x implies ox-—s-a x:
i i
(1.5) G %) =M (ss x)

If the s in (1,3) are infinitesimals &s®X then the displacement of x, is

X4

given by

' ‘
. il [P\ S : o
(1.6) o (%JSS = Ul(x,) 8s
sw e
if we disregard terms of higher order. (In (1.6) end in what follows we use the

convention that a repeated index unless otherwise stated indicates sumation on that

index.) The transformation (1.6) is called an infinitesimal transformation for the

identity of tho group and corresponding to it we hawve the transformation

Xo=> (1 + §s)xo = X, * dx,, The infinitosimal transformation belongs to the vel-

o
ocity field of the vectors u:( (xo)° Since the group is r-dimensional, the velocity
vectors \u, are linearly indepcndont.

A general infinitesimal transformation is defined by

‘ , -
(107) dxt = ’é—ﬁ—p dsp . "y;; 7 {\5* r;g{_l;{ K 4
08 : 1
and corresponding to it we have the transformation X,—> (s + ds)xo = (5 + ds)s x =
=(1+ 8s)x= (1 + g's)s,xo° We may write symbolically s + ds = (1 + &e)s. Sim-
ilerly if wo determine ds from ds by s + ds = (s + ds)so, and ds from ds &s abovo,

(Y+ds)s. It follows from this and from (1.4)

—— = i~ v
T s tarpen . s aran Ty T
T DAt A un

See OFP paae.

1

then, by the associative law, s + ds
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.that the correspondence (ds! i., ds}:)--)( ds? .. §sT) is given by

g .o 55t = NB($)dsP = Ny(5)d3e

[ If wo specialize (1s7) by setting dsP = 6:& » We obtein by means of (1.6) and
(1.8), . pp page

 (1:9) ‘, 20, = alx) NL(S)

l is0, the vectors %%d belong to our velocity field.

The transformation S, —> 88, of the group manifold is a realization of the

] group%, called the parameter group of (‘d/lo Now, )\i(o) = 8: el honoé forcsuf- )
i firiently -small values of the s's we oan invert (1.8) end obtain

(1.10) As¥ = pf (s) b5f

I and hence the vectors /‘(B generatc the velocity field of the paramecter group. Cor-

responding to (1.9) we have for thc parsmcter group
e

oA .
(1,11) %ﬁ = M) NG (8)

Wo summarizc the above discussion by tho following table:

| Number of Transformation group of Transformation group of
differontiations gr.m nanifoid . poin® field
0 8 = 88, ‘ X = 8X,

5% = y/d(s’ S LA sz) xt = Soi(sh‘..sr; xc"..,xlg)

(s18)s, - sl(sso) (s8,) ox = s(so ox)

1 S;ds=(1+3s)s . dxi=uip(x)5s'°
Se¥ = )\; as® = u;) (x) )\i(s)ds«
asf - /'%i(s)gs"‘

3% - A",f(s)ds"’ - k;f(é)d?"’
‘. =, |
ujl'g (x) Ad‘(s)ds«
- (1+ds)s - uj}o(x) )\j(s)d‘s‘“
dy e A N(o)es™

—

s + ds = (s+ds)sO = ((1+5s)s)80 dxt
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2. Integrability
We have two fundemental problems: 1) to show that a continuous group (or

rather a portion of it in the neighborhood of the identity) cen be generated by iter-

| ation of its infinitesimal transformations; 2) to determine conditions under which

r given linearly independent vectors u&(x) (A =1, eue, r.)' with their linear com-
binations, form the velocity field of a continuous transformation group.

Suppose that S and T are two transformations in the neighborhood of the
ideﬁtity whose corresponding infinitesimal transformations are dx® = ui(x)e end
ax; = vi(x)f’) respectively, Under the influence of“ S, suppose that the point
(00) —~» (01) = s(cC) and T(00) = (10), s(10) = (II), T(01) = (11). We obtain then
(11) = STS"IT'l(ll), The transformation STS™ 171 belongs to the group. The in-

finitesimal tiansformetion corresponding to it is (da - éd)xi. For we have:

I

(1)
10

P Mi1)

5(/10\)(0{/ be, {oo) & (o)

| <8 = {=am - o) - o) - < (00))
ol o

and hence
(@ - §a)xt = a1 - ),

. . {
Thus, the wvelocity wvector l':uv]l = ’..D_.Y.. uk - %Kv“ belongs to our wvector space.
D XX X

# “ouce we have a necessary condition that r independent vectors v, goenerate a contin-.

| vous group is that

.
(201) [uog u. ] Cﬁﬁ u%, ‘
These conditions may be obtained also in the following way. The equations

(1.9) are completely integrable since they have a solution which depends on n param-

aAxX which
ash

" o AT
R
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may be written as

-

P P ‘
(2+2) (7%?; 22‘“)w (xy + Ap ?\r[ “"r] =

are satisfied identically in x and s. For s = 0 we obtain (2.1) and henoe from

(202) and (2.1) we have

3>\P ’a?«}';\” P g\ T
(2.5) (ES&— S% |+ el Aa Ay

which are oquivalent to

(2:4) [ 1) = o Sp - |
(2.4) are the conditions of integrability of (1,11). For example, for the full
linear group (group of all non-singu_lar linear 'bransformatwions of a vector space)
the infinitesimal transzformetions are linear. If dx = Ax and an = Bx, then

(dé - éd)x = (BA - AB)x, and hence the commutator product of the matrices belongs

to the sot,

The commutator product [u, vj of the velocity vectors u and v is distribu-

tivo with respect to each term and o({u, v] = [olu, v} = [w,chv]. It is anti-
B totive:

% (2,5) [ur] = -[vu‘j

and as is easily verified, it satisfies the Jacobi identity

(2.6) {(urdw) + [[roju] + [[wa)v]} =

We may add to the table of sec, 1 the following:

Humber of
differentiation Point field Group manifold
OV R -7
: « ("'é'ﬁ“‘ sk ) ¥ NN O
‘ =cf
[ o) = ey pip
Uy w,) = cf
[ b (3] COQ(’, u'lo
B C"C’ = _Cgok
3 cfoc,t +cfocd +cf el =
AR “py 0F “ou topp = O
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Any manifold of velocity vectors which has the property (2.1) will be

called an infinitesimal group. We can abstract from this concept-of infinitesimal

group the concept of an abstract infinitesimal group or a Lie algebra. Wa cemsidor
ony vector space for which there is definod a composition for pairs of eloments H
which satisfies: -

[a, b+ o] = [ab])+ [ac] Afs., bl = fre, B = [a,d\b]

[ev] = -[ba] [a[bc]) + [v[ea]) + [o[av]) =0
A Lie algebrd is non-assotiative but of a rather spedial type.

We may consider two fundemental problems for Lic algebras. First, we
have the problem of realization ih which we try to find infinitesimal groups whase
velocity vectors can be put into %iggg; correspondence with thc elements of a given
Lie algobra in such a way that to the product of two elements of the algebra thore
corresponds the commutator product ,of the velocity voctors. In particular we may
ask if every Liec algcbra has a distinet roalization. Of spocial importansce is tho

e
fblem of the reprecscntation of a Lie algebra: +to find lincar sets of linear trans-

formations of a voctor space such that to overy o of tho algebra — A, the cerros-
pondence being lincar and
[eb] — 4B - BA =[ 4, B].
The quostion of tho roprecscntations of a Lie algebra is a purcly algebraic ono.
In the sccond place wo have tho algobraic problom of the classification ;f
Lic algebras into non-isomorphic classos. It would bo desirable to have a solution

of this problom in which no usc is mado of the noturc of the number fiecld. As yet,

thore is very little knowm in this connoction,

3. Proparations Tor tho proof of Lioc's thcoroms

In the next scetion wo shall prove thoe fundamontal theoroms of Lie that
(1) tho conditions (2.1) are sufficiont as well as noocssary that a veloeity field
shall gonorate a continuous group (or at loast a frogment of onc); (2) every Lie al~

gebro has o distinet roalization. We consider now some preliminaries for the proofs
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of these theorems. it

One paramster groups. Let ut(x) be a velocity field and dx* = ul(x)ds a

corresponding infinitesimal transformetion. e wish to show that this iﬁfinitesimal
transformation generates.a l-parameten group.  According to (1.8) we should consider
an infinitesimal transformation of the form dx* = u“'(x))\(s)ds° However, we can
normalize the parameter as we have done and then by composing two infinitesimal trens-
formations say dx® = ui(x)e end dxl = ui(x)a we obtain dx: = ui(x)(€.+37) i.e, the
parameters combine additively and hence if we obtain ; group by the iteration of this
infinitesimal transformation, it will be abelisan, This iteration amounts to the

integration of

dx£ . £
(3.1) F el (x)
Let x* = gf(s, xO) be a set of solutions of (3,1) which depend on the n independent

: i i
parameters xg o0z xg and such thab x_ = g>(o, xo).. We must have

(3.2) ?gi(s, Q7(sox0)) = Q7i(s+so, Xg) so fixed

~
] iir, both sides of this equation satisfy (3,1) and they are equal if s a‘g and hence
y

the uniqueness of the solution of the differential equation, the two sets of func-
tions are identical. (B3.2) states that the functions (Pi define & group which is
abelian, t should be remarked that we have determined the group only for a
neighborhood of the identity. In particular the fact that e l-parameter group is a
group of -translations is a local property.

Theory of total differential equations "~

Ve consider a system of total differential equations of the form

ok i .
(3,3) %% = F, (s, x) (=1, eeu, n; A=1, ey, r)

and we seek a set of functions xi, depending on n parameters xi which satisfy (3,3)

and such that for s = 0, x = X,o A necessary condition that such a solution exists

is that the integrability conditions

(5.4)  JL,

i
—

-
2
2N
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-

bc satisfied identically in the x'!'s and the s's. Conversely, if these integrebility
conditions are satisfied, there exists a solution of the desired types We shall
show how to integrate (3,3) by a step by step process of "freeing" the variables.

first, we consider (3.3) for of = 1 and obtain a solution xl(st, O, ses, O) such

that x*(0, o.., 0) = xé, Noxt, let s, be fixed end deSermine a solution of (3,3)
for cA = 2, say xi(slszo ~ 0) such that ,xi(s?O 0 ... 0} is the set of functions pre-

viously determineds We continue in this way and obtain finally a set of fanctions

1

x{st .., s¥) which satisfy

d‘xi i
== = R (s; x)

for (s? ..o 8%, 0 .o 0) and such that x1(0 .., 0) = %o, Wo shall show that bo-
couse of the integrability conditions those functions satisfy (3,3) without restric-

tion, Consider
D} o'y
ds e
. . . v
D; (st oao s*0 ... 0) = 0 and we mast show that D; (8% ovo s7) = 0. On difforen-

"

i \
- F(A(s; X)e

~ﬁ;aﬂ:ing wo obbain

- D& . a Dq L RF DES ~x
(3:5) i Ya . ¢ KR OF
A g6 .a,sd JO‘\O) + 22X DO( ’axn.‘D@
By (3.4) Ji(,) = 0.  Supposc oL < (3 and that D:';( (sl .00 8o .., 0) = 0. We

shall show that Di (st 4.0 s o0 .., C) = 0 and continuing step by step

D?;/ (st .., sT) = 0, Considor s! ... s®~1 g5 fixed, s® as variable and

se’”‘ cee = Oa Thon (3.,5) reduces to (5""1(1,6 D;::»)
(3,6) a. D; ’(}Fa R

X = ZTe pf

A 0 2 X

The only solutior of (3,6) which reduccs to O for S[3= 0 is C. But D:i is such
a solution and henco Di (st oo 86 0 coo 0) = 0, and the x's are the i'oquired solu~-
tion of (3:.3),

In proving the oxistence thoorem above, we made use of the integrability

conditions Joiug, = 0 only for o4 < (> and for (§? ”o‘s(s 0 ¢se 0)e In othor words
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(8% <o 87). The reason for this is that gt .8 sttisfy the relations

'&F‘ 'bF J ?F JK'

5.7) &I y 3.3‘ _ + JF
Ty ’“ﬁ + - Vx* nf M TR 'ax* <05

Ads¥

|

these restricted conditions imply the full conditions J:k(s = 0 for all &, (3 -and .
| 3
| Now suppose'gooi K @3 < ¥ end J d(,} (S’ ... §¥71 0 4440) = O~ Let gt ... §¥?

t be rixed §¥ varisble and ST*! ... = 0, then (3.7) reduce to

L
' &I—J‘J ¢ = ’BF.‘- J .
. §¥ X"
: which has the single solution 0, reducing to O for Sf = 0. Hence

|

Jl

“a <31 OOGSF O oo O) = Oand finally Ji@ (s, s S’f) =0,

4, Proof of Lio's main theorems.

Let u (x) be r independent vectors of an r-dimensionel infinitesimal
group. We associate the infinitesimal] tmansformation dxt = u& (x)*wi'bh each of
these vectors and integrate

i
&L i)
dst 1

obteining a solution x* (st 0 .., 0) such that x1(0 ... 0) = xi. Next, we integrate

the second infinitesimal transformation %;% = U-% (x) obtaining 11(815200) where

x1(s20 (.. 0) is the solution of the first set of equations, Continuing, we obtain
x1(sd ... s') such that

| RS dxl(s ese 8%0 444 O) (x)

5 as

‘ We shell show that the functions xi(s’ cee 87 ) dofine a group. First, we shall s;ww

thet functions of the s's, AP(s) can be determined such that Mt ... s*0.,..0)=
A o

= &ﬁ and that the integrability conditions for

i .
(8.2) == As) g )

ere satisfied identically. By (4,1) the functions x (S§! ... §7) satisfy (4,2) if

we restriot So“l veo §F = 0 and hence by the theory of the last section
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xi(S T ee. §T) will satisfy (4.2) if the integrebility conditions are satisfied.

These latter conditions are that

¥ _(2ANE 2 N P N _
(443) JoL@ =(:5-§'§‘ ‘73-;(2 - Cf?’a' >\ck )\B"o

since the 1‘1; (x) are independent, As we saw in the last section (45, 3) must hold

merely for A < & and (§* ... §®0 ... 0), But under these restrictions (4.3)

reduce to
d A, '
(4.4) a—gg - sz %/; (S) =0

Suppose that )\i(s’9 oee .S‘ﬁ"lO ses 0) are known, then we consider 5‘1 eos Sﬁ-l
fixed and determine a solution of (4,4), )\i(s" ees S®0 .., 0) such that
X&(S?‘ cer § 8'10 evo 0) are the functions previously determined, The functions
obtained at every stage, and hence the );i(s‘* cee 8T), are elementary and hence
analytic, ’

If the ui'( (x) are tho velocity vectors of a group, then the above argument
shows that the parameters may be normalized in such a way that the funections 7\&
are analytic and hence the Jacobi conditions on thc constants ¢ cen be derivod with-
out assuming thc existencoe of third dorivatives.

From (4,3) we can obtain

as) (9L 238 L 2I0) t B AT 1@ AP AT
(:5) e T s +’556“> =l A a Ty +Che Ae I, +CE NI,

Z%T SM Y T AP
By the Jacobi condition the parentiicsis on the right-hand side is zero. Suppose

Tea (ST ous 5¥10 ... 0) =0, A< (><CY. Then (4.5) reduces to

(406) dJr f T 1o
asit = Cre My Jue

and this equation has the unique solution O subject to the initial condition that

Jf€§ (s .. 8% 10 .., 0) = 0. Honce deﬁ (g' ... §¥ 0...0) =0, and finally,

) O

B meR
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Jf?’ (st eee §F) = 0.  Thus the complote sot of integrability conditions of (4.2)
is & consequence of the restricted set.

The determination of the functions Aﬁ as solutions of (4.3) gives a method
of obtaining a distinct realization of-a Lie algebra, For in the above argument we
have used only the Jacobi condition on the constants and sho'w.:n that the functions )‘?x
which are solutions of (4.4) in the rostricted semse, are solution of (443) without

restridbidn, and . }\EL(O) = 53 . In the neighborhood of O we can obtain the inverse

.(/.»z.'; ) of the motrix (7\"(; ). The vootors P give a distinet realization of the

Lio algebra., They are linearly indopendent and

[Fape) = c o pp
We return to tho fundamental theorom that the veloeity fields \kd" such

that

(v ‘j(:‘»l = ‘°£(’> Up

determine a continuous group. Consider the functions deponding on n parameter
xz ceo ‘fc;‘, say xt = @1(5, %50, (@1(0, x,) = x;), which satisfy

; o _ .
ax(§2 v 5% 0 0l 05 xy) (x)
ds™t i

We heve seen that the function )\2 can be dotermined to satisfy (4.3) and thon xi

will satisfy

jx:; = 7\&(3)12‘0 (x)
s

If wo makoe the semo argument with the functiong- /u.‘é dotermined from Aa

wo can obtain functions S% = y/"“(s‘; So) (- Q,C"‘(O, So) = S‘t ) such that

4, ¥ ¥

Now the functions fpi dotermino a group for which the composition law of
the parameoters is given by tho functions y,‘*. rl?‘or, i? §, is taken as fixed, the
functions @i(s; (e (go; x,)) satisfy (4.2) and the functions (f?i(gg x,) satisfy

axt = AE(S)ud (x)as™ - ul (x) 83F
But by (4,7)
55P = N (5)1d5% = NE(§)As*




43
and hence @i(—s'; xo) also satisfy (4.2). Since §'(0 ;e (s,; Xo)) = (P‘(Y'(O;So)x‘ﬂ
we have {0‘( S, @(So; X N = (Pi (§) Xo). If we make the same argument for the
velocities }vkc‘ we obtain for the parameter group

(S ¥(So;o8)) = ¥ (S ;,s)
or S (S, oS) =(S So),S end so the transformation group of the (p's is associa-

tive. and the proof is complete.

5. The adjoint group.

.

In addition to the realization of the continuous group (‘# by means of the

translations §—» §!' = a§ (the parsmeter group), we can consider the group of con

jugations § —3g$' = ag§ a—l as a realization cf Cg'. The advantage of this realiza-’

tion is that the elements near the identity are transformed into elements near the
identity., lHence 8 conjugation trensforms an infinitesimal element (transformation)

of Cﬂr into another infinitesimal element. The relation between these is linear and

may be expressed by
rd

S = )\";(a,) d.sP

By the correspondence of a —3 ( }\"i (a)) we obtain a representation of (5" The lin-
O I

ear group of representing matrices is called the adjoint group ofrﬁ', We wish to

determine the infinitesimal elements of this group., Suppose that a and § are near

' the identity, say a = (1 + gb), S=(1+&x), Then

(1 +é€&x') a3a~l= (aSa"ls“l)S = (1+ed [bx])(1 + € x)

-0TY,
dx = x! - x = 5[bx]
is a general infinitesimal elemeont of the adjoint group. It follows that the linear
| trensformation x ~» dx = '[bx'] = Bx is a representation of the algebra of infinitesie
ml trensformations. TWe can verify this also by direct camputation, For, by the
Jacobi identity
Llbe)x) = [vfex]) - le[bx]]

so that the transformation corresponding to [bc'_“ is BC - CB if B and C correspond to

eper—

- RN S
e~ jonapa—
2 - e I

HES

e i
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b and ¢ respectively., This represenbation is analogous to the regular representa-

tion of an associative algebra that we considered in Chapter 1.

Chapter 3.

Foundations of a General Theory of Lie Algebras
1, Sub-~groups, solveble, derivative; factor groups
In order to emphasize the analogy between the concepts in this theory and
in the theory of groups, wz adopt the terminclogy of the latter. We shall call a

Lie algebra an infinitesimal group or sinply a group. We recall its definition

given in Chapter 2: a vector space for which there is defined a composition [xy)

for pairs of elcments x, y which is linear. in both terms and satisfies the conditions

(101) (xv) = ~[¥=] [=fa] + (v[=9] * [l0] = ©

The dimension of an infinitesimal group is called its order,
Let C?-be an infinitesimal”group of order g end 8] @3 ees € 8 basis for

gac Suppose the multiplication of these basic oloments is given by

Tey eﬁ] = qzé oy (surmed on ¥ ).
By (1,1) we have that the constants c satisfy:
§

) * . _~F ) -~ 0 § £ —_

The constants ¢ determino the infinitesimal group since they, together with the dis-

tributivo law, give the product (or commutator) of any two eloments of qye If

. =
f>\~a>‘e$~ GT"‘b“-f\,

/,

define a change of coordinates and [fh f)é} = O;F? f, , thon the relation between the

¢! 's and the c's is given by

’y = atk 0 W T
O ahaﬁbrc*ﬁ

In other words, the constants ¢ are tho components of a tensor which is covariant of
order 2 and contravariant of order 1. The condition (1.2) may be expressed in the
language of tonsor analysis by saying that the tensor is anbti-symmetric in its lower

indices and that the tensor of order 4 cé% céf + 4900 = O.  Our problem is to
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e -
classify such tensors. However, it will be advan{mgcous genernlly to think of the
infinitosimal group rather than t~h.o tonsor defined by it.

We procced to introduce some dofinitions which are analogous to those of
ordinary group theory.

A group is abelion if the commutetor of any pair of olomonts in it is O.
A sub-group of ('9'« is a sub-spaco f which has tho elosure property [xy] C f for
overy x, v Eﬁ o In order to dofinc tho analogue of en invoriant sub-groun }fj
of an ordinary group%,wo obsorvo that o charaoterization of such a sub-~group can

* with

eny eioment o of f? is conbainod in 7’7 For, o§ ot - s'e E.and henco a$ anls -1,

be given by saying that if § is any clomont of 7311:8 commubtator a§ anls -

-
= §'s "¢ 7% ;5 ond the conversc follows by rotracing tho steps. We thoreforo

formulato the dofinition of an invariant sub-group f of an infinitosimal group %1'
as o sub-space f having the proporty that it conbaine tho commutator [axl for any
pair a C < ond x C £ . It folYows from this dofinition that on invariant sub-

group is a group.  Sinco [ox] = ~[xa}, 7 is also right-invariant in the senso of

associabtive algebras. Wo rocall that tho adjoint ropresenbtation of (ﬁ is tho rop-

roscntation givon by tho lincar trensformations of %

1

(1/;\

v

) x — dx = [ox].
Thus an invariant sub-group could havo boen dofinod es an invarient sub-spacc undor
tho adjoint rcprosontation.

As in tho casc of ordinary groups, an infinitosimal invarient sub-group

dotormines a factor group. If 1 is invariant in ‘?, the projeetlon space %/ZZ is

0 groupe For

x = xy (£), 1 & yp (F) implios [xyy1] = [xevd (#).
The contrum L of an infinitosimal group is tho set of clements c such
that [eo] = O for cvery a in , e L is an invariant sub=-group of (#

In tho casc of ordinary groups, tho sub-group Cg* genoratod by the commu-

1

‘tators is invarient in(?. For if n! is tho commubator sts™ t™' of & and 5,

-1 J-1
o’ o te is the commutator of a ond af. (%‘ is called the first derivod group of

e PP T M

K

F o T ST
i e ooy

T

| Y
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} §

%o Corrcspondingly, if C# is of infinitosimal group, then the lincar sub-space

Cg’ generated by the commutators [xy] of the elemonts of Cgis an invariant Isub-
gEroup. For, if olfxy] + @[zvr] + o.ee 18 ony clemont of %;', and a any oloment of
; C#, o([a[xy]’s + (g[a [2W]] + oo C %' We may genoralize this rosult by proving
that the derived group f? of any invariant sub-group f o'f (# is itself invarient
‘ inUa;o It is nocossary to show moroly that if o is any elemont of %, then

H [afxy1]lc ff if x; yC £ o« But this follows from the Jacobi relation: ,

[ |
& [ofxy]) = ~[x[301] - [y[ox])] = -B'] -]
whoro y' ={yo] x' = [ax] C f and honco [a xy1] ¢ f/. The analogous result holds

also for ordinary groups, as coan be shown without difficulty.
n

i "_ Now, supposo is tho first derived group of ¢p'« By tho rosult just
! % g % y

proved, %;” is invariant in Céz. ~ We call CJ," tho sccond dorived group of %t and in

invarient in ). A group whosc soquonce of dorived groups onds with O.

' gonoral the first derived of the (m«l)th is the m-th dorived group of% . It is
~

| P> G g (n)>q/(n+1)=o '
[‘ is sald to bo sclvublo (integrable),  Thero aro analogous dofinitions for ordinary

| groups.  Howevor, o solvable finito group is usually dofincd as one hoving o com-
position sorics whoso factor groups arc all cyclic groups of prime ordors. Tho
corresponding concort for infinitosimal groups would bo that of a group which has a

composition sorics whoso factor groups have tho simplost possiblo structurec. As o

% croup having a composition scries of the type

(1c4) F=D> G 2G> G0 Oy of ordor k.

|
|
F ii mottor of fact we can show that a solvablo infinitcsimal group can bo dofincd as a
'l
|
|
i Tho factor groups, boing abolian groups of order 1, have thon tho simplest possible
]

structuroc,
Supposc that %’l is solvablo,

| P GG,

;‘ l e %’ is of order h, wo can intorpolatc botwoen it and % tho sub-spaces

%_1, CFg- o+ Such that 9= %g > Fon %,-2 Y ege 2 %h = %'. But cach of




7 | a1

_—theso sub-spaccs arc invariant sub-groups of o Similarly we can interpolatd in-

————

- e e

variant sub-groups

of m;@%:;d (1) o sob of thoso sub~groups
is o composition scrios of the type (lo4). On tho other hand, if C? has a composi-
tion scrics Cg > %g--l > (#gnz > ess > 0, thon (?' < ?g-;l_’ For, let o bo an
clemont of Cf’/r which togecther with %g-—l gencratos (in the sénso of voctor spacos)%.
fa=Ao+a,b=Rc+b, (& sc %’gml) aro two arbitrary clomonts of%,

[a8) = o[cb] + G[Go] + (] < G s
bocausc of tho invariance of this group. Thus %' < %__1 and similarly
%" < %é_l < ?guzo Honeo the scquonce of dorived groups load to O.

A simplo infinitesimal group is ono which has no invariant sub-group other
than itsclf and 0. A soni-cimplo group is onc which has no invariant solveblo sub-
group other than O. If f 7-" 0 is a solvable invariant sub-group of %, we heve
scon that the dorived groups of f are, also solvable and invariant incg o Lot
fﬂc) #£ 0 and ?’ﬂ(k"hl) = 0, thon f(k) is an abelian invariant sub-group. It follows
thot we can dofino a scni~simple group as onc which has no obelian invariont sub-
group ;4' 0.  Evory sub-spacc of an abolian group is an abelian invariant sub-group,
Hence if %7’ is sinmple but not somi-simplo, it is an abolian group of ordor 1,

If % has a solvablo invariant sub-group, it thon contains a maximol
solvablo invariant sub-»groupf » 1oCo onc which is contained in no other solvable in-
variont sub-group, It foilows oasily that ?/2& is sonie-simplo. From this it
follows that to a large oxbont tho probloms of infinitosimal groups can be rocsolved

to theso two oxtreme cases of solvable and somi-simple groups,

2, The charactoristic polynominl

We supposc that wo havo_o: ropresentation of an infinitesimal group C# such
that to tho olemont a of (éz thero corresponds the linocar transformation (or matrix)
A of an n-dimecnsional space. Tho characteristic polynomial of A

FAEA) = IAE-A)s NP - L @A s @R L,

is callod the charocteristic polynomial of o with respeet to the reprcsontation,

4

et v HaE e



. -~

4 e

48

Of particular importance arc the first two coofficients

ACSED W Yala) =2 PP

wherc tho 3 's indicato symmotric functions and the functions

a7 (o) = 1, o) =2 ph

related to thom by the identitios

(2.1) T () = K (&) Ty = L) -2 ¢, ()

The socond of those identitics can bo cstoblishod rationally in tho follo.wing way:
B Z Al Qix . Z ‘a;; i \_— L

. %"MRK *y; Vo - :Li,m'a-xi O en —';L(\{'i _o—z)

if we definoe GZ(a) = tr (5_2). Tho tr (AB) = 0;.(“’ b) is o symmotric bilinocar

form associnted with thoe quadratic form 0—2:(0.). It is called tho scalar product

of a and b relative to the given represontation,  Similarly, wo donoto the sym-
metric bilincar form associatod with %Q’(a) by %1(0., b). Corrosponding to (2.1)
we have
(2.2) O;(o., b) = y/l(a)%l(b) - 2%2(0., b)

If 4 is ony olement of %', }{ﬁ(a) = 0. For, a is o linear combination of
terms of tho type [xy] and [x y} — XY - ¥X which has O traco.

If we aro dealing with the adjoint roprosontation wo call tho character-

istic cquation of a in it the charactoristic oquation propor or simply the charac-

toristic oquation of a,

Let 25 denote a sub-group of Cét and Cp oas eg be a basis of %— for which

0) soc Oy is a basis off o If o is oany clcment of f , thon

(253) [0.".'»‘1]: 0(1101 + 0(2102 +t ecea T okh.l Gh
{&GQ = dlh Cl +°k2h 02 + oen * Oth Oh
and so tho matrix A reprosonting o in tho adjoint roprosontation has the form
OL“ PO o(”_\ d‘”“‘” « .
(204) A = Apie - Aph A by + - o
O o“hf‘lhﬁ' L
akgm»u .
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and i‘} (Al 2) is divisible by £4 ( Al a), tho characteristio polynominl of a
acting in the group f (or the adjoint reprosentation off Yo If f is an inveri-

ant sub-group we have in addition to (2.3),

(2.5) [o"eh-ﬂ.l: Rjhe1€y + - - - +ohhh+t €h
[o“eg] =o(1sei+ Lt '+°‘(h9 eh
or '
Ly elyy -
A And - . .

] A =

O O )

and hence f} (A1l a) = }\gnhf‘h (A1 a)e

If f is invariont ond,a is any elcoment of % thon (2.3) holds and henco

! 4 has tho form (2.4). Tho matricoes

o(“ o . . Ain
A1 = . ¢ . [} -
°<h( e OL}\}\

give o roproscntation of C? which is & componont of the adjoint rcproscntation. If
£% (N | a) is tho characteristic polynomial of a in this representation, thon
f*h( Al a) is a factor of fq (2] a)e

Supposc that Zl cus ER Qe;rc voariobles, thon the oloment x = Ziol is o
{ variable olemont of (ﬁ” In a given roprcsontation of % the matrix X corresponding
to x has coordinates which aro linoar functions of tho F 's and honce its charactor-
istio polynomial £( A | x) is integral in the EI's.. As wo sew in Chaptor 1,
£( N} x) is invariont under o coordinate transformatior in the roprosentation spaco.

It is also indepcndent of the coordinatc system, in the group . Finall it is
Yy & Y.

invariant in thoe secnsc thot

~n

3 at = 2T [ax)ie = 0

|

o

Eil

or,\

™

TR TERTIE



-
PNy x+dx) 2 (NI x) (mod +3)

if dx = [ax]t and a is any element of (5. Let X + t{AX] = X, then

(E + tA)X 2 X (E + A) (mod %)
and hence o _
(E+ tA)(AE - X) 2 (NE - X )(E + tA) 'imod 1-,?)
2+ tAVINE =~ x| 2 |NE - x|l + ta | (mod +2)
But |E + 44| ¥ O (mod t), so that .
Phe - xt = |he - x| (mod +2)
or, £(A x+ ax)2 (Al x) (moa t2)

hi

h
Suppose £(A | x) = £ £y 2f5 % ... where the f; are distinet polynomials

in the z's end A which are irreducible and have 1 as coefficients of their highest

degree terms in N, We have
- p.p. by-l h,. hg hy 4 hg=l
daf hyfy 1 df‘lf‘z zfs see fl hzfz d:t‘z:f3

It follows that df; iv divisible by £, but being of lower degree in % then £,; i%

hz

oo ¥ sae = Of

mist be O, Hemce if g is eny factor of f, g ig an invariant,

3o Definition of invarient sub-groups by means of invariants

ik L A . ,
Let (L (x) 8y \ el FE - i be an invariant form in the sense

of the preceding section: ; =S

9. i
5—% CIR
We can associate with ({,(x) a symmetric multilinear form Wix, ¥ ovs 2) =
1k )
"k veus EH 00T
Aa\P = %({ax}’ F e Z) + y'(X,{.ayl, .OI) * een = 0

For, the form

and we shall show that it is an invariant also:

y/([ax], X aee X) ¥ Lk(x,{ax]...) + e 20

and Aa‘ll is the corresponding multilinear form and hence is O.

Now let f be an invariant sub-group of Cg— and consider the set fl of ele-
ments a of & which satisfy

RO ——Y
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) %/(a, YV, eevy, 2} =0

where y .os 2z are arbitrary elements-ofzﬁ . Evidently jﬁ1is e linear space, Ir
u is any element of %?, .

Y([ual, y ov 2) + U(a, [uy] vie Z) F 4o =2 0
and since [uy] <o fuz] ¢ 75

g(a, [uyl «ve 2) = 40e = gb(a, Y oeee, [ug]) = 0
so that C([ual, ¥y eee 2) =0 or [ua) & ?1'
Hence fl is an invariant sub-group of?.

The special case ;f = %} in the above theorem hes numerous applications.
Por exemple, if £(A] x) = A" = 1) AP+ Lo AR, then ) (x), $y(x)
are invarients, The elements a such that 9&1(a) = 0 form an invariant sub-group
which contains (#’. The elements a such that SLZ(a,x) = 0 for all x C (é? form enw
other invariant sub~-group. Of course the same remerk epplies to Gé(x).

We shall show that a necessary and suffiocient condition that s group be
semi-simple is that the proper scalar product (Tz(x, y) shall be a non-degenerate
bilinear form. The sufficiency of this condition cen be proved very easily: Ir
?»is not semi-simple, it contains an abelian invariant sub-group ;ﬂ. Let
& see eg be a basis for %7 such that ei ces O is a basis foraﬂ + A varisble elew
{ ment of(ﬁv, a = oLiei = oLle]_ + oo t o(heh + & and

[ael = [ae]} = °Lli.el LIETTILE SR [ IR o h)
where the °Lij (i, 3=1 «vse h) are linear functions of the ck;s which are independ-
ent of the coordinates c(1 cee ckh.
(Bonrad = Ay pugoy ¥ eee Pl e
[aeg] =l 18 Oy * eea t okﬂ") ég
and theckg:, (L, 3=h+1, vea g), which are the same as the corresponding func-
tions for &, are independent of Ay .ee o(}{ Thus the matrix which represents a in

the adjoint representation has the form

-

s

Y




where the sub-matrices Al end Az do not involve the coordinates oLl voe o(h. Hence

the characteristic equation of a and in particular 0"2(9.) is independent of these
coordinates. Thus O"z(a) is degenerate. The converse of this theorem will be
proved later,

Let g(x) be an invariant non-degenerate quadratic form of x = ziei, say
g(x) = B Zi Ek. It is natural to consider the form gikeiek where. the matrix
(gik) is the inverse of (gs)). However, in % itself the products eje, are not

defined. If we are dealing with a representation of% , then the ocorresponding

form G = glkEiEk where e; —» Ei has a meaning., We shall call G the Casimir oper-

ator corresponding to g(x) and show that the condition that g(x) is en invarient
implies that G is commutative with all the matrices of the representation. For,
(3,1) g([e&x], x) =0 (A=1, see, &)

Ir [ed\ ei] = oy I‘er, ley x] = zic&'trer end (3,1) implies that g, Zio& ir - 0
identically in the ¥ "s. Hence, if c‘*«i,k denotes grk°°<z’ we must have

(3.2) o1,k "0k, it

3

On the other hand [E s G] = 0 means

(3.8) . e X [E,, BE) = " [BL BB + e B [E, E,

_ s rk i ir, k
= (g Cur*t 8 co(r)EiEk=0'

k,i ik
2 W

If c‘*k,i denotes grkoo‘\i, conditions (3,3) are satisfied if g and
this Pollows from (3.,2).

The infinitesimal groups for the n-dimensional unimodular linear group and
for the n-dimensional orthogonal groups can be determined and from them the inmer
product forms 0‘2(3:, y). It can be shown that these are not degenerate and henoce

that these groups are semi-simple. As a matter of fact they are all simple, except

the orthogonal group of 4 dimensions. Anobther important class of simple groups are
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the comgiex groups: set of lidear transformetions which leave 4 non~defenerate

anti-symmetri¢ form invariant.

4, Lie's theorem on solvable groups of linear transformations

Let % be an infinitesimal group of linear transfermetions of an N=

dimensional space I, : & linear set of transformations which contains the commutator

of any pair. The theorem of Lie states that ifg is solvable, there exists a

vector e ¥ O in (. such that Ae = oe for every A in(g .

if Cg is solvable, ? = %g 3, %g-l > %g-Z) ees > O where gk is of

order k and invariant in%k_'.l.

We shall prove the Lie theorem by induction on

k, and we may assume just as well that the theorem holds for % = % 1 and then
prove it forfg + Suppose then that o, # 0 is a veotor of YL such that Be, = (ieo

for every B in %. Let A be any transformetion of % not in %. The linear

space (4, %) = cg'. Let .

2 3
o Aeg=ey, Aoy = a%

0 = ez, _A_62 =;é._~eo = 63 see

and suppose that e}, is the first veetor obteined in this way whioch is dependent on

the preceding vectors. We have *(p(_l_\._)eo = 0 where ((7(;&;) is a polynomial of degree

1 the minimum for which such a relation holds. Let B! denote [BAY, B" = f_]?_'é'),_. oe
Then

(4.1) Bo = Pe,

= = g} - = t >
Bel BAeo B e, + ABeo (7_, eo + }(3e1
] &2 = 't ) \ ‘1
'B.e.,z ) B:’iel - B.e1 *+ ABey Geo,* 2 e, * ey

Consider the J-dimensional space Y = (ec> ©) tee © 1). It is invariant with ree

speot to%. By (4.1), tr B=Z(inY . But tr B' = tr (BA - AB) = O,
(3' = 0, (5" = 0, ses and (4.1) reduces to
(402)

Hence

‘_1_3_90 = @eo, Eel = (ael_‘, §_02 R (592, .o
By (402) we have for any veotor e of Bﬁ, Be = (e, If Q’(")\‘) = (A ~ol )(pl(?\)
and ¢ = (Pl(é-)eo’ then e ¥ 0 since ;"'((3,1(;\) is of degree /vf; 1.  Evidently Ae = (v,

and hence ¢ has tho required properties,

-
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If we consider 58/(91: es) we have that there exists an ez ¥ 0 mod (eq, °2) sueh
that

_!:._e:5 = 0(363 (med elez)
end so on, Thus the matrices A of the tra.nsforma'bions-f._ een be brought simultane-

ously to the form

°L1 d‘?').. . '°k1ﬂ

(403) A -— . ’

IftAC %‘, chi = Os  The charasteristic polynemial of a variable element £1j_\_1
of (? feotors into linear factor; ( A - 9(1)( A -dl 9) === (- ol ) where thec,{i
are linear functions of the Z‘s. The characteristic polynomial of a variable
transformation of %' is )\n, and hence for any element of (g' we have _!}_n = 0,
. The theorem of Lie and its consequences for% require that the number
field be sufficiently extended, say algebraically closed, However, the results for
! are rational and hence they hold for an'y number field, It is obvious that the

cRaracteristic equation £( N} A) of A is independent of the field of (g so that if
Isfied in an extended field is merely that | A} = O, and hence e can be chosen with

ormed rationally into the form (4.3) with oA;= 0.

N

is solvble and A C %' £(A) A) = A", The condition fe = O which can be sat-

l (Eomponents in the original field. It follows that the elements of (‘9" can be trans-
fl

If A C (9’ the derived. group of Cg, e = 0, G‘Jol‘l&él& ol 0§ |

Yhe, veekor space,
Denote e by e1 We have Aeq = okle for every A in ('g The projeetion ,

whiol)

spa.ce ?R/e is transformed inbto itself llnee.rly bycg’ and hence we ocan apply Lie's ‘,_e‘
theorem to it and de‘cermlne a vector e, ¥ 0 (mod e;) sueh tha‘b [Ir.‘, trams|!
fx_ez 2 “202 (mod 01).
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-

5, Applications of Lie's theoroms to absbract infinitesimal groups
The adjoint representation
x ~» dx = [ax]
of a solvable group cg is a solvable group % of linear transformaetion aeting en the
g-dimensional spaoce % - Wo can apply Lie's theorem shd determine a basgis

(el ‘oo eg) of r? such thet {ee;}is a linear combination of 8y veo © It follows

i.
that [o;€,]1 is a linear ocombination of (04 eoe es) whore § = min (i, k) or,

~

o = O if r > 1 or > k for this basis.

The characteristic equation propor £{ A | a) = || ( A - P ;) where the Pi

are linear forms in the variables ogi where & = d\iei. For a ¢ (2', £(N a) =)\5,

' Let g' be the order of c? '+ We have seen in sec, 2 thatb
f(A) a) = )\g-g'fg,( Al &) where fg' is the characteristic equation of a ¢ ?' in
the adjoint representation of % '.{ Henoe f,z.f (N \ a) = )\g'. A group for which
the characteristic equation proper of every element is a power of A will be ocalled

nilpotent. Thus we have that the derived group of a solvable group is nilpotent.

Nilpotent groups, as we shall see, are closely related to nilpotent associative al-

gobras.
The convorsc of tho rational form of Lio!'s theceroem is the

Thoorom of Engel: If Cg is nilpotont, then it is solveble,

We require some preliminary remarks for the proof of this thoorom:

Lemme l: Evory sub-group of a nilpotent group is nilpotont.

For, the characteristic oquation proper £ (A} &) of an elemont a of the
sub-group £ is a factor of £(A]| a).

Lemme 2: If C? 2 f— a solvable sub-group of order h, then thore oxists
a8 sub-group :,;’f of order h + 1, such that C? v f*) f

For any b C f , dx = [bx] is a linoar transformation of fj . j; is invari-
ent undor this transformation, and hence so is g /f « Sinecc the set of transforma-

tiongb, i40. ? , 1s a solvablo group, by Lie's thoorom, thoro exists an olement o 7’ 0

o e e A eean e
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(modf ) such that[bo]i Bec (mod f,) for all b C..f é f‘i‘ 4 (f, e) is the re-
quired group. :

Lomma. 3: Every sub=-group %7g&1 of a nilpotont group %?g is invariahnt.,

Let ¢ be any olement ¥ O (mod g?é"l)’ then %?g - (g?ézl’ e)e Suppose
[be]E B e (mod %g-l)' Then A - is a ?—&0_1:9_? of tho charactoristio polynomial of
b, Henco (5 = 0 and %g-l is invariant. dinee G:j'i 4 Subjmu?.

Proof of Engel's thcorem: Supposc £ ( Ala) = A8, We shall sonstruot a
composition serics for %} for which the factor groups aro of order 1. Wo ;ako any
l-dimensional sub-group % end find = %2 of order 2 such that Cg v 92 > 91 > 0.
By Lommsa 1 (?2 is nilpotent, By Lomma 3 91 is invariant in 92 and hence %2 is
solvable. By Lemma 2 thore oxists a 73 such that % > ?3 Vs (g 2 7 (91 7 0.

Woe ropeat the argumont with 575. Continuing in this ﬁuy wo obtain o eomposition
sorics of tho desirocd typo. .

Tho proof just given for Engol!'s thcorcm is bascd on tho stronger form of
Lic's thoorem and honco holds enly for algobraioally closed ficlds, The thcorom
con bo cxtondod to arbitrary fields by the following argumont., Lot S?ﬁbp nilpotent,
then it romains nilpotont if wo cxtond tho ficld to be algeobraiecally closcds  Tho
oxtondod group %}c is solvablo, If wo usc the definition of solwability that
%} b %é > (g; > eee > 0, it follows oasily thot C? )g' > (?," > eee O
or, q; is solvablo,

The two theorems’ on solvable groups can be summarized in the following

eritorion: A ncoossary and sufficiont oondition that a group be solvablo is that its

first derived group bo nilpotont,

Cartan sharponcd this oritorion by showing that a sufficient condition that

& group be solveble is that (]”z(x) = 0 for all x of the derived group.

r815F



6, Irrcduciblo transformotion greups and scmi-Simplicity
Lct(‘? be an irrcducible infinitesimal group of lincar transformations of

on n-dimensional space PR, . Supposc that tho numbor fiold is algobraiocally closcd,

thon wo shall show that a solvablec invariant sub-group of Cgr is a l-dimonsional

group of dilotions. For oxample, consider tho sot of all lincar transformations.

Those form an irrcduciblc group which contains tho sub-group of dilations: <trans-

formations whoso matrices havo the form

."O
O "y

In the gonoral sasc, supposo that LT is o solvable invariont sub-group ond C_:_ is any

(651)

cloment \of L . By Lic's theorem thorc cxists a veotor o # 0 ‘such that Co = Y.
Irg' = [CA) whoro A is any tronsfgrmation of% , it can be shown as in the proof of
Lic's thecorom thot Y = 0. It follows that ‘l_&_lc, _1_&2_410, ees, whore Ay, Ay ... aro
arbit/ro.ry transformations ong«, are invariant undor L : @r.j}r-l eve Ao =,
=Y A1 +ee Ajc.  The sot of voetors obtainod in this wny gonorate a veetor

space 7( 0 which is invariant undor(g . Sinco C; is irroduciblc, this spacc =t
Honec for any voector < ¥ we have Co = Yc or C has the form (6.,1). L is tho
contrum of %

If wo hove a linoar sot Cg of linoar transformations which is not closod
undor multiplication, we can oxtoend it by adding tho products of pairs of transforma-
tions and their lincar combinations. If the new lincar sot is not closed we ropeot
tho procoss on it. Tho dimonsionality of cach now lincar sot is groator than that

“of tho procoding, and sincc it can bec at most n?

this procoss comos to a stop aftor
a finito numbor of stops ond we obtain an algcbram which contains (‘g«. We call

the cnveloping algobra of(g', If % is irrcducible so :‘.SGL, and conversoly,

Now lot (gf bo on irroduciblo infinitosimal group of lincar transformetions

dofincd in o fiold A (not nocossarily algebraically closed). Wo form the envelop-

S
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ing algebraOL of(’? + Schur has showm that there exists an algebraic field £(6)

of degree m over S such that all the matrices of b can be transformed simultane-

ously by a matrix in ﬁ(éle o e Gm) (6; the conjugates of @ =e‘.\ into the

forn -

A

AL

where the algebra Cll‘1 of the matrices Ai is absolutely irreducible (irreducible in
an dlgebraically closed extension of £ ) and Al’Az""'JAm are conjugates. If [J is
a solvable invariant sub-group of (’3 then the corresponding £ ixisuoh 8 sub-group of
%‘.' By Cartan's re‘é‘&h%ﬁé‘ elements of L 4 must have the form T;Er where E, is

the identity matrix of r rows and columns, Hence the elements of £ have the form

t4

¥, E.
Yo Ev

YK,

Every element 7( 0 is non-singular and [ is the centrum., The enveloping algebra

of K 1is isomorphic to a sub-field of £(8).

An associative irreducible algebra 6f linear trensformations is simple.,

We will show next that this is not the case for infinitesimal groups.

Direct sum of two groups., Let Cgl and ?2 be two infinitesimal groups.
We define the direct sum (g = (?1@ (?2 as the group whose elements are the pairs

(a3, az) &5 C Cgi for which scalar multiplication, addition and multiplication are
defined by

A (e, 8,) = (Aey, ckaz)
(al’ az) + (bl’ bz) = (al + b1: aa + bz)
Loy, 8,30, 1,0} = ([apd, [e,bs))

N/
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The sub-group of C# consisting of the set of elements of the form (al, 0) is iso-
morphic with Cgl and the sub-group of elements of the form (0, az) is isomorphio
with %2' We use (gl and %2 egain to denote these sub-groups. We have that
every element of (? can be written in a unique way in the form bl + 'b2 bi C ?i
and if b4 and bz are arbitrary elements of these sub-groups, [blbz] = [bzbﬂ = 0.
If 9}'1 and (3, are semi-simple, so is @ ., For, let f« be a solvable in-
i - 3 ] = t = t & 1 oo
variant sub-group of Ot » It is easily seen that ¥ fl + fZ' ? jl F oo

vhers ; ; € (g,i. Hence Zf ; 1s a solvable invariant sub-group of ?i' Since

these groups are semi-simple, we must havef i = f = 0.

A representation of a simple group % is either distinect or it senls every
element into 0. For, the elements which correspond to the O transformation form an
invariant sub-group § of (?. ;f is either 0 or? . In the first case the repre-
sentation is distinct and in the s{econd it is 0.

The adjoint representation of a simple group (not of order 1) is a dis-

tinet representation, It is also irreducible as follows from the definition of a

simple group.,

Consider 71 and ?2 two simple groups and letql and 92 be two distinct
representations of ‘?1 and (?2 respectively. Denote the order of the space Ri on
which 0}1 dcts by n, (i =1y 2), Finally let ti deénotd the contimuous transforma-
tion group generated by the infinitesimal tr‘misf‘orina'bio‘ns dx; = -‘Eixi of gi' It

can be shovm that the group gehekated by q ﬁg 1@(?2 is isomorphic with the direct

product »C.l xtze But the infinitesimal group of this direct product is obtained

from
< o e K ae P A
d(x:L xz(” ) w7 dxyl ¢ dxy xzp
and hence its transformations have the form -E-l X _{x_z + g_lx Ez vihere _h:_:l is the iden~

tity of n; rows or columns. It follows that those transformations give a distinct

realization ofcg e This can also be verified direoctly. The onveloping algebra oL

1) (2
ofOZ contains all Ay X A, and more genorally all .é.](_ ).1.\.](_ )... X ﬂél)ééz)__, and thoir
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linear combinations and hence is-the direct product of the enveloping algebras ULi
of (gi' If the field is algebraicelly closed, we saw in Chapter 1 that this direct
product is irreducible whenever the components are. Thus % is irreducii)ie but not

simple,

7, The enveloping algebra, Extension of Engel's theorem
To study the relation betivben a group % and its enveloping algebra g 1t
is necessary to compute the charactetistic polynomial or, what is just as good for
associative algebras, the traece of an arbitrary element of U from the characteris-
tic polynomials of the elements of(? e We shell show how this can be done.  Since
the trace is linear, it is necessary to determine only tr (_./_&_1£2

' . i .
A's are arbitrary transformetions of the group. Z_ ﬁazﬂiz coe _-l-&-i;t‘ the summation

qee Ar) where the

- 2z v
being taken over all permutations of 1 ,.. r, is a symmetric multilinear form asso-

- .
ciated with tr _Ifu ‘b;_l}_r can be expressed rationally in terms of
V«l(:’_l_), S/,z(i\_) ove where £(A]| A) = Al - %1(5_) %n-l + \,Lz(_z_\_)}\n-.g cee is the

. . » - A —J’ sae 4
characteristic oquation of A. Now, tr (AL‘-EZ oo &k__l_l_\_k_l_l{}q Al 4o o0 f:r _;_1_152 _'_\.r)=

= tr Ay oee -[-xk-lfihﬁléla-&k%-z eos Ao Since [1_\.1{,,_1{3‘1{] belongs to %’

Ay eeo ] ~1£f'}ac+1£k] oo A, can bo expressed linearly in terms of products of r - 1

terms, Using induction we can supposc that the trace of this element can be deter-
mined. Since any permutation is a product of such transpositions, we have

= .L R [ u e '
tr 9.19.2 cso Ar i tr Z _1}_(1.,.; A 1,.+ )u.. whoro /A can bo determined, Hence

tr {&_1 oea -ér can be computed.

Supposo every transformation of (f has X ® ad ite characteristic function,
v

thon tho trace df overy element of (JU is 0. For in the above argumont we may as-

sume that M = 0 sitco it is tho traco of a sum of products of r - 1 terms. Hence
A M .
= L A. .. . ; ide :
tr _1}1:/}2 ves !ir 7l tr 2 _\_._]Ll_f_&qlg . AB' The right hand side is tho multilinear
form associabted with tr :/&_r = 0, and honce tr iqiléz vee fEr = 0. This remark is +tho

basis of a rational proof of IFngol's thoorom that we will give below.

D
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- L4

Definition 1: An associative algebrs (Jlis nilpotent if there exists an

N . .
integer N such that (J{ = 0, i.e. alaz eeé 8. = 0 for arbitrary aiC agu

N
To formulate an analogous definition for infinitesimal groups we note that
if £ is an invariant sub-group of (‘é} then so is [?f]f'ii;rxear space generated by
the elements of the form [xy) where x CQ} , ¥ C f « For, if a C (g
[af]] = - fefyal) - [y (o)) |
Thus the derived group (‘)!' = [cgcpa (92 end 'in general C;k =[9gk'1] is invarient in
. Bridemtly c?Z = Cd’ cf > %", (94 > gt

Definition 2: An abstract infinitesimal group (‘g is nilpotent if there

exists an N such that C?N = O, (We shall see that this definition is equivalent to
the one given in sec., 5 for a nilpotent group)
If c; is nilpotent it is solvable, q} is nilpotent if end only if the

enveloping algebra of its adjoint representation is nilpotent. For if a —% A, the

-
transformation x -3 [al[az cesfarx] oo} = A, ees hyxo  Hence O&q = 0 implies

(?N”' = 0, and conversely

distinct
Theorem (Generalization of Engel's theorem). If (?- is z'a.,\r‘e%‘i'esen‘ba'bion

of 02, and the transformations of C? 211 have }\n as characteristic functions, then
tTJ is nilpotent.

It should be observed that this is a two-fold generalization of Engel's
theorem. In the first plece it deals with any representation rather than the regu-
lar representation, and secondly the conclusion that (‘? is nilpotent is stronger
than tha:bfg} is solvable,

Proof: Let (JL be the enveloping algebra of(g . We have seen that the
trace of every element of (JU is 0. (U is nilpotent, For if not, according to a
theorem of Wedderburn's, Ul contains an idempotent element U. But from II_Z =U it

follows that the matrix of U can be taken in the form

Hiinititt

£

IR IR T

Feiitidisaratitineisy

ANEFETE
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0

and hence tr U = Hence UL is nilpotent.

h 7( 0. Say U'&\I = 0,
(a1 [esf.-. v1]e] — [Al[ﬁz["' AN']...} = 0, and% is a distinot realization of
%, [alay oo aylee} = 0or %,_

The proofs in this section are strictly rational.

Since

It would be desirable
to obtain such proofs for Lie's theorem and Cartan's theorems. However, this seems

to be considerably more difficult,

8o Roots of a single linear transfopmation. Maximal nilpotent sub~groups

For the proof of Cartan's criterion for solvable groups we shall require

a part of the theory of a single linear transformation.

Let A be such a transformation acting on an n~dimensional space Yy, and

= Jee——— [
- — g — -
— J——y r :

e om .

ENTA) =

nomial,

PO = (3 = oA = o)™ e (A o)

A l-dimensional sub-space invariant under A is determined by a vector

its characteristic poly=~

¢ # 0 which satisfies le

=°<e°
lows that | A ~AE]l= 0, or & is a root say = &, of £f(A).

ponding to o(l, therc exists such an invarisnt vector.

From the theory of homogeneous equations it fol-
Conversely, corres-

The projection space b?,/el

is transformed linearly by A and the charactoristic function of A in this spaco is

N

Wﬂ

N—-ch

If hy > 1, wo may use &\ 1 again to detormine a vector e, 7 0 (mod °1) and

log = o 0, (mod oy).  Wo then consider the inverient spaco (e, ©g) and its pro-

joetion space. Continuing, wo obtain finally en invariant space R

Ay
sionality h, such that the charactoristic function of A in this sub-space is

of dimen-

h
(N~ °L‘1) 1 and such thet the metrix of A in this spaco can be taken in tho form

DV Q

e A4342Y A ¥3

-~ o~
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Similarly we can determine \6‘2,&:- RK of dimensionali'b'y hy (k=1, 2, eee, T)s )
We wish to show that the spaces M are independent and that R = Z'R.k.

For this purpose we consider the partial fraction expansion of ;—2—;\3 :
A - 91(Mh + 3?\1h
FIN (A=) (A =)

where gk(h) has degree < h, and is prime to (N = Ay )e By multiplying by £(N)

we obbain

(8,1) 1=1(N)+ i‘z()\) + oeee .

where fk(?\) is divisible by ( A = A 1)h1 ees (N = okk_l)hk—l(h - °<k+1) e+l cee

(N - ckr)hr. For eny vector x, (. R, o Wo have (A - Okk)hkxk = 0, and hence if

1 E, denotes fe(_l_&_),

(8.2) Egx, = O (e # k)

From (80,1) we have

(853) E=E +E, + .00 + B,
and
(804) :X:k = Exk = ‘I_‘:-lxk + coee * .EJ.Xk = _E_kxk-

If the spaces ?Rk are not independent there exists a relation of the type
X1+X2+‘.o+xr=0 xicmi
where not all the x; eare 0. If we transform this relation by Z_E)_k, we obtain
I_Ekxk = X = 0, which contradicts the assumption. Hence ’che'b?,k are independent and
since the sum of their dimensions is Z he = n, we have'Z)’t.’, = ka'
f(_./\:)xk = O and hence f(A)x = 0. We have then the theorem that & trans-

formation satisfies its characteristic equation. The proof just given is irratiomal,

Y but the following is a simple rational proof: We desnote the unit vectorsdy

J_L—

]
it i

AL it 4o

ey
¥

YT

LA

Lo 2 vt % sk i idnd s 1
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0,6, ++s ©, end the matrix of A in-this coordinate system by A = (ekij). Then

Aoy = Ajje) + o510, + aee X a0y
do, = ogpey ¥ Konop * eee t O(nnen_ i
or,
(A - akllg_)el -0(2132 - ese "‘O(nlen =« Q0

4 ] . . . . - L4

-o(lnel kg 00 = eev = (A - °<nn_E:)9n =0
The determinant of these homogeneous equations in the ey is £(A). By multiplying
by the co-factors of the kth column we obtain as in the ordinery theory f({&_)ek = 0
for k = 1, 2, «os, n. Hence £(4) = O. .
It is possible to carry through,by the methods used above, a part of the
theory of a single transformation ip an arbitrary field.  Suppose that £f(A) =
=—n-(P jjci () vhere the (p i(?\) are distinet irreducible polynomisls, As before,
we can/obtain
1= fl()\) + f2(7\) * oeee
where ii(?\) is of degree < n and is divisible by(plkl veo @X—lkx‘l¢f+lkx+1".
gpnkn but not by @l « Hence
| E=By Byt o BE, = dyeBy
x = Bix + Box + 400 B Xy b X * ae,
where B = £ (A). The % for a fixed £ determine a vector spa.c:e'Zﬁz and T =Z’8{t_.
The '&X are independent and invariant. The two additional facts that we had before,
nemely that the characteristic function of A in Rﬂ, is (Rz{‘- and the dimensionality
of?}?,x is k;(nx (n:{ the degree of&x) are not so immediate.
We return to the algebraically closed case. We note that a vec'bo:;xc_ ?Rx
if and only if
(.I_X_-QAI)Nx =0 sk (‘EH’ Some, NS,

N .
For, suppose that x = x, + X, + ..., then @ - o(x) % = O since Rk is invarisnt
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under.4 and the ¥R's are independent. But f){(_.@)xk =0if k £ 1 end fx(h) is
prime to (N - OAX)N so that there exist two polynomials M( A), N(A) such that
MCAIC A —-o(x)N + N( )f‘z(?\) = 1, It follows that X, = 0 and % = Xye .

Application to infinitesimal groups. We consider the adjoint representa-

tion of an infinitesimal group % and its characterlstlc; func'blon

t(h|a)s= 7\@; - (/Jl(a,)7\g -1 + y,z(a 7\g 2 . ces & %g L(a)}\ where S(J (a) is
the last coefficient not identically O. £ 5 o. For, if a is taken as one of the
base elements, [an] = O and the matrix of the transformation x — 'Lax] has a column
of zeros so that its determina- = O, (If we assume that the number field is in-
finite, it follows that %n(a'\ vonishes algebraically., For the present we assume

in fact that the field is algebraically closed.)

Let Co be any element off? such that sbg_g'(co) 7! 0. (C, will be called

[»)
a ¥ ~ular olement of C; and /6 the d "_f‘iciency of'? ° Consider the transformabion
x —» (C ox'l = C %o
: : : L h;

The ebove discussion shows that if £(N | C,) = A(h-A) 8&...) C?= z C?o( ,
?o( has dimensionality h, ond is invariant under ¢ (C ) and the characteristic
polynomial of co(_C_o) in Cgt>< is (7 =0l )h& We require the fundamental

Lemma.: If x  C C?o( and x g C ?6 then [xoLXB]COdL b Y= A+0B

N

A . show - . . .

We have t: show merely that (C - ") [xd\ x(ﬂ 0. The Jacobi relation
ond anti-symmetry give

{cofxd\ xﬁﬂ = [xok [cox/]] + [[coxoa xe;l
or
Sol7a %al =[x o] * [Somur %)
¥l mg) = [y o -6 5) + [0 - )ns s 6]
By itoration we obtain
Ner

(@, - L %p) - L( )[(c - A )z, (90-(5) %6

sothat1fN=h°k+hG—1, X)[x x(,)]

IP A + (3 is not a root it follows that [x&x(%] = 0,
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%o is a solvable group. If cj and o, < ?« os then [eq00] C ?’o by the
q ]
lemma., Then ?o is a group., Let ¢ = X:cl + chz LN \[5'2_ denote any . ‘l
) e
element of 70 . [cXOJ C %, , do@, ?o( is invariant under the transformation/é o(lec. |
N

¢ o
®=y [ex]. Hemoo 20N f0) < T £ (N1 o) = Ne(N o) whore £, (A1) i the Spuil |

characteristic polynomial of.c acting ;?n ng . ir a‘\% 0 the last coefficient of Ce g.
fo&()\) ¢) is not identioalf;%i a(i?fh,‘e‘;xoe there exists a o for which all these last
coefficients # 0. Since £(W| ¢) is ciivisible by )\Q it follows that f (Alec) =
= ?\ﬁ . By Engel's theorem %o is solwvable, %oﬁ is the representation space of
8 solvable group %o’ so that according ‘boli Lie's theorem the characteristic function
of ¢ in ?‘,4

F O = (A= P A= ) e
where F = ﬁl\fl + 62\[{"2 +oeae F QLYZ (@'s constants)
In the same way we obtain lirear forms O“'l, 09,5 ees in %e(., and so on. In par-
ticular, for Cgo we have ¥ linear forms = O. Now the forms obtained from two dif-
ferent spaces, say /05 s G_J of ?& and %«L’ respectively, are not identically
equal, It may happen that some of the linear forms belonging to the same space
(say, P 1 PZ in %,,4 ) are not identically equal. A%t any rate we may choose an ele- J
ment c° & %o such that all the forms which are not identically equal have differ-
ent values fo‘r e, If we repeat the construction with ¢° -in place of ¢, and obtain
the decomposition of 7 = 2 ?oi-' then the forms 'O in the same space y& are
identically equal. We change our notation.and denote the characteristic polynomial
of o= Yoy + .o+ Ylo, in g,y (A =k e o= LxT ol Y2 H e+t T
and call the oA the roots of O o

or for o° (in fact for any two regular

?O is the same as determined ’or c,

elements of ?o )s The relation between the decomposition of ? relative to e, and

¢® will be clearer if we obtain the final decomposition in the following way: We

return to the decomposition for ¢ ? = Z %1d\ ., In %& suppose P 1 ;h’ ,02 and let

¢,' be a regular element for which [O 1 % /02,, 79( may be decomposed into at least
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two different invariant sub-spaces corresponding to its different roots. But these
sub-spaces according to the lemma are also invariant with respect to all the ele-
ments of 2/0.. We thus obtain a finer decomposition of?— « Continuing in this
way we obtain finally the final decomposition obtained before by msans of °,

In order to bring out the full significance of th;.s result for % we
compare the situation in abelian transformation groups and solvable groups.,

1) Lbelian set of transformations. We have seen that the matrix of a

single linear transformaetion could be assumed to be in the form:

Aeve- \,
..oL 0 O \.
CRERE
(805) A:'" O '-(5 O
5 0 .'....

By the argument of Chapter 1, sec. 5, it can be shown that if A, B, «.. are the ele-
ments of an abelian set, their matrices can be brought simultaneously to the form
(8.5). ’

1)Solvable group of transformations. According to Lie's theorem the ma~

trices of a solvable group % can be taken simultaneously in the form

If this result can be improved to obbtain (845) we shall oall% semi-abelian.

Thus the transformation group determined by the transformations of the

solveble group ¢, acting on & is semi-abelian.
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9. Cartan's oriterion for semi-simple groups and its applications
We shall prove first Cartan's ct'iterion for selvable groups: if

T(a) = tr(4%) 2 0, O is solvables

Consider the decompositibn ? = zg N where ?’o is a maximal solveable
sub-group and the characteristic polynomial of ¢ C (g o actin-g on goﬂ is
(A=A )h‘* , ¢& = linear form in the coordinates of s, Let e, and e_ . be vari-
able elements of ?0‘ and (g_* respectively, then [e, €_,] = ¢! varies in %o-

Any root p taken for ¢! is a rational multiple of the root of taken for c¢'. For,

suppose that the linear forms - id ~ (i=l) ek, oes , +ok ..o + ki
p-id, p PP p
are roots but P - (i+1)A and O+ (k+1)L are not, Let 9 va=t. T
=i 4P
is invarient under the trensformations x —[e x]=E xendx-3 o _,x}=E &
and of course under x —> [c’x] = [EA_E_} _Jx = C'xe Thus tr 0' = O in Y. Onthe
other hand, tr ¢' = tr C' in ?o‘ iS.’ h, oA (el the value of of for e!) and hence
tr C! in'zr “th+jd~ (P'+J°C)' Thus
R / y / —_
ZhP*J"L(P +)J‘) 0
and P‘ is a rational multiple of og’

0 (c') = Z p’*= 0 implies that every p' = O sinoe the p’ lie on a
straight line in the complex plane.s Now any element in 9’/\ %o is a lined? com-
bination of elements of the form ¢! = [e_ €__ 7. Since the roots are linear
forms it follows that they are O for all elomonts of %//‘ 90

Suppose ?’ = 0} ,tho above argument shows that all the roots of g are 0

= ' 1
and hence 90 7. But 70 is solvable so that ? # ?. Hence ? has smeller
order than ? .
To complete the proof of the solvability of ? we ropeat the argument with
wpr ! .
%’- Wo may do this since fg( AN %)= )\g & fg'(?\l x) if x < 9‘ so thht
0, (=) = G (x) & 0

Theorem: ? is semi-simplo 1f and only if (§, is non-dogonerate,

T IHY

3

it

1y

T

ST

v reyy

Rl Ta X ke el

U’P}Em



e have shown the® sufficiency of this condition Ain .s€c. 3, It ¥émains
to show that if tgv is semi-simple, & = c;“z is no degenerate.

Consider tfxe .elements a for which- T (ex) = O for all x in %. By s60, 3
these elements form an inveriant su'b~-group¢-// -of? . Since f,g()\( a) =
= ?\g“hfh()\i a), q—‘ = 0 for ?" and 77 is solveble, Simce % is semi-simple
f = 0, 1,6, there exists no a # 0 such that ¢ {(ax) = O for all x. But this is the
definition of non-degeneracy of a gquadratic formi QE.D, .

The two criteria of Cartan hold for groups defined over any -(infinite)
number field. The extension to this case involves only the same type of reasoning

that we hdve had before,

Applications -

1) Independence of semi-simplicity of number field: If P is semi-

simple in & field £ then the & i 4, obtained from &% by extending the field to

: _f_?‘l:) S is semi-simple. For if 0"(xy> is the scalar product of x, y C %,

-
O‘(xl, yl) is the scalar product of 21, 7] € %1, Hence 0"(5{1; yl) is non-degen-
erate and ?1 is gsemi~simple,

2) Decomposition of semi~simple groups: A semi-simpls group is decompos-

able in a unique way into a direot sum of bsimple groups (of orders > 1). Let-f be

en invariant sub~group of ¢ and consider the invariant sub-group «£* of elements
&7 group y

i orthogonal to every element x of;ﬁ , ieces G (x, y) = 0. If h, h*, g denote the or-
ders of—f 5 E;* and ? respectively, then g = h + h™, The elements common to f
§ and 7;* form an invarient sub-group of“? whose scalar product form is idemtically O,
b Thus 4N f* is a solvable invariant sub-group so that f" £ % =0 and
. g d
il A Tk %k
%=;-rgf*o If x ¢ f,yc_f,[xy}c_f/\;ﬁ,andhenoe{xy]-—-o,
* *

= 1 e i is a meximal invariant sub-group, = A is simple
| 4 FOE£ ¥ group, £° = Opy %= G/p p
§ (of order > 1), 25 is semi~simple and of lowsr order than ?, end hence we nay

| suppose that f = ?2® ?5@--0, ?" simple.  Then 2;= yl@?g@ ?’5@ bee e

To show the uniqueness of this decomposition we shall show that every invariant sub-
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group f of C? is a direct sum of certain 71. Let x be an arbitrary element of

f , then x = X + X, ¥ e, Xy C ?i' The set of elements x; (i fixed) form an in~

variant sub—group;’ i of ?i' Hence f g = 0or ?5_, and in either oas.efi = fi'

If a is any element off , Caxi] = [a,%7 C.jl + But the linear combination of el-

ements of the form [aixi] determine f; = fi' Thus f N C_d-e and
f = fl@f 2@ cee = ?il@ %iz@ «.s (if we omit the fi = 0). If we have any
other decomposition of ? into simple gfoﬁps, the components are sim;:le invariant
subgr oaps and hence coincide with the ?«io

3) If O is semi-simple, %}' = % For 0f = ?1@ ?2@ «so where the
?i are simple. Hence 7 = ?i@ 7%@ ces = %@ 92@ cee =?. It follows

that §/;(x) 2 0 for a semi-simple group, and {(/z(x) can replase ( 5(x) in Carten's

eriteria.

4) Invariant bilinear forms. We recall that a symmetric bilinear form

g{x, y) is an invariant of  if g({ex] y) + g(xfay)) = 0, i.e. the trilinear form
H(x, y, z) = g([xy}z) is anti-symmetric in y and 2. Suppose now that the number
field of q} is algebraically closed, and 1) 7 is simple., Any invariant bilinear
form either vanishes or is non-degenerate. For the elements a such that g(ex) = O
for all x (? form en invariant sub-group. g(x, y) - AN¢ (x, y) is an invarient,
There exists a N\ such that g(x, y) ~ N(¢ (x, y) is degenerate., It follows for

this N that g(x, y) £ A (x, y)« The only invariant bilinear forms for a simple

group over ai algebraically closed ‘fieid are the constant multiples of (x, y).

2) Let (? be semi-simple, 7= 91@ ?2@ ?3@.1. (x = x3 + X * e0e), ?i simple.

Let (T—i(x

Y y;) be the scalar product of x;, y; C ?i in 71 and g(x, y) any in-
variant ofC?’. g(xs, yl) is an invariant of ?,, and henoce g(xy, yp) = t

= )\10_1(7{1, yl)' Set

g<x: Y) - Alo‘l(.xl’ y]_) = g*<x: Y) !
We have

g (fayx1], ) + g7 (x, [m, D) = 0 *1, 01 C g i

e b A A e et
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Sinde [a, yl= nC (‘#1, g*(xl, ~y}_) = 0-so that
g ((g%13, ¥) = 0
or g¥(x3, y) = 0 for x] & 91. But 9i = ¢, end hence
(9.1) g*(xp y) =0 )
for Xy C ?1. (941) shows thet g* does not involve the variables of Xy or ¥y,
and hence we may use induction and prove th:t any invariant
gx, y) = 7\10—1(3‘1: yy) + 7\2(}'2(12, Yo) * een '
Criteria analogous to those of Cartan hold for associative algebras. The

proofs there are considerably simpler.
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10. Rational proofs of Lie's theorems and Cartan's theorem on irreducible groups
The following discussion, with slight modification, is taken from & paper
by N. Jacobson which will eppear in the Annals of Mathematics.
Definition. An associative algebra is _s_eln_l._:_u_ri)_l_g if it contains no nil-
potent invariant sub-algebra # O.
Let% be an infinitesimal group of transformations end %its enveloping

algebra, We propose to investigate the structure of OZ when U is semi-simpie,

We give first some lemmas (1, 2, 3) which do not make use of this assumption.

Lemma 1., If %is an invarisnt sub-group of% andw respectively

their enveloping algebras, thenOLﬂand Z—Ul are invariant sub-algebras of {JI. Ir
25» is nilpotent, so are mzvand 0L,

We note first that ,
\10.1) AL < LOl+& LOLC G + %
It is §uffioient to show the first of these, and because of the distributive law we
need to prove only that

G1Gy +e0 GHE, oo By € LOU + X

(¢, <G, 5 c)é )o  Let [y, B} = H'C %, then GgH) = E! + HyG and

ase GH 0ea H'b Gl cen G H’h ees Hp G sos Gs—lHleH‘Z ceo I

1 Se T

If we uso induction on s and t, we get the desired result. (181) implies that

L Ol € LXK AU and hence K and XUl are invariant. From (10.1) follows

also

(10.2) L ¢ X0 + X5 Lot ¢ G + B
rd from (10,2)

(1003) (W) ¢ g™ (LY ¢ B

This equation shows that if J> is nilpotent, so are G amd FKrO/C

Lemma 2. If [G, H] = H' is commutative with H, then H' is nilpotoent.

The operation (') defined by G has the formal properties of a derivative.

It is linear and

d
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(£H) = [6, ;R = [o, BB, + B [6, B} - HIE, + L H
polynomial with coefficients in the field S and (P’ (A) is the derivative.

by induction that

@ 0 () (1252 o

(

2n-l1 ’
If the degree of C((?\) is h, (p

h)(H) = h} and (H') = 0,

sbove notation CA! for the derived of (A and cenote the centrum of OLvy G -
Lemma 3. L. = X ~C is a nilpotent algebra.

For if ¢ and C! ¢ A, and ' = [XY|+ [Z0]+ ..., then

2

| algebra ﬁ,.l is nilpotent,

Lemmo 4. 1f OU is somi-simple, £ ) = U0 N L o= 0. .
is nilpotent ond invariant. Hence 'Cl = Q.

the-orem on absolutely irreducible groups:

quence of ¥ ’.) TWrite X’z = [Z"l?] , 3"3 = [Xz,g] , ¢es and suppose
D

From the commutetivity of H end H!', we have Y (H)® = @ (H)H? where @ (M) is a

suppose (((H) = 0 ((€(7\) mey be the characteristic polynomial of H). It follows

Any associative algebre UU (of transformations) determines en infinitesimal

group in which [AB':\ = AB - BA. C(JU is its own enveloping algebra. We usc the

I
QT = -[cx, Y] + [CZ, W] + oeo C OC- But CC: C L also, and h611oe£l is closed
whder maltiplicstion. Since C, €2, €5 v.o C O, tr C = tr % = tr ¢° = ... =

and C is nilpotent. Thus every element of L 1 1s nilpotent and so the commutative

By Lemma 3, Cl is a nilpotent algebra. ULC.' = ﬁleL is nilpotent and

invariant in (. Because of the semi-simplicity (]I.C] = L. 0L= 0. But thon j:'l
. oL

Let T denote the maximal solvable invariant sub-group of % ond JU the

envoloping algebra of% . "¢ following is an important generalization of Cartan's

A
Theorem 1. If U is semi-simpls, then % = T@%l where X’ is Abelian.
Wo wish to show first thet [f7.0] = Y=0. Tc Ud"c Y
.5” is 7! 0, it is o solvable invarinnt sub-group of% and it contains fl 7! 0 an

Abelion invariant sub-group of%’n (fl may be taken to be one of the derived se-

—
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Yn = Tn-i'l‘ This means that Tn has a basis of elements of the form S' = [S, G-\
where S ¢ Tn and G C Cgr » By Lemma 2 these elements are nilpotent. Ience the
cormutative enveloping algebra Lr of )'A'n is nilpotent, By Lemma 1, O{%is nil-
potent and invarient in (M. Hence,?;’r = 0 and fn = 0o, Th-y

Y1 2% 2> 82> vee >Ypy T n =00 ¥,y consists exclusively of slements
of the centrum. This is impossible because of Lemma 4. Hence T) = O,

On account of Lemme 4, we may obtein e %* such that ? =¥ 4 (g?+ g*) =
= ¥ + 71’ whers the spaces ¥ , g’ and ?* are independent. %1 is an infinites-
imal group and[?llfl= O. Hence % = gl@‘[f‘

?1 o ('Q/T is semi-simple and hence 91 = g;/l < 9}0 Thus ?1 = g;‘,
g = %‘ C, ?f: This stronger form of Theorem 1 depends on Carten's theorem on semi-
simple groups and will not be used in the sequel.

The following result is, fundemental for Lie's theorems on solvable groups:

- Theorem 2. Ir is solvable and'f( is the radiocal of the enveloping al-
gebra UL of%,,‘bhen at (modﬂ) is Abelisn, g’ is a nilpotent infinitesimal
group.

If G, % Hy, Gp = Hy (mod Y{), then [6165] = [HHy) (mod YL ).  Thus tho
elements of % taken mod YU define a group which is isomorphic with 0; (not neces-
sarily (1-1)). TWe donote this group by g (mod Y1), It is solvable and its on-
voloping aigebra is J{(mod¥T)s By Theorem 1, %(mod'fﬁ) and OU(mod TL) are
Abolian. For any pair of elements Gl’ G, Cg , [Gle'} %2 0 (mod L) or gt c Y.
Honce (g‘ is a nilpotoit Lie algobra.

LetZﬂ, denote the vector spaco on which the solvable group 97 of trans-
formations acts. In thc notation of Theorom 2, suppose Z’LS = 0 bub T(_s_l ;( 0.

If 5 is any sub-sot of O1 , we denoto the sub-space of ¢U gonorated by tho trans-
forms of the ’;TOO'tOI'S of & by the clomonts of Xr by X R, Donoto Z"Lka( by fokg
Weo have &s-%l = O,Rs # 0. From the associative law ﬁx—knk = D’L’,l/ (Z > k).

Honco
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Wo> Ry PRy > oee YR > Wgay = O
The spe.ces'azk are invariant with respect to ;W . For,
2 R, - AFER = (CFOTETRC TR =,
= since Mﬂcﬁ
Consider the 'transfo;'mations of OU in the projection space’a?,k (mod bﬁk_,_l)a
If A = A' (mod Y1) then Ae 5 Ate (mod ﬂk-bl) where e C 'O?,k. Thus the transforme-
tion of U1 inb@k (mod R x+1) is also e transformetion of O (mod YT ),' In particu-
lar the transformations of YL are 0 inyR ;. (mod MWisp)e Let us choose a basis for
" 57 supplement it to obtain a basis for afs_l, supplement this to obtain a basis
for b?'s-Z’ etc, With respoct to this basis the matrices of the trensformetions of

ot 2ll have the form

Af An.' B A:r

(10:4) A = O
'Ar)

whero the Ai aro tho matrices which represcnt e commutative semi-simple algobro
O (mod¥T). In particular for ACﬁ,A1=A2= oo = AL = On
It follows from the goneral theory of representations of algebras that
' thoro cxists a fixed algebraic f£%>1d 3 of finito degreo ovor /£ such that any ropro-
sontation of the semi-simplo camrmbtative algebra O (mod 7T ) can be docomposcd into
l~dimonsionnl roprosontations in % . It follows that by transforming in % tho

3 matricos (10.4) may bo taken to havo such a form theat

| @) O

0(9,

‘. 10,5 . .
; 10:8) ¢ O .

>
i

%
ck(_

¢

Wo have proved in this way an extension of Lio's thoorem:
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Th'“e'orém_é.. Ir Cﬂ is a solvabls group of transformations, its metrices
may be taken in the form (10045; The matrices of C(;Z’ have Aq = A2 = see = A = 0.
By transforming in an algebraic field % of finite degree over /= we may take the
Ai to have the form (10,5).

Theorem 2 may be applied to abstract infinitesimal groups to obtain

Theorem 4. The first 'derived group of an absbract solvable group is nil-
potent.

The adjoint representation of the solvable group cg is a solvhble group

Cg of transformations., By Theorem 2, Q\?jj is contained in a nilpoteat algebra.
i

Hsnce there exists an integsr ™~ such thatb G]’_G" oee G-l'; =0, G! C % t.  According
p i

[

to the definition of the adjoint representation, 1f g;‘ - G!l, then we have
[gi[g; ..a[g%x]o..'} = 0 for all x C cg . Using this result for x ¢ r?', we have
(g )™ = o.

Chapter 4.
- Integral~Topological Viewpoint

1, Invariant volume measure on & compacts Lie group

We consider an r-dimensional compact Lie group ag and suppose ‘that it can
be parsmeserized in such a way that the group relation spgsy = 33 (for s1 in a suit-
able neighbornood of the identity) can be given by functions which have conSinuous
first derivatives, Using this assumption we can define the infinitesimal trans-
formations (or the ta\}ngeni; space) of ‘9 o If 35'5 is a tangent vector at the identity
there is associated with it the vector a §s at the point a. Compars Chap. 2, sece
L

Let 58 ... ds be r independent vectors at the identity. They determins

a volume element, a parallelopiped whose volume we assign as

absolute value of

ds? . . - 48"

w change of coordinates this volume is multiplied by & constsnt. Consider

B T
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» independent vectors at the ;oint 8. The parallelopiped determined by them may be
obtained by a left translation s —» s® = as of a parallelopiped at the i‘denti":-yo

We define the volume of the eleme- ™ at o to be the volume of the corrvesponding ele~
mext at | (the identity). This volume measure is im(aria.m': under left translation

since (ba”l)as = bg:

il

1S

The volume measure is also invariant under right tranclation s —p 3? = sa.
To prove this it is necessary merely to show that if a volume clement at the identity
1s transported to a by a left translation and reburned tc | by a right brenslaticn

. . . e . . . .
then the volume is unchangec. “We consider the linear trensformation of the tangert

spgce at the ildentity, which is given by & - asa"l. Let A be the mabtrixz cof this

trensformation. The correspondence a —» A gives the adjoint representstion of ::;1 “

We mast show thet ebs, { A} = 1.  Suppose abs. | A) < 1, then abs, | A" —% 0. On the

other hend, ‘the sequence of powers a, a.2, as, eec havo a limit point b and o sube-

¥y

sequonce & - converges to b, Let b—3 B in the adjoint represemtation. | 3% ¥ C.

01, - .
By the continuity of the representation lim A™ - B and lim abs. [ 4} £ . abs.|Bl# O.

From this tomtradiction we conclude that abs,{A} 2 1, By considering the negativu

2

power a'l, 8£7°, seo Wo find that abs.JA| > 1 is impossible so that ebs.jil = 1.

- s s . . . =1 sl
The measure of voiume is invariant under inversion s —p 8§ This inver-

sion sends a volume olement et 1| determined by Jg yo0e )ds into the element defined

-

by -85 eoc ~ds. Now consider en element v at & and the inverted element v '~ at o~

Under the left translation s —993"18, v is transported into a—lv et | and under the

-1 ~ -3 -1 ~1
right trensletion s —> s a, v . is trensported imto v "a. But v “a and o v are

. : -1 .
inverse elements at | and hence ai*e equal, Hence v = v ~, Vie indicate this arg -~

ment by the figure

P
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By means of the volume measure we can define an integral. It has the

usual properties of an integral and in addition is invariant under translations end
*

inversion. Every continuous function has a finite integral over the whole of ? o 4

We have seen that the condition that the volume be left-invariant deter-
mines it except for a constant factor. We mey determine this factor by supposing

Shat the volume of the whole manifold (the integrsl of 4 over the manifold) is = 1.

2o Decomposability of representation of a compact group
Fd
Theorem: Every rspresentation of a compact Lie group is squivalert to a
unitery representation.
The proof is the same as for finite groups except that integration replaces
summation. We take any 1 ve definite hermitien form A = Z aikxi;c.lz and apply

U(s) to it obtaining si = :,3“

e vt

aik(s)xixk the vector x is transformed into U(s)x in

passing from A to sA). sA is positive derfinite and hermitian. Let H

#

,/' sids,
o

Ji

H is positive definite and hermitian and is invariant under ? , lo€o all = H for

every a c Cgr o For,

e

ol = [ ashds = [bras = fwadb = H,

We have set t = as and made use of the left-invariasnce of the volume. Now trans~-

form H inGo the unit hermitian form Z_ XX,

5 l by a change of coordinstes, The ma-

trices U(s) are transformed jinto matrices whi.ch leave Z XiXq invariant and hence

are unibary.
It follows that every representatisn of a compact group is decomposable if

reducible.
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3, Invariants, Fihiteness theorem for compact groups

In this section we shall apply the integration method te prove the finite-
ness theorem of invariant theory.

Let ? be an arbitrary group and U(s), V(s),. »s4 representations of 7 in
the spaces @"&, bh, ase respectiveiy. A vector x C & is transformed into
x2UE)x, yC g —> sy = V(s)y, cos » Lot F(x, yi éss) be a polynomial which
is homogeneous of degree f+« in the x;, of degree Vv in the yj, «.e We define the
transformed function of ¥ by s to be s f(x, ¥, eee) = f(s—lx, s7ly, ..o

Defini'b:"Lon: F# is invariant under 2? if sf = £ for every s.

Classical invariant theory dealt with the following speciel case: Let %
be the unimodular linear group end Ce Z 1k,,.,1’xixk ses xx, a form of degree
- (aik ve =/1/ is a symmetric tensor). Under the influence of the transformation

Z lexk of the unimoduler group, Ce qzalk" ]_/xixj'c ree xi, - The trans-

* formation of the coefficients s, sk X"’ a:.k ,i gives a representation of g . A

re

polynomial in the ccefficients f(aik”.,'( veo) is transformed in this way into
F ;ke”}.’ coa) = fi(aik:.ul «eo)e f is an invariant in the sense of classical
invariant theory if ! (g’ik”.,’(' eso) = f(aik...)f eee)e Thr-- the classical theory
deals with a special group, the unimodular group, and a special representation given
by the transformation of symmetric tensor a, ko.of

Theorem: There exists a finite number of invariants for a campact group
such that any invarient is expressibls as a polynomial in them.

This holds in particular for the orthogonal and for the unitary groups.
% does not apply directly to the unimodular group which is not compact but the
throrem can be extendoed to this case of classical invariant theory by the follow-
ing argument: The condition that f(aik,.,.).” ses) be an invariant for the unimodu-
lar group is that df = O for en infinitesimal unimodular transformation
dxl = Z Y:.kxl'c ( Z i = 0). This condition is of the form Z Aik Yix = ©

where Aik is a polynomial in the 8 e If F£ is an invarient under the uni-
c0o
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tary group A f = ) Ay, = O for allay oy end Yy = Y (Tie= T
is the condition that dx; = ZTikxlfc be en infinitesimal unitary trensformation.)
But if df = O for Yk ® -?-ki’ af = 0 for all Tik and £ is an invariant under
the unimodular group. The finiteness theorem for the unimodular group follows from
the corrosponding theorem for the unitary group.

We requiroc a theorem of Hi ¥ I%'s on polynomial ideals. Such an ideal is
a set of polynomials which contains the sum of any two of its members and the product
of any' of its members by an arbitrary polynomial. Hilpert proved that any poly-
nomiel ideal {J has a finite basis, 100 J D Fp, Fy, cso, F, such that any
F= L‘lFl + LoFg + oee * LnFn’ F C':) , Lj polynomials. It follows from this that
any set'f of polynomials has a finite basis, For we take the ideal generated by

¥ and a besis Fi, Fg, ooe, F for its The F, may not belong to Y but they are

linear combinations of polynomials Jl", J2’ voey 'JN inY . Hence every member of
Y is a“linear combination of the J's.

Proof of the theorem: We apply the Hilbert theorem to the set of invari-
ants which are not constants end obtain the basis Jq, e, JN such that any invari-
ant
(3o1) J = LlJl + LZJ2
If J is homogeneous of degree j~ end the J; of degreo 4 in the variasbles x, W 'and

T oaee * LNJN'.

Vi respectively in the y's «.., then Ly may be taken to be homogeneous of degree
St~ oy in the x, ¥ -, in the y ¢e. o If the L; are invarients we could con-
clude the theorem by induction on the degree of homogemeity. We may arrange that
this is so by the method of integration. We transform (3.,1) by s obbteining

gd = J = (SLl)Jl + (SLZ)JZ + ese * (":‘N)JN
Now integrate with respect to s over and obteain

J o= I;d4 + 12J2 + aes * INJN

where Iy = _stkds is en invariant of degree M - My. We repeat the process for

the Ik obtaining finally J a polynomial in the Jko
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HARMONICS .ON HOMOGENEOUS MANIFOLDS

!:"‘c azronr fn Th “umals of llathermabiés)

by
HoWeyl

Introduction

Our investigation sbarts from the following data: a compact Lie group
J, a point field T and a realization of G* by means of transformations (one-
to-one correspondences) in T, so that the element & of ¢ carries over the
point P of 7 into a point sP. P, Q, ... denote arbitrary points of the point
field, s, £, ¢es. arbitrary eleme,n‘cs of the group. We assume that the group of
trensformations ¢ is transitive on 7T so that all points P are equivalent with
respect to ¢ ¢ A function € (P) is carried over by a transformation s of our
group into the function s § defined by

s F (sP) = ¥ (P) sF(?) = £ (s7°P)

An h-dimensional linear set ﬂh of functions x;53 (P) + oo + xp Py (P) on

with the basis consisting of the linearly independent functions §-01’ veoy (?h

is invariant with respect to ¢, if ‘the transformed functions s (?9* are linear

combinations of the CP!-* :

]
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(3 - Q) = 2 Ak, . (S) Qulm)

a1

U(s) = |l 4huv ()]} then is & representation U of the group g~ ; we say that the in-

variant set belongs to, or is associzted with, the repretentation U, The set is

primitive if the corresponding representation is irreducible.

i s e s i

The classical example of the situation at hand is the sphere ¥ under Tthe

influence of the group ¢ of all rotations. Here the spherical harmonics of & given

order form a primitive invariant set. In eccordance with this example one will ex-

poct that the primitive invarient sets form together a somplete orthogonal system on

-7

il « We may stross the analozgy by using the term harmonic set of order U instead of

invariant set associated with the ropresentation U,
Every abstract group ¢° allows realization ("regular realization") the
&
point field of which is the group memifold ¢ itself, and which represents theo group
olonent a by the transformation s — as. In this case the columns of the irreduci-
blo ropresontations are the primitive harmonic sots: thus an irroduciblo roprosonta-

tion of degroo h yiolds h linoarly indopexndont harmonic sets associated with it,

Tor this ceso orthogonality was proved by Schur, complotoness by Potor and the author

* I, Schur, Sitzungsbor. Berl. Akad. 1906, p. 403; 1924, p. 199, Potor and Weyl,
Math, Ann, 97 (1927), po 737 (cited as P77, .

Tho mothod can be carricd ovor, practically without any chonge, to our morc gonoral

problom which was first propoundod ond troated by A. Cortan™ ", It becomos in this

** Rond. Circ. Mat. di Palermo 53 (1929), p. 217.

cnso ovon moro lucid since the coincidonco of the point ficld with tho group manifold
in tho spocial casc is ombarrassing rathor thon simplifying. Two obsorvations
causod me to como back to this problom aftor Cartan's papor:

1) It is not necessary to assumo 7 to bear a metric, for by moans of the invorient

volume moasurc on tho group menifold ono is able to form tho moen valuc of a continu~
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ous function £{P) on 7 in tho fdllowing way:

n(®) = [ £(s71p)
S

/ donotosthe average with respcet to s« Wo have
M

1}

. . ”
- 3 - . L . -
n(a lP) = ff(s 1 Py= ;(t 1P) n(P) [t = as)
g ¢ L 1
Sinco overy point Q can bo derivod frem P by moans of 2 trensformation a = of the
group, m(Q) is cqual to m(P) for any two points P and G; hencc m(P) is a constent
n and this constant may bo called tho moan valuc of £(P)
n = ff(P)
?
2) Cartan proves camplotonoss in an indiroct way, meking uso of kernols F(P, Q) which
arc invariant, for tho transformabtiong of tho group
(2 F(sP, Q) = F(P, Q).
But ono gots thc rolation of complotonoss holding for tho function £(P) quite dircct-
1y if one, in oven closor accordanco with the proccdurc of Potor end mysolf, chooscs
K ] — s ”1"3 o[ -1 \
23) F(F, Q) = | £(s7P)f{s Q)
e S
or, what amounts to tho semo thing, ono congidors, following E. Schmidt's thoory of
tho cigon-valucs of aswmobtric kornols,; thc wwo hermitian conjugasc oporations
9 @@ — §is)
Froe ple) -~ @2

(Tho notation of coursc is not intorded to suggost that tho two oporators aro rocip-

1}

4
j Flz, P)w(P) . : .
i

roa . . , L
jgf(s, PYLis) with Fis, P} = F{(g7°P)

I

rocale)

Indoed, if is an h~"0ld oigon-valuc of F(P, Q) with the h indcpond-

#

# 0
(), choson as o normalizod, unitary orthogonal systcm:

bf@*(r’) ‘W\J(P) = 8/1.\)

thon, on account of tho invarianco of F, Qic(sP) is an cigen~-function too, and

ont cigon-Tunctions Q%*

§ (P) oo (P){ is an invariant sct of functions, og. ' "41), c. wciated with
1 N, ) ¥4, q
a definitc roprescntation U. The (p boing normalized, this U is unitary.

§5) Ay = Zf(P) G (P

may donotc tho corrcsponding Fouricr coofficicnts of £ » A simple computation

_P

A g . o b
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/,.,wkﬁ.ch_is‘.narxigsk_tmw_l_gh_in\ﬁ—l"yi&lds\\\\

i6) hy = oklczl et c(ho—zh
Consoquontly, tho thoorem that the sum of the cigon-valucs of tho kornol F(P,G)
oquals its traco tr (F) = ‘,{F(P, P), loads immecdiatoly to tho rolation of complote-

———

noss, for we have T

——

Thesc proliminary romarks woro intondod for the cxpert who is femiliar
with Cartan's papor. I now ombark upon tho systcmatic oxposition by which I should
like to roplaco the two papors Potor-Weyl and Cartan. Concorning tho group, wo meko
thosc assumptions which grant tho oxistoncc of a differcontial invariont volumo
measurc on tho group menifold (cf. P-W). P! = sP may dopcnd uniformly continuously

on s and P.  In tho first part wo discuss orfthogonality in tho semc mannor as Car-
7

tan discusscd it; it is shown that at most h irdopondont harmonic sots can bo asso=
ciatod with an irroduciblo roproscntation of dogroo h. Tho socond part contains

tho proof of complotonoss and thc oxpansion and approximation thoorom.

I mé.y point out, by tho way, that tho whole invostigation could bo carricd

through within the moro gonoral freomo of von Noumann's thoory of elmost poriodic

functions on arbitrary groups*. Hero group and point fiold ncod not bc compact,

F(P, P) = sfb’(s?)lz = Z!f(PHz, tr (F) = Zkf(?)lz T

* Which will s-on appecar in the Trans. of tho Amor. Math. Soc,

nor ovon topological. On the contrary, wo topologizo the group menifold and the
point ficld rolativoly to tho given function §f by agrcoing to say that wo group

cloments s and t and two points P and Q, have a distanco £ € if in tho first caso

1A

{£f(sP) - F(&P)! & € idontically with rospoct to P, and if in tho sccond caso
[ £(sP) - £ (sQ)| & € idontically with rospoet to s.  Following Bochnor and von

Noumann, £ is callod almost poriodic if, in comsoquonco of this topologizing, the

two manifolds O and T bocomo finito in the sonso that, to ovory positive &€ omo

. ¢
con chooso o finito numbor of points such that cvory point has a distance = ¢ from

Y U

o

i 13144
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one of these chosen points. (A "finite" country cen be watched by a "finite" num-
ber of policemen, however small the radius of action of the single policemen may bei)
Following ~on Neumamn, s_f(p) = f(s”'P), considered as a function of s then has =
mean value; this is independent of P and may be taken as the mean value of the al-
most periodic function #F(P) on 7. Then looked upon from this more general view~-
point, the present note should absorb my paper on integral equations and almost peri-

odic functions, Math. Ann., 97 (1926), p, 338, as woll as von Neumann's forthcoming

paper on almost periodic functions on groups.

§ 1. Orthc onelity

., Let (p(P) run through a harmonic set‘UQh of continnous functions

£7) 4 CF]_(P) * oeeo t xh@h(P)

with the unitary basis g%“(P):

4
L0rlP) @u(P) = 2y
According to "41) it belongs to a definite unitary representation U: the fune-

tion ! "{7) with the parameters X pa is carried over into the function with the
parameters

/ s
X, Zv ALy () Xy
by means ol the transformation s. If one makes a unitary change of basis, the

representation is changed into a unitary equivalent one. The harmonic set is

called primitive provided the ocorresponding representation be irreducible. For

well known reasons of elemontary unitary geometry it follows that a unitary repre-
sentation can be completely decomposed into irreducible constituents; by means of
tlre corresponding choice of bases Zﬁh breaks up into a number of mutually orthogonal

primitive harmonic sets,

Theorem 1l: The functions of two primitive sets bolonging to inequivalent
\ )

1

reprosentations are mul-"nlly orthogonal,

Let the two sets belonging to the inequivalent irreducible representations
U and V consist of the functions
Y

41,
1

aaehl
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@) = %1 (P) + o0 + x};}ph(P) and (' (P) =y, gpi(P) + ovo + 7 (PL(P) respective-
ly.
i8) L @RI/ (P = L Gy Ky
is invarient with respect to the substitubtions U(s) and V(s) simultaneously per-
formed on x and y:
U*(s)AV(s) = A or AV(s) = U(s)a

A is tho mabtrix of the a A% in general the transposed-conjugat®e of A. In ac~

»v
cordance with I. Schur's well-known lemme, this yields:
- /
A=0 B'P“’:o or f@;ﬂ_(Pvﬁ-O

Theorem 2: Two primitive harmonic sets @u(P) and Cf,;(P) associated

et s

with the same representation U satisfy the reletions

_{ Eﬁ,‘(P)Qp;(P) = C v

The constant ¢ is determined,bl

4
19) (¢, 0" z%!-!;’ @,;(P)QP,»(P) = C

Agein one forms 48).  Its coefficient matrix A commutes with all U(s)

%
and is therefore, according to Schur'. lemma, a multiple ¢ of the unit mabrix ).

——— ——— e s o it - - . -

*) Thoorem 2 implies the fact: An invariant set. {@#(P)}belonging to the unitary
irreducible representation U satisfies equations
JSGu(PYoy(P) = Couy
Thereforc only two cases are possible: either all the @#(P) vanish (¢ = 0)
or the Q_O/,_(P) are linearly indepondent end orthogonal (with a "normalizing"

constent ¢ # O however, instead of ¢ = 1).

Consoquences of Theorom 2: Being given soveral primitive harmonic sets
{P(l), @(2), ..o BSsociatod with the seme ropresentation U, every linear combina-
1 1 2 2
tion a( )W< ) + a< )@( ) + ... 18 such a set again. Within this linear manifold

onc may define a Hermitian metric by means of ths scalar produc. (11,9) and henco

ol
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onec nay choose the lineardy indepondent among the sets such that (Q(l)/(?(k)) = 3_,'1{3

Theorom 2 then shows that all the functions of all the sets are orthogonal to each

otner

JEAGL AW
-

PV 5 in all other cases

{1fori=k, JA=V

This implies the tatement, being given several linearly independent harmonic sets
associated with the seme irreducible representation U -:- so that no non-trivial
linear relaticn

Z a(i)(g(i)a)) = 0

i M

) exists, all the functions of the sots are linearly

with constant coefficients a(l

independent; +that is, there '7es not exist any non-trivial relation of the form

e

Theorem 3: There oxist most h linearlv independent primitive harmonic

I'd

sots associated with a given representation of degrec h.

' Considor the transformed functions of the given set s(psi)(P) =
w (P;f)(s"lP) as functions of s, These functions of s are linearly indevendent
ag well as the functions ‘223)(P) of P sincc P can be carrieod over into every point
by means of a transformation s"l. But these functions of s are, according to the
equaions
S () = D At ()

linear combinations of the h2 functions /bhv}k(s). Herce their numbecr cannot be
greater than h® and tho number of the sohs greater than h,

The harmonic sets assoclated with a given irrcducible representation of
degree h form the elcments of a linocar family of Z £ h dimonsions. The basi -
Qo(i>(i = 1, ec., ¥) within this family maey always be choson unitary according to

the metric ©  49)

(@(i), CP(K))= 5‘.'(
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by this reoquiroment the basis is determined but for an ,‘(—-dimensional unitary trans-

formation: a definite choice of tho basis is called a "_p.)_gn‘alization"f
Avplication to the regular realization: Let U De an irreducible represcn~
tation of of degree h. The equation
U(ats) = Ua (s, = UHa (s) = UF(a)U(s)
states that the columus Q(l)(s) ous @(}Q(S) of U(s) are invariant sots on the
group manifold associated with the rcpresentation U : @(123) = ’(‘L/»Al(s) so in this
case the maximum possible number h of existing linear invariant sets is rcached.

Since we have

GO el sy = O

(U(s) being unitary) thero follows in using the notation £9)
LAY oYy
‘\(‘;‘f J ""P ) - 2:\: 5(1(
'd
and hence the rcelations of orbhogonal !
' i . [N L . E

first derived by I. Schur, obtain, In accordance with Theorem 1, the clements
W, (s), V,,.is) of the matricos U(s), V(s) of two inoquivalont irreducible rep-
rosontations aro unitary orthogonal to each other,

(5 2o, Completensss

Let F£(®) bc a continuous function on 7, Weo call the moen value

/j?(P) F(P) the magniwude fFI 2 of £ . TWe form its Fourier coefficicnts :
(= magnivude

[F® ) =

with reospoect to a given primitive harmonic sob

fa?h : ?l(P)J S ] @h(P)

or orthogonal functions,

" 410) o(P) = ok, @ (P) + ocs + K (py (P)

is the orbhogonal projection of F# uson ?/r(’h; for wec have
1) LUF@) - o) o) = 0 .\
i12) olyody + eou * ol ol

Y 4
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tho magnitude of e is the contribution of D?,h to the magnitude of F. If one con-

siders sevoral independent primitive harmonic sets (1), (2), (3), ... which may be
chosen in orthogonal normalization as far as they belong to the same representation
~-- the sum of the individual contridutions (1), (2), (3), ... will certainly not
surpess the total magnitude of f according to Bessel's inequality., The theorem of
completenoss maintains that hore the sign of equality holds, provided the sum be ox-
tondod over a complete systom of normalized primitive sets. This in;plies the fact
that thero oxist sots occurring in f if F is not identiocally zero. A set ﬁh
"oceurs" in F if its combribution (11.12) is different from gero; wc shall say
thet ‘ﬁh ocours in F with a "weight"

= Aah ok + Ay g )

Fy

One proves the theorem of completeness by constructing tho eigen-values
7

and oigon«-functioﬁs of the couplec of Hermitien conjugetc oporators F , f*, formuta
~ §4) following E. Schmidt, Wc are dcaling with an eigen~-function {W(P) corres-
ponding to the eigon-valuc Yy , if (F(P) ~—5 ¥ (s) — ¥ @ (P) by porforming first ¥
and then £ *, At tho semc time ¢ (s) is then carried over inmto Y (£ (s) by the suc-
ccssive operations f*, 5 (in reversod order). It is not quibe, but nearly, truo
that cvory primitive harmonic sct consists of eigen~furtctions of the couple (F, f*)
so that the eigen-functions of such a couple are "essontially" indepondent of the
nature of the function # (P). Tho statement bocomes correct if one normelizes the

basis of harmonic sets associated with tho same irroducible reprcsentaticn in an ap-

propriate mannor dependent on # . The proof rosts upon the following fact,

A
The harmonic sect (Pf*- (P) of order U gives rise to a harmonic set @}A (P)

of tho same order U by applying the operators 7c, Fo-

@uE) = Lu(s) = Puu(?)

Indcecd, wec have

@u(2) = [F(?, @) Q@)

where F = y-*f arises from # and f-* by means of "convolution”
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fz @)« [T ) f e, @) - { Fae) f(s7la)  [eompare © £8)1

dence
A

)\ = he = - A
ap) = [ #(eF, Q) () = [F(a50) Gu(ed) = [ Q) Qo)
Consequently the Cp'u(aP) are connected with the functioms %(P) by means of the
same linear transformation U(a"l) by which WF(P) is carried over into CP/l(aP).
Hence (Pki)(P) (i = 1, esny X)being the ,f( harmonic sets of the primitive

order U in normalized form, equations like ’

@(i)(_‘p) - Z Gik(?uc)(P)

K=

will hold with oonstanmt coefficients Ot

s @, @ A2 [] P ere 0el e

il Ciku is a Hermitian metrix: o __ = Cite since F(P, Q) is a Hermitian kernel:
i i

F(Q, P) = F(P, Q) By appropriate choice of the unitary basis Heg, | may be re~

ducad to the form <

Yy
under such circumstences the set (()(i')(P) consists of eigen~functions of the couple
(£, ) corresponding to the cigen~value ;-

For this reason we Look for the primitive harmonic sets occurring in #
by construciing according tc E. Schmidt The eigen-~values of this kernel arranged in
decroasing order, and the corresponding eigon-functions. The eossential stops may
bo briofly ropeated as follows. We supposc that £ is not identically zero. One
forms tho traco [ of Fn, that is of tho n-fold iterated kernel F. In particular

SEWARCTEN S I = [[ize, .

r? is > 0 sincoe F(P, P) = % > 0. Wo havo the inoqualities *)

b

*) For the proof of the following ineoqualities ¢f. Woyl, Math. Ann. 97 (1926),

Pp. 342-343. It is immaterial that the arguments of somo of the kornols here

4
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considercd vary within difforent fiolds (U~ and T). Of courso, a tracc like
tr (F) = 4F"(P, P) can be formed only from a kornel F(P, Q) the argumonts of
which vary in the same ficld. In proving the inequalitios ‘12) ono has to
make use of the fact that the trace tr (f*f sno £ *f) of the 2n-torm con-

volution is not changcd when one shifts the factors cyclically by ono place,

i13) . r mwn ¢ r.m{_n (rn)z £ (r-n-l)(rn'f-l) .
Honceo rn'i-l/rn increases monotonely towards a positive limit Y Wwhich is less or
aqual e :‘?—Fﬁ, in particular b i—% = H )C Hze For later usc we notc tho inequality
T g1 e yr!

F'(P,Q)

—n
I/Yﬁdecrcasos monotonoly towards a limit h 2 1 and — i ‘tends uniformly towards

v

+ e .
a limit E(P, Q). Indecd, in writing F L f"anC one gots from Schwarz's in-
oquality d
+1 12 2 + 2m
Lt ,[/‘g}ig_tL i CHIS EL SR i )
Y& fnT%”I y: é Y2 Y ; 7 tyen ¥ wim Y an.

(Hore, for convenience! sako, we supposod Il £ H 2 %o bo & 1.) E(P, Q) is an invari-
ant Hormitian l«;ornol for which the following equalities hold:
© o i15) FE = Y E EE* = EE = E tr (B) =h 21
Or account of the socond and third oquelity, onc gots an oxpression

f16) B(P, Q) = @1(P) ¢4 (Q) + oo + @, (PP, (Q)
wherc the (p form the unitery-orthogonal systom of tho h eigon-functions of F cor=-
responding to the oigen-value Y (consoquently h 21 ultimetely proves to be an in-;
tegor!). CP;* (s-lP) is nocossarily a linear combination of the (‘OI‘(P> thomsclves:
tho (p}“(P) thereforo form a harmonic sot corrosponding to a definite representation

U of dogree h, For one hag
@.(P)
((;u(s—lQ)

i

Jé (?P(P)E(P, Q) henco
LGEne, sl /p @u(s~1p)E(s" 2P, s'lcf‘
Z(P/A(s"lP)E(P, Q) Z‘P‘,-g}) /P((P(S“J‘P) @, (7).

The sek 5(?},,(P)} -~ if it is not primitive itself -- can be split into primitivo

i
n

mutually orthoronal harmonic sets. - ¢

*
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In performinyg first the operation f , then -f* [compare equ. (4)], we

have -

e Gu(P) = () = F @u(P)
The ¢ (s) are orthogonal on( ; for, . .

$18) s/%'*(s) ¢, () = /Pél((;,\(P)F(P, Q) @, Q) = ‘x‘é(p#u») @, (P) q*é,w
and just as the QOP are eigen-functions of F = f*f corresponding to the eigen-
value ¥, so are the %u(s) eigen-functions of G = fjc * corresponding to the same
eigen-value. From ' .{18) there follows

419) [ 2 FusV ey =hy
¢4

One finds
Ln(s) «/f(S"P)q),,‘(P ff(P)CPF(sP) = T wgs [FORPI=T widlel
Since U(s) is unltary, one obta:.ns from this expression:
{20) Z y(s) Cualedr= kg * evn + ok yky
Comparison of §19) a.nd -1420) yields the relation ' 46) which is decisive for

our whole investigation. Y being > O, the invariant set {Cpﬂ(s)} actually occurs

in f , namely with the weight ¥~ . The same holds for any of the partial primitive
harmonic sets into which the whole set may be decomposed.

The next step in constructing all primitive harmonic sets occurring in #
consists in deducting from f the combribution just found out:

421) (B = F(B) - o(B) = F(B) - {d @y (B aes ol 0, ()

and in epplying the same castruction on fl which we carried through for # (pro-
vided fl does not vanish identically). In this way we got an invariant sct
Qp(l/(P) tho h, terms of which are eigen-functions of tho kormol Fy = f{fl corres-
ponding to an eigen-value )/"1 > 0 and thus occurring in fl with the weight \[1.
It is importent to realize 1) that the new fu}lctions Qf’(l) are orthogonal to the
previous (? .. Honce thoy occur in F with tho same weight 2{"‘1 as in fl and are
eigen-func‘bions of the kernel F corresponding to the eigen-value fl' 2) Tl < f"

We hsve

S [7,) £, e @ = ¥y, M)
¢ a

g e e
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L

If wo multiply the left side .Cp,,,.(P) and average over P, we get 0; for
[F,670) @) - [FL0) Guiom) - o
since C‘Ou (sP) is a linear combination of the %(P) and since the equation
/f1 (P) (gf,' (P) = O holds for every CF# (P). Consequen'tly, ad wo mainteined before:
r1 [ @@ -0
The subtractod function e P) gives rise to a corresponding kernel

s(s"*P) = s(s, P) which we campute to be

\ v -]
) ole, - T QTR w D el b o) §ule) - Z G0 () G (2)
.‘/
From this we derive following *° 17): £ o = 7{’E and since we have, :m addition to
that, o'e = Y E fdllowing {18), we get f”le = 0, e*f‘l = O,and hence

f £ = F£73 1f1 #FYEor F=73E+ Fio  The last equabion shows in the simplest
menner that the Cg(l) being orthogonal to the c?'s are eigen-functions of F as well
as of F‘l, Furthermore, i’cera’cign will give

Fn=~‘5‘nE+F§1 l..n:#’\2\2_3:?3.“‘r
Hehce .f_;: tends towax;ds zorce with increasing n, and conseguently the number 7{‘1
for whiih _—-;1: tends towards the limit nl,z 1 is necessarily <.

A::‘!ter applying the 'construction p times, one is left with a gertain re-
mainder fpo We have to prove -~ provided the coﬁstruction does not ccme to an end
by _f,fp becoming identically zero for certaein finite p -- that

ri- ([Efp(P)iz =t (£1F),)
tends towards zero with increasing p. From the relation (Bessel's inequali’cy)
28) (Bthyvseath,) ¥ S nyrhy Y coth Y = ue'uz-rz;elaz+,.,+sepa !lﬂl $a
we first conciude only that TD tends to zero with increasing p. The comnection

with the result wanted is established by means of the inequality

2
124 é 4
424) Cp }"pr
Let ’206 denote the domain on the group menifold to which s bélongs if
o -1 2
525) [1F6e - soff ¢

Cne cammot be sure that 306 has a voiume in the Jordan sense, but we certainly can

-
5




assign a positive lower bound Ve "fTor its volume,

Proof:

foFp =

(1 denotes the unit element on §.) ‘9 = /,f (I—")‘2
Suppose it to be > 46 Then
{26 G (1) > 2€ 5
(26) W > 2e 8

On the obher hand,

G0 - 6, = [T - £ @)

94

After division by the volume V

of the whole group manifold, the fraction W = Tﬁf’- is a lower bound of the "probabil-
1'by ' of s.sakisfying the inequality = "¢25). I mainbain: As soon as Tp £ €2w£
T 2w u2 2 ¢, .2
“ fp " “ ‘f ” - ;-" e ”‘ - coes «-”ep_lg = -4.'.£

fjc ;, hence

@, (s) = Gy(s, 1) =/f<s-1p) ;7-;(1:)

' 2
= \ = 'y
Gy (1) may be put 5 p

f.(P)

and consequently by Schwor

‘s inequality,

~

We then have in ’pa ) accordlng to 26) and

127) {6,(s) - 6, (1)) $ /'f (s7ip) - £ (2)f? ,pr(P)!z $ €8] Y,

127)

£6.

(Gp(s)! > .

and therefore
.y / 2 (,a 2
= g >
s / ()1 ZSp £
This is in contradiction with the inequality
< ¢2
Tp = &5 -

Let us number the orthogonal functions in the order in which we got them,

{24) or Fp= Tp ‘SP as soon as

without merking the individual sets:

@, (P), @, (), 2an

and let us now cancel the supplementary condition I+ 32 é 1 again, Then, in tak-

ing account of the inequality 23 our insel result
g q N s

,‘.{8) gfﬂz - (0(10?.1 + &2;2 t osee

reads as fodlows:
- < 2 2
Apely) = 4€° 1 FH

-I% was our intentvion to make the estimation as exact as possible,

for n 2 'E'T,.\éle,

Our construction will furnish all the primitive invariant sets occurring

4

T

AR TR BT e I L

#)
3

R B R R R I s )



.. 95
ih £ s This is readily seen in the following memner. It will furnish certaid,
let us say, X' of the Y mutually orthogonal primitive harmonic sets of order U.
The remaining Y - )." cannot occur in ¥ or they contribute nothing to the total mag-
nitude of ¥ as is obvious from Bessel's inequality e.do'o‘rding to whioch the sum of all

conbributions carmot exceed ﬂ f n 2 whereas the contributions which are mmisﬁed by

our construction alone give the whole amount uf ”2. Hence we may formulate our

final result thus:

Theorem 4: We gave a comstruction ylolding all the primitive invarient

sets ocourring in £, in a definite normalization and order depending on . (The
[

order is such that the weights with which the successive sets oocur in f form a

monotonely decreasing sequence.) The relation of completeness is valid; it cen be

supplemented by the explicit estimation of the remainder §28) if one keeps to the

normalizetion and order originating from the construction.

rd . N s
The expansion theorem now is an immediate consequence., We consider a

function g(P) of the form
-1
g(P) =/f(s P)x(s)
S
Writing egain
f(P) = ie(P) + @1(P) + ses t ep-*l(P)}+ f‘P (P)
one has, according to Schwarz's inequality,
- 2 2
[/ £ lP)X(S)\ /ff @ |- /(x(S)\
and the remainder / f (s” P)x(s) ’cends therefore to zero with incressing p in a man-
ner that can be estimated explicitly, TFor the individual contribution we get from
{22): ‘
. fe(s"lP)x(S) = Z (3,.@,.(P) with (3. = /%(s)x(s)
S . yz M s f" S ,“
coincides with the Fourier coefficient of g(P) with respect to (P)
» »

— : -1 —
L6®) @ut®r = [ [F 60 Gy @rx(o) - s/%(e)xm

Theorem 5: The Fourier series

B191F) + B2 @x(P) + ..o, 033 =[s(P).(;i(P)
o
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of a function g(P) of the form

g(P) = /S f (s7p)x(s) . |

converges uniformly to g(P). "!i

Only the primitive sets cf functions actuall.” occurring in § eppear in
this expansion. They are ordered by decreasing weight in f, and the summation
should be performed "by sections", without separating the terms of the individual
primitive sets of functions.

One obtains the theorem of approximation in choosing x(s) as a function

which is 7/ 0 only in the immediate neighborhood of the unit element:

Theorem 6: F (P) cen be approximated uniformiy by s finite sum of har-

monics occurring in f .

4, Remarks on the special case-of the regular realigation
We have seen that in the case of the regular realizetion (G =TI ) the
columns of the representation metrix U(s) are an invariant set associated with the
reprecentation U(s). If (‘0},b () (= 1, ece, h) is any such invarient set:
Gp(s™ ) = 2y yls) @y (o),
then
(4:1) Op(s) =) Dpy () Py 1) = 3 T, (5o,
i.00 i@}d_(s)} is a linear combination of the columns of U.
If U{s) and V(s) are inequivalent and irreducible, the orthogonality rela-
tions read
la#i(s) A (s) = 0
SEpale aranle) = & 0y
(h = degree of U), These relations imply the Burnside-Frobeniug~Schur theorem for
the representetions of compact groups. They yield also the orthogonality of the
primitive characters:
Jj/%(s) Xi(s) =0 X, ¢ inequivalent
JZ X () =2

-~ = A
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The completeness theorem states that if f£(s) is a continuous function on
g, uy,v (s) are the elemrmnts of e representative set of irreducible inequivalent
unitary representations and oL)M, = /f(s) H/«»v (s), th.en
(4.2) FAL =02 o b® e i
We wish to examine more carefully the construction employed above for the harmonic
sets occurring in f.

Let !f(s)ﬁ(s) = (o{rv} = A(f).  The "product™ of two gl:-oup functions
£(s) and g(s) is defined as the convolution
(403) fg(s) = /[f(st-l)f(’c) or fg(s"lr) =[f(s'1t)g(‘c-1r)
It {» easily verified thatb
(404) <A(fg) = A(£)A{g)
i.,e. the matrices A(f) give a I;epresentgtion of the algebra of group functions,
The metrix U(t) is an eigen-metrix of the kernel £(s, t) = f(s-l’c)=

'[f(s-lt)"ﬁ'(t) - 4f(t)ﬁ'(s‘c) - T(s)A(E).
Similerly if f*(s, t) = £(t, s)
/é (7)) = Tem®

where A=g< is the hermitian conjugate of A. We may combine these two results and ‘ob-

Ve

tain
(405) f{F(s, £)F) = u(s)I, I~ = 4%, Par'e
= A*A is a hermitien semi-definite matrix and we may choose a unitary

basis so that

.
7, ()

.
0
h

Equetion (4¢5) becomes

(406) JEICROEMIOEEAVIOR

The matrix elements are eigen functions of F corresponding to the roots 7[‘) of 1,
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Let (P/'* (s) be a primitive harmonic set of order U obtained as a set of
eigen funobtions of F corresponding to the eigen value Y . The Cp/“b (s) have tho
form (401)s By (4.68) it follows that ¢, = O for those @ such that Y Y
The ordering of the eigen functions given by the conétruction is acoording to the
magnitude of tho roots Ti’ The mnximum ‘[i cen be determined as tho
maxvz \Z oL)n,xvlz for Z‘,‘ xy| 2%,

Ir x(s) is tho character of the representetion X(s) end F(s), X (8)y ave
the primitive charactors, then

xz(s) = mA(s) + m*x*'(s) + o0
where m, m', ..o arc intogors which give the number of times tho irreducible repre-
sentations of charactors X (s), X*(s), s.. ocour in X(s). m may bo determined by
! x(s)X(s) = m
because of tho or'bhogonalit;r relations. From
!x(s)?(s) =m? +m? F ..
follows that X(s) is irreducible if and only if 43{(8)‘;(8) = 1,

The primitive characters are a complebe normelized orthogonal system of

functions in the domain of continuous class functions.

1

For, if f£(s%)

[ £(s71)T (%)

f(ts),
T(s)A —{ f(ts"l)'ﬂ‘(t) = AU(s)

AT(s) = T(s)A

1

By Schur's lemme A = oAE. Equation (4.2) gives
Hef? = (ol |%0° + eve = | [E@X NP + ous
which is the completeness relation. The expansion and approximation theorems may
be proved as before.
Tn order to determine all the representations of ¢~ we approximate the
identity of ¢~ by continuous functions ln(s) of mean value 1, i,e. we let vn be a

sequence of neighborhood of 1 such that lim V, = 1 and let ln(s) = 0 outside of V,:

it
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Since

4ln(s)'ff(s)--> E

for sufficiently large n _sfln(s)ff(s) # 0 and the elements of T(s) occur in ln(s).

There are & denumerable number of representations occurring in each ln(s) and a

denumerable number of 1n(s)a Hence, the total number of inequivelent irreducible

representations of a compeact group is denumersble. In the general case of harmonics

on & point field T there are at most h primitive sets belonging to a U of degree h.

Hence, the number of primitive harmonic sets is denumerable.

The method of Frobenims-Schur for constructing 8ll the representations of

o finite group consisted in determining the representations which occur in the fumc-

’ 0 1
tion 1(s) = {., f 7: ~e This function is repleced in our construction by the ap-

oL o
proximeting sequence 1n(s)°
The representations distinguish between the elements of O : if
U(s,) iP(’oo) for all U, then s, = % _. For, let t = as,, & # 1; then

T(t,) = T(sy) = U(a)U(sy)

Since U(s,) is non-singular, U(a) = E and

U(e)U(s) = U()

for all so Hence

‘s/f(s)iﬁ(as) - ﬁ(s)} = v{{f(a’ls - f(s)'} T(s) = 0

for all £(s). But if & # 1 there is a conmtinuous function £(s) such that
£(1) # £(a) or f(a-ls) - £(s) £ 0. By the campleteness theorem there exists a U
such- that
‘/if(ef"ls) - :’.‘(s)}l—f(s) A0
contrary to the above. :

1t X (s,) = A (t,) for ell primitive X, then s, snd t, are conjugetes.

e

e e i
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By the approximation_theoren-x it follows for all continuous class functions that

f(so) 2 f(to)" But if s, end %, are not conjugetes thero is a continmuous class

o]

function such that £(s,) # £(t,)e

5, Pourier series. Casimirt's theory of spherical harmonies. Bohr's almost-
periodic functions

1) Fourier series., The theory of Fourier series is the special case of

the above theory for which ¢ is tho group of rotations of a circle.,  Hero the
group manifold is a ‘circle, The irreducible unitary representations are l-dimen-
sionel and are the same as their characters. A cheracter X (s) is a continuous
periodic (of period 1) function of a real variable which satisfies

(5,1) K(s + %) = X(s)X(), X1 = 1,

The second condition expresses the unitary character of the representation, Let
on L ALS) real and

2

where N(s) Isacontimuous and N(0) = 0.  (5.1) gives

N ++) 2 A(s) + A (&) (Moa 1)

X =

The fumotion N(s + £) - A(s) ~ A(t) is continuous and hes only integral values
and so is constant. By the initial condition
(502) N(s + 1) = N(s) + N(&)
A(1) is an integer n. From (5.2) we have
7\('3,1;%) = ':%"m n ,2(, m integers
and by the comtimiity N(s) = ms or A = eZWins.
We have proved the completeness, expension emnd approximation theorems for

2 Nins

the Junctions & in the domain of combtinuous periodic functions,

The genoral procedure in applying the theory of representations of groups
to special cases is illustreted in this example. In all ocases we have to determine
the irreducible roprosentations or the primitive characters and this is not always as

simple as in the prosent special cases

2) Cesimir's theory of spherical harmonios., Casimir considers the theory

of harmonics from the infinitesimal rather then the integral point of view. We .




101

roturn to the situation of the paper Harmonics on homogoneous menifolds. In addi-~

tion wo suppose that the differentiability conditions which cnable us to define the
infinitesimal group of ¢ are satisfied. To the elemon’ e, of the infinitesimal
group of 0 wo have corresponding the velocity vector u (X) in T, The trens-

formation sf(P) may bo obtained by iterating a suitable infinitesimal transformation,

f —» £ + df where

af = Z?_f. ui(s).,

: DXt

u (x) in the velooity fiold,
A ropresentation U of § gives a representation (the infinitesimal group

of U) of the infinitosimal group of ¢ .

Suppose that ¢ is semi-simple. Ir ’E' = Z {‘* =3 is a varieble element
the_scalar product
of the infinitesimal group of ¢ ’chen,\z g Ea. A is non~degenerate. If
: g £
(g0 ) is the inverase of 'bhefmatrix(gdo) and o, —%» E_ in a ropresentation of the

infinitesimal group of U then H = ng(j E&Eﬁ commutes with all the Eo(' [860

~

Chapo 3, sece 3}0

Let Ceﬂ(n) (=1, eco, h) be & harmonic set .corresponding to the repre-

sentation U,
s Quix) = 2 uy, . (s) @y ).
This condition for tho infinitesimal trensformations is
d(‘?/““'zg% uk(x) = linear combinetion of the Qp
This is a system of partial difforentiel equations satisfied by the harmonic sct.

We supposo {Cp)“ (x)—} is primitive. In order to debermino a differential

equation satisfied by a single C?)“ (x) wo considor the oporator

OF =2 9% w0 Fa (w0 2L

Let o, and Eek be corresponding eclements of the infinitesimal groups of ¢ and U.

Then

AC@F“H@/A

I [

2
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whore H = Z g"*_(’f EgEq. But U is irreducible and hence H = A E and
(503) DQu=nop
which is the required equation.

Casimir obtains the orthogonality and completeness of the ((J p from the
theory of eigen functions of a second order partial differential equation, For
this purpose it is necessary to show that /\ is self adjoint and elliptic.

Consider /y, A{{) P dx where F is a scalar density determined‘'by the volume

clement. The followling is the analogue of Green's formula:
(5.4) ap pax = “C LD gk 2
Syapp —fZ Y9 U&J\,Dx‘(u.@ @%K)de |
2T/ gCuu T B pdx = ~Die,¥)

This is obtained by partial integration. The additional term arising from the par-

.

vial integration is O because of the invariance of the volume measure. $ince
D(¢, % ) =Dy, @), 7
J¢ogpu=[ooypn
icCo A\ is self-adjoint.
“ : -
‘ It can be shown that because of the compactness Zg_‘pz 2(5 is a def
inite form., It follows that D((o, @) 2 0, or A is elliptiec.

3) Bohr's theory of slmost-periodic functions. In the case of Pourier

series we wero dealing with e compact group., The theory of almost periodic func-
tions is the simplest example of the represontation theory of an open group. ¢ is
the Abelian group of translations of a straight line. To determine the irreducible
unitary representations one must solve the functional equations

X (s + 1) = X(s)X(t) 1Xl=1
where 8 and t are real varisbles. One shows readily that the only continuous solu-

tions of these equations are the pure oscillations X(s) = oths » A real., Thus

the number of inequivalent representations is non-decnumerabls,
Bohr proposed and solved theo following problem: +to characterize the class

of functions which can be uniformly epproximated by linear combinetions of pure os-

>

P
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cillations, Hc showed that thosc functions are tho almost periodic (a.p.) functions

which we procecd to define.

Definition 1. An § -near poriod (translation number) of a function f is

a real number t such that

| £(s + t) - £(s)} § £ for all s.

Definition 2. A function is almost poriodic if its £ -noar poriods have

a "regular distribution", i.e. thoro oxists a longth L, such that overy interval
of length L, on tho roal axis contains an £ -near period.
A fundamental point in the Bohr thoory is the cxistonce of a moan value

for an a.p. function,

T
lim L [£(s + 4)at
T900 2T 47 f LN
L q -l
uniformly in s. We donoto lim % | £(6)dt by MIf($){. Mif(t)e = a
Y Aim P )} { p

-T
exists for all A and because of Bossel's inequality

(5.5) PREN 2 < Silf('b)\z}
N % 0 for .only a denumcrableo set of A's. Boh» proved the completencss theoorem
that the sign of oquality holds in (5.5).

The method we used in obtaining tho roprosontatioﬁs which occur in a func-
tion on & group cen bo applicd to obtain the torms which actually occur (a, # 0)
in the Fourior scrics :Z;a7\oi7\s of £f(s)s We shall discuss this moro fully in tho

noxt scction in comnection with veon Neumann's thoory of almost poriodic functions.

6, Von Noumann'®s theory of almost poriodic functions. Haar's moasure

Woe consider an arbitrary group ¢ without topology and a recalization of
by treansformations of & point ficld 7T, If £(P) is a function on Tr , wo may
topologizo ¢ and T rolative to £ in the following way: Wo say that the distance
lst) £ ¢ if

£ for all P

A

| £(sP) - £(tP)|

and |P.{%¢ if

i~

|P(sP) - £(sQ)] & ¢ for all s,

b e mo—

SR S
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If,ﬂin this topology, the spaces <y and -l ocan be covored by a finite numbor of

spheres of radii & £ no mattor how small g is, then f is an almost periodio func-

Eigg.for 0" and 7M. This definition was first given by Bochner and showm éy him to
be cquivalent to Bohr'!s definition for the combinuous functions on the group of
translations of the straight line.

Von Neumann (in a paper to appear in the Transactions) proved the exist-
once of a mean value for a.p. functions which has the propertios of Bohr's mean and
coincides with it for Bohr's almost periodic funchions. Choose n points a; on ¢
and form the averago g (P) = fy‘ZE_f(aiP). It cen be shown thet the points a; can
bo choson in such a way that the functions gn(P) are "smoothed out", i.es tho func~
tions g, (P) havo a constant c¢ as a limit epproached uniformly in P. We denote this
limit by I}‘t‘[‘if(al’)}e In tho same way wo may form -;%Z i‘(aPi) = g, (a) and show that

Q? {f(aP)} = ﬁ? {f(aP)l. The mean ¢ is

1]

tho P's can bo choson so that g (a)—y o
indopondent of the choico of the points a, or the points P;. It has the usual

rd
properties and is invariant:

':»\ {f(aP)} = IV;I,{f(asP)} l‘i{f(aP)} = \\i{f(asp)}

The segquences ai<Pi) which lead to the mean may be considered as "uniformly
distributed" relative to the fuﬁction kg In order to 'prove a relation between the
means of several functions it is necessary to show that there exist sequences which
are simultaneously uniformly distributed for the functions.

If we replace the continuous functions by the a.p, funotions, all the re-

sults of the paper Harmonics, on homogeneous manifolds mey be carried over to the

prosent situation,
Von Neumann -has shown that the following ¢onditions on representations are
to unitqr f )
equivalent: 1) bounded, 2) equivalent,AS% almost periodic. Because of the complete-
ness theorem for the elements of the unitary representations in the domain of a.p.
functions the question as to the sufficiency of the unitary representations to dis-

tinguish group elements is reduced to the same gquestion for a.,p. functions. Ir

' f(so) A f(to) then there is & unitary representation U(s) such that U(so) # U('bo)e
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In the case of compact groups the a.p. functions coincide with the continuous func-
tion and we have the favorable situation that if s % t, there exists a U(s) such
thai U(so) # U(t,). On the other hend there are some jmportant groups for which
tho only acpo functions are the comstants, and hence the only unitary representation
is the identical representation. For these groups the theory is vacuous.

We discuss next tho Haar measure for locally compact separable metric
groups as presented by Haar in an article in the Annals of Mathematics, 34 (1933).

We recall that a space is metric if it has a distence function defined for
pairs of points in it which satisfies the usual condition (symrmetry, positive char-
acter, triangle inequality); it is separable if it contains e denumerable dense set

of points; it is locally compact if every poinmt has a neighborhood whose closure is

compact,

Lot Kn be a sequance of spheres with centers at 1 and radii tending
td

toward O. If G is an arbitrary open sot whose closurc is compact (an coco set)

and a a point of G, then the neighborhood akK, "parallol" to K, covers the point c.

We obbain in this way;a‘oovering of G by neighborhoods parallel to K., aad because
o,

of the compactness-g-fanife rumber of those are sufficiont for the coveringe. Lot

7 \G) be tho smal;es@'jg;bcr of neighborhoods parallel to Kﬁ which are sufficient <o

1/,-5‘
cover G. We Qﬁque“a fixod c.c. set E as a unit and form XQT This soquonce of
. ,,.; , .-f ZI;\ET
awabors can bbiihQWn to be bounded from above end below. This is of courso not suf-
“.;“

L

Piciont tc>}?. tho oxistenco of a limit in tho ordina~y sense but it can bo shown
(¥ K3 R
~ a. ( )

e s 3 el 4 --,s—-,_..-. = . i 3 -
Shes o nnq\‘h} zed limit Lim ) Z(G) may bo assigned From this point ono pro
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ceeds as in the Lebesgue theory: If s is an arbitrary set, the exterior measure of

s is the grestest lower bound of J X(A ) where A, are o.cs and J Ay D S.

The Haar measure leads to a Haar integral. For the most part in the ap-
plications so far, the von Neumann mcan and the Haar intogral may be used inter-
changeably.

7o Abstract topological groups .
J In this section we shall 'systematize sorie of the elementary co;mepts of

abstract topological groups. This was first done by O. Schreier in two papers in

i the “hendlungen Hemb. Sem. 4, 5 (1925, 1927).

A topological group ? is a Hausdorff spacc for which therec is defined a
composition for pairs of points which has the following continuity properties:
I, If a,—> 4, bn—-a b, then anbr}-—» ab
II. If a,—» &, then b,—> b"la
Gonczially the "first denumerability axicm of Hausdorff" concerning the existence of
a denumerable baso for the neighborhoods of a single point is assumed, In addition
we meke the natural assumptions that if U is a neighborhood of 1, so is U-.l (the set
of inversec of the cloments of U) and a U is a neighborhood of a, One can then
show without difficulty thet I and II are oquivalent with
I* For cvery neighborhood V of 1 there oxists a U of 1 such that v v
II% For cvery V of 1 thore cxists a U of 1 such that U-lC, Va

a neighborhood of &
Thet 27 isés{iétes’ that 3{ is topologically homogencous, i.0. there is a

(1-1) bi-continuous tranbfomation which carries any point into any other.
~ !

Wo suppose that 7 is connocted: Any two points a, b can be Joined by an
arc ¢; "' e co?finuous image of an intefval, i.e. c,is given by a combtinuous function
o(t), 05451, p(0) =a, p(1) = b

1; closed curve (#(0) = p(1)) is said to be shrinkablec to a point O if there
oxists a famiﬂ'r p(N, t) of closed curved doponding continuously on a roal parametor

‘ p(t) for N=0

su;'ix that p( N, ©) = O for W =1 ° We supposc that overy suffiocicntly small
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closcd curve is shrinksble to & point. A space having this property is called

locally simply connected.

space (CaSo) of 7 o

Let ? and % be bwo spaces having the topological properties just de-
scribed (except possibly the homogenoity).  Suppose £het thore is & conbtinuous
single wvalued correspondence of % into ? which is locally (1-1), ieeo if P p
then thore arc neighborhoods of P and p whoso points are in (1=1) correspondence.
Usually we are concerned with tho case in which 7 is a manifold, a sp;.ce whose
points have neighborhood which are I"*nomorphic with tho interior of a hypor-sphere.
In this case we roquire also that % is a manifold.)‘; g shall have no boundaries,
folds or ramificabtion points, A g satisfying this condition is called a covering
If P — p, P is said to ‘o ovor p. Among the ces, of
there is a uniquo maximal c,s. (,ono which has no c.s. othor then itself). This is

called tho universal iovering spacc (R.CoS.) of ? s It is detormined by the condi-

£itn that a curve in it is closed if and only if the corrosponding curve in y is
shrinkable to a point. The u.c:8, 9 can be construoted as follows: The points of
% over p arc the ares c(p) issuing from a fixod point 1 to p where wo consider o(p)=

= 0¥ (p) if ¢ = ¢* (or cc’"l) is shrinkablec to tho unit point.

P

cI

To obtain tho noighborhoods of o(p) we take a noighborhood U of p in y and a point
g in it. Tho curves oquivalont to the curves ¢(q) consisting of eo(p) plus a curve

in U joining p to g for a noighborhood of c(p).




e I ke o

108

From the assumption that thero exists e neighborhood of p such that every closed

curve in it is shrinkable to a point, it follows that the dorrespondeno.e c(p) - p
is locally (1-1).- From the construction we have that & path C in 9 is olbsed if
and only if the corresponding path ¢ in 7 is shrink;able to a point, Henoe evei‘y

closcd curve ing is shrinkable to a point, or 9 is simply connectod.
The UeC,3, @ of a topologicel group ¢ is also a group. Lot w and w'
0 v

be paths to the point p and p! respectively and let pw! donote the translation of w!
by p» pw? has p and pp! for end points, Wo defino ww' = wpw/the path w extended
by pwt

PP’ ‘

s

w

v —Y
!

e

It is noccssary to show that if w = w, (wwzl shrinkeblec to _]_._) and w! = 'Wi, then

. ~ ; ) . 1y=1 -1, =1
wwt = wow!. This follows since wwt (wywy) = W(W'Wi )wl = ww, = le

Two groups ? and 7* are said to be loocally simply isomorphic if there is

%
o (1-1) corrcspondence ¢ botween a neighborhood U of 1 in % and U in %* such
that if a, b, ab ¢ U, then @(ab) = g (a) @(b), and if aF b} a*v* ¢ U] then
wl - 1, %
e e*) = ¢t ")

gla) . ab)

A group g end its Uecege 9 are locally simply isomorphioc. 9 is mul-
tiply isomorphic in the largo with 7 The eloments of g which correspond to 1 in
this isomorphism form a discretc invariant sub-group F of g which is simply iso—

morphic mth tho Poincaro group of ?

s s
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J is conbained in the conbtrum of %_, Wo shall show in fact that this is
true for any discrote invariant sub-group. For, othcrwise there exist a p in

such that b = p-lap # 8o Join 1 and p by an arc. As s varics

N b

sag’
*
i

- a

. =1 . . - . ;
along “his arc, sas = varios along an arc which connccts a and b end is conbtained in
Fo This is impossiblo since A& is discrote.

Tho simply connoctod group (or tho u.c.g.) gonoratod by & group gorm is

unique. We suPposo that ? and ?* are simply connccted and locally simply iso-

morphic. Wo wish to show that ? and %?kav" gémyly isomorphic in tho la¥ge. Lot
the local correspondence between ? and g* be givon by a — 0 (a) = 8*. The proof
i8 accomplished by "analybic co.ntinua.:tion" of the function @ . Let p be any point

in? . Join it by en arc to 1 and determine a finite set of nested neighborhood of

the form e;U as in the figure, i.0s a3 C e.i"lU. For a point ayx in alU we definc

G (a1x) = g (8;)T(x). This dotormines g (a; - Thon for agx in agl wo dofine

o (aax) = O (ap) §(x) etc. Finally we obtain g(p)s Onc shows as in the theory
of snalytic continuation thet @(p) is indopondomt of the path joining 1 to p.  For
sufficiently ncar paths * - have this indepondence and since any two paths cen bc de-
formed into each other ¢ is uniquely defined. Wo troat 0""1 in the same way.

U and q~”1 are inverscs over the whole of (gi and ?* and honce the oxtonded corres-

pondonoce i& (1-1) Sinco G (ab) = g¥(a) U(b) wo have en isomorphism.
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Any group ? vhich is locally isomorphic with a simply comnocted group 9

is simply isomorphic in the large with a factor group of % by a discrete sub-group

contained in the centrum.

In Chapter 2, in proving Lie's theorems we obtained as solutions of dif- ) =

forential equations certain funotions which may be composed in the manner of the
elements of a group. However, tho solutions are valid only for -a restricted set ’i
of values of the parameters and the composition for a possibly still more restricted | =
soto, Abstractly we have two neighborhoods U and V of a space such that U D V and
1o If a.b C V, then ab ¢ U

20 If o.b.c € V, and (eb)e, a(be) are defined, then (ab)c = a(be) ‘ ;
8 VD> 1

4, For every a C. V, o™t C u. 7

We c}g.ll such a pair (U, V) a group germ. It is necossary to supplemont the discus-
sion of Chapter 2 by showing that eny group germ generates a group in the large.

Aa outlino of a proof of this has been given by Carten in his Theorie des groupes

finis etc. (Memorial 42), page 18,

. -
e s aniwavtestaTavat
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Chapter 5.

The Unimodular Unitery Group

1, Unimodular unitary group is simply connected

With ‘respect to an appropriate coordinate sy‘séem the unitary group ,\‘1‘,,‘
of degree n may be defined es the group of n by 1 matrices & such that aa' = 1
(1 = unit matrix), Weé shall usually be concerned with the unimoduler gub-group
o

Wy of ":Vn' i.0¢ the sub-group of elements of determinant unity,

Any unitary trensformation is the conjugate of e diagonal unitary trans-

1

formation: o = u € (. where u, € are unitary and

.
€,
(1-1) & = . - ‘E:‘ = 1
, L4
Qn
yd

Let & L bea root of the charmcteristic equation |A1 e af = 0, and 4, @ vector
such thet ag, =é,‘t, . From sa! = 1 follows leJd= 1. Suppose 4 | nor-

malized so that its length (‘el, ‘gl) = 1, ’21 may then be supplemented by
vectors (2 cus ’Qn to form a unitary basis for the whole space, It follows

that there is a unitary mebtrix vy such that

€, M kg © v
a=u11 o Uye
Ay
0
Si = ? ? ‘
inoce lé(l = 1 and \El| + \okm\ + + ‘d\,n\ a1,

Ay o= o(l z = eee = °<1n = 0, Using induotion we obtain the desired result,

The matrix € is unique except for permutations of the roots € .. Let

arri Px

€ =e = o @ i) Where the angles @ 8re real and determined mod 1

by € If a = u-le w= v-iev , then W= ¢ u where ¢ is commubative with

€. If all the € . are different we call g regular, otherwise singular. A ma-

k
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trix ¢ commutative with a regular-€ must be a diagonal matrix.

o

The dimensionality of AV (4¢7) is n® (n® - 1), The conditions that

- . !
a = (& ik) be an infinitesimal unitery matrix are &, = -ol,,. For 1= k l

this gives ok{; = =0A,; and hence there are n real parameters given by the : *

2 - Zik determines the elements below the main
n(n - 1)
2

diagonal terms. If 4 ;( k, aLki

diagonel by those above, and hence these terms give in all complex or

N

n(n - 1) real parameters. The total number of real parameters in N = n®.  The | :“w
) condition that & be infinitesimal unimodular is tr (a) = 2 ol;; = 0. Hence ;;
the dimensionality of‘/v:‘/:1 is N - 1, , Z’;
The manifold of singular elements of /\fvn (‘W;L) has dimensionality :f:
N =3 (N‘_—_ZM.N Let a = u"le u be singular., There are n ~ 1 real parameters :
Wk involved in €. We write u = uy if u = ocuy where ¢ commutes with & . By ;;J
, 1 considering congruent elements as jdentical we obtain a projection space [“v“/n]' f}
The dimensionality of the o's is n + 2 since if € = €o . "7 suoha/matrix has the »j
form 3

4

¥ Y E:

o= | Too Mool ; ;,M.

s

.
Hence the dimensionality of[/\j\/ n'} is N - (n + 2) and the dimensionality of the ;1
singular elements is N - n+2)+n-1=DN--23. It follows that any curve in :;
A;In or JV:I mey be deformed continuously in such a way as o avoid the singuleor ?
elements, We require this in proving v?
Theorem 1. /XJ ;l is simply connected. i
) e must show that any closed curve defined by a(t) O £¢ 51 i i;j
a(0) = a(l) can be shrunk to the point 1, | ?_1:
We may teke a(0) = & o diagonal,  Suppose a(t) 1 E“;‘
that a(t) = w () € (4)u(t) and that a(t) ‘;

: oy

is regular for all t.  Sinco tho roots (o) =a (Y 4

\
A
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e . = of (Pk) vary continuously & is continuous in ts We may také u(t) also

k
o be continuous in $+» We plot the possible wvalues of the periodic @k at a(0)

on a line labeling them as in the figure

-Qr\;| 94 ©a @y P . P+
iece (‘71 < (pz oo X @, <@ * 1. We call Qil‘, ?2,' cess @p B repréfenta~-
tive set. Since det (a) = 1, @1 + (6,2 et Q= k an integer. If we
choose the representative set Qi, QQé, coes, Q;E sza Q‘S‘ vesy @n’ Pn + 1,
we have ((J._'L + Cfé + ...+ @) = k+ 1. Then by shifting to a suitable sequence
on the graph we may suppose that Ql + (pz $ eee * Q?n = 0
@1 < @ < e < (en <@q*1lat a(0).  Since the (p; vary continuously with
+ ond none of them become equal for eny valye of t, we have for all 1,
@, C@o<ees <@, <Qy* L @t Pyt + @ is a continuous function
of t having only integral values and initial value (for t = 0 ) O. Hence Tor
all &, @4 + '@2 toaes t @n = 0, For t = 1 we return to the only O representa-

tive set and (pi(o) = q?i(ﬂ. For all A, 03 N S 1 we set

=

e (X))

»

Gx(f\ =

e(h?n(t“

The € A (t) is unitary end unimodular. & (%) = u('l:).'1 €, (t)u(t) defires
~

e closed curve in W;x which avoids the singular elements. For A=1,

a s (t) = a(t) and for A= 0, a N (¢) = 1. As A= O we obtain a continuous

deformation of the curve a(t) into the point 1 ofw;’l. -

2, Primitive charecters of A)'vn

The machinery developeé’i in Chapter 4 is powerful enough to enable us to
determine the primitive characters of AX/n without actually finding the irreducible

representations.
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Let & = u Y€ u where E is given by (1+1).

(1) X(d) = X(€)-= X« (\bl .ee <0n) is & continuous periodic
function of the (Pi of period 1 and is symmebric in the @i'

(2) The diagonal elements such es € form an abelian sub=group of

'J\/n’ Suppose that in a given representation of degree m

®

€
where the root €* = €%(Qp +rv Qp), (€ 1= 1 and
EX(Q 1+ QL e @t QL) = ETCQp wees @) € QL s @)
Hence E*(Qq, Qg =es @) = EX (@ O +ovy O) €*(0, @y, 0, «ve, 0)
e €%(0, 0 wun, @)% ET(Q) CH( Q) oen E4(@Y)
sinos € @t QL= € ;( @) 5;(@12) by sec. § Chapter 4,

€ k( ﬂpk) = 92‘“- imk(?k = e(mk @k) end €% = e(mlcpl + Iy @2 +ooot mn(Pn)
Hence X ( @1, @os «vo; gon) is a finite Fourier series with positive integral
coefficients.

(3) We apply next the orthogonality relations making use for the first
time of the irreducibility of the representation, Ve havc _[7('({1) ,'_%(e.)da. =V
the volume of /JVn. Let dn b.e the volume of the strip of /\}i/n obtained by le-'l:'b::Lng

the angles ({)i vary fram (Oi to Cpi + d qo i We shall show in the next .section

+d@

that

dos AD AQd @y e 4@
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where is the Vandermand determinant

it et
{ n-1 n=2

) €, €, eeel
o = lerl, g™, L) .

-~ o 0 s e 0 L ]

IO .-IQQ,@ a0 k

The drthogorality relations may be writien as

4

S Xy, @A)V E (@1, D) AR AdQ, - - AQn =
(221) 4 o 4 L - <
[ BB dw s Bl

2 Q 0. . . m s .
XD = z is skew symmetric in the qji simce X, is symmetric and

%

A is skew symmetric.  Le® Z(){l’ -ZZ’ cony 1’1,‘_) [,Zl > ,'1/2 Y e ¥ Zn] denote the

elementary skew symmebric poiynomial = 2 = e(/:] .t }fg Poaee * 7[31 (pn) ob~

tained from o(}(l @4+ 2./2 (\0'2 + oaww t+ }.’n’f;’/ ﬂ) by perforfing all the permutatjons

of the (@ 's ard putting & or -~ in rrows of the term according us Tthe permwbation
<

15 even or odd. Thus, for example &\ = Z.(n—-l, n-%, aee, L, 0)s We order

- =

-~ . -
the E ts lexicographically, iwe. % (}'1,” vev, Z) precedes thas higher weight)

}" (,ii, erey ,'/;1) 17 the first of the differénces z;zif ?/l £Q is > 0 end

E (}fl, vous ]L/n) £ Z\Z:'L, cety 2(?'1), In a simildr marmer wb order the sy~
netric polynomials. Let the highest term ocourring in X -have:fhe weight

y . iag - > > > 3 = 3 :

my @4 +ogos mn @, vhere my I My 2 eee = m . Tho highest term in Z has the
weight Z, @l oaee A C.On where ,2(1 =my * (h’-}) . /12 = my * (n=2) »us ,'fn = m,
and consejuently ,1’1 > ,1'2 > vee 2 }L’n. IF the coefficient oft £the highest térm in

Z i~ —hs integer c, ihen ‘g - C Z 1., ](2, oo, ,'(n) has lower woight than E ,
By repeating this process we obtain an exponsion for

z = g \E‘(Xl’ sy v, ;{1’1) + 0! ? (}-,:'L’ cevy ?.,;1) Tentoe o] 7-{ d,

We may verify readily that these elementur v polynomials are orthogonal:

(2.2) /
o

i
In particular [ [ PANVAN:| (@1 see & ?Q;-' n! end (2,1) becomes
o *Q:« '

'4\,_ , ] 5 ) ntif Z;fii
/Z’(/i’ ao e, /{1'1) Z: (,11, see, Xn)d‘ (‘Pr ooy @ @n ﬂ{

0. ,0 otherwisc

-

Y
et e e T e e et Ay

g
5 -
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Hence ¢ = 1, 6! = ¢" = .., = 0, or

= ()-lls seey ,i ) .
(2.3) X i e 1; oy

(4) Every function of the form (2.3) cccurs as a cheractor.  For i¥
not we would have a class funcbion on /\Xln which is orthogonal to all the charac-
tors by (2.2). This contradiots the complotenoss of the primitive char&cters.

Applications. The above oalculations show that for any sct of in-

tegers mq 3 m, 2 ... 2 m, wo havo an irreducible reproscntation D(mlmz...mn)

whose character is

(2.8) X _leh, .., el T tohgrt ..ot aGn)
1eeelly 'e"'; ceey 1‘ Z:he((y\_')‘o|+_ +O@/\\'

where Xi = m, + (n-i)s Tho dogréo of this represcntation is the valuc of X

at the unit point, i.c., for QO; = 0, (2.4) is indectorminato for @3 = O. To
cvaluate its limit wo sot
Q- VP = L0, @pm @2Q L@ e Pu= 0= KO

Thon

1

S (gt e * L@) = 2 Eo((IFg e+ LA

or if we donotc 'llk?’ by V‘k

Zf. 0()./1Cpl +oaee t (n(On)

i

fe((n-1) ¢), o(n~-2) ¢5), +.- 1)
A0 o(ey) - o(py)

r
For small ¢, o((e) ~ 2WMiQ, o(l'L(P) - e(}.’k(?)t/ 271 (p(,fl - %) and honco
X em1@r® W, - 4)
“ n(n-1)
(i) Eo W - £

t<{K

or, the dogroe of the roprosentation

A (Zl, ores 1)
A (n~l, oey, 0)

The form of X in (2.4), though convenient, involves tho clements of
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[

ey i

H
13
S 1SN TH ]

HEEY

Hi

i

SIS IHGNN

i

(iginderiicalyy b

R I R e L A T P S



117
the variablc oloment s.of Ax/n implic#tly, Sinco X is -symmetrigc in the €'s, it
is integral in tho olcmentg of- s, We prdoced to obtain the form of X as a func-

tion of those elemonts. We use the Cauchy identity

1 . A (xy i J‘Cn) N bt .. Vn)-
det (1= xiyk) ~ T (T "-xiYYk)

for x; = €, and y = >sk:

)

(2.5) det [ : )= VT AU, 1]

R FON QLAY FO)
where £(A) =7TQ - 617\) =|1-Asl=s1+ cl?\ + pee +*cn?\n. If we substi-

'bute'
1
m=p0+pl>\ *927\2* .ot (pg = 1)

1_-1+v€eX + €222+ ,.,
To€ex

e I'd
in (2.5) and campart the cocfficicnts of 7\’" }e"xﬁ... 7\5." ont both sides, we

obtain g

( !

' et el = te )

end hence * P(-tu-t) ) }b{,\

-(S)
X3 e =

3¢ Computation of volume on ,qv/\fn

VPt imeny,r P

Wo apply the doefinitien given in Chépter 4, sec. 1, of velume oy a ocom-
pact Lie group to the special ocaso o}‘ tho unitary group. Lot ds be a line ele-
merts or voctep from a point s of »\;/n to a neighbering péint s + dse 1n? Aindopend-
ont vectors at s determine a volume clomont whosc volumo is defined as tho abso-
lute value of tho dctorminant of tho components of the translated vector
(dzc)s"1 -4 Se

The components of és satisfy tho condition: ésik 5 - Tgki‘ Honoo

for real ocoordinates of the infinitesimal cloments we may bake ! (S 544 and

=1
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ﬁjsik’ :Z Ssik (i <Xx). Howovor it is morc convenicnt to usc as coordinates
§a,,r 88y end oy = <F5,, (1 < k) which ire rolatod ko tho former by

ésikh 'ﬁ,zssiki- -1 :}Xsik 84 = —'ﬂSsik+ Y-1 Ussik

We havo soen that a unitary transformbtion s is similaf $o a disgonel

unitary tronsformation

(3.1) v 5= ugu

€n

& is dotermincd by s oxcept for & pormutation Of the roots €3, €5 eee,€pe

For a fixed €, u is "dotermined but for a loft multiplior bolonging to the

abelian group of diagonal clamenbs.  (We assume that tho &'s aro all distinct.)

If ut = €u, € diagonal tho 1 and u! arc ssid to lie on the samo vertical [ul.
~

Tho projoction spaco of vortieals [u] will bo denoted by (w1
twl

Thus any two u's for which (3.1) holds for a fixoed s and € bolong to tho vortical !

If {u] runs through the wholo manifold [;\7\/] and the 3 range indopond-~

ently from O to 41, thon s desoribes ;(n n} times.

Let (u + du} be a vortical noighboring [ul. Tho points on it which

arc noar to u are of the form

(1 + 2 T idg Yu + du)
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d(p = , ! dQ-‘: real

. d.

Tho line element determincd by this point togother with du is du + 2Wi(d@ )u:

“n

The voockor at the identity which is "right parallel™ to du + 27mi(d @lu is
éu +2Mid@. Thus d @ (or the d(()i) may bo dotorminod uniquely so that
'
du + 21\"id<e has only o's on tho main diagonal. Wec donoto this particular de-

termination of u + 2Wid@ by du and call ( §u)u the horizontal transition

from u on [u) to [u + du} (sce figurce). Tho horizontal trensition fram €u is

4

detorminod by
»
(3.2) 5% s e(duyet.
We chooso n® - n indopendont horizontal vecbors issuing from u.
Those dotormine o parallologram whosc volumoe is dofined to bo tho abs6lute valuc
of the componcnts é'uik (i 7! k) of tho wvoctors 311. Consider the tubc of ver-

ticals through this parallologram. Any horizontal cross-soction of it is a par-
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allclogram whoso volume is tho same as that of the original parallclogram and
the transformation Su -3 .é'u i;': (3,2) is unimodular, Tho volumo of onc of
thosc parallolograms may bo takon as tho volumc of tho tube, tho volumc cloment
in [W1Y.

From (3+1) wo havo

(du)s + u(ds) = (d&)u + € (du)

Multiplying on the right by (us)":L = (e w)™t we obtain

Su+u(dsht=2mildg) + € (Swet »
or
(3.5) Sts 2 u(Sant = {e(fw)ed - ful+2mide
‘W’hOI‘C'

Ag,
4@,

(deYe™ - ami(dy) = 2wl
AQn
du = Su+ 2Wide
Wo dotorminc a volumc olomont in s¢ Lot nz - n of the sidos ds be such
that the corresponding d Q in (343) arc O and éu givo a horizontal transition

fran u. Tho components g's arc then
5‘*&{5«-9} (1#%)

and the remaining onos O.  Tho othor n sidos of the volume olement are choscn

so that a singlc onglo d @y #0(&=1, 2, vo., n) and (u] romains unchangod.

The volume of tho parallclopiped is

T (&% -1) 1l dede, . -dgn

tER N Ey

whorc dpl is tho magnitude of tho volume clement of [/;V] . If wo intograte over

(AW and normalizo so thot the volumc of [W]is 1, wo obtain

Vo

T T

e I I I SR H A G e

W
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£ - 1) d Q@A Qs - A,

(~

m

L

&s the voltme of the strip of u in vhieh the angles vary from P tO Py + af,.

®

-

Since € i L this expression may be rewritten ag ' )
t -
D Dagy dq, v ag, N TV ey -e))
Y
’ v i
¢, Additional applicetions of the determination of the characters of /Wn

The problem of representations from the infinitesimal viewpoint is &

purely algebraic one.

For the case of the unitary group /Wn it is the follow-

L]

r ing: %o associate with every transformation of degree n, a = (o(i'*k),

dik = '°(ki¥ & bransformation A of degree N such that the association is linear

L VIS WU B SR U

e e 85 e, gy sttt A PRt Vi b g4

and {ab]—> [AB].  The restriction to %he uriimodular sub-group /Cv;;

means that

g e

only the matrices a such that tr(a) = 0 are considereds In this cose /Wr.i in

the large is simply connected and every vepresentation in the large can be ob-

tained by iteration of a representdtion of the infinitesimal group, If we allow

the real parameters which enter into the infinitesimal group of AX/n to have com=
rd

plex values, we obbtain the infinitesimal linear group. From this it follows

that the theory of the representations of the linear group can to a large extent

be obtained from that of the representations of /;Vn'

We may construct in a simple wny certain representations of M, Let

S (%) ous x,) ond B2 (v v, ove ¥,) be arbitrary vectors in ‘the n- ‘

space
B in which N‘;/n acts. The two-dimensional elements [& ,4?') whose compon-

ents are (xa‘.yk = xy3) form a space of (2) «dimensions a’{‘(z). The transforma- k

B

f “ 2
* tion u of M/n induces a transformation u( ) in ﬁ,@)
, {2)

u -3 u is a representations

and the correspondence

Similarly the three-dimensional elements

X . . 2.
Xl y1 1

T Ve % Ak
% J{z y)_/ ZX

give a representation of degree (g) ete.  If [ oy (1 # k) form o basis
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g -
in ’b’{_\z) and dni = a 'nzi is an infinitesinal element of ';Jn’ then

(4.2) M i) s [ ] Ty 4
= e Ny W) ¥ [0y 8 W) i
is the corresponding infinitesimal elememt «in ‘{{fa) o '
We shall show that the representation of A;Vn in ﬂ(z) is irreducible. i

To d #, = N, M4 corresponds by (4.1?
(4.2) e M = Ovg = 2 {4y ) :
Now suppose Z Ifn[ﬂ'i’ Mk_l ;( Q is in an invarispt sub-sphce ’0’(30 of ’Z)’{, .
According to (4+2) we have the vector 1 8
8 ]
i (R F A [ 1]
also in ’ﬂéz). Choose 7"1 so that the (‘;) number h"‘i + A’k are distinet, The

_ vt

Vandermond determinant

\ . i ..
(}‘n"“').\ (7\v+>\3\ ' ’ 4 <>\n-c+)\v‘\ é} I

.

V — p-
.
—

. 2 .

E -1 ' -1 ) -1
(?\"‘.}\1\@“ *(7\ ,""’?\3\{9') L : (h“-,* )n\m) .
is not O and hence each Tilr L1 i {ﬂ,k] belongs to ’D?,gzg At least one T, |

: : (2 ; !
say 7’12 7( 0 and so ['n/ s 14,2] C 'ﬁ.o ). Suppose e,lnj = Z;_ O(K.j" I« then :

[a Iy WZ) + [ry\]_, Y Wz} is in &(SZ). From this it follows that all

<

LA
o
i

M n;) ¢ DYCEZ) and hénce ﬂéz) - a?,(z). A similar argument may be

used to show th irreducibility of ‘6(,(3), m(4)~, coe By direet multiplication

e

of these ropresentations all irreducible representations of w, can bYe obtained.

For the caseA:/z the -chanticters are

4; ) - |
‘5!' e,’“ i
{ { ,
A tem L et
= = ’ Jrr={, 7,
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Thus there is a single represefitation D] of degree j. Ir

(4.3) xt = kx+ @y yie Yx+ Sy
c ';Vl , thon the transformation induced by (4.3) on the nonomials x P
Yal b!

(a + b = J) defines a j-dimensional unitary represontation, It can be shown
by the methods- just used that this reprcsentation is ifreducible. Hence all
irrecduciblo represontations of 402 are detormined in this way,

The question of what irreducible representntions oceur in the, direct
product may be answored by moang of the charactors. Tho method has boen dis-
cussed in sec, 4, Chapter 4, For the caso n = 2 we obtain casily

D; X D,y =

J J
If wo rostrict tho reprcsentation D(ml, Mo, see, mn) of 4;ln to the sub-

Dj+j' + Dj+j"2 + L} + D‘j"j;\
group of transformations of the f::rm

- Uny "
0
0 " 01

17 Ty sees mn) of /Wn-l'

means of the characters the :'[rrcducible roprosentations D(m

we obtain a represontation B(m We may dobormine by

! t t
1" mg’ besy mn"l)

which occur in 3. It is nocossary to oxpand the character

L
% _ e, . . ‘,62"\ with € =1
n-y
te ) . . . J‘ \
in torms of tho primitivo charactors ¥

n'lm? n!
7 2. te -1

o, L L '
& "6(1 &‘1’ 6163 S .‘e'{ﬂ-" O

iﬂ- (61-‘6,‘) = ! ’ L,

= { )
"f-‘::" (g- ;)(ez_-,). le,m) €. - € e 0
t/ ’ o / ' ' ' o 1

6" (;‘(1 CL fn-t

¢l .

en-- 6n: Y 4 y{-l
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where 2 is oxtondecd over all ,lli, Xé, an»e Such that
2 > >
Py oK 2 dp o By 2 Xy eee > Ly 2 Ay

Henee if

! = ;' + ad RN ! = x’
11 nj + (0-2) By =™

i~

b m]'- 2 oy zné e

and

Al;(ml ...\mn) = ZD(m]'_ ‘e mr'l-l)

surmed ovor all m} for which tho above incgqualities hold,
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8 Cheptor 1. Fundamental concepts of groups end reprosentations’

-

THE STRUCTURE AND REPRESEKTATION OF CONTINUOUS GROUPS

by
Hermann Wéyl

1934~35

Survey of Last Term's Course on Conbtinuous Groups

We assume that the reader is familiar with the concept of an abstract
group. We speak of a realization of an aebstract group ? as a group of trans-

formations of a given point fieldTr, if to every element g of /y corres-

a—

T S
ponds a transformation of i} (is0¢ & one-to-one mapping of n into itself) in

such & way that to the product of elements g, and gy of /g, corresponds the preod-
'

uct of the associated transformations. A realization is called distinet if to
different” group elements there always corresponds different transformations.
There arises the question whether every group has distinct realiza-

—

tions. This cen be answered affirmatively in the following way: Let '/ be
the set of elements of /g/ itself. If a is a given element of /g', we asso-
ciate the transformation s ~—>as of /g/ into itself where & ranges over the ele-

ments of /g/. It is easily seen that this is a distinot realization. We call

this transformation s —¥ as the (left-hand) translation of /g/ by a. Similar-

ly, a right-hand-translation is a trangformation s —sa of_«g/ into itself.

There is another way to obtain a realization for which the point field
is identical with /g/. Wo associate to a in ,g, the transformation s ——?asa"‘l,
the so-called conjugation by a. This realization is not always digtinct, since

the elements a of the centrum (ieee the elements commutetive with every element

of /(3/ ) give the identity transformation s —» s.

* Page numbering in brackets refers to the nvotes of last term's courses
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A reslization of xg; by linear transformations of a vector sphfe % is
¢

I i &
j b ealled & representation of g, » The dimension of }{, is called the degree of the

*,

"represen’ca’cion.
| To every element & of ? conresponds here & ma‘éﬁx U(s) of degree #.

| f"If we change the coordinate system byf*ai linear transformation with the matrix A,
5- , the matrix U(s) is changed into AU(s)A?i and naturally these matrices form a new
! representation which is said to be eqlliv:igalent to the former representation.

A yepresentation is _g_e_du___q_i_'t_;_l_e_’v;;i‘f there is a proper subspade %1 of %
brwhich is inveriant under its linear tra%gformationsu If ny is the dimension of
.’ %L end the coordinate-system in % is chosen in such a way that the first ny

, } : basis=vectors Belong to %l the matrices-U(s) have the form

1 ( Aﬂ(s) B(s). n, reows

U(s) 4
\ 0 Az(s) n - n; rows

(g cotumms’ (g soTumms

2 Here Al(é) gives the transformation of /R, under U(s) and Az (s) gives the trans-
formation of the projection space R (mod %L ) under U(s). Al(s') and Az(s) are
representations of Ag« themsolves.

If it is possible to find a second subspace %2 which is invariant un-

der U(s) such that W, = %1 + %2 (every vector of % can be written uniquely
as the sum of a vector of Rl and of a vector of R 2), the matrices U(s) in a
properly chosen coordinate~system will have the form

1R

| EeY U(s) = | *

g 0 A, (s)

In this case the represcntation is said to be decomposable.

If two roprescntations Al(s) and Az(s) of a group are given, the matriccs
’ (1) form a new reprosentation, the sum of the given represontations. If Al(s) is

performed in a space with the coordinates x deey Xy and Az(s) in a space witl

1} xz!

’ " the coordinates -




fox ]

Yo wee, yh, the mn products x; ¥, are transformed linearly by appfying Al(s)'on )
the. x; and A,(s) on the Ve  The matrix of this new transformation is denoted
by.Al(s) X Az(s). Obviously, we thus obtain a representatiog_of degree mn,
the product of A;(s) and Ay(s), |
The fupoction X(S) obtained by forming the trace of U(s) for every s in
f? is called the character of the representetion U(s). -
If all matriees U(s) are unitary matriees and the representation is re-
ducible,“}t is decemposahle, For if ?ZIL is an invariant subspace ;nd '312 is
the Space of all vectors unitary orthogonal to every vector of ?ﬂlj %hen /?az is
also invariant and ?z = ’}il + QEL

FPundemental theorems:

1. Every representation U(s) &an be written in the form

if the coordinate-system is properly chosen, where tho Ak form an irreducible

representation, These constituents of U(s) are uniquely determined, if equivaw .

lent representations are considered as equal, [Proof PPe 12—16]
II. Theorems of Burneide and Frobenius-Schur: If U(s) = ﬁ“ik(s)y

is an irreducible representation of s group, there oexists no linear relation

2% Q. U (8Y = 0 with coefficionts 851 Which are independent of & and
nothall zero (Burnside), 1If Uy (s) = ”1&§i)(s)” s Uz(s) = J’%L§ﬁ)(s)il, ves ATO
irreducible representations of degrees Ny, Ny , see, NO %wo of which are equiva-
lent, the nlz + n22 * ¢se coefficients ‘UEi)(s): ?Agi)(s), se¢ are linearly inde-
pendent in the analdgous sense (Frobenius—Sohur). r?roof PPe 21—24]

Whereas theorem I holds fon representations by matrices U(s) whose eo-

efficients belong to any field, in the pase of theorem II the field must be as-
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A sumed to be algebraically closed. From theorem II it follows that in the case
-%; of a non-modular and algebraieglly closed field two representations have the same

i 3 character if end only if thé constituents are the same in both represent.iions

B 24}

In the case of a finite group, every reducible representation is de-
canposable (except in the ¢asoc where the characteristic of the field is different
.

from zera and divides the order of the group ) Lpp. 27-31.]_

Chapter 2. Survey of Lie's Theory

Chapter 3. Foundations of & General Theory of Lie Algebras

We consider e vector spacé For which there is defined a multiplication
&y] of any two veotors x and y, which 4s linear homogeneous in both factors and
satisfies the conditions

E R R I 1 A [

Such & vBotor space is called a Lie algebra or an infinitesimal group, tho di-

s et 0 S e e ittt

mension of the space is the order of the algebra.

A realization of a Lie algebra g} is given, if to every x of ??‘ cor-

responds a velocity-field b( g‘). e EQ"_> in a fixed pointfield TT—where |
?}}. ) ”>%mw are the ooordinates in ]Tﬂ such that the follow1ng conditions are
fulfilled: 1If x — U { L f ) and y —> |/ " (?,),.. ?m) then

X‘*"y —> M.L<§-u- '-)?m) + /U.-L(?., .-;}‘m)
: Ax — A ui(?.,.,.,fm) (A Scalar)
[ey] — O v - B U - [uv]’

Qf course, assumptions on the difforentiability of the occurring functions are

necessary,

Ivery continuous group of transformations of a point field TT- (with

assumptions about differentiability of tho oceurring functions) gives rise to a




b pation s —~ asa”

i:-?ﬂofinitc Lie algebra /?a and a realization; the U™ aro tho infinitesimal elomonts

‘.af the group [Chaptér 2f

A realizdtion of a Lic algebra ,?, is said to bo a reproscnbation, if

e

H is a vector space and the ul dopend lincarly and h'omogoﬁeously on the % 'se

& Then to crery clement a of Ag/ corrosponds a matrix A (non-singulor or not), such
J that from o —3A, b B follows 8 ¥ b —> A + B, Aa ~»AA ( A scalar),

b [2b] — 43 - BA = [4B]

We obtain a roprescntation with Tr = /(5, by associating to a the lin-

car transformation x —»» [é.x] of the vecetdr spdcc A(?'/, the so-callcd adjoint repre- )

"-scntation. In the casc of a continuous group it can bo vbtained from the tonju-

1 by application on infinitcsimal olcments {:p. 431.

If & = A and a —> A' aro twe roprosentations of a Lio algobra, the

L product of tho two reprosertations is herc the represcntation

& = (‘m*‘ &) ¥ (K X 1,) whors k, and 1 denoto the unit matrices of dogree m

and n,

A subspaco f of a Lie algobra Kg which is closed undor the multiplica-

tion [xy] is called a sung:ogg of g 3 ;/ is invariant subgroup if % tontains
with x tho olament [dx] for all a in 4 § f.0. if tho subspace 4 is inveriant
under all transformatian of tho adjoint reprosontation. ir ; is invarignt and
x 8 x{(f), y = _y'(f) v 13¥ if x ~ x? and y ~ y' bolong to % -- it fullows
that

x+yExt+yt, A x= Axt, [Xy}-’-fwy‘] (f)-
Therefore, the projoction space of /g, with fespoct to % may bo considered as a

Lic algebra, which is callcd the faoctor group.  The order is the difference of

tho orders of /?/ and of f.
An infinitesimal group in which Lab] = 0 holds for all a and b will be
called an Abelian group. In any casc, thc olcments o for which [a‘x] = 0 for all

x in y, form an invariant Abelian subgroup, the centfums




6
If f is invarient in /?, ail elements [_é;h_}, g ing h inf and all

their linear combinations form a mew invariant subgroup’ ; of /g, we have

& C é’/ We denote ,%' by,g, ,? by ,y/ and so on, /g, ag ,g,ls nil-

‘ potent, if /? = O for a properly chosen ¥, it is sufficient toset V=r+ 1,

r order of .

Tz nilpotency of an infinitesimal group is the same as the nilpotency
of the .adjoint representation, where a set 'of matrices is called nilpotent, if
there exists a positive integer N such that the produc’c of any l\/ matrices of the
set vanishes [p. 61]

If in the series

G=%> G >G> DY =0

every ’?i is an invariant subgroup of ?’i-l’ we spevak of a composition séries of

v,a g.. Groups 7, with camposition series where all the factor groups ’?i-l/yi are

3 Abelian of -order 1, are called solvable infinitesimal groups.

- » M - >

In the case of a nilpotent group,

v «?2, ?3, g/y =0
form a composition series. We can find subspaces such that
%O___‘ ‘i-l)f:l)fz) oo >f’\ 17/? %A
such that the dimension of f/{ 1 is larger by 1 than the dimension of/ /Ob- .
viously, all fl“- are invariant subgroups of -1, The factor groups are
s Abelian groups sinee the or&;r is 1 and [a a] = 0 holds in every Lie algebra. If
' we repeat this process for i = 1, 2, ees, h, wo obtain: Every nilpotent group is

solvable,

Conversely, if ,y, is solvable and ﬂl is & representation, the matrices

UL corresponding to the elements of ,? ,g, form a nilpotent set (Lie's theorenm).

This follows [;3. 54] from the Lie theorem proper: If is solvable and OZ is a

rapresentation in the space , then there exists a vector ¢ 7( 0 in W such that

At =de for every A in UZ.', o is a scalar depending on A Ezroof of the Lie the-

-

N )
EN
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4
Connection between nilpotency and characteristic equations: To every

linear transformation with the matrix A, there belongs a characteristic equation’
det (Wl -A)=2£(W) = -0yt * ous

vhere {) 1is a wvariable and 1 denotes the unit matrix. This p'o-lgrnomial f(w) is

inverient if we change the coordinate-system of the vector space in which the

linear transformation takes place. In particular, Y is invaria:lrb. cy is tl'qe

trace tr(A) of A, the sum of all elements in the main diagonal of A. We have

tr(AB) = tr(BA)

for any two matrices A, B, where the products are defined. This is the case, if

the number of rows in A is equal to the number of columns in B and the number of

rows in B is equal to the number of columns in A,

The roots of the characteristic equation of Ak are the k-th powers of
the roots of the characteristic equation of A, If a power of A vanishes, all
roots of t};e charaoteristic equation £{ W) = 0 of A must vanish, and consequently
f(w) = ™ holds, For a nilpotent set of matrices, all characteristic poly-
nomials have the form ¢ B.

If /?,is & Lie algebra and T is o representation we form the set of
all matrices which can be written as a linear combination of products of a finite

number of elements of (}Z. These elements form an associative algebra, the

enveleping algebra of Ol .

]

An associative elgebra is called nilpotent if there is a positive in-
teger N such that in the algebra every product with N factors vanishes.

If /'%is nilpotent,_ the matrices of the adjoint representation UZ, form
a nilpotont set as mentioned above. Consequently, the enveloping algebra is nil-
potent and all charaoteristic polynomials have the form ) 2.

The inversion is also true in the following form: (Generanlized Engel's

theorem): If OL is a distinot representation of a Lie algebra g/ and all gharac-




P

teristic polynomials have the form-¢) %, ? is nilpotent, Z_Pf"oof, p. 61-62, for

this and Lie's theorem c.ompare also pp. 72=764,

An infinitesimal group is called simple, if it does not possess an .in-
veriant subgroup except the whole group and the subgroup O consisbing only of the
vector O, An infinitesimal group is called semi-simple if: there is no solvable

invariant subgroup except O. Except for the Abelian group of order 1, every sim

ple group is semi-simple., R
Every Lie group /g, contains a maximum invariant solvable group % which
is not contained in a larger invariant solvable subgroup. The factor group ?/f

is semi-simple [p. 4'7].

Chapter Y+ Integral-Topological Viewpoint

Let O be a continuous group (with assumptions about differentiability

L4
of the ocourring functions) which forms a compact manifold., Then, it is possible

to define a volume element ds in the manifold 0~ which is invariant under left-

hend end right-hand translation [pp. 76-78]. Ir ({)(s) is a function defined in
6, we can define f(P(S )ds formed overs®. The quotient of the integral by the

s .
volume fds of 0 will be denoted by f(,p (s)e TFrom the invariance of the volume
£

olement under translations follews

[ )= oo - [pes)

for every a in .

If T is a representation of § of degree n, we transform the Hermitian
form i Xy X, = Ho by the element of T‘corresponding to ss  We obtain a
positive :i;li‘ini'be Hermitian form which will be denoted by S(Ho)' Then f s(H, )
is a positive definite Hermitian form invarisnt under all transfomationsof 9"'
Consequently, T is cquivalent to a unitary group. (Hormitian argument )

Let & be a group of transformations of a point field Trwhich is trans-

itive, i.c, overy point of ” can be transformed into cvery other point ofﬂ—by

a ptoperly choscn transformation of 5. To assumo that ¢ is compact, but do not




S

make any assumptions about N . If £(P) is a function defined inﬂ—, we seb
’ s£(P) = £(s71P)
{ Now, we can define a mean value m(P) of £(P) by
n(e(®) = [ s2(2) = [£G720) = [ LCP)
It is easily seen that m(f(P)) dcfes not depsend on P; we can denote it by n(f).
| The functions £(P) form a space, to ex‘rery § in & corresponds a linear
ftransformation of the clements of this space. A metric can be introduced by the
Hermitien formf F(P)f(P) and, correspondingly, two elements £(P) and g(P) are’ called
orthogonal functions, iﬂf.f"('l;fg(P) = 0,
/ Let LPL(P), (FZ(P), vee, (_Pn(P) generate an invarient subspace of n
, dimensions, the ‘]Oi( ) being linearly indopendent. The subspace consists of all
i functions

(P (P) = X;LR(P) + .. * )('n(pn(P) (xk constant).
(X, een, X ) are the ooordinates of"(f) (P)s By a transformation s of 0

i

I 4 ?(P) is transformed into an clement of the same subspace., If
’ 7 M
sg.(P) = “}_ Uy (9) @ (P

. A ={

the coordinates of sLF(P) are

' y X-
X “EM‘M(S K

K=

Obviously, the matrices “M‘ik<s) “ form a representation UZ of 0~ Wo use the

} ‘ torm harmonic set of orderw_ for P, (P), ""'Lfn(P)' The sot is primitive if
UZ is irreducible. By choosing another basis in the subspaco, we obtain a set
} ! belonging to an equivalent representation, The basis can be chosen in such a
monnor that the (](71-' (P) form a unitary system of functions.
fm‘Fk(P)“fik Jm"{iiﬂi
Then the matrix is unitary,
Primjtive sots belonging to non-equivalent representatiohs are orthogon-

‘ E ol [jpp. 85~86j. To tho same representation w of degree M there belongs at
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most n linearly indcpendent primitive harmonic sets. Thesc can be choscn in
such a manner that the functions belonging to the indopondent sots form an or-
thogonal system [-86-87‘]. If wo do this for every irroducible ropresontation,

all the harmonic scts togothor form an orthogonal systom for which the theorem of

comploteness holds [pp. 88-96].
In the case of tho regular realization (roalization by loft-hand trans-
lations, 6 =7T), we obbtain a harmonic sot of order Z/Z by taking a fixod column
of the matrixﬂ (8) which rcproscnts s. If n is the dogroc, we havc n linearly
indopendent sets corrcsponding to the n columns (p. 88].
A class function f(s) is a function which has the samc valuc for con-

e
jugate group clemonts § and asa-l. The primitivo characters (i.ec. tho charactors

belonging to irreducible reprosontations) form a complote normalizod orthogonal

system in the domain of continuous class functions.




Chapter 1.

Full linesr, complex mnd orthogonnl groups from the infinitesimal standpoint

¥ 1, Structure of the full linear group

The full linear group of degree n consists of all non-singular linear

transformations of a vector spece of n dimensions, The transformations of dé-

¥ terminant 1 form a subgroup, the unimodular group. The infinitesimal group g
of the full linear group is formed by all matrices (singular or non-singular) oAf
degree n, the order being n?, In the case of the unimodular group, the infini-
tesimal group contains only the matrices of trace O, the order being ne-1.

Let hy be the matrix whose coefficient in the i~-th row and column is 1

and all other cosfficients are zero. Then the matrices

| )\1 0 bes O

0 Ny wes O

Fd
(1) ho= Xjhy + Aghy vee * AR =

e @6 s e rs B se OO YOS

0 0 A,

form an Abelian subgroup % of /%,of order n. If g = ”0('1'.;«“ is another ele=

ment of /g,, we, have .
(2) [he] = na = e = | (Xg ~ Ny x|
Consequently a is commutative with every h, f_ha.] = 0, if and only if K 4. = O
for i 71 k and therefore a belongs to %. f is e maximum Abelisn subgroup of /‘g'.
The matrix with a coefficignt 1 in the i-th row end the k?colunm and
all other coefficients O, will be donoted by e,y (i # k)« The elements h; and
é;, form e basis of /g* From (2) follows
(3) [heik] = (N = Ap)egps [l_rlhi] = 0.
The element of the adjoint group corresponding to h is given by

g ——-y[:hs] where & ranges Q:ver)y . Therefore, the significance of (3) is that

e;) is an eigenvector of this transformation of the adjoint group belonging %o the
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-

eigenvalue (or characteristic root) A i - )\k‘ Furthermore, h; is an éigen-
vector belonging to the eigenvelus O, The n® - n linear forms /\i - /\k

' (L k=1, 2, 4o, n; 14 k) will be called the roota. B

If of = )\i-Akisarooﬁ, 50 is ~@( = )\k-)\i'. We alse writs

6 for 4, As is sasily seen,

kt‘
(4) [ew e_a] 2 h; = hy .
belongs ’c.of v (Mg =1, Ay = a1, )\j =0 (341, k) in (1)) We set

hj = hy = hb( « Ve obtain by a simple computation for (x = >\i - >\k:
fehy - A

- [e(aL ep-] =0 ir 0(.+(3 1s not a root and o # -[3

eoce]=-ev- if o + 3 is a voot
[ B OH-@ [

(The + sign corresponds to the ecase k = j, the - sign to i = ¥) °
g P = g

L o

The formulas (3), (4) and (5) give the structure of /?,

% The weights of a representation .

We have a representation g of ? if to every element s of ? cop-
responds a linear trensformation A in a vector space of N dimensions with the
following properties. From a — A and b —» B follows
atb—>A + B, Ao —3A4, [eb] — 4B - BA.

Ir o, — E“ . hi_...,.Hi, then

h= ANqhy + Aghy + ,,, + APy —> NHL + NpHpeos + A B = B
end from (3), (4), (5) follows (¢ = )\i - >\k)

[HEq] =% B, , [mii] = 0
» o [E( E_oc-]=Hi - H = H

E&Ep a 0, (°L+[3 # 0 and not a root)

[Kot. Ep] =t Eow[s (oL + /5 a root)
b The problem of finding all representations is that of finding all ma-
trices fulfilling (6); it is = purely algebraic one.

i

A
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The vectors in the space of N dimension will be denoted by small
'ﬁerman letters, We say that a veetor s# O has a weight A, if for each

H = AqHy + oep + A, & formula

‘ Hat = [\ Me

elds where /\. is & linear form in 7\1, )\2, ceey /\n

Thers exist weights always. This oan be seen from Lie's theorem or

f directly in the following manner, Let my be~ an eigenvalue (root of the cI;a’X‘ac-
teristic equatien) of Hy,  Consider all vectors /B such that

leg =m1/&y

B Thoro aro such eigenvectors g) ;! 0. All these Z form a subspace {351 . From

the commutabivity of the ‘Hk follows easily that %l is invarient under the Hy.
Let m, be an eigenvalue of the ’cransfgrmation which is induced by Hy in %, ‘

Let %2 be the subspace of %1 consisting of all vectors ﬁ of 7)?1 for which
; j; Hy z8 =‘§12 /g and so on. Finally, we find vectors /3/7( 0 such that

| Him = my, W (i=1, 2, eee, 1)
HM = (AlHl baes P AJE )M (Amg +oan ¢ Apmy) Mo
Consequently, /\ = /\lm1 * oese * ’\nmn is a weight,

Lemma l: If & vector ﬁ) of weight /\ is a sum of veotors f 3 of
weight /\ 1 and all /\ ; ere different fram /\ , then zs = 0

Proof. Let "f(()) be the polynomial (& - /\1) (w- /\2)...(&)-/\%)
in a variable &J. Then apply the operator

f(H) = (H « /\1)(H - /\2) eee (H - /\r) on the equation

@ =Z>1+/@2+,..+fr

Since the factors in f(H) are commubative and (H - /\ 1) Pi= 0, we obtain O

on the right side, We fipd

r</\)@ = 0
and since /\ # }\i’ £(/\) # 0, we have f = 0, Qeced.
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It follows that there are not more than N different weights,. In the
case of the adjoint ropresentation the woights different from zero are the roats.
Lemme 2: If /M is a vector of the woight /\ , HAL belongs to the .
weight /\ too and E Al belongs to the weight /\° +x
Proof. Thoe first remark follows immediately from the commutativity
of all the H's. FMurthermorec,
e =E*H/11,+[HE':J/}1/= /\Ed/n,afowum, .
= (N +a ) B, v
Lemma 3: If the represcntation under consideration is irreducible,
the basis veotors of the spaco % can be chosen in such a menner that ocach has
& definite weight.
Proof, Lot & 7( 0 be a vector which has a woight and form the ven-
tors s
(7) Mo, B, B B M
for a11 & , all possible combinations & ,«& "t ane so on. They gencrate a sub-

space /H 1 Which, obviously, is invariant under all By By lomma 2, % 1 is
invarient undoer all H, and thus % 1 is invariant undor all elcments of the group.
From tho irreducibility of the roprescntation follows /R'l = 9? o A maxjmem
system of linoarly independent veetors among the vostors (7) forms a basis of
IR; all its veotors have a dofinite woight. The weights whish wo abhain in
this way arc all possiblc weights as can be scon from lemma 1. In this par-
ticular basis, H is a diagonal matrix containing all the N woights in the main
diagonal,

For tho moment, we will take the integral standpoint. By iteration

of the infinitcsimal tronsformation h wo obtain the finitc transformation

l o)" 0 eee O
0 o)‘l ees O
(g) =
i' 0 0 C)\“’

v er

- -

— -

e

.



.- 15

and by performing the corresponding process in tho irroducible representation

g, we get

A,

e 0 eee O
0 o/\"- ves O
(B) =
A
0 0 ves @ N

An element s of the full linecar group is, in the goneral case, conjugate to an

A A
, @ bt y ssa, © ™ arc the roots of the characteristic

element ( § ), wherc o M
polynomial of s
s = UEW

ir S and U are the elemonts which corrcspond to s and u by the representa-

tion, we have -

S = U(E)V

N A A
tr (S)=tr (B)=0"" #6 * + ..v+ o N

bt}

Thus, the knowledgo of the trace of a reprcscntation is equivalent to knowledge
of the weights.

Thorec aro two rcomarks which arc quite obvious from theo inilzcgral stand-
point and which will bo proved in thc next scction by infinitosimal mobhods:
1) If wo permuto )\1, /\2, cvw, /\n in ( £ ) we got o conjugato cloment. There-
fore, the corrcsponding elcments in the roprescntation also arc conjugato. By
a permutation of the )\y , every weight /\/w is carried over into another
weight,
2) If we confinc oursclves to the unimodular unitary subgroup of the full lincar

group, we have to imposc upon the A 's tho condition that they arc pure imaginary

and fulfil
(8) )\1'*°/\2+000+An=-'0
By using (8 ) evory weight /\ can be written such that A n does not occur,

Now, the unimodular unitary group is simply conncoted [H:.“Zé] Thorefore, thore

Y

e LA o oo M el L ammsnio . g el

e L

i g .

. "

R T

L A Junhe e
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cxist only onc-valucd continuous functions in the group manifold. By increas-
ing A, by 27i{ and decrcasing A, by 2Ti in (&), (&) is not changod and
so (E) cannot bo changed ecither. Thorcforec, cach /\ﬁ can only be incrcascd
by an intogral multiplo of 2T: and hence wo soc that the cooff:iciont of /\V
in cach /A is an integer. If we drop (8§ ) again, we can say that in eovery

weight /\ tho difforonce of tho coofficionts of any two A 's is an intecgor.

3. The first main theoorom
IP of = )\i - >\k is a root, wo have, according to (4)
[:o°L o_*] =h = f&lhl *oees b X b
"with ol = 1, & = =1, Oy =0, 141, k.
The value which an arbitrary lincar function N\ o A 11 1\2, ceey /\n has for
o - I particular
(9) o, =()\i—)\k)x =2 .

N
Theorem 1. If /\ is a woight, 2 AT intoger and /\ - 27~ X
——— 8 o

o

A i = % ; will be denoted by \

also is a weight for cach root & = A ;= A K
Romarks: Becausc of (9 ) wo ha;ro 2;‘/-\5 = /'\‘x The formulation
above 1s choson with a view of a later gencoralization. If
A =mg Ay + ..+ myANy,, thon /\‘x = my - my and A - /\m(x is obtaincd
from /\ by interchanging A ; end }\k' Therefore, the statoment of theorom 1
is identical with the rosults 1) and 2) obtained at tho ond of section 2 by
taking the integral standpoint, -
Proof. First of all, lct us assume that the weipght /\ is extreome
in the scense that /\ + o 1s not a woight, If/no # 0 belongs to /\ , we form
the vectors

E_o(/H/o:/I[,' E /“/‘:/H/Z,)'

} -

M,

L
vhich (by lemme 2, section”2) belong to the woights
N VAT | N —2«

respectively. Therc must be an intoger h such that ’IL.n 7( 0

T

- ——— — T W % T A—— - m—

l“‘ —
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At

= (.
We will prove that thore oxist constants /ki such that

(1) By, My = f*3 i 120, 1,2 o, b+l
For i = 0, (9) is valid whotover M_, is if we sot Mo = O'.‘ For E M, be-
longs to tho woight /\ + & by soction 2, lemma 2, and from tho assumption
that /\ is oxtromo follows E M, =0, If wo assume that (9) 4is proved :For
i, we have

EM g4 =B E M, = (8 E +[B E_.‘—J ) M

= B " E‘(/ﬂ/i + Ho(/?bi = E—_.,/‘“"i’”’i-l + (A_zajd/m_

-

Thereforo () holds for i + 1 and

Mo AR A« - i (1 =1 2, ."’)

Hence by using /'\o = 0 we find

e
. (i+1)i
M= DA, -SSR
e
- - - . h
From (9 ) and /”’h-l-l 0 follows /‘-L ne1 " 0. Thercfore /\‘ 5«
g Doy

u"(

is sn intoger, /\ - 2 ;/}i = A - ha is o weight, M, # 0 bolonging to it.
Thus, if /\ is oxtromo, thoorem 1 is truec.

If /\ is any weight, we form
. /\-—2&, A—c(l/\l /\4’0(/ A+2°(I...

Ir A* = /\ + ka is tho last oxprossion in this soquence which is
a welght, A * is oxtremo and, by whab was shown above, it follows that

¥

(10 ) N, /\*——oc,/\*-—Zocl...’/\*-Z%oc

also is a weight. In o geomctrical representabion

| i { A b {
s ; - y
A A= N AR Arw A
these weights lie symmetrically with respeect to the "point™

»*
*_ A _ _ [/\HQ«)G_ _ ‘_/\“
(1) N= = ANk Rse= 5" = A==

H
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wo obtain iIn the same way by using the root - (with respect to which /A\** is-
extromo) a sot of weights

AR

(12) A A e, A w26, oi., A r 2 %y

¢ oL

which lio symmetrically with rospect to thé same ecnter ({} ).  Therefore ( 10 )

and (/2 ) arc identical and /\ belongs to (I0)s Then we have

ghe - g0k 2 Lx

< = == integcr

emd A\ - 2 Qf % is symmotrio te /\ with respect to the oenter ('), There-

fore it belongs to (10) end is a weight, qee.d,

4, The second main theorem
_We arrange the weights of a reprosentation according to the lexico-
graphical order, A linear form my Nq o+ mzx g Foees +my, )\n is positive if the
first non-vanishing coofficient is positive. A linear form is larger than an-
v other form, if tho difforonce is positivo.
Lemma: If A is tho highest weight of an irrodusible representation
~and M # 0 belongs to /\ , then every wvoctor

AL*“E“ E°< ...E“I/ﬂ, (O(l, ‘xz, o e \(m, rOO'bS)

" M-
of weight A is of the form ka ( K scalar). K can be computed independontly
of the special ropresentation, if o, OLmnys *ves & are given,

Proof., The voctor M* bolongs to /\ + Xy # X, + op0 X accord-
ing to lomme 2, scetion 2. It is of weight /\ gy if ey #o( o+ .00 + %= 0.
| At lcast one 0“1“, must be positive, We choosc horo /‘4— as small as possible,
Wo assume that tho lomma is proved for all smaller valucs of m and in the casc of

the same m for all smaller values of /4- For M = 1 it is brivial becausc

,Ed‘/n, belonging to /\ + K, must vanish since N+ &, is higher than /\

In the goneral casc, we havo

On the other hand, if A ** = N - k'L is tho first weight in the sequence (]0),
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a* - B (B E) Em-E  (EEEE] En
(3) at b, (B BN E B TR E T E A

Tho first summand on tho right hand side is a multiplc of M because the sum of

tho indices 0L, +0L, + .., +& ~ +&,  + .., +X_ vanishos and at the
(/M.- 1)th place stands a positive root oLy Ty prove the same for the second
summond we distinguish throe casos ,

1) o, -ho(Iu. .1 neither O nor a root, Then EEM,‘, Euﬂ_j = 0 (soction 2, (6))

and the statemont is trivial,

2) °‘/'&+ “r‘_]_:

ond summand is
- = /\f’o(-h,~to(_ -,

E‘,,‘ v e . bo‘/-&6| Ho‘f*‘ Eur‘_z'~ L Eﬂ'm’ ( { /‘1 Z“;M ‘EF*"E“';..E;"”/

because from scotion 2, lomma 2 foldows that E

-

0. Thon (section 2 (6)) EE& E, ’1 = B, end the sec-
~ M

ves E‘;‘/n, belongs to

Fpa-g
the woight /A + o, + ..o + X _g+ On tho right-hand sido here, we have a
re
smaller numbor of factors EoL than m and « 1 F oaen F “f& -2 +* °<I*4-+1 + eee

+ n = 0 in this caso, Therefore, this veotor is a multiple of M
3) °<I"‘ + Oir\' .1 is a root, Then (sooction 2 (6)) [Eu,w E. ft-l] = t E'&?‘_‘_M{u‘
+ ond by replacing this in the second summand in (/3 ) wo

find

rE, .. E E E, . E n

i Pt T TG,
Here tho numbor of factors E, is smaller than m; the sum of the indiccs vanishes.

Thus this vecetor is a multiple of M.
Theorom 2.  An irrcducible reprosentation is uniquely determincd by
its highost woight /\ ) Thc highost weoight occurs only onco,
Proof. If M # O belongs to /\, we form
() a, Exm, ELE n,. ..

Obviously, these voctors gonerato an invaricnt subspasc and, bocause of the irrc-

(<, ', +.. all roots)
o

ducibility, this is tho wholo space, All vectors (/4 ) have a dofinitec weight

but by the preccding lemma, 7\ occurs only in the casc of vectors k -. Consoc-

- gy i X

L Tp——
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quently, there are no other vectors ‘of the weight /\ in the space.

If there exist a sccond irreducible representation g/b with the high-
ost woight A‘ , let Ei , M have the samc significance for it as Eob[ M- have
in the case of the original ropresentation. We form
(44%) m*, B onS, By BT, .

Thus, to every torm in (44 ) corresponds a term in ( 19%). If there exist o

lincar rclation between some of the vcobtors in (1% ), say Atq, A, see, /ﬂ/x;x

(J5) a/'/l1/,+?/zdbz+...f—3’m/mm:0
we form the voctor
* *-
* * 7 = A0
(16) yﬂk+ﬁ45+”.*%¢%ﬂ

whoreo /ll;i is the vector in ( /4 *) corrosponding to /11/1‘ in (/4).

Theso vec‘bors A0 * for all possible rclations (/&) form o subspace

!og tha pace R* .
in which the grou * takos placo. Obviously, is invariant undor
' group 1

g, and therefore, bocauso of tho irreducibility of g *, wo have ?fl* = 76*

or W* = 0. But M doos not bolong to %1 *, _If, namoly 0% = m*, all
! cam b2 s
/h,; on tho loft-hand side in ( /6 ) with 7/‘& 0Vaxy of woight /\ according

to section 2, lemma 1, and thercforc /n,: = /19,‘/)1/*, by lemma 4. Furthormore,

by lomma 4, we have /H’f” = Mf.,/ﬂ/ with the same /’% becausc the computation
of /16,,, doos not depcend on the reprosontation.  Thoreforc, fram (/8") with

M * = AF Pollows

i .
' YAl * oot Yty =

in contradietion to ( /§7). Thus, ’R!* being differont from R* we have

R*= 0. In othor words, fram (/&) follows

afl/n,i + /3’241,; Foael. * .3’m/11/:1= 0

The correspondenco

— %
E, Eo .. Egm — Eai Ed’:_‘, k. w

Ay %oy’ '

gives a non-singular lincar transformation fram tho space R of g to Qf,* and

S

by using corrcsponding basis vevtors sclested from ( 1Y) and (147), @ and g *

P i
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5. Construction of the irreducible representations

We obtain special representations in the following way. Ve take all
skew symmnetric tensors of renk m for a fixed m}d’( m £ n. These are fun.c’cions
Fky, kgs e, k,) of the integral variables kf‘*— renging over 1, 2, «e., n, which
depend on the coordinate system and possess the properties
1) (tensor property) by performing a coordinate transformation
(17) X = é:a,ml,«) X
the tensor is transformed into

(18) Ty, i eee, 3) = O aliy, Kp)aliz, Kp) ees alin, k)F(k, ne ky)

KrD"-)K%
2) (skew-symmetry). By interchanging any two variables i and 1
G
F(i1, «.s, i) changes its sign. ”@

We can obtain such tensors in the following way: Ii‘/g and , are two
vectors, with the camponents X5 XE, seey Xy and Y1s Y20 eces ¥ respectively,

]

the products Xilyiz form a tonsor ,Ex/? of rank 2, and

Legd = gy~ 40t

is a skew-symmetric tensor of rank 2.

Ifé = (zl, ves, zn), is o third vector, the products xilyizzig form a
tensor @)x,?»g, of rank 3, we cen derive a skew-symmetric tensor by forming
the alternating sum

Cpadd = exeg ey gr v en g 0099 -yxey

(sum over all permutations of @19 _3 . + sign in the caso of an even permutation,
- sign in the case of an odd pormutati.on).

Correspondingly, wc can define flez X... X 6% and
E@')’gh) C ‘)/Em] and obtain skow-symmetric tonsors of rank m.

Skow-symmetric tonsers of rank m are described completely by the (ﬁ)

components F(il, 1g, eees im) with 1; <1y < .oee <4

By performing (17) they undergo a lincar transformotion which can be

By wre m
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obtained from (18) by expressing all F(kj, we., lgn) on the right-hand side by

those with kl k. K eee K km'

2
We thus obtain a representation Fm of the full linear group. /—m
has the degree (:;), m=1, 2, see, B

We have, of course, if My, Mg, «-o, /M, is a basis of the vector spate
Lol = 2% Un [Avs e |

The most general skew-symmetric tensor of remk 2 ean be written in the form

}é' Z K (ik) [Aiﬂk]

1<Rr
where o, (ik) is skew symmetric. Corresponding faets hold in the case of rank

m. The tensors [/nil, /niz, ...,/nim], il < 5.2 € eae X lm can be used as a basis
n
in the (;)-dimensional"™tensor"-space. _

By performing the infinitesimal transformation H:
I'q

Cdme, = 'A,ini

+
wo obtaird

d%ll,/niz, ...,/njmj = ()\il + Ai:z + et +Aim)[/ni1, ooo,/rlim]
Thus, our basis wvcctors in the (2)-dimonsional space have a weight and the weights
of the ropresentation l" m 8re
(19) Nig P Nip Fee P AL
In particular, the highest weight is )\1 + )\2 * oeee * }\ m* The representation
rm is irreducible since every weight (19) can be obtained from the highest
weight by @ permutation of the Ala awd ) comsepuently, (s &
woight of the irreducible representation to which A 1 ¥ Xyt eesTt ) belongs,

A second proof for the irreducibility of the /-m’ which doss not use the first

main theorem, will be given at the ond of section 5.

If the vectors /6 of an n-dimensional space undergo a linear trans-

formation A and the vectors /y/ of an m-dimensional space undergo a second lincar
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transformation B, the mn products x5V also undergo a linear transformation which

is denoted by A X B (Kronecker product). If A(s) and B(s) are two representa-

tions a/ and J‘;v of a group, A(s) X B(s) also is a representation OLX £"

In the special case that A and B belong to diagonel .matrices, to AX B
belongs a diagonal matrix conteaining in the main diegonal the mn products of
diagonal elements of A by diagonal elements of B. Hence it is easily seen that
the weights of ‘ﬂ,xir are the sums of one woight of m, and one weight 'o.f 66" ’
0-(/ and i’ being represepta'bions of the full linear group.

In the same way, Kronecker products of more then two factars can be
defined. For the prodyct of m equal factors 01 will be written OLm

If a representation g/ has-the highest weight
(20) ANEEE RIS PILIRTTIL LMY\

Wwe have my 2 mo 2 ves Z m,, since otherwise we should be able to obtain a higher
weight by a permutation of the \ 's.

Fn is a representation of degres (27 = 1, to ea;:h transformation s
corresponds its determinant. The only weight is )\1 + )\2 * ..t )\n according
to (19). Therefore, the weights of g X f‘nk can be obtained by inereasing
each coefficient in a weight of OJ/ by k. The transformebions of g X/—:;lk
are obtained from those of g/by multiplying each coefficient by the k-th power
of the doterminant of the transformation. If k is asifficicntly large, we see
that we can assume m, 2 0 without essontial restriction. We have then
(21) Imlgmz,z....zmn.z.o

By multiplying the [;%swe are oble to form another representation with
the same highest weight (20).  Obviously,

Tl-b.x I"ﬁ:f’le L Xr‘%pw

has the highost weight (according to (15) and the rule for the weights of & prod-
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? uct) ...
Py AL # Dy (A * A, F en D (A + N g e +A )
= (pp * Py % eee + PR)Ng F {Dp + P53 wen *Pp)Ag *owee TP AL
::«‘ In order to obtain (20) we have to take

Py = my - T, Pp = My = Mgz, eee,.  Pp.y = Wp.] =M, Pp =ty

" Thus the representation

- MMy m,-m 1™ Mo, ™
=0 S SN A x [

hes the required highest weight. Since there is only one irréducible g/ with

this highest weight (Theorem 2), % must be an irreducible constituent of

r

vector m™ of the highest weight (20) in F Obviously, each vector of highest

. In order to separate this irreducible representation ih /— we take a

welght in r is a multiple of m, because the amnalogous fact is true for

Flg Fz, sed, /_'n'a.nd therefore for all Kronecker products formed of the /-;

We perform all linear transformations of the representation upon/n*. The vec~
tors .obtained in this way generate an invariant subspace ?2* 7‘ O of the total
space /K « We .want to show that ’R,* is irreducible. Then we will have that
the linecar transformatiens of % * which aro induced by the transformations of
f— in 'R form the irreducible representation g/with the given highest weight
(20).

For the proof, we neod the fact that I- is completely decomposable in-
to irrecducible constituents, This will be seen in 7.

If ’R,* is reduciblo it is the dircect sum of two invariant su:bspaces
R* = { + ;, Ifm*'v--'/n; +/n§,/n; in %I, Ay in 778;, we find froam

Hn* =-/\/n".‘< that H,nz + I‘h; =/\ /n; +A /n:. Honce, we havo Hn; =A/n; and

Hn; ==/\/nz. But thore is just onc linearly indepcendent wvector of weight /\ and

s0 Wo havo eithor,n;‘ = 0 or/n; = 0, say/n; = O,/n* =/n{. The invariant subspaco
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| ‘- /)ﬁ; containing m* contains all vectors generated frama® by .performing the trans-
‘ E formations of the group. Thus we have % ; = %* and % is ir:’*gducible.

Second proof for the irreducibility of ﬁm : IfEMy, eee, /Dy constitute
a basis of the space in which the transformations of ’g’ take place, a basis of
the space R in which the transformations of /;; are performed is formed of
(22) [sgs mige cenrmy ] (1 Cig Cove Xip),
end this element belongs to the woight )\il + }\5_2 taee ¥ Ny o W denote the
(3): k elements (22) in any arrangement by/nl,/nz, ces, /nk‘, and the cox"responding
weights by }\1, X2, ..., X,

Let # 0 be en invariant subspace of 3€ , and AL # O el element of
/Kv

= Z(’(K /WK

At legst one coefficient, say (><V is different fram O. We perform H and ob-

tain

Ha = %MK)\KA'I/K

(H—")x“')’ﬂ/ — S:‘XK(AK"N&) /11/“.

where/nre has the coeffic¢ient O on the right-hand side. Then we have

Y, M 1%
T (H-A") o =, T (X'=AT)-
prEV r=y
With AL, this element belongs tq ’R’ and so does /}py itself, since the factor

Hence

of /n/‘v is different from O, )\1, A2, cony )\ek being all distinct. By trans-
formations of /_m' we can carry over /n/v into every other element (22),  There-
fore/nl,/nz, ...,}nk belong to ’K' and we have /){f f&'. This proves the ir-

reducibility of g} ,
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6. Young's symmetry overators

In order Lo construct the irreducible representation (J/ with the

highest weight

m1A1+m2x2+ ooo+mn./\n (ml-_-.?mz:z .-1—Zm ZO)
wo have to set (according to 5)
Py =M - My, Pp = Mg = M3, ees, Ppo1 = o Pn = ¥y

and to form

(23) ,"’94 }’Q X . % [;L‘O’V\/,

If 4is & vector of highest possible weight of this representation, we
have to apply all transformations on 4.  All vectors obtained from As in this
menner generate a space /R , Then 0} consists of tho transformations of %
which are induced by the original transformations.

Let Ay Mo, see, My bo o,vector-basis for the orizinal space. The
M

"yector"
A= [;nrnz.-.mnjx ece X [/ﬂll’la-.o’flnjx Enlnz...nn_l] X eow X [;nlnz...mn_lj )(
N e e e ™ e oo
P factors Pm.. {actors
“oe Xﬂllx sos )(nl
N e
b, factors

is of highest possible weight for (23). By performing & linear transformation

T in the original space, /s is carried over into

(24) [_@Aéé']xx[,ﬁl\a %'_]K . X [g Agﬂx XC@/‘:)]X@X Xfo '{/j

\/
Pw factors }% F&Cfol‘s P, Factors
where @ , 43/ , ...,'& ere any n linearly in@ependen‘b vectors in the original

space. The rank of this tensor (24) is
m=mnp, + (N-1)pp_1 + ees * 2pp + P} =My F My * eee tmy
since this is the number of vectors occurring in (24). More exactly, ﬁ occurs

my times, /Lg, ocours m, tines, ..., 3/ oceurs my, times.,
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i l
27-28 [ l
We replace ’Llu by the tensor |
. !
(25) (pxMX.. x2)X. . . (0X4X. . x2)X . X (PXMIX . x(px)X pX.. X .
Ul A0 SASEEA A M f Gpx Xeprexrp |
‘On ’/‘}Wﬂ.ﬂlﬂo% bay )GW'YLHLM(/) =2 fq ctovy

Let X, yv s sees Iy, be the components Ofﬁ) , A? s ...,} respectively.

The components of (70 are given by

(26) (= Al ). VT 0 PR G TR N v I B R P
5, Yoo, '(xzmﬂ*’m” %ml G JJ”'E*‘ %«ﬁ*’mi Tt i

1
|
i
We denote this expression by . 1
1
a
i

A s : .

( 7 M Lo A,
44 f} ’v ™y C
'W\M‘ -‘]

(26*) (r) ”'-‘:.‘j'mzl I

! /them
We write the components of '}u , (24), in the seme form. We obbainYfFom the com-

ponents (26¥) of (70 in the following way: Wo permute the indices in the col=-
umns of (26*) in all possible ways, multiply by +1 or -1 corresponding to whether
the permutation is even or odd, and add all these expressions. We denote this
operator which transforms LF into ’9/ by A

Y=A¢
) The tensor (26*) is symmetric in the indices in every row. We consider the most

general tensor CD of rank m which, if written in tho form (26*) has the same i

L

properties of symmetry. Ve sebt ?E = A@ X Of course every linear combina- 1
tion of tonsors (10 , (25), (28), is such a @ We are going to prove that,
conversely, every @ is a linear combination of tensors CF . It will follow

then that the tensors ”Q{ are lincar combinations of tensors ’}U (24). Vico

versa, overy such linear combination is a tensor y Hence thc space 72 is
identical with tho space of all tensors [__z-l_)_

In order to prove that the spccial tonsors (P (25), (26), span the

f whole tonsor space @ , we havo to show that no proper lincar subspacc of the l

i
Cﬁ—spaoe
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contains all the (P 's, In other words, we have to prove thal the expressions

(26) for all systems
13845 $vee Sy 313328 cee S dngs e
are linearly independent, when we consider xj, X5, s«s, Xy s yl; Vo, eses, ymz,..o
as independent variables. But this is obvious from (26).
Thereby we have proved that the space /R consists of all the tensors |
?1[_/. Every linear transformation in the original space induces a 'bransformai:ion
in % and these induced transformations form g The tensors (_ZH form the '
substratum of the representation g |
We will now construct all tensors @E . We start from an absolutely

arbitrary tensor X of rank me The m =my + mp + eve + my components may be

arrangod in a scheme of the following form (as bofore)
4

o Lhe o L ]
(27) Pold gy
quL,_‘.‘..‘wws

whore all the indicos run from 1 to n. We denote by p all permutations of the ;

indicos which leave ovory index in its row. We donote by q all pormutations
which leavo overy index in its column, and wo set ch = +1 if g is even, and
6‘q= -1 if q is odd.

Then it is clear what is mocant by

(28) YW = 2 d; G-y

where the sum is to be (:Qx:b%ndod over all p and q. Obviously, wc obtain toensors
% with the roquired propertics of symmctry, and all such tonsors, indocd, be=~
causoiz/_) in (28) coincides with X apart from a positive scalar factor, if X

itself has the propertics of symmotry.

Vi
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The operator Zcrqu dotermined by a schemo (27) is called a Young "
operator. Thero is a’o’r?c:proson‘cation of the full lincar group whoso substratum
consists of tho genoral tonsors of rank m, i.0. tho reproscntation .
le /’1 X eee X /—1 (m foctors). It is possible to invostigato the splitting
of this rcprosentation in irrcducible comstituonts in puroly algebraic manncr by
deriving the properties of thesc operators. Ono obtains a close connection with
the theory of roproscntations of tho symuctric permutation group. .

In tho caso n = 2, tho possiblo highost woights are mj Aq + mpA g with
m 2 my 2 0. Ve can assume m, = 0, if we take the unimodular group instead of

the full linear group, then m = m;. We write g,m for the irreducible group

(g/ belonging to my A as highest weight. Equation (26) has the form '

. . e -
Py )T = X, X

if ’“\, of the iv's have the value 1 and m-ﬂlu, the wvalue 2. The tensor ’9{/ is

given by
m m-l m
(29) xl, xl Xz, eoe, XB
2
¢
If Xy, Xp undergo & unimodular -transformation s, the quantities (29) i

undergo the corresponding transformation Sm in %m' We can replace (29) by any
set of linearly independent linear combinations, i.ee eany linearly independent ¢
homogeneous polynomials of degree m
m m-1 . + m
Co¥q + C1%Xy %o ese CnXa
if we replace 0(}/111 by an equivalent representetion.

Let ¥y, Vg be two variables which are transformed cogrediently with

X5 xz. We form
L ey *~
(30) yl ’ yl yz.v ey yz
which ylold the representation gr, The (m+1)(7"+1) products xlﬂvxg—'u'yle yz*'f

or rather any (m+l)(7+1) linearly independent polynomials ? (xlxz; ylyz)

which are homogeneous of degreo m in Xps X and of degree Y in yy, y, can be



considered as the substratum of the representation m X g "~ We define
m+ r + 1 special polynomials (‘sz',(xl’ X5 Vi, yz) of the required degrées by ™
* poy L MY
™ v+ +ra
31 UXG 4+ VU X5 ALY, +U —.:Z( MfU' ’
(1) (ux, ) (MY rUYp) = ICRITNN
1=0 .
For X = V1, Xp = Yo, WO have evidently
MET -
(s2) P 1 (rs; X, %) = ’Q X2,
We set ¥
! =N, + [ ’
x:,_—_oax;‘-kfbxl , Ny = X T2
(33) £ Lo dy!
g/x;, + X‘ ) /xz = ’Y ? 32
Then M Xy + /U‘xz = ALY /(‘» - Ayt x—z‘z with ' M,oc+'\)-'3~ = ,(.1,[5+U-f

ad A4y + Uy, = 'yl t Ay furthemore

i ;rﬁ,r_{

-+ ! '
(38) (X +4)) (My,,ﬂt-vm) sz (Mm% yv )g_) (lyevlyl) = Z(”’; u vt oy,
T
On odmparing (31) and (33) we see that <Fi ( X~ 10 Xos Vq» yz-) are conneéted

with the L_Fi(xi, xé, y:'L, yé) by 2 linear transformation T with coefficients

depending on oL 13\’% S  only. TWe put Xy = Yy, Xg = Vpe We see from (32)
that  is the transformation which

*x]r-ﬁ-r, :ix+r-1 sz’ cee, Jgn-!-r--l

undergo if we epply (33), Consequently, fr is the transformation corresponding
7 Py
to (’2{" J’) in g'mﬂ"
P -. ; : ;
N (xlxz, ylya) is a polynamial homogeneous of degree m in x,, X,

and of degree r in ¥ys Voo there exists a formula like

W4T

(35) \(P ()CHXL} yn)yz,j = Z a; LPL(X:«rk; ynlsz,) + (X;yz’xl g") Q(X;__,Xz,'yn}lz)
g 1=6

where Q is of degree m-l in X% and of degree r-l in y;, ¥s, end the a's are

constants (Clebsch~Gordan formula).
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In order to vrove this we remark first that (35) represents (m+l)(r+l)

linear equations for the (m+r+l) coefficients a; and the m * r coefficients of
numbers
@‘ The number of equations and of unknown[being equal, we have only to provs
that the corresponding homogeneous equations
(36) 0 = Z a5 (.Fj_(xly Xo5  V1» YQ) + (X]_YZ - xzy':[)Q (XIXZ; Vi YZ)
are satisfied only for a; = O, Q = 0. We set x7 = yy, %3 = yg. Then (36)
. imtr-i _ - .

has the form Z By X%y = 0. Hence a; = O, Then (36) shows, after
suppressing the factor X, ¥g = Xo¥qs that Q (xl, Xo5 Yqs yz) = 0,

We apply (35) to the (m+l)(r+l) linearly independent polynomials ?,

We obtain then at least m ¢ r = (m+l)(r+l) « (m+r+l) linecarly independ-
ent polynomials Q, on the right-hand side, hence exactly m * r linearly inde-
pendent Q, Therefore
(87) q/m X 0}1‘ - %-r-r ¥ gm-l X 6]’r--l
We express @m-l X g/r-l in the corresponding form and so on. We get finally

formzr

(58) (él'm X%Lr ) g} mir g//mﬂ'-z ¥ gm+r-4 Toeee ? gm—r’ (m 2 r).

7o Full reducibility

We consider the group w of all witary unimodular transformations

(i,es the transformations X! = Z a3 X" det a5 = 1 which leave
_ _ (’imvclq\_‘_‘nt * K
XXy * KpXp *oeee F XX )e  Since /U[ forms a compact manifold, the Her-

mitian argument (compare the introduction, pp. 8 and 3) yields the fact that
every representation of Ul is completely decomposable into irreducible con-
stituents,

Lot m be the infinitesimal group belonging to . If a reprecsenta-
tion A of M is given, we obtain a represcntation of Z/Z by integrabtion accord-

ing to Lic, first for a neighborhood of the identity only, and then for the whole
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group ,U(by conbinuation. Vo dﬁ‘ficul‘by arises since UL is a simply connected
menifold @. ll@.(coml’ﬂ"" alac the CO"'"”["“""M }mmo{ Ann SGC‘tion,lO )

We see now that every reprosentation of A;// is completely recducible,
because it can be extended to a represcnbtation of Z/Z and here the theorem of
the full reducibiliby holds.

Hext we consider the infinitesimal group ?,0 belonging to the group
of all unimodular transformations. Ag/o consists of all matrices ” slkﬂ’ whose
trace vanishes. The subgroup A is characterized by the conditions sy = '—S—ik‘

Let (g/ be a reducible representation of (?,0, we have in a properly

chosen coordinate system

o o
‘Q‘;oc#

[ =4
If we apply this representation to £hne subgroup A1l of go only, we obtain a
representation of 4,',’,, The theorem of complete reducibility holds for /\L/]J, and
consequently we may assume that L£=0irs , =5, .
ki ik
and hence 4 = O for all elements of (GTLO.

But every coefficient in

'C is o linear form in the S-ik

This shows that the theorem of complete reducibility holds for the representa-

tions of the infinitesimal unimodular group.

"integral™ methods. A purely infinitesimal proof

The above proof used
for the complete reducibility of the reprecsentation of o semi-simple Lie algebra
was given recently by Casimir and ven der Vaerden (Math. Annalon_']_ﬂl) ygﬁ_)

We made use of the complete reducibility of the constituent 0} of the
representation [ , (23) in 5. We can prove this special fact wi’chout‘using the
existence of an invariant volume element in the group manifold UZ We may con=-
fine ourselves to unitary transformations in the original group % = /~ . The

Kronecker product of any two representations which consist of unitary matrices

only has the samec property again. Every constituent of a group of unitary
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matrices is unitary as is seen from the argument on page 4, lines 7-10. There-

fore /; as constibuent of Fl X ees f—l ( 7y factors) is unitary and hence

the same is bruoc for [— and its consbituent g .

8, Transcendental determination of the characters of the irreducible representa-
tions of the full linear group

Tie have seen in B that to every system
> > >
(39) My 2 My & oeee 2Ty
of n integers belongs a representation (g/ of the full linear group. Let A be

any non-singular matrix of degrec n with the characteristic roots

21, o, eer, © 0 Tl set

Z]_ =my * (n-1), }/2 = hg + (ne2), eee, )-/n = mn

Then tho character of the matrix § corresponding to A in the representation is

given by 0
(20) = {‘2& . EQZ]’ : _E.:_% k £, =%
4 /X (Ej‘“. E:\-z; ) 1 ',

where the n rows of the determinants are obtained by replacing & by 21, by
22, evey, DY & e

The proof of this theorom was given in the notes of last term's course,
Chapter 5., We do not repcat the proof here because an absolutely analogous
proof will be given in sectiom 13 for the characters of the representations of
the complex group.

One obtains from (40) for the dogree of the reprosentation (39),

[. 116},

All,.. 0)

il LT
A (Md.‘“—l., . -,0')

N = vhere A (xl, Koy eve, xn) =7r(xk~ XJ.)

K2J

. Ammwwr e r——— T o 2 S X W o U 2 P P, f— t
-

.
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We set -
z(}\_) = ’ZTM—- 811)\)
1. = 2
Z‘("xj = Pc‘f’qul\‘\‘-/OZ?\ +. ..
Then Pys Pps oo are rational integral symmetric functions of 21) veey & pe

The character )r , (40 ), con be expressed in the form p. 1177

‘X::lkl~Mbn )F&-MPL))"WIAI/

Here the n rows of the determinants are obtained by replacing X by Xl,Zé,...,Zi.

The product of two characters can be written as a sum of charaote;s
(40) again, This is a consequence of the fact that the Kroneclker product of
two representations is a new representation whose character is the product of
the original ones and hence & sum of irreducible characters (40).

In the case n = 2, we have
(41) (gixg K~ ((’Ziﬂc * %i@k—z Faee ¥ g}[i—k{
ir 96 is the irreducible representation belonging to the highest weight \/RU
(41) can be proved by comparing the characters on both sides.

We gdve a direct proof for (41) in 5, which did not make use of the

explicit formulas for the characters,

9. §tructure of the complex group

We consider a (2n)-dimonsional vector space and denote the components

of an arbitrary vector x by x,, Koy sees Xps Kyrs Xgps eoey Fpye Let

S, y) = O 8V (i, k = 1,2,e0e,n,11,2",0.0,0")

be an anti-symmetric bilinear form

H

(42) S(x, y) = =S(y, x)

0 identical in y holds only if x° = 0).

1

which is not degenerate (i.e. s(x°, v)

Lemma: If the coordinate system is properly chosen, S(x, y) has the

form
.

(43) s(x, y) = 2 (=, 7,0 =%, 9, )
V=

o
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Proof: We start from an arbitrary vector £ 4 # 0, Then S (Ql)y)

is not identically O. Therefore we can find a vector Ly such that

(442) Sle, ed=4 , S(r, e)=-_4
Because of (42), we have
(44b) Sle,,ed=0, Sle, £,)=0"

The linear space x defined by the two equations s(el, x) =0, S(Ql,)x) = ()

has at least 2n-2 dimensions. Ir /\Q1 + ,\',Ql, belongs to this linear space

we have
/ N O / NP '
0 = Sk, e, +Ne,)=NS(e, o)+ NSk, £.) =\ 0=S(g, AesNe,)=-
hence A = AN = 0. We can therefore choose the 2n-~2 other basis vecbors

Ros Rots sees Rps R 1 of the coordinate system such that they belong to this

linear space. Then

(440) S('e‘l,%“": O— ) S(/Qa'e&l.)f-o) 5(24‘19%4):(]7 5(91:‘@/#):0 fw/‘e‘
Then, from (44a), (44b), (44c) follows vty . m 4. ) .
M peeey T2 T NV

S~ *
SO\ = S(Ex%.e, T xyr,) =2 Xy, Slen o) = (%4, %9) + S
where S™ depends on Xp, see, X, Koy, ey Xped o You eves Yoo Yous eces Yoy only.
If the lemma is proved for forms in n-1 variables, we obtain it for
the case of n variables.
The basis vectors Ris R 2s =0y Rys R1s Rors *=os Rt of the co-

ordinate-system for which S has the normal form (43) are characterized by

O Tk
S(%,EE):O’) S/ei')elc’)z 0) 5(81;,8‘6,):‘{;;@:{4;4:@

Such a basis will be called a normal coordinate system.

The complex=-group vC is the group of all linear transformations which

applied simultoneously on x and y leave S(x, y), (43), invariant. The infin-

itesimal complex group /¥ consists of the transformations

= . LoxX,
(45) c d.x'.'_ “'Mg.fouex:se "‘KZSDUQ i w{{-k{ﬂ:e-f%i =0

g /
dxb’b ﬂgdz;q X"'M+§6€-‘¢}(\'R,

"

R — —— - . eh S ——
- Mr— . ——— . —— e
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as is easily seen from dS(xy) = O.

+
The order of A is n? + 2 B—%—-}l = n(2r+l). The matrices

?\I

(46) h

I
\
>

BN

: Tm \
; |
form en sbelian subgroup. We set h = h, for X =0, 1 7(’1/ and A ='1.

From (45) follows

_ [ £ee¥*=28) | ol (A4 AR
[h,C] - 5-1-."’?(-,\{-/\‘9) I&ZR (A 0%)

If, in particular, 5) s ST G gy = 1 for one fixed pair i < k, and all other
coefficients in -(45) vanish, we have Eho] = (}\i - )\k) e ¢c. We denote
}\i - )\k by « , the particular c byl ,e« , and have
(a7) - (he,] = ey
Wo say again as in Sectiohith&t o 1is a root, We find in a similar mamner
that all expressions

oL = + A+ AR i< A
are roots. To each one belongs an element £, of A~ for which (47) holds.
We have to set (i, k fixed)

g; Iy = P ki = 1 for AL+ /\k (21l other coefficients = 0’)

il

6 1= 64y = L for = A = X (a1l other coefficients = 0)

JO ki = =G 5 = 1 for 2N e k (21l other coefficients = U7)
Furthermore, (47) holds for oL = 2 A\ 1 ir €, is given by jo ;7% el
other coefficients (. Finally (47) holds for & = ~22i ir L, is given
by 6"33_1 = 1, all other coefficients = O. Thus we have 4 2-(3—"1—1 + 2n = an?'

roots

L=+ NENR  (dck), o= H2N

. mo—————

- oy

ant atm
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-~

The & belonging to these ol together with hl’ h2’ oy hn’ form a basis of

A& as is easily seen. A simple computation gives the structure of

Ch,n'l =0 [hed = « &y
o wen
(48) ) X+ mo Nrm-t,o(«a-pq:(f-
[Ewlep] = MBQL-}-]b yol+p roet
hu=oa‘h4+...+o("“w“ , X+po= O

where M 7( 0O is a numerical factor and oLl, seey B B are defined by
(a) OLL::_-J:/l)Ok =i4)O(Jzo*fa—rJ:t:q,‘V\’ )Aiﬁ(:i‘)\itAVe
®) «¥=*£1, wd=0 frjFr ) Al o=+ g A

If /\ = my )\1 toeve tmy AT is an arbitrary linear form, we set

again

_ m [EM.+M, in the case (a)
Ao = A(h,) :m1u4+...+mmo<‘={ ok
*+m; in the case (b)

Pl

10, The unitary restriction. The topology of the unitary complex group

We denote the coordinates by Xy Kyy eeey b4 in this section. We

[

define & scalar product of two vectors x, y by the Hermitian unit form

(xy) = x:ﬁl t 4.0 t xﬁ},

A coordinate system Ris Ros eoes e;( is orthogonal if ('e'i’ Y 4 k:) = C(’ik’
(fy=ofrifx, & =1

ii
Lemma: A unitery transformation T has, in a properly chosen coordinate

i

system, the form L, — £4 R34 where I‘C' il 1.

Proof (by induction): Let ¢ be a root of the characteristic equation
of T, and . an eigenvector belonging to £ ., We can assume (£, ) = 1. We
can find an orthogonal coordinate system R 1>L gy e, L X with & 1 =R

Then T has the form

e
w e S

AR T L T

e et P

- TR T gy

&l

1, B oA Seae Y TO %0

e
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ELT
Gix .. X
(49) T = ;'\'-~-'}
I
Q@ x|

From the conditions for unitary matrices follow:;' [glz = 1 and
A L o L e Rl =1,
Cp = ses = c;/ = 0. The matrix of degree f—l in the lower right corngr in
(49) is unitary egain. If for matrices of degree Q../ the lemma 1s proved,
we obtain a proof for the degree ,{.

The £ ; &re, of course, the characteristic roots of T« The vectors
x satisfying A = & 5 X-form a linear space Wi' The number of dimensions
of /R 5 is the multiplic;ty of the root § i If x belongs to & 1 and y be-
longs to £ 3 i 7( j, we have (xy)~ O. This can be seen as follows: We con-
sider/:,c and y as columns with n rows. Ve denote by a prime the transposed of
any mabrix. In particular y!' is a row with n colums. From Ty = 5jy follows
VT = “é“jsr", and hence y'T'T = —é-j':;r"T, ¥ o= Ej§’T, because T is unitary.
Hence (xy) = y'x = —E—js;'Tx = E-j.}.’" (g5x) = (& i—é—j)G'x) = (€i—gj)(xi>’)- Now
l{,j] =land§ ; 7 & 3¢ Therefore & i_gj #£ 1, (xy) = 0.

Therefore, we can obtain an orthogonal coordinste system in which T has
the normal form of the lemms by taking on arbitrary orthogonal coordinate system
in every ’&?4 . They form together an orthogonal system for the whole space.

We toke now X = 2n again. Yo consider the elements of the camplex-
group, which are unitary at the same time. This means for the infinitesimal

group 4 , that we require in (45)

—

(50) Pik ™ " Qri S s = 7 S g Pik ™ "

It is important that we impose in (20) only reality conditions on the parsmeters.

& e va

L
4
b
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The unitary complex group is a group n n(2n+l) real parameters instead of the
same number of complex parameters in A

Any linear form in fo ik 6 ik F ik’ G~ ;k w-hich venishes under the
restriction (50), vanishes identically.

Lemma: Let T be a unitary element of the complex group L. There

exisls a normal orthogonel coordinate system in which T has the corm o5 —» & /04

(1=1,2, eee, n, 17, 2', +eo, n,): Eit = 1/6 i*
In other words: To every T of the unitary restricted camplex group

&. belongs an element of L, such that —1T'L( is a diagonal matrix.
w u g

Proof: Every vector x determines a vector x* with

* —— sk —
x.'=x‘., x.=-x,,
1 1 1 1

We have the following properties,

- *
(ex) = S(ax ) for every vector a. This can be chosen as definition of x*

~—

a

b) (xty)* = x* Y*, (oLx)* = & x* for any scalar o

(x*) = ¢

(x'y") = (yx)

(
(b)
(¢) x™" = -x
(a)
(o)

e

Let ¢ be an eigenvalue of T, lil = 1, Let ﬁ{, be the eigenspace belonging

to & . We choose an orthogonal basis @y, e.., Ar" in /KE. ] Then T trans-

forms,ef__-, E/ey , = 1, 2, cee /M., .
If T transforms x —» y, it transforms x*.—-»y* because the defining
property (@) of x* 1c ifwariont unded $pansfornbtions T of o, .  Hence T

transforms /o*—'-—-’g,e; . Therefore & is eigenvalue of at least the multiplicity

£
{q,of T« The same argument applied to € instead of ¢ shows that &£ and £ have
the same multiplicity [




1st case: & real, We start with 4 vector Q* of 1eng1‘:h i,

3 E
B (ciey) = 1. We have (eyey) = (I (a); Ca-_*{, ,e;) =1, (w). Let,e, be a vec~-

v . . * *
‘ tor of R& which is orthogonal to.,e, and s, (,cl, ,ez) = 0, (e, ,/"2) and has the
: L * * * * *
lengths 1, (’921 /32) = 1, Then ("1: ﬁg) = (41’ '92) = (‘2: /02) = 0, (ﬂg, /'2) = 1.
B o continue in this mamer and get finally an orthogonal basis

. : s
81, Ry, seey B, 5 8, of 'Rg , /w necessarily being even, /A.= 2y »

2d case: § not real. If £, eee, ,e'M_ is an orthogonal basis of

* * .
, Wo teke 0y, .es, £, 85 basis of ??Z

We obtain finally an orthogonal basis ,el, Bos sey R s A;,O;,.. .,ﬁ;

3 “} of the whole space, which consists‘of eigenvectors of T: R, _, £.05,

- *
,Q; ~ e384 £5 7 1/5 4+ The properties (e) and (¢) of the operation *

show that this basis is normal at”the seme time if we set & j0 R :_ This

provyes our lemma.

Next, we prove a lemma about the topological structure of the manifold

Lemma: The group oCl,ul is simply connected.

Proof. An element T of OC% will be called singular, if two eigen-

values coincide. We are going to show first that these singular elements form

a point set of at least 3 dimensions less., Ve distinguish two cases: Case 1)
£ and Ej or & N and E,'j,with i 7/ j, coincide. We may assume £ 1 = £ o
The most general T of this type can be written in the form T = Ule XU _1,
with | 8
&
63‘

.E‘,‘;,

E) =
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sl
Here, U is an arbitrary element of the N = n(2n+l) dimensionel manifold obqe

But U and UA give the same T if A is commutative with (8). All matrices A

i T |
i Y '
f ,?a’ ) \%‘

A = l ‘ ey - ‘3

T " i

1 o~ 7
Y R
‘x 7
i ' .

| N

where /'3) is unitary of degree 2, have this property. These A form a menifold

of n+2 dimensions. Hence the T belonging to a fixed (&) form an N = (n#2).’

dimensional set, Now (8) depends on n~l parameters. Consequently the singu-

Case 2) An e, and an o] coincide,

lar T form a set of at most N=~3 dimensions.
i

say e, = ei. Then & 1= Y1, ., A similar argument holds.

We have to prove that any closed curve J" in y can be shrunk %o a

We may assume that 3" does not pass through any singular T because of

point.
£ . . T"f(—(}/ 4 “"“T'I"‘P»
he fact just proveds We mark the points f_v = £ ) E, = & v
é &

on the unit circle. We may assume /}‘ \E.

'\
(51) 0< (< g, < . < Fp< | / \
If T runs over 'd"’, ({.’i’ > )(‘fn will vary -1 4 . %'
and so will Uin T = U( & )Uul. But (51) will hold
always, since & 10 0 E g0 £ :'L, e, Elflare Eé"’

&

. 3 / '
always distinct. When T will have returned to its initial position, 1ghen

s esey &, S, ees t will have the same position as at the beginning.
1 n’ <1 ' n

It is conceivable that the single & 5, g,} underwent a permutation after a

complete circuit of T on ’d"'. But this cannot happen for otherwise two

/
& £ ! would coincide at some stage. Hence every & i g} returns to

i’

its initial position.

5
ek B ol R
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ther,

ol .
We replace every Lf)i“by /\.Qf«‘i. If (&) is replaced by ( ‘E,\, ) we

got

T): = ,u« (&;\) ’I/{'

for every single T on ’]L Then T runs over a closed curve d“,\ as T runs

over Jf" , 88 is easily seen. This would not be so if-ﬁﬂe é;v underwent s per-=

mutation during a circuit of T on a“' If A shrinks from 1 to O, J‘i

a’;, which consists of the unit element only. Consequent-

shrinks from df” to

1y, af” can be shrunk to a point as stated above; 'C-u, is simply connected.

11, Construction of the irreducible representations of the complex-group
Cenfingtasimaly

Let GL be an arbitrary representation of thel complex-group 4
W

h’ = >\‘ “"' .. ;“q{‘m e ll"/: /1'}11, t .. ."/\ﬁ}.ivL

LY

EJ;--?
The necessary and sufficient conditions for these matrices E“ s HV

ol \

of degree N

are that the equations (48) on p. 38 hold, if we replace o, by Ex , h by H

[8, 1] = o, [E&.&] =w B,

0 , o\+/5 no root, oL;f-/S
o o
EREARS mE , % +p root
‘ 13
H = oLlHl’*'..."'GLan, ® = =f

The vectors in the space of N dimensions in which g} operates will be

denoted by German letters, As on p. 13 for the case of the full linear group,

we say that a vector m has a M/\ if for each H = >\1H1 t oees + )\nﬁn
a formula

(53) Ha = A

holds where /\ is a linear form in A7, ..., A% We call /\ a weight of
the represontation if a vector M # O has the welight /\-

e prove in the same manner as on ppe. 13-20

Na Ac
Theorem l. If //\ is o weight, 27~ is an integer ond A "Z'J:"(-

also is a weight for each root .




e
—
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Theorem 2. An irreducible representation is uniquely determined by

its highest weight. The highest weight occurs only once.

Remarks: If o = £t N K 1k, we have s T o=pl, x K= 41,
~_,Lj = 0 for j 7( i, k. Hence ."\_,, =2 my I m, for any linear form
-
* . ) 39 A»u.
/y o= my .\1+...+mn/\ 2, In particular X =2_) e = A\ -2:\::'&. =

. P4
= A~ Emy : ) (NI k). One sees that A\ is obtained by inter-

changing . 1 end LY in the case £ W= Ll - A K ond by replacing A1 by

- ;'\_k, ¥ by - AL in the case VR G “\ K.
Ir o~ =f2 2t ",\.,f tmi, oy = 2, 2-{\;_'—1‘ = Im;
(J = ,\ - /‘\U‘_ X, = m )‘Ll +t eee * mi_l,\i'l - my ,\,i +
+ m1+1 ;\,1+1 t eas * mn /\_n

Hence, the coefficients of the weights are integers. If we permute

the .. 1ina weight /~\ or reglace same A 1 by - pY 1 we obtain a weight again.
If
A . .
(54) f A\ = ml l)\ 1 + ece + xnn. ;‘\.n
is the highest weight of a representation, we have
> > >
(55) ml = mz = eee = mn

automatically. We are going to show that to (54) belongs an irreducible repre-
sentation with this highest weight A , if (565) is fulfilled.
We start from a normal coordinate system £ Bgs eees €, Cyyy Apppeces

©_,e These vectors have, for the original group 7 itself, the weights

o
Xqs ')\\,2, . ?"n’ -,11, ces, "}Ln respectively. Every transformation of /&
induces in the spacse ft}{v of skew-symmetric tensors of rank V a linear trans-
formation and we obtain a representation /: of 4 in this way,

YV =1, 2, ves, ne Here, we have a slight difference compared with the case

of the full linear group. In this case we had to take /V for all ¥ which

do not exceed the number of dimensions of the space of the original group, that

e w e

e -



is 2n now.
The "vector"
= l, 2, XX n, 1', 2','0.,11'

*/011/91 see rci‘l—j ’ il’ i2’ ebe, iV

xS
%v has a weight for f; , namely

. ’ o ‘ ‘1
(56) I)\.il + '/\,iz t eee + IA, il/ s (/}».ju, —— /lf

The expressions (55) are sll the weights, as can be seen from Lemma 1, page 13,
which holds for the complex group also. The highest possible weight 1s

P gt Nyt eee Xy

It occurs only once.

As in the case of the full linear group, we set

87) py = my - .mz, Py =My = Mg, eesy Ppoy =W =My Py = Ty

I'd
s8) [ = [Pt P2 x...xinpn
l The highest weight of l
p N +%<x-+A>+.u+pgx1+xz+.u+xn>=szl

puISY

It occurs only once., Therefore, one irreducible constituent of [ has the

prescribed highest weight A

‘b The "vector"

(59) /i,=[A»,,»!ug,,...,%]x...x(l’w.,%,,4».,:}@ x [ 1% Alxa, xa,

!
R I T
e i o |

e

is the only vector in the space of F with the weight /\ , (54).

We apply all the transformations of r 'ﬁb/:v’ and construct the linear
space K spanned by all these vectors. Every transformation of A  induces &
] linear transformation in a(f, and these form the representation Q}’ of A with i

the highest weight /\ . The proof is analogous to the proof in the case of

Again, we need the fact that every representation of

the full linear group.




A is completely reducible. We prove this as in 7: We replace the complex=~

group g{: by the unitary restricted complex-group ocu . This group is com-~
pact and we can make use of the Hermitian argument: Every representation of .
j:u_, is completely reducible.

Now we take the infinitesimal group /£, of 4(:% Every representa-
tion of ".;u, can be extended to a representation of [w by integration. Ve
obtain a representation of c’(u. (and not of a covering manifold) because °,Cu.
is simply connected (cfe 10, page ${ ).

Fin;ally, we derive the complete reducibility of the representations of

& from the analogous fact for T Every linear relation between the co-

w .
efficients of an arbitrery element of /., holds for the elements of an arbi-
trary element of A (cf. 10, paget().

For the details, compare the proof on pp.gz" 33 for the case of the

full linear group.
~

12, Algebraic supplements to the above construction

We had to apply all elements of E on 4, (59), and to determine the
smallest linear space IH, which contains all these transformed vectorse The
representation k‘}" consists of all linear transformations of k which are in-
duced by the transformations of ¢C

A transformetion C carries r’n,l, /ryz, vee, /n,n over into n vectors

,6) 17 G g1 *ecs ,z'f n with the property

-~
(60) > (/Bi' lE k) =0 (i, k=1, 2, ese, n)
because b (’ni’mk) = 0and & is invariant under A

Thon i is transformed into

(61) g@,,&,...i&]x i[@.’@;i—@r X, ,x@ﬁb@h]xg,xmx@

Rl e
P +ac‘fo s I, f’nc‘fors 12, P.zci*ors

2 o i s AP
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This is a tonsor of rank m = m, + m, + .e. + m whose components mav be denoted
1 2 1) -

by
/

L eees g cendps eee By )

: jl’ s, jm H "'hjz-;_ . |
kl, LICX ) lc'm',?) /'

/
analogously to (25), pe 27=28, '

We replace every bracket [Z) 109 Z)z, ...,Z)Ej in (61) by

.ﬁl)(@z)(.,. X//@,ﬁ and get
(ﬁqx...x’@%)x'_ ,>((_@1'%...X@W)x.,,%(g’.*&)X..,_X(ﬁXﬁ)

On analogy to (26), p. 27-28, we denote the components by

ll, es e, 111'13’ esa, lmz, csa, lml

) : .
Jq seey J.o s eeey J
(638) (;0 1PN emg o /

kl, sse, km5
________________ /

4
'

ifr /@1 = (xl, Xos wves Xp), @2 = (yl, Yos sees To))s gs = (271, Zos e zny))./'
we find for (G'g«) the value

(63b) xilxig s Xinll . yjlyjz ven ijz zklzkz coe Zk.m:3 ese

Again, "V/ is obtained from (_ﬁ by an operation A which consists of permuting

the elements in the columns in (63a) and forming alternating sums

v= Ay

We determine the space which is spanned By all tensors '(P" , We denote the
ms= m.l +II12 t eee T mn indices il, eeoy, jml, jl, soe, jxnz, see by tl, XN 'bm

also and write (63) in the form

(63¢) ({7 (tl, Toy oo, t,)

We put
65 vt - - i, k= 1,2, 000 ,,1,2%, 00e,n') .
(65) S Ak, 10) = 2_€liRju vy R )

‘s
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[
for any two vectors M= (M, ees, U ) and 40 = (7, oo, V),
1 n n

t(?'/’,b,) = | ) 8 (\.‘2”’?’):‘:-—-1 ('Z: = 1, 2, L X n) .

€ (ik) = 0 in all other cases

Thon it follows from (60) thet

%E(fryltv)‘P(t”tf"“‘)tfm)": 0

l\&, .by ’ 2, 0." n, 1,’ 2" L

for any fixed /-c, V. We call the expressions on the left hand side *the

contractions of the tensor (_/,’),

We denote by Q the most goneral tomsor of rank m which 1) if written
in the form (63a) is symmotric with respect to permutation of indieces in overy
fixod row and 2) whosc contractions all vanish. Every linear combination of
tensors LF is such a .@ We want to prove that, conversely, cvery ;6 can
be renrosonted as a linoar combin/a.tion of" special teonsors (/)) (63). We nood

6
two lermnns - tho proof grhioh will be givon at the ond of this scction.

Temma 1: Any n lincarly indepondont vcctors /8 1’ /@ o1 9o, g n with

the properties S ( ’E 50 /E ) = O can bo obbained from Ay, Moy eoes Ay, by
an appropriatc complex~tronsformation C.

Henco the vectors /8 1 = (xps sees %), @ 5 = ( yl’ cers y d)s e
underlie only the restriction (60) in (63).

Lemma 2: Lot H( fC 12 fg 09 e, @ n) bo & homogcneous polynomial in
tho components of 'e s for 1 =1, 2, +ee, n, which vanishes if all

S @ 5 @ ) = 0. Then T ecn bo roprosentod in tho form

(66) = S S[IBPIIEK-‘()

|
J o
- £

where the (Pik arc polynonmials in tho compononts of f 1s @ 05 eee, IC ne

We assume now thot the spocinl tensors L{) (63) a1l lic in a lincar sub=-

cI_ R /b'« .
spacc of tic spaco of all tonsors @ . Thon the compononts of cvery (70

satisfy a lincar relation
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(67) ’2‘“ w dv - Jm j\"’Jﬂ ' :O
- T L8 PO |
where the constant coefficients can be assumed to be symnxe’qric with respect to
permutation of the indices in each fizxed row. By usinl;' .(GSb) wo see thet the
left=hand side is a polynomial H as in Lemma 2, Equation (67) shows then that
I=201if /Z 10 ey ,E n 8Yen linearly independent vectors with the prvo?er'by
S(/L) P /g k) =0, (i, k= 1, 2, ees, n)s According to Lemma 2, H can be writ-
ten in the form (66). On comparing (66), (67) and taking. (63b) end (65) into
account, we obtain a formule
[t, - - lm

) wd - dmy

\

F,(iljl)bl € (113)by *+ ee

where bl does not depend. on 1y jl’, b2 does not depend on 11, Jos wee e If we

form
' 7"’"": ‘1.'1 T ,‘;'Ml
(69) ZQ/ J'-wJ;,_ @ Jooo. Jm, ‘

/

for any tensor @ and use (68), we see thet (69) venishes because all contrac-
tions of @ venish, Hence (67) is true for (E. instead of L{,7 The sub-
space c7 of the space /a/“ ig idenmtical with (}A a8 wo wished to shcw.  Hence
every tensor @ is a linear combination of specinl tensors (70

On verforming the operation A, (64), on é, we obbain tensors
q_g = A @ which are linear combinotions of tensors ’(i) , (62). Conversely,
every linear combination of Q*)'S is such a (}P__, ’

The tensors /,Uf forn, therefore, the space /R . Byery transformation

' 2
’e of the complex-group induces a linear transformationg (t?) in % )




e
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these 9) (f) form the irreducible representation g’ of oC‘ belonging to the
given highest weight m, AL F et AR 5!
Proof of Lemme 1l: Let @ 10 ZJ o1 *es Z)k be any linearly independent
vectors., The space 7 of the vectors Afsatisfying the k linear homogeneous
equations S( Z)q- , ,4 Y =0, ’I/ =1, 2, eee, k, has at ieast 2n-k dimcnsions.
But if the number of dimensions were greater than 2n-k, we could find an /{7( 0
in 7 which satisfies .
S(fnewj A) < o0,.-, S(fzn/ 4)=0
where fk“"l, o, on completo Z 17 v K to a basis of the whole space.
) =

Then 0 for all f whereas ?’" is not degen-

would satisfy 6( g) 4
erate.

We assume now that n linearly independent vectors Z 12 eees Z n ful-
£ill the conditioms S ( Z)i, f k") = 0 for all i, k. Ve are going %o show
thet we can find n vectors Z 1re 0ees ﬁ ot which, together with

Z-’,, , seey /@ a form o normal basis. Then the linear transformetion C which
transforms ' ;
M, = é)'l; s My ""‘7@7\, /”’1’ ”’ng /"'//”’%’M*Ko’n’

necessarily leaves 6 invarient; C is a complex-transformation. We assume
that we have already found /2 1rs eees ZD ot such that L

’é 10 cces /g 0’ fa 110 s g ot arc linearly independent and that S vanishes
2]

for any two of them except S ( Lo, Lor ) = 1, S Pp Bp )7L
(0 =1,2, ees, 7). The equations §
S(p,4)=0,..., Slge M=0,5g., P=0. Sign 4 |

S(po Al=06 ,...) S(@r, 4 =0

determine a linear space of 2n - (n~1+7) = n + 1 - r dimensions, but if we add

(70)

the further equations S¢ @r+l’ /4- ) = 0, we have one dimension less.  Conse- |

quently there exists a solution of (70) for which S (/@r-l-l’ ,4. ) # 0. We can




51
sssune S ( /@ 41’ 4 ) = 1 and s‘c—;t éO (r+1)1” /4' Continuing in this manner
we obtain finally e normal basis Z‘) ERALE Z) n’ Z) 1rs eees f nt®

Proof of Lemma 2: We consider polynomials H( Z) 1s sees é) n) which are
homogencous in the components of ZD N o7 the given degree‘mi‘. These form a
linear "vector"-space \)C': The polynomials H which vanish if S(Z) 39 ZD K) = 0,

(i

, k=1, 2, «es, n), constitute a linear subspace 5 Bvery transformationf

ofﬁinduces a lincar transformation Ji(e in \‘F and these Sf,vo form a reprec-
|
sentation Jg of L/ The subspace 5, is invariant underoca . Then \F is
. /
the direct sum of 5/ and another invariant subspace “90; , because the theorem

of camplete reducibility holds for the ropresentations of 5.

(71) F = ﬁ«ré"

Let /‘31, 492, cuey 4}11 be n vectors which are transformed contragrediently to

Z 1’ 8 05 eee, 2 n’ Then,
. { - (@ lﬂgl)ml( ZJZ/%Z)’“Q (fn,,#n)mn

(whore ( /g 42/ ) is the imnoer product of g’ and /y )} is invariant under &

Ed

It is of the given dogrees in the components of Z 19 cees Z n* VWio may vrx'i’cer’é

in the form ;
r m. & ,
(72) £ g-_ g &g Yo

where Q?j is a monomial in the components of 12 vees ZJ n of the prescribed

degrees, whoere /gg is the corrcsponding momnomial in the components of

n . . - .
..1,3,1, eve, ,13 and ng is a positive integer,

5

If we rcpresont ?f:f according to (71) wo obtain a formula
(73) X,= 7 (mod‘i 1, P §
Hence

== ’ (-) 1 (WA
(74) (ﬁ = % Y17 Jj Lj:f (mod ﬁ/)

On applying a transformation C of OC in theo original spacc and consequently the

induced C in F , Wo obtain

R ok A T I R 4}

FTRAR . SRR

A e e T -
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s
I

) Lyl E%”é*“{f(@//ﬂ fmod f 1)

"x

. ’ n
since + .is invariant. Now «’(f is invariant, fo (‘f) = f Then com=

parison of (74) and (75) gives

- /) ; 5 S0 /

————n , ~~f—' .

Sy B Yy =2 my G (l5ls) @2 f”)
The left side belongs to “é, and so does the right side, since j alsd is in-
variant under Off The difference of both sides in this congruence belongs ‘
to ﬁ/ and 6 t ot the some time, Bub 5 and 5 ' have only O im cormon, the
sum_in (71) being direct. Hence we may replace the ® sign by an equality sign

; - » P 1 N

and derive QJ aplo ( /7 ?7 ), 7 Yg inveriant under all
tronsformations of

The fundamental theorem of the theory of invariants* shows that every

* For o simple proof for the case of the complex group, cf. H. Weyl, Mathemat-
ische Zeitschrift 20, p, 140.” It is sufficient to prove this theorem for
the case that only cogredlont vectors :é).‘; oceur in the invariant, in which

“case the S ( 831 g,‘e) alone arc sufficient to oxpross the invariants.
A contragredient vector /73, = g cesy y, ) y, ces (}t ) is in=
. ’ wo g e g

variantly connected with a cogredient vector

% = (- 4},1!, ssey T o ? 1 voeay, y ) and S( )=
f%su?i, 33> (@35) =%< £ 1) a
such inveriant con be expressed as or inbegral rational function of i
. A .
S (paita) Sy, (g™

Since JJ yg is of the some degree in /8 RS Z) n &8 in

-

.y eee, »

terms of tho second type always appear multiplied by ot least
one factor of the first kind. We denote the set of all expressions
S | . v 6‘
. S (@ £y ZIeJ Z{‘;? ( ui R polynoemials in Z)? / 4& )
by Ol/ Herc 01, is, by the wmy, an ideal, the ideal with the basis =5
s( /6” , @/\Q ), 1, K= 1, 2, eee, ne It is conbained in C;,' Then @yj

is congruent (mod 02/ ) to an expression in which only terms of the third kind

3




0COUT e
() '7 s 5 4 7 2l N 2
(16) By =G 095 1y e
Ve pub Z 1= Mo1s voes Z n S Mene We have S (/11,"7,‘1/;]_,4Q ) = 0, and hence
all polynomials of OZ and of vanish. In particular,.’ :7?7 = (0, since
p _ V 1 ¥ y .
JJ belongs tg ‘5, If = (/ol/l, yz, eoe, yn,), we obtain from (76)
O=C\(1_ 2 ., n o B o L ¥ ™)
5 yl’ yl, ...’yl, yz’ "‘,/ 2, ...',,in, ...,Jn
Here the arguments are absolubely arbitrary and ccmseq_g.lently(9> va_ni§hes' idon-
tically. Then (75) shows that
Ky =0 (moa )
) T 1 n . K \‘7) = > ¥
We choose 4} , esey ,9’ such that g:f # 0 and obtain g 0 (mod Q, )3
P
every Jj belongs to @ -
The elements H of .)c_' can be written in the form Z_-aj %7 with
7

constant a.,j and we obtain from (73)

- H ::Z(ij ng"z&j% (mod j_x)

If H belongs to j , so does H = Z Q;f ’7%7 . But the latter belongs to ¢!

2

and vanishes, as a common element of ; ‘and t
B=S @, P

With T H belongs to @, gecede

We used the fact that the represontations of [’ are compleotely reduci-
ble. We can avoid this in the.following mammor: If F = a'_ GJ yg ) 9 ,Z@dg«
are two elements of ;F, we define a positive dofinite metric by (F,g ) = . ‘
= Z aj;j '!Pﬂ This metric is invariont for the unitary complex-group and

then for the whole group L’ as can be scen by going back to infinitesimal

transformations or dircctly.
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134 Primitive characters of the complex group.

The inveriant volume element in the manifold {% (unitery complex
group) is defined in the following way. We start with N linearly independent
infinitesimal vectors, issuing from the unit element. Thes'e. .are N infinitesi~
mal elements dﬂ,u, of the group, and N = n(2n+l) is the number of (real) dimen-

sionse The volume of the parallelopiped spanned by these vectors is the abso-

L3

lute value of the doterminant of the persmeters. Tho infinitesimal elements

being of the form

{i ‘ l w6, . = oo ’.
P T I Lt s
(77) = N o] Z S i aé",k;.
[ C¢e | St !1 P23 5 - = /
FPry, ue""'é“oei,“-',,‘,?

we can choose as paramebers the real and imaginary parts
R (o) i< - N Dy <
(78) I~ (f ik)’ i< ks 7 (Pik)/ i<k 7'2_ (Fik)a i=k; :7 (P ik),l = k
togethor with
-~
(79) J (p i)
If AL is any clecment of [ s

% determines a neighboring ¢lement

of the group
(80) AL+ du =

du:fu-%

d"'u. = 0(.’6(- w !

(l+‘CCLL-)"L(, )

If, conversely, AL + d% is & neighboring clement of U ,
is an infinitesimal clemont of the group.

If a parallelopiped in AL is givon by n indepoendont d"(.(' , wo dofine
the volume as the volume of the corresponding (Cu,., (80), issuing from the unit
olement. It is clear from this definition that this volume measuro is invari-
ant under right-hond traonslation in I;% . It can be casily scon, that it is
inveriont under left-hand translation also (cf. pe77 of the notes of last yoar's

course )

The group J:% contains an Abelian subgroup consisting of all




N U rr——— . A By s o

/e

& £ =iy

£ =L . of absolute value one.

ij
)
Y,

(80) (e) =

n
The corrcsponding inlinitesinal clencnts are

4. |

d
(81) omi (do) = Qﬁz/ %w“d? L

.
A

—dp,

Here only the parsmeters (79) arc differont from O.

Wo will say that two elements 4. and A~ of [% are cquivalent if
v = (&), (&) of form (80). We say that 2ll clements equivalont to At
forn the straight line or the vorkical [a |. All striight lines [Hg] consti-
tute a manirold [[w] of ¥ -~ n = 2n° dimensions.

Consider a point 7 and the vertical through U + a’u Then
Creami (dp) e dw) = (1vams de)) (1461 = (1+dw +2i7 (dp) ) %
lies also on Ei{_ + d.u.-] in ‘the neighborhood of AU, From (77) follows that the

elenents in the main diagonal of J\"lL are purely imaginary and the last n cle-
monts arc the negatives of the first n clemonts. Thoreforc we may chooso
( ({LF ) uniquely such that w +2T ( d(f ) has O's in the main diagonal.

Wo donote tais ([‘VL +2T1mL ( b &’l{, and c2ll the transition from %
LF ¥

to (1 + S ) Y, tho horizontgl transition from 2 to tho vortical LU + 0(1(,,1,

e $W are characterized by the fact that the parametors (79) venish.

Vle chooso I = n linearly indepcndont (f% ) /:»’:E":‘: N / ‘
Thoy determine a "horizontal" parallologram {P in W (&)g‘“» ‘E('* (é.)d"iu.(a)‘y(
The verticals passing through points of (\P ! : f
1
form a “tube". Wc will define o volumc moasure in i L-/W/M :?“:' §/>
w Ceduyy
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[,C '1 by defining the volume of such a tube. Ve take (78) &s the parsneters

for the (f 4 4 the volume of the tube is the determinent .of the paremeters of

the defining (Y-'u, But we have to show that this definition is 1ndependent of

the special point AL on [w]
(6)(14'cf%)% = ( l+—*(£)cffu. AN ) (£

lies onL(l+ Ju ),u_] in the neighborhood of (£)% . The main disgonal of

Let (&)U be another point on E%] Then

oon'balns only O and we have therefore the horizontal traps:.b:.on

(g) S (e)
from (g )W to [1+Ju, )2(,7 We see from (77) and (80) that in

!'- 2
‘=§

(&) J/Mv (g) the SD ik and 9 1y Bre to be replaced. ¥

(82) P ix j”ﬁf"g\;fik’ "ike‘} f%.k't'-fek ’

One sees easily that the determinant of the parameters (78) for the N * n veotors

Su, is multiplied by the squares of the absolute values of all "& &

Ei/g x? which is 1l Hence the volume measure is independont of the speclal

choice of W on [:‘u,] , ond we denote the measure by (L Eu'] '
Bvery olement t of &, ~oan bé writben in the fom

= ' erun
and (&) is of the form (8®) (cfe pe %).

(83)
where U Dbelongs to J;w

Here A is not uniguoly determined. We may replace WU by any ele~

ment (¢ *)U on LM,] .
The &, are tho cheracteristic roots of t, TWe call the (g the

angles of T. We investigate how % ond (€ ) are transformod if t is rbplaced

by e neighboring element t + dt, TWe dorive from Y t = (&)W thit
du t +w-dt = de) M ey du

. o - -
On multiplying by t M oo 1(6) 1 on the right, we derive

d e (et 71U = d (@) (E) T edu u)(e)
Hoere, d(e) * & “lisen mflnltes:.mal element 2T ( (ﬁf ), (81) emd (ﬁ{’@

is the increment of the angle ‘fi’ in going over from b tot + d’c

W

3
T
£
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. -
S+ {Fut =27 () - (& dn o)
-t wu = (@) —d ) ~ 27y ).
We can replace (fu by J# since the left side is not changed by adding ele-

-1
ments in the main diagonal of dU.  We denote U JE +U T oy St

(84) Jt = (erdu-(ey' =) + 27: (Jep)
i o . A~ =]l o A
We are interested in the volume of the set ¥ ~of all & = % (&)U

~
for which A 1lies in a horizontal parallelogram ? with the vertex % , end

the angles L'P:’ lie between G and 90‘ +L‘(§0L- . We see from (84) that
C:L is a parallelopiped which is spanned by the following vectors: a) We take
the N - n vectors J'u, which define {/) , debermine __L[j:._ for every one from (84)
with ((\(( = 0, and put (f'b = %-1_'__(_{._’9_ U; b) We set (f(f]’ = dlﬂ, for
o fixed 2 , (‘(’(POQ =0 for ¢#K and (.!;4{, = 0., We obtain n vectors

({‘t and S‘t = u'l,é:j.% for v =,1, 2, ees, ne We have to calculate the

determinent of the paresmeters (78) and (79) of these N vectors d> t. But we
- :

may take the N vectors (rt = %~ & t: UL because of the invariance of the
raa——— ﬁ, ¥ ad

volume element for left and right hand translation: The volume of the parallel=-

2. x'ﬂ);‘..
¢

¥,

opiped speammcd by tho f + at the unit element does not change 4;?3 w1t we
perform first & left-hand tremslation U eand then a right-hand 'bransla;e{n' g

'u_"l; its vertex after thesc operations is the ide&ti’cy again,

The determinant of the parameters of the (f + has the form

Do ... O
o dy, . 0
dw = _ f

- - -~

0 o ... de,
whero @ is the matrix of dogree N - n formed by the N - n paremeters (78) of
(&) Ju (& )_1 - qul, for the N = n vectors which define the horizontal paral-

lelogram ?, If (f'll, belongs to ja (&) J"Z(, (g )~1 "cj-:‘u— be-

' »
ik’ ik’

L Lt pe g e

T—
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longs to P ik(ii/g e = 1) P _;Lk(gigk - 1) (cf« (82)), and by a sipilar ar-
gument to that used in connection with (82), one sees that the determinant .7/\
is equal to the determinant C,D* of the parameters (78) for the du multiplied
by the squares of the absolute values of 21l the factors § iak -1, 1 .<_ k and
éfi/f, T 1‘*%1{. But <P * is the volume a.f#¢] of the horizontal parallel-

)
ogram J/°.  Hence

o = // [é-/é ,‘Z // /é ZR~/12.4[u]dgo,.. d%_,
After 1ntegrat1np~ over E-C ] we obtam for the volume of the set of eléments
whose angles lie botweon <Io‘- and 300. +d?7‘;

debs = b/«:/te /;’"/Snz*l 1% e g, - iy, dp,

Ltk -
apart from o constant factor, the volume of [Oc;(,] which we may put equal to l.

The factor of 0(!74’1 cee 479 n is the square of tho absoluto value of
7’

7};( E""/z;,(—-l) 77 ( E Ep—1t) = iz; /é‘./ffe_’)(e: 5@"/)_/7/-5"2—/)

e t c.<}e

bg/,?z (2 v8 ~sp =2 Ve, (5 - &)
or the square of the absolute value of

— T . ! t . -
A= D (Cirel) ~tee vl JT (2227
We sct R () = ptip

3(¢p) =RUF) ~A(-p) = 21 sin 2T p @) =elep) tal-¢) =
=2 cos 20 ¢

A simple computation yields

A = aﬂn(d(f‘) - cctp,q))‘/l S(¢) = fc'";'@‘c«[;,‘

"

= 'C(U\“U‘f), t.(m-l)qa)'...)i(-:lrsm-) = ./S('m,o),S(M-:)?)I..I st

'ni,'.m‘(‘ﬁ)

* (ne obbains the n rows of thc determinant by rcplacing (_P by

L1, Por oors P e
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Thus we have the result
Y |
Jf, == / > —_ | & P
(85) Ll = AA dgp de, , 4 =150np) sln-1ip) ..., 50
Let g be any representation of 0(;% . Ve may assume that ell ele~
ments of g/ are unitary. The elements (&), (80), form an Abelian subgroup of

¢C’ , We can assume that the corresponding elements (B) in ? are diagonal

motrices also, because they form a wnitary Abelian group

‘ix K | // \

(®) = ' .

o
. is a function ‘ﬁ ( 301’ ooy (/‘) n) of (£) which, because of the proper-

§

ty of representation satisfies the conditions

v ! . . /
Feporly Pty )= 0P ) OO0 ).
1& periodic in L with the period 277i
Henoef; £<Lfl’ ese, %n) = ;ﬁ(lfl, ﬂ )oco, O)' £ (O, (f)z, O, XY O)"noo
'/£(O, ees, O, Lfn). Every g ((/)) = (0, eesy O, ({) , 0, ess, O) satisfies
9 ( L()) 3( (f’) = 3 ( Cf + % 1) and is consequently of the form ¢ %
3 ((f ) = s RY¥ | x constont., The periodicity yields that k = 2m 71, m in-

Every E

teger. Thus we soe that

ﬁ(({»’l, ceny ({?n) =,o(m1 Lfl + aee +mntf>n), m, integerss

The charecter of , that is the traco of (E), is a sum

’ — +aee T

Yty = p_ R @y my )
ranging over a definite set of lattico points (ml, P mn). It is sufficient
to consider diagonal matrices (&) in ocu', Every other element con be writ-
toninthefomt:u-l(g)u,u inaC',lL, Ifing : u-—»% s WO

-1 . -1\ . .

hove v (&) U — (E)u and the troce is the samte as in (E).  The

L,o\, in (&) ore the angles of the element t.
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A permutation of the LPV or a change of sign for some CR/ means re-
placing (&) by a u,"l(s,)u, . Therefore )/((/)) is not altered. We may
derive this also from the results of I/) po Gt

Let /‘{/ ( L[)) be an irreducible character., Then we have (cf. the in-

troduction, p. 10)

S yepryop) = |
oLy :
if the volume measure is normalized so that 4(,'“, has the volume 1. Otherwise
1 on the right side 1s to be replaced by the volume ?f of ,,(',Vw
The subset Cl of "(’u, of all t where the angles lie betweocn .
— d epcon g orty en e
and O(Lf“ gives ’Y/{/OZJZ; to the integral, )’ prem g tu

Here ol uQ. may be expressed by (85)., We determine the volume be putting

’)( = 1 (character of the representation U -—> 1) and obtain

] { ’ ot . )
86 f f v . — f f N
(86) Jo iy 8 dg. dy, = | JADdg. .. do,

/ o0 o o

The product

” —— . c _: <
(87) Y (g A = Yipi [ Simg),. ., S(2¢), 3(90)1 Sp)
is a finite Fourier series with integral coefficients. Let (S') denoto the
finite group of linecar trensformations in a <€1 T oaee '-LF n—-spaco which is
generatod by a) permutations of Cfl, ooy (Fn, b) changes of sign in some of
the ({)Lis. The character ;Y( sﬁ) is invariant under ( S‘) as we have seen.
The detecrminant A is alternating, and invariant under a subgroup (Sl) of half
the order of (6‘) The other tronsformations of (S) change the sign of A , and
we denote them by (5’2) We call o finite Fourier series antisymmetric if it

behaves like A . For instance, ? ((f’ ) is antisytmetric, Furthermore, for
any system ,1{1 > )./2 7 sen V ,l’n > 0,

(88) ?(ﬁu-“/é’%\ = Z s e(l¢+ "*‘e%"[)w) — é—oﬁ’e(z‘ﬁ* Al
6 < (S.) 6 C (SL)

T

T

e o T PSR
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is antisymmetric. Any antisymmei;ric finite Fourier series, for instance ?‘ ((;D),
is & linear combination of such ?’(l’l, ceey ]fn). :

(89) %’ (79) = o }"(}fl, ceey X)) * c'§;..(xi, cees }(I'l) * aee

If ce(,'(l L'Ol + eas t Xn ?Dn) is the highest term in (87), W -566 easily that

¢ > 0 and ’il > ,iz > eee ? }{n > 0. Exoctly the some o and the same

'7{1

computation gives

y sees Xn occur in the "highest" term on the right side in (89). A simple

L

N S (O, (k k)
(90)‘].“ f%[‘(’“‘_"}?n)}‘(@l f?l)l(' do = ) unln'-'f‘(rel
o o RRVRAL A A £7 2:"' i /
n, (kR =(R)
From (88) we derive easily '

(61) € () wees L) = O LU, woes ST ) = [SUEp >,...,s<211@>l

vhere, in the middle term, the sum is to be extended over all permutations of

(.{7 10t (/)n;@?. In particular, ’A =% (n, n=1, ee., 1)s Then (90) yields
for ki’=n, eeuy kn=1’ R,'::’YL,..., 4{-::(

(52) oAb de. cdp. = 2" m !

We put the valoue fo:g' (Sp) = )«(({0 Y /A from (89) into (86)., Fram (90) and
(92) follows

(93) 2™ni(c T + c'T! + oas) = 270

Now ¢ as the highest coefficient in 5" (79 ) is an integer and we saw that ¢ > O.

ese = 0 and

=

Hence (93) gives ¢ = 1, o' =

? (Cf) = ? (/1{19 seey Xn)

and consequently, occording to (87) and (91)

L)
(94) o) — 1stlely. ., Stenp)
X' [Slmg), . Sl

- + cee + T . .f]‘ > 4 \
I e(nl L,Dl n ({)n) is the highest term in )/ ( (,0 Y, we have

(mq+n) éf’l + (m2+(n—l))CF2 +oeee * (mn+1)(Fn = Zl<f LR Xnupu

N R
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-~

because lS(klc,D ), S (kz({> Y s eees S (kn({) )/ has the highest term
,@(kl(fl + kZ‘)pZ + oo * kn?n) for kl >ky > eee > kn. Hence (94) has the
highest term,c(ml (f’l *ee tm (?Dn) for

(95) ,'(1=m1+n, }fz=m2+n-1, cees }{n=mﬁ'+.1

We know that there is an irreducible character ;}/ (90 ) with the highest term

L

© (m1 (f-‘l + wae + mn(/) n); therefore it must be (94) where the Xu are given by

(95).
Theorem. The characters of the irreducible representations of o[:u/
are given by
¢
[s(cm, +n)@), S(0myrn-0)p), ., 8¢ e t)ip) |

[ Sl s{e-ng), ..., Sy |
where (f is to be replaced by the angles of an arbitrary element of [k

In order to obtain a second form ¢f this theorem, we set

4
Fon)

The }aj are polynomials in the coefficients of +, and we define }oj = 0 for

= (o, + A+ A_2+.,,
Po* 1 *Po

j < 0. Then (94) can be expressed as the determinant of degree n
96 + + .o .
(96) W"}l—n’ V‘))./-n+l P}(‘n-l’ h)[-‘-n+2 PX"R"Z’ * 'i
The computation is given in H, Weyl, Math. Zeitschrift 24, p. 34l.
the unitary restriction now because of the integral rational character of (96).

The character of the representation of E , which belongs

Theorem,
. . 1 A n > > S > . .
to the highest weight m, Ad ., m:(1 A, ml =Ty & eee &My £ 0 is given by

[ 0 1m0 10 s * O ot [0 etz * Omezree. |
where,l’i=mi+n+1-i. .

¢
We determine the degree IQ of the representation.
of the character for t = . 4 We put Lfl = n(f' . (Pz = (n-l)(/) y s, ?n = }O

Then we have, according to (9‘1%1)

This is the value

We can drop
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c.{Y,zp),,,ué,y») ( i
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The power sorios in (P for this eoxpression begins with

,sﬁA// /(@-@)

where A is a nunber independent of (,0 and ‘che )./j. If we express numerator

and denominator in (94) in this fashion, we find for (P = 0 that

. N
(/?’ —_ J('(lj_lﬂ'iu"'t{f"_) ;ﬁ/’A (/)(/‘L”- -/IWL)": H_AJ ////ljz“
Plmymty 1) s ek

is the degree of the representation in question.

(97)

14, Orthogonal group .
7
The orthogonal group (6 is dofined as the group of all linear trans-
formation of a vector space which leave a non-degonerate quadratic form @ in~

We may assume that Q has the form

variant,
Q = Z(X"lX' + X‘z X‘é’ ces + x'n)("n,) for an evon number of dimensions V¥ =
Q: nxi + 2(X7) X3, . “+ Kooy *oaee ® X.nx;l:) for an odd number of dimensions

V = 2ntl
The same theory as given above for the full linear group snd the orthogonal
group can be devcloped for the orthogonal group also. We give only the formu-
las and the results and some additional romarks concerning changes which are
necessary in this case.

The olements of the infinitesimal group 4~ have the form

a-—-fb‘_

i, k= 1, 2, seey I

j I~
|
C]l' gvei ‘fQ fik+6~ki=0
L : ) b
ol e | PltpRTe TRk

e
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The first row and the first coluiin occur only in the case of odd V = 2ntl.

The diagonal elements

H

|
i
}
{
3
{
s
i
H
}
\

I
!
i

i
4
!
!
|
]
|
|
|
|

form en Ahelian subgroup 3‘7/
The "roots" are here
2 v 44
o =% ;\‘: (for odd ¥ = 2n+l only) and X Y W ”L i<k

There exists an element /\9“ for every ¢ such that

E(’L/Qd_j = 0(_(» Q.

Agein, h., ees, By end the £, form a basis. L‘j’eu .’49,_0:] is an
elemfz,lt hog of f If /\ = My ,\1 + eee * mn)\n is a linear form, we have
here

/\ _ i' 2n, (for Y = 2n+l only)
* r m, 4 my
We have OA, = 2. .

Let 6} be a representation of A~ The theorem concerning the weights
holds again: /\0. is an integer for every weoight /\ and /\ - /\o: X
is a woight again. We derive from this that the coefficients of every weight

numbers :%, i“% . i% , ese)¥. Let S}‘dono*be the group of linear transformations

* This is not true in the cesc 2n = 2, Hore Y isa one~parameter group. We
omit this caso, which is without intercst.

o : g % " s .
| ina M, = )\,3._- cse = /\,_'&;space consisting of all permubations of the )\V

e
¥

,!43' !




‘an even V = 2n

T
number of ,:’L T

combined with a change of sign in A N \
(% g V = 21_1_'_1. ‘lhe
gn=lny

order of(S)is gy The oporatiors of {SJ'bransform weights into weights.

The highest weight my A Y eoe t :\n satisfies the conditions
> e 2

Y=2n: m, Zm cee 2T 2 AR
1=72 n=-1 ,mn' m_amkafc:"é‘i-% {fmrvL/)

= . 2 > 1
V= 2nt+l: ml m, coe &I _q & My & 0

There is at most one irreducible representation g with a given highest weight

v

I\
1R
134

L4

/\ and /\ occurs only once as a weight of ((}

We introduce the unitary restriction. If the parameters arc properly
chosen this restriction implies only e condition of reality for tho parameters.

Every element © of ﬂ; is equivalent to a diagonal olement’

(98) w W = (&)

1
e T T e

(The first row and column occur for ¢ = 2n+l only.) AL Dbelongs to @M_
The elements in the main diasgonal of (&) are, of course, the charactoristic
roots of t. They are all of absolute value 1,

The manifold @4, is not simply counected. The reason that the old
proof fails is that the matrices t with a mul’biplé characteristic root form

a manifold of N-1 dimensions, N being the number of dimensions of @%

¥ Iff . =£ 1 ==land¥ 1, £,, «ve, & _ are all distinct, the elements of
©,; whidh are commutative with{(i) are_diagonal matrices (£*) again.
They depend on n parameters. Then u:l(& ), W inC,, form a manifold
of = n + (n-1) = N = 1 dimensions, since (£ ) depends on n=1 parsmoters.

‘ We are going to prove: Every closed curve on \QM can be shrunk either

to a point or to a fixed closed curve af",’ The double of 2«", but not ?/“ it=




€6

self can be shrunk to a point, -

Proof: We call the element % singular if in (98) either & i = 3 K
or & 5 = & l'c for a pair i, k with i 74 k, or if in the case ) = 2n+l, one of the
£i has the value 1, The ssme proof as in the case of the (?oxnplex group (p.

472) shows that the singular t form a menifold of N-=3 dimensions., Let d‘ be

s closed curve in '@w . It can be assumed without loss of generality that J
does not pass a singular t during the shrinking process. & EL
& . S
Let t+ run over C. The characteristioc

roots will move on the unit circle bub never will
roots on the upper semicirele coincide. After -\ ) i

has returned to its initial point the 5»{, nust

L

have their original position apart from a permubta- P 7 q{*_:
v

(»s{

tions Bub the only possible permupation is that
El and & i are interchanged or £ and g 1}1 are interchanged, & 1 being the root
neares/'; to 1 and £n the root nearest to -1l. ir En and 6‘1!1 are not inter-
changed we can shrink J\ into a point as we did in 0 ,op.‘fZ/‘/j If 3/‘ gnd
Cr are two curves (we may assume with the seme starting point), for which & n
ancilf,r'l are interchenged, then for the composed curve 2* +d ’ é_‘n and 51'1 re=
turn to their initial position. Hence (}A + J\ can be shrunk into a point.
This holds in particuler for 9“‘+ a"' Therefore J can be shrunk into -d‘“
and into 3' itself.
It is easy to give examples of curves / which ¢annot be shrunk to a

point, for instance

t=(e), &=ep, 0SPgt, a=&y=. =8 =
We can formulate thede facts in the form: The Poincare group of k@w has the
order 2. ILvery ;ﬂﬁhc‘cion%én L@m which is given in the neighborhood of the

identity and permits a continuous conbinuation is either single=valued or double=-

valued,.
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In order to give a cor;étruction of the irreduciblc representation
analogously to that in 5- and in // we need the representation with the.high-
est weight

% ;\.“ + )\.2’ * ees * R,'n') for = 2n+l
and the two representations with the highest weights
AN, 4+ s l‘n‘,‘v 2%y ana (AT, ¢ e+ ;ln-‘ -

A construction of such representation of the infinitesimal group 4 was'given
by Cartan; for an algebraic construction of these representations for @ cfe
Brauer and Weyl, American Journal of Mathe 57, pe. 425,

It is possible to obtain the irreducible representations by Kronocker
multiplication of this "Spinor" representation and the temsor representation
in quite the seme mammor as used in 5 , p. 24 ana /!, pe 45

Furthermorc, our’ mothods poermit also, in the case of theo orthogonal
group, dotermination of the characters of the irreducible representations.

The formulas are given in Weyl, Mothomatische Zeitsehrift 24, ppe. 348-353,

Litorature ond Related Topics

For the theory given in this Chapter I, cfs He Woyl, Mathematische
Zeitschrift 23, p. 271, and 24, pp. 328=355.

For an algebraic method of splitting up the reproscmbation of the full
linear group which belongs to the general tonsor of ronk ‘{‘ , ¢fo I. Schur,

Dissertation, Borlin 1901, and I. Schur, Sitzungsberichto Berliner Akademic 1927;

He Weyl, Group thecory and quantum mechanics; van der Wacrdon, Math. Annalen 104,
pe %1800 ;  Young Own the gu (\'ﬂ‘ y ﬁi}iﬂ.f% 3 "L"\,E'"L}Tl tu\}t qanal Ganadhgais
De 3 )
F s IR
T -1 Twoc. dondan Mall. Soc. fo0— (472
D v ) ’
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The connection with the representations of the symmotric group given in these
papers is of impor%ancq. A correspbnding treatment for the complex-group or
the orthogonel group has not yet been given. Cf, for the case of the camplex~
group: H. Weyl, iiethematischo Zoitschrift 25, p&@% where 501.16. envoloping al-
gebra of the bensor roprosentation was determined in the caso of the complox-
groupe

Tt was nocessary to assume that the functions defining the roprcson%a-
tion arc difforentiable. In o paper- by von Teumann in the Sitzungsberichte d.
Borliner Akodemic 1927 (cfe. also von Noumann, Mathematische Zoitgchrift) it was
shown that continuity is sufficiont.

Tt is possiblo to givo the theory of reprosentations in on cssentlally
algebroic manncer without using Lie's fhoory or the integration ovor tho group
monifold. Onc gots all continuous reprosontotion in this manncr. Cfe for the

-
cnse of the full lincar group, I. Schur, Sitzungsborichte der Berliner Akodomie
1928; for the caso of the orthogonal group, Re Brauer, Dissertation, Berlin,
1925, and Sitzungsberichte Berlinor Akademie, 1929; for the complox=group,
H. Mohr, Dissertation, G8ttingen, 1933.

The characters of tho roprosentations of the orthogonal group were do=
tormined first by Schur in tho Sitzungsborichte Berlinor Akademio, 1924. The
casc of the complox group was treatcd first by . Weyl in tho paper mentioned

2bovVCe

——cr’
vy
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Chapter 2.

Structure of scmisimple groups

1. The moximal nilpotent subgroup of en infinitesimal group .

Let ,lg/ bc en infinitesimal group of order 7T . Ve con_sidor the od-
joint roprescntation of /(g« Tho voctor spncc in which this x:opreson’ca“bion
tokes place is /g/ itself. To an clement o of corresponds the linocar trons«
formation X*—p Cx” with C X' = [é x‘“] , Wo form tho characteridtic oquation of:
the metrix C of this tronsformation
W ) =lwl-¢ = W Ty, 0 = = 0.

Here 1 denotes the unit motrix and &) is o varioble. Tho roots of (1) will

be called the charac’coz‘istic roots of c«

We 4y that o vector a belongs to a root & of (1) if

(2) (a1 -8)e’=0
for ot least one inboger h. The following facts are proved in thoe theory of
linocar tronsformations:

1) The vectors belonging to a fixed root O of (1) of multiplicity o
férm o subspace /J{‘)m of a dimonsions. /a?o‘ is invoriant under Ce A vector
R belongs to IRK if (2) holds for h = a.

2) If o, l”a , e 8ro tho difforcnt roots of (1) ond 9?& , 7?,3. , vey
the corresponding subspoces, WO have

/%[-::. %0(_-}’%’3’}'...
- (iece every clomont of /g/can be represonted as a sum of on oloment of M ,
an clomont of I»RI?’ , eee in o uniquc manner.

3) Wo con find o basig ?, jué?ﬁ;:;,,g o °oFf %O‘ such that

Ce. = B

Q2
(2]
{
b
fak
—
g
O
[oN)
Lo

Ce 2 sy (mod £y, By seny za-l)
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The transformation induced by C in the spaco %& has the cheracteristic poly-

namial ( (=0 )%.

4) If a linear transformationlleaves all the spaces %o( s %’,’3 g swe
invariant, the characteristic polynomial of T is of the form K ‘I/)u° (Pﬂ‘ epe
where (ID"-’ ‘fﬁ , eee Q.re the ‘characteristic poly.nomials of the linear trans-
formations induced in W , ??13 , sve DY Te

Lerma 1: If oL and o' are roots of (1) and & belongs to o and,
g ' belongs to ol s [}3, ,c'] belongs 6 o * ot

Proof. [cEae']l= -[;E’c]]h [é’[ée]]= E@e']? * [[oeje’j

CEse'] = [e;, pe’] + lae, e']
We subtract (ol+ et )[66’_] and obtain
- (¢ - (o&+ oc')l)[ee'] = LZC'-o(l)e, e‘]+ {;(C-Qg'l)e’]

4
on repeating the same argument we get

X —
(3) (@~ (ot oc'>15k[;e'l“g'; GG q:f‘;"‘]

If wo +take for k the sum of the multiplicities a ond a! of oL and ', we
have either K 2 a or k = K 2 a'. It follows that either (C = ogl)K e=0
or (C = Ok‘ﬁf'}.&; 0 since o belongs to & and &' belongs to N t, Honce the
expression in (3) vanishes.

The mabrix € has, the characteristic roof O under our assumption. If,
nomely, ¢ ’r/ 0, we have Cc = Eco] = 0, and consequently ¢ is a vegtor 7( 0, belong=
ing to the root 0. Furthermore C = O for ¢ = O, If h and h' are two eclements
of tho corresponding subspace (RO , [hhtlbelongs to %(5 too according to
o is not only a subspace of A&/ bt also a subgroup %

We denote the roots of (1) now by O, L , {?, 5 eee and their multiplicities

Lomma L.  Therefore ,a?

by x, Q, b, see o
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Let hl’ h2’ see, hiform azbasis of f Every element of% can be
writben in the form
(4) n= A o+ }\zhz bawe w2 hy-
Let ’}c be the corresponding transformation of the adjoin‘b\ re?presen‘bation:
?ﬂX’ = Eh K‘] . If X belongs to 3?“ , so does [h)(] according to Lemma 1.
Hence IRO , /& , %[\ , ses Are invariant under % It follows that the

characteristic polynomial of‘f& -

(5) 4(«)(»») =|lwL-¥|= - 1//,~(h)of"+ 1&(&) cf":.._,

splits up into a product .

o A(0lh) = fa(win) £ (wih) fa(wkh). ..

* (f, the properties of linear trensformations mentioned on p.70.

where {V( (,th) is the characteristio polynomial of the transformation H(T)

induced by H in %{'v , (v= 0,02,1’6'.,.)

For the special element h = ¢ of f, Wwe have*

E * See note above.

o N
(7) 'fo(wlc.)::wﬁ) fe(_(wlﬁ)i-.(w._a)' 'fn((")‘c),f(w‘fs)l
The coefficients of H = ’/\,1}11 + eee * ?\,Hx are linear functions of

7&«1, cee, r/\.’x. It follows that WK& (5), is homogeneous of degree K in
7\1, seey /\X Furthermore, tho coefficients of z(v((,\_)l h) are polynomials
in ,/\l, ves, ').z (for Y=o, &, P , ses)e We consider 7\1, ces, ’/\
ns variables., The polynomials ’{0. ( L\)lh), '{{5 (@|[h), eeo ore not divisi-
ble by W because this is not true for &) = c as is seen from (7).

Until now, ¢ was an arbitrarily fixed element of /%_ We now choose

¢ such that the following conditions are fulfilled:
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A) The multiplicity 7 of the root O of (1) has the snallest possible value.
B) There are no elemonts ¢* in /g/fu].filling the condition A) which have a
larger numbor of distinct choracteristic roots than ¢ has.

Then the multiplicity of the root O of (( L\)Ih) = 0 is ot least X.
Hence g({,‘)( h) is divisible by{;g%f‘or variable l s evey %L But only the
foctor »{0 in (6) can be divisible by (D). Tbs degrec boing ,1' we hove
) {o (& 1R) = w?*
Tle consider only the group for the moment. The linear transformation
B X - Ex X’], ( ¥ ranging over % ) gives tho clement corresponding to h in
the adjoint represcntation of f According to (8), the choracteristic poly—
nomial is {,O'a' _ It follows from Engel's thoorem (cfe p.-_] ) that ; is nil~-

potent. It is o maximum nilpotent subgroup of » 1aOe cannot be embedded

in o lorger nilpotent subgroup of 2 bocouse otherwiso (6\)/ h) would be
divisible by a higher power of (W than W as is easily soen.

- We consider now tho linocar transformation Hu J X’«—'I[ﬂ X:] whore X~
ranges over @d. ., They form s ropresentation of 4/ and therofore a solvable

group of lincar tronsformations. According to Lie's theorem (p.b ), we can find

o basis Q& ’ .e“’ , vesy ,e(:: 1) such that

CheJd = 1, e«
(9) [hed= 75 el (’ma—cifeﬁ

- - (a- (@-2)
L ,éekl!] yrs /Qo‘, /fm,-,(d,em,eq' L, )

for every h = )\1}1 * eee Tt ’,\1 h2 in §/ , Each 'Y},,v is o linear funotlon

M

1
.oom 1 .
’V“w = ’V“” AT F oeee * ,)11“‘9— >\£ whero /)7‘“'? is givon by
N () n (v-2y ),
[h R J Noup £ modd. o, o) . £y ). The

charac‘borls’olc polynomial of HE® is

daloln) = (m-«q,;(u-w... (-7
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o5 is seen from ( §) by using £, .e.;hxaa as the basis in %o(
The same consideration is possible for @?3 R BQX s ses o If
the linear functions j l’.] PLERRAT 7 b are different from ’I/l, /)/ o9 '“-’7&’

because we have for h = ¢

(PRI PERRE N PR g, - 72=... VERNEE
Wle choose now such values for '/\,1, ooy ;\ that 1) all '
'v] 17 sess ,7a’ jl’ e, J IR which are n’ot identical have different
values, 2) ’%-_z(h) # 0. The element h = o* we get in this way has O as a
characteristic root of multiplicity ,l/. Furthermobe it has a greater number of

different characteristic roots than ¢ unless

(10) B Yo=Y o ]1 S - g, +-+ identically in
1 , eves ;17.

But the conditions A) ond B) satisfied by o give a contradiction, unless (10)

holds. It follows that

Lol = (0-1)%  falvih) = (=87

We change the notations and write Ok. for /7/ 12 /3 for jl eee o« They are

V
linear functions Q&K = ()ll }\1 + eee T O(en R /3 = /31 >\ ergy oo

We summarize our results: We have a maximum nilpotent subgroup f of
order Z
1 ;\(nﬂ
= T osee t
(11) h N\ hy ﬁ

The characteristic equation of the matrix H corresponding to h in the adjoint

representation of Al has the form

(12) folh) = o (W-o)“ (wzp)?

. , ' £
(13) K=o, N, o N, = BN+ A
These linear forms are called the roots of . We have

04) o= R+ R+ Ry £ =R,




¢ Here %o( is a subspace of a dimensions. There exists a basis

i -1 s
e QJ y seey ,Qia ) of ﬁ‘i such that

oL

T4

i — N - 1" - { ) \
(15) D‘\'Qu:] = R Ly LA e;]:g o B:,L ('mwleo‘)J Lhe@ ]: oce; ' "’Md‘iedﬁo/ej
: C di facts hold f s voe o If belongs © a px*

. Corresponding facts hold for %‘3 B, belongs ta ﬁfp an @

belongs to %Pé then C’g('gﬂ] belongs to P+F* ' (.P‘ sD*',—_,— (),‘0&,{3,'“

| In particular: C/g'(g*]= 0 irf P + P* is meither O or a root.

2. Representations. Weights.

We consider a representation g of the infinitesimal group ¢ /?, The

vectors of the spaee ,R in which the transformations of g take place will be

t  denobed by German letters. The elements H corresponding in 4} to elements of

§
the maximum nilpotent subgroup 4~ of 7(} form a solvable group of linear trans-

formetions. Lie's theorem shows that there is a vector MWV 7’ 0 in % such
I

that MV is eigenvector for a1l H. If h " > B

b= Nhor L eath, = AH = NH,

We have H M, = m with scalar factors m Hencs
P M
(16) Hmn = N
where /\ =my b ees k mlkg" We say thatb Y belongs to a linear form

/\ if (16) holds. A linear form to which vectors M 7-/ 0 belong is called a

weight, In the case of the adjoint representation, the weights different from

0 are the roots.

From (15) follows that the matrix E“ corresponding to ,co( satisfies

the eguation

[HE&] = & Eu

Lerma 2: If AL is of weight ™A, E, AL belongs to the weight /\ + &

= ‘—l = + B
Proof. HE M, = E_EA + L}IDO“]/}L NE M + LB M

= (A+®)E, Ay
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‘ Lerme 3: If a vector @ of weight /\ is o sum of vectors g 4 of
; weight /\:.L and all /\ ; Bre dﬁ_ffere;;t Prom /\ then @ = O,
The proof is exactly the some as the proof of Lemme 1 in Chapter 1,9v
j p. 13, It follows again thet there are not more then N different weights if %
¢ has N dimensions.
If h* is an element of% we denote by /\ (n*) the value of /\ for
F the volues PN )\i belonging to h¥*.

Lemma 4: Every weight /\ vapishes for the elements of the commutatbor

e st ey

group j, 1 of }

Proof. Let h* and h*¥* be two elements of 4; We have, if /n/ 7( 0
is o vector belonging to /\
wam = Ao A, ‘ B = N\ A
[H*H**]/n,= (H*H** = H¥*¥H*) M, = H*/\ (h**)/YL- - JE* /\(h*) A =
= N@o) A = N A g =0
on the other hond, we have [H*H** M = N ([ﬁ*h**]) M Hence /\(Ex.*h**_]):-o
and consequently /\ = O for all linear combinations of brackets [h*h**j.

We now assume that = A also is a roote. We shall show later that

this is always true in the case of a seni-simple group. If °__ and E"OL have

the same significence for = { as have oL Eot foree , (%‘v L is an clement
/

of &ol-&-(—-d_\ = iRO = % We set ]

(17) Lquo’_d;\ =, = octhy +oees ¥ X L% *)

1

* The use of the notation °‘1, ""dl. in (13) ond of ol...l, veoy X here
will be justified laber.

At the some time we have
- ~ ) 1 L
(18) LEQL, E_:_O:X- Hy = OLH) + eou ¥ oL HL

e N\= n, )\1 toeee v )\n, we set

/\5(,= /\(heL'> =M™ ‘xl T e +mn°‘n
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Lemma 5: Let o # 0 and =0{ be roots of a group . Let /\ be

A
|- 5 weight of a representation g . If o(oL = X 1 04,1 + eee * 032 xR 7! 0;
% iz an integer and N = /\ - oL is a weight too. If,

¢ thon 9,=«~°Z"

; o
l howover, DC“‘ = 0, we have /\&= 0 for every /\ .

Proof,. (cfs Chapter 1, ppe 16-18.) First of all, we assume that

1 /\ is an extrome weight in the sense that /\ + o is not a weight. If My

belongs to /\, we form the vectors
(19) A"vc) E—,dmo:':/tv()E-O(%l:m’%)"'
which, according to Lemma 2, belong to the weights /\, /\ - oL, /\ - 20,000
(20) Ha, =(A-1)m;
There exists an integer g such that /nag 7{ o, /tygf-'—- 0 since /\ - 1o camnot
be a weight for 1 = 1, 2, 3, «es o Then we prove

Egymg = pig My,
- M= Ny — 'i—’-%i’oc“ (1=0,1,2,..)

in exactly the seme menner as on page 17 (cf. also the proof of the more general

(21)

relation (Ziz‘i})below). It follows from {"'g+l = 0 that
(22) /\ « = % ol o
o = 0 ‘bhen /\oa.= 0, (/\-kx)x = /\Krko(u = 0.

The statemont holds in this case also, if the weight is not extrome.

If, therefore, oL

We assume: OLO(_ 7( Os Then g = ?:-/A—GI is an inbteger, and /\ - 5 1\
o

is a weight. Our statement is true for extreme weightyd, Thc consideration on
pages 17-18 shows that tho theorom is true for all weights /\ . Furthermore,

we see at the same time

e . - re—

Lemma 6: All the woights whose differences from o fixed weight are in-

togral multiplos of ©& form sn uninterrupted "string of weights”

o sompre s

(23) /\"R’OL,/\—-(K?L[)Q‘,,,)/\)...) N\ + B o
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We need somo additional romarks: 1) Let tol. h¢ any clemont of er

(14), i.ee 2 linecar combination of ey , @ , @& s eee o I to( -—-?"I;L, 7:‘ is

the samo linear combination of Ea(. , Ia. s Eq'i , see o According to Lomma 1,

= - 1 :
(tot. e.r,.] - h.:. N U*hl + ees * o(,*hm’ belongs to } E ¥e set
% n

1 L . . 1
* = ] + see t = + see T .
'/\o:. m:L O‘V* my oL for any linecar function /\ ml}\ m,

We state that we have for an oxtreme weight /\ :

[l My = Yy Mg ’
(24) o= A AX L dle=0) ¥
7 = 4 N, — % , (i=o,1,2,...)
#*-
(25) N, = %“:

in generalization of (21) and (2%).

Proof.  The vector E M belongs to /\ + of. But /\ + ol is

not a weight when /\ is extreme. Hence Eo( M, = 0. We form E:L (R If,
. 7’
according to (15), [h/e-"_] = 'Qc:c + f,e* s We have

HEL Mo = o Hm, + LHELT o = /N Ecctty + LEL Ay +pE
= ( /\‘l"Q) E-QL' M,

i = : = 3 i s 4 |
because of Dok AL, 0. Thus ELL M, = O since 1t belongs to /\ + ol We
obtain in the some way successively: E" AL =EY' 4y =... % () Honco

N [«' W o) “ !'e »
If (24)

Ty M, = 0. Therefore (24) is truec for i = 0, whatsoovor A is.

is true for i, we have
= < ¥ -
L_a'V.. My, + H& MNe = Ve, + (/\-—1,04):,41,5,
- . * R L
a(’VL‘F/\d—'/LO{o{)/ﬂaL “Vifl M.
We derive (25) from M. . = 0, Y = O
“gtl 1 generale

2) The elements hl’ cee, h,]./’ S ei , eesy eb(f"l)’ o 3-SR e

Hence we obtain (24).

* a subgroup /g 1 Memlm%ém-%mum&;&%%l%% need
not assume in the argument above that a representation %] of 4]‘ is givone We

can derive thc same results if we have merely a representation gl of /g,l.
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Ry A7
The vectors AL , /ﬂ/l, eeey /}l-_ Span a subspace (}/ of 7«: It fol-
0 g Qe

K
N,

 Yows from (20), (2% ) and (19) that ’Jy is invariant under H,r and &_ , and
hence under 63/1. The group [91 induces, therefore, a representation ?i
8 o e :

 in the projection space L1t of ?? (mod ?A). Consequently, there exists a
linear form /\v in ,\1’,..., -;\n and vegtors m,('), /h,i, ceey ,n‘é, such

| thet

/ / \ <
(191) E__& Ml = Ay , o (mod 77 )
/ .

(201) H M; = (/\/._.‘z,o() /h»t (mod 7)

’ A
e Tl =y ., Goa @), v/ =i/ = il
(25’) /\’ * = _3.’. 04*.

o Z o
Let ’J"' denote Phe subspace spanned by 7", /n,,é), eees g - Then T' is in-

g!

varient under {g 4 " We repeat our argument and continue in this manner.
Fina.lly, we ge‘b a basis /‘1,0' evey, m/g’ /\w:), LREX Y %é', es e fOI‘

which formulas as (19), (20), (24), (25), (19'), (20%), (24t), (25'), ees hold.

e

We write all the matrices with respect to this coordinate system. H, Toc ] E__(x_

have O sbove the main diagonnl. We have in the main diegonal of H,

- - - { ¢ { {
26 A AN=oLy A got ) N —
@) N, N AN Y S AT
according to (20), (20'), ... o Consogquently, (26) are the characteristic
roots of H,.

From (19), (24) and (25) it follows that

T — v = {1 ¥ _a ¥ _(ermdg-1) a

T;LE_oL/"LL = ‘o( ’“f,’,H = Vni( M = ('Lf'/)(/\a- 1 MQL}/'LL - ""2‘3 "")O(d
.. s :

Similarly, we obtain T E_u,“/; ?__(.j*:..];%.(.&._ﬁ)_ 0\: 41,;‘1”,@.(['0,._. Thus the coeffi-

cients in the main diagonal of T  E_ are

3 &  olq-t) * 0 % 1-q' % Y % /
A P (gen): 3 2‘3 /) (§+v1).0 * .
2 o, ) Y d-kl"’pilg, 0(0(_; 2 o(m, 0(-'}...)&-._..0( ‘

oL !

The sum of these mumbers ig the trace

o' eia!
(T E ) :___’_1_ 0(* (3‘3*”{?*23_1_ 3:3’;}?‘#2{‘&_"')

2 o r- 23

(27)




79

We will apply our results to thg case of the adjoj.n”c 1~epresent£3.tion.
Here the characteristic roots of H, (26), are O (,g—times), o0& (a~times,

ﬁ(b-tmes), ees, according to (12).

Let 1: and ©_ be elements of ?2 and ?ﬂu respectively. Then
[td.’c’_o‘.‘]': h belangs to j, We set f (:b) =3§; for'a;ny root IO of
ond state that
(28) ﬁ)\; - ¥ ?.Z" i rational number

ol. ) f)“‘ ’
Proofe We consider the string of roots of /g’ to which j:) belongs

p-R% PR~ . N I p.~+-54%

p-rl PR
Let /)N be the sum of these spaces. T‘men T 4is invariant under ‘T' DX [t X

(ofs (23)) ond the corresponding eigenspaces

~s
ond-T_ ) ag—— Lt‘ X”] If- ’T’ T* , ¥ are the transformations in-
(L8

ol
duced by T T_m , Hu. in T , we hmpe
~ 4{ ¥ *
* = = -
tr () tr[Td_ T_q_ 'br(T r” 1X) =0

/ fad
Porformance of H* means merel "multlplioation of the vectors of % ) b
o v Pt y

- o~ - ~ - ~ v - . -
(}o- 10L)(h°‘.) = P iy, - If m, is the numbpr of dimensions of 78}:-&«

the trace of H* equals
— — ot m.
tn ( Z/m (fot <, ) foguzme, %ZQ‘ ¢
The vanishing of this expression yields (28).

We apply a similar argumont to the case 50 = 0, The subspoaco
Y- * :
is 1nvarmnt under H, T% , B « as is easily seen. Hence the mabrix induced

-—0& ) 2
by H\ iR the projection space of JM (mod r*) has a wanishing traces On the
other hand, this trace has the valhe'<(m -1y +Z,m”2 * eee +R'm‘_k,) &; if m,
is the number of dimensions of ,(P.ku ‘ This expression vanishes in the casd

og:z 7( 0 only if Ty = 1, o = 0, M, = D, see ¢ Ve obtain
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ot
M
.
i
P
.

Lemma 7: Let ol and =0L both be roots of ,J, If there is an ele-
' . ment A‘ in % such that OC ( L /1.%) fh/__a]) = 0(_(: # 0, then

4 /] : . .
e 2k, =3 0L, eee are not roots of /% Furthermore, /E_m is of dimension l.

© The root = o« of g, igs simple.

3. Carten's criterion for semisimple groups

Let a and b be two elements of A and A and B the corresponding elements
of the adjoint representation. We set .
(29) ¢ (a, b) = tr(AB) = tr(BA)
If we express a and b by means of a basis of lg , we sge that ¢ (a, b) is a bi-

linear form in the paresmeters belonging to a and b. This form is symmetric in

a and bse The corresponding quadratic form is

(30) 67 (a) = 6 (s, 8) = tr(a?)

Hence ¢ (a) is the sum of the squares of the characteristic roots

(31) - g (a)y = 23’32’ (So characteristic root of A)
Let .z

‘ A " T @
(@) A(ola) = [ L~ [ = W= (@w +¢@a -
be the characteristic polynomial of A. Then

(38) (o) = Y* -2y, = (Zp)* p%'yoc'ﬁ
2y = ©) . .

lst Criberion P+ e f

The group /?' is solvable if and only if & (a!) = O for all elements
a! of the commutator group ,QJ,' of ,og, i
Proof. We assume that & (a') = 0 for all a' in /g/'. Let o and
- % be roots of and t eand t elements of ‘ d i .
:(g, o oL %d_ an /d?.u. respectively

P
Then [-t t w] = hoL belongs to .4, . We make use of (31) and (28) and have

(k) = Zf(ﬁm)g" = &JZ‘Z’Y‘:
r



8l
aie ~
-end rational numberg and’ ’Y:LOL = 1, Therefore G,—(h‘x) = 0 implies
0. Consequently we have f) (1;;_) = fi (ft¢ t_«] ) = O for every rootfo'
Let x and y be two elements of /27 , and let

)<‘=Z><‘,~ ) ’Jf-'ijv (pay v

be their representation according to (14). TWe have

[l 5 Lo 3]
Every element W of the connnut’;;tor group ? ', i.e. any linear combinetion of
brackets [ xy], cen be written in the form
(34) U = Z [: v w‘]
where A} belongs to some ,? and W to some 6~ , (f,o“ =0 , o, /3 , bes)s
Then [’U W] belongs to .[0 +¢~ (Lemma 1, pe 7¢)). If U is an element of
the intersection of ,(g,' and f,then "(,(, belongs to O. It follows from Lemma
3, Ds 75', thet we may cancel all terms on the right~hand side in (34) which

belong to an JO + 6 ;( 0. Therefore we get a formula
e

WU = Z [-/td) t__e‘] ’ (~1;0< belongs to ??oc N t-oc to?z;z

where (X is & root such that = K is also a root (or & = 0). Hence

pu= PIZCE £ )= o (5F) - Spti) =0

We will assume now that /} ! = /g, Then A4 may be any element of f .

Every root vanishes identically, According to (14), we have g = %o = %
Bub % is solvable,;," 7!} and the assumption ,? = ,g' leads to a contradie-
tione Hence the order ;f:r' of /(3,.' is amaller than the order of /g.

Let a' be any element of ?, v, If ,ﬁ'( L[ at) is the characteristic

polynomial belonging to thé adjoint reprosentation of ', we have

(35) flwia’) = "wrr'w{'(wla’) *

* This can be seen by choosing tho basis of 4} such that it consists of a
basis of ,%,' and T - A~ 1! other vectors.
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- S dmt

‘ . - ] e i ; rie
- Hemec=the coefficlent Y3 and—% ‘lf, 1 o 4 '___ / <

Jmmea—tho cootio; rema—ge di 1= Tl Tyl L
g Q) -_.‘}!i - ‘VL

vonisheg, The Sroup ,g' ! satisfies itself the assumption of eriterion 1.

If this criterion is proved for groups of smaller order, we obtain

LI e

thet 4{}' is solvable. Hence /(3’/ is solvable also.
| Ir /?, is solvable, /?,; is nilpotent. Hence all -the coefficients in
£‘( U/ ') venish. The same is true for the coefficients of ,ﬁ (w}a")
(ofe (35))e  In particular, ¢ (a!) = ’lf'i(a') - 21 ,er) = 0. 1
24 Criterion
A group /(g/ is semi-simple if and only if & (a) is not degenerate.

Proof:

a) If rg/ contains a solvable invariant subgroup ,3-, we form the suc- ,

cessive commutator groups A,' = A, 12 Ai = 42, 4,é = 4 gt All

these groups are inyariant subgroups of ,g, os con easily be seen. There is

I'd -
= 0, Then /l-y_ is an invariant Abelian

on P such that A"Y" 7( 0, A',r‘“
subgroup of /? We choose a basgis of ,g which contains a basis of 4-7,..
The characteristic equations of the matriceg of the adjoint representation do
not contain the paroameters which refer to basis elements in 4-7‘, , a8 1s easily
seon. Hence & (a) is cortainly degenerate bocause it does not contain all the - 4
parometers.
b) Let o and b be two elements of ,g/.belonging to the values f]y and
')ZY of the parameters in g,( V=1, 2, eée, r)e We set 6 (a, b) = Q(‘y"?)
where Q is a bilinear symmetric form in jl, oo, Jr, 'y’l, e, fyr. 1f,
in the adjoint representation, a ~% A and b -3 B, we have
at = o + g[ca] —r A + &£ (CA-AC), B* = b + £[cb] —* B + £ (CB~BC)

for an arbitrary c in /(g and o variable &£, , Then

¢ (at, b*)

I

tr((A + £ (CA-AC))(B + g (CB-BC))) .

tr(AB) + g_tr(gCB) - £ tr(ABC) + & tr(CAB) = & tr(ACB)  (mod gz) |

tu

)
"thed

(Bb) G(at, b') = tr(AB) = G~ (a, b) (mod & 2)
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since tr (AB » C) = tr(C ¢ AB). If [ca] and [?:b] belong to the values 5‘7
and fl}}’v of the parameters in ,% , &' and b! belong to j‘/ + Efy and
Yig v respectively. Hence
e = QUreSren') = Qe QU v Quy.7) retaiir)
= vla ) +e e ([eal 1) +£ 6 (a, Ccb1) +g‘*’6—(£—mj'fcﬂ

On comparing with (36) we obtain

(37) 6 (@a], b) + 6 (e, [_‘cb]) =0 *

* More génerally: All coefficients of the characteristic polynomial of a &re
invariant under the infinitesimal transformation da = Lca], ¢ fixed in ,gL

Cf. po 50. of Lot Aé,ea/:!s motes.

i

We comsider the subset AL of elements a for which g-(a, x) = O for

all x in /‘?, If ¢ is degenerate, wo have Az # O. Obviously, 4L is a

7
linear subspace. We replace b in (37) by a variable element x of ) If a

belongs~to AL ond ¢ is ony element of/g, , (37) shows that &~ (ECJ’ x)=0, 7
Hence {oa belongs to AL, Al is an invariant subgroup. In particular
6 (a) = G (a, &) = O,

If £*(w| o) is the characteristic polynumial of a in the adjoint rep-
;eseﬁgﬂ, (W] a) and *((o] a) are equal apart from o factor ¢ n (cfe (35),
where only the fact thatb /g,' is an invariant subgroup was usod. If & *,

/(i‘» ¥ 4f%‘ have tho same significonce for AL * as g~ , Yy /Y/z have for g'

we have

cH*(a) = Wro2ywt e yto2y = a(a)=0 .

It follows from Criterion 1 that A is solvable.

°
If, therefore, @G~ is degencrate, ,g hos o solvable invariant subgroup «.

Then ,(g, is not semi-simple, Y.c.d,
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Let be semi=-simple. . We choose
/% /1, / e(a-,) ‘ (-1
(38) he, L Co, By T ) BB Ray %y
as a basis of /(g/ (cf.rp 1319. Let
h; + Z(r ep-!—é" ! (Zap) (S-1
(39) a = ZR- 1{’ F f*"’”"}: £, )
.J . ~ / RN ] -
(40) ,(,:_Z/uv hj *"Z((«Vre,,'f"l',,/@,-f-..,-t-by ieym ")
=t V= 01,13'.,.

be bwo elements of rgr The associated elements in the adjoint represenbation

will always be denoted by the corresponding capitals. We have

E(a,n = ke (AR) = Z l/q_J ’é"({ﬁ/‘/ )"”Zﬁf' W/h{H ()

P 1,7 K
) S &7 (j)
+ ot (E S
J"%J s H )1" 6. [E‘
‘ £ J, 7, "( P
The transformation B 3 E transforms % into
P 14 Iad MtV+P
([b 0, o [S ves) If we use the basis (38), all the coefficients in
(&] (K)
the maln diagonal of E E vanish unless ]O +VY¥ = 0. Hence
‘ po &

(p "N . (K)
’cr(Ef E, ) = 0 for p+¥ # 0. Similarly, tr(HE, ) =0, tr(b}o Hy)= O.

(£1) 6 (a b)) = 21/% A (H; HJ)“*‘Z Q) Wt (E ‘J)é Uu)
P)Jl

The second sum extends over those roots f) for which —P is also a root. But
this must hold for every P because otherwise the parameter 0}" would not ap-

pear in § (&, b) ond this is not possible in the case of a non-degenerate 4

If @ is o root of a semi-simple group, =@ is a root also. Therefore we can
apply (27) which was proved under the assumption that the negative of a root is

a root again.

We gathor the terms in (41) which contain a fixed paromeber ,B:-ot..

Those arec

'77_& ft"L((G:L_ E«‘ E— P (a—«)E(ﬁ~l)) \ t"(_{-T;_‘E )’E’

- - Of.
ol

|

i

R T eeee—,

%i

BTN

T R YRR el

emnsl Wbl Ryt -



85
where T  is en e¢lement of Wg( According to (27), the factor of T  is
-
1 o« (elgrl)(gr2) gl(gt+l)(g'+2)
ey \1+2+3 123 )

where . .es are positive integers and * =00l (8, , o . We ob-
g, & p g o(& oy

T

- ol must occur in ¢~ (a, b). It follows from Lemma

tain * 0 because
ol 7
7, ps 80, that ~& is a simple root and that ~2& ,=3% , ... orc not roots.

This holds for every root ¢C. If wo replace o by =of we sec thal o is a

simplc root, whereas RoL,. 3% eee are not roots.
Ao » , ’

Now (41) may bo writteon in the form

©  capZ AR S e N

whore N = tr(E“E‘_u‘) # 0. Ve obtoin from (27) that N, is o positive ra-

tional multiple of O, = OL[,Q e 7 . Consequontly we have 0(.‘ # 0.

(43) - o"(h> = ZK ;\‘Jtr(HiHj) -
This quadratic form is not degenorate since (42) is not dogonoratoe. On the

other hand, we get from (31) that

(44) e (h) = 2 P(h)*
f°=ot,(5,-- .

Wo see that there are X lincar gebst,_aggon Rt ]3 s oee ¢ The only element
Amdap cadent oo ts)

for which all the roots vanish is O. Bub EhG roots vanish for the elements h

i

of the commutator group }' of j according to Lemma 4, pe. 75. IIencej)' 0;

é)/ is Abclian,

Tho bracket Eeu,;el{] belongs to ??DH'F‘ . Honece &—o‘., »&,3:( = Q-

if oL + [5 is neither O nor a root, ifgl +I3 is a root, we havo
iy = \ 3 3 3 -
LIZ.‘," 0.‘3] an,l?, ,eq’*_ﬁ (N“/P a scalar) sinco W**ﬁ is of a dimen

sion 1 and hence spammed by ’Q.u-(g . Finally wo havo [:,eo‘ e~°‘7 - I’L
. /
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Furthermore, if OQ 7( 0 is a root, the results of Chapter 2, 2 hold,

in particular Lemms 5, Lemma 6, (22) and (27)e

e aan]

Results: Let ,g, be semi=-simple. The maximum nilpotent subgroupcﬂ
is Abelian. Let hy, ees, hx be a basis of % The matrix Zf corrosponding
toh = llhl togea * ',‘L}'/hx in the adjoint representation of /g, hes O as a
)./-fold characteristioc root . The other characteristic roots oc ,/3» s eeo OF
’JC - the "roots" of /y - are all simple roots. They are linear forms in

)'1: seey ;Lx

2o N A B BN+ +Be AT
(45) X =0 N+ .. +g A = f3, Y VRVA N
There occur X linearly independent linear forms emong o, /3 s see o

If of is a fixed root, all the characteristie roots fD of H,

(P =0 ,o ,1’5 , ees) ore distributed in strings of the form

‘ -
(48) p—rem,..,,f M,f,P-l-—O‘-l...lf-l—f?o(
All the elements of this string are roots or 0, and it conbtains all roots whose
difference from f is of the form n *o( , n integer. The root ol Dbolongs to
the string =, 0 , & . Thercfore, n® 1is not a root for n = £2, %3, 4e0

To every root & ©belongs an element £ _, of g, such that ‘.
[:h ,e(x/] = R ALy » Here £ o 1ls dotermined uniquely but for a constant fac-
tore The clements
(47) hl, h2, coey h'b( IQQ‘IR’B".-
form o basis of /?, The structure is givon by

[, h'] = 0 for h, h! in 3",;
: 1 L
U_}g) [h/e_a_] = ol R (= Adhy +eeet AThy)
0, A+ P neither o root nor 0O

'e e = hDL’ + . = O
( * [3] N e s : +{'3} a root.
=P S oy ) |

i

e S

it

s
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Hore N is @ scalar and h,, an element: of%

&{3 zth

(49) ho( = ()'—lh'ﬁ"' see T O b .

The number

‘ £
(50) X, = XX, +... +K 'Ky
is different from O. The length k + k' # 1 of the string (46) is given by
Not
(51) g+1=2-&_-"5+1

%
where /\ = P + ko is the"extreme" root in the string end /\OL the' value of

N for At &3, ..., )\l= x e Let

= M\ L
(52) QA = Nh,+. .. +A Azrqeuﬁ‘_dzeﬁﬁ._,_-h+6;‘e“+o/-3gﬁ
be an arbitrary element of ,? Let A be of the corresponding transformation

X — Eax], (x ranges over g,), in the adjoint representation. Then

(53) 6~(a) = Le(A%) = 6(h)+ 2 o N N, = Zﬁ(@)+£a~a- /\/

P=o,B ...
. . . , 1 X/o /5’ f O‘l/3
is.a non~degenerate quadratic form in L™, eee, A, G, 673 s see 8
Here
-1 g(g+1)(g+2) ol g2
o [ -he, $ N S se

where g+l is the length (51) of the string ond where the sum extonds over all
the different strings. The number NOL. is of the form M, ¢ O(v. , IJIQL an in-
tegor 2 2 (as we are going to show)s The bilinear form G~ (a, b) correspond-
ing to O (a) satisfies
(55) (s o, ®) + 67 (@ Lp)) = 0, (2B 0 in g )

!

The form ¢~ (&, b) is invariant, de™ = 0 for the adjoint tronsformations

da = [ca.], db = [cb], ¢ in g

————

+ +
Remork: For tho string =&, 0,0( woe have g = 2, g{g.lg (% g) = 4,

We comnsider anothor string, choosing. Pas tho exbrone root of the string




The negatives of these roobs

—f, Pt .., G

are roots again, Obviously they form & string. We assume that both strings

identical. I = - + = Here, ‘g ¢annot be even
are identica 1enjD _’3 g™, f) :ii(x' r,g_
because no integral multiple of - is & root and f’ ;( T, Bubt g cannot
be odd, because otherwise P = % would asppear in our string
j;:o( 5 (% “IYOL , eves '%d. and O = 21"5 could not be a root. Hence
both strings are not identical. They have the seme ge  One number g in (54)
.G . . . . : - .
is }V . The others appoar in pairs of equal ones. Hence Nu = Mg(. * Ay,

where Mo'» is an integer) not a half“—in:bogor/and M Z 2.

An infinitesimal group ? is called the w_iw_x}_ of two subgrotips
,1} 3 and /g/z, if every element of fg, can bc represented as tho sum of one elo-
ment of ’?1 ond one element of /;] 2,’ and if furbhcrmoro Zz’xb] = 0 for a in g}f’l
and b if g,z. One sees egsily bhat yj , end y , 010 inveriant subgroups of
/? in this caso.

Wo shall prove as an application of our rdsults

Theorem, Every semi-simple infinitesimal group can be reprosented &g
the direct sum of simple groups.

Proof, Lot g, be somi-gimple of order r, and g 1 be. an invariant
subgroup of order rl. We dotormine tho sot ?,2 of ecloments s of g, for
which

¢ (a2, x) =0 for all x in gl
This gives rl linear homogencous oquations for the paromoters of a.  Honeo ? 2
is a vector space of at least » = ry dimensionsy If ¢ is any elemont of 3;

we obbtain from (55)

6 ([oa], x) +6™ (s, [ex]) = O
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If x end therefore [:‘cxj lies in "1, and if a belongs to ,y o then the second
summend is O.  Hence 4= (Ea], x) = 0 for all x in g-l' This proves tha'b‘
[ca] belongs tp 4)},.2. The vector space ,g o is therefore an invariant sub=-

group of /g,

Let a be ean element of the intersection /l?‘ af g 1 and gz. Then °
() = 6 (a, &) = 0 for all a., But /17\ is an invariant subgroup of ?Q '
If g *(a) has the same significance for ,49‘ as &~ (a) has for /g/ , We have
G *(a5 =g () for a in A9~ (compare the analogous remark concerning ,g '
& |

instead of /9\ on page§ 8l,Ynote. Criterion 1 yields that /\x is solvable.
Hence/\& = 0 because, by definition, the semi-simple group ? has no solvable
invariant subgroup.

and A are two vector spaces without common elements 0. The

1 2

sum of the dimensionality is ot least 7~  Hence

. r A L 23

. in the sense of addition of vector spaces. But Lgl, gzj belohgd o /g 1 and

/
/32 if gy < ,{g 1 and g, < 72*. Hence [gl, gzj = 0. Then g is the direct

sum of g , ond ,g/ 5* Obviously, /g 1 ond g o ore semi-simple, If they are

F not simple we repeat the same orgument end so on, We obtain finally a repre-

; sentation of ,g, as direct sum of simple groups.

4, The finite group(s)zmd the metric of the A -space
We consider the linear forms in AL, ..., 1\1
1 x
(g‘ = xl /\ * eee * xx K
All these forms y form a vecbor space i v The coeffisients X1y sae, XZ
are the components of the “woctor" f , }' = (xl, ceey xi).
Let be o semi~simplo groups Every root & determines a linear

transformation Sos in i
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, , . 25
(56) So: }’ e ? — a—f o
o= G 4 Xy
We call % an integral vector if & x‘_ /o( is en integer for every root oL

L

These integral vectors form a lattice.. In particulay the roots <, p y see

are integral veckors (cf. (51))s Hence, the lattice is-transformed into it-

self by (56).. Let

Porf-dy...,p-g B,

be & string of roots. Then g = _g..’..f!_" according to (51). Ve have

(¥ =0, 1, 2, ess, g) under Sy .. The transformation §  transforms roots

into roots,.
Let (S) be the group generg’ced by 'bhe'trmwfomafions SuL . Every ele-

ment S* effects a permutation of the roots ok ,/3 s eee o Conversely, S* is

deterxgined uniquely by this permutation because there are }( linearly independent

roots. It follows that (S) is of finite order s. The number of different
roots being r-%, we have s £ (r-%)i

We replace £, by Wa.’ed. s W # 0 scalar, as we mny. Then
)9 -1‘n (‘5'2) has tq be replaced by W:d;c and hence ¥ in (53) by
N WoW_ . This shows that we may assume N = 1 in (63). We denote
6 (h) in (53) by g (A ). This is a non-degenerate quadratid form in

AT seei A AT, the sum of the squares of all roots of I} s .one s We put

o NV AR :
(57) 5)(/\) ‘ R?,g NAT g’.(,l”m) = 23‘.« )\?—/w‘s
3
We consider twoL elements a, b of R
(58) Zaz'ik‘h,-_ T2 &R =ht I £

. L O
b= Z/wk”-‘bgz-‘ ep = h+ET, 8
o4 -
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Then the bilinear form &~ (a, b) reads (cf, (53))

(59) e, 8) = QEnp)+ 2. ST,
' ﬁ“d//sl' '

We derive from (55) for & = c that

(60) 6~ (a, [oa]) = O
We choose here ¢ = £y  and have, according to (48)
l.'eoca'] = - Ry Oy hg + Zﬁ; Na',y 'enc-f-_p
where the sum extends over: all P for which & +/0 is a root again.. Ve
take b = [',eu_’ a] in (58), end have (of. (49)) ‘
| ! = . - t L -
'(U 6;0\"\,«')&“6:.0‘0(‘)_,)’4- —-6':0(0(
K ‘ , =0
Tarp =% My  sorp oot
0 > X p '-F()Md.mai‘a.nw't

Pubting this into (59) we obtain’ from (60) (o +j° == K)

Ly
0 = a2, 60D+, (-0 + T 6, S Mo,mar

In the sum, (K runs over all roots for which SD = =& ~ K is also a root.
This holds identically in A and the ¢~ 's. Hence
)
g (%10") - o = 0

= t -
(él) Na"fo + N@,n o (0(. K‘P roots, 0(1‘K+-f)__0)
Using the notation (57), we write the first condition in the form

4 i R
; K

(62) - Xy = é-—ﬁm X
The determinent \gik\ does not vanish g ( X ) being not degenerate. Let

u gik “ be the inverse matrix of B3yt
63 cxi' = L .
68) i-; F *x

We define a metric in the vector space (f by setting

(64) (?,7)'—*5}5”&% {wf;—in/\‘)a;f.Zy‘.;\i
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-

Equation (63) shows that £ 1, PR ogx are the contravariant compon=- -
ents of the vector (s and the cholce of notation o4, & *in (45) and (49)
is justified. Furthermore, (63) enables us to find h, if OC and the metric

Lamre tovly
are known, If o, /’5 and O(+/3 3/“ TY(63) yields-

(65) horg = Mo +hg ; o, B+ rtovts

Furthermore, we obtain fram (63)

(66) g“ = ,ZX‘-LO('%‘ = Zg{i‘?xﬁ_‘ 0(& = (?lcx,)

In particular, X = (o i oL )

oL N
The transformation S , (66), can be written in the form
(67) Se %‘ —_— = .
« $ g o) T = ,
It is a reflection in the plane orthogonal /K?
to oC tHrough the origin. l
S
There are }[ independent wvectors ot N

smong the roots of /?. We can assume that

they are chosén as the coordinate system in

;8, Then 7\.1; 7\.2, cae, ;\,’iare roots. ]
’
Let g = Xy }\1 * see * x}/ ?\’1/ be an integral ?

H
§
P .
.
i
H .
H :

vector. Then i‘?“ is an integer for ol = ;\‘1 (=1, 2, ees, Z)-
&«
Prom (66) follows for o« = A =

” (¥,
(%) 2. ¢ = Z Lz “)) Z 3/ ,w_ /g“, = 1( (Ql integer).

94, h’&M'Mcwnmt €= X% ave A,u. Ahat 13“{/3“ mamwv‘-

We can solve these llnear equationgAfor xj, ees,, x/-{ s:moe g ‘ 7! O,

We see that the xk are rational numbers with a Tixed denominator which is inde-

pendent of the spgcial intégral vpctor}.
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Tt follows then in a well known manner that there are X integral vec- ' J
tors ? such that every integral vector is a linear combination of them with
integral coefficients. If we choose now these /1/ vectors ?’ as the coordinate h
system, the integral vectors are just the vectors with 1ntegra1 components.
In particular, the roots !D have all integral coefficients.
The quadratic fomg (AN ) = 6 () = Zf(h) has integral co-

efficients and is positive definite if we restrlct '/‘\, to real valuos.

Results: It is possible to associate a "vector diagram" with every '

semi-simple group /%/ of order r, This consists of r-)f vectors in an X-dimen-
sional vector space of in which a metric is defined by a non-degeneratc guad-
ratic form. ,1/ is the order of the maximum Abelian subgroup f of 'g" If ¢ :

and F; are two vectors of thc diagram, the vector /5 ' obtained from /3 by
id

the reflection in the planc orthogonal to Ot belongs to the diagram. Further
more, [b - ’3 ' is an intcgral multiple geh of o« and all the vectors
‘3 s [.l) “R , ees, ﬁ—goh belong to the diagram, All veetors of the diagram
have integral coefficients when the coordineto system m(;'f is properly chosen.
The metric fundamental form is positive deofinite for this choice of the coordin-
ate system if we restrict oursclves to vectors with real components,

There exists a finite group (S) of linear transformations in g which
is goneratod by the reflections Scx. in the plane orthogonal to o ( R voctor of
the diagram)e The whole diagram is transformed into itself under the trans-

formations of (S).

The problem of dotermining all semi~simplc groups was solved first by

Cartan in his thosis. Another method was given by Artin and van der Waordon

(Meth. -+ vy Zutcdvr 37} P’f‘fé ) who constructed all possible vector dia-
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Erams . Coxeter constructed all finite groups generdted by reflections., His

results yield a third method (cf. the last section of Chapter 3.)

5, Determination of the infinitesimal group by the wvector dia'gre.m

We want to pPfove now:

Theorem., The semi-simple infinitesimal group /g, is uniquely deter-~
mined by its vector diagram. .

If the vecbor diagram is given, we know the roots oL ., hénce the form
g'( L) = 2 p (0)?, (57) and the h g , (49) and (63). The whole constitu-
tion of g’f’=ag)’ will bo lmown if the N5 ere known.

We have the following arbitrariness in the construction of the diagram:
1) There are many possibilitjes to choo;e a maximim Abelian subgroup } This
is not of interest at this moment. ‘
2) We can replace the basis hy, es., hl) of by another basis. This corres=
ponds only to tramsition to another coordinate system in SC If the coordin-
ate system is chosen in theé ‘manner described in Chapter 2, 4, "Results", only
unimodular integer coordinstbe transformai;ions are permitted.
3) We can replace £, by ra.d,em R )\L& scalar. Tho only necessary condi~
tion for the ‘ULQL is that

(68) Po Pow =

lest the normal form (68) of O~ (a) be changeds Then N‘p is to be replaced

by
o [0
(69) N:‘ﬁ = I\/dl,s w/‘r:f(s

(of. (48))e Here o\ , ‘% and ol + /’3 are roots (N 8 is only defined for
4

subscrip'bs o s satisfying this condition. We will call such systems N and
ying
«

Nt, (69), equivalent systems,
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We will dorive now the conditions which are fulfilled by the Nxﬁ

We set N&p = 0if & +]3 # 0 and not a root. From (48) follows

(70) l\Qp = - /\/‘a,:‘N (ot+p3 2 06)

Three roots ot , 1’3 ,’)/ for which of +/5 +3" = 0 will be called a triangle.
Equation (61) yields Nmp = -Nol.r' = hym ond by permuting <(, '13 » g~ cyelie-

ally we have

(71) NM3 = Nﬁr = Ve (o, EEY trimgle).
Another relation can be obtained from Jacobi's identity
[ e, Cenep]] + (e, Cop 2aT] + Loy, Loz, 063]= 0
Let o, 3 , 7, ond ot +[5+ 79" be roots and /3+3< A0, Y+ # o,
oL+ [! # 0. We obtain from (48) _
/\/{53‘ C/e°¢,2(5+y] + ]‘\{xa LQ@.,JthJ + NQ,_‘@, [27«, ’Qaf-p’! =0
Nﬁ'&‘ NQL)‘M_X- + Nxa; Np, v+ + N“l?’ Ny wrp = 0

(72)

after suppressing /Qg__,,{“r;( 0. We denote the rogt = o by oL ', =3 by

B',/and so on. If X +[.’)+T=-J"; e(,ﬁ ,a/,ap form o quadrangle

of roots,. Theg2 are four roots o, I3 , 3~ ’ rf with vanishing sum

o +[),+3/+(f' = 0 for which F’+3/ O, yrot £0, %+ £0. Then (71)
gives us

N Y R B )

and (72) reads

72% N + N + = p
(72%) s NF‘Z“ N{N re NXJ No% o “zﬁ:d‘,f quadrangle)
Let the root F) belong to the o =string
- §
{.5 RQ'(‘ s p{s“o‘\ot) ﬁ+o‘1-";[&+'?0(’ (/3**"'?‘3(':/
If R, 1is a vector belonging to /3 + RO | we constructed in (19) a veoctor

’Q’l€ belonging to (33 Hence '€/K= ¢ 2‘3 , C 7! 0 scalar, because there is

only cne indepcndent vector belonging to [S . We may assunc /Q!Q = 2 3

Ir ,QOL-—., E‘,L ’ 'e"ot. —~— E‘o( in the adjoint represenbation, wo obbtain from (l‘
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(21), (22), (g = k+k') )
wa Eoc e = Mue E-OL Lo = e =(RA -~ k“‘"”o( )/(:‘,g

oo By 2= M(BER- B )u, oe = Aﬂ_g,t”%e,e

Now, E‘o‘/e‘Q = L/e.(_) 7 &—-d L'eol 'Q‘R] -“, f’eoa‘e-&j]

Efe—-u E,e' ,2.‘]] /K(f”-o.lj . /Q{}

L 2., E’Q*i‘e'f‘-]] [£—u1) N,q; 48“*/5] ot /e 3

According to (71 we have N N To aenote i:he fac~
g ( ) - “1._‘3 4[3'..0\_ Q( p .

tor of ’8{3 on the right wide by KADQ,_{, and have

{
(73) Nup Nu‘[&' = - //Qo(.lg = - Aﬁi—g—ﬂ-}* (o¢,0t)

ol , 13 , O+ [3 roots, /3 + ky and /3 ~kt'ot extreme)

It is important that (R“IS is"kmown if the vector diagram is given. Obvious=-
ly, ’R“l"‘ > 0. .

We arrange the roots in the following way: We write & > O if the
first non-vanishing coefficient in o is positive. We write ol > ﬁ if
oo - >o.

After these preparations we will begin with the proof of the theorem
stated above, We assume that there are two semi-simple groups g and ? *
with the same vector diagram, the constants in (48) being 1\T$‘(‘p and N:‘ﬁ re-
spectively. Ve have to show that both systems are equivalent,

Let P be a fixed root. We assume that the [4—% havo been deter-
mined for -§) <ot < SD such that (68) holds and
(74) Nat.‘% = [uflp N

M +p

is true for = f) <ok P) w < [D ol + [3 + () = 0. We may thon assume

by an cquivalent system t‘\&t m haare

£t lacing K*
after replacing “p

(75) N:[B=No\p' f&m=lfor-ja<0&,($,oo (F;&-}-ﬁﬂ,\)_—;o.




Vie have to deterriine [Lp 5o that (74) holds for - f $ ot , p oW =P ir
one of oL , {3 , &) has the value tp-

Letg',f be two roots with = p < 3 -5/0,-/3 ._Sf__gfo ,
¥+d =p. memo<yp,ox J <p. 1£ot ,fd are two roots
with’-féb( s P,-fé/b $P, o +f == p, then - <ok <0,
P Ppcomia, By ,d"  form e quadrangle except in the case

A = - Yoor - d ., From (72*) it follows that

. N&[B Nwda =-N°£JNﬁI -N{Scf N;rcu
The same relation holds for N*. There are only N on the right side for which
the indices and their sums lie between - P andJO. For instance
- <L €0, 0¢ d CpL-p o v« P . The value of the right side
is not changed by replacing N by N* according to (75) (if, say, o +(f is not

= = * .
a root, Ncuf 0 Nd‘{, ) Hence

(76) N N = N* = N*
) wp gl T lup Ty d
We determine now r(.__P so that for our fixed pair ’3/, f holds
(77) N* = N
e )
Then (76) implies (74) because of [*s =,~4P = 1, "j’ = oL +/3, Hence

(74)holdsfora11°t,,$ w*ith-f)é q,p §F, o<.+{3 o except
OL="'X, l}""(Y and OL'—"'C[,{'& =-3f. But from (73) it can be

seen that

(78) N N = N*

! N*
oUﬁ “"\ lel
because Ro,_(& depends only on the vector diagram and is, consequently, the same

H Nu‘.@

for both groups ?, and (g*. We apply this for K = 3' , [5 =<,.(’ and ob=

tain from (77) that N*i

¥ U N’K"I' /r(..f . Hence (74) is true for
ol = 'X’ =% (‘.) = - (f Finally (74) is true in the other exceptional

case oL=~d , P, = -’X‘ because of (70).
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We derive from (74), by using (71) and +/'3 + &) = 0, that

N* _./‘_(_E‘f"w Y N
5+ f‘tlb-rl-d I\/[gw) i A o A/ww

(The fractions are the same as in (74) since

if we set /‘Lf;i/lw‘f
M=l Mp =5 Mpre = Mog =l Mopa = b
/‘4 = Iu-o(-'}. = /LLP = 1/,'%__}0 .)  (74) holds therefore for all

"triengles" o , ‘3 , (W with "f Sk, /5 , W £ fp for which one of the
roots at least is f? The same is true if one has the value -}0 as is seen by

using (78)‘&116. I"L‘Lr- ]./IL(_.°L » /‘({3 51//'(_,_/3 9 /‘{w": [/,{"N'

We used the existence of roots ’J‘ d’ between - y and lo whose sum
either

is 50 But if there are no such roots, we have no roots[between -/o and/o

whose sum is - F , since the negative of & root is always a root.

_(5 6\)// and this finishes the

~—.,..

In this case

(74) is certainly true for all triangles oL

rd o o e

proof of our theorem. . I me- —-P< L4 [blb\)(.ﬁ/

- ——,

- ¥We used only thab N“i} and N* %p satisfy (70), (71) (72*) and thet

?o(ﬂ is the seame number for both in (73). Then we could prove thetb N;‘(

and Nd{} are efguivalent sets.

It N satisfies the copditions and if we set l\T’;p = -Nu'ﬂ'

&P

then N;‘P satisfies the conditions with the same ?"‘fb . Consequently there

are r{d_ such that

N, = Lsle Nap (2 praefrocts )

(79) o« Poep
Mot = 1/1a N

We put F(Jd_ = \} (A* where the sign in the radical is fixocd so that I‘L"" = ‘//a:

From (79) follows ~g M
- NQ‘. ' ’ﬁ'fg'g'ﬁ A/og{s
~ ~ r"ou-p
- ﬁi:—;m N, = fk“ f&P N
N“.'ﬂc ol l?)' /“’0‘ r(b o([3
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yos ~ .
The equivalent system lt;i{ﬂ-_m“ , =% " satisfies the condition
ar ]
A
Ne('fs' = N wpd We replace I\I‘%’3 by the equivalent system N %3 as we may.

We, fix then the arbitrary scalar factor in Qg . We have

« . Ny P B Notﬁ
From (73) follows =N2 = =R But R is positive. We see thet N,
(78) o % oo P kp

is real end # 0, (ot , I’y , ot +/3 Fo0t8)e

deeed,
Results: The elements ,eo(‘ in #, can be chosen such that NO?P in

(48) and fulfills the condition -N~_¢’<l~$ = Nm{} #0if ot ﬁ and
+ = . . s 3 Y = =
oL f‘\) ’a!‘ are roots Under the same assumption N"“P Nfﬂ’ Nyg&

holdss We have N‘*IB = ’N[sou . If o and [3 are roots but not oL + /3

we set Noc{& = 0. Finally,

. ud Ty " Nar afoc ' Naff =
if o, l}) ,3( ’ (/‘ are roots ard 0(+13 9/ + = Q, /3 +9"' 7-’0,
Fraxdoyx+B g,

o

Row x s

i

We “assume now ,théd: it is possible "b,o,, split the, vector™diagram intaq two

4y PR ; v 7
Hd = hE

parts, the fir_s"b:_' part lying in a supspace é""l’ and the gecond pé.rt in the sub~

space £ orthogonal to i: (1,9. every vec‘l’ovv of gf is orthogonal

tp, every veotor of. i ) Ve choose bhe coordlnates suoh that the first }f' com=~

S \ o
ponents venish for the e;lements of i o~ and the last X-¥! components vanish for
the vectors of EL w'e have then gk =-0-for 1 > }f' = ,'(' in (64).",» ,I‘q fol-

lows from (65) “that the ,1/-}[‘ last" covarlant components of O va.nlsh also if o

g
i

. - W e < ) R IS
lfes in (f, I “,s

¥

> The subspace »g/l of Ig« spanned by o 224
! ' A Il“'. <‘\: ’ . . i E3 ;
) ) )L h + o ¥ 7\1 “ﬁ;e, and A& fwo& in ’af, ?

forms a ‘subgroup of %, as follows fram (48). If, nemely, ol lies in & s WO

ey 4 (Q) , :
have oL S ese & A = O andr be’longs ;to /g/lo If . and 15 be=-

‘o . ) oK H o ¥ *
IE 4 Fs

* 4 . ¥ * kN b "
2 . * !

o
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long to clp 42 80 does & +/3
Similarly, the elements ; .

(leﬂ)A' r}(zk ) . .

A l’l,f.l + . ‘*/ ‘t ahd /2,3 ) /3 in ({a

: define a s‘v.bgroup.g‘z, If  lies in o{ 1 end /} in £ 0y OfL F /3 is not a

root, for o +/5 tan lie neither in i 1 (otherwise /5 wohld lis in t'f 1)
‘ nor in o{ o+  From (48) follows [7,(,7/-'] = 0 for 4¢. in gl, V- in yz.
:‘  Hence «g is the direct sum of /j , end /y 2
- 7= 418
i and g , and 7 o dre invarient subgroups.
}‘ ] If, conversely, a group is the direct sum of two semi-simple groups,
“ »' the vector diagram splits imto two parts which lie in prthogonal spaces e

Ey splitting the vector diggram in mubtually orthogonal parts which cen

not again be split themselves, we obtain again (cfe pe £8 )

I's
Theorem. Every semi-simple group is the direct sum of simple groups,

!\1 ‘ . ————i e
F - .
We have nct proved yet that the vector diagram 4s uniguely determined

by ,?', There is an am"biguiﬁy with respect to the choice of f Nor have we
| proved that to every vector disgram belongs a group when all conditions are ful-

filleds

6, The unitary restriction
Let /?/ be a semi-simple groupy  We choose the basis (47) as in Chapter

2, secse 4 and 5, suth that all the roots have rational coefficients and that the

N are Pealy (Cf. the sumnaries on pPpe (IS/ 99 )

% b
The quadratic form 5~ (&) reads

s~ (a) «::5’(/\) +ZG:(6'_‘_°,. fm- Qa = iZ,\éh;-f—g‘G;/ei

We consider now only such eleménts a4 for which

a) )\j =27 i ?J is purely imaginary. We call sp 1, e, (f‘e the angles

of a,
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b) 6-“___“:-51

&
These a form obviously a vector space W/ of r real dimensions. Te can use as

W 14
basis of 44
Thy o thy, Rum Ry, veu + o), :
G (a) is negative dofinite for a in AL since ‘7 ( 4) was positive definite

for real ;L

Lo
We state now: A is an infinitesimal group. We have to show'that

the brackets of elements of the form h with purely imaginary A and

o By +6:°L/e_m - G;,Q&--Ef;",eﬁk belong to  4f But we
have {:h, h'] = 0,
[h, 6x € SR | = Ly =B ()R

This belongs to 44/ because = ol = oC for purely imeginary 2_, 3
ce-Z e, ,Taes-Tp e_s]

(80) = 6: 17[3 Cﬁiﬁn‘] S QL(Z:[& Lae-d .Q.P] - 5’"&; [',2 137....6" [,Q ’e

=3N°>P < T Ryap + Moy, -p % Ty £, p- Mg TTp 24 N_«p G;T,
if gt | But we have N—a-—p = "Nafé = real end oorrespondlngiy

N = -N'*'P « real, Hence, (&) is an element of M/,
Finally, if o = % P , Say o0& = I} , We have to replace the last two
terms on the right side in (80) by .
Q’E:ﬁ h'd; — 0‘:;@-[5 h..g = (" 6;.(?}.} fETp) I’Lu.

This is an element of M also,

&
We denote A4 by the symbol /g.w (unitary restricted group A} ).
v
Then /‘3% can be obtained by imposing .-real'ity condition on an appropriately
chosen system of parameters in /? It follows that a linear function of the

parameters of ,g, vanishing for all elements of /g% vanishes identically.
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7e Automorphisms of an infinitesimal group
Let t be e continuous group of transformations of a point field

An automorphism of f is a one-to-one mapping ¢ —» c¢* of C upon itself such

that from cq S 4 c{, Co —=y og it follows that 0105 —y c{c%‘. The inmer auto-
morphisms are the automorphisms of the form ¢ ~= o* = sc's"l (s fixed element

of f )o  Every automorphism transforms the unit element into itself, If we
assume that o* as function of ¢ satisfies some conditions of differentiability,
it follows that infinitesimal élemen’cs are transformed into infini’cesimal. ele~
ments. Every automorphism of f yields in this menner a mapping of the infin-
itesimal group ? .of 'f upon itself. We see readily that this is a linear
transformation of the wector space ? such that if x —y x*, y — y* it fol-
lows that Ec, y] -— [x*, y"?. Such a mapping of an infinitesimal group ,g is

called an automorphism of A4/ * The inner automorphisms of /% are those which
I/} 7’

- —

* It should be noticed for the following considerations that the clements x of
correspond to elements"l +& x" of ¥ in the neighborhood of the iden-
tity (& infinitely small),

correspond to inner automorphisms ¢ ~—7 sos-l. This is the transformation cor-
responding to s in the adjoint representation of @ If we take for s an ele-

ment in the "neighborhood" of the identity, s = 1 + § a with a in g , We ob-

tain an inner infinitesimal automorphism of ¢ : x a—)[ax].

We consider an automorphism of /? ;.(n the "neighborhood" of the identi~
cal aubomorphism: x _.——-y(f(x) =x+g& T’(x). Then x — T’ (x) is a linear
transformation in ,? and from ({«'(Ex, y])= [Lf(x), (_f) (y)] it follows that
Lo v+ £ T vP =[x y]* £[T6), v]+ & [ T+ £ 2.,
(51) T(Cx41) = [T+ [ Tiyp]

We call linear transformations x ——y T (x) of ,g with the property (8l) an

infinitesimal automorphism of 4 .

7

¥

D o -

- ——t ——

AR RN DT m Tl R

- e R
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Theorema ihe infinitesimal automorphism of o semi-simple infinitesimal
group are all immer infinitesimal aubomorphisms x,_—-yExxJ of /} (E. Cortan)

Proof¥ We extend ,?/ to a group /H° by adjoining one linearly inde=

——

*+ Qartsn, Bullebin des Sciences math. (2) 49 (1925), p. 130.

pendent element T to /} and defining the brackets by: [ ’Z"I a]= -Z;;T]=’[’(a)
for a in ,g . E'U,T] = 0, We have to show that for three elements a, b, ¢
of the Jacobi relation holds:

(82) [_‘a, [, c_]]-l- Lb, [c, aj] + I_c, [, b]J= 0

It is sufficient to consider merely the case a, b, ¢ either = T oraea, b, ¢ in
/?, because of the linear charocter of the bracket symbol. We can assume that
at least one is =T ond we may take o = T, If b and ¢ belong to /g , (82)

Fd
reads

L T, o) =lb -T)]-[e T (b)]= [v, T )]+ LT @), c]

and this follows from (82).

Ife =T anddb=T , (82) is trivial,

[-T:T‘C)] + f’c" *'C(C’] + 0 = 0

Lot us assume that A~ is semi-simple. Then A/~ is the direct sum of
simple groups and == as the proof on pages 88/89sho'ws -= overy invariant subgroup
of A" may be used as direct summand in a decomposition of A, But /? is an
invariant subgroup. Hence a formula
holds where /6/) is an invearisnt subgroup. Its order is necessarily 1, Then,
however, ({) is solvable in contradiction to the assumption that A is semi~
simple.

We seo thereforec that Af' is not semi~simple, Let fibo a solvable in-

variant subgroup. The intersection of Af and /% vanishes because it is a solv-

o e e S s % ol ;'-"g._ . .
q
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able invariant subgroup of the semi-simple group ? Then [4{ ,y,] vanishes

too as a subgroup of the intersection. " Hence
N = ,,«OJ, + A
where ‘has the order 1, We represent ¢’ as sum of one element a of g and

one element t of 4 Then, for'x in :
T (x) = Ef, x] La*fb xj La, xl Eb x] La, x{, Qecede

"It follows from the Jacobi relation (82) that the transformations ¥ .

x _..,.[e,x] are infinitesimal sssseer automorphisms of % Distinct elements a

and b establish distinet automorphisms. If, namely, ['a, x] = [‘b, x] for all x

in tg , then L;-b, x] = 0 and a~b would be the basis of a solvable invariant

subgroup.

Going back to the continuous group C we know that the infinitesimal

7
elements of the group of automorphisms of /(OIL and of the adjoint group of f

ard identiecal. Both groups are groups of lineer transformations of the vector

space .dg/, On effecting an infinite number of successive infinitesimal trans-

formations we get:

Theorem. Let % be a semi-simple continuous group and /? be its in-

finitesimal group. The adjoint group of 'ﬂ is identical with a subgroup A of

the group A of automorphisms of /(»J/: cons;ls’ds of those elements of A which

can be comnected with the unit element (the identical automorphism). €

We have therefore a topological characterization of the set A, of inner

automorphisms of /g, in the set A -of all aubtomorphisms.
We consider o fixed element of the adjoint group x —>» sxs — or
1+ € x —» s(1+ & x)s-l. By multiplying an infinite number of such relations

o1
fb?f o fixod s (integration with rospect to x) wo obtain the mapping ¢ —> scs“lq

We see:
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Theorem:  Kvery autonforphism of & semi-simple continuous group zf
which belongs to the class of the identity is an inmer automorphism of f

it is easy to give examples of automorphisms of semi~simple g;'oués
which admit sutomorphisms not belonging to the class of the idembity. Let f
for instance, be the orthogonal group for an even numbe;' of dimensionse The
mapping ¢ ——= tc‘b"l, ¢ in "6 , t a fixed orthogonal transformation of determin-
ant =1 is an automorphism but not an inner automorphism of f .

Let /g, be a semi=-simple infinitesimal group and g% its unitary re-
stricted group, The determination of a such that
(83) [ex]= T ()
(where ’t’(x) is a given automorphisn) depends on linear equations for the param=
eters of a. We choose the parameters in such a manner that the elements of #w
are characterized by real values’of the parameters. If T’ (x) has the property
thap it transforms Af, in itself (T (x) in G if x in A, ), then the
equations (83) for the parameters of e have real coefficients. Since we have a
solution, we have a real solution. We can find an a in ﬂ'w

Every automorphism of ,g“v can be extended to an automorphism of /g

We see that the three preceding theo.%s hold for /j'u, and fv.. instead of ?
and é) Here f,u, is the continuous group belonging to the "real" infinitesi-
mal group ﬂ W

The automorphisms of ?, are linear transformations x -——p ‘_)p (x) which
have to satisfy
(f([e,i,,,e,{]) = [plei), ‘f)('ete)_]

where £ ees, AL - form a basis of A{JL This is a finite set of algebraic

1’
conditions for the coefficients of [)0 In the case of g% we have to add

reality conditions.
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The cheracteristic polynomial f£( (40] 8) of the matrix A corresponding
to the element a of /g in the adjoint representation is indepegdent of the
choice of the basis of A We take the basis (P(&.), $p(Ly),-- .,szffz)
in order to find £( (O I(P(a)). The matrix corresponding to {79 (e.) then is
the same matrix which corresponds to a if we take the basi's L 1’ 'e'{ y sooy /‘97,
of because from L-a,QK] = Z 8. n &n follows CKP(‘U, ‘F(ER)J
= ZQ“/‘A (f(*e,\) . Hemce £(W}a) = £( W‘(f(a)). The quadrati¢ form
0~ (a) is the sum of the squares of the roots of f(L-.)' a) = 0. Consequontly
07 (a) = 6 ( (2))
The quadratic form (5 (a) is invariont under the transformations a ——--)(P (2).
If we restrict ourselves to the unitary group /gu_ the form 0 (a)
is dofinite. The automorphisms of‘/g P x _-—y’Z,’(x) leave a definite quadratic
form invariant. They are defined by a finite number of algebraic equations for
the cgefficients of T. Consequently they form & campact set A.  The same is
true for the part Aj of A which is connectod with the identity. We obtain:

Lerma: Let C be a somi=simple continuous group and /9 its infinites-

imel group. Let Co and 43% be the corresponding unitary restricted groups.
The adjoint representation of Co is compact.

There are, in genoral, many continuous groups belonging to the same in-
finitesimal group. For instance: Tho group of rotations of a circle and the
group of translations of a straight line belong %o the infinitesimal group of
order 1. But thcre exists alvs;ays o simply connectod continuous group C to o
given infinitesimal group 43, Every othor continuous group C* belonging to

&J, is homomorphic to C and C is the simply conncctod covering monifold of C*, *)

* (f, the notos of last year's coursoc, ppe 106-110,
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We will call C the true group belonging to /g, We are going to prove
that the true group belonging to ,{67% has only a finite number of sheets over
the adjoint representation. Hence we will get the result that the true group

belonging to (gu, is also compact,

8e Adjoint group and true group

Let be a semi-simple group. We call the elements of% the main

elements and the parameters ) 1, cee, ;\,h in .
= h(A,.AY = 2 ATh
A= h + 2 0y Ly h = ’o

the main parsmeters. The 6: will be denocted as supplementary parameters.

We write a = {)\',...,)\t,@'(f/‘jl-..)
The adjoint group A of Xg is a group of linear transformations in the wvector
space /(3, . Its infinitesimal ?18111611‘[38 are given by x ——a[axj. The corres=
ponding transformation of A  in the"ncighborhood" of the identity is
X~y x! = x +.[ax]o(’t (d t infinitely small) or dx = Cax]dt. Let K 1 pe
the main parameters of x, and ~T'°(' the supplemcntary parsmeters. We have
if a = h is a main element

dr* = 0 5 dTy :“’C‘m'o“’“
On integrating we obtain the finite transformation
(84) KY/ = k¥ ) T = RY Ty

These main olements (& ) form an Y-dimensional Abelian subgroup of A, (& )

o f
being the diagonal matrix with % clements 1 eand £ , £ , ess in the main
diagonal,

We confine oursclves to the unitary restricted group A% , Then

J : L
AN =271 (PJ is purely imaginary., Ve have & = 2J i(«¢, l{"-!-. L™ p P )

N
We denote K 4 (.f' L+ 0‘1 ¢ now by % . We must replace (84) by

(85) oL kv ! = = — oY
] K = KY T RIUT, ot..-z_cxd’tf

procw o
Y -
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This is the trensformetion z — x' = (& )x( g )']‘ expressed in the paremeters
in accordance with the definition of the adjoint group.
Thoorem.,  Every element t of &, can be written in the form ’b(,_l(rf) £’
where 1 belongs to AM. and (£ ) is a main olement of A’H. .
Proof. We assume that t has already been represe-ni.;ed in the form of
the theorem. If the equation t + dt' = (Wrdaw) T((£)+d(E))(w +dx) is to

hold, we must have *

* Of, the analogous considorations in Chapter 1,13 , pp. 54 ~ 56.

(M +dn ) (K +dt] = (g1 +d(e)) (Wrdn)
du- t +u-dt = (gydw + digy ¥

We multiply by t™ AL = s (£ )7 and got
-t w0 = () (i) (2 e )E)

Wo write OW for dw.- 2 "1, ft for at « t71, (€ ) for a(E) * (& )'1.
These ‘elements must be elements of /(7,‘_ , in particular J(&):IW{A(J;D: lf(?ej
Hence
(86) s Lt w = Amihlde... A t)+{ (erduley'~ Ju
On comparing the parsmeters on both sides we get by using (85) to obtain the
parameters of (& ) C{:lvt (Z,)-l _
(87a) ;LJ (%J’t‘-u"} = 211 51(/’"'
(87b) 6o (u-Pt-u) = 8(“)@(fw)——q;(ﬁc}= o (du) (o)1)

If no O is an inbeger for (& ) we find 6/('03 from (87a) and

0;' ( Ju ) from (87b). We have no conditions for the main parsmeters of e

They can be chosen arbitrarily as con be scen directly also.

We call an element (£ ) regular if no o« is en integer. TWo start
from an clement t of thc form ’U.,-l(ﬁ) W (for instonce t = (£ )) with a regu-

lar (g ). TWe obtain thon an analogous represcntation for the neighboring

pom e o
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elements t+dt and can continue as long as we do not come to a singular (£)
where one of the linear forms (L has an integral value,

Lot </ be the set of elements of i, of the form wHeyuw, # in
AM , (‘E_() regular main elemel_';t. ﬂ- is open as follows from “the above consid-
eration, Lot A— be the boundary of ci If tn in CI tends to a point t* in
,4. , We can represent tn = q(,;ll(a)n.um: Now, Auis compact. Consequently
there exists a sequence n = By, Do, eee of integers such that M , ~> 4 *.,
(2_)n —+ (g€ )* converge, where 4 * and (& )* bolong to Ay - The eloment (&)
must be a main element. We have by going to the limit:

£ = MATLE )R ¥

Neturelly (£ )* here is singular, -

The theorem will be proved when it is shown that /-1- has threes dimen-
sions less than A‘M . Then AM. willfno’c be decomposed by /4-
~ Let (£ ) be a fixed singular element, say £ (P) = 1 for (& ) where
27 if) is a root of /? The parameters of (g )x(g )_1 for an x in ‘(7',‘,_ are

expressed in terms of the parameters of x by (85). We see that x = x' for

- .l /*
(ie0e for K* = O, Tou = 0 for ol ;(’9, ‘P = 1), for x = 'e"f

X = 'ef .
and, of course, for x = hv. These infinitesimal elements generate an (,l/+2)-
dimensional subgroup /V‘ of (fir‘li'be) transformations A of Ay, with v(& )v—1=(f_ )e
Then uv(& )(uv)—l = u( g )u-l. The elements which con be represented in the
form u(g )u—l, u in Ay , form therefore an (¥-2-2)~dimensional menifold for a
fixed singular (£ ). The singular (£ ) however form en (F=1)-dimensional momi-
fold ( ol,q?‘ + L. F 0‘;_‘-{’"’ % 0 (mod 1) for at least one & ). Ve obtain

(r=Z-2) + (¥~1) = r~3 as the number of dimensions of A— as stated above. This

completes the proof,
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Theorem. Let ’3‘* Pe o semi=sinmple infinitesimal group, unitary re-
stricted. The universal covering manifold f«, of the adjoint representation
AM (isee the true group belonging to y“_ ) has only a finite number of "s.h'ee'bs*
Hence fu is compacte.

Proof. | Let £, = (50) be a moin element in A,A(’: for which oL ;/3 ;oeas
are 0ll different. Let tg be on element of fu which lies over toe Ve con=
sider a curve fl‘ * in f,u starting from tg and ending in the point tI lying
over to in o given sheet. The curve 'J" of A, which corresponds to 3"* (the
projection of T*) is closeds Vo con assume that the curve 2"- docs not pass
through peints of A’ This does not mean a material restriction since 4 has
three dimensions less than A, . Ve represent all t on 3‘ in the form '
t = u-l(g Ju such that u and (£) ;epen;l continuously on tv Let ul and (£ 4)
be the values we obbain when t corfes back to 'bo after running over / Then,
(38), (€)= 5, = wp (€ )uy

Then the diagonal matrices {§ ) and (& l} have the some characteristic roots,=

]

perhaps in another order, Henco & (ol),: /é,({s), <.+ undergo a permubation
if +t runs over ?4’ from ¥ back to t .-
0 o]

Wo assume now, that this is the identical pernmutation. Thon R ,/'b T
return also to their initial volucs because of X 7/ 0, ﬁ ;( 0, see (mod 1). We'
replace of , [5 , vve in (&) Yy ,,5@ , 3?3 , see o Let (a(})) and i
t(}'>= uhll( 3 ( 9') Yu be the the matriges wo obtain from (& ) and t in this monnory
If t+ runs over ’X", t(}) rMms over o Qurve r(é) We helve (£o) = (61) in
(88) wrder our presont assumption.  Therefore u, is comutative with (& )= (€ 1)
By using the fact that oL, fﬁ , wee aro 0ll distinet for (Eo), ono readily
_sees that u, is commutative with & (()}) =& :E}). Heneo ‘bc() }) = tI(L })- There=
fore /X'(‘é') is closcde, If 3( varies fram 1 to O, ’}’“ will be shrunk Lo ¢

pointes Henco 'bz = t:"i on ‘g'\&
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Now let us take the g;ée of two closed curves ?/‘l, 3/‘2 starting in

the same 'bo which give the same permutation of oL , [?) , ses o 1f we run over
/X‘l first and then over ?/‘.'2 in the opposite direction, we obtain a closed

ourve 2"1 3"51 belonging to the identity. It follcws'thai; the corresponding
curves ‘1" and “+* end in the sam® point "ba‘j in fM The number of shoets

of fw is therefore at most equal to the number (r-,l')l of all possible permuta-
tions of oL , [5 s sem o ‘ ]

The infinitesimal clements hl’ cesy hL generate an l/-'dimensional
Abelien subgroup of fu. the elements h*( (f?l, coey Lf" ) of which rill be de-

noted as main ¢lements again. The parsmeters can be chosen in such a menner

that
£

AN L) = o pteypt

NIRRT R (N VA R (N U R e T
1 £\ . £ . “ ?

end that h( q) » evsy, 7 ) is the olement corresponding to h(..P s oeeny P )
in $he adjoint group.
It follows izmediately from (85):
Theoron. The main elements h*( ' 1 ..., lfL ) and h*( 1[/1,..., ’lj”a)
of f“ are represented by the same clement in the adjoint group if end only if

ot,W‘*‘l',..“}-o[g(f?L—;'-_o(,’y/'-ﬁ...+~0(,’4/JL (mod 1)

for every root & , *

7 i v

* The roots in tho original senso are 2 W i && according to the convention of

pe 107,

We arec now in a position to prove the first theorem of this paragraph
for tho true group.

Theorcm. Every elemont t* of 4 can be represented in the form
qb*“l(;g*)w whore A * and the main olement ({_*} belong to Zoq, The

Lf 1, vevy (r X belonging to (&*)can be chosen so that k@ﬁ &L 2 k“:-l (k“ fixed

integers) for overy root o\ .
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Proof. Lot (& ) be o resulor main element. Then & # 0 (mod 1)
for every root oL , Let(& O)be the corresponding main element in '{) with
koL oL <k, +1. Then(£ * 'can be represented in the required forme If an
olement t* = 4Y*~ l(g *).u_ has already been represented and every &K lies between
k&' and k +.1 wo consider the corresponding elements 'b = A 15)4( in A
There is a neighborhood of t whose element coan be recpresented in the samo form.
If we choose this neighborhood sufficicntly small and go back to fu_ , Wo ob=
tain a neighborhood of t* for the element of which the theorem holdse.

Thercfore we con prove the sbotement for all elemonts t* with a projec=
tion t in A‘L which can be connected with {ao\ by a curve consisting of regular
elements of A, only (isce an olement WU (&) WL with a regular (E)).
above consideration shows that evory clemont t* of fu is eithor of this form
or at least o limit point of clemonts of this form. This proves the theorone.

If t* = Y *_1(2—*)/05 and (E_*) belongs to LP 1, ceay (,0’1/, we say that

(f , vesy ({; arc the ongles of the clenont t*. *

* These anglcs are not unl&uely dotor?mod. To are going to show thot evory
possible choico of Y 7, ees, can bo obtained fram a fixed ono by an

cloment of tho finite group (S) (mod 1).

We comsider once morc the moximum Abelian subgroup.dfﬂ of the somi-simple
group ,g, which was tho basis of all our consideration. We choosc on cloment
,\1h1 + se0 * ,\Z(h){ = h, lv =27 180 such that all roots & aro differ=-
ont Por this olomont. Thon h is commutative only with tho olecnonts of f os con
bo soon from (48). Vi call h o typical oclencnt of %
Let ; be onother maximum Abolian subgroup of /g% and h a typical elo-
nont of } Then according to the first thecoren of thls soction thorc oxist an

clemont M in A o and an elcment hl f such that h 1h1u. Tho olcments

of u“lf u arc thon camutative with h. chco'u, } j; j f -1 the noax=

? 3 +
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Mg 1 P

inun property of f implies f’ = u/u . Tt follows that if we stort from f
instead ofj , we have to replace ,ei by u'l,&x u. We obtain the same vec~

tor diagran.

9, The characters of the irreducible representations

The main element h*( (,p 1, (IO 2, PR (f ;Z) form o compact Abclian sub-
group ‘}( * of fu s Every irreducible ropresentation of an Abelian grou? is of
degree 13 eovery representation of o compact group is completely redueible.

Let g« be representation of f . We consider for the moment only
the oloments h*( (f)l, cos, (F][). The corresponding matrices form, of course,
o ropresentation of 7{ #*, The preceding remark shows that we may assumie that

21l the matrices of this representation ar¢ diagonal natricos

€2
(89) h* (Lp 1‘, acny fo) ——— ‘ ' .
v
We consider next the infinitesimal elcmonts /g“ of {M. . In this

N 1° A o9 --.,/\ Nof the repre-

sentotion and by iterating the infinitesinal transformations we sce that for

case, El" Ez, esey E_will be the weights /\

the finito elemomt h*( (f 1 s, (PX) wo have
(89%) B o= R () e Br= & (AD
Lerma: Two main clements h*( Y 1, o0y .,Fx) and h*{ (,'Pll, wee, Ql/ }[) of

are identical if {PK = ’f%k (mod 1).
Proof. If LFV‘ = ‘IPK (mod 1), tho quontities (89*) have the samo
value for both elements since the /\ y ore lincar forms with integral coeffi-
cionts. Both clemenbs are representod by the some motrix in g It follows

that tho elements h*( (fl, .oy (_f) ;{) and h*('l‘yl, voos /y/;[) arc idontical bo-
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cause the two corresponding matrices in any representation g are equal (ofe
the notes of last year's course, Pe 99).

The converse of this lemma is -true also as we shall see laters.

It follows that the angles LF]‘, vess Lp 7 of an arbitrary element
t=u h*( LP 1 .., x)u of f ate, determined only (mod 1). The value
of the character )/ of the representatlon g is the seme for the element ¥ as

for h*( ;f , 000y (f}/) ;‘/ is a function of (’01, voss, $P Xand wo have

sy ylE) = yte Y= E . rEy = R (A Jo. .+ (N
(P'z’, +e. in which the ()pl — e - (p}f,

space is divided by the hyperplanes oL = 0, &K = fl, X = iz, ses, /3 = 0,

We consider the parts§ f 1!

[3 = %1, ﬁ 2 2, Jee, ees » Every element t of f,u' can be represented in
the form u™th*( (f)l, crss ({) y)u where (Lfl, cee, (f’i) lies in a given ﬂ’k as
follows from the theorem on p. 14 , We consider the different points
( qyl, seey {‘(} X) in /P which occur in the different possible reprosentations
of a given t. Let ((f’ ces, ){) and (1IJ 1, cot, ';y X) be two such points.,
Then h*( ({/1, cony 1P X) and h*( '!/, y sees ’(/’z'/) are conjugate. So are the
corresponding elements h( ¥ 1, wres @ x) and h("u , ece, "u X) in the adjoint
group. The characteristio roots of such elemonts are
(90%) 1, yee, 1, AR (0l), »G(p),

,'L’-t:hncs
according to (85). Wo seo that the values of < ,13 , ees (mod 1) in
( /q; see, 4{; x) arc a permutation of the corresponding values in (LP.I,...,?) /7[),
Tt follows that there are only a finite number of points (’L}/ voe, 1// 7[) in
)

lPk such ‘that h*(’q} y cev, "lrl) is conjugate to a given h*( p 1, e, (_l)
Let {Z‘ be the numbor of such points (1‘/1, sovy ’lf/’l/). Eech of them gives
rise to & reprosentation t = v h ( 'Lf' s seos /y/'x)v. We soo in the sanc mannor

as in Chapter 2, 8, by continuation that overy t in f has representations

e
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u-lh*(LP 1, coes L'() 'i)u where ((P 1, eees (P ;/) is one of . % possible

points in 7) k* It is possible that for special elements t some of these

points coincide but this can only be the case if the point ((P 1, seey sp /i)

lies on a hyperplane o - ]3 = 0, 1'1,- 12, eee, & - 2’- = 0, il, iz, eee,
only a finite number of them has points in common

[S-T =8 ¥, £2, <00

with ‘2 .
k
If we replace LPJ by (PJ + kj.’ kj a fixed in‘beger) every 7 K is trans~

B  rormed into another one bécause X ,/3 , +es have integral coefficients. Ve

consider now two points (({91, sees (/7’1,) and (,?}1’ coey 4'[/1) as identical if
1z 1, ces, 'Y = (mod 1): The whole space is decomposed in a fin-

t e i

ite number of J K Let M be the sum of the numbers Z belonging to these

single ? k's. We see that the angles (f?]‘; ceny (Fi of an element t of &

can be chosen in M different ways such that
’ f‘

2
o§(‘>1<1,oécp <1, w5, 08 ¢

are different except when t lies in a subset of fu_ with less

< 1.

Thése M systems
'than r dimensiors.
We determine the vaolume dU' of the part of é{, whore the angles
wl, coey (,Q;{ of t satisfy
¢ ¢ Wt Lfl_,.d({)l’ ‘{’lé Wt S ‘PX"Ld‘-l’X
The consideration which we used in the case of the complex-group cen be applied

| agains We obtain here
| —
| AN = Al dy' o dyt
| ;AL de et )
A = (%)= 1l (eln)-£l-%)) , A0 = I!o(l~ e
X >

A0 oA 20 x
3" independent of (f' 1, ({)2, sesy (/) . racgo

] (91)

" ; We denoted the linear transformation
2N o
.- N — N= Lal's

Gy | - . R - -
E | *)A linear form [\ with real coefficients is positive if the first non-venish-
| A*it A - A * is posi~

oL

4 n——

ing coefficient is positives We write /v >

tive. We have to multiply in (91) over all positive roots o
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by S

A, -

(S) was the group generated by S o An element S of (8) transforms
weights into weights for every representation q It follows from (90) that
the character X is transformed inbo itself. Furthermore, the set of positive
roots ok, [B , s+es is transformed ihto a set of roots which cc?ntains either o
or =o. , either {3 or = {1‘, , sew » Hence L\""? ¥ A i"I-e call S even or
0dd according to whether the + sign or the = sign holds.

We can write A = Z iQ( ’iU) where every ﬂ{ is & linear form in

Lfl’ veny c.fz. We stgte that the coefficients are integers (not semi-inte-

ers)e We have to show that & (7— . hag integral covefficients where the
g 2 g

sum extends over all positive roots SO Such an integral form was character-
2N
ized by the condition: ok E SD = inveger, for every rootel,
s Sy { ok
N . 2 .
The tronsformation S , transforms tho root into ' o= - _.f.'.‘. -
w ® P prep gt

Tﬁenfd: = fa "2P " fx M@ t>O0md P"Jf’ , we toke the
terms f«u *P;' = 0 togothor in our swa, If 0 = © ', wo have @ = O.
1 pt<oma p A=p 1, wo havo ‘I‘:L (P *p') )= %.P:o«. = integer.
If f) i = - p then f’ end = P bolong to the same o =string of roots which is
impossible for p 7( t ol es has been shown on pe 88. If ’TJ

JD“ = ¥1,  Henco z Po  # intogor.

The trensformatiqn S, is odd: If by SoL e positibe root { iz trans-
formed into o negative onc F ', then the positive root = 10 * is transformed into
the negative one - P . Since. f = -)0' only for one positive root J) =i,
£hé number of positive roots which’are transformed into ntgative ones is odd,

S o is odd.
We multiply the character X of a represontation by A :

ey A =(Selh)-B)= 3 + (D)
i8 o finite Fourier secries also; the d} 's are inbogral linear forms.  Further-
more % is nlternoting: It is invarient under even S and changes its sign under

odd S.
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Lot 6 be the hishest tom oéé‘urring in such em Blternating Fouriep
series. Then :é—i; bé‘ for 811 S in (8).  Moreover, é‘ 7 Sg for all odd
S, because the terms A& (@) and = /€(§) would occur the same number of timgs
if (@) =) for an odd %)

Here let g = kl (,91 + see * kx ?9)‘/. One proves easily (5-> 0. *

* TFor the proof, cfs Weyl, Math. Zeitschrift 24, pp. 384-385.

We set
(92) ? (k]_’ k?,’ eoas, k}{) = é x £ (SQ)
If there exist n(kl, seey, kx) even transformetions S for which S @. = Q- , the

highest term in this elementary sum will be n(lk, «es, k 1) (D). mvery

finite alternating Fourier series ?’ with integral coefficients is a linear

1
*o s,y kx)

P . g(k1:°"’k ) .
(93) ? = )’A ) Z n(kl,...,k;_,{) g (kl""‘k;’)’

g(kl, cony kl) integer

X

combination of such Y ,%’(kl, cne, k/i). In particular

1 t) o 5 ' t t = )t .1+ t
Let g(kl, kx) 2 t (s @ ), & 1c1$p ...+k/_{$,) .
e e e e e — _ ‘
Then g(kl"'°’k1) . g (ki,...,k}'() = cg.. e (Sg‘:\-- S'@').e Hence

' S5,S! g~
! { / ' ] O /0‘1" Q #g
(94) {-'.f‘;{k’“"'/i)?(’el/' ’ Méjd?ldf(:{ ’ . ¢
o ) s, k) fer &
where s is the order of (S). This integral is, namely, equal to the number of
venishing S @- St é'.
One proves without difficulty that for en alternating finite Fourier

series Z the quotient Z/IA 58 a finite Fourier geries itself. ¥ If onec ap-

* Seoe note above,
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plies the representation (93) on A itself, 2’ = 1, every term on the. right-

hand side is divisible by A . Tt follows readily that A itself is an ele-

mentary sum. The leading term ; (_@- Y= o (r 1y eee TP ’1/) occurs in
= o 1P 4 (f

A = Z(e(,%) - o [ %))exactly once, we have
£ ro

| - 1
‘: (95) A n(rl,...’rll) ?(ri, cesey, I‘l)

Te proceed now in the following mamner which is quite anédlogous to the

| method we used in the case of the complex group: If /’)/ is a character of an ir-

‘ reducible representation, we heve
fu and #is the volume of C , . We use

1.

where the integral extends over
? rl "‘ (91) and obtain -~ since X dopends only on. (fl, eens P
: ‘ ' ! ;e ‘ !‘_‘. —_—
i (56) [ a7 OB det Ayt =W
o o (4)
. Where/W‘has the seme value for every itreducible charagter /7’ ,( = 7—';/‘{ W,

s We put here ’X = 1. From (94) end (95) follows

Ve S ‘
| o, )

We apnly now (98) for any irreducible character )/ and use

(93) and (94). We

i get

! . (K, e.., Kg)* S
o6 . AL ML I = H = —
| (96) Z MK, ..., K) S w M, - T

The highest terms in A and

YD .

Let £ ( Zé) be the highest term in ;}/;
;" g 2 YA_ being £ ( éo) and @ ( (_5_) respectively, we have ? =
i yow & 2s Y, Qo 28 4 If tiorofore §° > \3'50 then we have (@ > S§

il and, consequently, n(K»,l, ces, ‘/\x). £ n(¥y, oo, rx). Hence

S a(Ky ooos KPP S1

i3 But the g(Kq, «es,s K;() aro integers and g(ky, see, k,f) > 0. We have then

-

i ) = 3
I g,,(kl, ces, k,Z') 1, a1l other g(Kl, ewrs Kx) = 0, and n-(kl, evesy kl)

' ‘ - n(rl’ ade, rx) in (96). We derive fram (93) amd (95):
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)"‘zg = §£(%, . L"’,&) §(m,.5Te) _ ElRy,. k)

’71»(/?,), K’e) 7 (7
4,
’X-—'— ?('?u )

Croue- 7’")
¥ow, one can prové thet n(kl, R }_{) = n(rl, ety

(97) oy ?(')';')...)42)

rl) = 1, 6fs Weyl, Methemat=

isdhe Zeitzchrift 24, p. 791. *

* A direct proof will be given in Chapter 3, sec.* 5. theoren ¢ fo (b4

. : t’.w.%aay
Cartan proved by explicit sonsbruction that everyllinsar fornm % is
the highest weight of & representation if ?K z S__'(g_ for all S in (8). Hemce

all expressions (97) are characters.

Another method to obtain this last result is the following one: The
linear trensformation _@—-—v—-}- S 4) pemu'bes the weoights of a representetion
only. If (L/) , sedy lf‘»"'i) and ((/11; coes ’;1/’-[) are twg points which are con-
nected by a transformation of (8), all the charactérs j\/ of f«, have the same
volue fer both gystems, ilees for 'h*((/) 1; cing So;{) and h*( ’y/l, iedy ;Ux).
Consequently both élements alre conjugdte in 2’0,«' (cfe the notes of last yeer's

course, Pe 99). If one can prove* the converse, that h*( (Pl, veds 99 Z) and

x

s f. Chaptor 3, Sec. 5, &

- > 5

M&M\vé) o 174.

h#( 7/ , wees % ) are only conjugate if this dondition is fulfilled, it follows

that the expresswn (97) is a class functioh (il.es has o consbant value for

every class of conjugate elements). 1f it would not bé b character it would be

orthogonal to all the characters according to (94) becouse all the characters

are of the form (97) as we have seche But the chardacters form a complete orth-

ogonal system. One obtains a Sontradidtion.

Theorem. °If ?_’ oy (f ¥ goe F mx (f’i is an inbegral linear form

such thot /IZ 2 S 3? for all S in (8), then there is on irreducible ropresenta=

tion with thé highest weight 2 . Tts character is given by (97) where
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1 X
= + eoe = + . H * ese * { i the high-
kl m, * T, , kX y r){ ere A (rlcp r,if ) is the hig
est torm in g (%)
o0
The transition from the unitary restricted group to. the unrestricted

group can be effected without difficulty.

We can use the same device as in the case of the complex-group in order

v

to compute the degree of the representation. We obtain the result: ’

‘ £ .
- az; “‘ﬁ:-mfoi_ﬁ&) _ 1>‘/;'7::('0(,//6"/
T (o' T +. . +o%T% PE s
X 70 /OC 1 0< -&) N/;Q /'-XI’Y"j

wnere/ﬂ = my + Ty ...,.'Rl/ = /.{ *+ rx

Every linear integral form/\ is a weight because the highest form 4/
among the Sé’ has the property S_ZE 2 Y. If two elements h*( 4'70 PSP (7() /?()
and h*( 7/1,...,?/1) are equal, then necessarily & ( /]) has the same velue
for (y}’l, vea, C/"X) and ({f/l, cse, y/’l,) (cfe (89) and (89*)). Hence
/\ ((f) coe, 7[ = A(-'?/l, cee, ’y/}'/) (mod 1) for every integral A
Then L)D ’y/ s eees c,ul/ ’gufi (mod 1).

This shows that the converse of the lemma on D /{3 nolds.

A
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-Chapter 3.

Seminar on various teopics in group theory

1, Commection between the Betti numbers, of the manifold of a semi~simple group
and the numbor of 1ntegra1-xnvar1ants *

PR

i
e

* R, Cartean, Ann, SocCs Polonaise‘de Meth., 8 (1929), p. 181,

i
A

Given a compact menifold M wh%se points are given by coordinates

= (il,’xz, eee, X )s We consider differentials of p:th

(1) 0 = Z ’vﬁ‘,__.,;/o('x“)o(x*;'dx‘if"'_d)(""’

order on ,4é

/7

Those are the terms under the 1ntegra1 sign in an Frdimensional integral on,AA/
Here dx™1, see; dx'P 4s to be considered as the component (i, ses, ip) of a

skewesymmetric tensor of rank p: If y = (yl, yz, PPN yr) is another coordinate

system on /i{ .
@) - Yoo g e ) )
. P k
3 dl = t‘)" ,_—f—-* dx
( ) Y 4. Dxte )
We set : Lo
. . - I« o <@ r)
(4) aytl ay'? = P S ax Y, uu.,axP
v . eee, 4% ’a( wﬁ" 'axﬁ";) ,DO.,
’Q,("Qz. .<’Q.o 2

(5) > f— . ﬁ‘ 1’,6 .Wl ”
22. Ly zvo Gféf L ;[2;, — :é:; Adx .. '41X~ 'ZEET{Z: Z
1°zkx, or?
The transformetion (4) is exactly the transformation of the camponents of a skew—
symmetric tensor of rank p which is induced by the transformotion (2) in the vee-

tor spaces The formula (6) is the formuls we have to use for the transformation

of p-dimensional integrals. In accordance with our agreement, we set

(6) dxtaxk = -axFaxi, axtaxl = 0
If we define fll,---.'p for all the values of il""’ip’
(i, = 1, 2,ees,r) so that it is skew-symmetric with respoct to iy, «es, ip, wo




() w=-2r2 4. <

!,
P"’;, "Ipﬂ.‘

d,xd'
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2
dx F

The differentials (for a fixed x) are the elenents of the dual space of the ten*

SOr SPAaco.

4

Suppose that p directions dl,ﬁdz, ooy dp in the point x are given,

1

P P

d, = (df , seey & ). We can .derive & skew-symetric tensor L?l,dz,,.. EJ

from these p vectors (cfe pe 21). The expression obtained from (o by replac=

ing dxll{ veay dx'P by the correspondinhg component of Ldl’ d2’ teey dP] will' be

denoted by w(dl’ dz, eoe,y dp)o

We consider more goneral sums of differentials of different ordér, dif-

ferentials of order O bejing functions f(xlq cety X )

These sums form the ele~

ments of an associstive algebra if mulbiplication is defined by means of (6)e

The derivative of a differontial (79 BN

/rp
@ w = Z dfi.. .

Ly y o fp=

(7), is defined by

dx"" dx ”’“#«-Z Z?L&.J,{,ﬁ{f{_.

vl 4, Iﬁ?\/

it is a differenbial of order p+l., The following rules can be proved without

great difficulty™*:

* For proofs cfy Carbtants book: Lecons sur les inveriants integraux, Paris,

1922, pped 13
In partlcular, ppe 1+~ 13

ror (1), o 67/01 (12, o..é?far(m

B (0,400 = O F ) (W, 0,) =0 @y + (150, W

where J 1 and CJz are two differentials, s being the order of L;?zq The de-

rivatite of the dorivabive is always O.

(10) (w')' = @

let d_, 4 ey O be p+l directions in X.
1 G2t e Sy 20 P e mv:

) Wy 4pﬂ) =0 (1)

V=

We hayve

dy w(d,

dy. TR TEE :iﬁﬂ.}
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- P ‘
Here 4 ,i) = Z_ %%%’P 0(;,, is obtdined from () by differentiastion in the
v g -

}w ooy d::b being considered as constants for this differ-

entiations From (11) can be easily derived that the formation of the deriva*

directlion d‘/ , the d

tive is invariant with respect to transformation (2).

Le‘cRbe a (p+tl)-dimensional stbset of M satisfying certain condi-
tions with regard to differentiebility ete. Let ;‘?, be bounded by the p+=
dimensional set 73) . Then
(12) ’f w! = JI{4) (generalized theorem of Stokes

A differential (5‘ is exact 1’%‘ the derivative () ' venishes. In par™
ticular, every derivative is oxact amccording to (10)s Comversely, every cxact
differontial can be represented as tho derivative of a differontial 32_. of
1)tk '

(p= order?

p

(13) W = (_QI in o neighborhood of a given point.

In gonfsral, the same is not true "im Grossen". If () is o derivative on the
whole manifold \/“ wo say that ) is homologous 0, W~ 0.

TP () is oxact, ¢g' = O, and f is a p-cyclo homologous O on d{/{,
wo cen derive from (12) that J’w = 0. TIf {(WJ~v 0. it follows from (13) ond
(12) opplied on S that fw = 0 for all preyoles € on MM

Ge do Rham (Joux:gal de ma’chems.tigi_uos pures et appliquees (9) 10 (1931),

ppe 165-190) proved: 1) if, conversely, W = 0 for all p-cycles @ , then

(System of Ymeally wndyaon
(W ~J70; 2) To ever ﬁ—cyclqg belongs an exact differential (W such that
“
Kz L
fw=1butfw =Oforallp=cye;ei—-~_._wh§,eh—m_nni_kmmoln§°ui~ *,
; ‘e‘ €x

A systom wl, coey o\)h of exnct differentials of tho some ordor p is
linearly indcpondent if mno rolation

o7 W+ aee + oy T ASO

with constent coefficients ?

Aok

1k

,‘:.(01, ooy, vch) % (o, ey 0_\ holds. T}"O m.fLXimum
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mmber of linearly independent exact differentials of order p equals the p

Betti number 73 p of ‘/(l according to de Rham's results.
We assume now thatb ud is a compact contirmuous group, generated by in-

‘finitesimal elements. If x is a point of ‘/é and x+dx is a neighboring element,

then (x+dx)x—1 = 1 +cr,x is an :'Ln:'f'ihitesimal transformation of the group. The
components ((]‘x ’ Crx s 906y (rx ) of this element are obtained from the com=

K
ponents (dx , ewes dx") of dx by e linear transformation (/X’ Z;L 0('('

of non-venishing determinant @. ,,319. Every differential
i s
W = Z fi . dx 1, ceey ,dxlp can be represented in the form
ly L l..alp q&
(14) W = ? g e ,(‘

‘L“ 'g—-l
where the g . also are skew-synnnetrlc.
lla'*‘slr
A differential (J) is called invarient if 1t is invariant with respect

to right and left hend translation op J{: X «ax! = xa8 and X —3 X" = 8x re-
3

spectively where a is an arbitrary group element. We have for right-hand trens-

/ .
sebton (vt ) o frra)n ¢ Ve (i, I — d0 = Ix

(x) = gil,‘..,,ip (W‘)

The inveriasnce of (W under x -~¥ x!' gives hence 83

1,.-.,1p
The coefficients g. . in (14) must be constant.
ll,ooc,lp
In the case of left~hand trgnslation, we have
- - - -1
(x+dx)‘x.l——+e.(xi~dx)’x1-a1, c{‘x..—#)(fx"—sacfxa

(.{‘x undergo, therefore, the transformation A of the adjoint group correspond-

ing to ae Thus we have

Lemma l: A differential is invarient if, when writbten in the form (13),
the coefficients are constant and the expregssion is intariant under ’she'trans-
formations of the adjoint group: Cﬂ(’ — Q& (/,’C" @'

We shall prove now

Lemma 2: Every invaeriant differential is exact.

L
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Proof. Let (14) be an snvariant differential. If & 1 ceve AR ,
form the basis of the infinitesimal group, and
[‘ R /Q),:/ Z‘ 4 KJ
then the matrix E'D’ associated with %R in the adgou.nt grou‘%a_is given by
/[ C’E"‘/’L ” We apply ti) Cfxl the corresponding transformation in the. neigh=

borhood of the idemtity (h infinitesimal)

fx“Ka—*Cf)('K#/’be&ﬁ-Jfr '
Now (14) is invarient under this transformation since it is invarient for the

adjoint groupe. Hence

= & o s (Ol dx TSt S e QR S T e
+. . F c,;Zf Svn o Sx")

(15)

holds for every U .
2 NETPEPR 4
We express in {(14) the Orx ih terms of the dx, 0/-X° =-'Z/‘-h,.4‘x'

and obtain

. o R
w= 2 Qi .4, A 1 L dX
] r A?
” 24?: R A | P
The derivative ¢Q!' of w@J is, therefo;e given by

W' = Z '313,:,2&11" xy 351,&»15(;(» ,‘Axw

D Y

b‘n iy AV nrb/\mz' G J, Ry
Z 9 ( ; ’\""’z"’;)'rlf -l—)\» %k,f' )o(m(x‘...c

K’. .
the g sjbe'lng constant. We .consider the term

S= Zj,.. «_,; ,1"?—» ’L%u«d L

If we interchange the summathn ;mdlces i and k1 We have
_ < Ly ? J . #
S= & §i- ,,,ax,,e,?. P/—vcwx'wér"

because dxkldxj = -dxjdxk1$ and hence
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ﬂ\s = 2(7[, e 7 (25—;;" "'ﬁ' Af?z_ . ';lk'a dﬂp{,\/ .

Now the following fundemental formule holds in Liet's theory, E. 323]

»ar s P AT
Therefore, we have

, L) onb T Aty P g ek g
28 = 5 9:.ip Coem A Ay 2&,_...&,?/(1(*’4(&_,4

and if we introduce the in = Z_ ’/\,%dxk again
_ R 4 L e JX P
28 = 5 g u, i dxTeSI S

The sesme method can.be applied in the other terms of ¢y'!. We obbain so

=2 g, 4, IX(C b ST S ¢ G T I,

C” , Ve have then exaétly the same

’

Wo multiply (15) by o'/x’g and sum over

expression on the right~hend side., Hence ¢o-* = O -85 required by the lemme.

Lemma 3: Every exact differential la) is homélogous to an intariant

differential j
Proof. We perform a left—?land 't:ra:nsla'bion X ssede ¥ = 8§°° x-in ULC)
2
Y = (F (x). We replace x by ¥, ax”? by dy in ¢J , and introduce x dgain by

meons of (2), (3) end (5). We obbain a new differential which may be denoted

by s . Let ‘5 be a p=cycle on Va, and & f its imege by the translation.

Then

fw = [so L
' Ji -~

according to (5).
But s ﬁ can be obtained g

from ﬁ by & continuous deforme-

tion, the group being comnected. As we have seen, we thén have J*L\) = J(A)

¢ sé

because (W) is exact and ﬁ and s \09 are hamologous., Hence

fw:“w
7"

s i
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We integrate with respect to s over «lé e.pd obtain
fbd = ffé't«)
¢ sandl

the invariant volume measure on M being chosen so that JL itself has the

volume l. Here f s = A}' is en exact differential (in‘begi';at‘ion with re-
S aw

spect to s, not with respect to w)i). Obviously, 4} is invariant under left

translation.

By using the seme argument with regard to right~hand trenslation, we
obtain a differential f/&s = j which is invariant under left and right-
hand translations For.S every p~cycle we have

Jo = JJ .

A4 4
It follows from de Rham's results (cf. above) that if the integral of an exact
differential vanishes for every p-cycle, the differential is homologous O.
Hence ) - j ~v 0 and this proves the lemma. Cartan gave a different proof:
He shows tfma’c W~/ s, Then by integration with respec.rb to s he obtains
(the some notations as above) (,()/vAﬂ and hence similarly &~/ j, In
order to prove s & A~ W it is sufficient to consider only infinitesimal trans-
formations s of ‘,a, since the result for a finite s then can be obtained by re-
peating infinitesimal trensformations (integration with respect to a parsmeter).

Let s be a fixed infinitesimal element of the group. The clement
1+ (/s transforms overy olement x of Vl( into a neighboring elcment
x + dx = (1+ (/s) * X, The components of Ors may be written in the form

Jsi = & ?i, & infinitesimal and tho ?1' being constants. The (/,si
and thc components dx® of dx ore comnocted by formulas
At = 2w ds® = g Tt §8
We apply (11). Because of (4)’-- 0, we have

E‘ ("I)VH d'v w(d")"‘)d""l}dwﬂ'- d[éi-t): O

V=

¥ty
GOy, W, dy, ):f(—u dy (i, dey dy - flon )1

V=1
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. ®©
We replace now d = (d:;-!-l' seny d;_'_l) by the vector(z /b{.;?kj fen) Zf‘; ? }

p+l
To be true, the components are not constants, But (11) still holds if we agree

to set 5 <

R Z le 1% R
dps (d ) =d OLP""' P(Z/*n )= Smre bt
and to take this into account when effecting the differen'bia‘bions

Q(dl,...,dp) and 4, W {ees) in (16).

- P . .
Now (W) (dl, ooy Ay gs Qs ooes dp, dp+1}( 1)P may be written in

the form &(dl, sesn, d'V-'l’ d'Y""l’ e, dp) where (,Q; is a differential of order

n+l

p=le If we use (11) for (Q: instead of () we obtain from (16)

P+1 (A)(dl, eoey d ) = (SZI (dl, es ey, dp)
But the left-hand side is the limit of ‘.‘2..,&.:,-“9 for £ —p O where (J* is ob-

tained from (J by replacing x by x * dx = x + & dpey 8nd d;; by "" ¢

+ & dpq_l(c}i o We have therefore (y* = (1l+ f/s) (J and hence
(14 d2) 00 (g, eeer ) = O @1 oves &) = g V(A1 weny &)

This holds for any p vectors dl’ cee, dp. Hence_a

do)w ~w =& '

The statement s ) -~ J~~w O is, therefore, true for any s = 1+o,; in the neigh-

i

borhood of the identity. We obtain the statement for an arbitrary s by inte-
grating with respect to d;, &

Lemma 4: If W is invarient snd QW ~Vv 0, we have &) = O.

Proof, Suppose that gy = (52“. We have for s in M

w=25wd =5 = (s)’
and on integrating with respect to s
5 ( (sf)" = ( f SJZ,)
Hore () is invariant with respec‘b o lefb~31de translation on M Now we per-

form the seme argument with regard to right-hand tronslation
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W= WS = @{5 :(@5)’

o= J(ow'= (Jor) = &
where Q is invariant, Froz;lg Lemma. 2 follows then that is exact, ‘ /= 0,
ic0s W = 0, geceds

We are now in a position to prove:

Theorem. The pth Betti nux'nb%x% a compact connected continuous ,
group is equal to the. number of linearly independent invarient differentials of
order p on VI{ , linear independence being wderstood in the ordinary sensee.

Prcof, The number 75 equals the maximum number of linearly inde+
pendent exact differentials of order p on ﬂ We may replace here the exact
differentials by invariant differentials according to Lemma 3., But invariant
differentials are linearly indopendent’ in the sense of homology, if and only
if they are linearly independent in tho ordinary sense according to Lemma 4.
This proves the theorem. )

The integral :7 (‘72{) =‘fa) , defined for any r~-dimensional ? on
/(/(, is called inveriant, if W ?’L's invariant. Then ] (72) = :7((/2/') if

Q is carried over into ‘R t by a (loft or right-hand) trenslations The Betti
number 73) - is the number of linearly indepcndent r=fold invariant integrals.

If we make use of Lemma 1 we may formulate the last theorem in the fol~
lowing forme

Theoroms Let A(p) be tho transformation which the skew-symmotric ten-

netmnnm.

sors of ronk p undergo if the transformation A of the adjoint group OL of M is
porformed in thc voctor spaces Then the Betti number 73 P equals the number of

linoarly independent lincar forms

[V
Z Qy 23 (ai constant, N = )

bz

viaich are invariant if the & 5 undergo the tronsformation A(P> for every A in 0({

il

g
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Lot A = A(8) = " aik(s )ﬂ be the cloment corrcsponding to s in a uni-

tary restricted semi-simple group M.
(17) [0 1o ()| = 67+ gy ()7 + een + (o)
Here gp(s) is the pth elementary smm{e‘l:ric function of the chafacteristic roobs

19 /\. by sea, /\, r of A. As is easily proved, the characteristic roots of

A(P) are the products 1 . ;L ces, 4 1p,)i1 Cig € ene < ip. Hence

@) - o (5)

L]

"btb

every S. It

We usc now the results and notations of Chapter 2.
the representotion of degree 1-which associates the number 1 -
(s) is an irroducible representation ond 2/ (s) = tr(T(s)) its charactor, we

have (Chaptor 2, ;ormulas (94), (97) and (95) amd (91) )
o, > T =i

= ” (e(“‘) e~ )) DD = TT(I --»/Q-(P())
where 0( r'\ngos over the "roots" of tho group. oy - ¢
C‘,a} _Of'xl!/lc((p,.o{(f

equals the mmber of times T(s) conto.ins{‘ 1& as an irroducible constituent.

(19) t)

Tt follows in the casc of a reducible T(s) thot

Then in on appropriato coordinate system oll matrices of T(s) have the form

g o

since the representation T(s) is completely reducible.
The first q coordinates are invoriants under the transformations of

T(s). If there should exist a (q~l~1)St linearly independeht linear invariant,

we could choose this linear form as (q+1)St coordinate ond we see that T(s)

would contain one more congbituent él}.




) 131
Thus q is the number of linearly independent invariants for tlze repre-
sentation T(s).
The last ‘theorem in connection with (18) gives
y I — i
Hence wo obtain from (17) that

(20) -—f f |t A+ Al ADRdp'  dp*= £ BE .+ 8=

We call *bh:.s polynomial the Poincare-polynomial of M; the coefficients are ’che

Betti numbers.

The characteristic roots of!‘b s 1 + Alare the values t + ;(1, e,
t o+ ;L'r‘ The determinant is the product of the charac’ceris‘c’ic roots,

I‘b ¢ 1 +A{ =T+ 2;)

According to Chapter 2, (90*),,){ o'li: the pharacteristic roots
;L 1r eves )t'r of A have the value 1, the others are & (ot ) where the X are
the'roots/of the group agein. Hence ('b * 1+ A( = (t+l)1/7—b(‘b+ Le(oL)).
Hence it follows from (20) and (19) that > ’

Pley =+ 4" St Tt +rea)l {1~ e6a)dp' - 4
With respec'b to (10 sesy Cf' /4 every toerm under the integral sign is a finite
Fourler series Z Unq, e e,y & (mq SP +...+m lf)x) with integral
My, ese, m}f Hence the integrend has the seme form and the value of the in-
tegral is the term mdependen‘b of SP , sese, ¢’{ in the Fourier series of

& an/ e et T a- (o))

In particular, the highest coefflclen’c 1 of / ('b) is the constant term in the
Fourier scries of

(21) .CL[{'/’- /e(d})

Furthermore, for t = 1, we soe that ,/

S

(1) is the constant term in the

Fourier sories of

£
9" //Uf'el«J)T(z-e(ao) ij/—[f,e(m;}_
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But this Fourier series is obtained from (21) by replacing 50 T ey 2 ;0 1 and
multiplying by 21. Hence the constant term is 2;r
(22) P ) = 1+ B, + B, +...+73

In the case of the four "great" classes of simple groups Pontrjagin de-

This gives

b

termined the % . by direct topological methods (see below, secs 3). In the
following sec. 2 the invariant integrals of these groups will be constructed
and Pontrjagints result will be derived from the preceding theorem.

2. Construction of the invariant integrals for the manifold of a compact simple
group*

* (fe & note by R. Brauer which will be published soon in the Comptes

renduse (Upfurne Z9/ (/730)) - 419 J

Id
There exist four "great" classes of simple groups, The unimodular

group 7 OL in n dimensions, the orthogonal group JG-' for an odd number

= 24/ +1 of dimensions, the complex—group Xl in n dimensions, and the orthog-
onal group [}t for an even number n = 24/ of dimensions, Besides these groups
there exist only five "oxceptional' simple groups (¢fe the last section of this
chapter).

We sholl construct o camplote system of linearly independent invariant
differentials of order p. The method is almrst the same for the four classes
of simple groupsese So we deal mainly with the first case and give afterwards
the changes which are required in the other cases. In the following consldera-
tion it is of no influence whebher we consider the unitary restricted groups or
the original groups.

We take the full linear group g/ of all linear transformations of an

2

n=dimensional vector spac\e%nstead of the unimodular group dLn'

"
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The elements x of (/ are matrices x = ”xlj; “and so are the inPinitesi-
. g ‘f it
mal trandformations (ﬁc = // Xy |l * The infinitesimal elements form a vector
space /a/"of dimension r = n%. The element h which corresponds to x in the

adjoint representatioh ; of } is given by “axk// ” x ﬂ: x* //J‘xk”ox .

If x'-l =”? 1;“13 the con‘bragredlent matrix of x, we have

~S

(25) , c/;cfc ——-f(/x; = xP §‘ y Ji"g_

Let g = (yl, V2, seey ¥) Do a vector of % and

Z/L (ttl, POREXY Al ) a veetor of the dual space % *, If x is trons-

.

formed in % and x' © in 78*, the components y A X of %Ylé .undergo the
some transformation h(x) = x X 'x! =1 4s the d‘x; in (23), we may consider
%)(u, as elements of ?‘:
We_choose p vectors er, Yz, Ceeny Yp of 7{ and p vectors

U4, U2’ ooy Up of % * Whose_coordinates are independent variables, and put

(24)/ W

i

Y)(UV *

le, Wyy pees Wp] *

v
(25) z

b

* (f, the definitions on pv 21,

Then W_, may be considered as vectors of 7/:- Wo distinguish the r

v

coordinates in T by a peir 1, % of indices; i, k=1, 2, sey, n, as we did
in (ka. Thus the components of WV will bo denoted by W ( ) and the com~
ponents of the skowwsymmetric tonsor Z by

11, see,- ip)
(26) Z(llcl, ooy Ly
The quentities (26) are linoar homogencous in the compononts of every Y'V oand

U they aro linearly indopondonte

-Y ?
Let () Dbo an invariant differentials We write it in the form (14)

(27) -2 (k' ckal (/’

evay

e e 1 m S
I —ro—
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The coefficients g arc consbant gccording to Lomma 1 of the last section.  Fur~
thermore, if (,ka undergoes o tronsformation (23) of the adjoint group, then
(27) is invariant, Here the product Jxkl, sves crxg has to be con51dereﬁ
iy,000,1

PY=component of a skew-symmetric tensor of rank p aessociated with

as <k1, Cog’kp

the space 3“ Conversely, if the left side in (27) is invarié.ﬂt under these
transformations then (W is an invarient differential.

We replace now in%’ 0oy J‘x;g in (27) by the component (26) of Z.
We obtain a function ‘
(28) f= f(Yl, es ey Yp’ Uy, eoes UP)
with the following propertiess .

a) £ is linear and homogeneous in every Y'V and U‘V

b) £ is invarisnt if the Yy sare transformed cogrediently by a g of % and the

U, by the contragredient transformation g":.L.

¢) If we apply & permutation T of 1, 2, ...,}0 to the indices of
<

Y.

17 Tpy sees Yp and of U‘l’ Ugy eevs ﬂp’ then f is transformed into
4 el
T () = J‘Tr e £, d.‘n. = 1 for even‘\i& and (ﬁr = =1 for odd .
( onversely, let f be a function with these properties.s From a) it
i
follows that we mey express f linearly by the components Wf (k) of the vectors
(24) only. We put
=~ i, i i
= 1, lv’, 1 2 p
(29) /\E b (kl kp) \rl(kl)wz(kz)...xnrp(kp)
The property ¢) yields .
' o—
(30) L= 2 I TP |
R nhght, I
where the sum extends oyer all p} pemnutatlons 0. We express the and

11,0. 2
side by means of (29). The factor of b(kl , i;i) is the determinent
ooy

P
|
i
!
I
1
1
i
L
]

[

wl(lff__1 wl(k ) aay Wl(kp

(51) uoooo-ooooo-qgo-.-...--o.

i . is i
-Wp(ki) wp(kz) Wp(kf))

e e S o it i i bl
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whiéh is equal to the expression (26) according to the definition of (25).
Hence £ is & linear function of the expressions (26). Let Z* be any skew
symmetric tensor of rank p in the space /Z:I We replace (26) in f by the
corresponding component of Z*, Tt follows fram the linear independenee of the
expressions (26) that £ still is jnverient if a transformetion of the adjoint
group is performed in S. In particuler, if we replace (26) by
§ xii d xig'i.,. cf xii, wo obtain mn invarisnt differential,

Hence our task is to construct a complebe system of linearly independent

funobions £ which possess the properties a), b), ¢)e

The "fundemental theorem" of the theory of invarian®s states *: Every

-

* TFor the proof cfe: Study, &W1M0V\7tuww) ,w/,?) v —
1923 wuge.,lw«*a.iayfom,zo) Y e

inverient of the full linear: group g{ which is integral rational in a finite
number of contraveriant vectors Yl’ Y?,’ ees and covariant vectors Ul’ Usy wee
cen be expressed as an integral rational function of expressions Q of the fol-
lowing types: 1) The determinants formed of n of the vectors YP ; 2) The de=
terminents of n of the vwectors U, ; 3) The imnmer products (YJ’ U )e

In our case, f is linear in every Y.P and every Us , §> = 1,2,e00,p
and O = 1,2,.0s,Ds Hence every term Q of the first kind must appear multiplied
by a term Q of the second kind, The multiplication theorem for determinants
allows expressing a product of one factor of the first kind by a factor of the
second in terms of expressions Q of the third kind. Hence weo need only such

inner products (Y, U.) in the representation of f.  Because of the propert
& y

a) we have a formula

@ p- & op (G (o)

P
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where So : vV -—-—éfv is e permutation of 1, 2, s+, P o#nd the aP ts grs con=-

stant. If g is any function of Y, .‘.., Yp, Uy, vee, Up, we set

(33) 2e) = o _1_‘2 Ry
where the sum exibfnds over wnll p} permutations of 1, 2, ses, Pe Obviously
i -

P
T(gl"‘gz) = T(gl)/%?tg) = oT(g) for constant oc.

Furthermore, we set for any permutation JO : YV — .PV of
19 2’ eso, D3

34 = (Y, U, ){(Y,U ves (LU, ). '
(34) My = (1 NUp ) e (500 )
We apply the opeération T on (32) end meke use of (34) and (30). We have then
ri7 '
»:& :""ZQ / (VL{)
Pl

Every invariant f with the properties a), b), ¢) is a linear combination of
T ( Jaf ) with constant coefficien‘éé.
The T( 4/«)0 ) themselves pAo.ssess the'properties a), b), ¢)s For a) is

evident, b) follows from the fact that {34) is en inveriant, end finally, we have
for every function g |
p(Tip) =y S TP =8 T Lrpi); Tipg) = & Sy
But fn" and [[p renge over all the permutations of 1, 2, «ss, pe Hence
(35) EEE) = & e = 1(p (6)

In particular, T(M, ) has the property c¢).

LetT: Y —> ]Tv and F : YV -~y .PV be two permutationses We

compute W T(MIa Y = T(T (MP )). TFrom (34) follows

'!T'(auf) = (ym u;,—-ﬂ)(%’nzun'g. . (yr,}; ‘Z{Tc}p)'

This expression has the form (34) itselr, 1 T =Y, ¥, is multiplied b
l ’ v y

. - o
U *,  The permutation TDTT ' transforms ¥ into /f ) Hence
e P fa

* Tn the theory of permutation groups it is customary to write the factors in
the opposite order as we flo here in accordance with our general convention

concerning trensformations. If{P tronsforms L —2 P, ond T transforms

o —y 1, , wo say hore that T transforms A =3 Tl
?’\ Fa F N

it Sl
- = " ‘z:\: - 3
»
B

P
L]
)

e

i e —

I g
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T

- (88) T (&

) = M

- Then (35 ields
T - (38) ¥

- = T, ).
We represent the pemu’cationP a5 product of cyclic permutations
(7) = (¢, &y 1%, ) (3¢, B2, Jﬂhz, ) - -
where every index 1, 2, ees, D appears in exactly one parentﬁesis

< <
p=h + h, * 460 l=h §h = ase

Then we have evidently ’
o (T T, (oo T, YT, T,
We sssume that there is an odd permutetion Jf° which is commutative with f) ,
[ T . From (36) follows T(M = =T} T(M = 0, There are
P P (56) (o ) = =10y ), 20, )
two cases where the assumption holds: 1) Let one of the h, be even, for in=
stance h, even. Then we take | = (&. 10 ol o oo 0(.h ) and T is odd.
1
From (57) end (38) follows @ = T 4 Tt 2) Let two of the h, be equal,
for instgnce h‘l = hz.‘ Then weo take IF = l«,lﬁ.)(“uﬂz}' . (“h,‘ ) /3}1’}'
We need only consider the case that hy is odd., Here JJ~ is odd because it is
the product of hy transpositions, According to (38) we have 'IT:P a7 =/0 ,
only the firsb two factors ofg() being interchanged. Thus in these two cases
we have M f = O,
In general, we can determine in such a menner thet on the right-
hand side in (37) the indices 1, 2, eee, D 8ppear in natural order. Then
= X -
We have proved that every f with the properties a), b), o) is & linear
combination of the MSD .,  Now we see that we need only the following Jo

£

(39) P hl * hz + LR ¥ O < hl < hz < LER ¥ hy = 1 (mod 2)

My = L0 (G MY U, Y a) - S

(1’ 2, o898y hl)(hl + 1, hl + 2; o“g’ hi— + hz) ceé

1
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where the second parenthesis refers to the second cycle in ;0 etce.

We denote the component of all the vectors by upper indicesa ‘Then we

have for the first paren‘ches:.s in M (b= h

Z I% u"'ny"z ‘-r a—-: 2{ g’%uh,

Bygone
o« "
Now Uﬁ is the component w, (°") of W, ; (24) and similar formulas hold for
A F

£

the other parentheses. Hence .

iy . .

(40) DM Zwt 'Lh.) .Z( ) Wh‘l(’i"::l)wh‘(zh‘ )Z“hﬁ (::_l+l )Z )
+

We form now the differential

(41) w:: Zcfx—”‘ fx’"" Jx‘ ZJ,( O Z

o2 Ytrhe,

Iq,00 i
We replace here /x Jx e.s by the component z( Tocvees p)

ky,e00,k » which is given by

the determinent (31)

) o ) Sy () v (). i )
%(R.-.-"?p ;r 7, :) T, 2.)' n-';('k»'.
where |} ranges over all permutations, T:VY—> 77;, . But the right-hand

side here can be written in the form

’*/2:.’.’.’?,’:)——=;J,;T(M.(z;) W (i )Tw, (wl&).. v ‘if;"

Hence we obtain when we perform the replacement

S Tl () () b () AT

%, ) ‘Lg_l
according to (40). Consequently, &) is exactly the invariant differential be-

longing to our invarient f = T(M’o o We define

. (gz,hg_g‘w;:fx: d“x*" A,

Then (41) has the form

- P = &, th,,
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The multiplication of differentials lfllas been defined in sec. l. We have the
result: Every invariant differential can be expressed as e linear combination
of the products (43) where the h , satisfy the conditions (39). Now the lemma
holds:

Lemma: If p 2 2 2n+l, (Q, itself can be represented as a linvar combin-
ation of products (42) where all the indices are smaller than p.

Proof, We may assume that p = 2g~1 odd, g > n. We multiply the de-

terminaents of degree

Y,Y,..Y‘O\U,U,..U = (:P
SI 82 "Sgl 'bl. tz"tq’ X

Here the elements in the Y -th column are the components of YSV' (U";v respec-
tively) in the first n rows, whereas the last g=n rows contain merely O's, -

P
Then, of ‘course, J = 0. We multiply columns by columns and obtain:

i

Id %
det !’(Y o Uy, ) 0. We choose now (s3, Sp, eed; 55) = (2, 4, 6, see,p~1, P)
54 k q

3

and (b1 eee, & ) = (3, 5, 7, ees, D, 1) If we expand the détermimant and

multiply by (YlU (Y U ) veo (Y p-l)’ we obtain

p=2’
(«0) 0 = (4 )1 ysu \ y,,_zur f)z‘f % ”r sz % .%; , (gp
where ( 3"1, 2/"2, ceey ) is obtalned from (3, 5, ese, 7, P, 1) by & permu~

tation T of these @ fitmbers and 034.: 1lif 9"' is even, OP = "-1 if ?’\' is
odd. The left-hand side is a sum of oxpressions % M)o (34)/We are inter=-
ested only in such JD as are cyclic of order p. The permutation JO belonging
to the term written down in (44) is given by

1 2 ...p)(lZ 3 4 e..p-2 Pl p\

= £ f’z...fp 2 Y1 4 Foeerl Yo ar”q/

We have then = (1, 2, 3, «ée, D=2, p=1, p) If is a cyole of
f
length p as is the product then and both are even since p is
g
odde Then T 1 ana 3”' are even, (/}4. = 1, The terms in question appear

with the + sign in (44).

B R AR R
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‘¢ is & cycle, it has the form

oAl even odf 2 ﬂm{_d, gef i )
Py, G e

Let 7/ denote the permutation which trensforms the indices of the parenthesis
inp, 1, 2, ses, p=1 in this order. Then .

(45) 77:]077:1 = (p, 1, 2, see, P=1) = (1, 2, oo+, D)

according to (37), (38). 7 does not alter the symbol p. It transforms con=
secutive pairs 2K -1, 2K into a pair of two consecutive indices, the first being
odd, the second being even. It follows very easily that W is even, If

_SDo = (1, 2, eee, P), Wo have T(M, ) = T(M 3 ) according to (45) and (36).

£ K

Now (44) has the form
(46) 0 =X Py M.ﬂ + ‘ M\Py@ * MO"
where jO o’ j? 1’ beo, P X are the occurring cycles of lengths p, anid the @~

are products of shorter cycles, It is important that SOO = (L, 2, see, D)
rd

occur in fact (for 2"’1 = 3, 2 5= 5, dee, ?’;’_1 = p, /Lq = 1), We apply
the operation T. We have
(k+1)1 +3_ Mi_ =0
The semc relation must hold if we replace (26) by the differential
il ip .
XK . t E = . eee .
(kal Or'xkp But then, TMfu gives (_,Qp because of ,Fo (1, .2, , D)
Moreover TME’ is a product of sevéral cg: h, with h, < p since ¢ is a product
of cycles of length h, {p. (Cfe (40), (41}, (43)) This prove$ the lemmsa..
The lemma shows in connection with our former results that every in-
variant differential is a linear combination of invariants of the type

(47) w = ‘02112‘/2 hy ***

with

hl

(48) p=hy *hy * eses by Chy Chy < opu (204l by 21 (mod 2).

The number N of these (1) is, therefore, equal to the number of decompositions

T —— W a—
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¢f p into a sum of different odd integers $ 2n~1. Consequently, N is the co~

officient of t¥ in

(49) T o) = (146) (1465) gua (1365

)
The number N* of linearly independent inverients of order p connot be

lerger than the number N of ) 's, N $ N. Ve havo N* = Bp according to the

thoorem of the last section where BP is the pth Betti number of th;a group spaceé

of the unitary restricted full linear group, ieoe the unitary group ?/Z, Hence

the polynomial

(50) FH(t) = 1 + Byt + thz Foere * Br_ltr-l + ¥

has the property that every coefficient is not larger than tho corrosponding

coofficient in (49)s For t =1, (49) has the value 2%.  According bo (22)

T o .
F *(1) = 2™ also "’) 4 (1) =3 *(1). This is nossible only if no coefficient
- I

* The group is, to be truo, not scmi=simple. But it con be easily seen
that the proof in soc. 1 still holds in this cas®e The quontity ,1/ has the
velue n here. Anothor woy of proving F*(1) = o ig the following: The .
unitary group il is the direct product of the imitery unimodular group A o
ond o l-spherc. Hence the Poincare polynomial (50) of A o 18 the product
of the Poincare polynomiol F *(%) of by 1+t. From (22) opplied to
i , follows F (1) =2 * k(1) = 2 #°2071 = 20

s

in F(t) is larger thon the corresponding coofficient in F*¥(t). Therefore
F(t) = F *(t)s Honco |
( ty/) s1+ Jo b Bt v B gt et = (195 (1965) oo (146727T)
Qur proof shows thot the number of linearly independent inveriont dif-
forentials of order p is equal to tho mumber of ), (47). This 1s
only if the W 's are linenr chemselves since every -invariant dif‘fef'en‘bial of
order p is o linear combination of such (&) 'Ss
Wo express in cQ'o, (&), the & xi by the dxllc
x +adx = (L + fx) . x;' dx; = “ (fxi“*ﬁ x]i{ii. If x-l = ﬁﬁ ;ll we have

£ et de L)

We haove
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- axt £
Z- dxj S
J
We have proved now
Theorem 1. A complete system S of linearly independent invarient dif=
ferentials of order p in the group space of the fyll linear group is obtained in

3
i

the following way: set

Ji e dy Jh PR T &.,7;",_ B (ch“- -1
do=28 & g "y Gy s

(x axt arbitrary element of the group, x-l .__“‘g 11{ l\} The system S consists of
all prodycts LSZ @ ese Where !
hl + hz + see # p, hl £ h 4 h 4 ,‘o? € 211."'1, hy, e 1 (mOd 2)
Irt the expression =tr((dx ¢ x l)hj for Jz'h it is +to be nobticed that

v

the dx;; are rot commutative, The = sigﬁ, is necessary because of this fact.

Let x. be an element of Y . +Then x has the form x = x -&"’where a”
is sCalaz‘ and x belongs to the un:t.modular group 6{ In the adjoint repre-
sentation l(ka “ -~ X, “(fx l\ vy, X and x are reopresented by the same
transformation h(x). We denoted the adgom’c representation by f the space
Jx]i by T’ Let X be the trage of “ G{\xi “, X = Zin. Then X
is inveriant for all h(g).

/Tho infinitesimal eleménts of ozn are the matrices fi (/xlié j‘} with van-
ishing trace, i.,c. the elements of ?x with X = O, The adjoint group 2 of
{Z n takes place in this subspace 9’”* o ¥ If %, in él n» ‘the corresponding
transformation h*(xo) in i * is given by //fxi‘;/ -7 %t ” (/\xlli é":x;l where

Z(f xi = 0, Hence h*(xo) is the transformation which is induced by h(xo) in
the hyperplaone ’}\' = O, If we choose a new coordinate system such that all the
basa.s vectors except the first lie iIn A’ = 0, and the first wvector is
\, (fx “ = 1, wo have

[‘/ 1 0 1,.
(52) n(x) = hx,) = lk |

e 7

0 h*(x )}
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Let (/yo, 'gryl,‘ bei, (fynz_l be the now coordinates; J‘y" =::’:i'3’
An inveriant difforential &) of order p in the group spade ﬂln can be bx+
pressed by Jy , eeey (fynz"i only. Bub b’é&c‘xuse of the form (52) of the
tronsforhations hig) it is invariant if we subject the Jy , z[yl Jo‘;J )
to tho EMnbformation h(x). THence it is an invariant differential in g
cording to our last theorem we may represent & eas a linoar combination ;)f
products (ﬂ (52, L where the indicos satibfy (48). We se® c(‘yo =0, (2
is not changed. But (S?/ Z-J)x - according to (42), hende
d?’l = X = ‘ﬂ.fy = 0., 1If (_Q,* is the value of ‘Q/ for C!’y = 0, wWo got
that (J 1s & linear combination of products (52';1(2; eese Where
(53) hy * by + eeu = p, 1<h1<h2<...<2n~§, hv=1(modz)

The number N of lincarly indepondent inveriant differentials W of or«
der p in theo space 0( n is, thorefore,” not largor than the cocfficient of t® in

. (1#63) (1#6°) 4 oo (14£527L)

We dencte by Bp now the Betti=-number® of Wn end set r = n°+1l. The
some argument which we used in commection with 6@) and (49) yields

7l b o (1463) (145 ) eus (1+6227Y)

(6[)31+Bt+B2t +oc0+Br'1t
Furthermore, the products ;SZ* (Q,* «+o Where (53) holds are lincarly indepondent.
2

So are the products (D,h 52) h sse. o Now (jzh is invariant in ()Z, alsoe. Con=~
soquently «_Q, Jz,

0(, 1 h2
in n'

Thoorem 2. Theorem 1 holds for the unimodular group instead of the

«ss form o basis for the invarient differentials of order p

full linear group if the inequality hy > 1 is added to the conditions for the
by,

We consider now the orthogonnl groupe. The considerations herc are very
gimilar to those we made in the caso of thé full linear group and 8o we give only

tho changes which have to be mados The infinitesimal elements are given here by
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‘&Crx “ with xi - (S‘x . Therefore we have to replace (24) by

(241) [Y , U ]

Then the components of the WV undergo the seme transformation (23) as the

(f xl:;. There is no difference between covariant vectors UV a.nd contravariant
vectors Y, in this case. According to (24') the function f (28), has the
following property d) besides a), b), ¢) on pe 134 .

d) £ changes its sign if Y'V end U, are interchanged. .
On the other hand, if f has this property d) it contains the components Yi‘, of
Y and Uj,'v of UV only in the combinations |

< . vk ¢l
YJ'UJ,VYU

It follows that every f with the properties a), b), ¢J, d) possesses & represen-

Y

tation (29)., We see that our task is the construction of a complete system of
linearly independent f with these propertiesd,

/Ihe fundementel theorem of the theorem of invariants states in the
case of the orthogonal group that every invariant may be expressed in terms of
jnner products of two vectors (Y‘wY Y, (/*’ v ), (U U ) and of determinents
formed of n of the vectors YI“‘ or U‘V . (There is no difference between the
Y‘A_ and U,, now.) The product of %two determinants can be expressed by means of
jnner products. If n is odd it follows from the property a) that the case of =
term which contains one debterminent camnot occur. Such & term would contein sn
odd number of vectors Yy , Uy, - |

" In the case of an even n we consider now only f which are invariant if
the Y;y ’ U’V undergo an improper orthogonal transformation of determinant =1,
We call these f the even inverients f. The other £ will be taken into account
only later. Under this restriction no d‘etermina.nt will eppear in the represen*

tetion of £, TWe will have a formula (32) with the difference that factors

‘

<Y,~Y'V) ond (U/u. U, ) are allowed.

Sy

J{ |

i g S
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By’ﬁ- we understand now a permutation of Yi; see, YP’ Uis 4o, Up

which is composed by permutations of the following kind

1) Application of a permutation of 1, 2, '+ee, P to the indices of Yy, «es, Y.

p

and of Ul' ‘eevwy qu

2) Interchenging of Y, eand U,..

) g o i
A permutation of the second kind is to be considered as an odd permutation where-
as the character of permmtations of the first kind is the seme es the character
of the permutation of 1, 2,:ees, Ps A product of permtttations 1), 2) is odd if

an odd number of factors is odd, and even in the other case. Wa set (ﬂ‘r = =1

and {Tr s 1 accordingly. Then (33) is to be replaced by
@y TP = 5 2 Iy (3

the factor plZp being the order of 'l:he group of the T 's. If g has the proper= -
ties o)-and d), we have T(g) = g Furthermore (35) holds againe. We see that
every £ is a linear combination of expressions T(M) where M is & product of p
factors (YrA-U‘V ), (r“

one factore By a permutation "I such an M oan be transformed into an expression

Y,), (U U'V) every Yrb and every U, appearing just in

(34), and because of (35) only such TMf are necessary, j:. being o permuta-
tion of 1, 2, eia, Do

Let ome of the h,, in (37) be of the form 4x*1l, for instance h =

v By

We apply the permutation (Ohk.g, & )(0% g, oL h-l)“'“( O(.jf" )o;m ) and
interchange eveéry S0y with Uo( .~ This permu‘bation'ﬂ' is odd bggcause of

h =1 (mod 4). It trensforms (h =

}{ Uy \ydzuds %“muv y"‘ )

and hence .Ms) into itself, the other factors of M"0 being unaltered. From (35)

follows T(T (Mg )) = =T(M_ ) and because of 71 (M ) = Mf; , we have

5y §
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T(Mf ) = -T"(M‘D ), T(MP ) = 0, Copsequently we need only such M}) where all the
numbers hV are of the form 4x;£15. :ifT is a permubation which does not in-~
terchange any Y/*' with UF_ , (36) hold’s“ egain, Therefore it is sufficient to
consider the M  of the form (39). In (40) W/ (lic) is = YVUI,CV Y%; U; now
eccording to (24'). We see tha’b fhe differential W, (41), gives exactly
T(MSO ) again if we replace Jxkl". Crxkp by the corresponding component of Z

(256)s  The terms in (33') which did not appee.r in (33) are accounted for hy

the fact that we have W ( ) Y‘k U:" . instead of W ( ) = YVUk in
| 4

¢

the case of the full linear group.

We obtain in this way

Théorem 3., A complete system of linearly independent :anar,la,n'b dif-
ferentials of order p in the group space of the orthogonal group 56" n odd,
is formed by the products (jz,hlgﬁ,fhz... where

€ eee <2n+l, b, F -l (mod 4)

/hl+h2+...=p’ hl<h2
Here C.{Z.h is the same as in Theorem 1.
We have v = p_(_n_;_]_._)_

(56~n) 1+ Bt ¥ aee t Br_ltr'l + 47 = (1+t3)(1+t7)...(1+t2r@) Zn-i

In the case of an even n, we constructed ¢nly the even invaf:’;ah{{fé’;’j for
which (27) is invariant also if (J\z; undergo & transformation of the adj‘o‘:ﬂfﬂ:
group of the improper orthogonal group. An odd inverient is one Wwhich changes
its sign for this class of transformations: Then every W is a fulh of en even
and an odd invariant,

The adjoint group ﬁ/ of the orthogonal group is orthogonal itself, In
the space T in which‘g takes place, there is a one-toé“che corf@spondence
between skew-symmetrical tensors of rank p and r~p which is invariant for all
proper orthogonal transformations: If a(ij, 1o, oo, ip) is a bskew-symmetric

tensor of rank p, the corresponding tensor is given by
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a*(jli jzi seey jr,p) = a(ilr izt sy, ip)
where i,, :'1.2: see, ip, 'jl’ j2, ces, jr"P is an even permmtation of 1, 2, ses, T.
In particular, this construction coordinates a tensor of rank r~p to
cf kl 0ee Jx P in (27). TWe replace (ka cee (/‘xlp by

) D
(,(‘ x%i (\ '32 f xx""P where

r=p
(54). - (44k))(85k) oo (LR DT (5p8s) ver (3 Ty)
are all r = E—%—-—]-'-)— pairs (i, k), i <k, in such an order that (54) can be trans-
formed into
(1, 2)(1, 3), eee, (In)(23)(24), eve, (2n), ees (@ =1, n)

by an even permutation of the parentheses (i, k). If we replace

(fx;;i voo x P by (,Cxxl ()/)x:jr P wo obbain a new invariant ¢) * from
Frp

(7). If () is even, (W) * is odd as is easily seern. BEvery odd invarisnt is
. .

obtained in this way.
/By a device similar to the proof of the lemma on pe. 137 one sees that

(‘Q’Zn-l can be expressed by means of Jz‘ with s@aller indices.

Theoren 4., In the case of the orthogonal group 6\9’ n for an even num~

ber n of dimensions a complete system of linearly independent even invarients is
formed by the products 3 vew = () with
JZh102h2
hl *hy * eee = p, h, < h8 € see £ 2n~1, h\/ % w1 (mod 4)
The ) * then form a basis for the odd invarient differentials of order r=p..
We set

(1+63) (1467) oo (467270) = g(8) = o) + 2t + gt0 4 L.,
Ther! the maximum number of linearly independent even invariant differentials of
order p 1s equal to zp, the maximum number of linearly independent odd invariant
differentials of order p is equal to z . Hence B_ = z_ + z , T = -Iig-l-:—ll

rep p P Trep 2
1+ Byt + Byt? 4 vu + 67 = g(t) + trg(%)

EPULEY Y

o




The degree of g(t) +S  equal to %(Zn-Z)(-léi -1) = ,..(M o« Then
(n=1) (w=2) 4 o1 petnl (n=2 n~1
t 2, g =8k), teF-=t 2 g(t) =t gt)
(ﬁ};) L+ Bt + Byt 4+ it Br_ltr"1+ £ = (1+65) (1467 ) a0 s (146700 ) e (16477

In the case of the complex=group the final result is thé same as in
the case of Bn' There are some slight differences in the proof which come from
the different form of the condition for the infinitesimal elements and from e
difference in the form of the fundamentel theorem of the theory of invariants )
for béth groupse.

Theorem 5. In Theorem 3, the group #n can be replaced by the came

plex-group 'Cn'

n(n+l)
2

(K7) 1+ B+ e+ Bgt"d + 67 = (1468 (1467 wue (140

td

Since n is even here, we have r =

2]3."1)

3, Direct determination of the Betti numbers of the group menifolds of the com=
pact simple groups *

* 1., Pontrjegin, Comptes Rendus 200 (1935), p. 1277,

The Betti numbers of the manifolds of the compact simple groups ﬂ

"t—n’ X:n, and fﬁ\ are given by the formulas (ﬂ (56" n)? ( [) and ((ﬂ})

n

in sece 2. These formulas have been proved by L. Poni:rjo.gin by direct topologi-
cal methods, Pontrjagin published the proof only for the case UZ n and remarks

that the proof is similar in the other ceses. We give now Pontrjagin's proof

for Ul .

n

Let GZ n pe the group of all unitary unimodular matrices uaik”' Ir

all = 1, we have

Bip = By T eee T8y =0 Bpy T 8B T oees = 8y < 0

These elements form a subgroup isomorphic with OZ n=l which may be identified
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with aznrl

Let £ = (£, T., ese, £ ) be a mabrix with one row, n colummns and
1 n

2
' . 7t o= 2 2 2 .
(55) £eft= £ %4 £, T4 0k £ 5]

For any number ({_ of absolute value 1, the matrix
F=1+ (0L =1)ft ¢

is unitary. We have, namely, if we use (55)

il

TroeF= (14 (- D)FE)A + (o = 1)E1E)

i

1+ (G- 1)TE + (@ - 1)FE+ (00 = 1)TE » T8 (o)

|1}

1+ (h-1+oC=1+ (¢ 1) (oL~ 1)fte=1
If the coordinate system is chosen in such e mamnner that £ = (1; 0, e, 0), we
see that £' * £ has the characteristic roots 1, 0, see, Os The characteristic

roots of F are therefore of , 1, 1, eee, 1. Hence det (F) =0{+ The mabrix

Id

- al [ =\ \
1 \ \ Yy

~ I r / ~/
56) U = : - = - (l + {x—t\f-ﬁ
\_ .
is unitery and unimodular. We have in U
(57) ayp = <Lt L= )fy, e s (LmeO)RE,  (322)

If we multiply f by a number of absolute value 1, the metrix U is not changed.
We denote the set of all such U by ci

We determihe the intersedtion of ¢ and Oznrl. For the elements of

i

it we have 1 = &g, = =1 + (1 - uL)[fﬂ 2. From {fll <1, \C(l 1 it follows

thet of = -1, {fll = 1. Then, however, f, = f; = ese = £ = 0and U= 1,
The intersection of al nel and ¢ consists of 1 only.

We set

= gt + ig" £ = f£r + if" o« == P

8. ’
e T Tk v v’
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In a neighborhood of the identity, ‘we choose fé,

parameters, Then fl is nearly of the absolute value 1, and we may choose it

f", doey f’, f" and as
2 n n 30

as a real number (after multiplying f£ by an appropriate number of absolute val-

uel). We have, according to (55): .
et e o ~ . .
4 L B g2, PR2y {/”
po= i Z2yreli®) = i 40 =0
J=2

The terms omitted in f£* are of second orders in the parameters, In the same

A

sense, (A = =1 =~ iL/l) + ees and
(58) al', = Foaee, 8. =20t = (p £, o' = (D £+ 2f"
n- ¢ s T B L PR A I
We denote .the paremeters f!, £V, o.., £, £", b
4 p r s b4 2’ ’ n’ n LF y
,/\1, ,\_ PYARERY '/LG_lu In the identity, we have ',\1 =;\_ 5 = ...=;\ opa1” 0
ond as we readily see from (58)

RV 1 ot . ? n )
_Déll! alz’f’lZ’ M al ’ aln)

(59) A "—D (Xl’ kZ"/\S""’/\ngn_D 7! O.

Ope sees that ¢ has 2n-1 dimensions. It is, of course, a cycle on 0Zn.
Let /U' be any element in the neighborhood of o fixed element (/)O of

m’n—-l' The first row in Vis nearly 1, O, ¢es, 0, and we con determine a

U in ¢ such t}.mt a;l, 9'1'1.2’ aa'_z, ceey ain, a;n have the same values in U as in V.
The some is true for ail by itself., The first rows in U and V are identical.

So are the first rows in U * U"'l and V ¢ U-l. Hence the first row in VU“.:L is

1, O, «vey O» Therefore V'U'-:L = ’P belongs to 6(, a=1* We obtain

(60) /U' = {P% {P in 0Ln_l, U in ¢ in the neighborhood of 1
Let r\;l, rvz, oo, rbnz-Zn be recgulor varencters in oLn—l in the neighborhood
of ‘?‘O. Then the elements of a neighborhood of To in ()rln can be expressed

in terms of the parameters %’1’ seey ’/1/ of U and of the parameters

2n=-1
coe of P in (60). We form the Jacobian mabtrix
r"]_s ’ ‘“’nz_zn ( )

%
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' LN '. ¥ " y seewy "" ’ " 9 owe
L/{( R, (37 2157 g7 “In” “In Fra’ KA )
D Qhyr woos g forr o0 Ma2ogy) Ne=0,

wiere {»Lf(o) are the peramebers belonging to (‘Po” For the differentiation with
regard to ?UK wg may put ‘A’. /Jl (o ), P= o £ dz'n -1° The first row in V

is the same then as in U. We obtain that in the first 2n~1 rows and columns in
‘/“ we have e mgbtrix of determinant :.’:l . (52). During the differentiation with
regerd to /"{:,\ we may pul: ;Ll£= 0, U=1, V="P. Ve have zeros in the firsf:
?n-1 rows and the last 1°=2n columns since 81y is constant in g‘? There is,
however, a minor different from O in these n=2n columns because the /.4, 's are

rogular parsmeters of (P, Hence Ju, is of rank 2n-1 + nz—?,n = nz»-l. The

parameters A"l’« P ,_'7\,21'1"1., f’vl’ f"’z’ «es are, consequently, regular paramne-
ters of 01, in a neighborhood of (P 0*

Let S) and ‘6~ be two cells on 0(, of complementery dimensionalities
which have an intersection of index #1 in J We may assume that the param-

e
eters r‘\,K are chosen in such a manner that fvl’ /"VZ, ..‘.,/m‘b are positively

oriented coordinates in'So , Whereas f"){+1= conste f/\,1+z = const,, ...,l—(,nzmzn.—.
= const in g5, In ¢ , however, we have /A’l = const, ,/vbz = const, ses, /“Lf
= const. Here /“’,f-*l’ le*'z,.. ves are positively oriented coordinates. We
denote by P * o the product of all elements of S) by elements of a mneighborhood
of Lonc. In (Jln., f T is given by r"}."l-l: const, eee, f-bnz_zn = const and
6§~ 1is given by 7{1 = const, S 9 = const, .es, ?\J’Zn'-l = const,
IM—_L = const, wee, I‘Lx = const. InJJ o we may consider
A1s eees ;L 2n=1’ 17 ...,/"V]_/ as coordinates. Thereby, an orientation of
S) e is Pixed. We see tha‘c.so % and 6" have 1 as index of intersection.

Let [s and ’af“ be two cycles on (ﬂ, n=1 of complementary dimensionali-

ties. We denote by [3 * ¢ the cycle of OLn which is obtained by multiplying
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every element of by every element of c. If 7)0 is a point of intersection
’ Il
of /30 ¢ and 2"/, we’ have ?OU =7) , where /I) and P o belong to (/{ n~1 &nd
U belongs to os Then U must belong to the intersection of OZ 1 and C. Hence
n—
D _ P
J =,

U= 1, We have to consider only points in a neighborhood ¢ of the
identity on ¢ in order to investigate the intersection of /30 and 3" The
group menifolds are orientable., The orientetion can be defined by meens of
1eft-hand trenslation of an indicatrix arbitrarily defined in the identity.
Thus O(’n-l and (/'Z,n are orientable, An indicatrix in (/Z -1 and an indicatrix
in ¢ together define an Indicatrix in Oln in the menner described. If it
should be possible to invert the indicetrix in ¢ by shifting it in ¢, the same
would be true for the indicatrix in Ol’n' Hence ¢ is orientable.

Let ¥ be the index of intersections of the two cycles /?) and ]‘v in
(]L . The sbove consideration shews that /3 ¢ and 3/’ have also tho index

n=l
of intersecction V. In particular we sec in the case that /5 is a point and
-

/()/\ = (/l el that ¢ and ()Zn-l have the index of intersection 1.

Suppose that
(61) 89 Qo9 oeey Oy

7

form @ basis of the cycles of all possible dimensionalities in OLn-l in the
sense of homology with division. We are going to prove that
(62) Bys Bps wees By 810, 8,0, eeey O0C
form o corresponding basis in dln'

If the cycles (62)should not be linearly independent, we should have a

homology
. $) -
(63) a$ *en=l, bf c™ 0 on w’n
where a?+2n~1 and b? are cycles on n=1’ the number of dimensions being

givon by the upper indices. We assume first that be‘[J 0 on OZ =1 In this

cose there oxist cycles b* on 0[ el of (n-'l)2 -1 -f dimensions such that the

ey

e = " c m
S —— G 2 MG i SNy Bl

.




163
index of intersection VY of bS> and b* is different from O on Wn._l. The in-

dex of intersection of b? ¢ and b* on (/l n has the same value V.. It follows

+2n=-1

from (63) that a and b* have an index of intersection different from O.

Both aP+2n—1 and b* are on 0Zn’-1' We form UZn_;lQ and (.:I'}a,nge here Q con-
tinuously from 1 to "an- element &o not in (/Znﬂl' The cosets W’n-l and

Uln-l Q o have no common element, This deformation of Uln—l fransforms

- NS
a§0+2n 1 in a cycle a which is on mn-lQ 0* Then & has no common element ,with

0Zn_l or b*., The index of intersection which is invariant by deformation does

not vanish. This gives a contradiction. Hence b? ~~ 0 on OZ From (63)

n-1°
follows a§72n"l v 0 on 0l ne  If af’+2n-'1 should be ¥ 0 on azn-l’ we could

determine an a* on oln-l such that the index of intersection of af+2n'1 gnd a*
* - g-H—zn-t
on (/Zn"'l would be different from O. The same would.be true for a and a*c on

OZ . Hence a€+2n-1’f;10 on. U'(Ln. s

n

_The relation (63) implies therefore P I R IS Pooom @ 1
n-

The cycles (62) are linearly independent. The sum of all Betti numbers of 0?4 n

hes at least the value 2m where m is the sum of all Betti numbers of CL Iif

n-1*
we use Cartants result (sec. 1) that the sum of all Betti numbers of (/l N has

the value ZN—]‘, we have m = Bn."z and the number of cycles in (62) is equal bto

the sum 2m = Zn-l of all Betti numbers of (}l 0 The c¢ycles (62) form a basis.,
It is possible to prove this without using Cartan's result. Let

ai, ag s swey aé) be the cycles of dimension I.) among (62). If b is a cycle of

dimension & = (n-l)z 1.~ P on 0(, n=1 such that the index of intersection of

b with every a, vanishes, we have b ~ 0. Let

K
¢~ o o
= + + e T
(64) . - b X8 %8, %8
where 8y s sers 8, are the cycles of dimension ¢~ emong the cycles (62). The

number k is the same as for the dimension j). The indices of interseoction

11, 15, ee, ik: of b with ag_‘) , ag s 8o, ak? give k linear homogereous functions




of xys xz, vee, Xpe We héave seen that they vanish simultaneously only if

b ~vO, 1.0 X{ = Xy = eee T Xpe Hence the determinant of the linear functions
igs different from O.

Let z be a cycle of 5 + 2n-l dimonsions. Let i*, i¥*, ..., il’: be the
2

indices of intersection of & with aS; ’ ag s sve, akp on oz’n‘ " We can determine
XK in (64) such that iy * i"(‘, (v=1, 2, ves, k) the determinant of these
linear equations being 7( 0¢ The xw then #fe fational. If we multiply them
smallest - '
by their grestess common dentminbtol ¥ wo sblain a cycle b with integral coeffi-

cients X, such that i& & tiz + THe ind8% of intersection of be with :’LK on
\ A

Ol n has the same value 1 ns wé have deen before. I8 follows that the index

®
of intersoction of z! = & “ bo with a's: vhnishes for K = 1, 2, iis, ki

Pontrjagints dumlity theorem * shows then that z! is homologous to a

JrNY re atintan o a S e AR K 2,

* Mathe Anng 105, pe 190, equation (3)%

cycle z" 0/;1 (Z n C’Z

)
We consider the function f = ai'Ll on 6[ n* A simple consideration shows

that one may usc a'l as one of the parameters of (/Z n except 1if a.4 = 1l or

n=-1

84y = =1, i.0, except in the points of Jzn-l and of a certain cosct

; - " . ' . . sl .
(/L n-lQ 0{, a1’ In the other points of (Zn, the total difforential df is
therefore different from O.

Let Jl’ 52, ess be the parsmeters for the moment. We construct tho

trajectories * with respect to £,  Those are tho solutions of the equations

* (fe Morse, Trans. Am. Math. Soce, 27, p. 345, for the properties of trajec~
tories.

-

- ———
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The parameter ‘T can be chosen éﬁch that we have ‘T = f€§3’3 X ese) in every
point., There is one and only oéé trajectory through every point in which 4f
does not vanish. In our case these are the points with all % 1 and we may
use a,9 s parameter. If we continue the trajectory in the dirgetion of de-
creasing 819 WO sholl come into -an arbitrerily small neighborﬂood N of (L a1t

We deform z" along these trajectories.  Since z" has no points in com~
mon with Ozzrq_mm con deform z" so that it will belong to N. Then we can da~
form z" also in such a way that it belongs to 62 ;_1 = Uer&Q' Now we change
62 continuously from 62 to 1. Thereby 0Z ;-1 is deformed into OZ:n_l.

We obtain finally a cyole'zlon aznrl’

2o 2" A 2t =tz - be  om Uln

We cen represent z here by the £asis (61). According to (64) we have

then a formula

’ c
t?v/uz/u,/af‘f'zxtva—yc Onaz

where ¥ % 0 is an integer. This proves that (63) is o basis in the sense of

< n

homologies with divisione. Tt follows immedistely from (63) that the Poincare’

polynomial of CQin is obtained from the Poincare!polynamial of 0Z:n_l by multi=-

2n~1 :
plication by 1 + t , 2n~1 being the dimensionality of c. Hence

2. 2. -
(@) 1+Bb+ eun+ B t" 2 4 4851 L (1458) (1048) L. (65T

The method yields ah actual construction of a basis for the cycles.

4, The fundamental rogion of finite groups generated by reflections *

&

* E, Cartan, Amnali di Mat, (4) 4, pe 209, Chap..I; and 5, p. 253 (1928.
0f. also H.S.M.Coxeter, Annals of Math 35 (1934), p. 588«

Every semi-simple infinitesimal group is associated with a finite group
(8) of linecr tronsformations of e Euclidean vector space where (S) can be gem—

erated by reflections. We shall investigate the proporties of such groups (s).
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In sece 6, the actual construction of all the groups (S) will be given. This
yields the determimation of all semi-simple continuous groups.

Let (f) (f ceey ()ﬁ 7 be the coordinates in the ;(-d:.mens:.onal vec-
. tor space. Let ? 31k(-f 9{, X pe the metric fundamental fom. The covari-

ant components (791 of a vector are connected with the contravarlan’c components

(70 i by the equations
| = Zglkso Bik = Biy S
We set {fi = ,Z—" ('0 i and have (as usual)
(oY) 2 E gtV = S =S v =7

Let (S) be a finite group of linear transformation which can be gener-
ated by reflections. If t is a reflection in a hyperplane E, and s an element
of (8), them sts © is the reflection in(sE.

By assumption, (S) is generatéd by the reflections 8,, S5, =ses Sy in
certain hyperplsnes El’ E2’ cesy Ek' The preceding remark shows that (8) con-
tains the reflection in SEK too. TWe denote the set of these hyperplanes by
Ey, By, evs, B and the corresponding reflections by sy, Sp, eee, Sy (n 2 k).

The whole spece is divided by the hyperplenes E.,, (V= 1,2,00e,0),
in & finite number of "chembers". Let W be such & chamber and Al’Az"“’Am be

the hyperplanes E,, whioh contain an (Y~1)-dimensional part of the boundary of

W. We call the Af° the "walls" of W. Two chambers

W, end W, are "neighboring" if they have an (£-1)-di- Py
mensional part of their boundary in common. If S be-\ W

longs to (S), SW is a chember and its walls are

SAy, Sho, eees SA . Let ry, Toy wees Tp be the re-
flections in A4, A2, caey Ao The reflection in SA/%
is Srlws-l.

e e R E——s 9 ROy o rs cee E Resor

B
i3 TSI T s
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Every chember W* can be joindd to W by a chain of chambers
WO = W, Wj.’ Wz, a0 ey Wk a W
such that'WV and Wv, are neighboring., Suppose that we know that
=i
LI s,y_‘ w, s, in (). IfW, = endW, have an Z-1)-dimensional part
of the wall S A as common border, the reflection S r S"1 trans=-
VoS, Vot "6y, Y
forms W‘ in W We have ’
V=i v
(1) L W
(SV’ V—‘ )W/"I S Sv_‘ S .W_'—- SV '/Y"
Hence we may set Sv, = SV—, rd_ , We have .
@) W W“ W“.. * . ‘
o T W Wo=rrn W Wb =rer. » ¥
v %2 1Y B I PR o
Conversely, if < Tk
(3) R = 7% "o .. To
is any product of Q:} , then W}, l and W, in (2) are neighboring gnd an (1-1)~
dimensional part of r_ r__ seo I' A belongs to the boundary of both.
g € §,.0 Sy

Every EI%,is the wall of & chamber, say of W*. But according to (2)

and (3) the walls of W* are RA;, RA,, «.., RA . Ir Ef*‘= RA ,,, the reflection

P
-1
8 in B is given by Rr.,, R . Consequentl 8 can be written as the product
I M g J Sl q ¥s -
of reflections rq, Ty, ses, Ty;. The s generate the whole group (S). Hence

Theorem. Every elemcnt of (S) can be written as a product (3) of fac-

tors T, Tp, eee, rm.

We construct the unit sphere about the origin. The division of space
into ohambors yielas g division of the sphere into (le)-oells. We denote
these cells by the same symbols as the corresponding chembers. We associgte a
path on the sphere with the chain of chambers (2). We start from a point of
Wy, cross the common border %o W, and pass from Wi
to Wé and so on until we come to Wy.

Conversely every such path"ﬁ~ whiech avoids

the ({-2)-cells on the sphere belongs to & chain (2)

of chambers and to a product (3).

1

[E P

R SR e
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We assume now that W¥ = W, RW = W,  Then Jj” may be chosen as a closed

pathe. . We can shrink T| on the sphera\ to its initial point in W. Ve may ef-

" Peot this in such a mamer that T elways avoids the (f-4)=cells on our (7-1)~
sphere. We ask how the associgted element R will change during the deformetion.
There are two cases which we have to cgnsider:

1) passes fram a cell WV—-I to a neighboring

i s -
cell W,, and hence back to W\/—: ., It is de
formed in such a manner that it does not leave
. . / N \
W . We have to replace; Wy s WV sy Wy, 1n 4L/ \\
i . ~ - ) —
the chain by (W, | . IfW =S, W, end xnd W, =W
voud Vor = Y\
S, =8 r it follows from (1) and r’laR_ thetw =W = »
4 V-1 6, &~ o Vi V=i
-1 _1
= 5 . S s W = T . = =
Ve, rcS‘\, Vet v (S,V,,ro_‘_, Sy )V’VJ Hence S, SV«: rd_; rd‘_/ SV—;
Before the deformation, R has the form
A .
7 - » "Y-'; /r_ - ,T..
5y YR, T ,r;;—l(" ¢y }“—’] ‘,07/1'-2/' ST 4

After the deformation the two factors T in the parenthesis will not occu

4
I = - L0 :
Q ‘T’Y;?o." Oy ’rf.n—,z,-" ’G‘»e
We get that R does not change its value since rdz_ = 1,
‘ v
The inyorse deformation has the effect that two equal factors, r_or

Sy Sy

are inserted at some place in Re
2) Tr diring the deformation passes an (,7[-5)-0011 H on the sphore, The planes
‘E,b which pass through H have an (Y=2)=dimen- \ Wyia, #

sional subspace ’I:iJof the ordiginal spaco in com-
mon,. Let CC be the 2-dimensional plenc orth-

N
ogonal to H -and ft) its point of intersection

~d
with He The E‘,W through H interscet (S‘ dn

straight lines and the chambers which contain

~
H on their boundary arc reprcscnted by scctors
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in sho figure. We may assume without restriction that T after surrounding H
roturns to the same chamber (cf. the second figure. We can effect this by ad-

'ditional deformations of type 1).

Lot Wy, W s Worg s vees W oy

be the chambers which have H on their boundary;

V\/Vﬂ

their number is even, Let u and v be the two M,”\ /
-
reflections which turn W into W and W /
ions whiec . v Vi V2T \!Js/ / V\/‘V"_#

P

respectively. The situation is completely de-

scribed by the situation in the 2-dimensional

s -
cut with . The product uv is a rotation
P i : wy Ty
about @through the angle Zu / T’ .VWo have
r~
L:
(wr) -=1
h flecti hich ¢ £ w inko W i i by ( rv Wi
The reflection which Transiorms V"I“'fln 0 Vip s is givenr by ur) AL, Ve
hove to determine r s Y y cee successively, so that if we set
P Vi Creas
S =S r r ere T the reflection transforming W into
Vip Vo e, ‘5% Oy bre & e
w is given by S: r s*t .  Hence
Vrpe 12T PR PO
. - f*
Sy - + 5 v, 1. § )
v oo . T Gt Vouep = oy = ( A
It follows easily that Ve v re v VbV
vl -1
S,
VH S“ M’SV V'h?. SV V/ d‘;‘_3 SV MSVI
~1 s _‘_. - )
w—s, S /U-‘YV SR’ TCr2T ~ S“ /V.KV

After the deformation, the part of T~ which we consider will nat leave WV -

Hence the factors rv i r‘”_l y eee, rv+2,‘._ heve to he dropped in R. Their
product has, however, the value
— P ,
(4) A~ : { ¢ 5‘ 1
. T N b = S, (ur = 1.

Thus R does not chango its value. In the case of the inverse deformation, fac-

tors whose product is 1 have to bo inserted in R.
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We can shrink,'T["to a point ﬁy means of deformations of these Types. )
R does not change its value. If T~ consists of one point only we have R = l.
| Consequently we had had R = 1 befores. The only element of (8) which transforms
W into itself is R = 1. Hence
Theorem. Each chember W is a fundemental region for the group (8).
If a product R, (3), has the value 1 we can transform R into 1 by in-
serting or dropping factors roz_ =1 or (4). (S) can therefore be defined by .

1

. - -1 . .
these relations; Now S¢ uSY and SY VSv are reflections rj; and ry in two

walls which form an angle of U/’U’ in an (X—Z)-dimensional edge of W There-
——)
fore (4) can be written in the form (rirk)b =1, We have
Theorems The group (S) can be defined by the relations
~4 -
o,;‘e

2
I‘i = l’_ (rirk) = 1

Here the rs dorrespéhd to the walls of fhe fundamental region. We have
,E’ik = 0 if the assoclated walls have no (X—B)-dimonsional edge on thoe boundary
of W in common. In the other cass, Tr/z:’(is the angle between these walls,
We assume now that there aro ,i linearly independent hyporplaned among
the EI‘" ., In the othor case the E‘M’_have a linear manifold K in common. By
cutting the whole configuration by the lincar space i ! orthogonal to K, wo
can roducc tho whole problom to tho investigation of the group (S!') induced by
(8) in (‘;Z ' and i ! ‘has a smaller number of dimgnsions than . oﬂ In the case
of a semi-simple group g the assumption concerning (S) is fulfilled.
Under our assumption, there are ,1/ indopendent ones among the walls
Ay Aoy eeey Am of the chember W. Honce m 2 ].'. We are going to prove:
Theorene The number of walls of the chamber W is equal to the number
of dimensions 1/ (under our assumption).

Proof. Let A(l)= 0 be the equation of the wall Ai written so that W

lies in A3)s o,
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A(i)=(g-3_ %)1 + o‘oo +(g.) 2
i) (1) (1)

Then Eal, Boy ese, a./l/) are the covariant components of ‘the vector /dLi orthogon-

al to A(l)= O+ The reflection in Ai is given by

(5) 7; 4 Z”——f& {L%%f)jﬂ; ?t

In particular: _ A Ay )
e T e = T

(6) R S Z((:L.‘Lan“.&j) %4

We show first that rbik L0 for i 7( k. Suppose that one of the [tk

is positive, say r""12 > 0, We consider the region I defined by
(1) ' 2@ 0, 2By o, L., a®)s 0,
Then in ‘(I),A(l)- Ilble(z) # 0, In the other case we should have vectors in
I where A(l)- ,-L le(z) = 0 and hence A(1)> 0. Such a point would belong %o
W. Then the hyperplane A(l)— rt/le(ZL 0 which, according to (6), is ome of
the planes/E),would have points in common with the chamber W. That is impossi-
ble.

Secondly, let II be the region defined by
(11) A 0, PACIN 0, soyp, A®)s o
Again A(l)- IA.le(z) cannot vanish in II .because otherwise we should heve
A(2)> 0 and the point would belong to W.

Therefore A(l) - /*4/121&(2) is of constant ;:ign in T and in II. In
both cases the sign is the seme since I and II have W in common. But if
A1) - [“'12“(2>> 0in I, then A1)y 0 4n I, and T is identicel with W. Then,
however, A(1)= 0 would not be a wall of W. Similarly, if A(l)-/vL le(2)< 0,
we should have A(2)> e A(l)> 0 in II, II would be identical with W, and

iz
A(2)= 0 would not be a walls The assumption FLIZ > 0 leads to a contradiction;

we have [*’12 Lo, ["Vik§ O for i # ke
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If we choose the coordinates properly we may assume that

(1) . i @)_ , 2 - X
(') A LF , A (Ip y eves A (’p

Suppose that m > X end let A = A(m) = 0 be another wall, We write AL for #Z,m
@) , ()

8y for 8:5 & for a . )

The covariant components of /Ul;<1) venish except ‘the ith one which has

the value 1, (i = 1, 2, eee 7). Hence

2( AL AL ik .
O':Z /Aiy _...E._..._..-—-—.k) = Zg H i k= 1’ 2, see, l/; i %ko
(A k%k) g
Since Z glk,_f i“f K is positive definite, we have gkk >0
ik .
(8) 025¢ (i # k)

Similarly we have for i=1, 2, see, ,2./
i

> — (A'L w) a
0=/v"im—2—(,az,lw,)-411

02at
The coordinates 85, however, are not all £ O because (Pl > 0,
2 L » 1 2 T
(_‘;\ > 0, ...,lP }0 )alLf * e allclox > 0 hold for the points of W. We
choose the notation such that aq > O, «.., ap > 0, ] < O, see, ax L0, We

have

o
v
o

P
i=Z l,ja Zg
J =t

J = o+

In the second sum gij L0 fori=1, 2, ess, p according to (8) and 2y £ o.
Hence
ong (i =1, 2, eeay D)
02 i glJa a

big

a'p = O sirce Z g ij. (P && j is positive

definite. .But we hed 8q > 0, eee, a.l/ > 0. We have a contradiction and the

H)

This can hold only for By = e

theorem is proved.
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Let /\ =X ,\,:1 + oeea t x/l, 7\,’7 be a linear form. We denote by s /\
the lincar form which is obtained by applyinz the eloment s in (8) to the vector
?with the covariant components (xl, casy x}_/). Thore is a "dominant" form

among the s /\ which is not lowor than eny other of the s /\ *, Lot us assume

-*% YWe write /\ > 0 if the first non~vanishing coefficient in /\ s positive,
Furthermore A 1 > A g if /A7 =/\ 5> 0 (e¢f. Chape 2.)

thet /\ itsclf is dominant.

Wo tako A(1) in the form (7) again., According to (5) we have for r,

£ —> [ Auits ¥ R S x*

(w; 7,) ¢ jv'i AL, :
2 X i
A — /\'”“C;/r-;‘,g“ oo ()
Sinco r. /\=< /\, we have x* 2 0. ,
The dominent lincor forms havo therefore the property that the vector
g (vhose covariant compononts are the cocfficionts of/\ ) lic in W or on ibs

boundary *. Conversely, 1if g? lies in W, the vectors SS% s S 71 1, do not lie

* Tho voctors of W arc thosc whose contravariant componernts arc positive,

wloo, (p2>o, ...,(!91>o.

in W. One of tho s /\~ is dominant. The only possibility is that/\ itself
is dominant. Ir ? lics on the boundary of W none of the vectors s}‘ lies in
the interior of W. If s é‘ lies on the boundary of W, say on a k-dimentional
linear part E of the boundary, then sW contains E as a kedinoasional’linecar part
of its boundary. One proves without difficulty that it is possible to carry sW
over into W by a succession of reflections in hyperplanes which contain E. Let
so be this product of roflections. Then S, ° sW = W. We have, therefore,

s, = 1. The elemont sf , however, is not altered by s, since it lies on E.
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Hence s, * s }’ = 5 }“. From 8,8 = 1 follows ? = 8 ?_ We prove now as
above that /\ is dominant. Ir }‘ lics on the boundary of W, we have reflec-
tions s in (S) such that s /\ = /\

theorem.  1f /\ is dominant, i.e. /\ 2 s /\ for a1l s in (8), the
vector %' whose covariant components are the coefficients of /\lies in W or
on the boundary of W, In the first case we have /\ >5/\ for s 7! 1. In the
latter case there exist elements s of odd type in (S) such that s /\\ =/\ .

It is interesting that the order of LP 1, </9 2, ves, %f is of no in-
fluence in‘ﬁur criterion., A part of this theorem has been used in Chap. 2, 9.
We obtain;d“’chere in a more complicated manner,

The determimation of the characters cen be effected in a simpler way, if this

theorem is known.

Id

5. Direct characterization of the finite group (S) associated with a semi-.simple
continuous group*

* E., Cartan, Ammali di Met. (4), 4 and 5.

Let /(l}, be a semi-simple infinitesital group * of order r. There exist

[

* Ufe the results of Chap. 2, sccs. 3 and 4 for the following considerations.

(r=Y) roots of /‘g/ which are linear forms in X parsmeters p. U T A X,
If the parameters in Aj are properly chosen the coefficients of these roots are
real (even integers). If oL is a root, so is - K. No other multiple kot ,
k = %2, i'SK, eeo is a root.

Let o{, be = & 1').«1 + 0(2'/\_2 t oeee ¥ xxﬁ;lfi. We &onsider of a8
6. vector with the covariant components (% 1,0L 5r ey oK 'Zf). The vector di-
agram consisting of these roots has the property thet the reflection S, in the

hyperplane orthogonal to O permmtes all the roots (for every fixed ol ). If /3»
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is enother root, we have :2-£3219!
=) Su p=> P s [ Y,
(2) fid/3 = integer
(3) /3 - Tk is a root, ( 77 integer between O and /Kavg )

The inner products are def
i k
ég:gik nzlfb
(oc,/s)

oi course,

2.

where, &

Vle shall deal with the wnitary restricted group

Hore the ;1,3 are purely imaginary, ), J=2 11 733.

in the roots (as we did in

(4)

k
/,.. B s

ined by means of a definite quadratic form

‘/glc - 2= i/?i =

%koék-

i
quoc /{L—‘ Z-- Z-"Kilg
i e
x T 2.
y
/(7“’ (Chape 2, 6).
We drop the factor 2 i i

Chap. 2). Ve have

O( =3 o(" (P’_f.-

1+ X ‘?z

h flections S
The reflection o

planes E are given by ol =

E all the sE, s in (S).

applied. There are Z ind

Let W be a chambe
(4)
a, =

(2)
ol

0, 0 whor

system such that

()
(5) x

e

¢

The reflection S L,,)-— S

multiple of is subtr

V@ ow ‘t‘))

P=O

this process we always got

6.~=01(P1

Hence ﬁj must be equal to

+ c

zenorate & finite group (S).

The reflecting hyper-

{ (P .

y a succossion of reflections SV’ starting from a wall of =

This system of hyperplanes contains with overy
Therefore the results of the preceding section can be

cpendent roots.

an
r. Its walls are given by cquations &« = O,
(v)
e the & are roots. We may choose the cocordinate

(2,)

v has the effect on a root /3 that an integral

cted from /3

Vile can obtain cach of the hyperplancs
(e

0. By

hyperplanes of the form

2(f2+...+cx(FX=O, Cx

such a ¢~ but for a constant factor ¢~

intcgers

7P

|

sFP—PF‘-Wr—-‘*'-mrTqF;;‘?“{Y”FY YT LRy
sl .

" e rwsEs
LE]

e i o JalA R ISP E T P L A et Sl R ST Lo
»
) P n » 3 P

erengEry
LY B SRR

{‘{PSWP e

ayss ¥R
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3"5 constant. Then we have, according to (2) and (3)
2 (p, a) 2
= = 9 = integer N
/4?" (p,p) &

If N is even, the root & is an integral multiple of the root ID , and hence
6 = i’f ., If N = 2n+l is odd, we have 9‘* = 2N =n + 3. It follows from
(3) that & = ’Z’P = (n + %—)JO - P is a root if ’C" is eny integer be-
tween O end 2n+l. Then, however, %—P is a root and this is impossible since
2 (;Lgf ) = P is & root., Hence 6 =% 10 . We see that every root 59- has
integral coefficients.,

The coefficients of

£ -paplr e pypt

0 or all $ O. Tn the other case we could find values

I\

are either all 2
such that (Pl > 0, see, (F r > 0 and P = 0., Then W would have points in
cammon with = 0 and that is impossible accordin to the definition of W.
g
To every system (P 1, (P 2, ..-,.kF ¥ belongs a "main element"
n( (1, 2,, cee, ¥y of the adjoint continuous group A and & main element
¢ J AL
h*( 1 ..., 7[) of the true gioup (g . (cfe Chape 2, sec, 8). We have
(p “w
1
W ((ph v PORCYE v ) = mp L e, P
and h( Lpl, cee, (F '1/) is the element corresponding to h*( (,01, veu, (‘(3 x) in the
adjoint representatiom The guestions which are to be answered are
1. When is h(LFl, ery L)O’i) = h( 'Z//l, cees ’(Pfll)? When is
h*( Lf]l’ vels, (’0 )'/) = h*("zf/ 1’ "".,Lf}()?
2, When are h((F 1, vee, (.P x) and h(/lrl, cony ’y)x) conjugate in A, 7
When are h*(({) 1, eve, (P 7[) and h*(’?f/l, ceny ’9&7[) conjugate in '{% ?
The importance of these problems can be seen from Chap. 2, secss 8 and
vart of the fiat).

9. The first §ues%'{3n a6 been answered in Chap. 2, 8, By an elementary device.

We saw (Chap. 2, equation (85)) that h( (Pl, eves (10 )-/\' is a disgonal matrix with

the diagonal elements
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(6) 1 (f-times), A (o) for all roots oL,
We could easily infer that h(? 1 ..., (f’ 1) = h(/yll, cou, ;1/)'/) if and only
if

. ¥y = 1 4 b
(7) oL ( {f) , e, Sﬂ ) =0L(3U , eeey ?(/ ) (mod 1) for every rooteX .
Sufficient conditions for 1 and 2 have been given in Chap. 2, 9, by using the
orthogonality properties. We shall use here more elementary methods. Ve

prove first:

Theorem 1. If an element s of S transforms * the system (%1,...,(.;3 ,1/)

* There are two possibilities of interpreting this expression. 1) Vo consider
( 1,...,:'0/-[) and (&fl,...,'?///{) as contravariant components of vectors in
the vector space i% which S is performed. 2) Let @ be any linear form

m 1y ess T M . We consider 6- as a covoarisnt vector and define
S by aoplying the transformation on the m; whersas the 1 are con-

stents. In particular the lincar forms f = & * undergo a linear trans-
formation. Both possibilitios of’def.‘ining S ¥ 1 are not identical, but
one proves casily that if S w1 = 11 in the first sense, we have

s~1 1 = Ay 1 with rospect to the second definition. Thus it doos not
matter which definition is uscd if we are concorned with the question
whethor or not ( @1, ..., ¢ z) and (4/ 1, ..., % ) arc oquivalent with
respoet to the group (8).

into (gul, cee, ft'w’f), then h*(@l, ooy ( ¥y and R (P, e, Y Xy aro con-
jugate elements of "(fu
Wo consider first infinitesimal clemonts
(8) h= plny v sol’hz, R T 4//th
instead of h*((fl, cony (,0}(), W (W q, oo, 7//1). '

We assume that a transformetion S, <transforms ((P 1, e, (.'D )‘/) into

o,
(YL oo, W 1.

To the root ¢ corresponds an clcment ,QOL of /g such that

(9) Eh"ec’bjf' O(/Qe(_ ) l:'eo(‘/e,u.]: AQ(

(Chap. 2, (48)). The following cloments bolong to ﬁ'w

LU gy

badod ok oials dads

P ——




/Q(,_“‘,e,.% i /ro“""e—ﬂc

et et At 2 2410,

[uﬂ=w, Er, W]=u, Ev'ujcv

.\,:—m‘ ) V= e Vi< ) W=
From (9) follows (because of [h ] = o(d L, = (xoe) £ )
o o
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Ao
< Viocat

Consequently, u, v and w are the basis of a subgroup of order 3 isomorphic to

the 3-dimensional infinitesimal robation group. We form the element 1 +§& u,

& infinitesimal, in the neighborhood of the identity in f
ing transformetion of the adjoint representation is given by
X —y x' = x +¢E fux?

dx=x'-x=£[_-ux_]

The correspond-

In particular dv = & w, dw = = £ V. We put & = dt and integrate with regard

to t (repeat 1 + & u egain and agaein). The corresponding finite transformation

W is represented in Aw by

Fd
wecont - vsintd

it

W oy W!
- Vv —v! =wsint +vcost

dw' - A .".(-l' = w! end wt = w, v! = v for
4t dt

We hove namely,

t = 0.

We put t = T Then W ——a W' = =W, Consequently the adjoint trens-

formetion of U carries ha,. over into =h, o% in other words,

-1._—
(10) Un, U™ = -h

On the othor hand, it follows from (9) that

L’ed-)h (_oux.} o(,] 0, L’e m)h_'&”ijhoéj 4

hold. Hence LM h —-(&M h,d_] = 0., The corresponding

above shows that

u(/’u"'(g"‘% “)u“‘ = l’L -

This gives in connection with (10) the relation

o

UhU ™ = h=isrha = 25
WU lp'h .. r(pélu,ﬂ(" =¢ht.
where (fll/l, veus ’%Z) is the image of ((f) cee, 50 under

integration as

(cxoc) hoo

ZZ m‘f 2
(0(0@) Z A
+Ylthy

3 Hence
o

g
=
el
S
et
-4
oot
-—
Yy
by

P
-

I

g



UhtU™! = h" where U is independent of"‘(({) 1, eve, sp ’1/)

Every element S of (S) is a product of elements Soc . Ve see that
there exists an element T of € for every S in (S) with the following
property: We have T( lflh + see t "Plhll)T ’lehl + ee ¥ ’;L'xhx if 8
transforms ( “F , ey (70'1) into (1)0 y wses zﬂ][) Here " ::Ls the product
of the elements U corresponding to the single factors de of S. On integrating
with respect to (,0 l, cens ? 4 (repeating 1 + & h( <P1; ey P 1) again and
again) we obbain

B Cpl oo, (fl') Tawyl wh, €.
for finite main elements h*(LF 1 eee, (/) ]'/) and h*(-y/l, cers P ;() which are
connected by a transformation S of (S). This proves the theorem. Of course
the seme theorém holds for main elements h( 1, cons 'i) and h( ..., ll) .

of the adjoint representation A, . ,

7

We construct all the hyperplanes ,é
ol = 0, ¥1, *2, ... for every root & /

: 1. .2 b4 [/
in the = esep ™ ¢ - space. Let W* be the g
R SR e

piece of W which is cut off from W by these hypsrplanes ; "\ﬂ

snd contains the origin on its houndary. The boundary

¢r) (&)
of W¥ is obtained by putting OL = 0 or & = 0, wes,
te) L . /
or 0L = 0,or by putting some positive roots o !

) ) (m)
{5 , (5 , eeay F) = 1, If,neme}y,a point with _SD =k, p a root, k= 2 or 3

or 4, ...,should be on the boundary of W*, then W* would be split by }0
If we had P = =k, (k =1, 2, «as), on tho boundary of W¥, then & must be a
negativo root because (}) 1., cee, ('0 l' are :. 0 on the boundary of W. In this
case we replace the root }9 by tho positive root f’
Lhe Lot
It follows Irom|Theorem on p. I{{ *that every element of é) can

be reprosented in the form \
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U*h*( c)ol; coe, (/) I)U*-l
* 1 1y i * 4 -
where U* belongs to pHy and (Lf) »oaees (P ) is & point of W* or of its boun
darye In the latter case we called the element a singuler element. The cor-
responding theorem is true for the adjoint representation. Every element of
A, can be represented in the form
-1
Uh(kpl"v 200, TX)U

U in A, ((./7 1, veoy 60'1,) in W* or on its boundary. The points of W* repre=~

.

sent, so to speak, the classes of conjugate elements in f,u. end A, . This
is, however, not quite true, because it is conceivable that two clements

n*( Lpl, cp}') and h*('x/zl, X), ((cf) )'/) and

(. \f, cee, x) in W* are conjugate themselves.

We 1nvestigate this first for the group A, . Let ((/;‘ i, PN C'D f) be

o point of W* such that the roots O have values distinet (mod 1) in this point.

Suppose that
7

(11) v Qo eee (fff)u"l = h(q//g, ceer W 5,

U in A, , (’[f/%, ceey ’y’g) in W* or on its boundary.

Let S’l, 53 01 eses SD =7 be the r-I roots oL , h(?i, e, sp X)

(@)

is a diagonal matrix. The main diagonal consists of

1,4, . 4 )&(f,),e(fb)),..,ﬁffq,-z)
) L tiwes ) . 1 oot
eccording to (6) where F 1 F PYRETLR .)O r=g 8% to be taken in ((/) o,...,y’o).
The corresponding facts hold for h( 'SV:OL, coey ’y/ %‘l) The metrix equation (11)

1 ' .
shows that the £ (fv (’SUO, etey '}blg)) form a permmtation of tho

(P, (@l wers @), say , .
(12) 'e(f)v (%'_)__,,’%e)) = /Q(JOV, ((7001"‘/$00 })

Moreover U has the form

(13) U = jl i)(‘ '52_ ”

SEE P S

e A e A s e e e
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where Ul is of degree X and there-is only one element different from O in the
(A

’Vth row of Uy, namelyﬁ:he V t-th column,.

The elements on the left side of (12) are different from 1 since the
elements of the right-hand side are different from l. Consequently
(;1/}), coes /5#/3)'/) lies in W*, nct on the boundary.

We now form

Un(¢p 1 .., ¢ gl - pe

for any ((f’l, ces, % '1,) in W*, It follows fram the form of U and of

h((,[, s eesy, (_P X) that h! is a diagonal matrix. The main diagonal consists of
(14) o, &l el ), R ARl )

The element h' is cammutative with all the elements of the maximum
Abelian subgroup f. So is the variation dh' of h' corresponding to an infinit-
esimal variation dcpl, cee, dcfﬂ( of ;,91, (‘o}/. Then the infinitesimal
elcement ht' = dht ° h'-l of /Jo is cormmtative with the elements off and,
consequen‘gly, (/)h' belongs to &

We start now from sp 1. L/) %, “ees ?01 = ?D/f, and vary
(_f)l, vee, (.P}‘/ continuously, We see that h' always is a main element
h(@l, cer, 11/1) of A,
(15) | Uh((f)l, (/)’Z)U-l h(ﬂul, ver, /5,,1/)
(16) ep (P k- (P, (ph e p®)

As long as (({)1, ey ‘70 'ZI) stays inside of W*, the right~hand side of (16) is

i

[}

different from 1 and 7{1, cesy ’y X does not leave W*, Let .P’V’ be a positive
roots, The value of it in W* lies between O and 1. If PI/ is positive also,
it follows from (16) that ¢

(17a) f’v("/"}---;y/e}"‘fow(‘f"r"/ﬁ") )//0">d/f’w:
If PV is negative, - .PV lics between 0 and 1 in W* ond fram (16) it fol-

lows that
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£ £ -
(17) (v /9"1 13‘/) .PV'{(FI P ) - , (p<0,p,70¢
The first X of the roots are (,u SU ...,-(/) 4 according to (5)s We seb
thab 'l// , y/z, esa, ’;U){ are linear functions of (701, vee, 50’1/ and vice
versa. If ((f 1 coe, (/D'i) moves in W¥, so does (“y/l cee, 30)'/). The

. 1 b4 *

point (()0 y vesy (f ) lies on the boundary of W* when at least one JDV has
en integral value. Then (’1,/ , sees @Z) lies on the boundary too. The equa-
tions (17a) and 17b) give a one=tov-one linear mapping of W¥ onto itself,

We consider the case {™rc tho origin corresponds to itself, No equa-
tion (17b) can occur and the permutation JOW —y J,OV associates positive
roots with positive roots,

The only roots f) for Whichf = 0 forms a wall of W* are the first }'
roots, (5), Lf) 1, (_f 2, PN (f) /1'/, and their negatives., Hence our transforma-

tion (17a) must effect a permmbation of (f) 1, (/32, cen, $D x

(18) WV —- C-F'yl

We want to show now that this permutation is the identity "l/y S C/) v
Suppose that we have U, (11), such that (18) is a permmtation Tj # 1. Choosge
the numeration of tho roots such that the tronsformation (17a) permutes the roots
fk+1’ 5Dk+2, cee, Pkm cyelically (k+1)t = k2, (k+2)' = (k+3), oss, (kin)' =
= k+l. Then U)_/ will break up into constituenté corrésponding to the different

sequences fk"'l’ 0oy fk+n’ and -such a constituent will be of the form

i/ou o ..o |
;/ o U, .. .0

/; 6 o o ...,
{ZL%O o ... ¢

m
The characteristic roots of this matrix are the different values of TFu, My Hay

We may replace U by hU, h tain elemont, without disturbing (11)s Then Uy has
to be replaced by 'e(fleﬁy)/ul/ and ul'%z‘ ree '%nby
. (_P k+1 "'f - -.-T‘f k+n) * /“-'1' Mz ' ...‘KJLn. Hero the factor is dif-

ferent from 1 if h is properly chosens In the other case we should have
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J’D K+l +P wap T +_f by N = intoger
. 1. 2 _ = C - ; =
| in W%,  For (F ~h (P = eee —Cf) = 0 we got N = 0. Now
JO k1o ,Fk"'z’ ...,]O Ik OTC all positive or nll negative. Hence all the co=
efficients occurring are eithor all positive or all nogative, Hence
f)k+1 T +_jok+n 7 0.

We can choose the element h such that & (Fk+l+'"+ 5’31:+n)’l(,i ved %nyll.
and we can do that simulteaneously for all the sequencesﬁk+l,...,}0k+n. The]:l
1 is not a characteristic root of Us,.

Every element U of A)uis conjugate to a main element. Hence U has ).’
characteristic roots 1l In our case U1 in (13) must have }(,foots 1, More-

over, U, of degree ,2( is similar to a diesgonal matrix. Hence, Uy = 1 is the unit

1
metrix of degree X. According to (13) end the definition of the adjoint group

we have ’
mllUdl"-" h].’ eo ey Uh U-l = h
P 4 4
It follows that U‘nU"1 = h for all elements of and hence UhU-'1 = h for all
4 L1 4
main elements h. Then (15) gives = (P , Qe€sde

We consider now the general case where the mapping ((P: .,‘f’lj“"? /1/';-.7"
(172) and (17b), does not leave the origin ﬂ invariant. Then 9 is mapped on |
a point k@' for which all the roots have integral values O, +1 or -l. We know
nowever two classes of linear transformetions of the (Pl-...-‘)D 'z-space which
transform every (I.F 1o, (f’/ll) into a point (Y 1, ..., ’y ’1/) such that
h( (_Fl, crey (.F 7[) and h(‘lf 1, ...,’}V 1) are conjugate in A .z T, the trans-

formations S of (8);H the transformations

v o Y £ d
4’(/ - (70 + M mVN

Here h( (fl, ceey (P ’1/) = h(Y 1, ceey ”f"{) Wo denoto by (S) the group gen-

A
integer

erated by the transformations I and II. We can find o trensformation II which

tronsforms O' into O. Then W* is tremsformed into a part of a chomber Wl‘ By
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6 transformation I we can carry Wy over into W. We obtain a transformation
,é‘lwhich trensforms W* into itself and ¥ ' into . If we perform glafter
| the transformation given by (17a) and (17b), we obtain a transformation
(LF]‘, vee, L{)Z) —y (Xl, cee, )/:i) of W* into itself, which leaves ¥ in-
veriant and which has the property: Uh( L/) , veey (PX)U = h(/’}« coss ;}/ 'i)
with a fixed T in Agg o Our consideration sbove yields CP )/ It fol-
lows that S "1 trensforms (l{) , seey YQ X) into (’l]U cosy /y/}[) In particu=
lar, 57} transforms (Lf?%, ceey SDX).«VV\;L—O (4//0 ety 1//01') '
Until now we have assumed that the roots have distinot values (mod 1) ’
in LP }), vesy LP{. Suppose now that this is not true. Let
Uh( (_f? vee, I‘Pl vt - h(’}Ul, cess /y/ X) as in (11).  The method on ppe 08
— 109 permits us to represent the elements h(’lf' y oeves YW ,2( ((’2/71,..., }//'i)
in the neighborhood of (?o’ coe, ’}U}'/)) in the form Uih( ? cee) 60 )U-l
where Uy is in the neighborhood of U and the point (LP y seey (/0 )‘/) 1468 in the
5

o'i) In particuler, we may choose ('}V ]",...,’yJ

such that the values of the roots are distinet (mod 1). Then the some ig true

noighborhood of (L,Du , esevy ?0

for /cpl, cees cp/i) Wo obbain therefore that (1, ve, (P Xy and
( V/l, coe, ’L,VX) are commected by a transformation of (S) If (l/) seeens
tends to (-y/},, cee, 4{{) wo see that tho same is true for (¢ %, ees, (P 1) ond
(P o oeer & 5.

Theorem 2. If (P, wee, (px) and (W75, e @X) are two points
of W*, then h( Cfl, e, (10 '1,) and h(’}"1 cee, ;ﬁ X) are conjugate if and only

if ((f , sees (f) 1) and ’I/ ey ’lf/ i are conmected by & transformation of

(S). (For the definition of (S) cfs Theorem 4.)

It (L/) o)t (F /33'/) is any point, we may transform it into-a point of

~S

W* by o transformation of (s). If, nomely, W** is the part of the space formed
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by the hyperplanes
ol =0, %1, %2, ... for all the roots X

which contains ((/) vees (/7 X) it follows from the theorem on p. NI that 9.ny
element of Mmay be written in the form Uh( ('D ceey SOX)U (? ,...,
in Wk*, U in AIJC If we apply this representation to the 1dent1ty of %‘)the
point \@ 1 = (.(,01, tesy (f)x) must have the property that all the roots are in=-
tegers there. O' lies necessarily on the boundary of W**, By a transforma-
tion II we may transform O' into ‘9 We can perform a transformation I here-
after such that W** .y Wx, It follows now, more generally, thaet

h4

Theorem 3. The main elements h(so 1 ..., gol) and h(‘(f’l, e, V)

are conjugate if and only if ((P 1, eens 601) and ('9//1, cue, ’{I/Z) are con-
neoted by a transformation of (S\)/.

At the same time we have proved
~

Theorem 4. The elements of the group (S) can be written in the form °
et apm e ——p————

)
PQ where Q belongs to (S) and J is of the form

¥ v o 4
gy =¢
Here (ml, cee, mfx) underlies the condition that &ll the roots have integral
values in this point.

~v N
It is easy now to construct a fundemental region W for the group (8).

Let ﬂ , 9’1, @'2, e, 0;,_1 be the vertices of W* in which all the roots

P
have integral values. Let WY be the part of W* for the points R of which the

distence R Y is not greater than R ‘9“‘&) (/“' £ VY ). Then W* is composed
Fandit " d

of W, Wl’ cee, Wf -1° The transformation SV of (S) which transforms 6 into

‘6 and W* into itself, is uniquely determined. The distance being invariant

under the transformations of (S), # is transformed into w,

r~
Hence W is a fundamenbtal region,

B 1

e s AT 7 e A A B T T A g - e a2

[
=
|
8

S YA
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(In the case of the second figure, not all the roots are’
integers in the upper vertex of W%)

|
These theorems answer our guestions for the

/
: 41
case of the group Aﬂ: We deal now with the "true" group N

‘gu,. Let tg and ’c{ be two elements of fM’ corresponding to6 the same ele-

%k K K £ -
ment ‘bo of A and let ?t be a path fram 'bo to ’cl on {;o and g/‘ the corres
ponding path on AM," Then ?\'is closed, We have t: = t{ if and only if y"’
cen be shrunk to a point on AM ., We may assume without resbriction that the
elements t* on 2‘* ere regular, with the possible excoption of “b(”; and ti. Ac=
cording to the theorem on p. [l  every t* on 3L * can be written in the form
u*h* ( ({)1, cees (P }‘/)u*-l, where ( (,61, ooy P /.() is a point of W* and u* be-
longs to {/‘0 . We may assume that ((701, seey (.f /1’) and u* depend continuous® -

: ! p4 1
% *k == =
ly on t* varying on r . Let R ((F’o' cees P o) snd Ry (;/91, vee, P 1)
. . 1
. k /
be the po:.r;ts corresponding %o to and t{. Then h( sOo, sen, SP o) and
1 1 : .
h( Lf 1r eees (P l) are conjugate in Aha.nd therefore the points R  end R, are
~
conmected by a transformation of (8)s The point ((p 1, ceey ?’ 'l/) = R deseribes
a path leading from Ro to Ry. We distinguish two cases: 1) R, and Ry lie in
~
the seme WV' Then Ro = Rl‘ The some argument as on pe 5‘3 and on p. 1o
shows that 'r'can be shrunk to o point and we have t: = ‘t{. 2) R, is lying in
W in W, 4 s thot
W’/ and Rl in P Vv /4, . uppose tho 7’"
can be shrunk to a point. We may assume that t,
is fixed during this deformation.  Then R, and Rl

will be fixed also and we obtain a contradiction.

Hence 'b: and tI ore different in this case. We have
Theorem 5. The number of sheets of ‘{M, considered as universal
covering menifold of AM is equal to the number f of vertices ‘0, ‘0, ) .j“&{_,

of W* in which all the roots are integers. Two different main elemonts
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w (P v p D) (P, e, B, (L, @ ) ane (@l D)
in W* are not conjugate in 'f,u, Every element of {M' is conjugate to a
main element h*(/jol, ceey yr), (Lfl, coe, V '1/) in W*,

The points of W* represent therefore the classes of conjugate elements
in f@ . The f elements corresponding to ﬁ, ﬁl’ ...,‘@4:’ are the elements
of ‘éM which are represented by the identity in % They form an invariant
subgroup belonging to the centrum of ‘(; . .

We may replace W* in our theorem by every other region W** which is cut
out of the space by the hyperplanes O = 0, O( = :1, & = i'2, ess Where &
renges over all roots. In particular, there is exactly one vertex of W** which
represents the identity of f/“ « These points representing the identity form
& lattice ', If, namely,

B, e, P %y -1, n*( wh, ..., y,l') =1
then h*(cfl b ’t//l, cees O 1z y/ll) = 1. This lattice 7! is a sublattice
of the lat/’cice ?f consisting of the points which correspond to the identity in
A)lL . These are the points where all the roots have integral wvalues. We will
cheracterize %, in a similar menner.

The same argument as in the cdse of AMshows

Theorem 6. Let (S*) be the group of all transformations P Q where

Q belongs to (S) and {P is a translation
v y
pr — <,0"’ + M

where (nl, see, n'i) is a point of the lattice 7{ !, ¥  The main elements

- -

* For the definition of ! of, Theorems 7, 7' or 7.

h*( (’01, ceey ()0'1/) and h*(’lf/l, voo, ‘y)‘/) are conjugate in f/a, if and only
if* the points ((f) 1, coe, (70/1/) and (’yl, cer, ;p'l/) are connected by a trans-

formation of (8*). W* is a fundamental rogion for (S*).
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Let {g.be a root. We may assume without restriction thet (X, = 0

forms a wall of W. Tn the other case we replace W by one of the other chambers.

. 2 .
According to (5) we have then & = ¢ = We may assume 2 = 1,

ol =(;01. Let R be the point Spl=1, (P2=O, ...,sox=o, a.nd/S the

vector from "0 to R. The reflection in & = O turns /3 into the vector

(19) [6’-..—: /?>-M)0(=/--§—9-‘—

()
The element h(l, O, es., O) of AMis the identity since in (1, 0, ..., 0) all

the roots are integers. The element h*(1l, 0, e.., O) is one of the elemonts

fy of fw which are represented by tho identity in A;ﬂl:

Since ﬂ = (('01, cess P Z) end /3' = (’90 1, e, ¥ x) are connect-
ed by a tremsformation of (S), the elements h*( @ 1, oo, (/)X) =fy ond
h( lf/l, coey ’51/'1) are conjugate in f/ﬂ. (¢f. Theorem 1). But gy belongs

to the centrum of & 4 . Hoenco
I

h*( (/1, ooy GP /1/) = he (1, ...,3//7()
h*(</91 -yl .. 901-';//}’) =1
But it follows from (19) that '(Lf;l S gpf- yl) -f -3 -2

(20)

e

. 4 O
Then we obtain from (20) that the vector(-g'—o—(-'-) belongs to the labtice 7{.’.
oL

This holds for every root & . Wo are zoing to prove

Theorem 7. The lattice /R' is sponned by the vectors _%_95-. where
e e (<X )

ol ranges over the roots,
Proof. Let Z = ( (Pl, coes (f’i) be a point such that h*((/)l,...,?/{)=

= 1. We have to prove that ((Fl, veoy (f)X) is a linear combination of tho

2oL
/\/\«X w\
r

2 with integral coefficients. 2 is a vertex
(o, o)
%

of one of the regions W** cut out of the space by

the hyperplenes 0L = 0, %1, 2, ... . We may con-

nect W* and W** by a "chain" of such regions of the

4
(Z-1)~dimensional part of their boundary in common. W e

9

following kind: Two consecutive regions have an /
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Let Wt be the region preceding W** in this chain. There is one vertex
7t of W' corresponding to the identity of fM, ’ We assume that we have
| proved already that the vector “0 7t is an integral combination of vectors(-&'-%}
and we will show the same for the ¥ector ‘@ Z.
Let the common part of the boundary of Wt and W** lie ox the hyper-
plane OL = k, where O is a root and k an integer. The reflection in
OL = Xk may be composed of translations of the type
’W V-,—_-.(/)'Y-f—m,,) m integers .
and the reflection in O = O. Tt is clear that regions of our typo are trans-
formed into such regions aghine In perticular, W' is tronsformed inbo Wk*.

The point Z!' is mapped on & point Z" of W** given by
~—
é‘z’,, 7, (k- o, 0%"))
(21) = O+ -

(xX )

The velue of o in Z', 1.¢. (K, © 721) is an integer since 7' corresponds

to the 1dent1ty of % oven of fM From (21) it follows that tho vector

g
717" is an integral multiple of 2’“’ Since 2! eand .2:-9-4'— belong to
(oler) * ()

K', so doos zW, Honce 2" = Z. (21) shows that OZ is an integral linear
combination of vectors Z.'..?-& , QeCede
(atol)

Tn an appropriate coordinate system the vectors of K t and only these
have integral oomponen—‘-bs (({71 (P 2 .., Lf'i). A linear form
@ = my (-f' + mZ(f ees mx(f) ,Y has been called on integral form in Chapter
2, sece l{') if its values for (‘P coss (f ,i> = o(ot.) were 1ntegors. In
our new coordinate system, the coefficients of are integers since Q has an
integr&l Value for (l, O, ceey o), (O, 1, o, seey O), ..'.i, (O, gy, O, 1)0 Con-

versely, is an integral form if the coefficients aro integers. Thorefore

the coordinate system is chosen now according to the convention in Chap. 2, sec. §

r&.q3.We have
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Theorem 7', If the coordinate system is chosen such that the integral

forms ‘(E— =m, (Pl + ees mx(fx and only the integral forms have integral co-

, efficients m,, then the lattice ’)ﬁ ' consists of all points ((/9 1, e X)

with integral coordinates (PV

l’f‘(lfl, veey :f 2-’) = 1 if and only if (/;1 = (702 H ,,_'a-sﬂf_:_ 0 (mod 1)
ﬁ‘-(.lfl’”‘"’ ('p)‘/) = Ré('lfl,-oo,?% if and only if ?l & ;[/1, 402 = ;02’...'50)('—;701
(mod 1)

1 .

X
The last fact follows from the remerk that h(fl,...,y

- ﬁé(y,l,...,yx) if and only if rf?gpl - ;yl, 97/1/ -;;37[) = 1.

We may formulate our result in the following form independent of the

choice of the coordinate system:

Theorem T7". /}e t consists of all points where all integral forms

USRS

have integral values.

7
These results complete the considerations on p. [/ 9. By using the

completeness of the system of characters we obtain the theorem that all expres-

sions (97 ), Chap. 2, are characters if we have ﬁ = m1?§1 *oaes * ml,}px ZSE/
for all S in (8). '
We deal now with the case where the given group g is simple,

Theorcm 8. The region W* is a simplex in the case of a simple group

/gv, It is given by
u) {2) L)
(22) 0<OL , 0<0 , 4as, 0C X 3 ﬁ<1
) (2) (2)

where OL , & , ,0s, 00 and 13 gre cortain roots.

Proof, We choose the coordinate system again in such & menner that

the walls of W are given by (&)
(4 (2) 4

A —
Let /5 = /3 ltfl t oeee * /31/(fxbe the highest root of f if
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1~ ?/*'1(/? ?"chx is any positive root, we want %o show thet
/3 7“1 o follows thon that TS $f3 in every point (73 1)0#7:
{Hence the domain (22) has no point in common with 2"' = k, k integer. There-
fore (22) defines W*.

We have /3 27‘1, ﬁ3 being the highest root, If

/3 -2/"=(/$1-9"1)§o ...+(/fx l’)¢'ilsaroot it is positive
“and all the ﬁ 9’" are 2 ‘;5)We may assume therefore that /3 - 4% is not
a root. TFrom (1), (2), %‘%?—%—_ﬁ;ﬁows then that /" " ?..(.2:'_/")) $o.
Hence (?"/3 y Lo, 77
(25) ol PR ey FEE

Suppose now that r > /3 .o We may assume that all the 7"'5' are 2 0. We
J J i)

obtain, namely, by reflection of ?’” in the hyperplane 0¢ = 0, that
te) y

. + 2.
v = 9/‘__23/“0(:;?»— 2L o
((&) ("b)) }‘L’b
is a root ;boo. Hore all the coefficients are the same as in ?" only the co-
efficient of LP 1 has increased if 3‘- 1¢o0, Wo roepeat this process as many
times as possible and obtain finally a root which we denote by a’vagain such
that still 2~ > ond that all P+ 3 2 0.  The difference (3 -7 ocamot
T3P 7 P -

be a root here-'t?eoause of % > [5 54 and thus (23) is valid. All the l3 ; are
2 o, ;2.* being a positive root. Hence either p 4 = 0Oor r 1 = 0 according to
(23)s  Suppose that

0- ﬂ =0 .. —
We have p 3 1, but p s 1—1. (In the case p = }/, all the 2"1 would be equal to

0.) ¥

The /5 i are all 2 O because ﬁ ?—-’7%&7;‘) /3 g SD

would be a root hlgher than /3 if g 0s We have -

B Y TR A

Yl T

R

$

FETEEY

Hi
4
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We choose for i ome of the indices /Vp-l-l’ /Vp+2’ sees /Vx. Then (C(.(S’),P.JEZ)
. ,V . - y ‘
gl’ 1g o, gl’vz < Oy seay gl’yP £ 0., If one of them should ba smaller ‘than

0, the right-hand side of (24) would be smaller than O, whereas pl 2 0. Hence
i= ’VP"']-, ,Vp“*'Z’ ess, ’Vx
. k = ’y l’ ’y 2" s0 e, 7 p
LY . i)
Tt follows then that OL is orthogonal to @ for the seme values of i and k.

gik = 0 for

v

()
Let & 1 be the subspace spanned by the of ‘and of 5 be the subspace spanned by
(K

)
the OL . B,éth are orthogonal. If we reflect a vector of of 1 in a hyperplane
! ()
ol = 0or oL = 0 we always obtain a vector of ozl. The seme is true for

i os  Lvery root cen be obtained by successive reflections in hyperplancs
-y

) )
ol = O starting fram a of , Hence every root lies either in f q or in nf oe

According to the results on p. s ’g/ is not simple. It ? is simple, tho

assumption 3’3 >ﬁJ. leads to a contradiction. This proves the theorem.
Ed

1

Let W = & 1(‘0 + eee ¥ &)/.{(.f;(be a linoar form such that

Ll o) 2 (o)

. - is an inbeger, i = 1, 2, «us, ,'L'. We state that et i5 an
) m) (oL, o}

o &%

integer for every root QL , or, in other words, that &) is an integral form.
(1)
Every root & can be obtained from an o{ by a succession of reflections in hy-
u) o ' 2(w, )
perplanes (. = O. Let us assume that wo have already proved that 7 7"/
i

is an integer for a root y" and that & is obtained from 2" by the reflection
(R)
in OL = QO3 (‘Q) (‘q)
()
« = q —2 "(2»;'23‘(?; X
(oc , & )

(R) (r®)
20X () algist ) 2 (wa’)
(,0) (¢, ) (o, ) (T2
Now (()('OL ) = (’J""T ) since a reflection transforms 9"‘ into ¢ , THon

)
w) = %—Lﬁ} is an intoger according to our assumption with rogard
(o) 77

2
4
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to ’)/"_ »——rl-— W / is an integer since 2" and & are roots.
( « o< ) ()

; Finally, has been assumed to be an integer. This proves our state-
( (I!))

ment.

Consequently the 1ntegr9.1 forms are characterlzed by the fact that

2&\)

(1-) (1-); 101- = P’;—
(G‘-)

is en integer. We have, therefore,
5 il ‘ '
(25) W =Tz Py

If ) is dominent, 2 8¢y for all S in (S), we have wi 2 0 (cfe pe /64 ),

and hence p. .Z 0 and vice ersa.

0

We form ,‘[ special such dominant integral forms W = __,,Q) 1 W = o

veey W =_@ )_/by putting py = 1, py = 0, ese,y p)(= 0, then pq = = 1,

i 1
= (@]

. -
g

™D

Py = O, »ee, p/.(= 0, ese, and finally Py = 0, eoe, p/i"l = 0, pll/~ According

to (25) every deminant integral form G is of the form
(26) w = pli) 7+ psz’- * oaee ¥ pﬂs/{
pi integers Z 0.
There exist irreducible representations Fl’ /Mz, cooy /._»i of f,q_

(and of the not restricted group Zpa ) such that (:Q—V is the highest weight of

r\‘/. The highest term in the character of f; then is £ (@V )o Let
r be any irreducible representation, and () its highest weight.  Then
W 2 Sw for every S in (S) and W 1s an integral form. Then () possess a
representation (26). The same consideratiors as on p‘ol?}g'ge possible., We
form
(27) Q]/ - TP %% . »(l"xpf'
The highest weight is W) according to (26). ConsequenJclyJ l— is an irreducible

constituent of g/ and can be obtained by the method on p. 2'1 We denote this
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method of forming (27) end splitting up the constituent of highest weight as

Carten multip lication. We have

Theorem 9.  There exist X irreducible representations F R /-;, cee, r}
such that every irreducible representation F can be obtained by Cartan multi-
plication of the /; , . '

In the case of a simple group, the group (s*), (Theorem 6), tah be gen-

) 2) (Z)
erated by X+l reflections, the reflections in & = 0, &X = 0, eee, Of = 0
and in [‘5 = 1 in the notation of Theorem 8 as is easily seen. Let M be the
sum of all the regions SW*, § in (S). Then?’o is e fundemental region for
the subgroup (9 ) of the translations {P in (S’f. We compute the (Cartesian)

volume v of M

The vertices of W* are given by

(28) (0,0,...,O); (BL‘ ’000’090); (O’.{'&L;‘ ,O,..‘,O); seé; (O:"')oit 3

The folumc of W* is, thorofore, given by ¢ JT Lo -‘%— e L where ¢ is a
p _ 2! Py o Y}
factor depending on the gll‘. Hence
S i {
29 V= C'  539v 5 72 ...
(29) 2T B P B

where s is the order of (S).

The number f of sheets of fw over %,is the number of wverticés- (28)
with integral coordinates (Thoorem 5). Hence f£~1 is the number of /‘51/* which
are equal to 1.  The proof of Thoorem 8 shows that f-1 is the number of (Pv
whose coefficient in every root is = 0, +1 or +l. ¢

We consider now a part Gj’ of the space which is composed of k regions

($* \
congruont withw under translations (J) - We choose ('7' such that an arbi-
trarily large sphere ahout the origin belongs to (?_1 The volume of bi is kv.

W contains exactly onc point of 92 ' naomely the origin. Hence Cz

contains k such points., The lattice of all points with
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(10 =0, (F vees sﬂ . 0 (mod 1) splits up into f sublattices. One of
them is ?{' The other f=1 belong to the f=1 elements #1in f,u_ which are
obtalned from @a ! by translation '1// = P 14 gl ;111 90 4 + m)'/ v
integers. No two of the f sublattices have & point in common. It follows
that the volume of a fundsmental parallelopipedon of R' is equal toc¢c * f
where ¢ is the same constant as in (29). The volume of Cz then is approximate-

/
ly c » £ * k since cl coritains k points of % We let k, q increase. 1In

the limit we obtain v = ¢ ¢ f.  According to (29) we have
s L LI <ﬂ
NN
Theorem 10. If W* is given by
‘ ' £
U< ', 0<% .,0<90£, B=pLipt. <!
wo have

Id
BrpPae BT |
where ~S“15 the order of (S) and f is the number of /55/ which are equal to 1.

(2. & . fhwwﬁmwoﬁf OWA )
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6. Discrete groups generated by reflections (Notes by Dre H.S.M.Coxeter)

semi~simple .
To every —Simple Lie group there corresponds g group genersted by

finit
reflections whose fundemental region is af%%%—%éx in Butlidean spate.

Our ultimate object is to prove the converse, 1.e. that the discrete
groups which correspond to these Lie groups are the only discref; groups of
this kind.

e shall first consider special cases in few dimensions, in order to
become femiliar with groups generated by reflections.

Each of the vector diasgrems enumerated by ven der Waerden (Math, Zeit-
schry, 37) is invariant under a finite group § generated by reflections in hyper-
planes perpendicular to tﬂe vectors; but it sometimes happens that two of them
(corresponding to different Lie groups) have the same group S, differing merely
in the lengths of the vectors. Moreover, the groups S are not the only finite
groups gengrated by reflections., The vectors have to satisfy arithmetical con-
ditions which make S leave a certein lattice invariant. It is desirable, there-
fore, to comsider the infinite discrete group derived from S by adding the latw
tice-btranslations. ‘

If ol is & vector of the diagram, we have a trenslation E;;;Z) .
Since S contains the reflection in the hyperplane through the origin perpendicu~
lar to OL , the translation could be obtained by combining this reflection with
the reflection in a parallel hyperplane, namely the perpendicular bisector of
the vector E%f;i) from the origin. The infinite discrete group is thus gen-
erated by rcflections.

Take for instance the two-dimensional cases.




Tho vectors OL

/N /)

The vectors rg o) and the fundemental region

The infinite discrete group is generdted by reflections in the gides of the
7
fundemental region, which is a triangle of angles

(”/3/ /A /1) , (ﬁ?z} ”/‘Hu/‘l)) (‘(7;2, 1/3 ' Tl—/6)

in the three caseos.

)

The simplest g.ger. (group generated by reflections) is that generated
by one reflection, We represent it by a single dot e.  Abstractly, it is the

group of order 2. Considered in Huclidean 1-space, it is generated by reflec=

tion in & point, end the f.r. (fundemental region) is the half-line.

When there are two generating reflections, the group cen be represented
in 2 dimensions, reflecting in lines. When the angle between 2 lines is incom=~
mensurable with JJ~, the group generated by reflections in them is not disecrete.
When the angle is commensurable with T, it cen be taken to be just e submul-

tiple of I, since some multiple of %éf must differ fram ;E- by a multiple of ¥




188

When the angle is a submultiple of‘ﬂﬁ , the situation can be seen very clearly

v———

by taking actual mirrors, with a lighted candle for object. For angle #% , the

images (end object) form an alternate-sided 2M-gon,
and the group, of order 2M, has an angular

(fundemental region)
f.rol. We call it ﬁﬁﬁ:o when n > 2,

but merely e o when n = 2 since it is

then the direct product of two groups @ .

(Abstractly, ¢ e is the Vicrergruppe.)

As the angle diminishes, the order of the group (= number of images)
increases indefinitely. It is natural to let 07;5—0 denote the group gen-
erated by reflections in two parallel mirrors. This can be represented in
space of 1 dimension, reflecting in two points. The f.r. is a finite segment
of the line, (The corresponding Lie group is the rotation group in three di-
nensions. )

The situation cen still be observed in a practical manner when a third
mirror is introduced. TWhen the planes of the throe mirrors intersect, all the
imeges lie on a sphere whose cenber is tho point of intersection, and the planes
cut out a spheriecal polygon, Regording the group as operating on this spherc,
instead of on the whole space, the angular f.r, is replaced by this spherical
polygon. By the samo argument as in the case of 2 mirrors, all tho angles must
be submultiples of 'ﬁh If the fere is a triangle of angles D T i,

P . g g //el /"n'/ /n
we must hove
%+%+%>1.
The solutions of this inequality, and thc symbols for the corresponding groups,

are as Tollows:
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2, 2, =n 0  Owevine® (6o whenn = 2)
m
2, 3, 3 - P
3 3
2, 3, 4 o
3 4
2, S, 5 Ol
3 5

In these symbols, as before, each dot represents a mirror, and two dots not
(directly) linked represent perpendiculer mirrors.
Since the area of the triangle is '}T( '/l +f/,m +‘/,m — l) ond of the

whole sphere 4 , the order of the group is

Y _

Yo tlfm t'fm —1
On the other hand, when the three planes do not intersect, the images

0ll lie in one plane, and we have an infinite group in two dimensions. (This

can be seen very nicely by means of three vertical mirrors, forming the lateral
7

T,

e, "t n

faces of a triangular prism.) If the fere is a triangle of angles

we now hav€

with three solutions

3
2, 4, 4
s W
2, 3, 6 o
3 b

(Cfo van der Waerden's three diagrams, described above. His proof that only
TP PR . : s 2(x,3)
1 ur d d the arithmetical dit that
angles /2' 13' /.“ /‘, can occur depends on the ark ienl condition tha (s

and 1 (5) must be integers, where o, l'} are two of the vectors. The

(>

N
product of these numbers is 4 coszo(F, , Which can only be 0, 1, 2, 3.)
The group * 0—5‘3" is not interesting, since it is infinite

without having a finite f.r.
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We pass now to the case of four mirrors. If they form a spherical or

plane quadrangle of angles —“7/%‘“;,2 ) ‘/,m‘l}:nwe must have
I

1,1 .1,1)>
R A
kK Z m < 2

The only solution is (2, 2, 2, 2), corresponding to the infinite group:
> ® p—D
o0 2]
(reflections in the four sides of a rectangle, or in the four walls of a room).

The infinite groups

3 N3 o
A e

heve infinite f,r's, and so are not interesting,
The complete symmetry-group of the ordinary cubic lattice is

0— B since the f,r,

‘f 3 “ i
is a tetrahedron having one vertex (4) /: /

at a vertex of one of the cubes, one .
I
(B) at the center of an edge, one (C) "’D
at the center of a square face, and ‘.:",.:"--:5-- ----- 3
one (D) at the center of the whole 4"‘:::,.’_._';:"5 /
AR . Al

cube. '_D'

Let A! be another vertex of the cube, chosen so thaet B is the mid~

point of AA', and let D' be the center of snother cube, chosen so that C is the

mid=point of DD?!. Then &——0—0———— has & subgroup of index 2
+ 3 4 -
- 73

whose f.re. is AA'DD',
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With five mirrors we can generate the groups

co 3 > PN, R O s P S PRI

whose fer's are triangular prisms; and with six (set in the walls, ceiling and
floor of a romm), the group
O}  Bmmns OO
b o oo
whose fere is a rectengular parallelepiped.

We shall see later that those discrete groups which correspond to sim-
ple Lie groups are just those infinite ge.ger!s whose symbols are connected
graphse By juxtaposing several such graphs, we obbain the symbol for the di-
rect product of the corresponding geger's, ond the direct sum of the correspond-
ing Lie groupse. (Tt is known that every semi-sinple group is a direect sum of
simple groupse) Finally, the fundemental region is a topological product (of
simplexes lying in absolutely perpendicular spaces ).

So far, we have considered seven connected graphs representing infinite

BeBer'iSe The corresponding simple groups arc as follows:

o
O Lo = Cg = 0z
JAN tg

L R - aataspent

6 (ven der Wacrden's Gz)

] L - o
i o

@ s > < ]
4 ¢ 6

(Wherever a link is ummarked, we are to undorstand the mark 3.) L, moons the

wnimoduler linear group, Cp (n even) the complex group, and O, the orthogonal

group. 04 is only seni-simple, corrosponding to the disconnected groph p=—o >-—
oo
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Incidentally, we have found several finite geger's, which are listed

below, with their orders:

° 2
WL
‘e (o e whenn = 2) 2n i
° O:EL‘ {e e+ whenn =2) 4n
O i 24
P e 48 .
+
&

The last three of these are the complete symmetry groups of the regular solids.
e—¢—® is the symmetric group of degree 4, permuting the four vertices of the
regular tetrahedron. ¢—eo—=8 is theldirect product of this with the group
of order 2 (generated by the central infersion. We can inscribe in the cube
two tetrahedre which are interchenged by the central inversion). ‘“—~O“i§r° is
the direct product of the altermating group of degree 5 with the group of order
2e (The five object; that are permuted can be taken to be five tetrahedra in-
soribed in the dodecahedron.)

The prescnce of the central inversion in thesé last two cases illus=

trates the following theorem:

If the fere of & finite geg.r. contains no intrinsic symmetr&, then the

central inversion belongs to thc group.

For, the central inversion is then tho only operation that cen trans-

form the fere into its antipodal region.

Note that the group ©O-—e—= , whose fer, is isosccles, does not con-

tain the central inversion.

o
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Any subset of the generating refleéctions of & gegoers generates & sub=~
group whose graph is part of the graph that represents the whole group. Eege,
‘by omitting the generating reflections of -1?-q<:: , one at a time, we
obtain the finite subgroups

=0 & e & , o—-’;‘—-o--—-‘

Certan has proved that the f,re of a finite gegers is & sphericel sim=
plex (cfe sece 4)s We shall give a geometrical proof (by induction) of the
ssme theorem. '

Any finite group of congruent trensformations in Euclidean space leaves
one point invariant, nemely the centroid of all transforms of a point of genersal
position. A finite gegere, therofore; is generated by reflections in a number
of concurrent hyperplenes. We can essume this number to be at least as great
os the number of dimensions of the Euclidean space, since otherwise the group
would operate essent;ally in a space of fewer dimensions. Under the operations
of the gr;;p, these hyperplanes are tronsformed into e larger set of hyperplanes
(all passing through the same fixed point) which divide up the whole space, into
o, number of congruent angular regiong ("chembers"). By drawing a sphere (say
of unit radius) around the fixed point, we replace these angular regions by
spherical polytopes. By Witt's topological argument (p.'57/"0), such a polytope
is o fundamental region for the ZeZer. (This result depends on the simple con~
nectivity of the spherical spaces It holds also for many other kinds of spacte,

even multiply-connected, by not for elliptic spaces)

The f.re. can be any spherical polytope all of whose dihedral angles are

B

submultiples of TT (namely ﬁé-or ﬂ& or I%P etce)e Tn order to prove that this
must be a simplex, it 1s sufficient to know that the dihedral angles are £ 'OQL

Any spherical polytope whose dihedral sngles are all non~obtuse is a

simplex.
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In spherical space of 2 dimensions (i.es on en ordinary sphere), the
_ angle=sum of a triangle is always groater than
An n-gon can be divided into n=2 triangles
in such a way that the sum of the angles of the

n-gon is equal to the sum of the angles of 21l

the triangless This engle sum, then, is great~
er than (n-2)77. Hence the average angle of the n~gon is > ﬁE:%lJC;. But the

average angle must be s %& Hence
2

1-n<-12—

i‘le, n < 4.
This proves that the spherical polygon is a triangle.
In order to extend this result to more dimensions; we require the fol-
I'd

lowing importent lemma:

Zf all the angles of & spherical triangle are £

USRI

(o)

, then all the sides

|
.

This follows from the formula for e side in terms of the three angles:

oG8 o = cos A cos B + cos C
sin A sin B °*

Consider now & polyhedron (in sphericeal B3-spacé) whose dihedral angles
are nonwobbtuse. By drawing e sphere around ony vertex, we obtain a spherical
polygon whose angles occur among the dihedral angles of the polyhedron. Since
this polygon has been proved to be a triangle, the polyhedron must have tri-
hedrel vertices. Moresover, the sides of this triangle (regorded as lying on
a sphere of unit radius) are face-angles of the polyhedron. By the logma,
thode erec likewisc non=obtuse; so the faces are triangles. But a polyhedron
with triangular foces end trihodral verticos can only be a simplexe Thus the

theorem is proved for three dimensionss
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The inductive proof for n dimensions is quite similar. By assuning
the result for n-1 dimensions, we show that the polytope cut out on a sphere

drawn around any vertex is a simplex., I.0.,, the vertices are simplicial.

The section by e 3-space absolutely perpendicular to the space of any (n=3)-
dimensional element is a trihedral angle, whose dihedral angles are dihedral
angles of the whole polytope, while its face-angles are dihedral angles of
bounding polysopes (of n~-l1 dimensions). By the lerma, these last angles are
non-obtuse. By the inductive assumption, the bounding polytopes are simplexocs.
We have already shown that only n of these meet at each vertex. Hence the

whole polybopc is a simplex.

In order to cnumerate the spherical end Buclidean simploxes whose di-

hedral angles are submultiples of Jj , we need an extension of the above lomma,
Id

If all the dihedral angles of a spherical simplex arc < zL’ then all

i

the edges arc < ZL‘

This is easily proved by induction. The simplex of n=1 dimensions,
obtained by drawing a sphere around one vertex, has non-obtuse edges by the in-
ductive assumption. But thesoc edges arc angles of triangles in the original
simplex. Honce, by tho lerma in its two-dimensional form, the edgos (being
sidos of such triangles) are non-obtuse.

We procced to expross this result algobraically.

Consider the (n+l)-dimcnsional Euclidean space in which the spherical
simplex is cut out by n+l hyperplancs, We may takc these ntl hyperplanes to
defino an obligque coordinato-syston, with coordinates (xl, Xos ses, xn+1). Wo
nay take tho perpondiculars to thoso hyperplancs through tho origin to define

another coordinate system, with coordinatos (xl, xz, . xn+1), the positive

i

direction of tho x~ axis being that for which x 2 0. Wo con regard
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1 .2 n+l : o ;
(xl, Xpy ooy 351_,_1) and (x*, X%, ees, X ) 88 coveriant end contravariant veo-
tors, such that
By a suitable choice of units, the components Bij (1 £ 3) of the covariant

metric tensor are just the cosines of the edges of the polar sinplex; i.e,

/B
gli = 1’ gji = gij = = COS8 -E;_-J: (1 < j)'

The contravariant tensor then has components of the form
gt = ('/\/1)2. gt =g =2 ilj cos & 4 4 (i <J)
where O% 13 is an eodge of the original simplex, and the ;\ are positive multi-
pliers.
The extended lerma tells us that OC . . ii”, whence
gl 2 0.
Let A denote the determinan’b, gij « This being the determinant of

g positive definite form, wo have

~
A o ,
Hence
oA 13 )
= g L 0
gy AT
ieGe :9..4—_-1__ oo
"a(ced ‘/IE;‘)
d
Thus A diminishes for any discrote increment of cos I , and con~

Ry
sequently diminishes when we roplesce any onc of the integers kij by the noxt

higher integer. Moreover, A is a quadratic funotion of COST';R'.( in which
‘ 9

the cocfficient of 0082(“/'?'\ is dorived from /A by omitting the 1%h gna 30
v

rows and columns end reversing tho sign. This coofficiont is nogative, since
the dorived doterminant is the A of an snhlogous simplex in two fower dimen-

sicns. Henco, when kij igs increasocd to such an oxtont as to mako A £ 0,

furthor incroment will cortainly leoave A < 0.

\ I\h
-,
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Tt is clear that the limiting cases where Z& = 0 are just the cases
where the simplex is Fuclidean instead of spherical.  These, of course, give
the infinite groups that we seeck.

Whon a group, or its fundamental region, is represented by a graph,
the sub=graph derived by omitting one of the dots represents a vertex angle of
the fundsmental region, Regarded as & simplex of one fewer dimensions, this
must be definitely spherical, even when the whole fundemental region is Euclid-
ean. Thus we can novor obtain en admissible graph by adding new links to a
groph that reprosents a Buclidoan simplox.

Suppose we know that a certain graph represents a proper spherical sim-
plex. By increasing one of the marks k.

J

spherical as long as [& romainsg positive.

we obtain now simplexcs which remain
But as soon as £\ bocomos zoro or
negative, further increase of kij is uscless.

X graph consisting of scvoral ¥eparato piocos roproscnts a spherical
simplex if ond only if oach of the pilcces reproscnts o sphorical simplox, For,
in such o casc wo have, in Buclidoan (mtn)=spacc, m+n concurront hyperplancs of
which the first m aro all perpendicular to all the last n. Tho first m hyper-
plones goenerate o group which operatos ossentially in an m-spaco (nemcly the m~

spoce common to the last n), and vico versa. Thus, in the cnumeration, it is

RS-

The simplest type of graph is the simple chain

R R €y
In this case | _ Cm“ﬂ}‘?& O . .. 0 ‘
A = "(Oiwyﬁu_ { "(°°F7R;3 o+ 00
0 ~ €03 “7&23 l o 'O

\ . - - -~ > - d - -




end we have to determine the ddmissible'values of k We note

12, k23, cee o
first that A > O when

and when
and that A = 0 when both the first link and the last ars marked 4. Thus

.W." and M‘—H——." N
‘f

are finite groups, while

‘*_3 e | |, Oy

is infinite (Euclideen). E.ge is infinite.

For the rest, we have to consider the cases of few dimensions, ®—r—°

2
. - . . A~ . 2
is finite for all values of k, since A = sin /4€ In the case of

...__--._——-—'a’

A

A remains positive when k = 5, but venishes when k = 6.

In the case of

£

- MY O > —e
B

A is again positive whon k = 5, but it is negative when k = 6, In the case

of
—" ]
R.
A > 0 when k = 4, but A < O when k = 5. We thus have two more finite
groups:
’——-—*’-——-—-‘-—-———Q
5 ‘ and 0——4-—‘._.‘*-__..._—‘_...
Now, ""-'5_10"‘“‘*—-—6——-—-—0 makes A < 0; 60 the only remaining

possibility is
o 0 - o t—"

13

which makes A vanish, giving one more infinite group.
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The next simplest graph is the polygon

A =[] .

t In these cases, when the links are ummarked,

1 -% 0 0 -1
A;—-_ -5 1 -3 0 0 =0
-1 0 0 cee =% 1 |

.

Thus we have another infinite family of infinite groups. It follows that none
of the links may be marked, and that no graph may contain a circuit of links,

I.0s, apart from these polygons of ummarked links, every admissible graph is a

tree.

If there is just one dot where three links occur, we may first consider
the cage when three chains, 6f n, p, q (ynmarked) links respectively, emanate
from this one dots TEe.ge, whenn =p = q = 1, we have

<

It can be proved by induction that
A = 2+ p+q-npg+2)ePPHTL,
Hence the group is finite when ‘
n+p+q+ 2> npg
and infinite when n + p + q + 2 = npq.

The actual cases are as follows,

Finite groups Infinite groups
2 jp i nj » | 3
in 1‘1 2 2 2

\

{
2 2 1 1 3 3 1
i ! i
ﬁsiz§1 5 2 1
| 4 211
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We next ask whether any link of these graphs can be marked 4. in the

case of

[ et B ~

7

ZS vanishes, Thus we have another family of infinite groups but no further

possibilities., Tor example, Qr«~1r7;~1(:: would consist of a—‘ﬂﬁ<:: with
l.f-
an added link.

When four links meet at one dot, the sinplest possibility is the only

one:

is an infinite group, since 1 -% -% -% -k
- 1 0 0 0
\= |3 0 1 0 oj=0(
* A -5 0 0 1 0
-% 0 0 0 1

Finally, when there are two distinet branchings, we have a fourth
family of infinite groups:
. »
>-‘—_'°“-‘ PR —t"@“—{
Since ZX.= 0 here, we cannot have any further branching, nor any marked links,
The enumeration is now complete.

Collecting results, we have the following table:
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Jimplo Infinitoe
Continuous Disereto . W*inito )
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Cur infinite and finite groups are listed in the second and third col-
urns. ‘e have arranged these columns so that each finite group (save the last
threc) is a subgroup of the adjacent infinite group (or groups), namely the sym-
metry group S of the "vector diagram". The first column gives the correspond-
ing Lie groups. (Tho symbols in parentheses are in van der Waerden's notation.)
X is the number of (Euclidean) dimensions, which is also the number of geneorating
roflections for the finite group (i.0., the number of dots in tho graph for the
finite group)s The last column gives the ordor of the finite group (the s of
sec. 5). Woe still have to definc h.

It can be proved by induction that, as long as the graph is a troc (as
it is in all the finite cases), tho XI continued products of the generating re-
flections are all conjugate oporations, We dofine h as tho period of any one
of these opcrations. For an infinite group this is infinite (oven when the
graph is a polygon, in which case tho various products may not all be conjugate).

It can also be proved (by detailed considoration of tho separato cases)
that the total numbor of refloctions in the finite group is %lh, so that the num-~

ber of wectors in tho voctor diagran is Zh, and the number of paramotors of the

continuous group is
Z(n+1).
(Wo shall give a third oroporty of h later on.)
The theorem that onables us to assoclate a particular finiteo group with
sach infinito group is the following:

When we rogard the roflecting hyperplancs of an infinito group generated

by roflecctions as falling into families of parallel hyporplanes, the fundomental

rogion has at loast one vertox that lics in ono hyperplanc of cvery family.

In Annals of Math. 35 (1934), p. 591, I proved that the most gonoral

finite fundamental regionfor a group generatod by roflections is a rectangular

s

iy

rtEmdidi st A uhis 15
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product of simplexes. Therefore it will be sufficient to consider the case
when the fundemental region is just a simplex, in which case what we have to

prove is that this simplex has at least one bounding hyperplane that is parallel
, -

to one of the derived hyperplanes through the opposite wvertex. (By removing

such a bounding hypefplane, we obtain the special finite subgroup of the infin-
ite group. This is Weyl's group (8), since the families of pa;allel hyper-
plenes correspond to the pairs of opposite vectors of the vector diagram.)

For each of the four infinite femilies of groups, we shall be content .
to take Z = 5 or 6, since the situation for other values of Z will then be quite
evident,s Dmpirically, we can find equations for the bounding hyperplanes of
the fundamental region in terms of Cartesian coordinates, X, 141, or (in one
case) l+2, in number. (The extra coordinetes are introduced for the sake of
elegances) In each case wo first find Z4Iﬂhyperp1anes.through the origin, in-
clined at the proper sngles, and then trehslate one of these hyperplancs away
from the origin (by adding 1 to one side of the oquation), so as to meke a proper
simplex. Vhat we shall prove is that the reflections in the remaining X hyper=

planes suffice to rostore this spccinl hyporplane in its original position. E.g.

in the case of "Z:"“‘““’ , with funda- o
. . 4 M
mental region MNO, the linoc OP, parallol to f,/ﬁ? i
e 3
NM, can be derived from OM by a rotation sbout ///"
P
0 that is a combination of reflections in M - //§§£ T?L'
el . .
and ON. Thus tho special finite subgroup is () “/

‘-z;*‘ (derivod by amitting the final dot), which is generatod by refloctions
in OM and ON. There is, on the other hand, no reflecting line through M pardl-
lel to OM. Bub whon the fundamontal region has intrinsie symmotry, as in the

case of ~¢£::>\ , the special hyperplane can be choson in soveral woys, and we

select any particular onc for convonioncee.
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The following obvious facts will be used repeatedly. B

(1) The reflection in the hyperplane x; = xj is the transposition (i j). '
' (2) The transpositions (1 2), (2 3), e.., (n=1, n) generate the symmetric group

on the n suffixes, and so enable us to replace any of these suffixes by any

other (so long as we avoid repetition).
We not consider the actusl cases, in turn. '
Here the special hyperplane is
X, = %o + 1, since the transpositions b =
X=X, (01), 12), (23), (34)
enable us to derive the hyperplane X, = X, P

from eny one of the other four. (All these

il

0:

o
3
o

_"

o

)(".'-"-X}~ x2= ><‘3 hyperplanes are perpendicular to Z x
so the group really operates in four dimensions, not five,) H
)(‘,4‘)(.}’: | )('?{—)(”5: 0 Here the special hyperplane is

+ = 1, since the transpositions

X2
(12), (23), (34), (45)

%y

enable us to derive X1 + x5 = 0 from

x, * x5 = 0. (0f course we could equally

well have made any other of the four ouber

dots represent the spocial hyperplane.)

f}'\"t"\/’\ Special hyporplane xz *+ x4 = 1, since
0 the iti
*‘4 . /,ﬁ"b he trenspositions
Y
- X= K3 (12), (23), (54)
enable us to derive xz + x, = 0 from
x, *+ x, = 0, which is tho image of |
)"3"{‘? 1 "2 .
Xy = X in xq = O, |




761. %3 1,

® - P > o Special hypsrplane Xy =
t t
(xq = x5 *+ 1 special.)
(x5 = x, * 1 special.)

Here we introduce two extraneous,

coordinates and make all our hyper-

planes perpendicular to x, tx =0

7

+ + + + + = Q.
and to xy x2 XS x4 x5 x6 0

The reflection in the complicated hy-

®
)@':X"f-’
o K l perplane may be called [5125-456%7;

# it behaves like the "bifid substitutia
that arises in connection with the 28 bitangents of the plane quartiq curve.
Since

((07) [_5123-4567])5 -1,
we have

l§123'456%] (07) L9123'456%}

(07) E0125'4567] (07)
E7125°45601

(14) (25) (36) [4567'012:5] (14)(25)(36).

u

i

Thus the symmetric group on 1, 2, 3, 4, 5, 6 enables us to express (07) in terms

of f0123'4567] (which is the same as L4567~0122’J).

'7 l
s' - Xz
3—x

XotX; T4, = Xy +X5+X X5




Here we observe that
(67)=[0126'4537]E).127'4556‘25126‘4557—}
(56)[0123-4567](36)

(0 4)(1 5)(2 s)ﬁ 5670012 3_](0 £)(1 5)(2 6)

i

where L0126‘4537~

Y

and |0127°4536
Hence the symmetric group on 0, 1, 2, 3, 4, §, 6 enables us to express (6 7) in

terms of 0123'4567]

1 S Ho=x, -
\.."‘"~\ *’-_‘:xv‘ /
SR x, X =
X = X4 T %37 7 T AR

X—q b x.s e “'*-w..\_s‘

L(Ko+X; Xz ) = X3+ X+ + X3
Calling the camplicated reflection vOlZ’ we observe that
(78) = Vo17 Vo18 Vo7 -
= Vo17 V234 Vs67 V234 Vo17°
All these V's can be derived from Vi, by means of the symmetric group on

0,1, 2, 3, 4, 5, 6, 7.

Let us 'now transform to oblique axes, with coordinates (fl' (fz,...,(/) 1

in such a way that the bounding hyperplanes of the Euclidoan simplex are .

1,91=o, ...,(f11=o,

and

allfl+ see +a)_/(_f)z= 1.

We shall normalize these coordinates in such a way that the nearcst hyperplanes

parallel to

(P1=O, ...,LP1=O

'@

are precisely

1}

il, es ey ?X='ilc
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In other words, the totality of reflecting hyperplanes parallel to 70 3 =0
shall be q7 g = k, where k runs through all integer values (positive, zero and
negative).

Whenever all the links in the graph are ummarked, this normalization is
easily achieved, since then all the generating reflections are comjugate. (In
fact, if P, Q are two reflections, reprosented by dots that are joinod by an un-
marked link, we have PQP = QPQ. Recpeated application of this principle proves
our result,) In this case the (17'5, when exprossed in terms of the x's, all °
have the same sum of squarcs of coofficients. For tho sake of symmetry, wo de-
fino

a, = 1, ¢0=1-ai%1-.n-aiyr

so that

G LFO+0.1(F1+ cee ¥ ax?l/= 1,

Wo aro now using homogoneous coordinatos based on the fundamontal region.

Let A_ denote the number of ways in which tho "spocial" hyperplanc osn

bo choson; o.ge 4 for or ;><: , 2 for
P

Then it turns out that 7\, of the a's are ogual to 1, whilc the remaining

1+1 -;L, are groator intogors. Profossor Weyl (who writes £ for A ) has
proved (sece 5, Theorom 10) that the order of the corrosponding finite group is

g= Ao/

(S8ince a, = 1, it does not mattor whothor we do or do not include a_. in the prod-

[¢) (o}

uct of a's.) A now result, which has not yet boen oxplained in goneral terms,
is that

h=ao+a1+.n'+&ft
This may be stated as follows:

The number of paramotors of a simple continuous group is oqual %o

X(l + O,‘O + G.l * eee t 07_/).

.
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_ We proceed to consider the individual cases, marking the dots of each

graph with the valués of the relevent a’'s.
Lfl = xj_..l = xi (i = 1’ ree, X),

xo-x}/= (_f1+(€2+ vee +(P/i;
\ \ h’)-/"‘l:

——

N=Z+1 | a=1, g = (f+1)1

Lf I T (i=1, oo, 1-1), '

L fr°
A " +x—(1bl+2(f2+2(f3 ""'(f}fl (/)X
°, ! h = 272,
A= 4, T =225, g = 27

| . q)‘_[*x ‘fi":xi- 1=l (1= 9"%1)?

x/i+x/'(1= 2L{>l+ 2(/)2+...+ 2 (fl_+kfx
L" \‘ h‘ZX:

A -2, Tl = 2271, g = ZX).'I

* x =listheima.geofx2=Oinxl'l-xznl.

X3 =~ Xio
l 2 < V) | (fl = X1, ('0 i = __-i_z il (4 = 2,400,0),**

S e AU RELS PRSI 2

(h , A end g as in the previous case.)

-

** x2~x1=zistheimageofx1+x2 Oinxz=1.

2Xg - X1 » X2
n, L I (101= 3 '(102=x1'xo'
*- (0""1:' — X " ®y T 3Py 2P

)
[e]

}L=1+5+2

A =L g=3+2 2} =12,

B
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Y Y 3 2 ]

.‘mﬁmww_._qum“.“umw ——a 99 L st xzz xz* iy Py o wx, P g = xym 3y,
P o g
5<4-x3-=21{>1+4(p2+5<fs3+2(f?4. :
h=1+2+4+3+2-=12,
X =1, g=2°44342 .45 = 1152,
P =z xg (G e 5)

Xot X1t X2+ X3~ X4~ X5~ X6™ X7

=

2
Xy~ Xg =(f>1+ 24far S5t 2P 4+ Pt 2o

h=3+ 32+ 3= 12,

A =3 g=58%2+506l=72%61
= 51840,
| P
. 2 / | .
.
\\.' 3 . 2, (fi=x.-x._ (i=l, vevy 6),
‘. 1 i-1
o 4' 3 _ %o t x) +xXp * Xz~ X4~ X5~ Xg " X7
7 2 b »
- x = + + + + + .
9 x5~ X~ Pt 2Pt Blpt 4P, 3PPty
how=2+ 32 + 23 + 4 = 18,
A =2, g=29+25.3% 407 =8° 95 = 2903040,
2

N IA
™~ ¢,

2(xg* X1t X2) = X3 " ee. ~ Xg
Ps - 3

=Xy T Xiay (1=1, su0, 7),

M-x8=2?1$Mf2+6%3+5?4+4¢5 +5¢6+2¢7+3¢8.
1+ 202 + 23 + 24 +5 + 86

h =
N =1, g

il

30,

22 o 32 « 42 4 5 o § + 8} = 192,101

= 696729600,
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Let M denote the matrix of coefficients of the x's in the expressions

for (P o (fl, cavs (fx, so that

G Bys vees al)M = (0, 0, evs, 0).

§

In the cases when all links in the graph are ummarked, let S denote the sum of
squares of cocefficients in each %P 4 and M!' the transposed of M, - Then

- a0
! 9Ty, -+ o - (0R,,

> T ‘-Cwq'aﬁt

(0,0,..,0)= (a5, ‘...‘%ﬁﬁ’ﬁ
S T Ky
\ €] /ROL - Lo /K'L “ . e /l

th th

Here each kij = 3 or 2 according as the i”" and J~ dots in the graph are or are
not linked. The a's can accordingly be written down successibely by a very
simple rule:

2ey = aj + a£ + sos
whenever the iV dot is linked to the j°B, k®H, etec. E.g., in the last case
that we considered,
201 = 2, 2°2 = 1+3, 23 = 2+4, 2%4 = 3+5, 25 - 4+6, 2°3 = 6, 26 = 5+4+3,
2%4 = 6+2, 2°2 = 4.

DuVal* has shown that each graph of unmarked links that represents a

L . . . e =~ . AR ’ (Oo‘q")'

* Procs Cambe. Phil. Soc. 30 (1934), ppe. 453-465, 483-491. See especially
De 458,

finite group, also represents the tree of neighborhoods of a singular point on
an algebraic surface. The numbers 895 Bgy eee, ax are precisely the coeffi-
cients of the partial neighborhoods in the expression for the tot-.1l neighborhood
of the singular point; ee.gs

60+5N1+4(1\I2+P1)+3(N3+Q)'+2‘(N4+P2).
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