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TOWARDS A MAXIMAL COMPLETION OF A PERIOD MAP

MARK GREEN, PHILLIP GRIFFITHS, AND COLLEEN ROBLES

ABSTRACT. The motivation behind this work is to construct a “Hodge theoretically max-
imal” completion of a period map. This is done up to finite data (we work with the Stein
factorization of the period map). The image of the extension is a Moishezon variety that
compactifies a finite cover of the image of the period map.

1. INTRODUCTION

The motivation behind this work is to construct completions of period mappings, and to
apply those completions to study moduli. Here we are interested in a “Hodge theoretically
maximal” completion. A “minimal” completion is introduced in [GGLR20]. That work
raised a number of questions about the global asymptotic structure of a period mapping. We
distinguish this from both global properties of the period mapping and the local asymptotic
structure. The first concerns properties of a variation of Hodge structures over a quasi-
projective base. (For example, one may assume without loss of generality that the period
map is proper.) This is a classical and much studied subject beginning with [Gri70], and with
recent developments including [BKT18, BBT18, BBKT, BBT20]. The second concerns local
properties of degenerations of period mappings beginning with the nilpotent and SL(2) orbit
theorems [Sch73, CKS86], and with significant applications including the Iitaka conjecture
[Vie83a, Vie83b, Kol87] and the arithmeticity of Hodge loci [CDK95]. The orbit theorems
describe the period mapping over a local coordinate chart at infinity. The period map will
not (in general) be proper when restricted to this local coordinate chart; very roughly, what
is meant by the “global asymptotic structure” is that: (i) we consider certain extensions
of the period map across infinity, and (ii) properties over larger neighborhoods at infinity
where the extensions (not only the period map) are proper. (The two extensions we are most
concerned with are (2.24) below.) The purpose of this paper is to define these extensions,
and investigate their “global properties at infinity.” (Other approaches to the global study
of extended variations of Hodge structure over a complete base include [Moc09, Sail7] and
the references in those works.) The structural results obtained here are used to construct a
finite cover of the desired maximal completion (Theorem 1.3).

We consider triples (B, Z; ®) consisting of a smooth projective variety B and a reduced
normal crossing divisor Z whose complement

B = B\Z
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has a variation of (pure) polarized Hodge structure

" 7y by
B

inducing a period map

(1.1b) ®:B — I'D.

Here D is a period domain parameterizing pure, weight n, (Q—polarized Hodge structures
on the vector space V, and m1(B) — I' C Aut(V, Q) is the monodromy representation.
Without loss of generality, ® : B — I'\D is proper [Gri70, §9]. Let

p = ®(B)
denote the image, and let
P
(1.2) B — o ——p

be the Stein factorization of the period map (1.1b); the fibres of d are connected, the fibres
of ¢ — p are finite, and p is a normal complex analytic space.

Theorem 1.3. Assume that I' is neat. The complex analytic variety @ is Zariski open in
a Moishezon variety §', and the map ® : B — ¢ extends to a morphism ®7 : B — o' of
algebraic spaces.

Outline of proof. The set
[(®) = {(b1,b2) € Bx B| ®(by) = d(by)}

defines an equivalence relation on B with the property that d:B — © is the quotient
map. It follows from [CDK95] that there exists a projective subvariety X c B x B with
the property that
I(®) = X N (BxB).

Suppose that X defines a proper, holomorphic equivalence relation on B. Then [Gra83, §3,
Theorem 2] asserts that the quotient o7 is a compact, complex analytic variety, and the
quotient map

7B — @T
is a proper holomorphic completion of d. Since B is projective (and therefore Moishezon) it
follows that @7 is Moishezon [AT82, §5, Corollary 11]. As Moishezon spaces are algebraic,
Serre’s GAGA implies ®7 is a morphism, [Art70, §7].

So the essential problem is to show that X is defines a proper, holomorphic equivalence
relation. For this, it suffices to show that every point b € B admits a neighborhood O' ¢ B
with the properties:

(i) The restriction ®|gy:1, with Ol = BN 0!, is proper (Corollary 2.32).

(ii) There exists a proper holomorphic map f:0 > O! whose fibres coincide over O
with those of <I>|Ol.
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The period map over O! can be represented by a period matrix. It is a consequence of
the infinitesimal period relation (and the properness of ®|y:) that the full period matrix is
determined (up to constants of integration) by a subset of the matrix coefficients, that we
call the horizontal coefficients. The horizontal coefficients (e,,€,) are of two types: the ¢,
are well-defined; while the e, are multivalued, but 7, = exp 2wie, is well-defined. The map

(1.4) f=(eum): 0 - C™

is proper, and f is the Stein factorization (§5.2). The theorem then follows from Proposition
5.13. =

Remark 1.5. What one would really like to show is that I'(®) is a proper hologlorphic
equivalence relation. Then the argument above would yield a proper morphism ® : B —>A@T
completing the period map @ itself (rather than a finite cover), and factoring through 7.

Remark 1.6. It follows from the infinitesimal period relation that the the map (1.4) encodes
the full period matrix up to constants of integration. This is the sense in which §' is a
mazximal Hodge theoretic compactification of o = ®(B). (And there is a natural surjection
@' — §° onto the minimal Hodge theoretic compactification studied in [GGLR20].) It also
indicates that points of ' parameterize equivalence classes of limiting mixed Hodge struc-
tures, and so gives {' the interpretation of a relative analog of the Kato-Usui construction
[KUO09]; that is, 97 is intuitively (a finite cover of) the sort of object one would expect to
obtain if one had a Kato-Usui horizontal completion (I'\D)* of I'"\ D, and took the closure
of p in this space. For more on the relationship to toroidal constructions see §1.4.

Remark 1.7. The fact that the period map ®|,: can be represented by a period matrix
is closely related to the fact that the lift of ®|q: takes value in a Schubert cell of the
compact dual (§1.3). In the classical case that D is Hermitian this is immediate: there
exist many Schubert cells containing the period domain; these give the so-called “bounded”
and “unbounded” realizations of D, and play a key role in the construction of the Satake—
Baily—Borel compactification of an arithmetic quotient [BB66]. In contrast, non-Hermitian
period domains generally contain compact subvarieties, and this means that D will not be
contained in any Schubert cell (an affine space). One of the main technical results of the
paper is the existence of neighborhoods O with the properties that ®|q1 is proper and the
lift takes value in a Schubert cell (§1.3).

Remark 1.8. Theorem 1.3 does not assert that ¢ is an algebraic variety. We conjecture
that o7 does indeed admit an ample line bundle.

Remark 1.9. For the purposes of studying moduli and their compactifications, the hypoth-

esis in Theorem 1.3 that I' is neat should be removed; and indeed we expect that it can be

dropped. Here it is a convenience allowing us avoid technical thickets that might otherwise

obscure the main ideas of the paper. For more on where and how it is used see Remark 3.9.
We do not assume that I' is arithmetic — the group may be thin.

Acknowledgements. We have benefited from conversations and correspondence with sev-
eral colleagues, special thanks are due to Gregory Pearlstein who shared with the third
author the observation that showing I'(®) is an equivalence relation was one approach to
the problem of compactifying the image; and to Daniel Greb for the observation that the
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compact, complex analytic variety ¢' constructed in Theorem 1.3 is Moishezon (and by
essentially the same argument as that establishing [GSTW20, Corollary 1.3]).

1.1. Motivation and context. Write
Z = Z1UZyU---U Z,,

with smooth irreducible components Z;. We denote by
Zr = (%

the closed strata, and Z; C Z; the Zariski open smooth locus. As we approach a point
b € Zj the period map ® degenerates to a limiting mixed Hodge structure (W, F') that is
polarized by nilpotent operators in the local monodromy cone o;. The Hodge filtration
F € D will vary along Z7, and is well-defined only up to the action of exp(Coy) on the
compact dual D. This induces a map

(1.10&) (131 : Z}k — (eXp((CO'[)F[)\D],

cf. B.2. Nonetheless, because N(W,) C W,_ for all N € oy, the induced Hodge filtration
FP(Gr!") on the graded quotient Gr!V = W, /W,_; is well-defined. In this way we obtain a
period map

(1.10b) ®Y:zr — 1/\DY
factoring through ®;.

Remark 1.11. Recalling the notation of Remark 1.5, the restriction ®T
®;, and the fibres of ®/(ZF) — ®T(Z}) are finite.

P factors through
I

A recent attempt [GGLR20] to generalize the Satake-Bailey—Borel compactification to
arbitrary period maps raised two questions.

Question 1.12. What is the global geometry of a fibre A} of (1.10b)?

The maps (1.10b) can be patched together to define a proper extension ®° : B — §° of
¢ : B — g, cf. §§2.3-2.4. The fibre A} is quasi-projective and Zariski open in a ®Ofibre.
Let A° be a connected component of the fibre.
Question 1.13. Does A% admit a neighborhood O° C B with the following properties?

(i) The restriction of ®° to O° is proper.

(ii) The holomorphic functions on O separate the fibres of @0‘60.
As will be discussed in §1.3, the condition (ii) is closely related to:

(iii) Can ®|gz~go be represented by a period matrix?

Remark 1.14. Questions 1.12 and 1.13 concern the global study of period mappings at infin-
1ty.
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1.2. Global geometry of A*. Returning to Question 1.12, the variation of limiting mixed
Hodge structures over Z; defines a map Pl A7 — Jr, with J; an abelian variety. This
map encodes the level one extension data in the variation of limiting mixed Hodge structure
along A7. It extends to the Zariski closure,

(1.15) oA = Jr.

The abelian variety admits a family {£)/} of ample “theta” line bundles. Let A? be a
connected component of A;. Then, given any one of these bundles, there exist integers
ki = Ki(M) so that

(1.16) (<I>1|A9)*(5M) = Zﬂi[ZiHAg = ZHiNZi/E

see (4.5) for the precise statement. This expression relates the geometry along A to the
geometry normal to Z C B. Moreover, this is the central geometric information that arises
when considering the variation of limiting mized Hodge structure along A} (Proposition
5.1).

0’
AI

Ezample 1.17. Consider a weight n = 1 variation of Hodge structure with Hodge numbers
h = (2,2). Suppose that dim B = 2, and fix local coordinates (t,w) € A? = U on B
centered at a point b € Z so that Z = {t = 0} locally. (Here A C C is the unit disc.)
Suppose the local nilpotent logarithm of monodromy about ¢ = 0 has rank one. (This is the
mildest possible non-trivial degeneration. Imagine a 2-parameter family of smooth genus
two curves acquiring a node.) Then the restriction of ® to A* x A = U may be represented
by the period matrix

1 0
(1.18) b(t,w) = a(t(,)w) A(t%w) ’

v(t,w) a(t,w)

with a(t, w), A(t,w), v(t,w) = D(t,w) — log(t)/27i holomorphic functions on A2,
We can choose the neighborhood O so that the monodromy over O takes the form

10 0 0
a1 0 O
T 1bo 1 0]l

c b —-al

with a,b,c € Z. Then the period matrix &D(t, w) transforms as

1 0
. 0 1
v e(tw) = a(t,w) + b — aA(t, w) At w)

D(t,w) + c — ab + 2aa(t,w) + a?A\(t,w) a(t,w)+b —a\(t, w)
Under this action, v(t,w) transforms as
v(t,w) — v(t,w)+c—ab+ 2aa(t,w) +a’\(t,w),

so that
T(t,w) =exp(2riv(t,w)) = texp(2riv(t,w))
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transforms as
T(t,w) > texp2ri(e(t,w) + a?\(t,w) — 2aa(t, w))
= 7(t,w)exp 27i (a®A(t, w) — 2aa(t,w)) .

This is the functional equation for the classical theta function. We may normalize our choice
of coordinates (¢, w) so that v(t,w) = 0. Then, this computation implies that ¢ - ¢, with o
a section of the dual to the theta line bundle, is globally well-defined along A9.

1.3. Period matrices and Schubert cells. The fact that period maps are locally liftable
implies that they can always be locally represented by period matrices. Schmid’s nilpotent
orbit theorem implies that this property also holds at infinity: points b € Z admit local
coordinates U C B so that the restriction of ® to U = BNU can be represented by a period
matrix. The expression (1.18) is an example of one such representation. The caveat is that
the entries/coefficients of the period matrix may not be multi-valued: they may involve
logarithms (as in Example 1.17).

Period matrix representations are closely related to Schubert cells (§B.4). The compact
dual D D D can be covered by Zariski open Schubert cells. Each such cell is biholomorphic
to C™, with m = dim D. (These are local coordinate charts on D.) In each of the cases
discussed above, the local lift of the period map takes value in a Schubert cell 8. And the
entries/coefficients of the period matrix are the pullbacks of the coordinates § — C™. In
general, to say that the period map ® can be represented by a period matrix over an open
set O C B is equivalent to the following two conditions:

(i) The lift ® : O — D of ® to the universal cover of O takes value in a Schubert cell
§c D.

(ii) In general the monodromy I'g C T of the variation over O acts on D. This action must
preserve the Schubert cell § (or at least D N §).

Under these conditions, the pullback of the coordinates on & — C™ yields the period matrix
representation of ®|,. If I'g is nontrivial, then the entries of the period matrix may be multi-
valued (cf. the logarithm in Example 1.17). Nonetheless, we may think of this as giving us
a (possibly multi-valued) coordinate representation of ®|.

Given a connected component A® of a ®fibre, one of the main technical results of
this paper is the existence of a neighborhood 0% C B of AY with the properties: (i) the
restriction of ®° to O is proper, and (ii) the restriction of ® to O = BNO° admits a period
matriz representation, cf. §3.1.

The monodromy T' 40 over O is too complicated to extract the map (1.4) from this
matrix representation. However, the map (1.15) is the restriction of a proper extension
®! : B — @' of ® through which ®° factors, cf. §§2.3-2.4. And a connected component
A' of a ®'fibre admits a neighborhood O! ¢ O° with the properties: the restriction of ®!
to O! is proper, and (ii) the monodromy I' 41 over Ol is very simple (almost as simple as
Schmid’s local monodromy at infinity, cf. Proposition 5.1). The map (1.4) is constructed
from this second period matrix representation in §5.2. In Example 1.17, the local expression
for fis (o, A, e”) : A% — C3.

1.4. Relationship to toroidal constructions. It follows from Remark 1.6 that f =
(€4, 7v) encodes the full variation of mixed Hodge structure (1.10a) over Z3 N O! (up to
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constants of integration). In particular, {' parameterizes equivalence classes of limiting
mixed Hodge structures. In the classical case that D is Hermitian symmetric and I is
arithmetic the toroidal compactifications '\ DT of [AMRT75] are also known to parameterize
equivalence classes of limiting mixed Hodge structures [CCKS80]. This naturally raises the

question: what is the relationship between $' and the closure of g in F\—DT? This is an
interesting question, but not one we will undertake to address here, beyond the following
remarks.

While it seems reasonable to expect a relationship between the two constructions, the
precise nature of that relationship is not obvious because the approaches are quite different:
o7 is realized by the compact quotient of a proper holomorphic equivalence relation, while
the toroidal construction involves attaching “boundary components” to I'\D by a subtle
“glueing” process involving fans (which do not arise in the construction of $T. Instead
our “boundary structure” comes from (1.10) and the period matrix representation of §1.3).
Nonetheless there are some suggestive similarities (which motivate our use of superscript
T

).

The first is that the functions 7, of (1.4) seem to play a role analogous to that of
the monomials defining the toric structure in [Mum?75]. The second is that the glueing
procedure in [Mum?75] involves a factorization

D — T'o)\D — I'\D — I'\D

of D — I'\D. Our “fibre monodromies” I'y1 C I"40 in §1.3 are related to Mumford’s groups
I'gyCIy by

FAl - F(] - FAO - Fl.

Remark 1.19. The existence of an extension ® : B — I'\D' is a subtle question, and
one need not exist [FS86, CMGHL17]. So it is striking that we have the extension ®T in
Theorem 1.3.

1.5. Organization of the paper. Section 2 develops the constructions and preliminary
results that will be used to study the period map in a neighborhood of the fibre A7. In §3
we show that AY admits a neighborhood O° C B with the property that ® is proper and
can be represented by a period matrix over BNO°. We show that the extended line bundles
det(FZ) — B are trivial over O° when T is neat (Theorem 3.12). And we construct explicit
sections sy of line bundles over O! that will be used to establish (1.16).

In §4 we study the level one extension data map (1.15) along A", and the “theta” line
bundles £ ;s over the Jacobian variety Jr. In §5 we show that, modulo the nilpotent orbit,
the higher level extension data is locally constant on fibres of (1.15). This yields a period
matrix representation over punctured neighborhood BNO! of A! from which we can extract
the functions (1.4).

We need to set notation and review the local behavior of period maps at infinity.
Because this material is classical, we streamline the presentation by placing this this review
(which also includes the proofs of a few technical lemmas) in Appendices B and C; we refer
to this material as convenient.
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2. PERIOD MAPS AT INFINITY

2.1. A tower of maps: extension data. As a first step towards answering Question
1.12, we note that what varies along the fibre A% C ZF of ®Y is the extension data of the
mixed Hodge structure (W, F'). This invites the study of the geometry of the extension
data associated to the collection of limiting mixed Hodge structures with fixed associated
graded. This is done by realizing (1.10) as the extremal maps in a tower

77 —2L (exp(Coy)T)\D;
<I"Il $
(exp(Cop)I'r)\D}
¥
(eXp((CO'[)P])\D%
¥
I'/\D;
¥
I'\D}

that is defined as follows.

2.1.1. Mized Hodge structures. Given a MHS (W, F), define Hodge numbers f} := dim I} (Gr}"),
and set

Dw = {Fe€D|(W,F)isaMHS, dim FP(Gr}") = f/}.
Set
G = Aut(V,Q),

and let Py C G be the Q-algebraic group stabilizing the weight filtration. (See §B.1.1 for
further discussion of group notation.) Given any g € Py, there is an induced action on the
quotients Wy /Wy_,. The normal subgroups

Py = {9 € Pw | g acts trivially on W,/W;_, ¥V {}
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define a filtration Py = PIE)V D PI;/I D ---. The group
(2.2) Gw = (Pwgr/Pyg) X Py
acts transitively Dy, [KP16]. (See §B.1.1 for a review of the group notation.) Let

Dy = Pyt \Dw
be the quotient. This yields a tower of fibre bundles

Dy — D$ — DY, .
Set
~1

(2.3) Tw = TN Py

Definition 2.4 (Extension data of MHS). If dy = dw,» C Dw is the fibre of the surjection
Dw — DY, then I'yy\dw. is the extension data of the MHS (W, F). The image 0%, = .
of oy under the projection Dy — Dy, is also a fibre of Dfj, — D%/, and we say that
FW\égv,F is the extension data of level < a.

Remark 2.5. Our treatment of extension data will focus on its Lie theoretic properties as a
locally homogeneous space. For a geometric perspective see [Car87].

2.1.2. Limiting mized Hodge structures. Now suppose that the MHS (W, Fy) is polarized
by a nilpotent cone
o = spang_ {N; |i€ I} C End(Vg,Q)

of commuting logarithms of monodromy. (Here exp(N;) is a local monodromy operator
about Z*.) Define

D; = {F € Dw | (W, F) is polarized by o7} .
Then W = W (o) implies that the Q-algebraic group C; C Aut(V, Q) centralizing the cone
o1 is a subgroup of Pyy. Note that this centralizer also admits a filtration C7 = C’? D C'I_l D
-+ by normal subgroups
CI_CL =Crn P‘;/a .
The group
Gr = (Crr/Crg) x Crt

acts transitively Dy, [KP16]. Let

I'r=IncC 1,Q-
2.1.3. Definition of the tower. The variation of limiting mixed Hodge structures along Z7
in §1.1 induces the map ®; of (2.1), cf. §B.2.4. The maps ®¢ are defined by passing to the
quotient spaces D} = C’I_(‘é_l\Dl. Define

pr = @7(Z5).

We have natural surjections p‘}“ — . Proposition 5.1(c) implies

Theorem 2.6. The maps p‘}“ — ©F are finite to one for all a > 2.



10 GREEN, GRIFFITHS, AND ROBLES

Remark 2.7. Theorem 2.6 asserts that the level two extension data map <I>§ determines the
full extension data map ®; up to constants of integration. Additionally the level 2 extension
data is discrete. (The data not given by constants of integration is given by sections of line
bundles with fixed divisor, Proposition 5.1(c) and Remark 5.2.) So it is then not surprising
that we will see that the answer to Question 1.12 is to be found in studying the restriction
of ®! to A%. This restriction takes value in some I’ 1\5}7 7- The spaces T’ 1\5}7 p and F\511/V7 F
of level one extension data carry rich geometric structure. As observed by Carlson, these
spaces are tori, and I' 1\5}7 r is an abelian subvariety when F? (Gr"™)) defines a level one
Hodge structure [Car87]. To this we add Theorem 4.3, and the corollary (4.5) that encodes
the central geometric information that arises when considering the VLMHS along A*.

We say that the quotient D} has automorphism group G} = Gp/ Cl_g_l to indicate

that G acts on D¢, with the normal subgroup CI_C”_1 acting trivially. The base space D(I)
is a Mumford-Tate domain with Mumford-Tate group GY. Again we have a tower of fibre
bundles

D; — D% — DY.

Definition 2.8 (Extension data of LMHS). If 6 = d;r = dw,r N Dy is the fibre of the
surjection D; — D?, then I';\07,F is the (polarized) extension data of the limiting mized
Hodge structure (W, F'). The image 6 = dyy,; of d; under the projection Dy — D7 is also
a fibre of D¢ — DY, and we say that I'1\67  is the (polarized) extension data of level < a.

2.2. Reduced limit period map. The purpose of this section is to describe an important
relationship between the period map CID(I) 247 =T I\D? and the topological boundary 0D
of the period domain in the compact dual D. In general, the limit Hodge filtration F
associated with a point b € Z7 (as in §B.2.4) will not lie in the boundary. However, there
is a “naive”, or reduced limit F (D), that does lie in 9D (§2.2.1). Each of these limits takes
value in a Gr—orbit O; C 9D, and there is an induced map

(2.9) (I)?o : Z}k — F]\OI.
Let
o7 = ©7°(Z1) € I'1\O;

denote the image.

Proposition 2.10. The period map <I>(I] factors through the reduced limit period map ®5°.
Moreover, the map ®7° is locally constant on <I>9 ~fibres. In particular, the map 7y : ©F° — pr
1s finite.

Remark 2.11. The proposition (proved in §§2.2.2-2.2.4) has the important Corollary 2.16.
The later imposes an additional constraint on the monodromy over a neighborhood 0% of
a AY (Lemma 3.3). This constraint makes it possible for us to show that @[, admits a
period matrix representation (Corollary 3.6).

2.2.1. Definition. Fix a local lift ®(¢,w), and let (W, F, o) be the associated limiting mixed
Hodge structure (§B.2.4). The reduced limit period

Fo(w) = yli_)rgoé(z,w) = yli_)réloexp(in)f(O,w) -F € D
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is independent of our choice of N € o, [GGK13, KP14, GGR17]. (The limit is understood
to be taken with z bounded.) The two filtrations F' and F(0) are related by the Deligne
splitting (§B.3)

FP — EBVV% and F2(0) = €P Vvﬁ‘;f;.

a>p b<n—p
In particular, the Lie algebra f of the stabilizer Stabg.(Foo(0)) is
foo = @Q%F'
q<0
Recalling that the map £(0,w) takes value in Cr ¢ (§B.2.4), we see that
(2.12) Fyo(w) = &(0,w) - Fsol(0).

In particular, the map Fiy, : {0} x A" — D is holomorphic, and takes value in the C; c—orbit
of Fiu(0). What is less obvious is that: (i) The holomorphic Fy(0,w) takes value in the
real orbit

O = CI,R'Foo(O) C D.

(ii) The real orbit Oy is open in the (complex) orbit Cjc - Fixs(0), and so is a complex
submanifold of D.

The reduced limit F, is independent of the local coordinates (t,w) expressing ®. So
the reduced period limit induces a well-defined holomorphic map (2.9).

2.2.2. Proof: period map factors through reduced limit. Observe that there is a natural
identification

D} ~ Cp\Or.

This identification induces

(2.13) Ty - F[\O[ — F[\D? .
We have
(2.14) Y = 1700F.

In particular, w7 : p7° — @r.
Remark 2.15. When D is Hermitian the map (2.13) is an isomorphism and ®9 = ®%°.

Let C; L . denote the stabilizer in C} . of the filtration Fio(0) € D.
Corollary 2.16. The map <I>?40 Ix AN Z; — 67 takes value in

Craoc F C Cr¢-F = 61,

0,00,C
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2.2.3. Proof of finiteness: formulation of the argument. It is enough to show that F,(w) is
constant along the ®°fibres in {0} x A". This is a consequence of the infinitesimal period
relation. The essential point is that the map

(2.17) w +— &(0,w) - F is horizontal.

Recall that ¢(t,w) takes value in exp(f1), and £(0,w) takes value in exp(csc), cf. §B.3

and §B.2.4. We have
F'OCLC = GB C?%.

p<O0
p+qg<0

Note that
Friecnfe = @,

p<O0
g<o0

and consider the decomposition

- N cqc =0@ ¢ @ (fiﬂcf,cﬂfoo)

defined by
0 = EB 7% and e = EB e
p<O0 p<0<gq
p+q=0 p+qg<0

Each of these three summands is a Lie subalgebra of f- N ¢/ c.
Since - N ¢r,c is nilpotent, the function £(0,w) may be uniquely decomposed as

§00,w) = e(w)f(w)s(w)

with f(w) € exp(d), e(w) € exp(e) and s(w) € exp(f: N ecrc Nfw). Since £(0,w) =
e(w) f(w)s(w)f(w)~t f(w), and both e(w) and f(w)s(w)f(w)~! take value in the unipotent
radical CI_’((lj, we may

identify ®%(0,w) with f(w).
Furthermore, since fo is the stabilizer of Fi(0) in f, (2.12) implies we may
identify Fio(w) with e(w) f(w).
So to prove the lemma, it suffices to show that
e(w) is locally constant along f—fibres.
So we assume
(2.18a) df =0,
and will show that de = 0; equivalently,

(2.18b) elde = 0.
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2.2.4. Proof of finiteness: horizontality. Horizontality is the condition
(2.19) (€7l =0, Vp<-2,

with (£71d¢)P4 the component of the f*—valued £€~'d¢ taking value in gIV){,‘fF, cf. §B.4 and
§B.6. At (0,w) we have

€7 = (efs)'d(efs)

(2.20) = Ady/(e7'de) + AdSN(fTNAf) + s7ds
(2.182) Adj?sl(e_lde) + s ds.
Note that e~'de and s~'ds take value in ¢ and f., respectively. Furthermore, (B.6d) and
fs € exp(f+ N¢sc) imply that
e 'de = 0 if and only if <Ad]781(e_1de))p7q =0
for all ¢ > 0 and p + ¢ < 0. At the same time (B.6d), (2.19) and (2.20) imply that
0 = (¢'depa = (Ad;sl(e—lde))p’q

for all ¢ > 0 and p + g < 0. The desired (2.18b) now follows, completing the proof of
Proposition 2.10.

2.3. Extension to proper maps. Along each strata Z7 there is a well-defined I'-congruence
class [W] of weight filtrations. Let

zw = | 2z
W=[w]

be the union of those strata with the same “weight class.” The intersection Z; N Zy is the
weight-closure of Z7. There is a subset Iy D I with the property that

Zinzw = |J Z;
ICJClwy

(Corollary C.10). The maps ®? and ®} in the tower (2.1) extend to the weight-closure
(Lemma C.14); in particular, we have a commutative diagram

o7
Z; — ZrN 2w T F[\D} —» F]\D?.
T

These two extensions to Z; N Zy, are the restrictions of well-defined proper maps on Zy
that are defined as follows.
The inclusions D; < Dy and I'; C I'yy induce

F[\D? — Fw\D{fV.
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The maps <I>?,V and <I>11/V defined by the diagram

Z; ———— Zw

[

o9 oY,
(2.21) I'/\D} —— Tw\D};
F[\D? E— FW\DI(}V
are proper and analytic (Lemma C.1). The proper mapping theorem implies that the images
ow = O (Zw) and @y = Py (Zw)

are complex analytic spaces.

Remark 2.22. The fibres A of <I>?,V are compact analytic subvarieties of B. And given
Z} C Zw, the intersection A N Z7 is the fibre A* of Question 1.12.

Remark 2.23. In general, the maps ®¢ do not extend when a > 3. (The case a = 2 is subtle,
cf. §C.4.1).

2.4. Two topological completions. Set

7 = UJelw and 7 = [Jolv
w w
(with the finite unions taken over a single representative W € [W]). Define maps

<I)0
_ /\l
(2.24) B 5k » 0

. 0 —_ &0 1 — ®l
by specifying & |ZW = &y, and @ ‘Zw = Oy _
Let a = 1,2. Fix a Riemannian metric on on B. Since the fibres of ¢ are compact,
there is an induced metric on p%. Endow g% with the metric topology.

Proposition 2.25. The topology on % is Hausdorff. The induced subspace topology on
oy = P (Zw) C §* coincides with the natural topology on pw as a complex analytic
space. The map ®* : B — §° is continuous and proper.

Remark 2.26. The completion ®° : B — §" was introduced in [GGLR20]. It encodes the
variations of limiting mixed Hodge structures modulo extension data along the strata. This
is the sense in which @ is a minimal Hodge theoretic compactification. In the classical case
that D is Hermitian and I is arithmetic, §° is the closure of g in the Satake-Baily-Borel
compactification of I\ D.

Proof. 1t is clear that that the induced subspace topology coincides with the natural topol-
ogy on pf,. The topology on p“ is Hausdorff if an only if the map ®¢ is continuous. In
this case, the map is necessarily proper. So if suffices to establish the continuity of ®<.
Suppose that b; € B is a sequence of points converging to b, € B. Let A; and A
be the fibres of ®* through b; and b, respectively. Now let b; € A;. Since B is compact,
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{b}} contains a convergent subsequence; abusing notation, let {b;} denote that convergent
subsequence with limit b._. The essential point is to prove that

(2.27) b = limb, € Ay
1— 00

Informally this says

1— 00
The local analog of this assertion is Lemma C.4. The “globalization” will follow from a
certain finiteness result for Siegel domains.

First assume that both sequences {b;} and {b}} are contained in B. Fix two coordinate
charts U and U centered at bs and b’ respectively, and local lifts ®(t,w) and ®'(t, w).
Without loss of generality, b; € U and b, € W. Since b;,b; € A;, there exists v; € I" so that
@/ (b)) =i - ®(b;). Shrinking U if necessary, there exists a finite union ® C D of Siegel sets
so that 5(&) C ®. (In the case of one-variable degenerations this is a corollary of Schmid’s
SL(2) orbit theorem [Sch73, (5.26)]. In the general case, this is [BKT18, Theorem 1.5], and
is key to the Bakker—Klingler-Tsimerman result that period maps are Ry exp—definable.)
Likewise, we have a finite union ' C D of Siegel sets so that ' (U') C @'. It follows that
there are only finitely many distinct ;. Restricting to a subsequence with all v; = 7 equal,
we have @/ (b)) = - ®(b;). Since we may replace the local lift ® with 4 1@, this forces bag
and b/ to lie in the same ®*fibre. This establishes the desired (2.27) in the case that {b;}
and {b;} are contained in B.

For the general case, we may assume without loss of generality that {b;} C Z] and
{bl} C Z3 with W = WI We leave it an exercise for the reader to verify that Lemma
C.4 allows us to modify the argument above to treat the general case. O

Remark 2.28. Recently Bakker—Brunebarbe—Tsimerman have applied the o-minimal struc-
tures of model theory to prove the long standing conjecture that the image p = ®(B) of
the period map is quasi-projective [BBT18]. In particular, they show that the (augmented)
Hodge line bundle

A = det(F") @ det(F" ) @ - - - @ det(FI /2]

is free over B, and that p = Proj (¢4 H°(B,dA)). Note however that this result does
not suffice to establish the existence of a completion of the period map: if HEET is the
projective closure, it does not a priori follow that there is an extension B — PPt of .
(And one wants extensions in order to apply Hodge theory to study moduli spaces and
their compactifications [GGR21b].) What is missing is to show that the extended Hodge
line bundle is free over B. This is conjectured to be the case in [GGLR20], and proven for
dimp =1, 2.

Remark 2.29. In contrast, the topological space §' will not admit a compatible complex
analytic structure: the fibre dimensions of H! — " may drop on proper subvarieties. For
example, if the variation of limiting mixed Hodge structures is Hodge-Tate over Z7, then
it is Hodge Tate over Z; and the fibres of B! — @° over ®°(Z;) are finite.
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2.5. A “Stein factorization” of ®%. Let

23

/\

(2.30) Zw O P

%y

be the Stein factorization of ®%,; the fibres of (iD%V are connected, the fibres of o3y, — Ef}
are finite, and ©f;, is normal. Set

and define maps

(2.31) B p~ -

by specifying that the restriction of (2.31) to Zy coincides with (2.30).

Corollary 2.32. Let AcBebea fibre of de, (Equivalently, A is a connected component

of a ®*fibre.) Fiz a neighborhood O C $* of ®*(A) € $. Then O = (®)~1(O) c B is a
neighborhood of A with the property that ®|, & is proper.

3. NEIGHBORHOOD OF A COMPACT FIBRE

3.1. Monodromy about the fibre. Now take the case ®* = ®0. Let A° be the fibre A
of Corollary 2.32. The restriction V| = 0° X (00) V of the VHS over B to 0 =0"nB
induces a period map

(3.1) Pu0:0° = T4\D

with monodromy I' 4o C T
Let (W, F,o7) be any LMHS arising along A" (as in §B.2.4). Let

I(A% = {i| ANz #0}.

By definition of ®°, W = W/ is independent of I. Then Corollary C.10 implies that
I c I(A% c Iy
and W = WIA")  We have Cra0y C Pw, and G0y = Aut(D?(AO)) = C’I(AO)/C'I_(}L‘O)
(§2.1).
Lemma 3.2. We may choose the neighborhood O° of Corollary 2.32 so that
Ty C Graong X Pyl

and the image of I' 40 under the quotient G40y X PI;/I — Gao) is finite and stabilizes
F(Gr").

Proof. The weight filtration W is independent of our choice of LMHS (W, F, 0 ) along A°.
So we may choose the neighborhood 0° so that T' 40 C Py,g. Likewise, the Hodge structure
F(Gr") € DY, is independent of the choice of LMHS. So we may further assume that IT' 40
fixes F(Gr"); equivalently, the discrete quotient I' 40 /(I 40 N Pv}l) stabilizes F(Gr").
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Given N € oy(40), Lemma C.24 asserts that Qnix = Q(-, N*.) polarizes the Hodge
structure F(Prim’’ ) CF (Grmk). So we may also choose the neighborhood O° so that
Prim]kv+k and Q1 are invariant under T qo. This implies T 40/(T g0 N Py') C Gr(a0y. And
since I" 4o stabilizes the Hodge filtration F (Grmk), this forces the discrete I' 40 /(T 40 N Pyp/)
to be finite. 0

Lemma 3.2 can be further strengthened. Without loss of generality I = {1,... ,k;}v.
Let Stabg.(Fw) denote the stabilizer in G¢ of the reduced period limit filtration Fi, € D
defined by

Fy = lim exp(iyN) - F.
Y—00
This filtration is independent of the choice of N € or,,, and is related to the Deligne splitting
(§B.3) by
FL = P vk
b<n—q
Lemma 3.3. We may choose the neighborhood O° so that T 40 C Pw,gNStabg. (Fxo)-

Proof. The IPR forces a very close relationship between ®° and the reduced period limit
map (Proposition 2.10): the reduced period limit is locally constant on ®°-fibres. On
strata A°N Z7 N U this implies Corollary 2.16. Over A° NU this implies that the map ;ISW
of (C.22) takes value in exp(Coyy, )\ (Stabg. (Foo) N PV}}C) - F C exp(Corpy, )\ow. (We have
exp(Cop,, ) C Stabg.(Fs) N PVT/}C.) O

Lemma 3.3 has some strong consequences for ® 40. Consider the Schubert cell (§B.4)
(34) 8 = exp(f}) F = {F e D | dim(F*NFL) = dim (F*NFL), ¥ a,b} .
Lemma 3.5. The action of T 40 on D preserves the cell § C D.

Corollary 3.6. Every local lift of ® 40 over a chart U centered at a point b € A takes

value in 8. In particular, the lift of ® 40 to the universal cover 0% — O° takes value in the
Schubert cell:

~ >

00 2, 8snD
0o ®a0 i

00 24% 1 o\D.

First proof of Lemma 3.5. Since T' 4o is both real and stabilizes Fi, it follows that I"40
stabilizes F.; that is,
(3.7) I'po C StabG@(FomFoo) = StabGC(Foo) N StabGC(Foo).

Since 8 is by definition those filtrations F € D intersecting Foo generically, it follows that
8 is preserved by I' 40. O

It is instructive to consider a second proof.
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Second proof of Lemma 3.5. The essential point is to note that the Lie algebra of Stabg. (Fao, Foo)
is

(3.8) m = @ gy p -

P,q<0
It follows from (B.6d) that §- + m is a nilpotent subalgebra of gc, and fL is an ideal of
f+ 4+ m. This implies that the action of Stabg.(Fu, Foo) on D preserves 8. O

Remark 3.9 (Assume unipotent monodromy about A°). It will be convenient at times to
assume that the action of I' 40 on Gr" is trivial; equivalently, the monodromy group

(3.10) Ty C Pyl

is unipotent. This is equivalent to the hypothesis that I"40 is neat; in particular, (3.10)
holds whenever T" is neat. When (3.10) holds, the fact that PI;/I(C is unipotent implies that
there is a well-defined logarithm

(3.11) logTgo C m™ = P dify,

q<0

D,
(p, q) # (0,0)

and the map I' o — logI' 40 is a bijection.

3.2. Trivializations about the fibre. Recal_l that Deligne’s extension F¢ C V, — B of
the Hodge vector bundle (1.1a) is trivial over U [Del97]. Together (3.11) and Corollary 3.6
make it possible to trivialize det(F¢) in the neighborhood O° of the fibre.

Theorem 3.12. If (3.10) holds, then the bundles det(F¥) are trivial over O°.
Corollary 3.13. If (3.10) holds, then extended Hodge line bundle

Ae = det(F?) @ det(FP ) @ - - @ det(F]m+D/21)
is trivial over 0°.

Theorem 3.14. Assume (3.10) holds. Let Zy be the weight strata containing A°. The
induced Hodge bundles FP(Gr"V) on the associated graded Gr!Y = W, /Wa_1 are trivial over
0N 2w -

The theorems are proved in §§3.2.1-3.2.4.

3.2.1. Preliminaries. The obvious map exp(f') — exp(f*) - F = § is a biholomorphism. So
Corollary 3.6 implies that there is a uniquely determined holomorphic

g: 00 — exp(fL)

so that
®(¢) = g(¢)- F
We have
®(C-y) = 771 2(0);
equivalently,
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Remark 3.15. Were it the case that I' 4o C exp(f+), then we would have g(¢-7) = v 1g(¢).
This would imply that the function O° — V sending ¢ — g(¢)v defines a section of V — OV,
and we would have a framing of F¢ over O°.

However, while y~! preserves the Schubert cell 8, it need not be an element of exp(f).
So we can not assert that g(¢ -v) = vy 'g(¢). In order to determine g(C - ) we must first
factor the monodromy.

3.2.2. Factorization of monodromy. In order to explicitly describe the action of v € I' yo on
dw C 8 we first need to factor the monodromy group. Any element v € Stabg. (Fso, F'xo)
may be uniquely factored as

vy = af, with

B € Stabg.(Feo, Foo, F) and

a € exp(mnft) = exp(j5) N Stabge(Foo, Foo) -
(The proof of [CS09, Theorem 3.1.3] applies here.) Then the action of v on & - F € § is
given by
(3.16) W F = af¢-F = aféf ' f-F = a(Bf7) F.

Note that mNf+ = m~'Nft. The fact that m~! is nilpotent implies that the exponential
map m~! — exp(m~!) is a biholomorphism. So there exists a unique a € m N f+ such that

a = e*.

Likewise § admits a unique factorization as
B = Boe’,
with the adjoint action of 5y € G¢ on gc preserving each g‘%’,‘f pand b € m~! N (again by

[CS09, Theorem 3.1.3]).
We have v € PVT/IC if and only if By = 1 is the identity; equivalently g is unipotent. In

this case there exists a unique ¢ € m~! so that vy = €.

3.2.3. Proof of Theorem 5.12. While we do not expect to have a framing of FE over O°
(Remark 3.15), we do have a framing of det(FZ) over O when (3.10) holds. This is a
consequence of the factorization in §3.2.2. We have

= aB,
with o € exp(f+) and B unipotent and stabilizing F', and

Bexp(fH)6~" = exp(f).
This implies that
9(¢-7) = aBgQ)B".
Since f stabilizes F', it preserves the line det(F?) C /\de, d, = dimFP. Since (3 is unipotent
(§3.2.2) it acts trivially on the line. Fix a nonzero p € det(F?). Then 8- = p. So the
function

F:0° = U, £ = g2
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satisfies

F¢m) = glC- M = aBg(QB" A
= afg(Q)- A =77 f(Q),
and so defines a section of det(FP) — 0. Now this section locally extends across infinity

(essentially by the same arguments as in [Del97]), and so extends to a framing of det(F?)
over 0°, U

3.2.4. Proof of Theorem 3.14. The fact that I' 4o C PI;/I(C (Remark 3.9) implies that I" 40 acts

trivially on Gr!V'. Arguing as in §3.2.3, we conclude that FZ(Gr)) is trivial over O° N Zyy.
]

3.3. Divisors at infinity. The purpose of this section is to use Lemma 3.5 and Corollary
3.6 to construct explicit sections sp;r € H O(OO,LM) of certain line bundles Ly; — OY. We
will see that the sections have divisor

(3.17a) (sa) = > K(M,N;)(Z;n0O°)
for some integers x(M, N;). In particular,
(3.17b) Ly = Y K(M,N) [Zilgo -

3.3.1. Line bundles over I" ,0\S. Recall the Schubert cell 8§ of (3.4) and Lemma 3.5. We
will construct line bundles over I' 40\8 from the data:

e The left-action of I' 40 on & induces a right-action on the functions f : § — C by the
prescription (f -v)(§) = f(v-&).

o Let
i' = Fl(ec) = Pails
p>1

be the nilpotent radical of the Lie algebra f stabilizing F. The relation (B.6c) implies
that the bilinear pairing

kift x fr = C
is nondegenerate.
Recall the biholomorphism X : 8§ — - of (B.9). Given M € §', define
fm:8 = C by fy=exp2rik(M,X).

Given v € I' 40, define a holomorphic function ey : 8 = C* by

M- exp2rik(M, X -
(3.18) e = ffM7 - el;)qﬂwii;(zw,)()7 :
Then
ey (€) = el (n2-€) el (€).
so that

v (2,8) = (2e(€),7-€)
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defines a left action of I' jo on C x 8. Let

Ly = (Cx8)/ ~
!
FAO\S

be the associated line bundle over the quotient. Then fj; induces a section s
Ly
(]
T 0\S.
3.3.2. Line bundles over O°. Pull the line bundle £ s back to the (punctured) neighborhood

OO
(P 0)*Lps Lm

Y AV

00 —4% 5 T 10\8.

The local expression for the pulled-back section ®%,(sas) is
(3.19) matw) = faro®a0(t,w) = exp2ric(M,X o ® 40(t,w)).

If M e gIl,I}"F and k(M, N;) € Z for all i € Iy, then (B.10) implies
(3.20) v(t,w) = exp2rin(M, X (t,w)) Htf(M’Ni)

is a well-defined holomorphic fun_ction on U. If in addition 0 < k(M, N;) € Z fo_r all 1 € Iy,
then 7/(¢, w) is holomorphic on U. Additionally, 7a7(t, w) vanishes along Z; NU if and only
if K(M, N;) > 0 for some i € I.

3.3.3. Extension to O°. Define
(3.21) N* = {Megy | k(M,N;) €Z, Viely}.

Lemma 3.22. If M € N*, then the line bundle (®40)" L is the restriction to 0% of a
holomorphic vector bundle Ly; — O°. And (®40)*sys extends to a section of Ly (which,
in a minor abuse of notation, we also denote sjs).

Ly (P a0)*Ls L
SM (\J, llj (P 40)"sm l} sm
60 < > (50 B 0 FAO\S .

The desired (3.17) now follows from (3.19) and (3.20).
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Proof. Set _

X’Y(taw) = (X ' ’Y) o CpAo(t?w) - Zg(tl)N
Again, the key point is that it follows from (B.6d), (B. 10) Lemma 3.2, (3.7), (3.8) and
§3.2.2 that the component X«, ’q(t w) taking value in gW is a well-defined holomorphic

function on U, so long as ¢ > —1. So K/(M,X (t,w)) is a holomorphic function on U, so
long as M € N*. Then

(@40)" (far - N(tw) = (far 7)o Dt ’w)

= exp27rmMX Ht (M,N:)
and
3 * E{; 0)* fM )t w
(3.23) @ao) )ty — (Lal Vo)l w)
(P 40)*(far)(t, w)
_exp2mik(M, X, (t,w))
exp 2mi k(M, X (t,w))
is a well-defined holomorphic function on U. O

4. LEVEL ONE EXTENSION DATA

In this section we restrict to the punctured neighborhood 0% = BN O of A% C Zy,
and work with the period map ® 40 : O° — I' yo\D of (3.1). Fix a limiting mixed Hodge
structure (W, F,o1) of the period map along A’ N Zy,. To this MHS we have associated
two sets

FAOJ\(s] and FA0\5W
of extension data (§2.1). The goal of this section is to study the level one extension data
(Definitions 2.4 and 2.8) and the resulting implications for the fibre A°.

The level one extension data of the MHS (W, F) is T' 40\&};, (Definition 2.4). The o/~
polarized level one extension data is T 40 1\6} (Definition 2.8). The diagram (2.21) induces
level one extension data maps

(bl
A% N A1 —L, FAOJ\(;I

(4.1) j l

q)l
AO —W> FA0\5W .

Note that both 7 C dy are subsets of the Schubert cell 8 of (3.4). It follows that the
quotients I" g0 ;\07 and T 40\dw inherit the line bundles £j; of Lemma 3.22,

L Ly
(4.2) l {

FAO’]\(S[ — FAO\(SW.

Theorem 4.3. Set W = W4, and suppose Z7 C Zy. Assume that the monodromy I' o C
Pv}l(@ is unipotent (Remark 3.9).
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(a) The bundle T4, : T 40\DJy, — DY, admits a subbundle

[
w
Ty \Dpy,

that is fibered by compact tori Ty . The restriction (IDI‘AO takes value in Ty .
(b) The bundle 7} : T g0 [\D} — D admits a subbundle

Jy — Jr C F[\D}

1

I'/\Dj
that is fibered by abelian varieties Jr. The restriction (I)1|A0mzj takes value in Jy.

(¢) If M € gé{,l’F, then the line bundles (4.2) descend

L Ly
1 \

L 40 1\6; — T 40\d}y
to both T 0 [\6} and T 40\8}y,. In the case that M € N* N 911/1’/1,1?’ we have
(4.4) LM|A0 = (<1>1|A0)*(LM) and LM|A00ZI = (q)l‘AomZI)*(LM)-
(d) There is a nonempty subset Nf,[2 CN*N gll/{},F with the property that the abelian variety
Jr is polarized by the L%, with M € N52.

(e) The set NSI[Q’Jr = {M € N§[2 | K(M,N;) >0, ¥ i € I} is nonempty. Indeed the
dimension of the real span is dimoy.

Theorem 4.3 and (3.17) yield
(4'5) ((I)1|AO)*(LM) = Z’%(MvNi)[Zi”AO = ZH’(M7NZ') NZZ-/E 40

(The sum is over all i such that Z N A% = ), which is necessarily a subset of Iyy.) It
follows from Proposition 5.1 that this is the central geometric information that arises when
considering the variation of limiting mized Hodge structure along A°.

Ezample 4.6. Suppose that A C ZF and N; # 0. Taking I = {i}, we may choose M €

N?[2’+, so that £}, — J; is ample and x(M,N;) > 0. Then N

2/B | g0 is ample if the

differential of @1‘ 4o 18 injective.
More generally, we have

Corollary 4.7. Suppose the differential of q)l‘AomZI is injective and M € N‘r}b. Then the

line bundle Y k(M, N;)N

Zi/E‘AoﬂZJ is ample.
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Remark 4.8. The sum in Corollary 4.7 is over those j with Z;N(A°NZ;) nonempty. Theorem
4.3(e) asserts that we may choose M so that the integers (M, N;) are positive when j € I;
we are not able to say the same when j ¢ I.

The remainder of §4 is occupied with the proof of Theorem 4.3. In outline, the argument
is as follows:

4.1.

To begin, we review the structure of FAo\(S%V and FAOJ\(S} in §4.1. The compact torus
Jr C T 40 7\07 is identified in §4.3.

The action of I' 40 on dyy C & was analyzed in §3.2.2. This action preserves dy, and
the restricted action is further analyzed in §4.4.

The line bundle £ — T 40\dw descends to I' 40\&}, if and only if the functions ey
of (3.18) are constant on the fibres of oy — ;. In §4.5 it is shown that the bundles
parameterized by M € g‘lj[’/% p have this property. If, in addition, M € N* N gll/{,l’  then
we also have Ljs| 40 (Lemma 3.22). In order to see that (4.4) holds, we must show that
the associated systems of multipliers coincide.

We then restrict to a subset N C 9‘1)(/1 » N N* (which may be thought as imposing an
integrality condition on M) and comp{lte the Chern forms wys in §4.6.

We restrict to a final subset Nsl[2 C N!' (which may be thought of as a positivity
condition) and confirm that —wyy is positive on Jr. It then follows that the line bundle
L3, — Jr is ample and Jy is an abelian variety.

Lie theoretic description. The level one extension data has the following structure.

First note that Pva,lC /Pv}?(c is an abelian group. Since the exponential map exp : pw,c —
Py c is a biholomorphism, and

—a _ b,q
Pwe = @ Ow,r>

pt+g<-a

we see that there is a canonical identification

-1 /p—2 p.q
PW,C/PW,C = @ Iw.r-

pF+g=-1
Setting
_ P.q
L= D o
p+qg=-1
p<O0
we have

—1 /p-2 =
Pyt/Pit ~ LeL.

Additionally pyfc = (f N pyc) @ G+ n pwc). and the map fN p;vl’(c — O given by z
exp(z) - F' is a biholomorphism. It follows that we have a canonical identification

Pt \(Pil-F) = L.

Taking A to be the discrete image of I' o under the projection PVT,l(C — L., we obtain

(4.92) T4\ = A\L
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In particular,
(4.9b) L\l = CU x (CH% x Ty

is biholomorphic to the product of an affine space C* with a complex torus (C*)% x Ty
having compact factor Ty .
Setting

p+g=—1
p<0

and letting A be the discrete image of I" 40 ; under the projection 0;11 — L7, we have
(4.10) Ta0\07 = A\L; = C¥1 x (C*)%2 x Jp,
with (C*)%2 x J; a complex torus having compact factor .J;. Note the obvious map

A]‘-)A.

4.2. The IPR along fibres. Consider the restriction Fr 4 : A% N Z7 N U — d; of (B.3).
Let

§1p = §’AOOZ;‘OH = §I’A00Z;mﬂ'

The infinitesimal period relation (B.13) and the discussion of §B.5 imply that the Maurer-
Cartan form

(4.11) 51_}3 d&r s takes value in EB c;;lq.
q<0

We have a well-defined logarithm
log&r s : ANU - C;(%: N fl.
Let (log &7 ;)7 denote the component taking value in ¢”9.. Then (4.11) implies

(4.12) (log&r,8)P7  is locally constant for all p+g¢= -1, p < 2.

4.3. Compact torus: Proof of Theorem 4.3(a). It follows from (3.8) that

1

—-1,0 ,0
r C Ly.

ACgW7FCIL and AICC;
In particular, the torus factor (C*)% x T% of T' 40\d%, of (4.9) is contained in the image of
g;Vl’ }9 — A\L; likewise, the torus factor (C*)%:2 x J; of I' 40\6} is contained in the image of
cl_’},’o — A7\L;. Tt follows from the IPR (4.12) and the compactness of A that the image
of @, .- + A — T 40\d}; is contained in the compact torus T 9 of (4.9b). Likewise, the
image of ®1: AN Zr — T'40\0} is contained in the compact torus J; of (4.10). We will
show that J; is abelian by exhibiting ample Lie bundles £,; — J;.
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4.4. Action on LMHS of the fibre. When restricted to dy C 8, the map X : § — f+ of
§3.3.1 takes value in

X : 0w — pﬁ,l’(c ﬂfJ'.
Set £ = exp(X), so that X = ¢-F = exp(X)- F. In anticipation of the arguments to follow,

it will be helpful to work out some formula. To begin, recall the Deligne splitting (§B.3) of
gc. Given any z € gc, there are unique 2?9 € g";[’/q p so that

T = g P9

Recall the notation and observations of §3.2.2. Given v =af € I'j0 C Pv}l(@, one may
verify that the logarithms satisfy

L0 10
O R
1,1 _ —1-1 17, -10 30,1
c = a + gla™ 000

The action of v on & = exp(X) - F' € oy satisfies

(4.13a) (logapep™H=10 = x=10 4 4710
(4.13b) (loga feg )1 = X0t 4 g bty 0t X1,

The containment (3.11) implies
(4.13c¢) (loga BE™1)PY = XP9, VYp4+qg=—-1>p.
Under the identifications of §4.1 we have

A=a and X = 071,

and (XP~17P) ;= X104 X=21 4 X =32 4 ... parameterizes a point in L. So (4.13) is
describing the action of A on L.

Consider v; = a;0; € T' 40, with ; = €%, a; = e® and j3; = e”, as above. Suppose that
v = 71 ¥2. Then one may verify that

a0 = al—l,o n a2_1’0
POl b(l],—l n bg,—1

e e S 61—1,—1 n 62—1,—1 n %[afl’o, bg,—1] n %[b?’_l,agl’o]
e al—l,—l n a2—1,—1 n [b(l]’_l,az_l’o].

4.5. Proof of Theorem 4.3(c). The line bundle £y — T' 40\ descends to T'40\&}, if
and only if the functions ef\f[ of (3.18) are constant on the fibres of oy — 5%‘/. It M e gIl/I’/I’ o
then (B.6¢), (3.16), (3.18), and (4.13) yield

(4.14) e} (X) = exp2nmin(M, a7 4 071 X7HO))
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on Jdy. These functions are constant on the fibres of dy — 511,1/, and so descend to well-
defined on functions on §j;,. There they induce line bundles (also denoted)

over the level one extension data.
Additionally, if M € N*N gIl,I’/lF, then (3.23), (4.13) and (4.14) yield

(@40)7(e)) o = @) e (X);
establishing (4.4).

4.6. Chern classes. We now wish to compute the first Chern class ¢1(Las) of Ly —
T 0\6f, = A\L for M € gll,{/{F. We have

H'(A\L,C) = (Lel) ~ P oy,
pt+q=-1

and

HXAL,C) = A2H'(A\L,C) = A(LeL),
HM(A\L) = L*®L*.
We have a map
wigyp o L'L" ~ HY(A\L),
defined by sending M € g%,[’,%F to the form wy; € H“'(A\L) defined by
CUM(’LL, ’D) = K’(M7 [’LL, ,D]) = _’{(u7 adM(ﬁ))

with u,v € L.
Recall the definition of N* in (3.21) and consider the subset

MMym*QW*W€Z,Vv€R@;}

1 _ 1,1
N = {MGQWJ’ K(M,N;) € Z, Vi € Iy

Remark 4.15. (i) When v = exp(NN;), we have a=5»~! = N and a9, 6%~ = 0.
(ii) The fact that & is defined over @ implies that N is non-empty; in fact, N' spans
S5
Lemma 4.16. If M € N, then the form wys represents the Chern class c¢i(Lr).
Proof. Define a smooth function hys : L. — R by
har(z) == exp2mik (M,[z,Z]) .
With the formulae of §§4.4-4.5, is straightforward to confirm

har(z 4+ X)) = \ey(z)\_z har(z) .
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So hys defines a metric on £ — A\L with curvature form —d9d1log hyy, cf. [GH94, p. 310
311]. It follows that the Chern form of £y is

allm) = —%éﬁloghM = 00k (M, [2,2]) = k(M,[dz,dz]) = wp.
O

4.7. sly—triples. The ample line bundles £; — Jr are constructed from sly—triples {M,Y, N}
constructed from the data of a LMHS (W, F,N), N € o;. Here we briefly review this well-
known construction (see, for example, [CM93] or [Sch73]), and discuss those properties that
we will use later.

Define Y € End(gc) by specifying that Y acts on g};?. by the eigenvalue (p+ ¢). Then
Y ¢ 93{/(,)5“ N gr, and

ady(N) = [Y,N] = —2N.

Notice that Y depends only on (W, F); in particular Y is independent of N. The pair
{Y, N} may be uniquely completed to a triple {M,Y, N} C gr with the properties that
(4.17) [M,N] =Y and [Y,M] = 2M;
In particular, {M,Y, N} spans a subalgebra of gg that is isomorphic to slsR. We have
From [M,N] =Y and x(Y,Y) > 0 it follows that
(4.18) 0 < k(YY) = k([M,N],Y) = k(M,[N,Y]) = 2s(M,N).

We regard (W, F'), and hence Y, as fixed. And consider M = M(N) as a function of
N € og.
Remark 4.19. The map N — M (N) is the restriction to o of a diffeomorphism M : N — M
from an open cone N C g;vl’};_l onto an open cone M C g‘lj[’/% - This is a well-known and
classical result in the theory of nilpotent elements of semisimple Lie algebras, cf. [CM93]
and the references therein, and is discussed in the context of Hodge theory and polarized

mixed Hodge structures in [BPR17, §3.2]. In general the map is not linear; in particular,
while the image M (o) is a cone, it need not be convex.

Notice that the first equation of (4.17) implies that

(4.20) M(AN) = +M(N),
for all A > 0. We claim that
(4.21) ad3 (dM) = 2dN.

To see this note that the fact that Y = [M, N] is constant implies

[N, dM] = [M,dN].
Since elements of the vector subspace spang o5 C g;[,ﬁ;l N gr commute, we also have
(4.22) [N,dN] = 0.

Thus
adi(dM) = [N, [MdN]] = [dN,[M,N]] = 2dN.
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In particular, the differential dM of N — M (N) is injective.
Notice that (4.21) and (4.22) imply that

ad3;(dM) = 0.
Since N € o7 polarizes the MHS (W, F) on (g, —k), we have
(4.23) 0 < —3r(dM,ad}(dM)) = —k(dM,dN),

with equality if and only if dN = 0.
Lemma 4.24. Fiz 0 # N’ € spang 7. The set

op = {Ne€or|k(M(N),N') =0}
is contained in the closure of

o, = {Ne€or|k(M(N),N)>0}.

Proof. Suppose that N € o{,. Fix a smooth curve v(t) in o7 with the property that v(0) = N
and v/(0) = —N'. Set u(t) = M(v(t)). Then (4.23) implies

0 < s(u'(0),N").
In particular, v(t) € o/, for small ¢ > 0. O
4.8. Ample line bundles. Define
Ns2 = {M &€ N | M = M(N) for some N € o7}.

The fact that both o; and x are defined over Q implies that N‘f’,[z is nonempty.
We have NMu = u for all u € CI;Z% with p + ¢ = —1. The fact that that N € oy
polarizes the MHS (W, F') on (g, —x) implies that

—iwy(u,u) = —ik(M,u,u]) = ik(u,adya)
= ik(adyadpyu, adya) = —ik(adpyu, adyadpya) < 0
for all 0 # u € cl_’};’o C L. It follows that the line bundle L3, — T 4o, 7\0} has positive
Chern form —wyy for every M € Nsl[2 (Lemma 4.16). Thus £3, — Jr is ample.

4.9. Positivity. It remains to establish Theorem 4.3(e); this is a consequence of Remark
4.19 and Lemma 4.25.

Lemma 4.25. The cone
of = {Neo;|k(M(N),N;)>0, Viel}
is open and nonempty.

Proof. In the case that dimoy = 1, (4.20) and (4.26) yield o} = o7.
For the general case dimoy > 1, with I = {1,...,k}, set

Ri = {y:(yl,...,yk)ERk]yi>0}
so that ‘
o1 = {N(y)=y'N; |y e RF}.
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Set M(y) = M(N(y)) and k;(y) = k(M(y), N;). Then it suffices to show that the cone
ST = {y=0" ") eRL | rily) > 0}

is open. From (4.17) and (4.18) we see that

(4.26) 0 < m(M(y),N(y) =y riy).
Since the y* are all positive, this forces some &;(y) to be positive (with i depending on ).
Decompose

RE = Sns ng”
with
S = {veRl [m@) =0, Y,y 20}
S = {yeRi[m(y)<0}

ST = {y eRY ‘ S L ylRily) < 0} :

The inequality (4.26) forces the open sets S} and S} to be disjoint. Since R is open and
connected, this in turn forces S to be nonempty. Then Lemma 4.24 implies that the cone

ST = {yem "“1<y)>0= Zilzy%i(y)>0} c S

is nonempty and open in R%. This proves Theorem 4.3(e) in the case that |I| < 2.
For the general case |I| = k we induct. Assume that the cone

SF = {yeRi ‘m(y)>0, 1<i<a; Zf:a+1yini(y)>0}

is nonempty (and therefore open) for some 1 < a < k — 1. Define a decomposition

Sa = Sat1 U Spq U Sopy
by
Sat1 = {y €S ‘ Kas1(y) >0, S0 o' wily) > 0}
o = (eS| hunly) <0}
a1 = {?J S ‘ Z?:mrz y'ri(y) < 0} .

The definition of S forces the open sets S/, ; and S}/, to be disjoint. Since S; is open, ev-
ery connected component of S;" must have nonempty intersection with S, ;. Then Lemma
4.24 implies that the cone S:H is nonempty and open in RIL This completes the inductive
step. ]
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5. HIGHER LEVEL EXTENSION DATA

The goal here is to study the higher level extension data along a connected component
Al < A°
of a (1311407W7ﬁbre. We will see that the monodromy around A' takes value in exp(Cora1)) N

Py (Proposition 5.1). This is the essential structural result that will be used to prove
Theorem 1.3 (§5.2).

5.1. Extension data along ®'-fibres. Set
I(AY = {i| ZrnAY £ 0},

Consider the period map

D0 = TH\D
induced by V|g1. Set W = WI(Al), so that

A ¢ A ¢ Zw.
Given Z7 C Zw, let

YA NO' — (exp(Cop)I 41)\D;

be the map induced by ® 41 (as @7 in (2.1) is induced by ®). While ®; does not in general

extend to the weight closure Z; N Zy (§C.4.1), the map ® 41 ; does admit an extension if
we replace the quotient of exp(Coy) with the quotient by the larger exp(Coy(a1)).

Proposition 5.1. (a) The nez’ghborhooi Al c O € B of Corollary 2.32 may be chosen
so that the restriction of V to O' = O' N B has monodromy T 41 C T 40 with unipotent
radical T 41 N PVT,l C exp(Coyeany) C Pﬁ/z. In particular,

'y C G[(AO) X eXp((CUI(Al)) C CI(AO).
(b) There is a well-defined holomorphic map
fAl,W 2w N o' = (eXp((CO'I(Al))PAl)\DW ,

and commutative diagram

_ [0}
Zr N0 — 21 (exp(Coy)T 41)\Dy

DR !

Zw N0 —2 (exp(Coy(41))T 41)\Diw -
(c) The map @'y, - is locally constant on the fibres of Pl

Remark 5.2. The information contained in exp(Coy(a1)) is level two extension data. So
the content of Proposition 5.1(c) is that the full extension data is determined by the level
< 2 extension data, up to constants of integration.! The level 2 extension data contained
in exp(Cop41)) is not truly lost; it is encoded in the sections sy € HO(OY Lyy), with

"n the case that D is Hermitian, all extension data is level < 2; that is, Dw = D%,. So here we find here
another example of the ansatz that horizontality (the IPR) forces period maps and their images to behave
“as if they were Hermitian”.
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M e gIl/{/l 7> of (3.17). These sections are essentially discrete data as their restriction to the
®Ofibres is determined up to a constant factor.

As discussed in Remark 3.9, ' 41 is neat if and only if it is unipotent; equivalently,
Lar Cexp(Coppany).

Corollary 5.3. Assume that the monodromy I' 51 neat. Then the Hodge filtrations F¥ are
trivial over O'.
Proof of Corollary 5.3. Let W = W4 be the weight filtration of A > A'. Since orary C

g;vl };_1 C f*, the proposition implies I 41 C exp(f*). The theorem now follows from Remark
3.15. ]

5.1.1. Outline of the proof of Proposition 5.1. The proposition is proved by an inductive
analysis of the higher level extension data along A'. We begin with the level < 2 extension
data. Applying the discussion of §C.4.1 to the period map ® 40 yields a commutative
diagram
"~ (I’ZO I
ZiN 00—~ (exp(CJI)FAoJ)\D%
[ v
Zw N0° 2% (exp(Coy(40))T 40)\ D3,

N i

0w T 40\D}y .

Lemma 5.4. The map @io w @8 locally constant on <I>1140 w - fibres.
A straightforward modification of the proof of Lemma 3.2 establishes

Corollary 5.5. There is a neighborhood O of A' in B with the property that the restriction
of V to O = O'N B has monodromy T 41 C T 40 taking value in G a0y X (exp((CaI(Ag)Pv}?’).

It then follows that the action of exp(Coy(a1y) on D3, does descend to I'41\Dj, (§C.4.1),
yielding a well-defined map

@1341,W 2w N o' — (GXP(CUI(AI))PAI)\D%V .
The inductive step for a > 3 is

Lemma 5.6. If the monodromy T 41 about A' takes value in Gr(a0) X (exp(Copiary) Py),
then the action exp(Coy(ary) on DYy, does descend to the T 41\Dyy,, yielding a well-defined
map

(1)2217“/ 2w N ot - (GXP(CU[(AI))FAl)\(SaVV .
This map is constant on A', implying 'y C GI(AO) X (exp(CUI(Al))P‘;/a_l).

Note that Proposition 5.1 follows directly from Lemma 5.6. The remainder of §5 is occupied
with the proof of Lemma 5.6 (which subsumes Lemma 5.4 and Corollary 5.5).
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5.1.2. Lie theoretic description. Fix a > 2. The fibres of I" 41\6fj, — I' 41 \5%/_1 are the level
a extension data (Definition 2.4). We begin by observing that these fibres are biholomorphic
to the quotient A®\L® of a vector space L® by a discrete subgroup A® C L*. To see this,
first note that the fibre is
PI;/?C -F
(Car NPy - Pt

— FAl \5%/

|

T \o% .
We have
—a—1 _ ,
Prc\Pye = D o
ptg=—a
FENFG ) = @ e -
Ptqg=—a
p<O0

The latter is an abelian group, with discrete subgroup
AG — PI;/’C(LC NIy
= —=——.
PW?C NI

We now see that the level a extension data of (W, F') is biholomorphic to the product
(5.7) AN\L® ~ Ch x (C*)% x T%

of an affine space C% with a complex torus (C*)% x T% having compact factor T%. (The
dimensions d; depend on a.)
Since or(a1y C g;V% };1, it then follows that the fibres of

(exp(Coy(an))Ta)\0fyr — (exp(Copary)La)\65y "
are, for a = 2:
(A% o7a)\L?* — (exp(Coyay)T a1)\Gy
¥

Lo \6jy

and, for a > 3:
Aa\La — (exp(CoI(Al))FA1)\5{',LV
¥
(exp(CaI(A1))FA1)\5%;1 .

Note that (A? - o7(41))\L? inherits (5.7) in the sense that it is also biholomorphic to the
product

(5.8) (A% opar))\L? = CM x (C*)® x T%

of an affine space C¥ with a complex torus (C*)% x T% having compact factor T%. (We
abuse notation by continuing to denote the dimensions by d;.)
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5.1.3. The IPR along fibres. The local version of ®%, |;, is the map

% Zwy N U — exp(Copan)\Diy
defined by (C.22). If the level < a extension data map ®9%, ,,, is constant along Al then
the restriction
i = Slam

takes value in the affine space

Sy = Ppie ' F o~ exp(pyfc' NfY) ~ ppic' n it = L.

b>a
Recall the discussion of the IPR in §4.2, and note that (4.11) implies
(5.9) (€4.)71 S, takes value in EBg;V%},_b C EB]LI’H .
b>a b>a
Additionally, we have well-defined logs
log€% : A N U — prict Nt

Let (log £%,)™9 denote the component taking value in gj;’,. Then (5.9) implies

(5.10) (log£51)PY  is locally constant for all p+¢=-a—1, p< 2.

5.1.4. Proof of Lemma 5.6. The argument is inductive. Assume that ¢ > 1 and that we
have a well-defined

(I)il—il_,lW : ZW N ﬂ — (GXP(CU[(AI))FAl)\D%/ .

We will show that @Z#W is constant along A'.
Recalling (5.9), let ® be the component of the Maurer-Cartan form (£%,) ! d¢%, taking
value in

(5.11) gwr® o L = P\ (Pt F)

Then fixing a point zg € A! we may define a holomorphic map
Ao L2, a=1,

(5.120) Ao { ™ a2y

by integration
z
(5.12b) z = / n®
20

along a curve § : [0,1] — A! joining zp = §(0) and z = 6(1).
The key point is that when b > 2, the complex conjugate

,—b

1= —1
9w, r

b
= 9w
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b

is contained in p;Vb(El N+ and has trivial intersection with g;VlF_ . This implies that the

image of g;Vl };b under the composition of (5.11) with the projection

1 (A? o7 )\L?,  a=1,
Letl {Aa.g-l\L‘g/-l-l’ a>2,

lies in the noncompact factors C% x (C*)%2 of (5.7) and (5.8). Since n? takes value in gavl’}?,

it follows that (5.12) defines a holomorphic map A' — C% x (C*)%. Since A' is compact,
this map must be locally constant. This forces n* = 0. Equivalently, the Maurer—Cartan
form (ggﬂ)—l d&?. takes value in p;vf”(a 2 along A!. This is precisely the statement that @Zﬁ}w
is locally constant along A'. d

5.2. Proof of Theorem 1.3. It suffices to prove

Proposition 5.13. There exists a proper holomorphic map f : O — C® with the following
properties:

(a) The map flg1 is constant on the fibres of ®|q:.
(b) Conversely, ®|q: is locally constant on the fibres of fla:.

The proposition is proved in §§5.2.1-5.2.3. Assume for the moment that Proposition 5.13
holds. Let

ol >y O! » C™
f
be the Stein factorization. This completes the proof of Theorem 1.3 as outlined in the

Introduction (§1).

5.2.1. Preliminaries. Consider the lift

S B
O ———8&nD
(5.14) 1 1

@
0! —5 T u\D.
Recall notations of §B.4. Let W index the weight strata Zy containing A, so that

fl = EBQI;{/?F,

p<0

and set
I(AY = (i |A'nZ 40} = U{T| A'NZF 40} C Ly.

5.2.2. Horizontal entries of the period matriz. Fix a basis {M,,} of 911/1’/.17 = By gIl,I’}IF. Keeping
(B.6¢) in mind, the

(5.15) en = K(Xo®,,M,): 00 = C

are the horizontal coefficients of the period matriz. We may choose the basis {M),} so that
for each I C I(A') there is a disjoint union {M,} = N3 UN7 so that

spanc{M,, € N7} = Ann(o;) C g%)[;p
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It follows that
en € 00", VM, €Ny

We think of the ¢, indexed by M, € NIl( A1) 83 the smooth horizontal coefficients of the

period matriz.
We may additionally suppose the basis {M,} is chosen so that

(5.16) 0 < K(Ni,M,) € Z, Viel(lAY).

Then, for the M,, € NHN) D N7, we have

7, = exp(2mie,) € O(0Y).

We think of the ¢, indexed by M, € Nj(Al) as the logarithmic horizontal coefficients of the
period matriz.

5.2.3. Proof of Proposition 5.13. Let f: O! — C™ be the holomorphic map defined by the
{eutnr,ent _and {TM}M;LEN}‘(AU' The IPR implies f has the desired properties.
I(Al)

5.2.4. Zero locus of the 7,. Note that (3.20) is the local expression for 7,. In particular,
Ap =27 n0" ¢ {r,=0} ifandonlyif M, c Nj.

Reciprocally, 7, is nowhere vanishing on A} = Z7 N Ol if and only if M, € N}. More
generally, the function 7, is nowhere vanishing on the weight strata Zy, N O if and only if
M, € N7, .

Suppose that j & Iy, and set J = Iy U{j}. Then W # W (Corollary C.10). So there
exists M), € NIlW such that x(M,,, Nj) > 0. The associated 7, is nowhere vanishing on
Zw N O, but vanishes along ZiN O!. Whence

w =TI -

J¢lw

is nowhere vanishing on Zy, NO!, but vanishes on every j & Iyy. In particular, 7y vanishes
along every Z; N O! with J ¢ Iy .
In the case that I = () (the weight filtration W is trivial and), we have

5.3. Logarithmic differentials and a local Torelli condition. In [GGR21a] we will
discuss a map V¥ : T5(—log Z) — F~'End(€,) that is induced by the Gauss-Manin con-
nection on V — B. In anticipation of that discussion it is convenient to close §5.2 with a
discussion of the algebra %, (Z N O of logarithmic differentials on (0!, Z N O').
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5.3.1. Logarithmic differentials on (O, Z N O). It is evident from the discussions of §5.2.2
and §5.2.4 that

(5.17) de, € Qg (log ZN0OY),
and
{de | My € Ny} € Qg
The differentials define a map
(5.18) Uy : T (—logZN0O') — O x C™
by mapping v € Ts:(—log Z N O) to (deu(v)) € C™. (Here we suppress the base point
be 0! of v.)

5.3.2. Local Torelli condition for (61, ZNOY® ). Since the coordinates of Wyl are the
horizontal period matrix entries of ® 41, we see that the differential of ®|: is injective if
and only if the differential of W14 is injective. More generally, we have
Lemma 5.19. The sheaf map ¥ is injective at points b € O N Z7 if and only if

(i) The differential d@ku :T(Z; N0 — T(T 41 /\Dy}) is injective.

(ii) The {N; | i € I} are linearly independent.
Proof. 1t will be convenient to write

Uy = (U0, UrE)

with

hol _
¥i%(v) = (dgu(v))MMeNﬁAl)

given by the holomorphic differentials, and

lo;
UEw) = (dep(v))mens

given by the log differentials. It follows from the IPR and Remark 5.2 that the following
are equivalent:

(a) The restriction of ¥l to Tj,(Z3 N O1) is injective.
(b) The restriction of d®', ; to T(Z; N O') is injective.

Fix a coordinate chart (¢,w) € U C O' centered at a point b € Z; N O, as in §B.2.2.
Then

{d IOg 17} ) dwa}

is a local framing of Q%(log Z) over U,

{tlatz ) awa}
is a local framing of T5(—log Z) over U, and {9, } is a local framing of T(Z; N O') over
UN Z; = {t =0}. We have
whol(t;0;) = 0.

i =
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Following the notation of (3.20), the logarithmic differentials are

dr, K(M,,, N;)dt; .
de, = e K(M,,,dX (t,w)) + Z o M€ Nigay.
Recalling that X (¢,w) is holomorphic on U, we see that
H(M 7N7,)
(5.20) dey (ti0 )|,—g = # .

Informally we express (5.20) as
\Ifll()g (ti8ti|t:0) = 2mi Nz .
APPENDIX A. SUMMARY OF NOTATION

e period domain D parameterizing pure, (Q—polarized HS on V' of weight n

e compact dual D

e algebraic automorphism group G = Aut(V, @), with Lie algebra g = End(V, Q)
e smooth projective B with reduced normal crossing divisor Z C B

e polarized variation of Hodge structure V = B X (B)V over B = B\ Z with monodromy
representation m (B) » ' C G

e the induced period map ¢ : B — I'\D
e Hodge filtration P C V and Hodge line bundle
A = det(F") @ det(F" 1) @ - - @ det(FHD/2])

e extensions F¥ C V, and A, to B
e graded quotients & = FL/FL +_ Gr’;_-c, and & = BEY
e bundle map ¥ : T5(—log Z) — Gr]__-c1 (End(&,)) induced by flat connection
e algebraic subgroup Py C G stabilizing weight filtration W, filtered by normal sub-

groups

Py = {g € Pw | g acts trivially on W,/Wy_, V (},

a>0, Py =P}
e algebraic subgroup C; C Py centralizing cone o7 C g, with W = W' = W (o), filtered

by normal subgroups

C[—a = Cr N PI;/CL.

o reference filtration £ € D, Hodge numbers f} := dim F} (Gr}")
o Dy = {FeD|(WF)isaMHS, dim FP(Gr}") = f/'}.
e I'yy=1'nN PI;/,IQ
o Gy = (Pwr/ PI;/}R) X PVT,}C acts transitively on Dy
o Dy = Pp, é_l\WI with automorphism group G}, := Gw/ PI;/’C(”C_I. 2
e projections Dy —» Dy, —» D?,V and Gw — Gy, — G?,V

2We think of this as indicating that Gw acts on Dy, with the normal subgroup Pv}ffcfl acting trivially.
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e D := {F € Dw | (W, F) is polarized by ot}

e G; = (CrRr/ CI_JElg) X Ci(é acts transitively on Dy

o DY := CI_’E_I\DI with automorphism group G¢ := GI/CI_’E_l. 3

e projections Dy — D} — D(I) and G1 — G§ — G(I]

. D? is a Mumford-Tate domain with Mumford-Tate group G9 = C;/ C’I_l. 4
e I''=0I'NnCro

e period map to various quotients of LMHS

Zr —2Ly (exp(Coy)T)\D;
<I"I" $
(exp(Cop)I'r)\ D}
¥
(eXp((CO'[)P])\D%
¥
I'/\D;
¥
I'\D}

° D? — DI%V and I'; C I'yy induce F[\D? — Fw\D%V

e weight-strata Zy = U Z7
Wi=Ww

o Z1 N Zy is the weight-closure of Z7

e unique maximal Iy such that Ww =W

o if Z:; C ZrN\ Zyw, then Dy — Dy and I'j C I'; induce FJ\D — F]\D[

. <I>9 and <I>} extend to proper holomorphic maps on the weight-closure, and the extensions
are compatible with ®% on Z5 C Z; N Zw

Z} — > ZiNZw

]

e | T/\D} —— T/\D} |}

! !

L\DY —— T'/\DY

3We think of this as indicating that G acts on D7, with the normal subgroup C;’E*l acting trivially.

40ne may define analogous spaces Dfy, for MHS. In the absence of the polarization, these spaces have
less structure. For example, the analog DY, of D{ is a flag domain in Wolf’s sense [FHW06, Wol69], but
not a Mumford-Tate domain — the isotropy group is not compact.
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e Oy € {<I>?,V,<I>%,V} defined by

VS —

[

of| T/\D} —— Tw\Dj | 2%

! !

I\DY —— T'w\D},

o = Py (Zw) C Tw\Dyy, and pyy, = @4y (Zw) C Tw\Dyy,
7 = Jow and %' = Jow,

two proper topological extensions of ® : B — I'\ D defined strata-wise

. T~
= pl po

e A C Zy compact ®'fibre
A% C A (compact) connected component of A

Al ¢ A® (compact) connected component of ®!-fibre
Sw C Dw is the preimage of ®°(A%) € I'yy\ DY, under the projection Dy — Ty \DY;
these are pairs (W, F) with the same F(Gr"")
§r C Dy is the preimage of ®9(A° N Z;) € I'/\DY under the projection D; — T'y\DY;
these are pairs (W, F') that are polarized by o; and with the same F(Gr'").
neighborhood A% ¢ O° ¢ B, Schubert cell 8 C D, period map

Pp:BNO° = Tp\(DNS)

I' o € T'N Py monodromy about A°, I‘Afé = I" 40 N Py monodromy acting trivially on

Gr"', finite quotient T 40 /F;é acting on Gr'" is contained in G (A0 = C’?( Ao)/ C’I_(i‘o),
I(AY) = {i| AN Z; #0}
Al ¢ A° (compact) connected component of ®!-fibre, neighborhood A' ¢ 0! ¢ O° ¢

B, period map

du:BNOY = Tu\(DNS)
I' ;1 € T'N Py monodromy about A°, FX% =T 4N PVT,I monodromy acting trivially on

Gr", finite quotient I‘Ao/FZé acting on Gr'

APPENDIX B. ASYMPTOTICS OF PERIOD MAPS: REVIEW OF LOCAL PROPERTIES

Here we set notation and review well-known properties of period maps and their local
behavior at infinity. Good references for this material include [CMSP17, CKS86, GGK12,
GS69, PS08, Sch73].

B.1. Notation.
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B.1.1. Groups. Given a Q-algebraic group G, the Lie groups of real and complex points
will be denoted by Gr and Gg, respectively. The associated Lie algebras are denoted ggr
and gc, respectively.

Let V = Vz ®7 Q is a rational vector space, with underlying lattice V. Let End(V) =
V @ V* denote the Lie algebra of linear maps V' — V', and let Aut(V) C End(V') denote
the Q-algebraic group of invertible linear maps.

Fix n € Z, and suppose that , and @ : V x V — Q is a nondegenerate (skew-)symmetric
bilinear form satisfying

Q(u,v) = (-1)"Q(v,u), forall wu,veV.
From this point on, G will denote the Q-algebraic group
G = Aut(V,Q) = {g € Aut(V) | Q(gu,gv) = Q(u,v), Y u,v € V}.
with Lie algebra
g = End(V,Q) = {X €End(V) | 0=Q(Xu,v) + Q(u,Xv), Yu,veV}.

B.1.2. Period domains. Let D = Gr/K° be the period domain parameterizing effective
weight n > 0, Q-polarized Hodge structures on V with Hodge numbers h = (h™°, ... h0").

Given ¢ € D, let
- @ v
ptg=n

be the Hodge decomposition; let
-1 1 0 _
F; C Fy7 Cc--C F, C F, =
be the Hodge filtration. The weight zero Hodge decomposition
(B.1) gc = ogh?
induced by ¢, is polarized by —k, where xk € Sym2g(*C is the Killing form. The isotropy
group K° = Stabg () stabilizing ¢ € D is compact, with complexified Lie algebra
0 = oC = gg’o.

Let D = G¢ /P, denote the compact dual of D. Here P, is the complex parabolic
stabilizer of the Hodge filtration F,, and has Lie algebra p, = ®p>0 g% 7.

B.2. Period maps at infinity.

B.2.1. Unit disc
A= {teC||t| <1}
and punctured unit disc
A" = {teC|0<|t| <1}.
Upper half plane
H = {zeC|Imz >0}

and covering map
27iz

H — A" sending z — t=c¢
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Multivalued inverse

logt

o0ty = —-

®) 27’
and (well-defined) differential d¢ = d% .
2mit

B.2.2. Fix a point b € Z; C B. Choose a coordinate chart
(t,w):U ¢ B — AFT
centered at a point b with
(t,w): U =BNU — (A" x A",
Reindexing the Z; if necessary, we may assume that
UNZ = {t; =0}, forall 1<i<k,

and U N Z, =0 for all k+1 < p < v. (We are assuming, as we may by shrining U if
necessary, that UN Zy =UN Z7.)

B.2.3. The counter-clockwise generator o; € m1(A*) < m((A*)*) = 1 (U) induces a quasi-
unipotent monodromy operator v; € Aut(V,Q), 1 <i < k [Sch73]. Passing to a finite cover
of B if necessary, we may assume without loss of generality that ; is unipotent; let

N; = logv; € g
be the nilpotent logarithm of monodromy, and
oy = SpanR>0{N17 I 7Nk} C gr = Aut(VRv Q) )

the monodromy cone (for the coordinate chart centered atb).

B.2.4. The universal cover of U is

U = H* x A",
The local lift o
®:U - D
of @[ is of the form
(B.2) O(t,w) = exp(SU(t)NyEt,w) - F .
Here, F € D, B
g:u — G¢

is a holomorphic map, and we abuse notation by regarding the multi-valued £(¢;) as giving
coordinates on H. Additionally, if F(w) = £(0,w) - F, then (W, F(w)), is a mixed Hodge
structure (MHS) polarized by the local monodromy cone o;. We say (W, F, o7) is a limiting
mized Hodge structure (LMHS).

The infinitesimal period relation implies that the restriction {7 = |y 7z takes value in
the centralizer

CI,C = {gEG((j|AdgN:N, VNGU[}

of the nilpotent cone o;. The map

(B.3) Fr:Z;nU — Dy, ww Fr(w)=£0,w)-F
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defines a variation of limiting mixed Hodge structure (W, Fy(w),or) over Z3 NU. The map
(B.3) is not well-defined; it depends on our choice of coordinates. What is well-defined is
the composition

Fr

(B4) Z; N ﬂ D[ 7 eXp((CO'[)\D] .

(That is, it is the nilpotent orbit that is well-defined.) This yields the map ®; of §1.1 and
(2.1).

The fact that exp(Coy) C Pv?/,zc implies that (exp(Cor)I')\D§ = I'1\D§ for a = 0, 1.
So (B.3) does induce well-defined maps
(B.5) Ff:Z;nU — DY.
The maps (B.5) are local lifts of the maps ®¢ of (2.1).

B.3. Deligne bigrading. Given a mixed Hodge structure (W, F) on (V,Q), we have a
Deligne splitting

Ve = ©Vipk

satisfying
W, = @ Vi and FF = PHVEL.
p+q<t p>k

The induced splitting
(B.6a) gc = Doy g
of the Lie algebra gc¢ is defined by
(B.6b) o'y = {zegc | a(Vig'p) C VTS, Vo, s},
satisfies
(B.6c) Ko rs O p) = 0 if (p,q) + (1,5) # (0,0),
and is compatible with the Lie bracket in the sense that
(B.6d) [ahiip, awpl C o’

It follows that gc = f @ §+ with
f= @pooip
the parabolic Lie algebra of the stabilizer Stabg.(F') of F, and
(B.7) = @potliip
a nilpotent subalgebra of gc. The holomorphic & : U — G¢ is determined by the property
§(t,w) € exp(fh).
Remark B.8. Without loss of generality, we may assume that (W, F') is R—split

P9 q,p
Viwr = VW,

which implies

Iwr = gttI/E/IjF-
Then £(0,0) € Pyt
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B.4. Period matrices and Schubert cells. Since the period matriz
exp(2_L(t:) Ni)E(t, w)

of the local lift (B.2) takes value in exp(j*) - F, the local lift ®(¢,w) takes value in the open
Schubert cell §

8 = exp(jl) - F = {E €D | dim(E°NFL) = dim (F*NFL), ¥ a,b} ,
defined by
F, = @D ik
c<n—b
The map §+ — 8 sending X — exp(X) - F' is a biholomorphism. Let
(B.9) X:8 = §t.

denote the inverse. The obvious analogs of (B.6) hold with End(V¢) in place of gc. Given
X € End(V¢), let XP? denote the component taking value in End(Vc)’v’{/?F. Recalling the
notation of §B.4, we have

(log &(t,w)) ™" = &(t,w)™H,
and
(X 0@ yo)(t,w)™ 71 = S 0(t)N; + E(t,w)™H!
(XOE)AO)(tvw)_Lq = g(tvw)_Lq’ q# —1.
We say N N
(X0 )™ = Y (Xody) 11
is the horizontal component of the (logarithm of the) period matriz.
In general, the function X : U — f+ defined by

X(t,w) = Xo®0(t,w) — S U(t;)N;
is well-defined on ﬁ, but multi-valued over U. But the discussion above implies
(B.10) XL (t,w) € O).
B.5. Extension data. The fibre 6; = d;r of Dy — D(I) through F' € Dy is the set of

F € D; inducing the same pure, weight ¢ Hodge filtrations on the H"%(—a) as F. It is
a complex affine space. To see this, first note that 5}7 = C’I_é - F. As a unipotent group

Crt= exp(cl_(lc) is biholomorphic to its Lie algebra cl_(lc. The Lie algebra of C} ¢ is

(B-11) gt = D 9%
p+q<—a

Since
Gt = (qhnf) e (qhnt)

-1 _ D,q
¢ c nf = EB ;F -

p+qg<—1

with
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the stabilizer I’ in cl_%: and

—1 1 D,q
e N = @ 1o

we see that
-1 1
6lp = exp(csh N ) - F,

and the map c;(lc Nt — 5}7 7 is a biholomorphism.
Likewise, Co; C g;I,l},_l is an abelian ideal of the nilpotent algebra cl_(lc N §+, and we
have a well-defined induced biholomorphism

-1 1
‘rc nf ~
TO’[ — exp(Cor)\or1,F -

An identical argument establishes analogous statements for the fibre dyw = dw,r of
Dy — D%/ through F € Dy .

B.6. Infinitesimal period relation. Finally we note that the infinitesimal period relation
implies that the map (B.3) satisfies
dF? ¢ FF ool (Z;nl).

Equivalently, the pull-back 51_1 d¢r of the Maurer-Cartan form on exp(crc N ) under the
map

(B.12) &r = ¢

Z:ll sending w — &r(w) = £(0,w)
takes value in c;c N (B g;[,l};q). Since the centralizer inherits the Deligne splitting
e = EB 7%, with % = e N oyps
p+¢<0

we may write this as

(B.13) §hdér € QNZE N U o).

APPENDIX C. COMPATIBILITY OF WEIGHT CLOSURES

The purpose of this section is to review compatibility properties between the weight
filtrations W! = W (o7), and discuss some of the implications for local lifts of period maps.
These local results will have global consequences, including the following corollary of Lemma
C.21.

Lemma C.1. The maps <I>?,V and <I>11/V defined by (2.21) are proper and holomorphic.
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C.1. The commuting s[(2)’s. Our constructions are defined over the open strata Z7.
We will need to see that these strata-wise constructions satisfying certain compatibility
conditions in order to obtain the properties asserted in the lemmas above. The key technical
result here is the SL(2) orbit theorem [CKS86]. We briefly review the theorem, and then
discuss consequences.

Suppose that Z; C Zr; equivalently, I C J. To begin we assume that we have a local
coordinate chart centered at b € Z7j with local monodromy cone o = o; generated by
Niy,...,Np asin §B.2. Given I C J ={1,...,k}, let o7 be the face of o; generated by the
N;, with ¢ € I. Define

Ny = ) N; and N; = > Nj.
icl jeJ
Given this data, the SL(2) orbit theorem [CKS86] produces “commuting sly—pairs
N, Yi; NjYy € gr.

These pairs have following properties: Ny and Y7 commute with N; and YJ; and there is a
(Y7,Y)—eigenspace decomposition gc = @ ga.p,

Gop = {€€0c | [V1,€ =ag, [Yy,€] =be},

with integer eigenvalues a, b that splits the weight filtrations

(C2) Wi (ge) = Poap and Wl(ge) = P gas-
a</t a+b<t
We have
Ni € g2p
and
NJ S @ga,—a—2-

a<0
If we write
(C3a) NJ = ZNJ,av

a<0

with NJ,a € ga,—a—2, then
(C.3b) Njo = Nj.

C.2. Consequences local lifts of ®*. Recall the two maps F® : Zy N U — D¢ of (B.5).
Since I C J, we have Z% C Z;. Fix a coordinate neighborhood (t,w) € U C B so that
Z5NU={t =0}

Lemma C.4. Suppose that (ty,,wy) and (th,,wh,) are two sequences in Z; NU converging
to points (0,we) and (0,wl) € Z% NU, respectively. If F&(tm,wn) = F(th,,wh,) for all
m, then F¢(0,w) = F¢(0,w").

This lemma is the analog of Proposition 2.25 for the “local lift” of ®*, and implies that this
lift is continuous.
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Proof. Given (t,w) € ZfNU, recall that F®(t,w) is the composition of Fy(t,w) = £(t,w) - F
with the projection D — D¢ = C’I_E‘_l\DI (§B.2.4). Moreover, &(t,w) is holomorphic (and
therefore continuous) on AR and takes value in Crc when restricted to Z7 N U. So to
prove the lemma, it suffices to show that

(05) WZI(CJ) C WZJ(CJ) .
It is a general fact that the centralizers satisfy
¢y C Wi(ac) and 5 Ce C Wilac)-
So (C.2) implies
(C.6) ¢ C D gap-
a<0
a+b<0

Note that (C.6) implies the desired (C.5) for ¢ > 0.
Suppose that X € W/(c;) for some ¢ < 0. Then (C.2) and (C.6) imply that there exists

unique X, ; € gc so that
X = > Xup.

a</t
a+b<0
In order to establish (C.5), we need to show
(C.7) Xap = 0 forall a+b>20.

From N;(X) =0 and (C.3) we see that NJ(XM) = 0. Since {Ny,Y;} is an sly—pair, the
centralizer ¢(Ny) of N satisfies
(0’8) C(NJ) - @ga,b-

b<0

This forces X, = 0 for all b > 0, and yields the desired (C.7) for a = ¢.

Working inductively, fix m < ¢ < 0 and assume that (C.7) holds for all m < a < 4.
Again, N;j(X) =0 and (C.3) implies NJ(XmJ)) =0 for all m+0b > ¢. Since, b > ¢ —m > 0,
(C.8) implies X, , = 0 for all m + b > £. This establishes the desired (C.7) for a = m and
completes the induction. O

C.3. When weight filtrations coincide. The properties (C.2) and (C.3b) yield

Lemma C.9. Suppose that I C J. The following are equivalent:
(i) The weight filtrations coincide W! = W,

(i) We have Y = 0.

(iii) We have Ny = 0.

(iv) The cone o5 C cI_I.

Corollary C.10. (a) IfICI' C J and W! =W/, then W! =Wl =w/.
(b) If Wi = Wz, then Wl = WhVlz,
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(¢) The union

Iy = U I
wWi=w

is the unique maximal set Iy such that W = Wiw .

If Wl =W, then Ga,e = Ja,0 implies

(C.11a) A G
and
—a —a
(C.11b) Ei—l — E{z—l
c ¢
J I

In the case a = 1, the inclusion (C.11a) yields the striking implication (known to the
experts)

Lemma C.12. If oy C cl_l, then o5 C C1_2-
Corollary C.13. We have exp(Coyp,, ) C Cj 2.

C.4. Consequences for LMHS. Note that Z5 C Z; if and only if I C J. In this case,
Iy c T';. We will also see that Dy C Dy, cf. (C.20). In particular, we have an induced
I'\Ds — T'/\D;. When W! = W7 (equivalently, Z3 C Zr N Zw), then this map descends
to PJ\D% — F[\D?.

Lemma C.14. The maps <I>9 and <I>} of (2.1) extend to proper holomorphic maps on ZyN
Zyw. These extensions are compatible with the <I>?, and CI% on 27 C Z; N Zw in the sense
that the we have a commutative diagram

Zj; — Z1N Ly
ool
(C.15) o) | I'/\D} —— I'/\D;} |®
FJ\D9 E— F]\D? .

Lemma C.14 is a corollary of Lemma C.17.
Recall (§B.2.4) that the local lift of ®; : Z; — (I';exp(Coyp))\Dy is
(C.16) vioFr: Zf N U— exp(Cop)\Dr.
Lemma C.17. There is a well-defined holomorphic map
(C.18) O 7N ZwNU — exp(Cory, )\Dr
that, when restricted to Z; C Z; N Zw, coincides with the composition vy, o F.
Proof of Lemma C.14. Given a = 0,1, Corollary C.13 implies that
(exp(Cor, )Cr & \Dr = C;¢"\Dr = Dj.
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So the composition
3 o
Zr 0 Zw N U — exp(Cop,)\Dr — (exp(Cor, )C7 & \D; = Df

is the local coordinate expression for the extension ®¢ : Z; N Zy — I'f\D} of (C.15). Thus
Lemma C.14 follows directly from Lemma C.17. g

Proof of Lemma C.17. Suppose that I c J and W! = W7, Consider a local lift cTD(t,w)
over a chart U centered at b € Z3 (as in §B.2). Along

Z;NU = {t;=0vjeJ} = {0} xA" 3 (0,w)
we have the map Fy : Z5NU — Dy of (B.3)
(C.19a) Frw) = &0,w) - F.

Along Z; NU = {t; = 0 iff i € I} we may choose a well-defined branch of £(t;) for all
j € J\I. Then the map Fj : Zj NU — Dy is given by

(C.19b) Fr(t,w) = exp< Z K(tj)Nj>§(t,w) - F.
JEI\I

Comparing the expressions (C.19) for F; and F7, and keeping C; C Cj and (C.11a) in
mind, we see that

(CQO) F € Dy Cc Dy

and Fj takes value in D;. (Note that the containment F' € Dy is nontrivial, as F' arises
from the LMHS along Z3.) It follows from (C.19) and (C.20) that

vjoF;:Z5 N U — exp(Coy)\Dy
also takes value in (a quotient of) Dy. The lemma now follows from (C.19). O
If follows from Corollary C.10(c) and (C.20) that the orbit
Dw = Pwc-F D Dy

is independent of our choice of D; and F' € Dy so long as W! = W. It is straightforward
to verify

Lemma C.21. There is a well-defined holomorphic map
(C.22) Oy : Zw N U — exp(Cor,y, )\Dw
that, when restricted to Zj, coincides with vy, o Fy.
Proof of Lemma C.1. By essentially the same argument as given for ®¢ in the proof of
Lemma C.14, the composition
Zw N U ER7IN exp(Cory, )\Dw —» D%,

is the local coordinate expression for ®f;,. So it follows immediately that ®f;, is holomorphic.

To see that <I>11/V is proper, it suffices to show that (I)(V]V is proper. And to see that (I)(V]V
is proper, it suffices to show that the extension <I>? : Z1N Zyw — T'\DY of (C.15) is proper.
The latter is due to [Gri70, §9]. O
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C.4.1. Remark on the extension question. Given Lemmas C.14 and C.17, it is natural to
ask if the extension (C.18) is global; that is, does there exist an extension of ®; : Z; —
(T'r exp(Cor))\Dr to the weight closure Z; N Zy? The answer in general is no, because the
action of exp(Coy,, ) on D does not descend to a well-defined action on I';\D;. (Likewise,
while the quotient exp(Cy,,, )\ Dy is well-defined, the action of I'; on Dy does not descend to
the quotient.) In general, to obtain such an extension, one would need at the very least for
I'rexp(Coyy,, ) C G to be a subgroup. (In general it is not. The product I'; exp(Coy) is a
subgroup because I'r C Cf centralizes o7.) The ideal circumstance here would be for I'; to
centralize the larger cone oy,,. If it is the case that the image of I'r exp(Cop,, ) under the
projection Gy — G is a subgroup, then one does obtain an extension of ®¢. For example,
since exp(Coy,, ) C C’I_é, and the C;* are normal subgroups of Cy, the image is always a
subgroup when a = 0, i, 2. In particular, in the case a = 2, we have
2
7zt — T (exp(Cop)T1)\D?
{ {
ZrN ZW — (eXp((CO'[W)F[)\D%
\[ H2 ‘L

ZW l) (eXp(CO'[W)Fw)\D%V .

C.5. Implications for polarizations. We close §C with two results on polarizations.
These are consequences of: (i) the fact that W (V) is independent of our choice of N € oy,
[CK82], and (ii) the classification of Ad(GR)-orbits of nilpotent N € gr [CM93] (not the
SL(2) orbit theorem).

Lemma C.23. Suppose that (W, F) is a MHS and W = Wi = W7 = WY/ [If (W, F)
is polarized by both or and oy, then the MHS is also polarized by oruy. In particular,
DirNnDyC Dypyy.

Proof. Let

—W

Oug = U 0K
W =wk
KcIuJ

denote the “weight-closure” of oy s; note that each of the oy, oy and oy is contained in
E%J. Suppose that N € o7y;. The definition of W = W (N) implies that N* : Grmk —

Gr,vlv_ i 1s an isomorphism. Standard sl(2)-representation theory implies that
N k
n+k — Q(’N )

defines a nondegenerate, (—1)"T*-symmetric bilinear form on Grmk, and that the restric-
tion of this bilinear form to

Primﬁﬁ_k = ker{N*+1: Grmk — GV, L}

is also nondegenerate. The mixed Hodge structure (W, F') is polarized by N if and only if

the Hodge—Riemann bilinear relations are satisfied by the Hodge filtration F(Primg 1) and

1

QQ’ 4 The first Hodge-Riemann bilinear relation follows directly from 6% g C g;Vl’ » and

the fact that Q(Viyi%, Viy's) = 0 unless (p+¢) + (r+s)=2nand p—qg=s—r.
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Consider the adjoint action of G on g, and let G%o C GRr be the subgroup preserving

1 . . .
is contained in

the Deligne splitting gc = @ g};’. The weight-closure 5% g C g;VlF_
a G?Rgoforbit [BPR17, Lemma 3.5]. The second Hodge-Riemann bilinear relation is then
a consequence of the representation theoretic classification [CM93] of Ad(Ggr)-orbits of

nilpotent N € gr and the discussion of [BPR17, §2.5]. O

Lemma C.24. Suppose that (W, Fy) and (W, Fy) are MHS polarized by o1, and or,, re-
spectively, and that Fi(Grt") = Fp(Gt"). Set J = I, UI,. Given N € o, the bilinear
form QnN+k is nondegenerate on Gr,‘ﬁ_k, and the restriction to PrimnN+k polarizes the Hodge
structure defined by Fy(Prim) ) = Fp(Prim) ).

Remark C.25. Note that the lemma does not assert that o; polarizes the MHS (W, F,),
a = 1,2: a priori, it need not be the case that N(F}) C FPL So, given the hypothesis of
Lemma C.24, it would be interesting to know if there exists a MHS (W, F') that is polarized
by o; and such that F(Gr") = F,(Gt"), a = 1,2? Equivalently, are the F,(Gr"') € DY?

Proof. Corollary C.10 asserts that W = W+Y. As in the proof of Lemma C.23, the fact
that W (N) is independent of the choice of N € &7 implies that 7 is contained in an

Ad(GRr)-orbit. Additionally, o7, C g;[,%};;l C W_s(gc) and Fy(Gr") = F5(Gr") imply that

1

oy C g;vlF; modulo W_3(gc), a=1,2.

The lemma then follows from the representation theoretic classification [CM93] of Ad(Gr)—
orbits of nilpotent N € gr and the discussion of [BPR17, §2.5]. O
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