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Not by Herbert Bu
1. Potential Punctiond of their Gemeralised Derivatives

The notien of & 'potential function W(x', sees ¥°) of its gemeraliszed

'dorintlm‘ wae introdueed by G. C. ml). For simplicity of notation we

1)

Fundanental Points of FPotential Theoyy, Rice Institute Pamphlets, vols 1, Noe
4 (1920) . s &74~285 particularly.

restrict ourselves to two variables x, y, most proofs admitting irmediate exten-
sions to more veriables. It will be convenient to use the following notatiom:

Let G be an cpen plene region end &> 0. G, shall consist, them, of all those

points (xo, yo), for which the points
x, ~aSxiz +a
y,~esySy +e

ere in G. Itis's‘cybrnrhﬁtamda‘—*Gfora—>0.

Definition. A function u(x, y), defined in an open region ¢, is called
@ potentiel funciion of ite generslized derivatives (P, ¥, G. D) if for each % >0
it satisfies the following comditions:
1) u(x, y) is sumnmable over G

2) two fumetions v(x, y) and w(x, y), summable over G _ exist such that
£ o
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§ [atxs @) = u(xs o)lax= |  wiz, y)izdy ena
(1)
v(x, Y)m

s
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for almost all rectangles

(a, b3 ¢, d)s aSxSb, eSySa
interior to G, wiere “elmost all” mesns: there exist sets Z_ and &y, of ueasure 0
on the x =ax(s eand y=ax's respectively, such that (1) is true for all values
e, b,e,dwithe € 2,0 & 2,04 Z,. @ <Lzy.
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We recell the oawcpt’ot a derivative in the sense of lLebesgue of a set
function F(E)z)z one says, F(E) has & derivative et P, if for any sequence of
measurable sets £ such that E is contained in & squ,™e G_(Po' °<u) with cen=
ter P, dismeter 2 e x 4 x - 0, and

v (E40)

e '?'7'7 (2
ot G(ﬂo,o(k)

(atmttboindepmdm otnmtnyurydththw(ln‘]).th.

P
R
"W — '--an

exists.

8@.&“%?13“10-0&,6‘{&% x > 0, the set fumetion

Swu differentiable almost everywhere in G and, except for & mnew set of

-imro 0, its derivative is equal to Vv -

1 ( vap is differemtiable st P =(x . ¥,) we call its derivetive
Dxn(x’. yg) th: generalized derivative of W with respect to x at P, and define
nyn correspondingly. We aim et & characterization of the P, ¥, G, D. For
tris purpose we need the following two lemmas:

Lemma 1. If u(x, y) is & P, P, G, D, then the fumection
xth ¥t4 .
4

yk 5

is of class C' on each closed region where it is defined end one has (the sub=

seript x meaning pertial differentiation with respect to x)

xrh peh
(s) W7 R 44‘ g S D, wlfg)el§ds
2 =K 5

and correspondingly with respect to y.

Proof, For small k one has
x+eth yt h
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MMmIA(x,,) is absolutely contimuous in x on each closed segment in=
tericr to the set, vhere it ig defined; hence

2 ¥th  yti
(4) Mk ("/Y"“A""’/Y) j \“"La(;( j i o g b i ,,(;0(75 oAy
ity /~
mmnmuud(s)um.-ﬁm(i) (8) holds every=-

vhere. (:)umwwota).
lLemng 24 Lot (yu,wlp (pz1) 'be summable on the open set 1,

and Py, (X, v be defined in the seme way a8 . (compare (2)). ¥ o y)
MMGDh. Then one hes
P
(5) SS ;rhtx{y””dgelys‘(.({yz(x/y\[ Ax dy
Py 24,
") B AN Sgly— fblgld7=0/ff ek w0 (O(":“)
L= 0
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Proof. As & congequence of the !llder inequality we have:
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‘thn‘ AS,‘] is the region arising from D, by the trauslation with components
. 4.;',7 is in D since 7 4 vary between ~h end h,

In order to prove (6) let {y;(x/,)‘) be a sequence of functions
continuous on D end such that

Lot §§ 'r~/‘|'°dxo(, -

h —>o0

For L <x one has, ¥, ,  being defined in the same way as «

ke bl fr-rupdxdx] Ff/js -l wxy) 7
@.< : ‘D-:
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D, Dy

It follows from (5) that the right side of this inequality is at most

&[SS ‘Y”Ynlpdm(y_] FfZ_gS B A A poc,ux,] r
Dy @x
lot now {70 be given, We first choose n so lerge that the first temm is

less than % . simce y, is contimuous h can be chosen so smell that the

second term becomes less than 2

2' v
We can give now a cheracteriszation of the P, F, G, D, as follows:
Theorem 1. u(x, y) is a P, P, G, D,on ¢ if, and only if, for each

® > 0 ‘there exists & sequence of functions u of class C' on j’,‘ such that

(7) @.‘m SS(%—%,“(/{KO{\/:O
h =Poo
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¥hen this is true one has

Ao Sg"“k;-bx‘t‘-\ i
h 300

(¢) 5-(

e SS quy—byuldxc(y—“-O,

h = ol 5“'

Especially, as u muytmnnqnmnhn(;} withh‘<o<mﬁbh—> Ou

Proof. Ao Necessary. let 'ﬂ(’. ") be & P, Py G, D& Then, ac=

e s e

cording to Lesma 1, w, is of class C' on 5‘( for 4 <4, say. By Lenma 2

we have

z@rm SSlu-uhld‘dy = { )
h =20
o

which proves (7). mtﬁn‘v.'bluuhno,byu-ul,
Quy —
? x

end therefore by lemma 2

L'w SS‘ML‘—DxlA.ldxoCyzo.
h >0 =
This proves (9), and frem (9) follows (8).

B. Sufficient. Suppose that there exists for each j,‘ a sequence
llu‘\ot the type indicated. It follows from (8) thet «,, converges in the mean
to a function v. Designate for a fized X by Y., the set of values y for
which (x, y) lies in ?d . Then & subsequence {u:i of (unl) exists such that
(10) L i S (- |ty = o

n oo
‘5&%

for almost all x end correspondingly for y. Since for each interval (e, b; e, d)
& £ o
91 4 '- . 4
g[“ht((V)-“k (GIY)]dy-J(M’h&dxdy'
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2 <

in G

one has for each such interwal
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([wet yy—wltt,y))dy - [Caca,pm wlie,yr] ey +

<
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(10) end the fact that “.  tends to v in the mesn shows that the left side
venishes for almost ell intervals im .

Theorem 2, A P, F, G, D, % is equivalent to & function u(x, y)
(“equivalent™ means: wu(x) = W(x) except for a set of meesure 0) with the follow
ing properties:

1) for almost every ¥, the funstion u(x, ¥y, is ubnimly continuous in x on each
closed segment )y <x </ mhthtthopoina(x.y.)mint}.mdm
respoudingly with respeoct to y.

2) 'ﬁ; = D end ’ﬁ" = Dyuahoc‘t everywhere.

8) Tlke y) 16 susmatds 1 *7) uniforaly 18 y(x) in essh clossd interval

(.j b, ¢ d) in G, i.04 the 1mw‘
of <
S{;[X,I\/)ly()/ and J;au,,,uo(,(

< (-3

are bounded for aG<x, <« £ ;9;,657155.

Proofe Iet «&_ 5o tend monotonically to O, The proof of Theorem 1

shows that
Ly gg[lu-uhl+[,-Dx¢4—uhxl]a(xa(750.
h— o0 5
“p
Designating by qu’y (\5“”‘0\ the set of values x (y)

sueh that (x, y.)((x., y)) is in E‘)’dv wmohonsm{h:/ﬁg'a 0y
such that
(11) Lot S L bz st 4D e ‘A-kx\:)p(xzo

v =P ‘5“11710) v

for alnost all y . We then choose & subsequemce (k[ | of [h | such thet




(12) S[Il""“hl‘fl.bu—u 1]0(7—

v—9°°
for almost all 15:( x;hic sequence {h'} corresponds to « , We then take
.nbuw{h fof { bl | satisfying (11) snd (12) with «, instead of <, }
similerly we define successive subsequemces {h'] {12}, eee with respect to
£y, &, --- . For the sequense h  (11) emd (12) will hold with sny =,
for almost all x, end A
!lbmlﬁﬂulmyemuthomqtiemlntandlttlﬁxﬁb
hmydmdnwmhthtmpam(x,yc)mm 5«,,' We then

have <
L Sl«l*lyo)- ul‘n(xlyd)la(x-_-a
e ™
a
<
e LB e, TG ) — i L, o Y Lol = 0,
W - h

and D‘u(x, ya) is cummeble over & & x = be Ve shall see in Lemma 3, following

this proof, that it follows herefrom that the fumctions ( T lx/yo) tend

Y

uniformly towards e funetion u(x, ) u(x, ¥,) is ebsolutely comtinuous in x,
similarly one treats the ease where the roles of x end y ere exchanged.
In order to prove §) it is sufficient to show that the functions

M""a.("'): w5 converge in the mesn in y unmiformly for all x,,
i.0, thet to a given >0 & number A/ (:) can be found such that

o

.{I“m“’/”"“. (x,/y)la(yci

<

for uw w. >W(1) mﬂdlzzﬂthcﬁxﬁb. We first choose ~~>- so

snell that ¥g o
{ faduldxdy < =

Xoe o

umuoﬁxl-:“snt 3 thmuﬂuitonbofvdmz‘tormiohvh(z’,y)
mmmmifmlyuhnnlythtmhmzlhustmtﬁm /7rma




suitable value x . We them choose A) se lerge that
L

o
gg ‘DK"‘—"‘,,,XIC(K"(Y‘E‘ for «a > A¢s)
a <
and o
G

mduohottbfmunﬁtretnluu:.. We then have for O s Xy~ X0 € 4
ad T - /V(z) "'(,/'r Funbmanee |, 7 Yo

o e o
-{““r(‘q)’"“‘r”‘v,/)“’()’-‘- jf[“'fx’l’»()(n(yﬁ
(1‘) o £, ol ol i s of
£ xs 5 [.D,(K- Up |ty g flb(u]b(tr/yC_j_
° * x"(
Lotnmxlhtrbitury-in (2, b)mdchoo.z.ﬁtmnt_hosbmm
such that 0 £ X,—-Xo < 4 .  Them
ol 24
gl“ml‘h/Y)_"‘.‘ (‘1,‘/)Id7 2 glb‘m ('("IY)'—“u.(yO/Y)}dY
- « e o

+ S)um lxo/y)~u_‘(x‘,/y)lc{y + S‘““uWY)- U (5, y) | ofy
<

<

and the right side is smaller them § for w., . > (%) on besntt of (18)
and (14).

We firally prove the lemma used in this proof:

Lemma 3. let f£(x) emd { (x) be summable over & S x S b, and let
rh(x)b-otolmc'. If then

£
£
L Jlfer-focns [4x =0, B Ylpanfico]ee =0

the funetions fk()() mpmﬂfomlyintﬁzﬁb.
Proof. 1t is

X4 W X,
/
| S‘{L«njm_gvyunou] < S(Yu)-g’“m,x,
(ﬂ ‘O XD

hence

(15) /f“u,)-ﬂ‘ oy |« 4 lix-n) forn > A/




where , , &s indicated, only depends on |x, ~ X | end tends to O with [x) - x /.

Furthermore Vs
,Z'w Slf_")"fux\) Ay = o
b —3e2 e
. —> o0
Designating by -, the set of points x for which

[ for i foeer [ 2 4

one has for esch fixed /770

'Z"W b S o, P
e X ““.h‘al

m —5 oo
Let mow ¢ 70 ‘e given. We choose ¢ sueh that 4 (/) < I We them
determine ¥ such thet

o5 P

3 42/’{” w,u?A/'

o
i 3

romhpointxapointzxor the comploment of S,,,_‘ﬁ s e©an be found with
[ ,3

A

di-tmolmt!mgfm:. We them have forn, n> ¥

lfk‘ln- /‘qlx) | s//mu) '/k“hl [1. [/“_‘ (%2) = fu (52) ]
R s AN Gt e
for the first and third members are smaller than fmumnkct (18), the

Mumlhrthaé beceuse x, is not in - R
v TR




Definition
We say tiat u(x, y) is strictly ebeolutely continuous in the sense

of Tonelli on the rectemgle (e, Ly o, d) if 1) u(x, y) is continuous on

(8, by ©, d); if 2) £
[ Ao ey, < =

oA
[ Rlatx, y))ax, < =
where ‘!:(a(x‘. ) MM.; the total variation wr,u(s‘, yYymeSySd
and ':(M:. ¥,)) the total varietion of u(x, y ) na S xS by 8) ulx,s y)
is absolutely comtimuous n;r«mm:hu {a, b) andn’(x,‘y‘) is ab-
solutely costimuous in x for slmost all y on (o, d).

- We call u(x, y) absolutely comtimuous in the semse of Tonelli (A.C.T.)

in an open set G, if it is strictly so on each closed rectangle (a, by e, 4)

in G.

Concerning these functions, we first prove the following theorem:

Theorem 3. If u(x, y) is A.C.T. on an open set G, them %;—;‘ end

-Da% axistﬂno:tcngmmauammblapwrmhbomcw

subset of 0. Purthermore the following equations held for each cell (a, e3 be d)

in G

2 o(D ok

an (§ 5% amay= [ [ums) - vl
o~ (el ,:_e

oy - (04 eay= (G - utxe) s

c

Proof: It is sufficient to show that, for each cell R: (a,03 b,d)
interior to G, “«, and «, exist almost everywhere on R and are smmmble on
R, If this is true, the equations (17) end (18) are immediate. We shall
consider anly w, the proof for u«  being similar,




We first observe that the four Dini partial derivatives of u with
respect to x are measurable on R, Moreover, for almost every Yo* © p-1 y°.§ d,
all four of these derivetives coincide for all x, a® x ¥ b, nst o2 & set of
measure sero. Hemee the four derivatives coincide amd «, exists almost
everywhere on R« That U is swmable follows fran the existence of the

repeated integral
< _ ¢ o
([ 1% axlay= | vpluieay)lay.
2)

VWe now prove the following theorem due to G. C. Evens '

2) Complements of Potemtial Theory II, Amer. Jours, of Math,, vol, 55 (1933),
PPe 42-46.

Theorem 4, A necessaury and sufficient condition thaet a fusction

u(xsy) be A.C.T, om G is that it be & contimuous potential fumction of its

gmnnud derivatives on G,

 The necessity follows immedietely from Theorem 3. To prove the suf-
ficiency let R = (a,b; ¢,d) be sny rectangle interior to G. u ) (xsy) con-
verges uniformly te u(x,y) on (a,bs ¢yd) end we have by Theorem 3 and Lemme 2:
kﬁ:e gpi U“M‘:Dx““'““7"37“1)“"(7:0

As in the proof of Theorem 2 we oan find a soquemce of values h_ > O tend-
ingto © such that

£
¥ Slul )\(xlya),.'bxu(x/ya)lolx=o =
- —P oo a y

s ol
L l“A,y(h,Y)‘:Dy“‘“/?')/ e

Ve <

for all x, and y_ not in certain linear sets of measure O, For each such
x, (y,) the function u(x ,y) (u(z.y’)) is absolutely contimmous in y(x) end




Dol M ) Jwx,vs)
“rtodty” igt Die wdrgngyd of - bxu(x,y,))

Y
7y 7 x

for almost all y(x). The measursbility of the Dini partiel derivatives of
u{x,y) shows, then, in the usual marnmer that u,  and uy exist almost everywhere
on R and are equel to the corresponding generalized derivative; u and n’ are
therefore summable over R. This being true for each R in G, u(x,y) is A.C.T.
in G.

Definition, We say u(x,y) is of “eclass D:("' (x = 1) on an open

set G if it is & P,P.G. D on € and if (D‘n) and (B,n) are summable over
each bounded closed set interior o G. We say «(r y) is of "class D_"

on G if 1% is of olass D' and furthermore comtimuous, Theorem 4 and its
proof show thet u(x,y) is of cless D _ on G if, and only if, it is A.C.T. on
G and if {Du)" m{s,q" are sumable over each bounded closed set im G.
The property of a function u(x,y) to be of class D' or D_ is in-
mmw-u:\nouyy smooth transformations of the coordinates. This
cree

is the content of ¥)s This theorem is due to C, C. Evans (see reference 1).
Theorem 5+ If u(x,y) is of class D! (or D_) on a region G and

x = x(s,t), y = x(s,t) is a topological trensformation of ¢ into & region H,
and if x(s,t) and y(s,t) are of class ' end their Jacobien is different

from O on H, then u(x(s;t ), y(s,t)) is of class D* (D ) on H and

(19)
B« B e RGOS |

at esch point (s,t) corresponding to & point (x,y) where Du and B’u both exist.

(Remark: It ought to be remarked that (19) holds in gemersl only for the

generalized derivative D.. Dig® Dyr b,nml not for the partial es has beem

8 On ’ts).;:’»j Surfaces without Tangent Planes, Annals of Math., vol, 34 (1933),
PP 113-124, '
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Proof. Let F be a bounded closed subset of HeWMgba
similar set E C G. Let, eccording to Theorem 1, u (x,y) be of class C' on

E such that
g (T ) o fo o Bn) ¢l Bpliesty < 0
Putting '
(e ) Ix 2y
AT K D ag e e

wll'non!‘ (mmmummmmmm)uﬂ
o St e e v] + fu, 4= *)lasat = 0

But
= 97‘ 37 - —?1‘ _ if‘ .
§,§m S@[n‘n?s + D a_:kut jES [n"ay & Do Jaxay

If now i?h ) is a normal sequence closing down to (s, ¢, ). (x,.¥,) =
(x(sk,)s y(s st )) boing & point where D.u end Du exist, them the imege{B .}

4
of{?,}; is & normal sequence with respect to (x "o)'
S vdsd ¢ £ Ir
/e"w i . a‘w = jg[b (4——’ '-ﬁyup 0(;(0()(
“ Soo e Fo (N Fa w’:. f
exists, since “fu tonds k0 2 (X.7) ( nghi S 'lh.r.foro the gen=
—— S‘,f))
v Fo P?Ls.t)

eralized derivetives of u(x(s,t), y(s,t)) exist almost everywhere S.nG and
satisfy (19); the sbove formlae show furthermore that (ﬂ.n) and (D)%
are summable of each bounded olosed set inm H.
The next theorem which we are going to prove characterizes the

mé;meroxmn* and D
| ?ormmummmnmmronmxms
& m utf(z)m(!(x)l (n=1, 2, ess) be sumsble on
wm&ndnuppmtm

1 (fe =g lax =0 S(t(x)l &S,

¥ being independent of n. Then {)" hmbhamxud

e es 2 g e

In perticular, if f is mblcmtho -ﬁn.cmandmtncim

!
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condition thet it be of class L on D is that

{ fe,)" axs m,
¥ being independent of n. h
Proof. Since a subsequence [r%(:n“MMmmh
[£(x)] “m E we have, sccording to Fatou's Lemma
§ 1700 dy ¢ (& [[;“ku)[‘(a(x < L g lf,‘tt)l"a/x =/

o
R S0

4 —eo
Putting
*
s, [ & in D,
= ‘
/A fx D hb‘uh
we have %
s ([ - £f)ax =0
h=0 D
end

g“:] A xS M for all by
hence, according to the first pert of the proof, [f}* is summable over D.
The proof of the next theorem being more difficult for more them
two than for two variebles, we formulate and prove it for n variables:
Theorem 6. A necessary and sufficient condition that u(x'sesesx ")
be of class D', (< % 1) on the bounded open set G is (1) that u be of class
L. on sach closed subset of G, (2) that there exist fusctions V, (x'seeesd®),
i =1, eesp n of class L. on each closed subset of G, and (3) that there existe

& sequence of M&m,{u’)/or class C' on the set G,, where <, 0, such

that for each closed subset F of G we have

. 3 & “ Y A s S b
L T A RO il 8
A necessary and sufficient condition that u be of class D on G is

that the above be true, the convergence of {up} being uniform on each such F,

In particular, we may choose u =u, where J4 ,—> 0.
(4 e £
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Proof of Theorem 6: A. lNecessary., By Theorem 1 and Lesma 1 we

know that Xl
o s | D wdl sl leZ]uh‘ -2 ul]Jx_o
px (Zk)hf_h > ! A—>0F

for every closed set in G. Itfol&mtrnlmzthnt

£

' fz_lukx(—bxl'ul dx=o0 for every closed ¥ in G.

L-—so = Lei=in
Itweanp;mthtnioorom-L,‘MLﬁnfol}.wMWI. We
teke u = 8. let R = (a {; 6,d; e,f) be interior to G. For h> 0 one has

FSS U] + fogel ~ + bl ™ # fuy,] " Jantyas S w
1m-p¢amt§orh.pmmhunnnmehmn;n. Prom Lerma 4
16 follows that w Ls of class L . em R 4f ‘

(21) 555wy “dxayes S x
independently of h, @
hpm(ﬂ)nohouh:'Oméx'ﬂtht.x‘.bmhtm

{ Sl Py oy aate i (g, 7,20 178 Tw, 06 120 Uy otz sg—/—q—
: —a
mdthan;.mhtm
f[lu (K, ¥, 2\l (x, W] Lz < /7
0,71, “u 0 ¥a < =
i R SRS L e e
and z_ such that
(4]
| “k (Kol\/”zo)[< 7
Then we have @")(&(")6")
; = h e | ass Alg-e) <7
oy, (xge7g02) - ‘h(xo"o"o)’ fe=z, | f‘“h"o’yo") (£-<) (a-c)
Consequently < 3 <
A /1 ()
(¢ Fg)). s8¢ “
e @~e)‘ (d-e)\“(f-€) == | (a=c)
One has

rurthom
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i
th( X go¥uk) = 'h(‘o""'”k“s [yy " ) J ‘“hy(‘.'y.l] dyss 3 /Z(D: 2

Continuing this process ore finds (21).
Be Sufficient, If the conditions of Theorem € are satisfied,

(20) holds with x = 1, and hence, by Theorem 1, u is of clasgs D! with

D iu = v, almost everywhere. Since the v, are sach of class L . on each

u«umrus.mmtﬁ-mm. Therefore u is of class D* .
The second part of Theorem 6 follows from this together with Theorem 4.
Vie now prove: |

Theorem 7. Lot u and v be of class D', and D) respectively on G,

it -2 Py -
wth = ¢po=g . Then, for almosi reclangles R = (a,b3 ¢,d) we have
(22) ( ubv:sglbxvzb),‘v-l)‘vvb,h)o(xd)(
¥ R
D

where upv means the integral of
ﬂ‘-
u(D vax + n,m)

mrthohound‘qeta.

Proof. Let Dt (A,C4B,D) be a cell interior to G. On account of

!mm&th.nanutmm.{na‘)mfv\ot‘oma'mbmchtm
S S((ﬂ,'ﬂl + {uy = D) » iy, * nu} { dxdy = 0 end
AT
> D
1lim gS

{ A AL lV”n'D,vl/’r | By 7’,"\”}"‘*“/’ o .

ulmnlumhtonnm-ubnqwu ot{\}oad{vns,-hieh
-Mptomnby &}m | SUCh thet '

ol
(28) G gﬂ|“u“17°)*““‘/$’ﬂ)l g Gy Halers b‘bv(‘/fo)' 2
X +\"‘u\7”(Y0)" b,“",)’o)‘d\o(x
m-am-tnlyauGSySn.mwmyrwxwuva
instead of u.




Cne has, for each u, end each cell R in D, that

D(-L‘u, Va )
{5 dex v

The HBlder inequality shows that the integrsl om the right side of

(24) j*uv\"("a = drd y
R

(22) exists end thet the right side of (24) tends to & limit, (23) shows
(efter & new application of the HBlder inequality) that the left side of (22)
has ¢ meening for elmost all rectengles in G, and that L?’" is the limit
of the left side of (24) for these rectangles. As G may be written as the
sum of a demumerable number of such cells D, our theorem follows.

Remark, 1In case u end v are contimuous, the theorem cen be given
a nore generel form, Ituthcufntimttomthtnu.n’n DV, @
Dy are of classes L. L,, Lo L, (onuohwam-nmue) K
nMnly.ﬁihi«o-—vlud :’ 47}--1.

Before ymia;ﬂnfmlmur. F, G, D we esteblish three
lemmas which will be needed for the proof:

Lemme 5. let { . (x)| beofclass L _ (x>7) onacellR

with
<
Sz\fht dedy <« A ( /7 independent of n).
R
Suppose farthermore that for each cell D in R, the limit
5 T \ uf“a(x
k—)oc\“[)
existss Then there exists a function ¢ of class L. on R, such thet
(25) Lo ibd % _%'_“._:.’o L, 1% ol x
A n —>
e
(26) Uy de = Ge Yy, ol frroeed D <R




Proof: Define a fumetion of intervals ¢ (0) vy

BecDy o2 Sy posden Foths

v
o= Z Dy» the D, being m-overlcpping intervals, we have

P (D) = 2 ¢ D)

m m; Dys sses gy be any set of mom=overlepping cells in R. Them

‘/*
Z|¢(1; |=@,W.Z\S%o(x}4@w g!ﬁ]o(xe_
i 4 b TRARRE Loy b TP %
«.D 2D )
[W(th \] [&‘1"k|°“’<x]”<
I —>eo & 23’

This shows in the first place that the fumction ¢ (D ) is of bounded
varietion end it cen therefore be extended to & fumction @ (£) defined on
all neasureble sets in R. But this same inequality shows in the second place
that P (E£) is esbsolutely continucus. Therefore there exists a functien y
sumrable over R such that

(22) $(d): ) rdx =
2

for each cell D in R,

L S 7"\ oA x

h =3 oD b

The fumetions Y, ere equicontinious on R, for each fixed h> 0
end they converge st each point to y, . They therefcre converge unifemmly
to i end we heve

s L4 evlw o
g ‘kfhl.<‘()‘ -~ 2,\.«- 5”"/“( o(x e e g'Lf'/l p()(fﬁ,
i Ve vV >0

Qk
Hence, by Lemma 4,  is of eclass L on R. This, together with (27), proves
(26).  (25) follows from Lenma 2,

Lemma 6: Let the ssts be measursble end all situated in a

h

bounded part of the space. Suppose furthermore




m§, 2 k> 0.
Designate by S ' the set of those points which oecur im infinitely memy sets
§, Then
us’ 2 ke ’ |
:m.mnmu:.mxmstapmum.u;

X
$5e T Z ]

-
The sete lpmbmndduaw-tuym Fence
¢

w —>o0 P
lema 7: Lot u(x', .eep =) bo of class D!, p3 1, on the open

set G. Then, for eech ( lﬁf.n.thouoximamzc.nrmmnot

:‘, which is of measure zero such that if x:

e =
“(!1. esey X 1. Ie. !e .io seey !‘) is of class % in

o
e‘.”.zeﬂ. ....!‘)mthoopnmax of wvalues of
o

(}v essy 32-1' = eu' sses ,ll) such that (!l. eves !e.la xoeo xﬁ*l' P !’)

is not in ze s then
(xl. sesy X

is in G.

Proofs It is evidently sufficient to prove this for each cell R interior

to Gs For simplicity of notation, we assume n = 3, and lotxlbx.:z-y.

:‘-l.andlhthoon (a; ¢, @3 b, 4, f)e We shall themn prove, as an
illustration, that u(x, y, ls.) is of class n;u (zs 3) for elmost ell 2 o

mmmu-;w:mﬁm of class B;. it follows that
Ardyofp

¢
ETAASE ({raipres-wiaye)] upuz
2




if neither f nor / uint-mmntz’ofm:m,u( A, ¥ 2)
end u( « s ) MngotclmLprccﬁ'yﬁt.oﬁaitudu(x. 5 s 8)
mdu(xc/.s)mofohul,’h(z.;) forasxSb, eSS,
mm;x'umuzx. Define vl('z.y.s) equal to Dll(:.;.a) when
this exists and is positive, and egual to zero otherwise. Define 'z(x.,ﬂ)
equal =D u(x,y,z) when this exists and is positive, and equal to zero other~

wise. Define X
u"(l//,z): ‘(V'-/;/‘/‘z)‘(fl (':/,2.

X
letting @ u, be gero if the inmtegral is not defined. Clearly u,(x,y.s) is

of class L in (y,s) for each x, i = 1, 2, end if A is mot in Z_, u( 1 ye2)
“.qnlnwtotho funetion

“Wlky v 2V e b o (R VXY= ol Bryi3)
as is easily seen, using (27a).

mitl‘ianatmumnntzlofmﬂm.nhn

Ly ' zoeh X
(m; Z-h.- AT g S S vl'CSI y,ZSp()'p(y,(z e S Sl,/{jly(7o)4;a(7
L—»o0 2A . ¥ %ok T :

fwm”".o"md /,‘stb' .s_ J » /s‘u'l(lgy’.’) b‘in&@f‘lm

L, in (x,y) in (8,03 b,d). Also if 3, is not in a set Z, of measure zerc

/Zofl\ s :
(278) 2 .. ‘-),il: g Sql«(xk,y'z)o(),,,(z_._ %u“(;(h,ylzo) Aoy AERE
h=so 5 2p-tn "

for every (/ /) endx retiomal e S x S b But now, each w, is monotome
nen=decreasing end sbsolutely contimions in x for elmost ell (y,z) end v, 2 0
80 that the functions on both sides in (27¢) and (274) ere all monotone non~
decreasing in x, Hemce the convergence as h 0 is uniform with respect

to x. cmbm:agulorth.nmltsumthtun‘inmmsm




uti;md « mﬁ/’ mmuthontzx(ww(z\;).n‘hw

/S VA
(2%) fLeifnza ~wtay =] dya | ( win, pzg)dxety
7 g

for every (7,/) end Du(x,y.2,) is of class L,-(:..y). A similar proof
shows that, by excepting from Z_ a further set of measure zero, thus arriving

4
utz,.-myuaoams.tntmup’aad/'mmtuz’.uhlm
# ' o Sgm
(27¢) ([““(,/;7.))—-‘4“,f,2.,§.]0/x: g';\by“(’/)’,zo)&(,\ 6()'
& A

for every (« (/3 ) and D,u(:.y.:g) is of class Lp in (x,y). Thus u(x.y.l’)

uofchslnim(a.o:b.l). v e S iy e BTS2 ke s i A
Remark: We stated this 1@}\:»,:.?; 2 is & consequence of Theorem 2,

Theorem 8. m{u"suamo@nwtimofehuﬁ; de-

fined on & cell R ¥ (a,b), = > 1. Suppose that there exists en ¥ independent

of p such that

j’? gk "

298 (s Z oD w1 ™) ol oo

& oL (ol
37 2oy "

- — o 1 "
O NI S LS W R TP PL PR

a’ %

Then a subsequence /I‘Ptls may be chosen which converges in the meen of order <
to & function u which 1s ol~ of class D', sud for which
O < :
(28) S'.’D.M[‘XX < gl‘-b,("“pkl Ax |, (217% Wy,
A k- oo
R R g
! R i. ‘
In fact the subsequence msy be chosen so that for eech x, 8 Sx S /' we
W s peveaptbtong ¢
g S S S“‘p,\”'""x-"’t'/"'/"h)‘
(”) e a” . . « et =
-~ i RIS B0 X C A g

b & Kyt R T

<fl<




where 2, ¢

’ Proef. We shall prove (29) first. We proceed by induction with
respect to 7. rwn-zmmummmmupmm:.m
equicontinuous on (a,b), es is seen by the HBlder inequelity, end uniformly
bounded. This may be comsidered &s a special cese of (29) with i = n = ],
Wat&ﬁmhﬁh&mmw“h«ywﬂtwﬂltﬂm
For each m, let (8 *},b "*)) be divided inte 2™ equal closed intervals

S 52" 10k ™) o the set of valies x 7! with
"-1«1 X,

Pol
ﬁ:,:i; =x b s x‘i? such that
: 'e r7
E S[,;f“j,.. «I P 1S Z lu & )Jo/; 0/){,/{_
. : ha +1
¢ 2
o

nm:’s"i>z“"uf‘*~a"‘). mmuns(“)mmotﬂa
et least one coordinete is in ome of the exceptionsl sets of measure 0 ocecurring
in Lesma 7; unyytintﬁ:nythoma' s" having the seme measure
"'s;«,é’ let m and 1 be fized m&&' ‘bamysubumoooxs"‘; then we
know from Lesma 6 that there is & point which ocours in infinitely meny of the

*(-3.11), T, = (mgs 15)s see be any ordering of the admis=

sible pairs (m,i). Put S" B end let ' beleng to £ 3. 5;% Qvon‘l“u sss o
’ pol, g Pt B

chcmum;muti;’i-udammm{;‘,} pil)mhtmi;‘”‘

bohng:tecna we contimue this process choesing generally a point
’"

s aud @ subsequence {y""j {82 ) suoh that 3,3 tfmt:;‘,.




prave *‘mxuxm;ua for vZ s or .31

’h..i will belong to &%
" ¢ //I $
for f = k(‘.gj..).
¥ow choose ¢ > 0 and let x) °* be eny value with
"l's T3 S %),  fhen for eech p. [x,8,0 Mn; for (x; vens X Jo
!’
(‘ ® sesy

] (b s sesey B )].ﬂ!‘ﬂ

¢ - 7
= 7 P+ X
[j/«plx, £ Jrma tX ¥ )‘ v’] /f/ mu/x =, A" Mx'/o{,{] -
s
e =t A efh 2
¢ I*OV’:—;"TIT/j"'

1

E <

j,b u, | é(x'---:/(x'j e
xfl--r f’

P ¢-f¢'

it 27 T
Y+7 1 <
g2 TN ] -
uniamwmi';‘Mstdmtm”m;mdh
nesrest to x 'Y, Hence, choose such an m and V{m) such that for &,€> V(m)
- : : 2 7
- ~ Té7 - . i< “
[« X e ke % << St T 2
/‘S P l* ~/5) gt x..’,')’ =’ AT AR B /
k
(fg: Pk)
This ie possible on mceount of the hypothesis of induestion., We then have for
k,( > ¥(n) )
.
£ o B Sy { = Y R -~ 47 42 <
[ S"‘,.(X,*o )-MP(,(IXO ) Ak f/—j/“ o’ )_uszx,x“/).)f ’("_7' f:
a % . ¥ =
- e 5] e \ A ] [ % ;fn ¢,-,].
x b 1« K( Xy ) <z
+ Sl«,,l‘cx,x__’i )_u (X, =4, (X %0
a .
r R s
Thus (29) is proved for n = v #1, i = r+l.

By choosing further subsequences
of b * ’ts"'"’ arrive at ome for which (29) is true for i = 1, e, r4l.




It is clear that the convergence in the meen of order x for the whole of R
follows from this.

m.ugmzumhuemlmtummu{u’;, and
choase f, mﬂilsm@u’.mmmhm such that

{ﬁpt(xlg “gl“;'%" “‘x. ’00",) converges in the meem of order « in

“10 ooy 3‘.30 “’lv s X) to ..(}. wens {10 {a l‘.lo . ﬂ‘) for
sech 30, a° 5 50 S 8%  Therefore we have for all rectangles D= ( x 4 ) iR
/34 ,‘cﬂ P¢f7 /1’1-\

B st i

1 e-1
< rLgE

,“ 1 €1 ¢ €<t a P <~z
x ]—“‘x""/x,‘( x,"'/X]d‘("o(x'

/ /

vl x S xS
Pf /54—1 />“.4 /\h
z G gf g 4J[a (qu--’x (/S 2ty e
et % [’k /

‘.—’00 G" dt—w

»

) z e-1 er?
ey A‘, X ‘*...’ X“)J W e

_; CIH.. ( M[’k‘x(
£ > D
By Lemma § there exists & function v, so that the formulas (1) hold for every

iat-m»rwa‘mv‘.wmtm:‘uotamqh*m
o h <
UM o R R G R
R e k-,nogq e /”‘( ¥
Since this is true for each , 1S Su.w‘mtlntnisofﬁmb'.&

Moreover for each ¢
(54 {5"-' et {54

: ' Rt . R n 1 g =" ' Kol s
S.-S 5 g a (x’”.'k fxolxl.~'/ A ) O()('.,.a(x‘ .(A e
<! :'“u-v oLh

Furek £-1 e L1 sif e+ @
S S --5 “C/x‘:'"/ %3y xO/X :"'47(&)0()&4'--0'( Xe of X420 0%
. x(-q d¢?

mh&mﬁm‘u:‘. From thie, the remainder of the statements in the




2+ Convex sets and functions

We shall not attempt a systematic development of the properties
of convex functioms, but shall zive here only those properties which will
be needed later on or which are especially fundamental,

Definition. A set s of pointe (in the n-dimensionasl euclidean
space) is called gonvex if, whemever the points P, and P, belong to 'S the
straight=line segment Fl'?z belongs to S.

The mtm of the following theorem are immediate consequences
of this definition:

Theorem 1. If {S)is any eggregste of convex sets, them
7S
s
is either empty or convex. It-lSczS—l!‘é...Mu,.”mmm
then .
A

ey
hw The closure of & convex set is convex.
The next theorem is also almost brivials

Theorem 2, Let S, be a closed convex set, Sz.mauzm

Mm,a Slslﬁ'ﬁ. mmwmnm-rﬂmwmm SI..

We designate by ¢ { «, v )thodim_ortbotmuu/« and ~ i.e.

5.L. 8. etrx, y)
' WP A :
where e(x, y) is the euclidean distem~e of x and y. Under the assumptions of

< (/"l‘/):

the theorem there exist two points Al<al mdtz<sz such that

s o Era T e b 6 PO T W




Let P be an interior peint of A,A,. Then one has
T g S.) = €« (P,A,) 4 e EP, 8,) n g C8 ]
rorifth-umm‘.pma<slwehtm.(r.))<.(r.t,_)mmamuu
Ll ty) & <CE M) s CTH Fle 2P Ae 1 ™ T, A )

Therefore the hyperplane /7 perpendicular tol_xiz at P cannot contain a point
of either 8, or 8,. Forif U< 7§, the segment ﬁlmm boieagto&l
end 4 ¢ PA, being & right emgle, s point Q< F,A_l would exist with

‘ -((.P,G.)é-((/o,/"z).
TE therefore separates §, from 8,» We remark that /7 hupuitﬁo distance
fronsz.

Definitions: We gemerally designate the closure of & set . by
and call the set 4 '+ 4 4  where ' is the complement of 4
the boundary of .. A hyperplame /7 separating wo two points of . is
ealled & bounding plane for ( 3 en equivalent definition is: /7 1is & bounding
plane if ome of the two closed halfspaces bounded by /7 wholly contains ..
omm;rugmumofhmdmplmfor/« tends to a
bounding plane for /(. A bounding plane for s containing & point P of
the boundary of .. 1is called & supporting pleme of ~ at P,

As & consequence of the last theorem we have:

Corcllary: Hhicaeonnxmaaamm?umtin&

closure § of S, them there exists a bounding plane for § through P,

rerapplyinstMomZtGS‘sl.P'S_.z.wmmtupm
exists separating P from 8j the plane parallel to 77 through P meets the
requiremsnts of the ecorollary.

Ve prove furthermore:




Theorem 3o Ammsutm»mminthjoinhwu

wholly conteined in a hyperplane., In the first case each point of S is

an accumulation point of its interior points. More precisely: if Q is em
interior point of S, and P sny point of S, them all points of PQ except

possibly P are interior points of S.

If 8 contains more than one point it contains infinitely meny points.
If it does not lie inm & hyperplene, it contains n+l points not in e hyperplene.
The whole simplex with these points as vertices them belongs to $ om account of
the convexity.

let 8 contain an inmterior point Q and let P be any point of S, There
exists an open sphere with center Q comtained in §, the segments commecting
the points of this sphere to P form & set T belonging to S, and esch point of
PQ except P is an interior point of T and therefore of 8, which proves the
theorem.

If 4 is emy set in the hyperpleme /7 , them . is the boundary
of 4 end T is supporting pleme of /r st each poimt of 5 . This explains
why we restrict ourselves in the following theorem to sets with interior
pointss

Theorem 4. A closed set S with imterior points is comvex if, and

only if, there exists a supporting plane of § at each boumdary point of 8.
Remark., The proof of the necessity of the condition does not re=

quire that S be closed. For the sufficiemcy it is, however, essential, the
theorem not being true otherwise.

Proof. gmsummmy-wpom:ofs. Let Q
be en interior point of S. The preceding theorem shows that mo point R on




I L2

i
thoprolwptimcti?hymd?mhlmgtos. !#lnmcbhohngtol
either, Otherwise P would be en interior point of §, a whole sphere around

{

P would belong to §, and 8 would have to be .‘muﬁm.m
S/-wo( /‘,.‘. ,¢u§m P At L ~ [y SRV
S then would contain nel points such mmﬂpmnuamw

point of S. Choose s sequence of points P, on the prolongation of QP
beyond P with P, > P. Aecording to the corollary to Theorem 2, there
ﬁimobo\mdia‘plm 7, for § through P M;W {7, 1
of {7,y suchthet 7,  tends to pleme 7 through P, As remarked
before, / must also be & bounding pleme of S, and gince J/ >p, 7 is
e supporting plene of § st P, |

B. Assume that there exists a supporting plane of § at each bound-
ary point of §, S being closeds If two points Py, P, in § should exist such
mtrimszMhSMuinmaryﬁm g of PP, does not, ome
could comnect U to en interior point D of §, which is not on the straight
limthrongh—l-’zmdrza !Mthmmwlofﬂmﬁinoinmir
terior of ([ Bs Mmmgtewmm-ptian.aa@poruuﬂ vof et B
would exist. Since D is an interior point of S, the plane cannot pass
wn.buttm I  would separate two of the points Pys Pys De

That B camnot be proved without the essumption that S is closed
is shown by the following exemple: Muommmmm
leave out a boundary point which is no vertexs The remaining set would
mnunthpwmt.wylmlmmgtmm
point, but the set is no longer convex,




We now prove a theorem which gemersalizes the necessary cmditiﬂn_
for comvexity of the last theorems '
Theorem 5, let S be a olosed convex set with interior points

mﬁn'nw subspace of dimension 0< nk S n-2 which conteins no
interior point of S. m.uuﬁng_m-mmrgsm@hm.
Proof. We first take the case n = 3 # %  Then n-k = 1 end
Ly ® Iy 18 & straight line, We consider the halfplanes bounded by Lye
The subset < of those halfplemes which contein interior points of $ hes
the following properties: (1) With amy halfplane the neighboring half-
planes are in o/ 4 (2) « contains mo pair of opposite halfplanes, (3) two

different halfplanes in <« therefore always determine uniquely a convex
anguler space bounded by thems This whole space belongs to A  (2) end
(8) follow from the fact that if P, sud P, ere interior points of S, sll
points of PP, are inmterior points of S. The set « therefore has two
uniquely determined limit-halfplenes &' and &%, which according to (1)
dnmthulc;mghx. On account of (2) and (3) a*' and a® are either op=
posite or o~ is the interior of the convex angle bounded by a' end &%,
mbwh‘uiuaitiuawt!utthnpimmm;n*uubmdingm
far&thrwsk!.l. .

7. 40 In the higher dimensional cases it is clear that for k = 2 the
method of the preceding proof can be applied, Ifk;&u-m&“rn!‘m
wm“wnim&erwm}'ot&. This point is en interior
Matofxmammuaemxmetm&mﬁm. !iml..‘k
Mncﬁamﬂiwwiwpmwmlmm; thomt)nmzwz
txutlinthomﬁﬂﬂiatbmdugylmmsmmdthtnfm




does not comtain an interior point of S. Thus we have reduced the case of
k to the cese k=l and it is clear that we can go on until we reach k = 2,
Definition, One calls convex closure of a set S the produet of
all clused halfspaces containing § if there are eny, otherwise the whole
space. The comvex closure is characterized by the following
Theorem 6. The comvex eovwer [ of & set § is identical with the

product [ " of all closed convex sets coutaiming S, Therefore if § is con~
vex, the convex closure coinocides with the closure of 8,

The proof is easy. Clearlywehave ¢ & (. let? « [~
Then according to Theorem 2, a plane /7 exists separating P from (.
Honos P & U , wnich proves < 07

pDefinitions A fumotion 4f () defined on & convex set S is said
to be gonvex on § if for each P, aud Py in § end each A, 0< A <1, we have
(1) f[[?-»\)f,+4h)j 5(7-4)/(A)+4/(/,)-

Ve first characterize The convex functions in terms of convex sets:

Theoran T. A necessary end sufficient conditiem that the fumstion
2(z}, sous ) dorined m the convex set $ in (x'y u.s, 2)=space be convex
on_( is that the set I of peints (x's sess =y &) whore (xF, sees )< §
and 2 > f(:;, cimactl 3 hmum&u.,t‘.t) Space.

Proof, As sn illustration we take the casen =2, = x, x% ;.
l.snppmtemeuimm(:x.yi.cl)uﬂ(:z.y’.at)hpoimcté
Then "1; £(xs y;)e & = 14 2, and since 8 is convex the point

{(1-1):1 + A x5, (1-»;\},1-»,&,3) (o< A £1)is in 8§, Therefore by (1)
(1-M 2, e A7y 2 (-A) fer iyt A fore i) =

> f[@—/{)h * A Ry, (1~/\),V,-f/‘/a] ;




Hence the point [(1=\)x, + Axy, (1= \)yy + Aype (2=A)s; # A 5,] 45 in

B. Suppose Z convex end let (x,, y;) end (x,, y,) be two points of <

and suppose 2; = £(x;. 7y)s 25 = £(xp, ¥p)e  Them (%), ¥, 25) and (x5, ¥y 3p)

ere in Z , Therefore [(:I.--)\):l + Axy, (I-A)yl * A¥ps (I-L)zl + A '2]

is in 3 , end hence

(4=4) = +4 2, = (1-4] [(%,71) + A /lx,’ 7] z_/[/?-/{)x.,+/(x,/(7-/{}/,+4y‘27

The next theorem is obvious, but it consists of a fact which will

be useful later om:

Theorem 8 A necessary and sufficient condition that

t(.zl. soey t‘) be convex om the convex set S is that, for each pair P., Pz

in (z’. sess 2 )=space, £[(1=\ )P; - Arl)] be convex im A for those walues
‘of A\ (en intervel, e poiut, or the empty set) for which (1=A)P, + ARy

is in 8. Ift(x).“qx‘)iaem.tmt(x,a)nccnminxcnth
i

set sl of walues x for which (x, &) lies in S; here x stands for (x 1‘..-..!&)

end a for (‘31‘;.4‘ ) where (’1’ coey ik. Jr ey a.) is a mﬁ& of
(1, 2, vees n) and the x's and a's ere supposed arrenged in their naturel

order; thouts‘umcrqtyformhmoha.

Theorem 9. rblinitofow"@mofomwim

is convex, The least upper bound of an aggregste of convex fumctions is com-

vex (or = +o )o

The first statement {ollows at once from the definition of convex
functions. The second part follows from Theorems 1 snd 7 sim,{t)duiw-
ing the given aggrepate

ﬂ(zz/zx,“)_— et )
s 7-<tt3 /




Theorem 10, mﬁs)hsmMademhh
xon (8, b). Then

@) il L Sk Bk Yils ) A iy J(X3)= (%)

” p % < /,r Xy £ K < xg
> - 47 Xy — X
5 ? 1 - 2§

)Ll B LRSS o R

= s Ko & Ry ,(ch"
K‘f—xs xl-x-v /

(4) J/ BL Xy % £, X, Bue fr €2 X2, EEE"T, TRIH ve Lar

fft,_)-f(xu ~ X=%q :
o= K so)s - ( L= X3
LD rre [17 ]+ £y,

XYz X)) <
7o s 2

Proof, ut:,-(x-A):l+u,.a<4<;. Then
P () S~ 1) Px)+ 4 ¥ (xg) end (2) follows. In (4), if
a<:<:,<zz,m-zm,umnmm(z)m
Pek t2 " F L) Aol SRk S

"

X = K, i D Gt
m:-:l-comthn«n.(i)mnm. The csse x > xg is Lreated
h(x)wuyamthatz4>x,mdxz>zl. Then there are
Seuuumrdingux,-:a.:ss-zz.orx,(x‘. The first is included
in (2), mﬁturotthulatm.:zandxamwthmzlm
x,» so thet by epplying (1) we get

Ylh' )i 7“3) = f(t‘,) -7117} 4 )’(xt) -)arx.,/
e, ST A A
x‘r‘xs xq,'—-x—v x;-—x-,

Theorem 11. let ' (x) be a convex fumction of the single variable
x on (&, b)e Mﬁmm«'m:‘fﬁhhﬁnﬁnng }‘(xl)u
mrw«xgmnxz(:l).wmmnum hﬂotx!:_bothmlt




mdmtmmv hm,mhhammeMunt:u
(24 ©) and for each interior x!c. we have
(s) B L Kay, % DL T L)

Live Dp flhg-h) € D, gek), b D, FlXorh) 2D yix,)

h= 0+ — 0

Nr@hsmu,ﬁly(;,L)-iy,(ﬁomptonam&pammwhﬁm
demmerable, end ) ”(x) exists almost everywhere and is non-negative. ¥ (x)
satisfies & uniform Lipschitz condition on each closed interval interior to
(8y b), ond if /7| § /7 om (a, b), this Lipschitz condition tekes the form
(6) | Yy (Xad)- yuxay | = é‘/ﬁ Pa=%2T, " €A
mhere / 1s the distemce of ( ~ (0 ) from the bouadery of (a, b).

Proof, m;<x.<b. :ttmo<lx<hg,nhsn,mﬂu
to (2), tiat

7(!0+Lz)-y110) : ¢ (Xg#ha) —  €XO)

o

& 4,

(kg +th ) — ¥ (X0)
hence &'w. i - B Z Dg y Xy exists end is< # <o

naﬁnﬂhrmnl'f(ze) exists and is> = =2  Horeover, for each h> 0,

we have (using (3)) that
(f((o-ﬁk)-—rﬁ(o) 3 pfom k) — i (X)

=3

A W

so that D, ¥ (x) 3 D,  (x,) end both ere finite, This proves the first

part of (5). nh,lom:z>zl.ztroumrm(s)m
¥ (X, k) WF ik 3 = YIxy+L4y ~ & (Xa)
A # A
uthutnnf mlBLy are monotone non-decrsasing, lnhkoxomdthn

n>%. I£0<h< 27X w gos by Theorem 10 that
! 2

y(x,,—Ly: "r(on f(x°+“)-7(‘(°)
- e

— u A




Ifh-*'()oumtmtnnr(:l)znn)’&c). Fram this the third of the
inequalities (5) follows. The second is proved similerlys If D, & (x)
or D, Y (x) is continuous at x_, it follows from (5) thet )o'(:‘) existe,
Therefore y'(x ) exists except for en at most demmerable set of values x
and the momotomity of Y7'(x) shows that 7 '(x) exists almost everywhere and
thet  ¥'(x) 2 04

Fowleta< V< vSx <xS S < [} <be Then, by Theorem 10
0 - ekl Siad 3 Ylxg) = yh) . }‘(ﬁ)—'f//b)

I X, — X4 ﬁ_’ﬁ
ut&t)’(x)mm;mmumnmuﬁuu(«,/i | R 4
w asoume |Y (x)| € on (a, b) the inequality (8) follows easily by bak=

ing « erbitrarily close to a end /) %o be




We now turn to funoctions of several veriables end prove first:
Theorem 18. A necessary end sufficient condition that £{x ' ,e.eex ")

bowonthoegummswthe(xl.... lene is that for each

p&ntxg' (xi.....::)-tgmmmanm funetion
‘ia,‘x"#( =a x° ¢ / snd thet
(s) /txJ .2 Q“’X.‘-{-(

ﬁ /(xo)'.:- G_,X.:-f{

If £ is of class (’ on §, e necessary and sufficient condition thet it be

convex oz 8§ is that

() Eenroy 2 B (xie x* 1Kol o | B LO2) = LXT X E) /o 6x5)2 0
for all (x, x°) on 8. If £ is of class /" om 84 & necessary and suffi-

cient condition thet f(x"”...x’)hmoasum

M) o fep (Bl aL AT 3 20

for a1l x in S and 811 . In two dimensions, (10) is equivalent to

W furo (20 pn a0

for all (x, y) in 8.

Proof. (8) follows immediately by applying Theorem 4 to the set
of Theorem 7. Themn (8), (10), (11) follow from (8) by applying the mean
valuep theorems .

As a consequence of Theorem 12 we have that a funetion f£(x)

@ohiqmnu”mﬂttinemqs. For if that was

mm-mormﬁmutmgousmmmam
that

. /(x;) :/tx,)

£(x ) < lin £(x,) is impossible since for each plane z = o, x4 buwith




u“x:é ('ﬂ:o)mhuforhm ¢
/(X") 4/(,(,) =a.‘!(°; +(
which contradiets Theorem 12, 1If f(=')< lim t(nl) we could construct

plemes 7 3 x'si = b . with

(n) /(ﬁ) =z q:t' x“-f ﬂ‘. and /(‘;) - % a“'x':. f./,’
therefore in particular

‘(IS)v a_" Xdo + f" 5/1)1,)

(12) sad (13) show that the slope of 7. tends to infinity with i, the limit
plane 7/ of a convergent subsequence (.77,'35 o@{”};} contains the parallel
to the z-axis through x . Bub, as linit of bounding plame of the set 2
(mrm’). 7/ would have to be a bounding plane for 2 which is not
true.

The condition that § be open is essentisl; for the function
] ™ x"f-y"A i
g i'/ m o xteyle 7

ie mmmx'oy'qumwttmamormm-(s)um
piﬁtorxztfﬂlmdwmngmumouatﬁlnm‘
We prove now:

Theorem 14, Mt(ﬁl"n be convex on the sonvex set S.

Then f satisfies a uniform Lipschitsz condition on each interior closed bounded
subset B of 8, If |f| § M on S, the Lipschits condition takes the form
a8) | fex) = oy | 2/ 2lxs )

4 .
where § is the distance of E from the boundary § of S. If the functions

(~

£, (z"#,..,:‘) ere convex on § and converge to t{x‘,...a‘?) 8t sach point
of 8, the convergence ie uniform in each interior bounded élosed subset B of S,




Proof. (14) is an immediate consequence of (6), pe 36. If one
does not know thet £ is bounded om §, let S, be eny bounded open convex set
_msm&mlmmhmtizuiﬁoriertvs. Sinee £ is comtimuous
on 5, it is bounded on 5, and we can apply (14) to §, and E.

From this, the lest statement follows if we kmow that the functions
mmiromlrmmmhmmwslimﬂh& If this
nnmtm..thmmlilm:tnmm{pkﬁm;makafpumt
ofsxtmding“apem:‘crtlmm

m) Ik —seo f/)l((x“') o
Case I+ The above limit is + <0 . let
(16) RN T e

be the supporting plane %o ;nf’k(:) st x=x. Then !‘Pk(x)ktix + 55

for every x and k and

e P (2e)7Ltxs)

an kR e f,"‘ / :

which is some finite mumber, The plane (16) cannot coinside with the plane
z = kafx-k) (2 constent) for infinitely many k as (17) end the definition of
M)mldimplythﬁf(x.)*ﬁoo. Hence, we sssume that the two plemes

never coincide. Them if x is interior to the half spase (of x-space)

k. k
(18) a, x“+{( _/Fa (£4)y >0
mm«rmummtt.wmtut
(a9) /f«(x") = ai‘x.‘* €k>'f/’,<“"‘)

Evidently (sinee x — %}nwm:mw (still called
pk)mnzmmwpm {18) converge to a limit. Then x is on the
m#%lh&tmw;m.muz‘lnintmcartetkuhau‘ﬁm,
we have by (15) emd (18), that

s Ty, TS

h —eo



which is impossible as x, is imterior to S.
Case II., The limit im (18) is = °~O. Ml'bthoelelli

bounded set of points at & distance § | from §;3 if ;y is sufficlently small, S,
is interior to S. kisalurtm(ls)md(l?)tht:km«m
‘&thxoforimumynqk. Ms.fnmhk.mxkuthopdntn
mnusmstm:‘mauat.w from x and is such
that x is between x end x . Then, by Theorems (6) end (8) it follows that

/f«(r'c) o (1"{«)TP;< phar LA /(k ]{./Jn. 458D
where

IK:_ Q-/{,‘)xk-(-/\KXQ - g =.+oD.

‘ &
4 ~> o0

Lo f-Fu[r"-) = oD

kimy <=

Mnuucmzuclzth:kmul:udtfmnmwh
Muth&tt&ymha;’uﬁ?’«t‘. ——e

chee P - B that ¢
WM—WMMM

The next theorem is a consequence of the following
Lemma 1. let {,« *«1, A.B0,1%leus,l, andlet P,
i = l,eeesll be points of a convex set S on which the convex function £
is dofined. Them A P,  belomgs to S and '
) FEAREY pnht 2f ()
The proof is by induetion on N. If N = 1, the theorem is trivial,
Hence, suppose the theorem has been proved for N = k and consider k+l points




O. of § and k+1 non-negative mmbers \ - whose sum is 1. Then

k41 K k. . p
= > P AL iy ¢ : =4
‘%'__/{ P /'=24 /L, /J( - /{knpk*l (7 4;(,1&‘)‘; X Ty ¢ f/(krl K #
But the point
& A P
_Z. 7_/(“*' l.
PAF o )
i.iaﬂmmdiqwthw;etmnw. re ., is too, such that
*9
,; AP 18 1m 8. kthuhnutem.et (1) end (15)
Ky - st L
Ny Al -
f (tntr) gol 1y ¥ EE R A vt ) < Z 4 1ol

Theorem 15, 1ot £(x',sse,2") be defined and cenvex for all
(:3.“"3');0&1‘8 i(-)u-wun.qwlmuwmm-
tion defined as a set E for which ¢ (2) oxists emd is finite, let
 ssves y° be funstions which are summable (in the Lebeszue~Stisltjes
mo)mrxwm:muf nm_l.mxféw be defined by

Mf,e”’” afm 5 vy
Then
d o ), v ﬁggf‘f")]é 11,0 g pmsd
g_:_-_o-t__;. This follows immedistely from Lemma 1 and the ususl
processes of epproximation by step functioms.
Theorem 16. Let £(xsue0,2") bo & couvex fumctiom such thet

(x| =, x"
ae Boe s | 3 sy, Sp i
ZQ(‘./le.o [LX')Lr f()("JLJZ

Then f(x) tekes on its :uhn, and if n"‘u..,ak any given numbers there

exists & unique number d such that s = a x *iitamppommlm_tp
g=f (‘})ﬁac} ’)i
Proof, m:.huypom-ﬂlg-t(x.). By Theorems 1 and 7,




the set of x'yesesd® for which :(;):S:. is @ closed convex set, which
uboundodoamet(;‘). Since f is contimuous on Z _ it tekes its
ninimum velue ¢ on = adeSz . Forx &, mhut)-s.ir.
To prove the second part of the theorem we notice that £(x) - a™~ x~ also
lktisﬁn(i’l). Let d be the minimum of this function, Then we have that
z2%a x° +dis e supporting plane for 2 = £, It is obviously unique.
From this theorem we conclude as a |
gorollary: Lt £(xyeen,a®) and 9(a’seees®) bo convex and sat-
___qm).mmr . & everywhere, Max..."t be given numbers.
Then, if a” x~ + ¢ and a™ X~ + d are supporting plenes to f and g, ¢ T de

This follows from the proof of Theorem 16, since ¢ and 3 ere the
minine of £{x) ~& x° and g(x) =& x° respectively.

Theorem 17. Suppose that the functions £ (x) end £(x) are
all convex and satisfy (£6). Suppose also that £, (x) > f£(x) at esch

ints ILet ¢_ be the minimum of £ end ¢ theat of f. Thene — c.
e “p 2 4

rroof, ma'.‘h;rmmt(:')-o. Mt’{:’)—as,
ntMczﬁ'aq,. Now ehoose I >0 end let Z_  be the closed convex

mmif(x)iooszmutx,umuumspmmﬁehmtnx.
wiich centains 7, 3 clearly f¥ o+ 3; am R, . Let 7, be the radius
of R and choose N so large that tor;b-l/t’(z)oftz)l{i. for all x
inR, . !-m:‘*} be any point with Y >r . Pt ¥, =
By Theorems 8 and 10 we have for p> N

~&, ¥
4 15
Then x_ + 5 uu!z,

felxetd) = fAxa) * I;ﬂﬁpu,ffi)_f/x.)]z ¢-5.4 g—'-z * &

]

mtnrp>lnhnt(z)>o-z roral}.xntho.ta<u:c’¢




. b S
Theorem 18. mt(}m..f}nmmmaq {(38). Lot
8, x ogoha-mﬂmbs'fﬁt::”w.:')‘ ut(a}‘;hs
W&ﬁt&tlﬁ—;l".*‘lnnmdmpm is chosen so that

¢
2
ix" 0&}: supporting to fo Them e — o so that

-~ o o <
o

Rk gl A
Bop Koy ity 0 & "

Proofs let Y, *f-a x<  Thm {y,§ emd gy =fes x"
uticrythtWotmuntmut and ¢, denote the minima

P

of \, end ¢, ns’uunly.l’%_f.o kti;*c‘mé, for each p,

*c’ is & supporting plane to f, which proves the theorem.

¢ ow®
My

Definitiom 1s ILet Y (R) be a fumetiom of cells defined on an open

set G with the property that, if R is divided into the non-overlapping cells

&...».i,.wlwn w
Y(&) € Z— ylﬂl‘)
=27

Beih & sel) Pusatien W11 % salled nosmal oa 8%V,

*) See S, Banmach, "Sur une classe de fonetions d'ensembles”, FPund,Seth.,
vole 6 (1924), pp. 170~188,

The following fumection of linear intervals is sn example for & normal
eell function: Let x(t ) and y(¢#) be defined for 0% = $ 1, lot [¢,,8,] be
an arbitrary subintervel of [0,1], end put 3

7( C¢, %47) :[[X(-I,)-xlf,_))z-l- /yu,)- y“‘:))z] 2

The definition of bounded varistion, veriation, and absolute con-
tinuity of a normal cell fumction y(:)mrumnnem«wemcu




usual oness If ,(R) is of bounded veriation over G, the wariation Votr)
ef ¢ over R is en additive cell function whose variation over G is the seme

as that of “)

\

*) Compare S, Saks, Théorie de 1l'intégrale, Werszawa 1933, Chapter I end
Chqat@r 71». s‘.

Definition 23 my(l)haaumun. Then the derivetive
Dpof p st P 1is definmed by

Ry Py “(R)

if it exists, R being & square containing A = If this limit does not exist

we let D, be the upper )imit snd Dy be the lower limit.
mﬁ‘) et @(R) be a non-negative normel set fumetion of

*#) This has been proved by Banach (l.0.) without assuming ¢ (R) 20, 4
proof cen also be found in Saks (1le0s).

bounded variation om G. miummunymmuoqmmmf

almost everywhere and is therefore summable, and we have

VY (55 :%( Z)r Adx ol y

if Y is absolutely continuous, the equality holds,
Proof. We kmow that DV, exists elmost everywhere end is sumable,
and also that

5\?25_‘,;?- Dy = o

et each point. m,mi;‘utuma:p.nur‘m DV, exists and
iu}%.ndmnth same time

‘17 < (/':.I:)sb V),,




!t‘iathmnmeimtoprmtmt:c(s:a)'atormhnm:.n.Mg—
nating the exterior measure.
WnLCS )> k>0, et 0< ¢ < X and choose non=over=

nn
h.pping cells !1."..!‘ so that
<
L G Rl e (S, ) > &
o 2

m'a“mme:ﬁum«i:‘-&aumimmerumau
mmr‘hthhlntuiab:m { 7, § of squares of arbitrary
 smell diemeter such thet

(@ Vr(v,‘) > Lowaryy  FIT)E (1-=) b i)

and we may assume that each Y. is entirely interior teo the cell Hi which
m‘ro‘ By the Vitali covering theorem, we can find a finite number
11,"..’, of these squares which are mon-overlepping and such that
7_.:(11)>k. aaaunv- =

(3) ZYOQ)<Z_VHQJ——,"—;ZV{K}4_Z-_ R

‘:
cal ‘

We now divide Kxn't.‘x into further squares l}t""% ’g.zn‘*'oayi
where '1”““! are the squares previously used. From the noruslity of
7(2) it follows that

r
(4) Z: (R, ) aZ}olﬂ SR A4S BEF >; o S ot

=1

But tm (3) it tollm that

Zy(ﬂ) Zy(/?)+ZV (RJAZV//()

[y 21 P o

which contradicts (t).
Definition 8: Let ‘(‘) (v = 1,2,04e) and 2 be of class D' (see

ps 15), on en open set G. ‘llythtt(v)——»aitrarmry»uxir




47

terior to G we have

oo SS IZU,ZI of x O(Y = rgw jj{/)()/’)o(xdy =riu; 4‘)(’“2 7\ o(x.(r:O

Kb o2 R,

b wene gt gz | 4L D 2,2, 7232
| Theorem l. mrm»ummﬂuu}ichuw

below, w{s”’) and & be functions of class D en the bounded open set

G, Then the integrals
I(_ng)l ‘7) " ”)L(/’“ {y)) hx ‘(Y

I(Z,ﬁJ = fgSj'(rlY) of kel y

are all finitoorééo mditsm-—, 2, we have

r(?_,%)_‘. ;@il(‘Zlv),5)

M. Define the rectangle functions
WER , =1 e m (KYHL Pl 10D

P s E) s IR S Py e )
were :

) v\
udyk"‘ q; are defined correspondingly, Simce § is bounded we may assume
£330, Now let R be a cell which is divided into the nomeoverlapping colls

RysecsRye Them by Lemma 1 on convex funmotion s (p-‘f').
! L IS x X [ x 3
;TR)V/R,I)-:f[u‘((),‘RIP’( ‘(/,“‘,() ‘L(’d "(Y]

v Vs
. )([%“'fé.p dxdy | Z A [f 3eleny]&

rx

/{/
7

f/«.m)“f’“"“r,~ &j’o(xo(,:
R

I

“wl(R,')

Zya[k g e

ez m (R




Thus 7’{!.:) is normal end so is X (R, = V)).
mmmwa:it follows furthermore, thet if l‘m..l.
mmwhpﬂngmuind.

4o T o d (v) i v
() Zy(ﬁ“z)f_’(zl'j),_z;uf;,z ot | £F4TF)

c=

L Zym e Y im i ML e (5 =D

(st ey

T |

PN el LS AN PR 21T < T (2R

/

Irpouutinantotmoum,mmctiu-tl.

D, frs) f(f’ g£%)
Thus it follaws %
— (V)
v, (§)= L), '/r‘,‘ﬁﬁ—’{z . §)

from which, using Lemme 1 once more, we infer cur theorem.




Theorem 2: Let u(x), x = (', ..., 2%), be of class % (pZ1) om
a hypercube Rs (a3 b) of side h, then '

¢ 0 p £ =
@) § (uemy-wern | o, a2 [l2eype] 4°f (2 0,5u) ot

o . P4
{i1) g"“f")~‘4,{)’;‘x & [(Zg—l)l,] f/j Dxf‘u )Pv(/(

MA\‘m&lmatnml.

Proof: From previous theorems, it is sufficient to prove this for
functions u(x) of elass C* on R, For simplicity, we shall assume n = 3,
:l'x.:g*y.l:’d's. 1ot

7
M = g S S [uxl‘rb{x?+ u;’j zo(-(o(ya(z

! I <
There exist values 7, E with oS yS$ 4, ¢ S 5 S £ such that
T8 2 porii

. ¢ A 3 = 3 b g Y

(?} gS[_“x(",hz)f"‘y“,r,Z )] Axcdy < L 5(‘4,‘()&/7,2.)0(1(2 -;;
TS &

=2

’ xI

“ORYGED T g iy 2 )m fla Hy ety + [k, 7 B et

Then

¥ 2
(3) + S‘*“U)’) z)dy + S"‘("l—,}"/ z)dz
yb

xy

“\\“

| [ /(o( £ € 4 ¥ )

| Hence

cjc g Qj § jlu (x|,71’2,)-’t4(K,_ )y‘)zz)(dK.c(y'dz, "(’f‘(}’gdzg
- 4

¥ 0
é[ﬂks fis | é“z“'))'a,z-)“ljo(x,dr. Az, a(xl'(y,d,,‘J =

TR Nm———

A P -~
5 [S,SLS Sﬁ)zS | Vg (k) o, T)ely | dxly de,) da, oty o2 ] &

(4

¢ ;
; +[ 55{5 Sis I§(A‘(x,7,i)o(x /ﬁx PR e £

~ where the * denotes the other two terms corresponding to the last two im (8).

L oam



Using the HBlder inequality on the interior integrale end the integrating,
using (7)s etees (1) follcws immediately, (ii) follows from (i) using the
HBlder inequality end the definition of up.

Lemme 2: Let £(x,¥,8,ps4) bo defined and satisfy e wniform Lip~
sohits eondition with constent K over the whole (x,y.z.p.q) space. Suppose
further that £(x,ys2,p,4) is convex in (p,q) for each fized (x,y,z) end that
 ghere exist mumbers k> O and ¥ such that

fesph2, p3) = k (Pt TV
for all (x,y.%.,psq)t Them, if s,.(x.,) — s(xs¥)s all being of class D}
on the bounded open set G, we have

(fex, 7.2, 1y xky = Lo, §) & G Teziify

In thie theorem, & may b & vestor function om N varisbles (x's sees =)
instead of (x,¥).

Proofs First, let R be 8 squere of side h interior to G, Them,
from cur hupotheses and Theorem 2, it follows that

gé"j"‘l‘/'z“pfh; 7*‘)_“' ‘z&lyﬂ,zkﬂ ’)0,.,7‘,))0()(‘()15

3
£ I%=Xe L k- Yo i tl2- b R 4 2 o 4
Kgéf RI+-yrit]2; «\J’(Kt/(y—,<[a“(’3 if‘ﬂrﬁ)wmy
end the same holds for 2.
¥ext, let D be sny square interior to G, Them I(2,D) snd
1(z_,D) sre a1l finite, If 1lim I(s ,D) = 4 <° it is clear that
%y AN8 Sy

L —>e0

I(z,0) § lim x(s‘.n). If 1im x(:_.n) is finite, we may consider a

n =R " —pod

subsequence (still called :.)-hwuﬁ.n)m«mmm
limit. From our hypotheses, it then follows that nx(a‘.n}s:,. for some

“) D, s A p 53, belov.




¥ independent of m.
Kow choose ¢ >o:n1&hialaintotemlmmlte Then
| lg ferz py 7)0()&0()1—‘_:2'!5.{(1&;/]R..’Zp‘.),’)Y)d)u(/lé ':—:_(-[“;‘5’,~3/1]<§
<

¢
Kol o (
= - Zwu P . oA s (5)
'jg }(K,L?..) f,.,’u)‘(xfly l.rae' 2‘)7&1 ﬂ‘,pael 7/;’(-)9(K /f —ZC[T ‘fS/?]{é

if ( is large emough, independently of n, d being the side of D, But mow,
for eeck [ end n ‘

€

% [§ %a,) Yo 20, ) FeiTe) ey, Jei JZRe 5 Pi 1) |

¢ T

Axdy £

29 £ AL L
é b'r\ ‘4‘-.].1 Z '—2 - é,. K 55 ‘Zk—z'l /
K(% ok < D

which tends to sero as g — ~ m.‘..-‘ﬁs. Hence, for each ¢

€ %
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lemma 3: let f£(x,y,2,p.,9) be continuous ell over §~space, convex
in (p,q) for eseh fized (x,y.,z). end suppose £(x,7,2,ps0) = ( (psq) for all
(%s¥92,p,q) where ' (p,g) is & convex function satisfying the condition

£, ([’lt-jz)zT{/’/')")rf-o&

Then there existe a monotome non-decreasing sequence r‘(x.:a;p.q) of fune~=
tions of the type deseribed in Lemma 2 which converge at each point (and
hence unifornly over each closed bounded set) to £(x,y,2,p,8). Tt is elearly
sufficient to assume £(x,y,5,p.q) lower semicontimuous,

Proofs M & and b be any numbers. lLet the function o(x,y,z3 =.b)
be chosen so that w= \ (x,5+2.0495 a,b) ® ap + bg + o(x,y,8; a,b) is the unique




supporting plene to w = £(x,y,%,p,q) deternined by (a,b) we regard (2,b,x,y,s)
as fizxeds By Theorems 1€ and 17, ii,. e(x,y,25 a,b) is conmtinuous in (x,y,%)
for each fixed (a,b) end by Theorem 1%, §2, c(rx,y.ss 8,b) % ofa,b) for sli
(247+2), o(a,b) being the corresponding fumction if £ = y (p,q)e Clearly,
for each (a,b), we can find e non-decreasing sequence ¢, (xsys2sa,b) which
eonverzes uniformly on each bounded region of (x,y,s) space to c(x,y,23 a,b),
esch ¢ satisfying e uniform Lipschits condition oondition over the whole
(xs¥s2) space. We then define

DL S SIS I QLY AN KA AT T AR AT TEA BB AMEA
end o0 (Za¥sBaDels 840) T 7 (Xe¥eEepsGs 8,D) for each n,8,b, end each
satisfies a uniform Lipschitz condition over the whole (x,7.,3.p.3) space.

How, we define t‘(:g,s“) at each point as the largest of
V’l(z.y.sm 8,b) where & and b may independently take on the values
15 0, 1o We then define £,(x,¥s%,psq) 6s the largest of the zumbers
% o(Zs¥s24pss 8,b) Where & and b mey independently take on the values
w2, =1, =%, Oy 2, 1, 2. In general, we define £, (%s¥,2,p,0) as the largest
of the numbers y‘(xa.s,p.q; a,b) where & and b may take on the numbers,
0, 15 =1, %, 2, =}, =2, 1/8, 3, 2/8, 3/2, =1/3, =8, ~2/3, =32, .ee.
1/a, n, 2/n, 0/2, eees v-1/0, nfo=1, =1/n, =n, =2/, *n/2, .us, = 2=1/n, -n/o=1.
Clearly £ (X7s%4psq) 5 £, (%4743,p,2) for each n, oach £, (x7e2000) 18
convex in (y,q) for each fixed (x,y,z),end satisfies & uniform Lipschits con-
dition over (x,y,%,p,q) spece, and £ (x,y,2,p,q) 4 £, (x,¥,2,p,2) 2w x(pts g’)*-
Now, 16t (% ¥ s Bs Bys 4,) e & point and let (s , b,) be chosen

so that

7 (“’/ Y,' . ) ,90) 701.‘.01 e')iqo/)o‘f'(o 70‘(' C(’.;/}'l, 7,J'c¢/ /‘\ =
= icxo/ },"/z!) ") 70)‘
( x - : :
Y o d0ze) Prrj %0, 6y £flee vy 20 prs ).




for all (p,g)e Choose I > 0. By Theorem 16 on convex functions, there
exists a rational a, b so that

) B S A e e T o e R +-§— > f“o, Yo, 20 y Po, §0)
Wow we may choose W( 1) so large that the demominators of & and b or their
reciprocals ere & N( §) end so that, if a> N( )

§ Cra pysp 20 J PN 2 £ O 3720 ) Po,10) 2 Fu CXe, yo, 20, Lo, 7o) %, € ) >
Thus £, > £ at each point and hemce unifornly on each bounded portich of =
(x.y:2.p.9) spaces

Theorem 3, wr(WunMnamt?MMh
Lemme 3, Then if 2, (x,y) — 2(x.y), 211 being of class D' on the region G,

we have

S ————————

T i3-5) g G T3, %)

“w —>oo

Proof: We shell assume I(s,G) finite, If it is + oo the proof

given below takes care of this cese also if interpreted in the obvious way,
Choose ¢ > 0, Approximate to f(x,y,8.,p.,q) &8s in Lemma 3, Then

there exists an N such that
Lz, 4)-3% < _7__”(2,5)(_. G T, (2..5)% Cu Jtz., §)

hn —>e° K =R

U*AP- I/v(zlﬁ): éjj‘/v(xlyjz) ,’/7)0(;(0(/.

$4. Boundery value gquestions
Definition 13 Let 2 be of class D' on a region G, We shall de~

fine D, (2,6) end D_ (5.6) by

— L “

Doz, §y= ((izf+ Z(Dc21%)dx | B e, 6= § Z (D %ot
‘s =g .5 ]
when these integrals sre finitey otherwise we define them to be ¢ O
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Clearly D_ (2,H) and D_ (2,H) are both finite for each bounded region H
with B < G if 3 ie of class D'_ on G,
Lemme 1: Let 2 be of class D'_ on the open cell R: (u1<x"<b‘).
with D_ (s, &) finite, Then D_ (s,R) is finite end there exist fumctioms
i(l". vees X tene, ) end ¢ R L B L G W
:-1, «sss B Of clags L such that

{ c‘ ! l(ﬂ “ 2 .
- WL, "3 I Y ] o el ater, @
f IZ(X ‘[ xol/x:"',x“)-y‘(x:"/x le-"l x )lo(" x‘ O(K ‘/,=
I_;a S
"'"tﬂ a®
g f IH A
£ f AP “ Ery e x‘:"x‘.“, B Gl IJJ/,...-Q{((;.I/(‘:‘:;/!?-_
{.,I-{‘ at IZ(X “"x/xﬂyx 1.“1x ) Y ‘e ’ . = O
P

('l

mrthommsmhmtwutobooromni in a region which
containg R in ite interior, If «x > n, s is continuous on R as extended.

Proof: If k is smell emough but > O, we kuow that D (‘:.xk) is

rmu.mnt. t"*tﬁ:“:b"vk. Bowif el <2 St + k or

gk gy i
g". g lZlX X)~2(X X}ld“‘lX"x‘ :D.‘(z, 'QS

2
[ a“‘k B o .
v = ‘el “ <’ il o Ll et o F “’... &
fix(.: x'...., X ; X“:"', ¥ 4 (X, X,)-(xl y X Ky X nmiy ¥ )

so that (% |” 1s summable over Ry, s 00 0P o my e o ng 3 Y okees W oR).
Mmmoin-m:.umthtsiquemo:.x over R, This proves the
first statement,

(‘ The second statement is mh-ﬁm for '
(17.(:( /3)—2(;( e 4[/{ -, )“ 'f b .zl “od x o(x. /S“(,

a(’ 3 S

and Shis Sande te seve os ' end /3’ mwyu;"wb.




The third statement is also immediate, for z may be extended ss above
to R snd them to the whole space by successive reflectionss The fourth state-
ment follows immediately from Theorem 2, §S.

Lemma 2% utl(x;- unx’)hofchua' on & cell a ‘S:‘ib,
121, cees v1, 0< 2§ V" with D (x,R) finite (R being the evove cell)s

Suppose that & %
. S,z (x" )( ) - y[x )["m’x = 0.

Xog = 0 2t
es in lenme 1. Let X = X (y's sees Ji). bo & trensformation, of class C* with
ponvenishing Jacobien, of the sell ¥ o> S yf S d° (i =1, sees m, 6" = 0)
 into a subset ufi'nmasnymtt‘(y‘. coes y’".o) 2 0. let w(y) be
the transformed function (slse of class D! on T with D wis finite) of
z{x) end let

Cey, Aip N pLr b S X R )/

Then - gl
L §1B % yiy- w01y = o
Va0 =7

Proof: Let 2 be extended to be of class D! in & region contaiming

Re mmm:m.{ ‘,ofolatc'mxmktm
9 :
Liw ((12,-21% Zu) B 2pp¥ fer s

P =5 . toi
Clearly, we have w' of class C' on the closed cell (e,d) and

‘&w e | X w, ;
e g(lw M+Z D olUp-t) 1 )ely = 0

untupmam 2,41 we can choose & subsequemce (still
alM;}aetm

(k' 2 - I
Q) Slzplx,xa)-z(x,x‘;)l"o(x“; ¥
a*+'!
d”’ : /e“/"‘ ?p=0
w o -— &’ 4w w’
(2) { Lw, gt v )- Tty dy e s,



s muammci:mf;. W include the cases X = O, ¥, = 0,
nmumm
(;) - 0)— 7’(* / ( K/(}’ 0) }V(/ )

Now, there exists & function I\(I)-z' 0 with | aehtht
‘./ ,l y

@) ( 1opty yir=u, (7l iy e (v) of= 2 a;f’lofr“v"y‘dty?)

a’

(&
v eu V/g«—’),'- az,, o T =
(5) jzzl,(x x,)—z(x o)la(xé(); ) a{/gl 9 lo(x Axcbix,)

m.pmuyofp. The lemme follows by combiming (1) to (5).
Lemma 33 Let 2(x) be of class Dj on en open set G, Ilet R be a
subregion of G of the forma © <z <b2/ !"(x‘!,).fludtzbdngeu-

tisucus. Then SXEe fvat)
’ A
S AL s M T
mMﬂt&W%x"nﬁ

fe/‘(‘f}

e Fe ot

Ss AT T e fuu}m‘— e Y 2T e

f,ex<)

Proof: Bvidently we may split such a region up into & finite num~
lnofthihrngimmmhtfmnﬂmrr‘wt:qu. it
is therefore suffieient to prove the theorem for such regions,

Muqm.hrim;tmtx-o. Then we know that
'E(:‘/.a)iat—nbh luunasyyru&uht,(z‘ﬂnﬂtemlyhyw
armpwnn y’(:‘ )mmmnumameram
of @ %) Mdntlrats‘.y’,k )} > #xt , fy(x ©)) elmost
everywhere, end s[x © .)"’(z )] is measurable for each p, Thus s[x* ,t:(x ;‘fi
is measurable. Now |
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f” '/(z)
sz[x fex€H 7 (oL j)z(x LD *‘ff = Jolx “olx &
at’

so thet z[x £ :z(xal)] is summable, From this, the theorem follows easily.
Defimition 2¢ A transformation x = x(y) of & set § consisting of

aqm«uga-siymmezummmam.mz of the same

type is said to be & reguler transformatiom of eless C*' if it is 1~1 end con=

timous, if the funetions x(y) ere of class C' on the whole set S, end if
the inverse has the sewe propertiess It is said to be a regular transforma=
tion of clags D' if al)l the above is true exeept that the funetions involved

ere of class D', It is said to boa reguler trensformation of class I if

the above hold except that the functioms involved satisfy uniform Lipschits
conditions,

~ Definition 3: A regiom G is said %o be of class C' if there exists
uy>0wehmtmypoin&xeta’ttadimuos.? from G° cen be covered
by & finite number of regions R, inte which the celle T, <,‘<h,
s 8 .....nva.o.,;<s‘.3-1...,,n)mmwmmmw
tantumx':’(yj), G ie said to be of class D' if the above holds ex~
cept that the trensformations are regular tremsformetions of class D'. G is
said to be of class L if the above holds except that the transformetions are
regular of cless L. Clearly regions of class D' are of class L, and regions
of eclass C' are of class D',

Theorem 1s lLet G be a region of class L and let z(x) be of class D'

in G with D {x,6) finite, Then D  (2,6) is finite and there exists & fune-
tion Y (P) of class L om ' suoh that, if x = x(y) is & reguler transforma~

tion of class D' of & closed cell (a,b) (a" = 0) onto & sufficiently small

portion of G, the points ¥a { » *




2

£

G- le(y"/’ i y/()’“"d“)’b; 2

) an
where w is the transform of & and Y (y) = ¥ (P) where P is the poiut of G
corresponding to Q‘; 0). Noreover, if x* = x'(x) is & regular transforma=
tion of class D' of G onto the region H (of the seme type), them the trams-
formed function takes om tho transforued boundary values in the seme sense.
Purthersore, if G s of elass D', we heve for slmost every point x of G
et which the tangent hyperplame o G exists and is mot parellel to the x©
axis, the fumstion ;(x:.., 2<) 18 AsCy in x° ond tends to ¥ (x) as
x> z.’, (ﬁ:‘)mina(g-x.. cuns Ble Pipally, if >31.__a:
is continmuous on @ of class L,

Proof: We nay evidently oouva‘mdthopdnfa of G at & distance
Syko) fme*bynfmtomhrofnguhrmtomtimtj of class L,

where & ¢ ' “ & ‘ / 7 . 0 < ‘/J‘hc f"
Fiot 0 2. X (y- RTINS ) Qe y. < S o ™ h—l/ J
J ) 1) il &) )’, J &) j:l,---//V
We let '3(73) = l(x’}. and we see that " is of class D' on this cell 13

end so that D (w,, B,) is finite, Hemce it follows immediately that
D, (248) is finite. Next we define #4() on the points of 6" correspend=
ing to 7? ® 0 as the trensform of the function y,’(f;’) to which ;’(y;'.,;)
converge in the meen of order < uy;—eo. Yow let x = x(y) be & reguler
transforsation of class L of a closed cell (a,b) (a" = 0) inte a portion of
G of diemeter / the points of y* = O corresponding to peints of G . If

is small emough, this portiom of G will be entirely coversd by one of the
represertations r:... end if w(y) = 2[x(y)], then (by Lemma 2) w(y" , 1:) will
tend in the meem of order x to the transform of Yj,(’z)' Lee o8y, (P).




orburpmznor?iumnymmr’.itmu-tmm;mt
the two differemt 7J(P)m~“dmtmuthowtct@‘inou
portion. Thus the () define « single function ' (F) which is of
nhnlimc.ﬂ:mthMrynhnhthomb
seribed in the theorem, This proves the first statement,and the second
mwumm

ropmmmm.m:’uapomofs'mnm
mmtwmtee‘mmmumtmleom.x‘m.forn-
stance. Then we can find a small cell (a”, u")uthoqm-t{ such
mtamimas‘ns huthmumhtiuvbmfuorehuﬂ
Now we make the transforzation

y©ex" o E s I R e PR &
whers k is 41 or =1 acoording as (z° s ¥°) belongs to G for 2= > £(=®') or
2 < £(z*"), the difference being sufficiently small, Let w(y) be the
transforned function of 3, and we see that w(y: s y°) is sbsolutely con=
timious in y* for each y° for waich a(y" , ¥°) is absolutely contimious
in x*, Thus
D(y",'y“)=i{x<y“3,2“)

1f ¥ is not in & set Z(y®) of measure 0. From this the third stebement
follows at omce. The fourth statement follows immedietely fros Lemme 1 es
all the yj(p)-ﬂ.boouumﬁﬂlw continuous on R j.mn-uen-

J
tinuous (by Theorem Z, §3) on each closed region interior to Ce

) I / 4 oy = "
S«/f |, = w’ & & »

!




Theorem 23 s(x) be of class D' u;uﬁsqésuha -55!«3)
uniformly bounded. Wmﬁth‘ummaanxm»hcmmch
Dit R) is uniformly bounded. Then D ’g_s n}um:taﬂ;mmrn
each bounded region H with H C G. If G is of olass L, nga’#a)‘u uniformly

bounded.

|
(¥

Proof's uumiaupmmmmquzm«w‘uu
nqumaix(s,,xejummuxyuw. Now let Q be in G=R and let P
be interior to R Since G is open and comnected we can find a finite sequence
of hypercubles R;s sses Bys of the seme dimemsions and ell parallel and in-
Mausnmnlmmuruzuxnmaamum&mamn,
contains Q in its interior, and R, , and R, have a face in common, i = Z,u..,N.

Now, we have seen that, if D, (s, R) is uniforaly bounded for some
mnmmaua,umm:’uamnxnn‘uu

éS‘tiz,,["«(.s

uniformly bounded. It is also immediate that if D (-’, R) is uniformly bound=
ed and the integrel of |Z [ is uniforaly bounded on some face of R , then
D, (l.R) is uniformly bounded, Using these two principles, we see that
D ("‘1) is uwniformly bounded, i = 2, seeys No

¥ow suppose q ;.-af class L, and consider & representation fg
(of definition 3). If we choose & small closed cell r interior to the cell
7): 8y < ¥ <b3ad =1y eepmel, 05 o) < V), we see that D (w, . ¥)
is uniformly bounded, From Lemma 1 end the above, it follows thal
D, (e 7y) 1 mrmymunwi (2,0 ‘5) is uniformly bounded,
Sinee all the points of G et & distance T p from G' can be covered by a

finite number of the R., the final statement follows from the above.
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Theorem 3: let ispix)j be of class D* on & region G, of class L, with
b« Cl’- g) mfm!i boundeds Suppose that there exists & set E, open on ‘q‘

such that

J 11l 4z
, ¢ *)
is unifornly bounded, '/ , being the boundary values of & and d Z 7 being
‘) <.B Jrorr : ~
See "4 Class of Represenmtations of Yanifolds, Part I®,

Americen Journal of Mathematies, vole 55 (1983 ), ppe 646 -70 %

the element of W on G‘. ~ Then 54 (s’.; G) is mtoml; bounded. If

X > a, the :pm uniformly bounded end eguisontinuous om G.

Proof: Evidently there exists a regular transformation x = x(y)
of class L of & clesed cell /: (a, b)(e® = 0) into a porticm of G such that
ell the points (y°', 0) correspond to points of B, Them if y (y* ) is the

transform of )o(P)m"(y)iatm«x,;an
e“ u? o N4
fryar™yray

Qs =
is uniformly bounded so thet D_ (".T')ia uniformly bounded, We may let
R be any cell isterior to the trensform of Tmi(a’.x)udm
;_, (s';. G) is uniformly bounded.

If o~ >am, it icc!urtutths'mcqnimﬁmndnﬁ
mmumugnnaaic.e. If we have a representation
x = x(y) as above, it is clear thtthspmoqnimsmnmwm"
Wutude. Hence the second statement follows. :

Theorem 4; Let :'(;) be of class ﬁ*’&u & region G, of class L,
with D (2, G) uniformly bounded., Then

X
(6) gg,'“fﬂ o£2
is uniformly bounded, If omly D &_(_n,. G) is assumed uniformly bounded end




‘a,->s (dmnuue.thn;.‘(us) is uniformly bounded emd 7;?

in the mesn of order X . If < >m, D ylgiziuuimmwﬂ
| z (l’)l umreuxlwg,ue), then %o is ogicmtimuduirom—

llbomldu@! ua}—,:ne,tbwatsrtosumrmne.

Proof: Let z = x(y) be a regular transformation of class L as above
or’r'nto.panaui'or'é. Them D (%, 7) 1s uniforsly bounded so that
the integrel of W,(,")l m(a..b ') is uniformly bounded, Thus
( 6 ) is uniformly bounded.

zrs,—> sue.tmztanoxmma,<(. R) is uniformly bounded
rwmzuammn“(s’,a)umtom;rm Now, let {2z, |
Nmymmmot{s"‘.mdmta(J*I..,.-.I)hnﬁnihmd
representations covering all the points of G at o distamce T § (> 0) from
e‘.m%(yj)utmnmstm«a,m 50”(7;') those of y . Then

wm&.ﬂuﬂmMam&mko{I‘»wt&t
é - y
[T )T Y dy e sy gt 4

g iw«f. Prom this, it is clear that

ff‘_,"‘; ) foty%) = YXY; 1 Ay * 0, = agel o g

Ths f o > ¢ in the meen of order ~

if ok->atho:,mmicc-timauaanditl’(x’) icmﬁtomn
lyhmed,itisolcarthtts,hmfomlym The ramsinder of the
theorem is immediate.

Theorem § (& gemeral existence theorem): Let f(x,z,p)
fx = (s coes P)on = (1) coee ). p = (e covs Pps_sees Pro seos PIL
be defined and comtimucus in (X,2.p ).umn,rum%ndnt-
sty

‘f(kz £ = SZZ'[?.L . f>«7/¢>/

EXRyry
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for all (x,2,p). Let G be a region of class L, let E be a set which is
gqao..mdlot{z‘j be & closed (with respect to the metriec of L )

femily of functions of L, such that

Jugrta Z
! f
is unifornly tounded. Suppose that there exists e function 2 of class Dj

on G which takes on boundary values in { y/ for which

I(z,ﬁ) = {}(“;’7/’)’("
;

is finite.
fhen there exists & funotion 3 which minimizes I(z, G) smong ell such

functions. Irec>z£~a.iaouummmﬂ.
Proofy It is clear that if a Miusitotohubiﬁth i(z, 6)

finite, then it is of class D', on G with D, (2,6) finite. Since such a
Mualmmmohmubmnmn{”nmtmatou
consider only those functions 2 with I(s,e) § I(2,6), so that D (s,6) is
uniforsly bounded, where & takes on boundary values in {7 . M(s'ﬁ
hamtmttdach«n&thﬁl(u’.s)mdctoinynunlm
bound k. m.nyms.n“(s,,e)umromym. We may then
choose & Mm{s‘\taﬂm; to @ function 8 which is alse of ela\nn."
on G, By Theorem 4, the boundary velues of & tend in the meen of order x

q
to those of 5, By Theorem / or Theorem 3 of §5, it follows that

’“‘I”":,ﬁ) < 72,»‘:0 L—‘?sl;j):k

which proves the first statememt, If X > m, it follows by Theorem 1 that
ﬁ'i.mtimeuone.

Lesue 43 A necessary and sufficienmt condition that z(x) be of
mat*amqnmeaat&tmmmlisu.n) interior to G,
:bootehul.&onn,mthunmm&imﬂi(x)ofahuhq on D




such that ¢ MR e S G ]
g RSN AR e W SRS T e i (x)otx
a%’ a

provided that a¢ and B¢ do not belong to & certain set 5, of measure gero.

A necessery and sufficiemt condition that z(x) be of class D', on
Giith&tmhpﬁin’bl’.ofehimortﬂWﬂnnﬂthmmm
above.

Proofs This lemma is obvious.

Theoren €: wssearmn*xmuwutsgmntnm

R be_subregions of G which are of class C', and suppose that R is imterior to

D. _ Thea the boundary velues tekem om by % comsidered es a function defined
ﬂuxaﬂm&hml*ﬁﬁmmﬂnyanﬂ'&mm{n;tm—
tion defined in D=R.

Proof: For, let P, be any point on R'. A cell (a,b) with cemter

st P may be found such thet for same ¢ , the portion of R which is in
(2,b) may be represented in the form

£ 71([1) , S T [e’, ap‘ /(/(',) £ 3
where f is of class C', By Theorem 2, we see that the boundary values of
s from both sides of R" coincide, for almost every x G with the value which
th'Mm;(z;,.:c).ﬁdchisl..c.13:‘.*:&"&:1'&: - 2(x¢ ),
% comsidered es being defined im G, This proves the theorem,

Theorem i mzhotmu9'<nsngma.wnﬂaum

D is a region of class C* such thet D _CG. _let u be of class D' onm D

lnﬁmmthemhmﬂaquluuusmﬂ‘.mdnppm that Bq{u,»)

(and hence 5‘ (u,D) is finite, Then the fumction w, which nimm/::u

uinn.ilctclmn'xme.

F

. * .
wH D s dle ol 5 ) o d O s
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Proofs wr.unypom.rn'. Tor sine & Shbiw euiatd &
cell (e°', 1°') end & number f>omm;mqo¢a’m
P, bas the representstion 3° = £(z*'), &° §3:*'S 1%, where £ 1s of
class C', snd all the poimts (x° , =°) with e® S 2 S1°,
£®") = ¢ §2° < 2(z°") ere in D say, and a1l the points a° S32°' 1%,
:(d")<i'$:(x")¢y are in G=D, Then, 1f we mske the trensfornation

y"-x‘.i‘{c.f-‘i‘* =*")
which is of class C', we see that w(y) (the tremsform of w(x)) is of class
pr fore® S S, - S <ommnd (m R finite,end is else
of class D!, rws"‘iy"si".a<y’if with {D . (w, By) finite
(Hushmtuwnulhmm).mmmmc?
m.mmnlmorohnlkfuy'o. It follows easily that
¥isof olass D! fora® Sy S®% -pSy ¢

Hence each point Py of D is imterior to & cell in which w(x)
is of class D' . Obviously esch P, of G = D' is interior to & cell of G
which contains mo point of D end in which w(x) is of class DY,  Fence

1. J¥(x) is of class D! in Ge wsladi .
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B,Is.c(f'l)} tiﬁh. Then if we represent s(:gy) on thil eircle by

2

a, :
ay zt.¢ )= —-—(:~)+ ﬁg‘(rl mm}'{(w o j 5 =
2 ‘

=t : -
o fefere -y,

‘we find thet the a,(r) end D (r) mmmym for0Srs x._"”

@ 2./7 C(WJT/%Z + Z_ ey A M

aszy iy 2

-

/ Proofs et s(re.) bs the functiom colnciding with s almost
~ everywhere end absolutely contimuous im UV for almost all r and in r for
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for every r, r_ being a value for which 2(r,»V ) is A.Ce Them, for al-
most every r, 0 < rﬁn.'i:m'i’; Mhﬁﬁmu T

Udagannkm‘) theorem on trigonometric series, it follows that the

*) Hobson, wole 1I, §560, 361, p. 553.

series for 5  is obtained by tormwise differemtistion of (1) with respect
t.:r for those velues of r. Mr°>0hthahmu1m3 then

~ 27
G..(f)-:a.kt’fo‘\-f-zt"?’g (z,'(f(a’)&nh\}o(r .(,}” R AN M
L %
J o
Ms:nd;zs_mlmbhumch;mhngloifr)o. Hence we soe that

csmt‘mchoélutolyeutimconwimz({’R)ﬁth > 0

We see slso thet c;(r) and b.'l(r) ere the rourier coefficients ©o» ;r for ale

most every reo n;tummrtm')mznm.u follows that

*) Hobson, vels I1, ppe 575677,

T <o -

2 2 Pras g : 2 i Bl o4 2

(‘) S(“{ ";LL(A.J)D("?: FZ_&L+Z(““ L+‘e‘. {)‘f"’ ZZ"‘(Q«"”eu)
< it
o “nzg s |

for aluost every r, the right side being finite, The lemma follows iumediste=
ly from this,.
Lemma 23 Let H(x,y) be harmomic in the cirele C{P,R) end lot its
voundary velues H(R, 7) (polar coordinates with pole st P) be of class L,
end be given by &
H. V) - 52—“? Z @ candtdisind)

“w =y

Then i : ;
(¢) Z)Q_[/‘l,f[p,lz)]-_- FZ“‘“u*&.)

a=q

both sides being simultaneously finite.




Proof: This is well known and follows from Lemms 1 and the fact
S »

H v, T) =—Z—}+ J — (A.enu T+ 2, oh.c.«)')

12




Theorem 1: let z(x,y) [= l"(m), i®1l, ¢oes H] be of class D3 on the

eircle C(P,R) with
NS LN TR Zb [25, COPR)]Z A = Jom

wmmﬁtmtsawxg_)mmtnuu

®) (()d, (=, CPR)J< Kd [H{z; Ay ClAx)] oerzp,
shere H{z, C(P, r)| denotes the harmonic function coineiding with s on €' (P, ¥).
% i - 2Iv‘,'i = i : :

© D,[2,C theS] s K11 {. o=k 0 £vER

'

1f, instead of (ii), we have £

(" (Z(")LL[Z)C(QT'JSK’DJ.[HzzJC(p") };C(p/")_)*}”*), f‘f}/(r}o/rcna/
: v

then we have : -~ -

H

-/ /< ~/
o | Lo BElR| D] ek.n 135 ff yiprde < [£prds

and the right side tends to zero with r.
§ Proof: We shall prove (6) first. Define
: s
y}l{)zf Z_Z,“LQ‘,‘L« ll)ﬁ(J") g TZ.Q o Fe l 4 Siem I

T

n=( »= o ¢

Then, tornh«f.cmyr.nm‘un; {(2), (2), (8), that
¥ v ol i ndas LU b SoDy A3y € 4L Rd] 5 B
h%@mﬁc,nmw '

L (TP Y ) oo et R VR)SH R
o

.80 that it follows that
]

‘ol~
N

/
. -7
# Vicy e /1. R fr verag

S
P

Wiy b % fps 6% )

But now, from (4) and (5) we see that Dyfs, C(P, )] S Pr 7 (r) so tat we bave
A ,

sl v P
b g}JL[Z)C(P|§)]"5é P-n-t %)
0




M'ﬂ:{’u c(rﬁr)li:mmmur.-mm ‘
12, [ C(P,’i)]f T 1O [z, ctp )]y < g, 2[5, ctrg)]olp < fjadﬁ Pz 7 ;'é.v_;

From thn, (6) rollows immediately. 3

{

L

To prove (8), we see from (3). (4), end (7), that

yj(f)‘.- P-.-r.’v{/v‘){- y(y), W{R)g/]
i In other words, we sece that

o & P BRI,

L'/-/‘r" e e W

5‘\

| Hence if we defime ) (r) by the equations

A

—

of
| e A viry, yI(R)=/1
nmmt Vie)S X(t)ru-o'(r.ltu X {r) is given by

/

T xm-/z?’xuz)-,bgf"'y(“dj
n.ivdan;ing,n’utmy RR :
AR L AR AT YA,

int by (1) Dylz, c(P, ms Pr Yr) + ¥ (r) so that

et
(10) {f 3, [z, Clplf)]o(f s P11 [‘)1—’! JJ’ r(_(/)c(f'r‘/)fj gig)d ¢
rsvmﬂ‘tthﬂﬂtmwumuﬁnn“hmm“

| Wtﬁnmiﬁfmﬁmm“hwmofr. Then we see that

-)- -1-%
r}, «/(!)p(f‘:f“‘(r, Y{f)o(f-f-r (

~ each term of which clearly tends to zero. Mxy(a)ram:mm)um
followed from (9) aboves

Definition 1: We say that z(x, y) satisfies a condition A[ A M(a, 4)]
nmnﬁaﬂirttis-tmnins-t&f |

D[Z.' ClP‘T)]t Vi (&(ol\ (E)'{l Offo‘ P=(l’7,<5, /(70'




where & > 0, d > 0, end a4d is the distance of P from G'3 M(s, d) is supposed
to depend only on e and @ end not on (x, y).
Definition 2: We say that z(x, y) satisfies a condition B[ / N(a, 4)]

L

. if
e D Y<co Y= [(x:‘xn"'f‘(yl'}’dljz
e g

|z(x,,y,)—zln,yz)\é/‘/“-"()/at)ﬂ,
‘mmmtmmnmmwm(xlgl)tc:,.;zjugtanw
 tance 2 8/2 + d from G'e

Theorem 2: If z(x, y) satisfies a conditien Af /[, ¥(e, 4)] on G, it set~
isfies a condition B[/ /2; (s, d)] where

Miad) = e nigs u).

The proof of this theorem cen be found ins €, B, Morrey, Jre, On the
solutions of quasislinear elliptio pertial differential equatioms, Tremsactions
Am, Mathe Soce, vole 45 (1988), pe 126-166, in perticular p. 134.

Theorem 3: m,@bcnggaumchmbouppo&unromnman-
'gaumglarmum-runm. Let z(x, y) be a vector function
of class Df on G with D,(z, 6) = Z Dy{z;s G) finite, and suppose that its
boundary values are contimous. _Suppose &lse that thore exigts a mumber P(Z 1)
such that
- (9)
for every region R of class C*, W(z, R) being the harmonic fumction on R with the

Dz, RYZ P-D[HtzR),R]

mbmhr;nlmu:al‘. Then 2 is continuous en G,

Proof: From our definition of boundary wvalues, it follows that it is
sufficient to prove our theorem for the case thet G is & region bounded by &
finite number of nom-intersecting cirecles as G may be mepped onto such & rezion
preserving condition (9) and them 2 will take om the corresponding comtimuous
boundary values,




7
Pﬁ-mlnﬁlitf.nmthﬁlnﬁlﬁnlundiﬁmlﬂfr.l(u)]
 end & condition B[ (3P), N(s,d)] an G and is therefore comtimuous at each interior
~ point of Gs
| Now let P, be @ point of G end take polar coordinates with pole st P,
end initial line poimting in the positive direction of the tengemt to the boundary
eircle on which P, lies. 1If r, is sufficiently smell, each eircle C(P,, r) inter-
m'u‘nm:z,mmu. j(r)}uﬂ[r. 7—3'(1')]*&&‘&-“:7

eirele on w.iech P. liess We have
§ L e A

LDt

_ where ) (r) >0 for »> 017 P_ is on the outer boundary of 6" and  (r) <0
‘Rl'.i.ccumiwbmary. '
The region 0<r< ¥, U (r)< V< 7 — (r) lies 1n G and 5(r, )
is of olass D, in (¢, 7 ) there with |

ol =l =2 Lo Yo
‘)"/Z.{f;,‘,, 217-)0(70('\7—:/,(&)/ ﬂa_:,ll/ﬂ)—;c' 0424—;-

% Fevr
m,m.wmur.i(:.ﬁ')um.u \7'111:&3: summable and converges to

' mmmmmmu?mu T(r)u- 77-‘9'(1-) (using Theorem 2).
) !hi.fnmhl.ﬂ(!(fd/zMicnr.t<r<&mhthﬁ

: T-T(7) N3 T dCF) .

—-— — pea L

- f B o n4l e — f £2F Dal . 4k
Tev) Jevy)

Por this r, we see thet "-V(3)

Z (5 o F T £
(10) B 17 AN < [21:7(22]

¥ow, choose { > 0, From (10) end the fact that the boundery velues
are contimuous, it follows that we can choose R so small that the oseillation
ot;(i,U' ) on the boundary of the region D: 0<r<r, J&)<J< Tr—T{y)..

ey R I N S S R R SR T )

i;
i
f
0
if
t




is less then £/2. Now msp this region conformelly omto the unmit eirele end
let w(xz,y) be the tremnsform of 3. Condition (9) is preserved end w is of
'.ha-nzn Z_ end takes on the corresponding continucus boundary values.
let (v, ¢ ) b polar coordinates in [ . Define

~ 2 ll/

s SOV g glu (g p)lap «Lyp, ylvy =7 f:uw T)laJ X”"‘(J’ ’”fr)%f
o »®

iamﬁnim;nhm Kow, by Theorem 1, we find that

(11) f;"b[u,ffomjofe P.a(RYy~"

 Using (12) and Selmmrtate sneguality, w find thed

\'7(,_

Y’(Y)-—[J ‘f'(r)ﬂ({’]( 4‘{)0 o(s' 42!/1’5 ka/ (ft ),(f,(fceur‘b[u C(Of)]
ututymnnmmymm. Now, for each 2>¢

& dniY- 7 9, A¢ =

[SS ""!3"‘5”] (*’Uif P up)dp £ 4T ‘)!I\D[“ C o) )y 7
P em Pa(R) T

%o that X (r) is defined and

X(,()é [21{ /J,’(,Q)]-Z-

™~

o

oy t(f(/)é[?ﬂ'ﬁ,(ﬂ).]_
l

f\‘l\

g
;v
8

£ i e

A T—

TS T P P T I A L P 1T S

AT TWERT
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w Hence, for each ¢ >0. 4
g“‘("") Tlsp)ldp < f glv Cf,yjlr(f‘(r- (f' V"f) o g
€

-3 -—f ‘L"j)‘(
V(Y —¢ Wt f gf ‘ch)dj‘ Pri)+ TR R R

n

4 tk<u+z}("”“,(”’*- §J’ ULEE

& = 0.6) 2% [U)f L?Jlf‘ylki:} I "" a{J-t/«’n}(KJ] [/+‘.+-e]

Since w is contimious on the imterior, the inequality holds for 5 = 0. From
the fact that the oscillation of W(l, ¥ ) is< 5 it follows thst  mex

wax}.(z.y) “w( e,y )[<E ifRis chosen smell enough, Since any pdist

<am

(r, Y ) of D mey be cerried into the origim in Z , it follows that the os~

eillation in D< ¢ and hemce that the oscillation in the region e(p‘.njoc
is< I if R is small enough,

The above proof has demonstrated the following theorem:

Theorem 4: Let {3 ) be & family of vector functions, each defined
aaﬂa:relmﬂ'*manfnﬂmblldmiibug‘tnw‘tat
Ze Wt&tthnﬁmﬁmﬂlﬂtﬁnmwunhgthﬁm
distinot eircles of any G* are at  distance > / > 0 apart ( / independent
of z), and that the boundary velues of the 2 are equicontimuous., Sup=
pose elso that (9 ) is setiefied for some P indevendent of 2z snd that there

[ ——

e e ———

exist mumbers ¥ and <, > 0, and & function / (R) > O with R, both inde=

pendent of z such that
(a2) T Ie'h S ‘bz[")j'C(PlR)Jﬁ’?(R)’ocﬂ‘fo

Then the family = is equicontinuous.
Theorem 53 let ff%‘. suey .‘t P:’ cuwf; ‘1' QQQJ) be

e ————




~ of the type described in Theorem 5, §4, with x = 2 end f satisfying the ad-
ditional condition that there exist an ¥ such thet

(s) fe B Zipiesd)

C=u

is% ¢ be a region bounded by & finite mumber of simple closed curves and sup~

pmw-;‘h immmnue'wiﬁumemtu:‘cr

. vl L
claes D'  exists which takes on these boundary values and f 7 with 1(z,6)

is finite. mmnhﬁnldz(g,ﬁ!.% s which tekes on these

wvalues, is continuous on G, end satisfies conditions A[ A, M(a
_mgﬁi!kﬁlmem Aﬁ%.l(m)*l{t),ﬂl = H(a).

If T satisfies (1%), we see that z mmet eatisfy (9) with P = N/m.

For if there should exist en open set R of clase C' on which (9) did not hold,
we could define & fumetion z* = 3 on snd outside of R end equal in R to the
harmonie function with the same voundary veluss as 3 on R'. Them 2' is of
omcn‘ue,m.mmmmusme'.m

Tew, 8§) =162, 5:8) + T(2,R) = T(z, §-R )+ Tez) R

y T(z) j-ﬁ)fﬂbz[ﬁcz, R), 2]4 _7[2) 5—5)1-“. b, (2,R)< z(z, 5—/5)—(-1(2,2)

o ot A '

This contradicts the fact that z mimimized I(z, ) amomg all fumetions with

the given m values. Thus 3 is conbimuous on G and satisfies condi=
tions A[ X M(s,d)), B[ /2, N(e,d)] on G, whers | = m/M, and

i (LS o ) N AL ERY.
m.wrmt,itrammtsuowﬁmum&




rmdl__,')a let ¢ (o) be a completely additive set functionm defined

*) See G.C.Evans, "Fundamental Points of Potential Theory} Rice Imstitute
P@hltkt. vxb 7 m). PPs M’ '

on & bounded regiom 5 ﬂl—tthMiu

1) V(J&,y):;ﬁ_‘ }I»@os[['}-x)z.g, (”1-/}’-] ol ¢(<},‘/)

?

is of olass D' for each ~ 1% » <2, withD ( / I ) finite for each bounded
_s_'_-g‘inr" vmmﬁforawmnoﬁnih!!athﬂw

(2) jvxo(,, % 19,(,‘ = c}([.;)
l,*
Finally V mymwmmqmrm

g

2 -x)o P(e ) 5
0 7lme St ), o () AR )
X 5(5"*)*&-7 5 (;_x)t f@"}”&

Proof: It is evidently sufficient to prove this lemma under the as-
:
I! sumption that P (¢) T 0 om G. For convenience, we extend the definitionm of
¢ (e) to the whole plame by ¢(e) = P> (ee6).
We now define
l
hy 7] 5,8 )= Z(-C‘J [G-0"G-p'], G-0% (5-p<= €2
2 2 < 2
._._z—'tz_[lf—x)l-rdﬁ-/)]*C?'l'f} G-x) t6-y) ﬁ't ;- &2,
wdumthnthtlaofcmac'hdlrmmubmmthtthmun
Ve thyy's ik fla ny; 55) « e,
is of class C' mq-lfmviﬁ




/ . | /
fo“;rh 2’77‘” aexl%7 5 ;,U"“b“w) : Vt;. » 57;“4,./‘17; £yl B % 39
4
Next, lot the set functions P (e) tend weakly to ¢ (e), each P (@)
being of the form

. = 4 fi "
?u(c)=/)z.¢'“(_P(' ) ,¢“(pt.)z/(":)>o ) ¢u(5)£/7/ pl.is) = /I---//V
: 25¢

where ‘Tf"{a) -*GttsooMmmottbP';‘ Mumthtt&mm’ﬁm-
{elso of class C')

#e )
e 3 o s
l/z-n(")y)'zir Jl't"‘n’) BIE R g "EL;)-','Z:'/(" g 57 X, Y0 )

converge umiformly togother with their derivatives to ¥, (x,y) on each bounded

region /' if t> 0, Wext, we see immediately that
£

| e T e
[ {1V, ya [Ftx[* Z_l/\“.'[afuq r‘.’/)o(;]f: [bjuxh(,‘,/y),&.,];'Zx,"‘/fu,n-!%]

a .
£S

’Y(.= (’(-xt.)lf(}’_rc'j‘
independently of ¢ sand n. Now, for each n

¥
Witeyy wlllytoey ybu Vguitty) &V,  (4,y) 0% 8,6 ¢

nwummtvmt‘mmuhmmmmummm
hdfmm-ﬂd'tmd"ﬁmhftﬁvnMwlyinthwot
eny order on sach such segeent and any rectangle. It follows also that V,
converges to V in the mean of eny order on each such segment and amy rectangle.

Text, lot R be any cell end let « be any mumber, 1S « < 2, Then
# (6) S ¥and hence [(v,y)=F)

{5 |v + - G -xret® <, Lk §—x e 3
R Y, u,-g( Gore o | %<4y =(35) {f/”[c-,)u@-,,n T Jold Ketay

<ipt)
g /_L_ o [ p(qb : 2 ‘- p 2 s ‘ o “
Sl cff,fff‘*"" Gy ] 4t (] (5 25,1 ey 6717 ooy e

7 A Cc@(.) ]

TR i e {r- S =F :
()BT {800 TRy o sy s 51

<GTs Y 27
where R_ demotes the set of sll points at a distamce S ¢ from R, Evidently




siniler estizstes hold for V.. Voo, end V. independently of m. Thus we see
 that V and V, ere of class DY with D, (V,, /") end D_ (V, ") unifernly bounded
for each fized bounded & | end esch fixed &, 1S x < 2, lMoreover, the ebove
also shows that D_ (Y, = V, / ) tends to sero for each fixed bounded /' end
each « 1% % <2, and that formules (5) hold.

Since D, (V.= V, /) tends to sero as zbove, it follows that, for a
nmv,tnm
| ‘L;‘V&dy-v_’d;= tZ.:; L«V“u"d’;' Voo
- for elmost every rectangle R, Furthermore ¢

_(R) tends to ¢ (R) for almost
every R (es extended) and it is clear that | |

"

S Ve 2% = V..,‘),f"‘ = q’k(R)

“

for almost all R and every k. From this (8) follows.
Remark: In this sectiom, if U(x,y) is & fumection of clmn}( e X Zl,

then il_(:.;) will dencte the fumetion
/

Uityyy = L —, [§ L tsg) o s

| s Cx,y5p)
wherever it is defined. It is clear thet U is A.C. along all lines parallel
to each axis and is of class L_ on each segment parallel to am axis within its
region of definition.

Lemma 1: mu(m)hatcmqsnsnpmammmm
P,» and suppose that
(4) :szu,c‘Pas*)'SJsﬁfYk,Asa
for all r. Then U(x,y) is defined st P, In fact, there exists a sumable

o
(‘) EMM glu(x°+q“,"3'/ 70.4.45,‘“)")- 7(1)-) lo(\}:. o)

""’00




if r is not allowed to assume values in a certain set of measure zero, Then
r
2 . .

= / Y o e
(‘) Lt— (XQ) \/°)= 2—,']}5 Y(Q)JJ) lu (l’o/‘/o)—rF:L H“U‘,y)'(yoly)é(lﬂ) 2./7;/,‘4 ),,..

4 C(h,7)

Proof: let r end J’upanemﬂmmnehpuay.mm
!&,3)umitmam-etu(xq)mmi(r.&)umntuamum
W(r, J ) in the (r,J ) plane. M'i{r,j') is of class DJ in (ry 0 ) for
r2 r, > 0, no matter how small r, is, and W 1s A.C. in 7 with W5 swmable
hrMmur)O.MhL.&hrﬁtkii.mbh in a regiom
0sS T S2n o< ro'ﬁrf.u. u.e(r..g) lies in G, and fimally

-~

i
[t 2 g net | osea
Define & Thae r

FEIT, cq 030 g oD ke LA ey [T

N iR

= r[i — & o /a /1./‘
e B VAT C K hen
0

N x:]

Then WETROR .
— i | <
,‘-(.J_) » gl

for almost a1l r and k(r) is 4.0, for 0< { Sr < a for ecach § > 0 and

- - L L yim o o ‘
Ko ~r[jog [go [T o, o) 1A ] «p < tar [ [ [ o0, 5,0 stpt) | < 2fy [T
Also, for each ¢ > 0 W N s i -f o
z{lJ:r Yy a@a, Ty 4 e ) (I (2] lelpdd = [f *ygrtpe ¥ Tk =1 lea,
) ' D ¢ - } i
: A G K Y el
+§§f /uj-)ds-s(?n-/])"(/w( )‘r”, &

t .
mmmmur(J’)umm(m)umm“;(r.-?’) is equiva=

lemt in (r,Y ) o Ulx# reos , g4 rein T ) =W(r, 7). The existence of
5(:.,1’) end equation (6) follow easily.
Lemma 2: Mdm.hatdmlzu:bmhdugiu&ﬂwd‘y
(g (o(2+¢’)al;<o(7.4_/‘7v'( ; e o
C(Pa,v).s



- for all circles C(P_,r) with center at a fixed point P . Then there exist se=
! mc&“&aﬂ'fmﬁmd"m‘e‘anmthpm 7') zero outside
& bounded region H D G, satisfying (7) uniformly, end such thet, if d =e = 0

- outside G, then
JIZG’(u-Q’)z“’[@‘_‘—CJL7 A x ALy =0
-3 o H

Proof's nmmw.u&m%mgmw

R

C[UJOI‘) C(Uﬂ,ﬂ)

we have

, loo A)
((A,)y.)r) ({x,}yo 1)

el L5051 v <epe
€(o,0,4) ¢k ya;7) ‘
= 1:’—2, SS [ S& {o(.ztx)/)-vcztx/y))clxdy]c(,"d/}£ fg@z-rlz) d;to(y
"tu,p,k\ (XS, yaty; ™) €€y ¥es EBE
Next we choose a sequence r, — O end define ST

/) P 2
O(H’t“)y’: €%, v}, e, lxyy= Eix)y) X =Xo) + §-Yo) = Ya

:
d (*)7\ = e,h (I 1)-0 3 (’s-—xa)b‘f (Y’YOJ‘- < Vl-\

I

m.uhn.nhﬁmspmtmml\‘nmuthﬁ
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fh-‘.b\ ot
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2 L
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dnmmtlhm%mmum.mwhﬂnﬁy.nduudy
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T p 3 1 ZJ_ 4 2 L ‘W
{ fnj[(o/,h—d) +(¢,, -¢) /o/,.x,) < { l/TS<[-(z,‘- (I~ :)”"/Jfﬁz:“'-flq,.] Y tess

4%{/{! (o(li4 (/ O(X"(Y {ff (ﬂft)o(/ru//jz—

L(ﬂf;
ar

which evidently temnds to zero as n - -o . The determination of the %MO“

is now clear,

Theorem 2: let d and e be of class lz on the bounded regiom G, Them
the functiom

2o )=-2 j Q x)ol +(9-7) € oL £ of
(8 A ,sf Ry ’

is defined almost everywhere (the right am.ama;u.mf-um)
and is of class Dy all over the plane / satisfyimg

(®) s Yep TaNe g f§ (teer ) tx oty

If d and e satisfy (7) for all circles with center at some point P,
then U(P) is defined by (8) snd
(10) &Py | 2 2 (1447 )(z,,ﬂ)Z,e z

where C(P,R) is the circle of smallest radius about P which contains G,
If (7) holds for every P end r, then U is continuous over / and
setisfies conditions A[ A, M(e)] end B[ A/2, N(a)] everywhere where
(11) ﬂ.(e) Y VA RS e PR ; M y: 13 /zrrﬁ)é[(zq)'}f A~Arr)] a s
Proof: It is cleer that we cen find sequences {d, jaud {e ) of funmc~

tions of class C" all over I and zero outside a bounded region H conteining G
in its interior such that

Lo NS [a-a) % (en-e ) Juxsty = o

“n =3O

H
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*)
If d end e satisfy (7) for every P and r, it follows from Lemma 1, §3 of D.E.,

%) The suthor's paper, "On the Solutions of Quasi-linear Elliptiec Partial
Differential Equations”, Transactions of the American ¥athematical So=
ciety, vol, 43 (1938), ppe 126-166. We shall hereafter refer to this

paper as U.E.

that we may require (7) uniformly with H replecing G. If (7) is satisfied
only at P, then sn approximation is possible in L, which preserves (7) at P,
Now let R be any bounded regiem. Then |

A
IS’U (X,9)= Hcx )14” jﬁd d}f—((.. () Wy ,(,o/y
(4 Sy ﬁ” {(r SRR fis)

_U{([ﬂ( -] -/-[? —c] Sj[("’y)f(y %) o r/(x'( f]d?a/f; ‘fjj[(d -d)+[f ~(/J.(f,/ |
52 4
Ihiohmtoullytm‘tomun —> oo, being chosen large enough 80

thet ¢( I, 5 ¢ ) conteins R for emch ( §, 4 ) inH, Thus, it is easily

‘seen that U — U in the sense delined in §3 all over /7  so that
nz(u.a)s “‘i‘”"zw sR) for every region R, 1If d, d , e, and o satisfy
(7) uniformly on H, it follows from Theorem 1, §3 of D,E.,that the corres~
pording U snd U satisfy the condition B of the theorem unifornly so that U
tends uniformly to U over // -

lw.maMﬂnhmah,onandﬂn. Mﬁnuofchuc'
and satisfies | ‘
(12) Bedhoz Cuy tbn, (A= Txx*7yy)

all over 7, fience it is easily seen that U, miniaizes
(as) “[( ;’«x‘““)t* (fy'%)lj"*"“
| R

among all functions Y otom-a!-nxmmun;utkvnmz'.nbm




any region of class C', mzrumqnutuw.mcnuumv

 ing with U on R end let U , = U~ H ., we see that (since H , mininizes

Dy(  +B) emong &1l 7 =U_ on R's of class DJ on R)

(14) D, (U ,R) =D, (Hug,RI+D (U, 5, R)

mvﬂmm-n (12) end hence minimizes (13) emong 21l 7 of elass D}

on R and zero on R'. From the remarks at the bottom of page 149 of D.E., it
follows that

(15) :oz/z(”/,qyﬁzjj[(ztk S e (K, ;e ) ete sy e [t eedotx Ly e

; ——af R 2 l/ff(d.. reljotxat
ms“Mm(u). Thus for each R of class C* in 7 we see that”

(16) D, (%, RY2 D, (Hg R)+ 4,{5(4“‘“;-) o x Ay,

Wow, let (x,y) be e point mot in H, Then .
[(5-xY (%-7)5]etn +Z[U‘x)@1 7;28 “;’(ﬁlz( = ijfﬁ(f xXg-y )l - [Gﬂt(')y)

U, 273
5l ”{,‘ [G-x) 4 (3-9))° v [B-2'%3-1)%) "

Now let P, be any poist of 7 end let p be @0 large thet I c C(Ps p ) emd
'mam«atme'(r..s ) ia> J’/t. m.nc'(r'.f),n-mw

$i,

L ; 2
/da_z(kfloffm o8 7’o+f’/w)')] £ —
Mhnoo g

/ £
e 3_77 jj(o(hsz:.)L’("(y
H

n
Zplaurrﬁ ) ZJ’L“:,,f :},)‘ _(L{:a-‘(}‘. ﬁ_f_i‘-

r2 £
vhmmwmuf-,»oo_ m}nhnphno(
Z(J)‘v‘f""’rf Yo ¥ sin Ty e Toz Z(a‘
3 = P=1
Thus, from Lemma 2, §5, it follows that

Z_':;o Dz[ﬁ{a C(p/j)y C//hf)];o
end hence (using this and (16))

tee,l) oo
Db(kh,ﬂ)f‘fiﬂ“a*‘“) Fe




Now, by §4, Theorem 4, the boundary values for U tend in L, om R~
to those of U and n!m_.n) is uniformly bounded, R being any region of class
C'.  Thus H, — Hy, U .—> U, also. Now, by referring to (12) and (13)
and the argument at that point, we see that

§ A 5
oe Detuay ) Eo #][[ta i e )]sty =0
" -7 o0 P 2
e W =g ~

Bt ;
o) /Hha" "/““)ﬂ) < “2_:; ‘Dg[kkg’zf..,gjﬂ): o
e —F o> “He =P OO

so that (by letting m »— first end using the lower semicontimuity of D,)
we have

R, B T 28 D (Hyy- z
G 3, (4, “«, ) e % (fag Hr,R )= Cou: Do, -4, ,0)= 0

“ Fo>

80 that finelly (9) holds, end (16) holds with U, Hys end U, replacing U ,
_ nn,amu“ respectively, and d and ¢ replacing d end e . Thus if (9)
hﬁutwtnnghmrudmr>o.yrwmt (10) holds if we

mi(r’) by the impﬂ.). and also we see, using Theorem 1, §5, thet

*#) Por the proof of this, see the proof of Theorem 1, §3, of D.E,

1) D (U Py ]S4 /7 [AH 107 ]et ) Bl )< 4474 AT T 0 A

Thus, b’mxt

/

= “ L
A x, 10 =5 [{U cx, yrotxnty | < (er) f{’f/‘/ /4 'J-[/-A)"]f"'"f A[/f,c")

C(A.,,*/.} 1)

-t s
[M““", /o) ‘r,'ITu Mzﬂ“‘/y)““‘rls (1) a{ ¥/ [-/(-I-f(/-/()-,J]IQfl—I) A

ClLs,90,4)

from which it follows immediately that U (x .y,)— U(x sy, )e




Now let ; ; ey .
[ gz JELCH ~#) 1o 0) Jonty =.,“[{ [y eb.-e)] 2t T ]t
(), 1)

e o Y
Lu(f) = ,rzY !I [("(n—()‘*' ((..-e)?dy‘(-/7&5 < (”/?)iY/f'? B
<ehy,1)

Furthermore, h (r) tends uniformly to sero for all r 0. Thus, if we let
2(7 l)*l:"/‘ be the maximum of h.(r). we see that r — 0. Now
’ K

Ao ) (§~x) + (€n-€) @-o el i) C] ® —
5] 5 ; + (e ‘ﬁ”lolz/-,éﬁ@“ «)ilume) Tty = (et
£, ket G-y p (5-x0) # Gro)? p i
by R - L AL E N T e
2 RTAR) S (T oyl e s 2na) T e o)t T
0 (7]
¢ A P A4
o’ —
T o TN T S Yl
1‘!

where R was chosen large emough so that C(P ,R) contained i, From this, it
follows that the corresponding imtegrals for U (x .y ) converge to the right
side of (8) so thet in this case U(P)) is defined by (8), since
U, (xge¥,) = Ulxgeyy)s |

Now if condition (7) is satisfied for every point P and every r, it
follows from (17) that U setisfies a condition A A, M(a)] where H(a) is given
by (11). The condition B[4 6 N(a)] where N(e) is given in (11) has been proved
in DeE., §3, Theorem 1, This cempletes the proof of the theorem.

Lemma 33 mehaminddmcz.adwn(z.ﬂ be of class
D§ on G with D,(u,G) finite, and suppose u vanishes on G's Then we mey find
& sequence of functions u _(x,y), each of class C"' nc-udmmra'.mh
that Dy(u = u ,6) > 0.




Proof's muu.:-uu'qunuun,(-.c)'mu. Let G be
mepped conformelly on the region Z bounded by e finite mumber of circles
and lot w(s,t) be the transform of u(x,y); w is of class Dy on Z with
Dy(w, Z ) finite snd vemishes on = *. Let / (s,t) demote the distance of
a point (8,8) of Z from = '3 / satisfies s Lipschitz condition with
constent unity end is emslytic mear Z . Now, for each n> N (sufficiently
large), define functions k (s,t) end w (s,t) ae follows:

ko s,00=1 iy ey

Koos,¢1= 2 Ves, 02~ A7, ;:“ Sis, 0y & £

KT PR o des, 0k g,

L [Syes = LSty ko (s, #)

Lot z‘mhmm« Z for which s /(8st) S £ emd o thet

!

D;IUAT“;Z):'DQ.(U“'U) ) Q(L/)o.,)+zbz (e, Tu)

(18) < ¢ J)L (v, ohwz,gS Cll by ) ds di = 43, (40 +&‘J?5 o P
8 :,.t 27 n
Fow Hu’-olsdz‘:- Z fvu (s; +fm3‘ £, ffJIAJJ oA el =
121,\ (= r‘:*% ‘s
e e 5
= Z g S [5‘-—-; (.(--(-Im r'["f-f‘,',.))"(f](’(\)—/r =
‘.:‘T'f-‘- S v )
£-gin - 0 ‘{"'
(19) & , Yo+t - . |
e
B g ’f,) S - )Z { yfu a(]a(.”]a(—rc 22[_[ Jr(u “u, ),(,"(‘, ZIL—J;:
Lamiid ré. % c=1 r. ) ‘

A
T

where r, amm.-wm:"mamn Z*.  Fron (18) snd (26)
it follows that Dy(w = w, Z) — 0 and it is axncmrtmi,(q‘- w =) 0




Fow for each n > N, we mey choose h so smell that w, 3 is defined on Z

&

end zero mear 7 "5 hers w, , denotes the third iterated average of W end

s e
is of class C"' on Zg h‘.yalubchunntmt
IR AR e ST

If we let u denote the transform of w 5  we see that we have the desired

[

approximation fo u. Itiaaluithtuioorcmnimr Tuﬂg‘d'
olass C"' over 7 , end hence it is evident that Dy(wiy, 7 ) — O as well as
Bz(u-‘un, 7) —> 0.

Theorem 3: m:(x.[)hvofohunimiugnﬁofom-cz
with D, (u,G) finite, and suppose that u vanishes on G'. Then, if we define

w * 0 for (x,y) not in €, u, @s extended, is of class DJ over 7 and is given

almost everywhere by

e S G E L)« ) By e,
MEE YIS = ok /J 5oy

(20) G-~x)t+ &G-n°

In fact (20) holds at mhi;dnt' {xsy) where the integrand onm the right is sum=

{
|
,
|
i
i
i
1
|
|
;

mables
If u(x,y) elso satisfies
(21) D, L5 ClhI )2 axt gedni »
for every eircle -Lthm:t some point P‘ztmig,l)m (20) exist,

u is givem by (20), and : ;
(22) (3t yy 1 & (QuA)EQee) R

where ¢/ is the di-n‘ur of Gs If u(x,y) satisfies (21) for every T end r,

then u, as extended satisfies (22) end e comdition B[ 1 /2, N(a)] everywhere, where

B R R =

(23) AR

g1

sl
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Proof: According to Lemma 3, we may find a sequence {qn(x.y)}, each
of class C"? a.né zero near G‘ such that 71;(-‘-‘1,3) —> 0, If we define " 4]
for all (x,y) mtﬂbdaumtht%uofokac"anm 7 emnd
Ez(q‘-'m T} = 0. Alse, for each u_(x,y), we have

g

R 2 ,
L '“ (‘;—x)uk%l?('})-l-é‘l }'0)0(“717,1) d;, o _LT_/j Du,.(x.vrmJ y.*r:u.J’}JrJJ_:'
2T (-; ,‘.) + @ 7’Jl > % o S

e
= -—" S[u [ B ) Rw’\’- y0+R$li~J)—‘1 (K.}y,)j/‘}_ "‘;.(’d/ Y‘)

1+

lhﬁ;cm large enough so that c(ro.n) contains G in its interior, From
th.cbm.un—euinth-umotoﬂn!owrrndtmthpmo!‘otm-
orem 2 it follows that the corresponding integrals tend in the mean of order 1
to the right side of (20). Thus (20) holds slmost sverywhers. From this the
existence of u(x .7“) follows at each point where (21) holds for every v,

Wow suppose (21) holds et (x .y ). lLet (res ) be polar coordinates
dthpohat(xw,y.)mdhtv'(‘t,ﬁ')-n(x.-t-rm:)' yorcinJ"). From
Lemma 1 end its proof, we see that there exists a susmable function /«»(3)
such that &
ST j YJ)-,.(J)H% °, wf[uwff) 7(3)301%*5““ J) o= Eex,

2

27 ir

e

T —0

~

7?

(24) {T 3)"(["“9 (214/7) (+4 /)T'

Q ~——

0 L 27 x
0 i

Formula (22) follows from (24) if one motes that u(x X o¥,) T O AL(ZGy) 2 T - G
and if (x.y,) ¢ G, then w(r, J) = 0if r> /.  The contimmity of u(x,y)
follows from the fact M u(,:‘,y.) is given by (20) and that the right side of
(20) is contimicus everywhere by Thesrem 2 in case (21) holds for every P and r.
The condition B[ A/2, W(a)] es given follows from Theorem 2, §5, if (21) holds
everywhere.




!oﬁniaMtutt(ibg’)Mﬁﬂhpmm(&)
exists, we merely observe that
;_/T;“l (5-xs) & 13,9) +(9‘/.:JE",(I,3)/
¢ ($-x)+ (5- o)
1?!1:0&.@1"’“‘&. ﬂm;(r,f)ucfohuvim(r.T)fér
$§ PSR 03T S 27 end ALC. in r for almost all ) and in . for almost

R Ji
=—’—[$\ (v ) A st S
o 0

2T

ell r in any such regiom, ¢ > 0, end since w_(r, J) is summable for 05 r S 2,
oS 75:« wo sce immediatsly that & sumsatle fumotion £ (7) exists such thet

v T

rdi._,o 1;4.1(7 )= pe Moot = o, S[q(d‘ V) = W]a S = j‘S,_,v(f/,)j ‘(f‘/‘)
!Mifuufu‘-thomnmot 7(3’),an
2n

e g £ e bl e e fr | 7 S[wfﬁi yeo ]« fely | =

® ln X :
e b e <t < 5 10,0035
z 0 2 4 o 0

which temnds to szero vith r. Thus n(x‘.y.) exists and
(X, Yo) = , = fy(aua— -~ L ([_u(é Y) g0 ] A T ==

S TR
S
£
'*»_\,
N
<,
Doty
R
<
S

D U (r-vo “(53) +(3-3) “7(5,3)
¢ (3-%)%¢ -yt
- as we observed above.
' Theorem 43 mehaMugﬂ,M'¢(o)ho.mml
sdditive set function om G, end let { bo of cless D, on G, be zero on G
(25) SS';O(WM = "”({x Vit 8, Y, )dxay
5

o oy
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where the right side exists as a Lebesgue imtegral, V being the potential of
¢ (e) as defined by (1)
Proof: We first observe that, for any such & end Z , we have

U"‘)fx"'@?' )fy o .
{‘S[Sg“ el L L LT BN S L L SR LA RY

E-r)t6
exists and is finite by (10) so that the four dimensional Lebesgue Stieltjes in=
‘tegral without the absolute value signs exists end mey be evalusted by mesns of
the iterated double integrels in either order. Now let V be defined by (1)
end them, by using formules (3) end (ao).-mm

- -x)S5,+Q-y) &
3 jsj(;xl/x-f- fyyy)o(x oly =+ jf [55 e 7)3’ o(¢(cj’ﬂo¢kp(y -

o (x- Q‘Sx*—(j B, e "-'
'ul S[;S {x—S)?—-(-(/ ’)z ﬁ""‘):]o( ¢((},7)=g,[§(£’)0(¢/(j7)

which proves the theoreme
. Lemma 4: wrlmr'utumotm,mua{rg,[ =/ >0,
Lot r, and ¥, be the distances of P, end P, from a varisble point (x,y). Them

. ‘to(nr ) 0.5 ¥& %
oAx dy
- - M i4 = ol
(26) 0< ¥y, /)_pwzaﬁx JJ v, ¥, = = ) =
¢ b 4/ 3”g ' i
2 7 .

Proof: First of all, if new coordinates (x',y') are tekem in
with x* ® kx, y* = ky, we see that r] = kry, rj = kry, / =k / so that
¢ (er, )= y (rs /)2 k>0, Thus ¢ ® h(7). Honce we choose / =1,
Pye (=3 0)s Py(ds 0)s P, (X s §,)s and try to dominete the maximum of the in-
tegrale. clurlynuyt-by.'o.' Fow

e wesdiriagrbp e A o
t")* = ‘I‘a(/)l-l-y-:;)




Fow let r be fixed end < 3 end let
fixsy = (| [ex+4y y’J'Z[(x—z’}?ry‘]-idr Ly

((Kaa 7)

/(;c,,) ,!(fx[@:z)-f)’] ‘[Z-‘)fY] a(y

It is seen thet if x < =% = r, then £*(x ) > 0, and if =} ¢ r < x < 0, then
t'(x‘)<a(bynrorﬁ:gh(3ﬂ}.mu:'—> -3 = r from either side
£1(x,) > + oo and a8 x =% + r from either side f'(x )~ <« cv; ealso £1(0) = 0.
mrm)mmmupmmwz.-zi..&-r<i‘<%‘+’r.u¢
& relative minix_ um at x_ = O, In fact it is also easy to see that f£(x ) >0
for-}-r<x’$-%».n§~r<i‘<§.

1f r> %, we see that £'(x ) > + < as x — =i =porg=r, and it
is obvicus that £(} =~ r) > £(=F ~ r). Also £1(0) = 0 and £*(x ) > O for
g-r<x <0, Thus f£(z)) has its mex for x, = 0. This lest is evidently

Then

also true for r = 2, Clearly if there is omly ome poimt Pg: (0, 0), the mex=
2
53 (x*y) folx dy
CLR, )
umurorr’-r,.m-qm-zrr.

Thus, for r<;; , h(r) < 47w, Now let ;’ Sr<1, and let Pyt (X,40).

imam of

Then the nux-odiﬂm—c-(r.,r)inhmmwm lft:ud h-:n-
spectively, which are at & distence 3 } from P, snd P, respectively. Sines it

is obvious that U A,

T
(g*..,yz) 43

is & maximum smong all E with m(E) constant if E is a circle with center at (0, 0),

we see that
A(y) = ‘»‘1715

/
y T ETYEL.




If r> 1, then %‘0&4 (rlrg)‘li:;(xz*f)a
¥ o

hivy£ her) + f g (f.‘df/a}ﬁ 7 V3 4 !%T éﬂ/v

/
From this, the lemma follows.

Theorem §: lLet ¥ (o) be s completely additive set fumction, defined
on & bounded region G, satisfying
(28) vqb[c(p,v)-s] < Ayt o 0cdert
mchiroloc(P.r))?¢(R)dmnuthmimot ¢ over E. let V
~ be the potential of ¥ . Then V is of class D, everywhere, end satisfies condi=~
tions A[ A, ¥(2)] and B[ /\/2, M(s)] where

i "/‘ _’ _‘1";
/- V(5 ) : /3 T ¢ f o2, /A
@) /M= %5 vz ~ 53 "'1-_,(')“'() Ata s =/((5171"‘Zﬂ/¢(”]”z+“+'7 LA

4
mu%(m 5,7 )mdvt(:.y)mmdnnthopm«ml.
them -

M
(30) | b oy -Vier, 30 1% =

¢4

mGwe bave G1) . lVe,myie &= A /e"’/'i +47")]
(31) where ( is the diemeter of G. Moreover if G is of class C, and ¢ is say
fumetion of class D} on G end gero on G, then
ffus == [{(Tv+F§ V) ey,
P 5
where the integrel om the left exists as a Lebesgue Stieltjes integral,
Proof': bm(uwmv (E) is the variation of ¢ over E)

J/T >
Histioy= U [Cs 4057 (%5500 = {‘mr-e G % f der

(s2)

iy (X ) ,racz., o

o = P o
and we see that [(i )+6 U']
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(§ LCs-xd0 B=7)2) [6-0) +(E~y)] stecty € h (%55, 7)
eer T

~ for every cirels C(P,r)e Then it follews that

ﬁ (§ f l(f_-x)(s-v)'fb'r)(f-r) {o/xpli/] e gl Gieg,) €

5 5 e,y b (B + 5y ) T L5t +@-y))*
[( (ho(3,9, 5,00 LV, )] ol v g 7 %55 4,
e

j[ L, ;d&/(s{“],/ VJ’((W} t 7— Z (; ‘ol H 1s,¢ f)]p([/ tt

3T A (-4 7

it y"(g)»cy,u 2/ VelS) a N NG NALEWTE . . ,(s//‘,-+i+_@.]

-

for every circle C(P,r).

-~ Hence E-x)(s~x)+ fg-r) (€ -7) W i
(5 (v tev))dusy = g7 / Wy mmrery ol
CiPr) cr)l§§

;(7'!)15 1)*@"’)“ 4 oAxol y ‘-,(V(e )ol ¢ )é/”/g[i) I
3 r’; g?[{{gp ) [ x'eG-y ) e - /577 ] 2 ¥ i /ﬁ o
for every cirele C(P,r), all the E~dimensionel integrals existing as lebesgue
 Stieltjes imtegrels. Thus (29) follows.
Now R 4 :
)Vt'ﬁ)y)l = 1;‘77_ [j[as [(}_x)":'. 6-7]2JA¢(!35)¢—(F Lol lXJ/Jf)
' ?

R / /7
/ f -1 —— R -e - *—
= ;7_'—[/'((1,7;&)90)-E+ ga»f H‘(X ‘T)‘(“"é [}7 ‘J@ A '7

f mm(m)mmm,:mmnmtme(mva)ta.
 Thus (S1) follows.




Finally
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which proves (30).
hm(u).-mmmrmﬂ
B4 ((-x)f;-ru-y)f, 5 [§ € = 4.‘2*5;
T G0t G &[G +@—;}7§ D= G-x2 %G1
are measuretle with respect to the completely additive set functioms in
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Thus the four=dimensional Lebesgue~Stieltjes integral

(f ” 3015'0(7 o« ¢(r‘yl

b
exists and may be evaluated by repeated double integrals in either order.
Hence, by Theorem 1,

T T T L
since [ exists emd is given by the inside bracket whenever the inside bracket ex=
ists on & lebesgue integral.

Theoren 8¢ let < (a) bs completely additive set-functions defined
on the bounded region G which tend weekly to the set fumction ¢ {e) on G and
satisfy (28) wmiformly, Them ¢ (e) sabisfies (28), the corresponding poten-
tisl funetions V, end ¥ setisfy (29), (50), snd (31) uniforaly and

,e,',‘_ szVu_)s)’_o

h S

Proof': rmmn-e.mv.manmemmm

) 4 4 A
- —t =
LV, = Vool ¢ oy il [Vt“‘,w - Vix,y) | ¢ e ¢

the right sides being independent of m, From the definition end stendard
Wmm&w,itmummvtﬁ?emmmw
tion of the pleme. mv.:v::mmamzuatupm.

Now D,(V, ,G) end D,(7V,6) are uniformly tounded, lLet U =V -V,
4 ‘(0)'4"(&06)*4’{“6)mwmthtu‘ét!um) snd Y (e) > 0
weakly on C(0,R) which circle is chosen to imclude G in its interior. Now let
H_ be the function harmomie om C(0,R) end ceinciding with U, on C'(0,R), and let

L Sh N T




for (x.y)oac'fo.a)nﬂnt %n‘(:ou'h:mv')m.wm;um.
so that ”’z“a' C(0,R)] — 0. Also, by Theorem 5,
- (§ W, o o Flbblnle uﬁyuky)d,.(, =2,/ w,, Clo,RI]e _([(m.,u“; & e, Yol

c(o,R) ((a,q]
C(O,“) ¢ = Dz [L/“' C(o/ﬂ-Jy 7

since W~ 0 cn ¢*(0.R) ema E, is hermenic on ¢"(0,8). Thus

f&.\da Dt(uulgj = &'“4 b;[uh, ((o,lﬂ)]r- &"‘- fa‘»_[‘/‘nc“’/ﬂ’]" Q[LJ,‘,C(O,KJJ}_;O
“@ Fed
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§7. Hear's Lemuas F
Definition 1s By "almost all rectengles” in & region ¢ we mean all é
{

rectangles (a.,c3 b,d) in G where (a,0; bed) is not in & four-dimensional set

‘of measure zero. : o L

lemma 1: Let A(x,y) snd B(x,y) be of class L _ { 3 1) over the
simply connected regzion ¢ and suppose that
| g*Aclx“'Bo(‘/’O
for elmost all rectengles in G. Them there exists & function v of class DY i
on G such that i
dyvad .ZQ,U’:B
almost everywhere on G, The function is umiguely determined up to en edditive t
constant plus a null function, ' E
Proefs Let D2 («,y, A/ ) be a cell interior to G. If &, i
"<u<[5/ is not in a set 2, of measure zero Bla,y) is swmable for E
r<y<dJ muciamn;mwmm.z,, I<c<‘/',th %
g



A(x,¢) is sumable for ¥ < x< 5. Also if (a,e) 1-:& in e set Z of measure
gere, the set Z,(a,e) of points (b,d) such that

¢
JAdx+3uay = {[B(eﬂ) — Bea, Ty = [[Atred) = Acr, ] oA x
R* ¢ ;i

fails to exist snd be zero is of measure zerov.
Hence, Wumttn:’..notinzr (a,e) not in 2, end define
4

X
W (x,y) = fA(S,C)d?-I' fg“‘:'ﬂ"('? ) Xt 2y
(4
" X
vlu},:,,-_ge(c,”d:)-f 5/4‘(}:1];(}‘/ yp‘z‘/
(4 a
Mitnuqtomwvl&.y)um-uwhh:r«nﬁy
‘Ddﬁl‘h‘

€t «
{[-V‘(X,O()-Ul(xlbgo()(:—IIB(A'}YIA(K,(,
a |{ ¢

for every (a,e3 b,d) and slso that v,(x,y) is sunmable and summeble in y for

each x in D such that
oA

e «
f[vltl/,:)- v, (e, ]y = U’“‘n’/ el y
Q¢

14

for every (a,c; b,d) on D, ¥oreover v, and v, coincide except possibly on &

set of measure zero so that either one satisfies the condition of the theorem.
lwuvlmv:mnymm«ﬁmqromlniuﬁm%

m-uﬂmu!*t‘ﬁwlvnﬂ.ﬁbgopnﬂmmpnpwtht

] P
é[V(x,d}- VeiyerJulx =0 § LVie,y)~Vea,ypi] oly = ©
mfimm«uldutht,nﬁw(ub),wtho second for & and b not

in Z_ and eny (c,d). Thus our theorem follows for the cell D, It is cleer
how to extend the function to the whole of G. .
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formqmmucwin y(z) for which
o

(2) LR S

s
Then ? is constent, exsept possibly for a set of measure sero.’ If (1) holds
for every tounded megsurable ( (x), them £(x) ® © except possibly for a set
of measure zeros

Preof: The second statement is obvious, for we may take ¢ (x) =0
wherever f£{x) = 0 and T

(1) & Al
s,

wherever £(x) ¥ 0.
mwmwom ;a(x)nthlttuu
f(x) "'()&)-\‘-ea {y(x)c(x
and £ “
ST*(K) oA x = ©

a

Thus o /
jf(n)[ytx)— i f‘/tﬂdx oAx = 0= I{f(“- —/—c-f fy'dY/ ytwd-x
tarmwmm ¥ so that :

/(xl =f-{¢: ff(x/c(x

elmost everywhere.

Lemma 3: Let u(x,y) and v(x,y) be of cless nima‘r-puﬁulz

on & cell Rs (a,e3 bed) ‘“;3,“1.;, we include the cese p = 1, ¢ = =




{or p = ©°, q = 1) by interpreting this to mean that v (or u in the second case)
satisfies a uniform Lipschitz conditlon on R. Suppose that v is absclutely con=
timuous with |7 |? swmable along R", s demoting arc length. Them

Proof: First, we may extend the definitions of u and v so that they
mdclusb;ma;wwlymmm,m lnlnnhoﬂvt
be the usual average functions. Then

(s) jj(“hx “7’ u“ \a(xdy_fu o(v--.S v, o« :_ka“hs oly
R R R*

Fow we know that

. . -
A_m U/‘“ =l % e T = &y Yetxoly > f_;;S)/w Al =R = T ety
R
nutuusﬁwmm%mt‘mumumt
$ SJV casyo = Tenya o Lo (g cxn pr=Ten, o1 My - o
C
4 ok
A j[uh (%, ¥o) ~ Ty e Lo ([ txo,y)= a(/(o,}’”&)’: o
“_,.,9 “ s L

-R-nlyh( % 4¥,)e Thus in (3) we may choose {k | end let m > obtaining

SS{“‘Xlz;*u“fl;;)c‘/xo(y:——_(y_.uhs0(5 = Tlas”
Inthi.wuytahh*\mdhtasoo end we obtain our result.
Theorem 1: let G be a bounded region and let A end B be fumctions

of class L. on G (% 2 1)s Suppose that

(4) §§(4§‘+6§Y3Axd/=o

for every { satisfying a uniform Lipsehits condition over G and vanishing on G .
2

" Ady -Botx =o
(s) g .

for almost every rectengle R in G, If G is simply comnnected, there exists a
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function v of class D:( on G such that

@y, LS,

almost everywhere, If (3) is satisfied for every ( which satisfies & uniform

!_.i_plohlta condition on G and if G is also of class L, v may be chosen to venish

S
Proof: Choose (x ,y,) in G and choose = > 0 and h> 0 so that the
rectangle (x -0C , y,~ ho s X +x g+ h« ) is interior to G, In this rectangle
we choose coordinates (r,s) as follows: Given (‘1"2)' r, is the value of r for
which the rectangle R : (x.- Ty §,~ bry x ¢ ;'. A hr) contains (xl.yl) on its
boundary, and s, is the are length along R, measured in the pesitive direction from
the point (x + r, y = hr). Thus our rectangle conteins all points (r,s) for which
0SrSx 0% 8§ 4r(l+h), YNow, if we let { be a function of r alene defined
and satisfying a uniform Lipschitz condition for all r end venishing for ra
we see that { satisfies & uniform Lipschitz condition in (x,y) on G end vanishes
on G' Our integral (4) takes the form
SS {Agx + ch)o(xdy - f{rycy)c(r LAYy - J ALy~ 8Lx
0

7 B
end ¢ (r) is certainly summeble. Since [ (0) mey have any value, %r is per=

fectly arbitrary, and it follows from Lemma 1 that y (r) = 0 for almest all r,
0SS .
' Now if we determine & rectamgle R in G as above by the numbers
(x 0¥y srsh) we see first that
\P("-,yoJ‘Y)/\) = ‘Se*Aofy— Bedy

is measurable in (x'.y“.r.h) and hence also in (a,c3 b,d) since we have

arl e of TimE €-a o ol ~c
C‘f-!u"'f’ !':xo‘('Y')(:y,—[\r/ d‘-")’o"“"/yd:‘z_) Yo 2" 2 B e 6’:

Also, for each fixed (x..yo.h). we have seen above that the set of values of r
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where [ is not defined or is differemt from zero is of measure zero, [Hemce
except for & four-dimemsional set of (a.o3 b,d) of measure zero, we see that (5)
is defined end equal to zero. If G is simply commnected, the existence of the
function v setisfying (6) follows from Lemma 1.
!epmtholastmtuunb.lotshahoorclml..wvboa
function of class D! on G satisfying (6), and suppose that (4) is zero for
every § utistyingaun:lf‘m'upuhits condition on G. let x = x( ,4 Yo
y-y(f,/,)hsngnmropmtimofcm;Loftporhimotaonl.ecll
Rea$ 551:..05/7 $ 4 such that the points 7 = 0 mnapmdtopomnofa'.
Let w( ¥,4 ) be the transform of vend let y ( 7.7 ) be that of a glven
Now, let P { 5,9 )} be any funection satisfying & uniform Lipschitz condition
on R and zero on the whole boundary except om the points 4 = 0, &< { < b,
where it may be arbitrary, Bvidently the funetion  (x,y) defined as the
mor rmthotmfomofimduradmuntuﬂusuufm

Lipschitz condition on G, Our integral (4) now tekes the form

§§ (A5 + DG Yotxy = ﬁ/ngr g 7, ) Axdly > j)’/yg st y) 2545 * 4}:775515 -

p 5 = 1750 p,05045= 0.
for every bcnndcd megsurable function f$( 3, 0) suoh that 3

SYI(;O),(} f (£ 0)~ ¥(a,0) =0
Thus w( {  0) is e constant almost everywhere. It follows that v tekes om
cmmbmdlryy‘lmaﬁ'.

Theorem 2: Let G be & bounded region, let @ (e) be a completely ad~-

ditive set function on G, end let A and B be summable on G. &mﬂth&t. for

each § which satisfies a uniform Lipschits condition on G end vamishes on G

we have




(7) [I(A§x+afy)/‘dy+”5'a(¢a)=o

!hn,fornhutdlnohg‘luxhe,nhu
(8) jAo(,-de=¢m)

Pmot: Let Vv be the potential of ¢(-). Then

!j.§°(¢‘ Y Sf(’/xgx*‘/yry)dvc(r
g §

for every ¢ mmammwhmanmommm;mu“
Thus for such S

WICAZ RIS A (3-Y)S ] oty #'0
m.mmalmx.u&-

5Ad,—3,z,‘,jw,,-u oy = PCR)
Q'ﬁ
Theorem 33 mah;!@udcmace.ldkadnbdmx,

on G, let ¢ (e) be completely additive on G, end suppose that P satisfies
the conditiom

v, [Chv)8) 2 fivh Az0

where V, (E) denotes the variation of ¢ over E. Suppose that (81 holds for
almost every R in G, M(Y)m‘rwmggddeiaswiaﬁw

ishes on G .

Proof: By Lemma 3, §1, we cen find & sequence {5 ) of cless "¢ on
G, soro mear G and such that Dy(5 = 5, 6)—> Ou let ¥ be the potential of
¢ (e)s Then V is of class D, everywhere and

( (h-v yety -(8-4,)#x = o
2*
for almost every R in G. Thus if § isofchn.ni-nevlﬂ\n'({,ﬁ) finite,

) f [ea-uy, + (B-0,)5,] ofx oty
)
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exists as a lebesgue integral. [Henece if a sequence § s { es above, then
(8) will be the limit of the corresponding integrals for Sn' Woreover, by
Theorem 5, §6, we sce that

(10) SS[(A" 4) §x+ (3 —%)cy]‘/’dr . j.fug,‘f Bf,)“"‘"/*ﬂf“‘?(;’)
¢ g

Now we cen find & region G of class C' for mhntithq: < G such
thet § = 0on G end

(Y SfLca =R)So B=V 0 Jorare jSJ LCA-%)E +(B- “) 5. et <ty
5 n

Bow if 7 is any sisply comnseted subregion of G, there exists a function v
of clags Df in 2 such that

V=8~ , ¥ e e
elmost everywhere in Z . Hemce if we define A 2 and B > as the iterated
average functions for (& = Yx) and (B = Y’); we see that they are of class C'

on G (if b is small enough) withA > +B,: =0, Ths

fS(A a,(-'--B § )0(& df‘—jjgzﬁl *‘3 )’(Kd}':’o
Byhttingh-’ 0 it follows that (11) is urotu'§ and hence (10) is zero
or (25) holds.

§8. Differemtiability properties of fumcticns minimizing & double integral

In this section we comsider the functioms 3 which minirige an inte~-
gral. p
. ol x oL
c,)g) SS/(W, z Lo 54 1 D ok Ay
. &
mulmﬂmofcwDévhaohhhmgunwmdarymmme.e
hts.n;amtabeotem-cz. Inunthtgimbomuhuanmtir
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uowts and there exist numbers m snd ¥ with 0 < m$ M < oo which are independent of

(x27sp+q) such that =
() 2P E LT Z FPERIS

end if 2° is of class D with D,(s,6) finite and takes on these boundsry values,
we have seen that o function s exists which minimizes I(2,G) emong all functions
of class D} on G and coinciding with 8° om G, and that % is contimuous on G
end satisfies conditioms &[ A M) end B[ A /2, §] on G, where A =m/,
M = Dy(2,6)s The latter conditioms are satisfied in G whether the boundary
values are continmuous or note It is assumed also that f is continuous im its
arguments and convex in (p,q) for esch fixed (x,y.,3).

For the purposes of this paper we shall assume in sddition to the

above that I is of class C' everywhere snd of class C", except possibly whers
p = g = 0, 1 ® 1, <eee N, vhere the second derivatives need not be contima=
ous, and that there exist functions Jm (R) end ¥(R) defined end positive for all
valuves of R uahjhnt :
w (RN Z S a4 Frepn 59" fpagp F30 s Foepp 257+ f,<,,7°‘¢f_<

Phe v ¢+ @) Agaasobyioos o et i 2Ry T80

(%— ( fp.'x.r ff.'y-*}?.’x*'{?"y*' ‘f'-‘* [+ Hz.'vp*’,.f ?,—',(jp"zf *ji"l" +|f2iz J}) fm

ey

& ’
for all f,?‘) ;&q‘uﬂforanx.y. 3* with /‘7(@)2,‘;"*7'

v 2

=y
Clearly any function { which is of elass C" im all its arguments except possibly

mupl.qi'o.vmohuhmmofmzn(p.g)torcuhﬂxﬁ

(x,y.2) and regular (i.e. with
" e o /3 «

g 2
e
5
f
!
L 1
) i
B
!




a positive definite quadratic form in H (,. %¢ ' for each (x,y,2,p,q) except
possibly where p- = g = 0) satisfies (2) sutomatically and hence satisfies all
of our conditions if it satisfies (1).

Lemme 1: Let £(x's eees ) be continuous for all values of x end
of class C' except possibly where X'+ © vee = X = 0, in the neighborhood of
which points the first derivatives of £ remain bounded provided (X', sees X°)
are in & bounded region of kespace. Then if X" + | “end x', 1 * ktl,eessn,
are not simultensously zero, we have

fox'+ }"} 5. copfipipd yoa ftx‘, cem X DY e Ak, Sy

'

/ ?
A‘.(J(";) = ‘j’f-x‘-lx’t fs’) oy x"_‘_.fxﬂn) o'(f) RS

the function of ¢ vunder the integral sign being contimuous except for at most ome

value of ¢ in the interval and bounded throughout, Moreover A, (x,y ) is com=

timnuous except possibly et a point (x,§) Mhthtti't }'iqwxi'e.

i= k41, coss Ns
Proof: let y (%) satisfy & uniform Lipschitz condition on (0,1) end sup~

pose 7’(t) is cortinuous except possibly at ome point in this intervel, Then
/
y L) - 7(o)+57’{f)a(f
Hence, let ; °
ylf}:’ f[x +tf,/ ey x“+tfh)
end we see that the above conditions om | (%) are fulfilled with
gty = S fatxtty)
The stated continuity properties of the A, (x, f ) are evident from its form.

lemna 2: Lot t(xl. vsss £°) bo of class ' ‘everywhere and suppose
that each of its first partial derivatives satisfies the conditions of the { of
Lesma 1, Them, if x* ¢ /' and ', 1= 141, cees B, are not simltensously

gero, then
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'}1‘” {

/ “ “
g{/‘ﬁf"“ﬂ[(/*f{, oy A EEC) AP
o

"

A{~)« «, %)
the function under the integral sigam being bounded in ¢ throughout snd con=
tinuous except possibly for one wvalue of ¢, The functions Lu(x. ¥ ) ere con~
tinuous excspt possibly for points (x, 5 ) for which

Y emt="0 T onak®e T b,

Proofs let & (t) be of class C* en ( O, 1) with ¢ '(t) satisfying
e uniform Lipschitz condition and ¢ (t) contimucus except possibly et ome
poist. Then we verify immediately that

P =0y +s Y’(o) + JL‘”}’”/"‘J’(f’- ployesgoy ¢+ g(s ‘c)y(zja(z

for - X

o
Thus, if we let
7’(?‘,) = :f(x’f-t}”/.../ e £54)
we see that 7 satisfies the above conditions with

pCr) :}'t“(x*q- 55 Yo puplideise f‘!"fx%/‘“fﬁ‘),

The stated contimuity properties of the “13 are evident from their forms,

Theorem 1: msboo:‘aimnéonun&imcorehnc}dth

n}(z.s) finite, end suppose that it minimizes I(2,C) smong 21l such functions.

which take on the same unhﬂu. Then gz satisfies Haar's Dgutim

W osreindy fostbirictyo e 5 JH,., Aoy , 2l

on almost all rectengles R in G.
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Froof: Let ; satisfy & uniform Lipschitz condition oft E. venishing on
6.. Then

Yl/\) = l_(z +A§} 5): {f f(x)YIZf/{ K) p +AT 7*4&)‘/:“7 =
5

g IS [f“‘,y,?/ £ 9 )'f'/([g*fz““())'li) f),S’) f—ﬂ'a‘f/”‘(";)',zjﬂ/f) *k(fyd“‘/ 712./’/9)) i ‘“ ki

9

C
e
+ 4 {A<ch,,,,-;\3n“ﬁ/’f ijmy,-un“zh Qef(x,r)k"ﬁf’+ }:p K<k P +q;/7":/‘+

‘-[f*f‘
£ 3" Py FI gERB £% ¢« 5 ¢ 11508 tex, B
where we define T asle o o il "ﬂg" i "/3("””{ 5 ]] y ;

] 3
/ = f=f : $ . X i ; | ‘
*c(/s i( J{/’gfﬁ[:() Y 2‘(X}y.)+'{/( r(()(/y)/ /’l(xj)/)f- 1‘417(1)(/}’) /7{("/71(-,2‘/‘ KI(K/})]D(f -i,‘7 i
)

/
o I~ ¢ L]+ C, =(u- a4+t /-, (
“p EL fragpE 4t G 46 Fpeyp ’b“/‘_;ff“éf‘ﬂ‘ f'“l/’:‘,%.” fyea8”

F‘A % ‘sau-”f&"Z/‘ ¥ ; z il
et those points (x,y) where we do not have p (x,y) = g (x,y) = 7 (xey) = £ (xsy) =0

or where these functions are not defined [:1(_:.7) and {'(z.y) are continuous]
- all such points constituting & meesurable set; at these points, we define

By = Cyy = ‘fia‘"‘iai:'”i:"ij‘ 13 = O+ We then define

& {
2 2 / l " & /
B‘.), {{/‘/)" ,3;.‘.(’) Y-’ : b,-)'("/y) - D}," (!f/y) p flj (Y//J = f;.l.(y/yj

throughout G. Clearly all these Nmotions as well as £, t,,', end £, are

measurable functions of (x,y,A ), end since p end g are of class L, £3-is summable

and tp,- end f . ere each of class L, in (xsy)e Also Ay Bjys Bygs and C

ere uniformly bounded, and

M. M
S Z 21000 @)+ (e1) (E2)% 1551 txy

Ui
3

ij

is uniformly bounded if [A|S 1, Thus

1 Loty 8 )= Te2, 503 = A (LR v fpur ik f otxkty | 4 kAT




:«r-nA-uh Al §1e mamm 7(9)«“““
7(0) = H/f 7‘,_.Lr 7 f/,,, +/lj,,‘)c(“(y

But y“)h-umm A =0 so that ¢’ (0) mst be zero for every &
which we have admitted. Prom this, the theorem follows, using Haar's second
lenma.




lctlct!boan@motehuczﬁthi < G. Them if h is a suf-
ficiently small positive mumber, we see from (3) that

(S) g f,,"[xl‘/} 2‘()';)’)/,”’('///)/ fl.(l/,j]p(, _/,(.[K/y) zl" f;;ljf{x 'i[fzjztly fI;’ ]'/((’
Q#

g -J»P..[:(PZ, X?', “ ’”"/7)/ I’I“"(”ﬂ, 7/(1 l-(/ y}]dy - //"/’ #, ylz’}lf[/.///,Il'/n’/yjjy’('txjyﬁ
(4) eo*

g “ f'zl'l "*L,r,z"/x* 4')//"(1&(/7)} ,’?1“}'/70( xef y
R

(5) f/“ /X,/f( 2x JIPeN, p Log Cyek), 7'fx,yf<)]’// ](; [j/*‘ 2%x X, /L) /’/t;ydjfify,q/
gf-zr'["ly", Z’.(u(l/u), p’/x,y,«zy,;’}x, yrk )7'/; oYy

hold simulteneously for almost all rectangles R in H, (4) and (5) being de~
rived from (3) merely by tremslation.

 Next, define

2 2pel gy —2 04y O o 2yrhos2ltayy o, >
[’A('))’) = i ) 74 )Y 7 ’ po B ’

Then, if h is sufficiently small but positive, we see that p: end q: are

continucus on H and of class D, on H with !
’ ?/1){+L) )/)-f""’l Y)

¢ PI"‘*LI - /,Q"“ i
g = L . ﬂ., -
6 ’ ' = ~ ’5 B,
- . l"“;/#h/"“n’) 7( MRS Al yrly - §yy
QA‘ : 4 ‘Y > %

[

almost everywhere, If we now subtract (3) from (4) end (5) in turn, divid=

ing by b each time, We oo, using Lemma 1 snd (6), that p, sud g satisfy (7)

eid (8) below, respectively:

h B ey 7y 20 1) s
( (d"/’ &“*é'ﬁ Py * %ip ff*] Y e /’A/‘*?,,; Py o pledyans

2(k) /, ;,u‘) A

=§Rs(d'l'/l[)hx 4,(, f"y""{(’gf‘s-“{ ):Axo(y

(7




B -/u.; p. =it - (4 e A — tlas =
( (a P Guyt "/‘ ?‘l d,'/, 7/‘/5*3 s )edy— £ {1,5 Ixt c/{:)7;+‘,/: 7/‘ “)

_l(l\) _2(4) =4 A
£ 746"' “ 7A+( }"(“{7
p
94

—mmmu:(uuu-ﬂxw).m-.mm

@ il

“ Ay) = g)‘pra[’““; yizkyrttfe ’f+£y)-"‘i‘w),/"‘/ﬂ +

et{p mws “r “,7)‘} T 1y 14 745 tart Y’-ﬁ"’/ﬂ)]”"

1lh) I
g H’I’}‘“H ; c.‘,.;f}Ly,-r‘m—, ¥ ,Hf,_,o(f {"H;'zi‘”
s, : 53
_flj sz z,.\’(t; 7"/”* t" /< /]Lyxd/'l ; Ifzxoff-

utuxmmumwmgcxm-hwp‘(m)n, (xs3)
e m)“i(!ﬂ)'ﬂoi"la sees N, or at legst one of these is not de~
fineds am#thnnym

(0)

]

(l.) (&) y, ™ na 1Lh) &) (&) (&) Y] (4)
o o X i £ . o ) Ta il PR LR e
Gk o =237 LRRUIER AR IS A R ;
We them define
2(h) ) 214y (k) 2 (4] s
o et T C Mg zec T inaenal i gl
i )t ! ) v /t / ‘) J!

all over K. Clearly the a3, stos, ney be defined analogously,

It ie clear, first, that all of these funetions are measurable,
Fext, let f’. sose f”a /7'. "nﬂ;"/ be any values, end let (x,y) be any
point of K = §,. Then p*(x+h,y), p (xy), at(avh,y), emd o' (xyy) sre all de-
=5 5toe {1 Ty ot

=

G) ; 5 L d‘” Yol £ 5 g el gag /72/}'+¢"J
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mmamtf‘/pm..nmmwummmn
(9)e 1If (x,y) is in 8, , it is obvious that (10) holds. Similarly (10)
mmmw;‘.’j , te. We can shoose & and ¥, independently of
h and everything else ocecc rrinzg in (10) as z is continuous and hence
mhtmmﬁmtumx,m,wm,xandymmm
mmm&. thhum,itumytomtm-nuy
Mul,Wct:,y,hmﬁM

7 s ks € s 1
| .

v L
FIZ {k”ﬂﬂ“ﬁ')*f," (xfl,y):){-[(/ t)y(x,y)-f-f; el yy) ;o{/
0 :
/

¢=1

— N ' )
= g Zf[f""ﬂ’]“ /—/v{z+417)7+/—( y}]sf-[-)‘l((fg y1) )01;

m.mmaa.m:fi-imuyu-n.nu.tm'm-xw-x-m.
A cn/l,mm
4 ‘ L (h
( ‘{Z Z [{d”” é{uu} ({l 4 e(L}jz+ /)(‘/U 2
(z) #-conp

i ZA’[G(:.J 1 u\J L, {(()])'p(x'(Y° kr

LA
Obviocusly, inequal ties amalogous to (11) end (12) hold for the d‘.,- » 8te.

Now, suppose that H is also simply eonnected. Mv"(x,y)htho
potential of the set funetion
¢‘.(¢>: f( fz‘-{llylzl; Pl; 7{) o(\to(Y
7 DA R ‘
Since |£,,/Fu(R)Z (pf * a!’) and since & satisfies eondition &[4, ]
J:I
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on G, we see that

' - A w
Vg Lethe el b C T s Ry A

where a is the distance of P from €%, Thus, we see that V is of class
D all over G and satisfies e condition/A A , X'/ all over G, Then,
it follows fram (3) and theorem 1, &6, that

Ty e T R
Q-‘ ‘

around almost all rectangles R in G so that there exists & function
v which is of class D and is easily seen to satisfy a comdition %// ,u")
on ¢ guch that

-ty e ot dgomf piage BV

alnest everywhere. low if we let

" » Sgte ‘ Vit ety =i, vi
- “,\/\: i+ L,y VlK/YI' K,:("/‘/J’—' YL ;
h L 4
' ! 'y &
Plr V‘I"’LJ\I" V‘ll‘,y) Q"/l’yl‘ l/(r,wt.)—-,l‘ &Y v
e - 7 2
) / h h
A A
bz 2 B,

we see that all of these fumctioms are of class D and econtimicus on H
if h is small enough and their derivaetives are given almost everywhere by

L formules aralogous to (6). Now, if we translate (13) to (x+h,y) and (x,y+h)

and subteact (13) from each of these and divide by h, we see that

( ’ 1Uk) H&y B (%)
(u) J:**Trl.\/: r[;f41+{:{s Ply a{,[s ‘Pl\ 5"
" *) (k) P 1)
P/nl- hy [‘{5 f“‘-rclpf) C/L FA +£1'

)
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(18) { i ] kk7l - c‘//z fay * 'ﬂ 7"/".d"/‘ bt 3.
z b ~20k) A ~ (4 e CR S Lo (4
Sl bop e “p e
L) 2(A1 Ve, ,4/

s o R AT A P H/ pobn® S Paytf g phe £, Jueay

kﬁ

2 214} =505} /, {4

B 4

_ 24
(17) S Q "(Y‘ Q ‘(%-—J]( /\ 74 ‘-/s 7":3 f 7“ g )dxo(y

R*
almost everywhere, ete, It is also invortant to notice that htere exists

en L such that

/(1

1 indevendent of h if h is sufficiently small.
In the lquol,nsml prove that a family of wvector functions which
setisfy (18) mniformly and satisfy a set of equations of the type of (14)
and (16) or (15) and (17) where the coefficients are all measurable
and satisfy (10) and (12) -unifo!aly on a simply connected region H of
class C ,also satisfy a condition & /., ¥(a,d)) unifornly on i (i.e.
the same 4 and ¥(a,d) holds for all the Mmetions ) where 4 is less than
the saaller of HAf and m/Ai (from (10) and M(a,d) depends only on a,d
(as in definition 1, 5), ¥,m,H7,X, and L (the last two depending on the
first four)e From ‘hhil;uﬁ theorem 2, 5, it follows that p (x,y) and
q (x,y) are also of chzﬁa D end satisfy uniform Holder conditions om
each closed subregion of G.
It is shomn further Adponurning the solutions of the above systeus
[(14) ana (26), ete.) fhat 1f the a“.:.l , eto. also tend to limit functioms

5§ % [(PL) % (17;'),; (k1) Z(P:') p: (Q:Jl]o/; wy Ly
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e, (x,y) alsost every where and if the solutions p:'lnd q’, tend on
gubresicns u-iformly to limit functioms p’ and q ', there the limitins
pmotions setisfy the 1i-itins equetions. ¥Now, suppost that we asyme,
in addition to what we have assumed about f{x,y,%,p,q,) that Shore is a
point (x ,7 ,8 » B s 4 )s Where (x,y ) s Cend s =s(x,v),
p.=p(x,¥)sq = q(x ,y ) for our solution, in the neighborhcod of
which t!u second derivatives of ntiky uniform Holder conditions.
Then we see that, in (7) end (8), ‘pi:) P and g =>q on each closed
subregion of G sufficiently near (’, '7.,) ¢ and the ;j‘ » ote. converge
unifornly on such sets to the functioms a (x,y) ziven by
a s deni e iply’) €= frias) (i-;" IV IOREE Y,
/ / 2 :
ol = fp,-z» : o{.). - )‘Z‘-N' ’ C,-:‘- BT, cf'j= PR R e
4 = )LP"* j bE =Dfer | £ .- fo4
and the & are de’ined amalogously and all satisfy wniform Holder conditions
on some m:all cirele with center ab (xo,y.). It is also shown in the
sequel that ary solution of a system of equations of the tyve (7) in
which the émffioimts satisfy uniform Holder condition must be of
class C' with its first derivatives seti.sfying uniform Holder corditions
on ‘nterior regions. From this it follows that the first derivatives of
P "md q" s ie®e the second derivatives of s", satisfy uniforn Holder .
conditions w the point (x ,y )¢ In this case, it is clear that the
z ¢ satisfy the Buler differential equations for & minimiging furction
of class C '
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Lemna 1l: Let

(1) y = A“ﬁ X“X/""‘e'&‘}(‘M

be & guadratic funetion such that there exist numbers m and M such that

) e S Agﬁx“x/' sﬂ‘g'xﬂ, V&= [

(2

Then there exist mmvers k(m,¥) and E(m,M), a number C, and mumbers

. endb _ such that
“ i " .
ST g Kcw, /1), élw,/‘”é 8, =C= K“‘"»”{% 8,

“ [ L)

2 ’

kiwyi) 2 85 24 ki MZ B
iy s

(3)
and such that
(‘) A‘Px"x/’+25,,x+c = “:i" @..‘x“.,.(‘.)z.

Further ore if A i and B, are measurable funetions of paremeters (s,t),
C, 8, and b - may be chosen to be measumable functions of (s,t) over

the same domain of definition,
Proof: 1f, in (1) we let x' = y ' # h' , (1) becames

) AP 2la 4 by A k4l B kT

Let us choose h' and C successively to satisfy




(3') A(‘p/\/‘-e- B2 0 A“PAA/:- Z B,CA'(-( C=20

and we see that (1) reduces to
(7 A,‘I;y"yﬁs w £ C

" Clearly ¢ sstisfies (3) and the h 'sabisfy

e wp S zZ 13,-z < fj e Kiw, p) Z B

o
for some k and K.
Bext we observe first, by letting x‘ = 1, x/ = 0, j#i, tmat
mlA. S¥ .
Next, by letting x = 0 if k 4 i or j, then

. gt >
<2 v 2 . . ‘ 4 o
pa (X 4 X9y 2 A e 28,500 Ajx° 2 M1 ixte 620D

so that
T
A A =A% 0,
and hence
[ ] ¢ M.
 How, delfine

o« -
gz Aupy 1l 7 g,

z A A —A,A \"
LA, ) g LATET 2

ad one sees tuat Y, is independent of y' as the alove coefficiert is
gero if either x orf} = 1, m,irné-m;‘i '
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we see that
y+c

where y, hes to be positive definite in (y°, ees , ¥ ) 88 the normel

2 k>
e B R O

form of U is & sun of squares.

Yow, first, we see that each coefficient of ¢, is in absolute value
& 2u’/a, and henoe there exists a mumber M (N,:z)> O such thet
(8) 2 Tyhs 8y yBoa /‘7‘2-: &’
!ﬂfnr(;‘)z F gee & (3&"‘)t = 1, each ¢, arising as above frome Y + C
hes & minious d which is > O Let us choose & soquence y, such that

a oy e 2

) w2 ') 2y tyIrip ¢ ] 3 Y

Uisd o
mdt/m« of points yfmchthgt y,’(yr)matotmmm lower
bound of all the ninima d. We may choose a subsequence so that the
points ¥y, - y, an the unit sphere  (y)) * ees + (y)'= 1 ana
such that all the cosfficients of y,and v, tend to limits, those for
¢,» being dekived from the limiting forn , #C,, say. But Y, #C,
again satisfies (9) so that y _ (y ) must be > 0. In other words there
exists & num er m (m,M) > O such that
(10) ¢, ) 2 m,lm,/?)‘_Z—_i;(y")l
Bvidently, 'n may repeat the nrocess mrting'ith 7-n&our lema
follows m a finite nunber of stens, The last w is obvious from
the above specified method given for obtaining tfb fun\*ptim in questione

\
\
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Lemsa 29 Lot 4y, (x,¥)) » m = 1,2, ses , and y (x,¥) be of class

L P on a rectangle R:(a,e3b,d), with

(11) SJ ,Yh(x/‘/)/pdxdy < 5/ /97/'
R

¢ being indevendent of n. let

(u) 'eyw Sgy" "’JY) Ax Ay = .U}'(’jyjo(xo(y
)

w —>ob -D
for each cell D in R, Suppose that A(x,y) cnd{q‘ (x,y)y o IR see &
are of slass Ly on R, with q = p/(p=1), and that
70 SS'A"_'”‘}D('“(V:O
n =l R

Then

L, wn S(Ah‘fkdxt(y = fJAYJxv(/
L s ed R R

Proof: PFrom the definition of weak converzence in the smLp,anﬁ

from & well known Qhem*’{:mning this type of converzence, it

follows that hypotheses (11) and (12) are cquivalert to weak ccmvergence.

Hernce
;&:w SS Afa‘/"'{y’j{ﬁrﬂ(ﬁo(y
R R
Also, we have ,
T o JYIQ[SS ’Y“’Pd”l’] P[HMA-A/’maly]f
R R .

*) Por a direct -roof, see the a:thor's peper D.#.. pp. 129 - 181,
##) Sy Banach, "Theorie des operations lineaires”, pp. 133 - 135,




which tends to zero as n >-c. Srom this the lesma follows.

: Lezmma 5'): Let {uh(z,y))and u(x,y) be of class D! on the bounded
region G with D&(uf, 6) unifornly bounded, and suprose u, »> u (in our
previcus sense) on G, Let the functions g(fl (x,y) wand b'ai (x,¥)
be of class L, on G and converge strongly im L, to the functions a,.-(x,y)
and b,-)- {x,¥)+ Suppose that the funetiocns o:?)(x.y) are of class L, on

@ end converge weskly in L to o‘(x,y). Then

q f L( Zw 1G]
I;(z’( . L( '('( f()o(:a(/i §§Z(4 h/’r/ ﬁ J.,(‘.(,
PP o

How, let ‘/J' (x,¥), ".-,‘ {(x,¥), e, (x,¥) be uniformly bounded and
measurable on the region G of class C_ and suppose thatthere exist numbers

m end ¥ , indecendent of (x,y) such that (13)

b T a < " = el
S G A AT a‘pf fff2€pf7/+c_lﬁq‘q/s.‘./7‘% ($'¢4°)

A*P':Q/“’/ C<p-‘cﬁi
for all ( 3’,?) and almost every (x,y) in G, Let 4 .(x,y) and e, (x,y) be

of class L, on G and let £(x,y) and A, (:,y)aﬁ! (x,y) and C . (x,¥)
be deternined, as in lemma 1 so that

(14) I § o Jtsocs o P o e, n,“a)/’+za(‘r‘+2c*l,ﬂfs _2_[/4‘-‘5.‘\« 3,.,7“&4)2

the identity being im (X,¥, 44 )e mma(_}.ma s,.J.m bounded and
munbh,thtcl. are of class L, ., 8nd £ is sumable over ¢, and we

have two numbers k(m,M) and K(m,) such that

koic /1)2(4 velyef s k(u./)JZ_[o( +e?)

OBy

(141)
Kew ,P) 2 (A v ¢) 5 Z Cle Kim ) .Z @«'2* *)

e = !

) See DeE., pe 132,
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We now define the integrals I(u,g) and J(u,8) for functions of class

D, by
Ttu, %)= ”(-’u,, e 24, oy ey ) e

9(“,5}, [J[R “, uﬁ.,c 2(/5“ uy/&.f. c«ﬁ . y+(0(¢“x<+2(.¢“y~,']/)’(xi(y
- ﬁ «<
I(“,"{ %y ”L“:/“«/’“’ *’,,.“f)*’*, /{#“f*‘«/s o, PIL

< I
il“,\’,.s) :,ﬁ[\r*(adp“x-r/ “ fﬂ(,()‘l' U' ('( tA/‘-#(.‘/sh{,’f(.()]!(xoCy

Then it is immediately clear that I(u,8) = I(u,u;G) and that

T[Adwsnv, §)z A ta$)+ 2Upm Ttuo; §1ep Teu )

(18) 2(M+'(V,5)E;(“,‘j)"2’(;/“/"'5)""(21““15}
Ico, 5)

_/__2'(‘«,0}?‘5) —pg (u,if,) ?—(—u—H

Using (14), we see first that

() L(u. 5) =L 5 ) f-zggf"’“‘y, Q(k’jjfe—/\(é’j)*szfo/xo/{y
5

Secondly, it follows from (14) and lesma 3 thet I(u,d) and J(u,G) are
lower @eni=continuous in u emong all functions n of elass D', on G

with convergence defined as in 3‘ Se
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Theorem 1: Let 4* be of class DY, on & with D, (u*,G) finite., Then-

there exist ukique functioms u , and u; which are of class D' on G, voincide

with u* on 6*, and minimize I(u,G) end J(u,@) respectively, smong all such

functionse If § is any function of class DY on G, with D_(£,G) finite,
which vanishes on G*, therd.

an  iq,85)- g, 15050, Ttqerng) = Tbn,$)e 105 5,
: g'(u)+§’15) :7{«J’$)f-1(¥’5}

Hence u  and a;mm
A 3 B >
(18) kj*(ﬁ‘-p uzx . o {‘,‘ “Iy)‘(f - (!/"" Ury t c"ﬁ q[7 )olx:'/o
P n ' P con : b-
(18) .. S (4"" “ax“' op “’77 4, Jely ~ (,«‘ “7;( t<op “771"(. ) dx =0

on almost all rectangles of G, The function u cﬁtuﬂu conditions

AN, 5i)and B /%, §] on @ with A = n/it and ¥ = D, (u; ,0), end is

sontiruous on G if the boundary values ame continuous.

Proof: The existence of u, and u, and the fact that u , satisfies
conditions A [A, M) end B/ , ¥/ as stated above follows inmedistely
from the fact that I and J are lover semi-contimuous in u, and fram the
theorens of § 4 and 5 and equation (14); this part of the proof and that
of the continuity of (-on G whenever its boundary values are cortinuous
parallels the »roof of theorem 5, } .

Now, let { be any function of class DY on G with D ({, ¢) finite and

/

gero on G*» Tuiere u ;+ A{ and u + Y are aduissable functions for the

intezrals T and J, and we have
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Fiwg  B)+2 4 L0ur, 55} ¢ A" 205
2
;l"‘/;g] * 2'{7(“)/{/5‘)"- A [{§/5}

n

Jiuy £ 50

(20)

]

all the intesrals being finite. Since u and u 7 minimize I and J, the
middle ter:s in (20) on the right must venish. This gives us formulas
(17); and formulas (18) and (19) follow from (17) on amceount of theorem 2,
7 (Hear's second lemma)e
Theorem 2: Let u.® be any function of class D! on & (of class C )
with D:.(“Z’G) finite, whieh satisfies (19) on almest all rectangles
of G, There u7 minimiges J(u,3) mong all functions u of class Dz
on & and coineiding with u7 on 3%, Clearly the analogous statement
for u , and equation (18) holds, being a special case of the above.
Proof: It follows immediately from theorem 3, § 7( the converse of
Hear's lewma with P¢) = o) that J(u7, g 5 ) = 0 for every { whieh is
of class D} on G and zero on G6*, There, fram equations (20) with A= 1,

we obtain

g 5,50 Feg 51 T D)

fwuchgofehaavimemdmommm&ry. MI(;,@.) >0
for every such § which is not essentially zero. Thus u ; has the stated
miniman property.

Theorem 3: If, in theorem 1, the d  and e satisfy

V.4
SS(&(szz-)"(tblyg S.S ‘.Z'_'.(o(‘zfe‘z)dx.(/g Qf/: 06/'.4/(:—:'-:’-

(21) C(P1)-% <tr-9

for every P and r, then nu ) satisPles eonditions A [4, %] and 3/% ¥ ]




on @ in fect

- ¢k Q » ) fe
(22) ‘Dz, [”'];C‘pﬂ')]f ‘:r// ’,?I—)CQJ : O=T<q

where & is the distence of P fram G*, is the dismeter of G and K is the
K(i,n) BF equation (14'). If the given boundary values are contiruous,
u is conbinuous on G

If (21) holds gnly for cireles with center at a fixed point P,
interior to G, then

25
(25) /a]am.,uf[!:ﬁ%‘ﬂ-//’%%)] (1% + 3 £oy £

e %y A Yo solution of (19) which vaishes on G*%,

If we assume merely that 4 and e are of class L, on G, then

(24) J)L(h)“b)ﬁ b fS(d’fc‘)dxdr 4 ” w)’:.(x.cye ‘/J‘Dz(“)a»S)

v

Proof: We first observe that, for each R of class C' in G, we have

(using theorem 2)

Sqluyis wy [ DV B Lty ()0

where u, is the u, defined in R and vainishing on R* and u . , is the

JRe ) iR
u defined in R end eoineiding with u _on R*, Then from (18) and (17)

it follows that
I‘“J’ R) = I(“IQ)K) +'£' I“’ﬂo) &)é -l{//(a }R))kj‘{ 2;{"‘]“, l)r?fffdn(,

LN

N D, [Hiwg, 7T + # ([ feteety
R
TR 7 i o [H(u. )Q)’QJ t 4 K fR} (%4 et) deel y

H(y ,R), having its significance in 155, and ¥ being the X(m,X) of eguatien
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(14*). Thus

oo ¢ K .
Q)é_f_: @z[,‘/ru,,m,tj«r—;—”(w"u Joteacy

(25) 2 “‘)) 4

Evidently (22) follows fram theorem 1, { 5. How suppose the boundary

values are conbinuous, Let H be a region of class cL inecluding ¢ in ) .. 1

] J L5

in I - G, Then the function “Jn for H which vanishes on H* is continu=

ous on G so that the funetiom u, which coincides on G* with the given

its interior and let b‘.J. = d‘-- . - Oindi=-GCand a, = .. = Mo+ tan %‘_’. E R

boundary values mimas those of u 3. is continuous on §¢ Thus u J -u ®u,

is continuous omn G

To prove (24), we use equations (13), (14'), and (18) as follows:

mfb,'(u) 5 _‘:/- Qolj) 2]((4 Jij)-[-&fj/dﬂ(,_%é,/;o(v~4‘l</fé( ':}/o(,

Next, let P_ be & point of @ and (¢, J) be palar coordinktes with pole u.t e

2 lmdderineu-u) in ¢ and u = O outside G, We then define
o

Heris ([T o 47
and Hfr) is AlC. :,:!:th H*(r) > 0 and H(r) <D ) 23)s Then
25 17,-
.(S o<xvl [5{ “‘(1)7)-(7*117' J{J[“”'a—\ ,“(/D')]i(“/}
a0 5 o S
43(8 [%(J’O\ﬂ‘]djo(-rf—/‘ff'[fj (fy.)a(f(j']o(v-
i / A 2
=/ r[ S, H(p,(j,]mg /f[/w/p//m]'(rs /Dy, 5 )
0 o o

To prove (23), we obsefve that




D, [v, C(PyV] £ Kp () y PO i
i

b

D, [« C (h,1) ] € K, ’ v zo ?
i

/< | ji

where u will hereafter denote u, . ZYefine u = 0 outside G and let 5l

~ 27 20 A ) ,J::ﬁ.
=2 L
~(~) I j 3):/(.7' h vy = S _(f /u,(f'D')/o(fo«(J‘
Hg > » L
Then
A~ < <
At Hev) & (<(£} ) et
Levy & 2ax Hiv)
/{(‘/) £ IS r 2 o

Now, we ¥mow fram theorem , ¢6 that a funetion 3(0, J) exists so

that - 2
&’(Po)-«;’:j;‘ (0,3)}, Ceum f/««‘fnh—a’”-ﬁ””’*}ﬁ
£ s i A r i
é,‘l‘;, jf/h (I oy ol T =0
!m,uaseof‘;rha:z /-l g /-3
(@) (< | Sl;«<f(5)‘0‘y°‘f=£f Lty =/ Les) e 40y -
0 o o
= z{a £y ¢
é@nk)z"éZZﬁl%ﬁ) ffbpl.‘_z_[e;r/()/f ‘//’
0
L

g : /!
(277/()1'[ /+;+z/€rj:)

which proves (23).

Theorem 4: Let d and e be of class L, on G (of class cL) and let
? (e) be campletely additive on G satisfying

(28) Vd’[é(/),)’)-sj = 7“{/““ 0




Let{u* be of class D' on & with D (u*,3) finite. Then there exists a
unique function u of elass D! on @ and eoineiding with u* on @* which

satisfies
s f“ (4, u:-l- {;&u; o)Ay = (/;‘, Wit e, wit )l = P (R
R
on almost all rectangles R of G,
If d and e tend strongly in L to d and e, and if the set functioms
@ (e) are completely additive on G, setisfy (26) unifomly, and tend
weakly to ¢ (o), then

‘e.w ,D?’(ua—(,\)5390

“a —> =0
u , being the solution of (27) ford , e , and ¢ _ (e), which coincides
with u* on G*,
Proof: To demonstrate the first stebement, let V{(x,y) be the potential
of ¢{e)e Then 7 is of eclass Dz on @ and
; p .
~ (R
! l/X A i V7 (/( X = ‘P I
ﬂ*
for aliost every B, Wo then choose a function u of class D* on G %o
coincide with u* on G* and to satisfy
= & ~ <
gqu‘.& u% t (['.,_u), - 4‘"'[/:')‘ )'(7’ -{{-([ “x t Cc'«“y =2 —V‘;') Adx =0
on almost all rectangles and u is a desired solution. To see that u is
unique, suppose u is another soltfion of (27) of class D! on G with

D, (u' ,@) finite, and coinciding with u* on 6% If U= u = u, we see

O o Ry PP Ny 3
2

N S

=

BBl -
it ot Sl B

‘4

e i ST D ) B




that U is of class D'z on G, is gero on G*, and satisfies (18) on almost
rectanzless Thus by theorem 2, U is the unique minimizing funection for
1(u,3) which vanishes on G*, and is therefore essentially zero.

To prove the second statement, we may assume u*= 0., By theorem 8,8,
it follows that nz (v .=7,8)> 0. s d =V eande =V,  tend
strongly in LL tod - Y* and e = V, respectively, The result follows

immediately from this and theorem 3.

10 The existence theory for a Eonqul linear systems

In this section, we shall dewelop our general existence theory for
eirecular bezions ZA of radius A, Creater generality may be attained but

this is sufficient for our purposes, We shall consider the system

“ ~
(1) S*(A;“ ot {ou (e weg, Jolx = (4, U G Ayt e k)l o =
¢ s g gl el S f o WSy L)l
to be sat#sfied on almost all R in ZA « We sfiall assume that d. ...
J /
g »ond k-are of class L on ZA » that £ and 1 .are szmable on Z »

. syt v SRR

o (5 : Z ﬂﬂ-(* 24y o gl ety = e ou, o A
AL ok J= y

and that the ."J . b"i s and e‘y satisfy the hypotheses of the last

section, “urther restrictions on 8, and k . will be added as desired.

For this section, we shall define

et : .
J)Z(k,zA)a DL(u‘ fA)+A1;-UrA oAx ol y

%

=3 == ] ol
;- 3 - e

-

L A
S bl AR L
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Lerma 1: Let u be of olass D* on 2, mai;(n. = ) finite. Them,
»
mw“utahama:u?,‘wmu Z, ., » 8nd so that

Doln F,)% (24 Logd + 0w) D, Z,)

- Proof: ‘hn;‘!(n, Z,) is finite and
A T

., Z)= | [/ ‘::»M €Ty LT D] Ak < K,
o »

uy}'mm‘nmﬁﬂm?ﬁ&‘ﬁsidlmtmﬁ(ﬂf)
is A,0, in J and
T
2 =Y -
g: VTV AT & ¢n e, e’
?

hMmuluh fs‘urcnuﬂ

L
22 R A
’u(v‘?) >M‘[?/z)—) , A € fﬁ?

§h = o, *
J‘th) = Al v, J) géfs/}

A _—7':

o
and we m.ME(r,T')ummdhotcmsB;az;Aﬂm

E
Horeover '
/ o 3A- r
a Y2 = ———— FUTT)  Sp(rT) 2 ——— T3,
_{L'{‘ ) -JA-%L t ) T SA_‘_;—I. J' )
;4
(‘%sr:A}
Thus

R A R R I YOE AL
?

= D, (a, ZA) + J,_(ul 'ZA,Z;)+J)2 (&, 254’ 2_2__"

2 ( S sy gl R p =
R A S vty A Srdeintn
) A = )S[Tjh(‘Y,J)KD-JJ‘P.‘.er(]A_‘%f)fﬁr(r/\)’)t{j =
_/l_l ? k=z >
e &
% 2 Ky '# (O K)_q.;

-
%)
=%




Lemma 2: Mf(x.y)bombhuzﬁnﬂmhh

7
(3) gSl?'”{X"(Y e : (Ja'l/uf/o{f>1€(/)<.¢
((ﬂ,f)~i/‘ ¥
for every C(P,r) where k(r) is monotone non-decresing. Let

/ =
@V, (x,y;0n g 5 [ €08 L0670 7 (55) A3ts peve s
; Cc(Po1) 24
Then
2”7
(s) 3,,“’4-,2,‘)5 /4:"‘“-)(_,7'"3* %.) “;%- Loy [iv)

srocf: To orove this lemme, we simply rewrite the first part of the
proof of theorem 5, f 6. We define :

) ALTES IR (YIS £4B, 4 24 . el £¢) = ff//’f‘/,)’}/‘(m:(y
oo, y1= O .7 1 CchL1l2, i

/

e R B T i T H A Q:'
(A (!,c”'S’f) s { 3 = / }fﬁﬁ-s}'} (7—(137‘ i

‘lﬂf{[;‘d) ,7 of 2 O

]
i

I&1:i:hil:lt].an:'*hl'xs'tfj :

Hf“;’;[)‘f;‘“\iw,b H,(Sl/;rSs “r)

ke
G-t E )

/1 {“i‘ : < o !
for all; , and it follows fran loma 4,0 6 that p. A (G ety T~

(§ IEl didy < Ly (55;5,4)
el N
A il

i (3ug 10.8)e Then ve see that (using theorem §,£6)

:
Lt
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gS (fo ‘-Ufy Yot < ol Yy = }}[‘(’{ SS £ 7»'(;/)} )’r(S,f)a(fA’,s 0(:(1‘]0(/5(7

A <l vy 7
fuﬁb ” [j/s/ly(fsjll)’“/wo(fa(,o(w(x
4, “C(Pa YD
& 'T' [“[‘fﬁf"f ST 6‘7 )l?’[}';) O(Sa(; f-fg'ﬁfﬂf'/——-)tﬂ)‘”/a(f(ﬂtl%ﬁl :,
‘ {
“” ~ R e 2 Ao -Cls ity <Gy
qu "‘
e / i 4
> -ﬂ%‘[kw;] +;‘1—:SS [ S 7 ‘*(/"/ (s/r)]/y(s U/r/w{o‘-f_./r/! 0(1.,/‘/(]”4“/34
(b, 1) . hy 2 A cofst
'.findm :
. keer A
‘(Z’a O{H(S,f)fs j‘r /‘f (.S/f\ﬂ(‘f IS’ k({)ﬂ(f(' @pr(vk(”t'k(*)/o‘f
P2 24 &
f % Al (stjp) = 5 Mot b5 28—t G 4 AN B Ly (54 p)ets
A A
< FEey e bery. 4('_:) F kov)

Thus we see, finally, that (5) follows,.

Lemma 3: Let i (x,y) be sumable on Z, and satisfy (3) for every

¢(P,r), where k(r) satisfies tfn hypotheses of leema 2, let f u\sbo
e sequence of functions of class D' on Z4 with Fé(uk, 2,) uniformly
bounded, Ther all the integrals

,H P A el y

2A
exist and we have

(6) 3§ dpuet dedy <5 (ke J3(AE ¢ &g 24 2hen ) 5y

37 kix)
((f",,f) 2,\'

|
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wherd £ 1s the camstant of lemm 1 and L is & uniform bound for D (u. ).
Moreover, a subsequence "?/“u,suy be chosen to converge to e functiom u,
which is of elass D on Z_ with D (u, =, ) < L and satisfies (6),
so that [ ¥, converges weakly in L to \Yu,

Proof: Winghh-ml we may extend each u,  to 2,, 8o thet
u, = Oem % and

Dy len Zyp ) e (24 Cogseton) Blng, 2,), Qo 2,)202¢ly s + 07) T 2, )

How, evidently (u | is of elass Dl on %n with

‘DQ. ((“‘*" 2.‘M ) 4 b"'[h“/ 23/53

To prove (8), let u simply denote any funetion of class D' on & and
zero on 2'3“ with B (4, %, )« K L where K 1s the ecnstant of le-mal and
L is €he uniform bound for D}(u,‘ » 24 ) clearly E L is a uniforn bound
for D (u, 224 Je Ve let y satisfy (3) and define
SIS VI R (KSR A TIE S P ORI T N C VY S
CChy,r)

ik, 1) = = [(log & 1005143y 720 G111 5, -2,

%34

Then, by lemma 2, and theorem 5,):6. the integrals below exist and are
given by

(9 IT(ﬁijl-(lT(K,y)‘dno(y =—-_§J[V[‘:/x-f v, L& )d;a; -2
250 254

:
<f, (v, 2343) B, ¢, 3,,Y] ﬁ(kﬂ/‘"“m fﬁiﬁ:)y“m




Also, it has been found legitimate inf& to proceed as follows:

§) tyrufdy Ay = f( 19/ -1ujdeoly = —L ff[y(,,,‘ﬁlf-x)m’;fé /1/“’9(,’/]1“/,‘#
hlyyz, €Chyv) C%v) Z3a
i _:7_ [E‘T fj (;-ny("/‘/)ld/o(y +Tu='ﬁ"['7 [{ (’}‘.)’)/g_(_’;y)l/f/:]’{io(?
C/’ 4y C(Fdl’)

\{S Z_ V-«-x [7//’)‘)(,) yo) 7;‘_}. t Vd‘yl 5/71' Xy, /o) [T(l,J ’(r’(‘7 S
2

o

A

A 3A 3 Kr) E:
(K L)e[(D(” )A)] KL) Z%T_. +5437—61————"”/“” /tl.))

(X3

which demonstmates (6)e

Now, M/l“u:]b’ chosen to converge to u on 2, . To show thet yu
tmdtmklyin&iioyu.nudmlytcnmtm,mmbm
function Y , we have

A A
25

k —sco

Obvicusly {} is just amother function 18 lv/< 1, sowe need to show

only that Sé p o Axol y
A &
el | i 4 AoV
B ¥ o
< =

Evidently we may proceed as above and find that

m {4 Axdy = -(S(r®, +yvm, Y oxly { ym(.zx,g-f{(yx;xﬂ/y‘;)d‘“
%A - e X D g, :
Obviously the u rand 3 , tend weakly in L to @ and @, o 3, which mesns

that the right sides in (7) for q tend to the right Side for u . This
I«

proves the lemma.
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Lemne 4: m{utheauqmeofrmotimorde;m z,

with 52 (4, 3,) unifornly bounded (<L)s Let d be of class L on 2,
with

0

A , ol i o

<

§§ d*uey
C‘pa,i) 'f,‘

)

(8)

Then a subsequence of (uh may be chosen to converge to a function

uete}ulﬂl on =_so that the functions du econverge strongly im L,
téae. Farthermore the u  and u satisfy

2, ( dA, ZT-tZ 1— 3A v
(9) fgo(z ,u.L,sK{L(/‘.:-‘+m, )( = 2 )/t r

<Py v)
where £ is the comstant of lemma 1.

Proof:
2w 2y

Mmhn“bnm-adaduinl-slto Z,,and let d = 0

asT
Then the functions d'u,_ of all sumable on =, end sabtisfy

8o that u

r

(6) uniformly with k(r) = lbrY « We choose a subsequence u
<
converges to a function u on ZM and then dzuk converges weakly on 2,
2 . :
to d u, Svidently the functions d'u, are of the type of the (¢ of lewm3

ZI-,,__’:—_(.

(KI‘-) L( r  3av

with X (r) & 5’4};11" flence the potentials ¥ of d'u,
are all of class D, en Z, , and by theorem 8y £6, wo see that D (V¥ 3,,)
— 0. Also it is clear that the functions d'u) = (du ) u_are all
summable and we see bytms,§6, that

(CA¥(u,—m) e aty = [O(LCM,‘-M\J B oo &5 Sk By ”[?l{w—vx)(a”
4 ¢ 2, <V“r-V7)(““”_“

A 3A
whieh is easily seem by the Holder inequality to converge to gzero. Fommula

e

(8) follows from sn apolication of (6) with p = d'u_, and theoren 5,56+

DL(U\)ZA)]L

o now define

lwtt = Z_-

,)]o(x*(r




for functions u of eclass D' on Z, with ;:,(“' 24) finite. Evidently
the space of such functions with this norm is a (eamplete) Banach space,
which we shall call Be

Theorem 1: Let u 13 and let 7 = Tu be the unique solution of
(o) § (4o U+ (U dicn < )aly = (4 U+ e U] eia®)ote = ([l wey g us

R* e P
which venishes on .7'_'.:r e« Then Tu is a linear completely contimuous
Wmticn on B,

Proof: let {u‘l’bec'oqumu of functions in B with (| u_( uniformly
bounded { G« From lemmas 2 and 3, a subsequence u“tayho chosen to
eonverze (in our previous sense, not mm'ding to our norm) to a function
w in Bwith flul <G, so that 4 . ua.;omrgn strongly in L %o d,, cad

J

rwaghsmda.m-otme%.u’ and also, clearly, d; ml ond e m,
/

eomverge weakly in L to r‘.;u‘ > d.;:“x and @ . u : respectively where we

D
have (using (2) and (6))

- SS[,(“M:&-V("‘. u‘;,-f‘,‘b\:ld‘-(y < 5[,,‘{,1’ by 4,,(57'[;» 2 +(’.3___J /7 5/’1 z
(Pt
uniformly, where P defends only on Mo and any given upper bound for L,.J
K being the constant of lemma 1. Thus, from theorem 4, {9 , it follows
that [l . .-s >0 where U is formed as above from the limiting u.
Theorem 2: Let u* be of class D! on 2, with D (us 2, ) finites

Then there exists a unique solution uSin B of (1) which coincides with u ™
on zrpmidad that f is not one of a demmerable isolated set {{kgcf

characteristic values, If 3’ = f“ for some n, there exist solutions of the

"

A B
'ffc'("‘(}‘(“‘(/' 3




homogeneous equation (1) (g .= k. = 1 = 0) which vanish an Z: and
are not essentially zero.

Proof: Let be the solution in B of

g*(‘i"“ Y):f (t'x le*%')a(y—‘[{xc Y:+ C"«fr.‘""éc') Ae = {.(’(""/‘d/

which coin-ides with u* on 2:. By & woll imown theorem of F . Riess ,
the equation

mawxiqmselatimuferth’mnprthhntfum«motu
set discrete characteristic values, We observe that the fumetion u so
determined by our above fia the desired solution.

We now define [ T/ for linear transformations T defined from B to B as
the greatest lower bounded of all numbers G such that

hTwll & § Wud

for every i in Bs Concerning this concept, we now prove

Theorem 3: There exists a mmber A > O which depends only onm, ¥, ¥ ,
and u (m and ¥ foom (13), ¢9, snd ¥ and u from (2 ) of his section )
such that ( T( £ 1/2 for each a, OA¢A, , T being the transformation of
theorem 1. Thus, for such K.. [ e 1 is not a characteristic value.

Proof: Let u be any funetion of B with (u/ § 1. From inequalities
(6) and (9) and theorem 5 , ¢ 6, it follows that U = Tu is the solution of

S (“;,L?/(: -t(‘,_‘l/(:-(-ﬁ‘.) oAy = ((qu/:"CL'.L u ; f/(‘.) i

R 2

where %' is the potential of d_u' + oﬂ.ujf £, u and
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g‘.t 0(‘~.‘M‘_ V; J l(‘.: <.<M<- V;'
SS (‘9 flt )5(‘6(7/ 5‘52;1%& ﬁlf‘A/‘;:‘

Clhq) 2,

where Féapmda enly on ¥ and /Amdmyupperbmnd for &, Yow, by
theorem 9,,45. wehave

¢ KA ) ¢ ke (Mt

Dtw; =y« H E Loty o —— L R

A

2l > %
T A2 SSMA““V b?bé(&(’ 24 )
2/\'

so that

oY

N W TR 5°A

mr.?,, depends only on M, m, u(,/” and any upper bound (say 1) for &,
Thus the existence of A follows. Clearly, for AL A ,, we have

ot

ol v

—2'-lluu € =T <

80 that the transformstion u = Tu has an inverse whose norm is § 2, so
Wts-lisnwaommmm&culw

Theorem 41 Let® (A ,1=0,end lot gandkbe of class L ,om =, »
Let u be the solution of (1) with = 1 which vanishes on =, Then
(22) Itwq FE 4 (t-«- )(4& ) ” (2"-(-&.?')0(‘0(7
the K being the E(¥,») of equation (lf’s,fQ. If g and k satisfy

gy “ 2 S
for all eimhcﬁthmrstaprointp & thca?i(g,)oximmd
3 e
(14) 701 < B aE Y R

MPB&m&:memm,x.ﬁl,ﬁ‘.!,mdt.thadim of P,




+*
from ZA e 1If geend k satisfy (13) for every P, eand r, then u is continu=
0us on f; and satisfies eonditions A/v,%]end B/v/2,¥ ] on =, where

(15) g = p A AY

where P depends only on m, M, 4 , ¥ and N.

Proof: Since/T( <1/2, it is clear that [(I = T)7/ 2 so that (u) <y
ymmgmaeauuaaf(1)ﬁuf-ommmmm‘mmmm
yalues. "Frmma.fﬂ,u'mm

By, 2y & o (g ek Jutedy, 7 §f ¥ ety e Eoer, 2, )

Za A
so that

g = 3, (5, 2,) « i [ p ety < (145 ) 2 1SG s £*) ety
' 24 24
fran which (12) follows,

Now, from theorem 8,59, end (12), we see that

an | Fo1e [EED foa % 574) e b+t oy 2)

Muamaxmwpbmé‘t Wow, let u:B with (u( &8, let
Y‘.(x,y) be the potential of d_“-u;"& e. u;“* t‘.‘n". and we see from (11)
Mthowi,fdm
( (v*‘wmx,e(f,’/’/[=+i+§ _ﬁ;]/p s
2 -LPy, v)
whers }’ depends omly emm, ¥, ¥ R snd R, ¥oreover, by inam&king

(9) we see that

ol

(§ «& by e dy ¢ K, ﬁ%P -
) (
ZA'C‘PopI)
where P depends only onm, M, ¥ , /4, and N, since & 5‘-‘,“0!9‘(0/‘,)&




K being the comstant of lemma 1. Finelly, if we let

L &

« i , ;
N T -

we see that

JJ ( z+l<"')dn»(.){ < Paﬁ Y
Clh,v) Z4
where P depends only en m, M, ¥ , ., and N, Hence if U = Tu, there U

——— HI
is continuous on Z, end setisfies a condition A [7 JH] o =, , where
¥* depends only on mM, ¥ ,s , N, and G, being linear in G o Further=

more, by theorem 3,

-

£
%

_(P ‘[fﬁ‘/llaz{(zﬂ)é*.iﬁ ](2/{_£4—'-—€ 4
vyl L68) b [ gt 22 [l e Erity L

Thus, we sém.,, by combining (16) end (17) and observing from (12) and (13)

that
(18) 515 4(1+-;)(£§)ﬁ5/‘\r
wo find that

FRilg e L2 A T A

where Ps depends only on m,M, ., M , §, and a(add).

Finally, by theorem SUSS, we see that if g and k satisfy (13) for
every P, and r, we see that s is cotinuous on .Z; and satis’ies a condiw
tion A[v,k ], where

= v v
(19) /711__ i Z_(ZAZ)-:-Q_/J ae A
ol T )

Combining the results of the previous paragraph with equations (18) and
919) we see tha: u satisfies a condition Al},i] where M satisfies (15)e




§11, The Creem's Function

In this sectiom we shell consider the equatiom (1) of §10 where we
assume AS A, § =1, +,=0, end where the coefficients 8 4o Byge €550 dyg0
'13" and fid satisfy the conditions there set forthe Ve shell sseume also
that 8y and ki. are of class Lz and will add supplementary conditions on g end

k as desired, We rewrite our equation as

L g (7‘-0(7—[\“0.(11fol,(«‘_ux“_f (“[a),kf f‘;k“o( )Ax Ay .
e*

From en examination of the existemce theory which we have developed for (1),
wo shall derive the existence of & Greem's function for (1), We can them
derive & deouble integral representation for u im terms of the values of u
end certain "conjugate functions” v and V end G &nd ite conjugate functions.
From thig, the first mein result stated in §8 will be derived.

Ldt;andkhcfeh.nlbdthy>zm Z‘. Then (13) of §10
holds for every P, and r for & certain My and Y(p)> 0. Them the sclution
u of (1) which venishes on J , is contimuous on Z  end

& o
(x (B )] €, [ SS(5%a ny ) P
2
In other words n(P.) is a bomdgd erd cbviously linear functiomal on the space

(81' ki) 1 L'o for each p> 2. From this we nay conclude * that

_ - r <
(2) 28 (po,) = 528 [_Al‘..‘(Xa/)/o; %) 7)30')7)fAzr.!x'}y‘)",YJL?)(,}'{)D{KO(/

A

+) See 5. Bamach, "Theorie des operations lineaires", chepter 4.
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where 4 113 and Au; are of class Lq(p‘lo q-l- 1) on 2‘

Kow, letP‘hlnwpoiatin‘tMOrtoZ‘,andletf>0. let g and

k be of class L, in ZL""(’o'S" Z‘md:min C(Pyep )9_21. Then

it is cleer that g end k satisfy (13) of §10 for each , 0< Y < /2, if we take
(3) A, = f_V ﬁ (9 k%) Axoty

: > 5,-2,((@8,)
Inothormrd:.u"(?)iamm.llinmmtiamlmrthoopmofm- i 1

tions g end k of oless L, on 7 ,~ Z—-c(Po.I)andnb.n

43
z

(4) l —U-) (Po) .)“
where [( g,k(( is that on Z‘- Z‘cc(po.s Ys Le0e

7 f

haklt = [f (g% £*1xty] i
Zo-2Z,h)n) ‘

andP depends mlyun,l. /“/ll’ By &, and &, Ihu, from the gbove chap= .J

g, ki

ter in Bemach, we ctmcludu that
2, 24k -3 )
Ss Z— (A .. ::.}- )o(;gu(Y < P} (— v = iy /]/

33 [y ’

Zi=Zi L8,y )

for each Y, 0< Y < /' /2. By investigeting the function on the right, we

see that 3 e .
v VIR sl s T

SS Z(A:‘j B, Yoy ¢ Z} f [ ] (/“) {'f -
(5) e ) 2/ ey\3 i\’ e
V@) rseac”

2,-3,Clhg)

We first prove: i
Theorem 1: Let D and B be of class L, on o and satisfy

Imcsel .
(6) SS (J)lf(:'z) Ax Ly & /7$-.Tr, b % W & ':: ‘.
Z, - C(h)

for every P and ro Then the integrels
(7 S§ (A, Db, ET)dxdy , i e /% .
5, j

exist as Lebesgue integrals end define functions 01(1 s+ ¥,) which are con~
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—

tinuous on 2‘.1&:1”151%%“&\/.;!3 Bl V/2, B)] on Z‘,MI

md!dopudoallonn.l. ""%-'1’ V.I'. and A. Noreover

6

@) (518, L B%e 5, B[ drcly's f v * [y A) e A
fCC(’-{)

twm?wdr.%l.wmrmn#!;f "l’rlui"’m“'

Proofs Define Oy ® Jgyg® D i = 5! = 0 outside , end choose

Py 2 2 g Now, let 0 < ¢ <r.mdumunt

g h >
Z(D‘/*E’)”(“‘JZ.
[ZCD 't"D >] [Z[D‘l*f})]d a« Ly /(

ﬂ1)
((P 1) C‘”‘tf)

iy
Thus, if 0<rS 20 we have s /
zcomncj Z (D7 £7Y)ens
1 A8 0D €4, u "‘[o(sdxsz Ll P S Z = ‘}
C(Po1) . IC(PNZI_.’i;—c(P,,Z &)
f-t "’/
4 3 <« e -~ v k¢l 2
‘ Z 3 z é_( v C{ Z /1}
S o3 E’,Z L)) (4

N

ot sF ey 2) 21 1 g

o [V

[EN

cEiL [ 2 Y‘/"?zﬁ) F[/@jﬁ'( ,Jy/[}’fr)

N

oe g

( -
o)

(\.;

)

S
[ S A L)

|
i
t
b




CCly) <4, 37)

w3
“chvppie |
where y’(x)- Zk‘ xbzandl}dopm enlyon-.l./t.ll. Y.Is.A..
k=i
and 8. Thus all the integrals (7) exist as Lebesgue integralse
¥ow let C(P, r) be any ecircle. If [PP.}S 2r, then
3 |
Bf JAS Dk E* o€ St 1B, 2™ £ - ]i
(9) {(oL o P T lo(x o j I"<‘D fOZr'd Ip(‘ &(/‘ "{

s L% = 3 ;
2> gt 242 g
" e i /fvj =) v i

1t | PP | T 2r, then

4
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2_1 e, % Y . % |
L 21k
It is clear that (&) follows from (9) and (10). y /7; i /J)L((a‘s ;), "éY-‘Ae_‘z |

Fow, by e simple limiting process in (2), we see that (7) defines

SRS ae—

the functions Ui(z.y) which are of class Dg om v A® vanish on 2 :. end
satisfy

ol o F o & < ol I
S (G‘-“ 2["('(‘.“2(’1"0(;42( 'f'b./ﬂ(y-[é‘-&(x -(-C‘.’(uy.f C‘&L((_‘ C‘)'(,(
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# S‘é(d"t'a! Té:'a;fﬁ"xaﬂ)’(V'{Y
on almost all R. Mfwtimvimunbymt,ﬂo.touﬁdy
mcmitxmzmsnmmuumtmmzr

We next prove:
Theorem 2: !h.ucxictfhnctimeuﬂchmotchu%onzi
formhi<z.naiohom2:.mdmofohanim Z‘-Pl,mhtm

11 A o 5% s
(11) A 5‘/,‘ , DBacj=8py
Horeover, if?‘mmbloon Z‘mdntistl

ey Sj oL F atany, Al M
Z‘L
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then the integrals

(13) ,ﬂ 5«& F%o(" ALy i=1, eous N,

Za

exist as lebesgue integrals, snd we have

iy /5,“/:1.,@,4,_@/79”/’/7;\"4’[“(7
=, a/;,v)

for every G(P..r) where P, and P, depond only on m, M, « , My, N, &, and 8, i |
Alse, if 7' is the potential of F', we have d |

o 10 E TP ey, V4 G, V) Aty

Procfz Ltt V(x,y) be any Motim satisfying & upiforn Lipschitz con~

dition on 2‘, end doline |
__ o Vel
and we see thet ' ; '
S (?(0(\/——/1{0(){ \7&
pv(»
on almost all rectangles R. mmu'OmZ.:,aMsinutummﬁmcr

(1) is unique ard given by (2), it follows that
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for each such V and sach (x, ”o" Prom §7, Theorem 1, it follows that there
exist functions G (x.. Yoi X y) which are of cless D; in (x, y) on Z
each q < 2, which venish on > ‘. are of oicss DY on ZA = P s and utisfy (11)

almost everywhere. L
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How, lct (x, y) be & point where
F oy
H v—v j’/* 7‘/ )otnity /7)’”r ¢ R0y B T R A e
((ﬁly)'{)

m:hoinstmrormry(s.y)mtinamﬁinutofmsmc Vie

know from Lemme 1, §6, that Gu(x.. o8 X» ¥) exists and that there is &
function r ( 9‘)mhtm

Zer

i]T:) (X,})", ¥y = gr(J')o(S-, &itvan 515 ((. ya}yffm‘)t:} /ff/d-.v > )= y/:,}/'(f._
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v A
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m-,unmﬁu-eror(x.y)mtm Z‘mauuerelucng‘u T = p
andn;inﬁ for each g < 2, Thus
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i) 7 ( (4, 55)+m-y1 5,y (633
=_J__J S 5 64,7, oY) = __/:// 5-x) 5oy (P 53 )+ /L sy 5t
e 1) ¥ §-x1°4C =) |

almost everywhere,

Fow, let G(xo. ¥, X. ¥) be eny function of class D§ in (x, y) for
(=) ¢t 2 -(x.y‘).ulmn Z;,maht!‘(x.y)bomymxo
function on Z mra&autut,
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G = 0 outside Z‘mm

Htvy = - “ (‘5:*5,}) ofkdy 4 i

24 ~z;1.c (Poy1)

mn(n)¢omx{r}mmdﬁr. lzt 24 ’
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mrihpmulyus.l./tz.ll.l,um.» Finally we see that, for
each > 0, we have
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where we have put 1

hevys mer ([ F(olrdy < /‘7?7"-
(‘)//S zﬂ CLﬂ(Y)- 2,\
The right side of (16) is thus evidently bounded independently of .  Hemce |

fS U ol ff x)}'g tG-7) G54 ) (Fl LT s olxoly ol iR e ET '
A /} i

exists as & 4~dimensional Lebesgue integral. Moreover, if we let ¥, : b("’) Al
: 1 k!
= P(xsy) 1f (x,¥) € C(Pys b)* 4 5+ end let it be zero otherwise, we see that

L& T A v) (e
/7,1{ > P / Am— ) <A
for all r, Then, in this case we see, by substituting in (16), that i
{ v .
§ (§(%¢*95s) o(‘/F (33| dely dS oy <Py |2 /Z;’J’/; + £
(a7 24 zA Y i
n '
*(*“{*Tzf*f»*’v‘s)(f% A« ””;f“?‘fﬂ 6’(&52‘) ‘
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Now evidently (14) follows immediately from (17). loreover, the
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ebove shows thet the follewing is legitimate:
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whieh proves (15). i ‘Li[f‘.*x VX +7,'47 Vy )a/(n,(/

Theorem 3: The functions G, ’gx 2 ¥o3 x, y) satisfy the equations

(18) é Up Jipx s iyt 4en Sjp) oty - e Gjpn “ 5yt € Gs)
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o if e does not contain (x s ¥,)»

end the double integral on the right exists as & lLebesgue integral, The fume=
tions G, , sstisfy conditions Al )~ M(a,d)] end B[ V{2, B(a,8)]on =, - Pos

where ¥(a,d) and ¥(a,d) depend only on &,d,m,N, - gy o, y and A, Noreover
there exist Munotioms I"’ wl’:dﬁmﬂ same properties such that

K P S ¢ . . . " s
teyx b Kadje t Moy = Bog Granct “n 5"/’7"f %on Jin

K josires po @ . ‘ '
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§~ e T gy @ f/("(/“ ﬁ//”*% Jipy ® Fin Jypotx <
7
hold with the usual limitatiom. wy s —5 tosle-n’ <0y

Proofs let V be any function which satisfies a uniform Lipschits

eondition on 3 ,, and let W' bo the potential functiom of &,V  +

L 17, > ruv

x «
[ dota; Vi + €, 0, + o VAL y £ K,x /"
C(Pr) 2,
8o that W is of class D, over the whole plane end satisfies & condition A( . 4 ")
theres We next define
D": X AT D V + ol V

and we see that g and k> satisfy (c). We then see, by substitutiom inm (1)

that u satisfies
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3" LI)\ o(Y-LJY d#:{j/e(d{- [/xif--(d‘.[/;.(-f‘-“ V‘) Ax LYy

for almost all R, Since V=0 on Zzuuldmnu unique, it follows that
usVon Z:. Thus

K)( ’/

('x \ = - : 7 / ‘ |
Vi 9nye) = ;{[5’/4):[4&/3 VX+(d,oVy f‘o(acﬁ V/.,)ff /f V ‘/,A K//o+ed‘¥/6]d./4 “

\ X o
where the second integral om the right exists as a Lebesgue integral, We themn
see, using Theorem 2, and the fact that W satisfies & condition A( v ¥ ") all

over the plane, that

ig Vo ¥ t 7’;‘71”/: Joledy = = 'g 9"*[”(*1/){5"{#&1/;*/{,% v) o <y

so that
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€0 (f V&/(, ?;( = .8
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for each V satisfying e uniform Lipschits condition om 2 , emd serc om 2;,

where
(22) rtla
ctj“% fo e )> if“‘m' 5_"/“‘ 8 eﬁa'ﬁ"/’ﬁff/‘ JpJotedy « 4y 9y txo,pa, ¢ )

where we see from Theorems 1 and 2 that d’u(x » Vb e) is completely edditive

oaz end
B8 pjpttacSiprtfon Sl oledy ¢ by 7 v im0
ZA'QQ‘d)

for every F and F_ in 2‘. From (23) and Theorem 2, §7, it follows that (18)
holds.




YNow, let ‘113 be the potential of dﬁiﬂsf‘O V’*%{’)“ fi, Gj(‘
and we see that lnj satisfies a condition A[ v , M] over the whole plsene. Using
Theorens 1 end 2 several times, we see that G’-ﬁ satisfies
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e “Z”‘ Ly Vel Y, T st 8 K 4 la dje R,
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so tint Gu satisfy conditions A and B as indicated. From (24) end (25) end
the fast that K, is the potentisl of

the equations (20) follow,

Theorem 4: Let u, v, and V be of cless D, on 2‘-c(pu1s)
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Proof: By the methods of §§l and 6, it may be shown that there exist
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Adding all of the above equetions and using (20) end (26), we see that
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end the right side evidently tends to zero 'Iithf 3 we shall call this
2 35Egr Tob p e Vo then ses that if r is not in 2, emd | is not im Z,,
we hale
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where we have set u = u“ (x., ¥ ).
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where the ¥ is our original bound M, If we remember that u satisfies con~

ditions A[ v/, ¥] end B[ v/, N], and choose p properly and slightly > 2 with

,'xoq'l-l.a.ndrs@erthtm.miuthproofef!boms.

that azeJ; is summable under our hypotheses on d, and if we epply Theorems
1 and 2 several times, we see that the above tends to zero more rapidly tham
4 AT chu.-t‘ormhrmmll.wmphksmdnlmot

tending to sero so that the integral over ¢ (P,. 7 ) in (29) tends to zoro.
We therefore see that, for each P in C(P,, - )aynnduohrmmtnb

zl"o) of measure gero with rz-’-‘z-.n have
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Then (27) follm by multiplying (31) by r. 1T and inﬂognting with respect to
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Theorem 53 lLet u, v, end V be of cless D, on a region G and satisfy i

V:L'-f V;.‘-‘- ‘P x/‘+(/u/’+a/ “/,1‘? V—U'_/g(l'(/‘-(-( “/5‘.‘(‘/“/!*/‘ :‘
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$here the coefficients a, b, ¢, d, @, end f satisfy their previous conditions
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Then the functioms u, v, and V satisfy conditions A[ 7, M(e,d)] and
B[ /2, N(a,d)] on G where the choice of 7, M(a,d), end ¥(a,d) depends omly

onm, ¥y (1, l}. Y ‘ﬂ‘ 0 » l’, and N, _In particular, u, v, and V satisfy
e uniform E8lder condition on each bounded closed subregion i of ¢ where this

H8lder condition depends only on m, M, . , Moy Voo Moo G s Mg, N, ond the dis-

taneoofﬂtrmG:

Proof': MPlhwpointota.andhtitcﬁimtma‘bt
A(SA‘). Let u, be the solution of (1) which vemishes on Z:. 1etvfbo

P i F
the potentialofd(, ox * © “q*tir» w, + €i, end then choose v, to
satisfy (32) with u, and Y'. From our previous theorems, Uoe Voo end Yo sat=

isfy conditions Af 1 ¥) and B[ 21/2. ¥] on Z  end satisfy conditions like

A
(35) on 2 , where the Z,, i, ¥, and corresponding i; of (33) depend only

onn.li,/t '"1‘ wr'.la-. ¥, and AN, i.lbdl',tendingto gero with Al,
Thus, ifuldtnlﬁu-n..vlﬂv-v'.YI-V-Vc.nmtut
uys ¥y, and V, satisfy (26) almost everywherse on 7 ,, end w4 ¥y, and V)

satisfy (33) with & new x; which depends on the indicated quentities, Thus

& representation of u) on clp,, -f-) by (27) is wvalid, We observe that this

representation gives

J o L
u'(«..)y‘,\ = §2S (‘5‘-‘)“5 - 5)"‘? {<'<+ 5),‘[_ )o(,,(y
A
mue",x-‘,andx," ere so related to u,, v,, and V,, that we have

<,

2
SS(‘ST!"#L’JJK%)' IO T TR
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where Hm depends on A as well as the other quantities end 7 depends om

> o0
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<
m, M, 44 v s G . Byletting W™ be the potential of L , we may obtein

: 2 .
bLI‘«(lo) Yeo) = fzg ((5):*" S‘ * 5}‘&7’<‘ & eaty
where A
(§ (8" tef)otn oty « /1,7 °
CLh,A)-C(hy)
Thus, by Theorem l.nlntiarm conditions A and B as indicated. s:luo‘ll
¢ £ A ,
is the potmialofdéiuhitﬁih"-ﬁf“nl plus & harmonic funetion om 2‘,
tho.-nholdlfor?lonc(r‘.%),ndmuurorvl. This proves the
theorem.

Theorem 6: let u.s V., end " satisfy & sequence of equations of

the type of (32) on G, end suppose the coefficients 8. b‘_.__ g 6 90 and tn

setisfy our previous conditions uniformly, and suppose g . k;. € ar Vs Vo omd V.

satisfy (33) wniformly., Suppose also that Upe Vo 60d V. converge uniformly
on each bounded closed subset of G to functions u, v, end V, and suppoes ilsi
the a . b, ¢ converge almost everywhers %o 8, b, ¢, that G+ ©,» B,s 20d k
converge stromgly in L, to d, e, g, end k, and that £, end 4 converge strong=
lyin L, to f and €. Then our coefficiemts setisfy the sewe conditions as the

8 s ete,, the u, v, and V are of class D, on G and satisfy the limiting eque~
tions (32) almost everywhere, '
Proofs 8Since the u YT and 'n all satisfy certain conditioms

Al 7 ,M(a,d)] end B[ 2/2, N(e,d)] wniformly, it is clear that the u, v, end V
will satisfy the seme conditions. That the limiting coefficients satisfy the
conditions of boundedness satisfied umiformly by the 8 » etc., is obvious. It
is easily seen further that the first derivatives of U V. end Vn converge




weekly im L, to those of u, v, and V, respectively, u any bmmd‘d closed sub~-

(n) (a)
set of G. Thus the functions ot/sgu-f - Cppnt -., 7‘,! n

“ X
tdmlyial.lto o/,,-a,"-fc‘-q/,‘f‘.,u/‘ on any such bounded
closed subset of G,

Now 1ot D be & eirele withD < G, On D, V- = . + WS, where W
is the potential of o /::-'u"/: /’l j(f/"” X on D onlye
From Theorem 6, %.ﬁwsmfmlytoiiubuﬁlhnz(&-'m D) = 0.
Thus, clearly, K. tends wmifornly on D to H'. Thus, if D' is a circle with

P c D.Dz(vn-v.n‘)—,o. Thus, we see that on D' we have

¢ iy Y (a)
v, Bzt o5 T By b Sowipd dpe ’{/ *‘/’ e
- .(“I 4 £ 5 A ‘.
‘5[“' 0(‘/, “, +7‘. - an , g‘. = J,./,u 5 Ve
e e S l/l/,'f'é(” A uﬂ+é.—
¢« ‘A “ ) ¢ sﬂ ¢
and : s 2
/gq'u;. fgl (54.-5) * @K‘I( )eJO(KO(/ ik
“n — o0 bl
Then, t’romLam 3, §9, it foliows that _
‘ Z LLV —q /t(_P '( {A/; 5 Z/}[“ﬁ-écc;g“f{" (;)70(::9()/
FiE
2
< me 55 Z ( P 5 [ ( /3 (y ) ¥ 1
> - ‘/, et )+ U -e- A FC Tkl ¢ k.7) e
AL ) /J A 7

D' z £
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which shows that the limiting equations (32) hold om D', The theorem follows |

“dly from this.

Theorem 7s Mn,v,md?boofolmnzcnuggasandm:_fz
(32) almost everywhere on C. Suppose, in addition to the previous comditioms,

the ecoefficients all satisfy uniform EBlder conditions on each bounded closed
oo v, v gen V at of lanm € acd v ﬁ'aal/ufk& ,

/

en e 5 re, -,cf"ah u«.fm i Cotas ¢ an ol pren i €l forrucked Lo ’“’gf-/"f;.;
Proof: This theorem has been proved in essence by E. Kopf*) and we ;

subset of G

*) E, Hopf, Zum snalytischen Charskter der LBsungen regullirer sweidimensionaler .
Veriztionsprobleme, Mathematische Zeitschrift, vol. 30, ppe 404-413,

ghall not include a proof heree |
Theorems 5, €, and 7 give a complete demonstration of the statements b

made in §8 comcerning the solutioms of equatioms of the type of (32),
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