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NOTES ON MINIIAL SURPACES
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1. Proliminaries on Minimel Surfaces - - - -

We introduce the following notatiens:
Veotor (ag, by, 8;): &
fanler profust uys agt S%p = Mty ¢ Uydy ¢ a0y
engts ot T (57 }
Veotor product: (a1, 85) = (byey - byo,, oya, = 0pay, a5y = 25by)
ldemtity of lagrange: (8, Bp)° = DR R A
Doteraizant & ep o |
| by By by [GEE)
o . M | ;
In this introductory lesson we shall not worry about essumptions regard-
m‘Mﬁnty. We oconsider the surface Si
x=x(u, v), y=ylu, v), z=z(u, v), or simply
' = =%, v)
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Then we have for the

Lineer element or the - } SR &F o nad ot s aat

First fundsmentel quadratic form =3, Pe%E, %
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Element of area: oo =7 55_;-2 Aduwdo st-,ea___
., w7 [xi, ]

F & 4 sl Yo
Bormal vestor: § $4,8) o >
(= [T X, X, 1° follows from the Idemtity of Lagrenge)
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3 is a unit vector, the point (f,';/g ) is always on the

sphore x2 + y2 + 22 = 1, { s the spheriecsl trensform of the point X ¢, )
Second fundemental quadretic form: - X X of § = Lok’ + QN okuot o + K v?
with
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Then, according to the theorem of Euler, the radius of curvature

gloda:dv) of the normel section of S in x(u, v) in the direction ofu: o/
is given by
7 Loola g Aol ok g Koo

S’(dkf(u) Edql’-} 2/:.0(¢4 o(-u--fja(u"

The Euler Theorem cen be expressed in a little different memner: In
the tangential plane of S at X we lay off the segnent ¢ /[ (tu:ury) in
the direction o¢l«: v  ; then we get a conie section, the so-called Dupim
Indicatrix of S at X, either an ellipse or a pair of conjuzate hyperbolas., The
radii of curvature of S belonging to the axes of the Dupin Indicetrix are called
the principal redii of curvature; nﬂnlltuiptothnbyklmdla. The

mythngumdmu%utia
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Two tengential directicns to S through X are coenjugate whem they be-
long to conjugate diameters of the Dupin Indicatrix, i.e. when they are divided




li/ﬂ ‘Du’,".. jhﬁ'cai‘n'x. LM,MI/,/(_,]
hermonically by the asymptotes/are the directioms for which J-,f:o s therefore

they are given by 5
L den + Zﬁdul\rf./{/dvla (9

TR N Y R S A are conjugste if, and omly if,

Ldudpn + M (ota S + Lu kv )t Mo Sy s O
If the parameter lines, i.e, the lines

od« erbitrery # 0, V=0 sad Ju=0, /v erbitrary # O
 are conjugate, we find
/1= 0

end this is cleerly sufficient for the parameter lines being conjugate et x.
The equation /- O oen be expressed in the following form: there exist mum=
bers A end B which uﬁ-fy the equation (in reality three equationms)

X ol ko~ B = O i '
lore geometrically the conjugate directions can be defined as follows: Take
any seve ) on S through X. Its tangent may have the direction ol .o/~
Consider the intersection of the plane tengent to S et @ point 7~ <
with the plsne tangent to S in X, If A X +this intersection epproaches the
straight line, which is conjugate to o« * ¢ v Thig fact gives rise to a
nice geometrical consideration: :

: f&stummmot;. The plsnes tangentiel to the
sphere in § and to § in X are parallel. When the sphere is moved by a trans-
letion so that the point § fells in X, the tangemtisl planes are identical.
wwamusmmeumonMsPMm.“mpw
responding points the tangential planes ere perallel, the directions conjugate
to the tangents of the curves on § and on the sphere must be parallel in corres-

ponding points, On the sphere the conjugate to any tangential direction in a




point Q is the perpemdicular tangential direction. If we make the ebove transla-
tion, we therefore get the following configuration:

Tengent of the sphericel transform

|
g
¥
!
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Direction conjugate to the curve
Direction conjugete to its spherical
trensform |
This hes many spplications; 'for instence: The diuctic‘ belonging to the prin-
elpal radil of ourveture are senjughte and perpeniiculad; therefere these dives~
tions must be parallel to their spherical trensforms. This is the essential part
of the fornula of Oilnch Rodrigues. Or the asymptotic directions are conjugate
to themselves; thorefore they are perpendicular to their spherical transforms.
We use the configuration for determining all the surfaces, for which

the spherical representation is conformal. ‘
o
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Lctc.bbetndimﬁmmsméx'i. «, A their sphericel transforms.

When X (4,€) = & (X,B) then from the above configuration follows that

the angle between the conjugate directiom ¢, and e, of & and b must also be
equal to (s, () Xx (4, ¢) = 2}(%.%) : and obviously the converse holds toos




The engle between two directions =, { om § is ogual to the emgle of
their sphorieal trensforms if, and only if, 1% is equal to the engle of the
directions conjugate to & end b,

Thorefore the spherical representetion of S is conforml in X if, and
only if, the angle Detween eny two directions tangemtial to £ in X is oqual to
the ancle of their sonjugates.

The only conic scotions for which this cendition is satisfied are the
cirele and the equilateral hyperbela, If the spheriesl representation is con-
formal throughout, the Pupin Indieetrix mst e oither always a sircle or always
an oguilatoral hyperdbola. In the firet cnse the surfase is a sphere, sinee the
sphere is the enly surfaos all of whose points are embiliosy in the second case
it is o so-called minimal surface. ;f+£12:0 Wh&m
end guffieient condition for mimiral surfoces.

“ Lot our surfece S be & minimel surfece, X & point of it, Te introduce
& spoeisl cvordinate system for which X @ (o, 0, ), end the (x, ) -plane s
the plane tangemtial to § ot (0, 0, 0)s W allow the varisbles x, y o take
complex veluos, ibem § has & representation

z:/”(x,y)
in the neighborhood of (0, 0, 0)¢ The esymptotio diveotions are perpendicular,
They are divided harmonically by the streight lines
(*) y*ix end y = vix,
u‘:?mmmmammum-mm
adwé%yhum(').

Ye soe:1 the equilateral hyperboles with eenter (0, o) end only these
are conio sections for which the lines y » ix end y = «ix are conjugete, Since




z (o, o)zﬂw,o).-a , Zy(0,0)> /y(a,¢)=o

wo have in (o, o) |
Ast= dx®r ol y?
and for the directions y * ix end y = «ix
dsts o

The last equation is independent of the cholece of the ccordinate system.

In generel coerdinates they ere determined es the roots of the equatiom
Fi Pt ¢ &Fatud‘,,.j.(u”;- o

end are called the isotrople directiomsthrough the point, The lines on the sure
foce whose tangent is isotropis in every point are called the isetrepie lines emnd
wo Beo3 , ’

On the minimel surfuces, cnd enly on these, the isotreopic lines are come
Jugate, |

Lot us teke the isotrepic lines as paramster lines: whem ~ / are the
new parameters and |

- X = X, p)

is the surfese, them

E:x.‘l+yqi+zf=- KXo =0 end - 'i:.—o

s? = 2 Fole oL S

Furthor-es the lines = * const, end ﬁ-ow.mw: that mesns /70
or the existence of two functions Ax,A) amd J (< A) which satisfy

the equation
X"(\ ~AI*—Bx—/>=0




tisrelore
B=0

end sinilorly A = 0, e find X.,,/s=o -
: { X (,p) = /1(«) # )-4(/3)

) ket K ¥ {z ey + ¥, (p)
Z(o(lﬂ): ,/3[‘) ,Lrg ‘ﬂ)
with 2
(2) E‘:.Z/l')i‘)= Diremy y: ‘ZY‘,[/“=O
oo verss cne sees Lmmedistely that eny fumstions X («,4) , y(x A), 2cx )

satisfying the eonditions (1) end (2) give e minimal surfucer it 18 £:=5-0
end n eocoust of ., s0 ¥ mst venish too, Therefare 7 + 7, O
Honee, if (1) is & minimel surfoce,

X, @,p) = 2 (ﬂu) = i (P)
() { Yol p) = & (frta) = 1. (B))

Z, («'{}) = 5 ({5 («) = f3 (ﬂ))
is aleo a mininel surfeees It has especially strong comections to (1) and
is called the surfece adjoint te (1) We represent the surfaces (1) emd (1)
n““h“ﬂ“m““bﬂﬂ (x,/J,)
mmuuwm,mm
, o< v :
0(;2-: ;(..,. ;\-ﬁo(-c 0(/5 = Zﬁ-’f" = Z‘ﬂ'l'("‘rf,) d“’(/s
M )1 pfete 9w, v

Fupthormore 3
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tm“hﬁ“ﬂm“am'ﬂomw
pendicular, ecause the representation is sn application, it is Anforsels
henoce the tangential plenes at correspending points must be parellel (see the
figure)s

ienoe we ave "
Lliin and
The veotor o«, is perpendicular to both
paraliel 80 /[ § %]
a7, kL%, %] k & sealar,
On acoount of the lagrange Identity we bave

[f“,.,(,rjz= Fowep: o (Tstn ) o w0555 ol
hemoo k = £ 1, It is ensy to prove k = ¢ 1, but wo do not need that, Wt is
importent for us is the fact thet the expressione
mdz~Cdy , Solx — Sz EScly~ s ol % somplete differentials.
This property is independent of the cholee of the paremeter system.

Until now weo have not used the faot that the spherieal representation
is conformal, The sphore cen bo represented conformally on the pleme fir <«
by stereographical projection. Let (u, v) be rectangnicr coordinates in the
plane end x(u, v) the corresponding polnt of the sirface. Since the curves
u * congt, and v * const, eare perpendicular, the ocorresponding curves on the
surface must be perpendicular; therefore

X 'X—u - F:D-

“




Furthernore linear elements of equal length issuing from ome point must correspond
to linear clements of equal lemgth on the surfece. 'hem we teke the linear ole-
ments du = @, dv > O and du * 0, dv * @ in the plane, the corresponding slements
are
5e® and Ga?
and wo find E=j= At v) In the perameters u, v the lirear olement
of surface therefore gets the form
: oAt o Adca,vy(aals olv?) |

parameters satisfying the eonditions E = G, F = O are cnlled isothermic or igo-
metrics Vo see: On & minimal surface there exist isothermic parametors in the
neighborhood of each point.,

It is onsy to verify the following fact:

"hem u, v are isothormiec paremeters on eny surfece x(u, v), then the

equationg
70(7.-5'0(/ = Xydu - 2, ofv
§0(K~f‘("- 2 Yy =Y, o v

§ ol y 7 ox s 2y e Tl

hold .+ If the suwfaco is minime]l these expressions must be complete differentiels,

s onTa
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Wy =2z, X,-2,X,

Wi(gdz ~Coly )= xda «folv
g:xvz,}~x“2,‘zv~ Xi ¥ Vo * x‘,y..l %
= Xy Z“t—X“(X“X\,-fy“y,,kazv)'f X,}J!v_-l’ X )’-\z=
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Agoording to a well=knowm thoorem
/tk,u}r/(u + §la, v) A v

is & omplete differential if, and enly if,

i
in our case we therefore get the relatioms

-—

xku:'xvu / /wu—'-)’vu, zu.,:‘zvv 2 ?u“‘—'" xd‘v-
the coordinates x, y, s are harmonical funotions of u snd v Un the other hand,
if o surfece =(u, v) ie given in terms of isothermie paramwters u, v, end the oo

ordinates are harmonie funotions of u, v, then the surfese is minimal, For then

4 ot E(N+L)
+ L
z & s
ond
VR R % Tl 5 1Ry B = 54
e have proved:

(1) A surfase X » T(u, v), which 18 given in torms of isothermic paremoters
u, ¥, is minisel if, end enly if, the coordinates x(u, v), ylu, v), slu, v) are
harnonie funotions of u and v
then x(u, v), yu, v), s(u, v) are harmnie, they are the real parts of

certcin analytie functiong (arev=w)
Xiu, vy 2 R Blw) ~ yeagv) s R F vy, 2zt vy R T (w)

/

4 - b g . —.I -
Then ?;(wjzxk(u,v)-t Xplav) y *az)/u°‘)'v' . 7}:2“-«2,,
end

)2
Z7¢‘=E~5-~2:'7'=0

2

LiE be bl §-




At last we shall digouss why cur surfaces have got the name "minimal
surfaces”s Vo take an arbitrary surface X(u, v) snd ask whem its ares is mini-
ml, Ve vary the surfuce n & special way) by laying off on the normal et the
point ¥ the segnent

Alav) = EVvia V)
mmmw&w«mwu

x ca, v) = ;Lu‘V) + Mcu,vjf

r -X_u.- Riwda B i ¥ 2&6)63 = f-ZuLf-i‘(*)
Al 2 F=2aM bt gomy
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51" .-v =szl-—«’.h vfuf—g’ci(-) = 5--2«/1/-}2“()

W, 5 E, §a= B = E§5-F*-2u(EN=-~2FN +50) r2P (%)
:(55-/-"')(1“2“[%-'*2)) +30CK)
Agoording to the Binomial development

(Frx)* = 7 +(F)x +(€")x"1-...

we find
W, = w(1-n (7 +7)) F5lox)

e
5Su4au4v,5gxo-§5uzzf:+7;-z)xo ~glex)

Ve soer the ares of 5 is stationery only if the surfece is minimal,
inds If through e simple closed curve f'mamﬂdw

ey

iy 3 = = =
e e e I e TV e Y e B i v ki B S = = .
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face end if this surface is of the least possible area them it is minimel.
um;mmmummmmetm;uaﬁma
sach point on & surface (of class C™) can be represented in terms of isothermic
paremeters, the fundamentel result (1), page 10, mbombuw&iw
quickly as follows.
The Buler equationsdelonging to the varistion problem: to mini-

mize the integrel

{)(le Y2, Xu,xu’y“l}/v 'ZU)O(“DIU‘
are

'D 4 90““ - 9__5.’_(_1. )

X Ju v

7 & 90)’“ ik 97)',,._:_ o

: g ) o
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72 DY 2 - Dv" s -G
ir D8 VEeg-F2 = V7.2 X2 = (T, ¥o)® -

Lo '

I x :

9% . R § 1¥aF g - X fod £

?X“: w R < 7’(\, w

and similer equations in y and 3, Therefore the three Euler equations

belonging to SS‘-’““""

_9_— -“M‘S ] °,?,E—X.‘/i/:0
Ju i

Introducing isothermic parameters, we have E = G, F = 0, and we find
again the equation

SR e

wu e«




2. The Mepping Theorem of Koebe and the Problem of Plateau

0 On his paper with this title J. Douglas®) gives & simultenecus
solution of the following two problems:

Given in the (x, y, %)=space 2 simple closed Jordan curve / -
(a) To determine e minimal surface of the type of the circular disk bounded
by /7 which satisfies the further comditions: the surfece admits e repre~
sentation X = x(u, v), u? + v2 € 1, where x(u, v), y, & are continuous for
‘u? + v2 S 1, harmonie for u® + v¥ < l,end satisfy for u? + v < 1 the eque-
tion E = G, F = 0. Furthermore the equations X = X(u, v) and u? + v = 1
give & topological representation of u? + v> = 1 on /™
(b) To lay through / a surface of the type of the circular disk whose
area is & minimum,

Here some remarks are to be made:

4d (a) * B and G do not vanish identically, for with the notatioms
otpmm(blu)thtmld.-

Z/F‘.’/Zo |
orr,-ee-u..i-z'.z.:. But the possibility thet somewhere E = G = 0
is not excluded. The equation

7 (F 1= E*$
shows that the points where E = & = 0 ere isolated, They are singulerities
of the surface. & closer research shows that they are similar to the
branch=points which occur in study of Riemesm surfaces. Furthermore (as

*) The mepping theorem of Koebe and the problem of Platesu, Journal of
Nathemeties and FPhysies, vol., 10 (1931), ppe 106=130,




follows from this statement) self-crossings of the surface ere admitted.*)

*)

Ad (b) The erea is to be declared according to the definition
which Lebesgue gave inm his thesis. Let " be any contimuous surface of
the type of the eirculer disk bounded by [ end 7, , 7,,-- - & se-

9 f
quence of simply conmected polyhedral surfaces tending to Z whose bounda~
ries tend t6 /7 . By S (7,) we designate the erea of /7, in the usual

sensej ﬁput
§(A/m,--- ) e,mmﬁ S(ry)

vV Jee
Imaki

end understend by S(Z) the Gower bound of the mmbere S (7, 7:,--- )
formed for the different sequences satisfying the above conditioms,

In reality Douglas treats a slightly more gemerel problem than
(a, b). ©He calls minimel surfaces in the euclidesn m~space with the earte~
sian coordinates Xy vees X, surfaces which can be represented in the form

¢_‘= 7, 0] W= reV

’

x(uv)-/chu),

where the F, ere amalytic varying in & certain domaiz of the (u, v)=plane
(the seme for ell Fy) and satisfy the further condition




we bave (as on p. 10)

ZF: E-g.~2iFz0
hence E = G, F = 0, and

ol ”;‘.’/1.— Er§.

With this definition of & minimal surface the problems (a), (b) are solved
similtanecusly for the nespace (< = 3 ).

The peper begins with some preparatory consideratioms: Let 4(V),
0 £ <27 bs & bounded real fumetion [(4(%)| < /1) which is con-
tinuous in ell but st most a countable mmber of points in which 9/7") may
have discontimuities of the first kind, i.e. the limits ;/'7*3 and §(7V-)
exist everywhere and are equal to j“’) except for an emumerable set of
values of 7 . Them in the imtericr of the uait eirls of the (u, v)=plene

we consider the funetion (u + iv = w)
Hiw)» Huwa vy = R Few)

with ;
' = OF
4 O S s (17)0(*\3.
fuy = 7 jc" = 3

0

In the paper the fact is used that
H(u)—-}c}(Jo)
Iwied and 5("}) is continuous in 17; . To prove

(-]

it w— e
that, let w bo equal to 71e '/ . Then
,e"":f-w (MJ-'.-’—MY)-,.('(QI'M?-f’f’JI‘kf)
eV i (M\T-rmy)-fﬂ[S,',J“—r.s/'«f)

.9_ 2 5 L .2 2 ol =
Rl‘-c-w @n«T—FMY)+“"J""“?)
' - : MY 1

& o (m,}-’rmy)’} (s:vu?- T §ine)

: X
1=~

1 + 2."‘""’(7’"‘)'_)

e
fiSe {
D s i

i e +
AT = o

P
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Benee K (<) gs the Poissen integralt
¥ ¢

50’)0(1)*.

RI(H) s f"f7 ~ZM(Y )

(d . R
if ¢ designates the point where the straight line comnecting - 4
and W erosses the unit eircle the second time, end if we put
f.-.lp/-e‘.rl .y"‘= lw-e"’;

F.dd

we have the relations
2 1,_.{7'_ 21‘(4\&—17-)

J’ =
grt= (1) (@-7)
J*_ 5L ot
T~ 1+fz_zy-m6f~0')
e L
o X ;4
We see quite gemerally (if /N) is summable):
or , 2

j_;_’_f/c,n £ < [ peo)yddT
0

Let D be the interior of the unit eirele, & its boundary, and
J, enypoint on Cs take on C en interval i of lemgth 25 with center
7V, end put
Ad,, €)Y = Least Uppar bousd 13(0)-3('7331-
ci
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Then for all points # in the interior of the segment = of the unit circle
bounded by i and the straight line segment commecting the emnd points of i,
we have
(1) //+cw) - 9“7»)] < A(n?o,c?) +-—2_;/—70‘.
To show this we set
pery = 5= g(Ve)
Then we have r T
Hiwyz 8(7) +;17(_£.;,':/ma/\7_- 3(:?,)4.;’77.{/(1»0(1?”

= g (Jo) 2 V< L [ g9
‘ b-e

Mo S Lt TIOE-E ik ke Jcc‘; therefore
‘S fw)o(\?*'lg_ 4)(_\);,(73(277'-2(7)
£

and on acoount of //“’)152/7

’S/N)d{?”‘ﬁ‘fr/‘f.

From this the imequality (1) follows immediately, end from (1),

for W= Vv ((u[‘ 11

if 9(173 is contimuous im V, .
Douglas states (without using the statement later) thet if 4/
has et J o & discontinuity of the first kind, the limiting values of #¢w)

o U< -?"‘7" , (wi «1, depend ume.r1§ on the direetion in which
W  epproaches eV This can be proved in the following way.
(."; V-
let £ be the point (1, 0) of the (u, v)-pleme. Them ;=5
is defined in Ds One verifies easily that arctg ;"7 is a harmonie

function in D,




The velues A(7) ofm:_?—;- on C have in Y~o0 & discontimu=

ity of the first kind:
Atos)sro8 /((a-)a-%
If for our funetion 9(47'.)
5/04-)—5(0-):« % 0
the values iim’) of
Acu)~im"7:€7
mcmm-ﬁmmtyu 5:}):
/{(0+)——/l(.0-)—°4-

Mm 3(17)——-A¢17) is contimuous at V=0  end

R zﬂ‘j{e b (7(3)——/{“9))0(_1}= Howys — A cw)

epproaches for W > 71  (wi<17 , sccording to our previous result, the value
«)(0+)~-§; § Lo-) + 5.

If we set ¥
. L2 v
W, =7 = 2

and let , converge to 1 in such mammer that
Yv "7)0)

A (v,y -

JJr

¥

Hiwy - §LoY =T "3 ¥
After these remarks Douglas considers a set g )t 8 ()
of functions of the seme kind @s our §(V) end forms the corresponding fune-

tions
H tuy= H; (e, v) = R Frw)
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with e
?. % 1 l,"%.l—/ 1 (17) ’(‘}_
4 (“’) = 277 ("9:—1-./ 71
0
The equations

K“ = H"(k,d)
hﬂmamwotwuzvvz<l. ¥We introduce the functionals

Ag(3) = J§ (Erg)oa st
b.l'

$e €9y = J§ VEg-F2 ddeots
D
§

where D desigastes the domain wevTep o, o set
Acgy = fz’_;'r Ac9)
S8 = A% e
Then some properties of the fumctionals are established
g’ I Seg) = Adg) emd S¢g)= ACJ)  if and only if

“ A
Z I‘. Ca) s o

I, A9) is lower semicontinucus.
The funotions which interest us here are uniformly bounded
((al\’)lfh)-mlm““u 3 is summeble. Let L be the class of all
measureble functiens (V) with |/ «/T. 12 9,V e’ ona
?,(«7')—)313) (not neecessarily uniformly), then .)(«7)44_, This
can be slightly gemeralized: lLet q,(V) end 5(¥) be defined enly
elmost everywhere om (7547‘an. ; i.es except for sets Vv 77 Yo
respectively of measure O. Then
Nz Mot N AG T
has the measure 0 and we understand the relation
9y (T > g (V)




as meaning that
Gr9e) »g(Y%) 12 7, 1s net inN.
We enlarge the class L by admitting sll messurable functions /(V) which
are defined on (< V<27 except for a set /() of measure O and
for which
{31 £ M it J temotim H(f) .,
Then we still have: if 4, <L and 9,~> § them § <L

That K(g) 1o contimuous on L meens: $f 4,29 (4,,§ <<&)
then K(s‘,)—,i(l’) end that A(4) is lower semicontimuous on L means:
if 3’43 (‘jv(SCL) then

Acgy & G iof AGT)

The proof of Theorem II consists of two steps: the first is to
prove that A(g) can be represented as limit of a non-decreasing sequence of
contimious funetions A, (§) . Douglas proves this by showing that Ag¢j)
is continucus., Since »

Ag, (5) 2 Ap 15) for 7>p,>f.>0,
the functions |
A,cg)=Avz(g)
form a non-decreasing sequence of funotions converging to Atﬂ)

The second step is the proof of the following gemeral fact:

Let T be any set of the following type: the relation of conver-
gence is defined end satisfies the conditions: (a) if 9,5 (9,5 <)
then each subsequemce { §.,y of {g.| convergesto j ; (b) if 9,=4
v=1, 2, eees then ?l:‘;;mnrs“t.so (our eless L satisfies these con=

ditions and is even ecmpees.) Let the comtimuity and semicontimuity of &
function A(g) on T be defined as above, then the theorem holds:
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i A,(3) 1is lower semicontinuous on L, v = 1, 2, ees, and
Av(§) 2 Avei (), V=2, 3, ceay foreach 9 onl, them A,qy) con-
verges to lower semicontimuous §unctiony Ag).

Proof. Av(§) converges, since A,y =2 Ay, 9)
let Ag) be the limit. If A(g) were not lower semicontimious, 2 sequence
9. 3° would exist with

Wints 6 bs Fudfods < sA430)

nw =5 =0

‘wrornrﬂoi-uywv-mmun
~ Liva inf AC§%) < A, 5°%) .
On the other hand

A, (901 AC9L)

end therefore
Liv inf. A (§o) & G inf ALYL) .
“w = g

This, together with (*), would give
Broa L A, (32) <AV(§")

P ey

for great ¥ in contradiction to the lower semicomtinuity of A, (J) .




Now le¢ 9.(’) bo sgain & bounded function with en almost ine
mmereble set of discontinuities of the first kind end no others. We shall

obtain later on by & limiting process funstions y.'("}. ‘s 1 -,
mohemuunmm«uu.ustunuwummw
W atl 9,/w) arc

possibility that 9,() has dlscontimuities or 48 constant om certain eres
of . To prepere this cemclusion Douglas preves the following facte:
If ono of the functions 4, V) (st least) hes e discontinuity,
then
- N et Ll e end
v, Z 7"-”(‘.-») £ 0
Ve It‘-n 9,/¢%) are constent on en are J of § tut not all 9,v)
ere constant on the whole ecirele ( , them
ZZ—’zcu)qéo.
Thomeéet?dmiatbmm;mdhm. Pro-
fessor lorse gave the following proof recurring to more elementary means.

According to the idemtity of lLegrange we have

= 9{. DK 17‘( 91’,
fS-—F?’— Z—(?a ',)q/- 70?0\)

Y B

(efe ppe 1, 2, vhore this is proved for n = 3). Hemee, if [ F- F% 0

et (%o, VYe) one of the above Jecobians, say
Ltxy, %)
D, )
doos not vamich at (v, , vV, ) end the equations

( +)

/

X" = /'/{'(u,‘u)
v - » ‘}
)() H, ta, V)




set forth a topological mapping of & neighborhood |V -wol< % | (u,+.v,7¢,)
of (u,, vo)  one neighborhood of the pelmt ( X («., v,) X, (u, Vo) }
in the (X, x,) =plame, Therefore the equations

x“ = //" (L) '-#LL——GU-L—‘—%
give a ono~to-one sorrespondence between the points
Xe= Heeoy | [o- Usl<?

of the surface and the eirele - v, |2 9 of the « =pleme., Lot now
9, (V) = £, =  oconskeom [
‘but ot all 9, ()) be comstant om the whele of U . If V were false we

should have &

2 Frleh>=.0
henoe (see pe 15) |
(1) £z %, F= 0 .
Sinoe Hy(u, v) is the harmonic fumetion defined by the Poissem integral with
the boundary values 7,(V) (ofs ppe 18«19), we have

Hocw) — k) |

if . epproaches an interior point of ; . Therefore 4 (v) ean de con=

tinued across ; by the method of refloction.®) The mepping of our surface

*) Ag is well kmown, thls process is defined es follows: We set
weow et oty ";'-‘zl'r (o) = o)
end for |UI=7
Hocoy == Howd*) + 24 5

to prove that H.(v) 4s harmemic for all ' mnot on the closed are
t-r consider @ eirele k perpendicular to U intersecting !
at two interior points of ;. Under the trensformetiom v — w*
the pert of k in the interior D of C is trensformed into the part of k
cuteide C. The waluesof < (Y) eon k are continuous end define (by
moans of the Polsson integrel) e fumetiem #, (V) harmonie in the im=




terior of k with ¢he
/7‘- (4. =. H, (U) for w < k

The transformation
Lg o~ L3768

trensforms //.(u) inko the fumetion

—
—

H:(uy = H; 1oy

—

Simce em k
H ooy = = Hoay + 24
this equation must also hold in the interior of k, especially

Hy (a) = #; fo¢ U<y .

Hence on the whole boundary of the domain inside of both kand C we
e /7‘-(u)= //('I(J)

ond therefore /. (&) = A, () gverywhere in this domain (we use the
fact that a function harmonie in & domain bounded by & piscewise
analytic simple closed Jordan eurve with coutimucus values on this
curve is uniquely determined by these boundary values). Cenmverning
the method of reflection, see lurwits~Courant, Funktiomertheorie, 34
edition, Berlin 1929, p.372 £f, and p. 463,

8 can also be continued over 7 . Since 9,*1#);1,- ons  this mepping
caxnot be eno~to-ome in the neighborhood of any point of 7~ . Ou» prelim=
inery remark shows tlat

EB-F*=0 ¥ &

and on ascount of (1)
5=<§;0 N moy .




or (see the definitions of E and G)

S SER RS T
9“ JU £ '3: ,14‘ f

This would involve

7 wy = g:‘

4

'DK‘
- @ ==t = O
ek on

and simee 7 () 4is smalytic in & neighborhood of & s« Garc
of ) we should have
E‘(U)E 0 ‘ {-:41.-.'h
or 7(v) conste end 9,0)) = eumste on the whole of C contrery to our
hypothesis.

The last preperatory consideration concerns the set of ell teopological
meppings of the wnit eirele ! onto itself, which leave three points of T
fiueée As coordinate on © we take again the amgle . let

o /('17)
be & topological mepping of ¢ omto itsclf with the three fixed points
J7(‘71,"T3 (02, ¢, < 1);4217)
//1)(‘]: «}" ’ ‘}7'2.3-

-17'/¢ J’/< Jz

<y
N

we must have
,17.

2

N

/(if’) < f“)”)f J,
forae [0) > () ({02 07) 1u sepesatile stnee 7))

the fumction
7()‘) ® /[(1~t) Loty - /(fl)"i- a-dJ;, )

continuous for (< ¢t £7 end satisfying the conditions
7,(0):/(191)'/(172') =7-91"‘}L <O and
yu)://(\f’)-f(l)") - O

would venish for some value ¢ betwoen O and 1s




£( (1-8), 7 ) - //EJ"+ ¢-€) Y, )
This equation would involve necessary equality of the arguments of /( )

on the right and on the left sides, Wt
(1-F )V v T V' < 0" I+ 0-87; .

We see that the fumetion /¢/) is ineremsing in each of the intervals
o NG ESE T, : J, e V=W, U= T J 4. ’
dowlet ¥ < [, (V) be any sequense of topologieal meppings 3
of C omto iteelf with the three fimed points V. V., J; Acsording :
to & well known theorem (which we shall prove later) .. {/‘,Mn& e
subsequemoe { /, (7) | ean be chosen which cemverges for , < J<
to monotonie (non-decreasing) funetien eccording to the seme theorem in
{frc?) | & subsequense ([, (V) ) exiets comverging in o/, <<y
to & monotonic fumction K~ end finally (choosing a subsequence of /. (V/ )
wo find & sequence /;, (V)  eemverging to a fumetion /cV) non-decreasing in
each of the intervals (*) with A
L3 )= deen y ool - ig

In general (V) will have singularities of the two following
kinds: there may be ares on C on which (V) is constant, and there
may be discontinuities. These are of the firet kind since the monotomy
of /() invelves the existence of the limits

fu):-) end /(J~) |
et each point v . The set (6 of all these discontimities is counteble.
For to every discontizuity belongs e positive mmber
- /1J+)—f(t7-)
Demoting by §, the subset of those points for which

4
ol i=e
4




&= er

and if & weore not countable at least ono of the sets ¢, ,say (v
mist be infinite. Then one of the intervals (*) must contain an infinite
subset of G, end /()) would not be boundeds) The set of (grestest)

*) 1t - 1e not countable, ene of the sets , mst be even mem-countables
weing this faot one sees sasily that any function which has only dise
continuities of the first kind has only cowntebly meny points of die=
continuitye

ares, where /(7 ) 4s constant, is countable (this can bo deduced from the
preceding investigation, since these ares are the discontinuities of the
function inverse to /(V) ). Ve see the mapping

D»fﬁ))

has in general the following singularities: countably meny subarcs of €
are transformed into points to & countable set of points on € o yracA
whole arcs.

To prove the compactness of the monotomic functioms, we start with

the

loomar Lot Av (P) v=1,2, --- be any sequence of uni=
formly bounded functions defined an & peint set To any arbitrary
countablo subset ~ of . o subsequence of { 4, (P) ] cen be found con=
verging at the poiunts of ~ .

Proofe let A, A, ---  be the points of ~ . The sequence
€ f ALY is boundod; therefore & comverging subsequemce ., (A.) of
hy(Ar) eoxists. Since 4., (A,) is bounded, & converging sub~

sequence 4,, (A2) of A, (Ar) exists. Going on in the same




manner wo get a sequence
b RNy ~ Ry P,V =

hap, $P) o hay (81347

/

A (P) l‘u (P)’---'L““(p)'~

converges at each point A, of . beceuse

l““ (P)l Am;4,“~f—1 [/’)l S

saa

is & subsequemes of 4., (P), A, (R, .-

We now prove the theorem we used above:

Lot the functions (), (V) e defined and nemedecreasing for
VeV,  ond wiforsly boundeds [{*)|< /7. Them s sube
m//u M’)} ct/“’) exists converging to & non-decreasing funec=

tion /(‘7)-

Let v’,«ﬂ' > & be the rational velues of J‘mum
interval J - V<9, According to our Lerma we cen find & subse~
quense /i, (V), far (V) - ot { ﬂ(\?’} converging at the points
IJ1 g

t’ch'°’ . Ve set

L //,,w) S s, -

f,vh)“\
we have

o atly

§ince

I~

f,v'(J“) R Ry L

I~

/(17“) for J"L 1}“.




Eenoce the lirits . :
/(,n) A, /(1)") ATV RN

il fid=yz K { (4 bosue oF < ¥, Fusrus

exist for J, =« J<J,  (pew V=, J_ respectively, only one

of these limits has o sense). The functions
fevd = f 1) } g
frony Fofrsdrd

are monctenic end we have for all

) s ey = f )= f (=) -

7o) s f ) = f ) -ic«h),

The discontimuities of (V) therefore are at tho same ti-e
those of /(7) 3 @8 proved onps 2/ ‘they form at most & countable set
end emoopt for these points wo have V) =7 (V) . let ., ves
point where { (V) end Z’m) ere contimuous and let the ratiomal numbers
7, end 7, be chosen in such mammer that

dyoe Ve d,
end . I J, ok,

{

fon (Du)is fon DN & T,
end therefore
{d@ns {5 %’v;::(f,.‘csa)i%v:;w fin190) & 1)< 7).
sinoe J, 1is & point of contimuity for /(V) sswellas / (V) we have

Live {032 £ )= (Vo) = Lo )

Consequently

Li inf fou ) = G cup Lo ()
or /,, () cenverges st o me—mmm(/ﬁhm)}.
subsequemoe {(¢ . (7)) exists converging et ell points where [c)) end /()
_are discontinuouss !bm(fu (+) Y hes al) properties required in
the assertions




Returning a moment to our previous discussion where we spplied this
theoren, we sees 1f (Vo)< J(V,*) vy tixing the value £¢V,)
we determine the point /n)o) as image of v)o-nunppin; 3—»/{%]
then does not cover any point between //”'a‘) and /f'}a')enept
/(9,;). Instead of doing this we can agree to consider all points be-
twoen /(%) end [/)?) (eventually imcluding ome or both of these peints)
as images of Jo. Then the function /(3) is not one-valued, but |
U > /r7)  gives & mapping of { eomto the whole of itself,  That is what
we meant by saying on p. 27 that whole arcs may correspond to single points.

Ve now come to the solution of the problem of Plateau. The area
of & continuous surface J of the type of the circular disk has been defined
on ps 14, Thereby sequences of polyhedrons 7, 72, -- occurred whose
boundaries Pys Py, «es tend to the givem curve /. Edidnot%k
then the semse in which Pys Pys wee has to approach /7.  We mean
"approaching” in the sense of Frechet: / enmd P. are topological images
of the unit eircle C. Lot /~ be givem by

x('=//’-{fJ ' 1s¢€ <2 A
and P, by

“@y
X.‘:y; (r)

If T = T(¥) is a topological representation of C onto itself,
X =y meTy= g (0)

still represents P, We set
(o, P Yoo o T | Dt gemeyrenr)i
dl' ) 0“_:f£2ﬂ. €oa y )

end define as distence of / end P_  the number
oA (7, Pu) = g. € 8 o SANE A




where 7 (T) traverses all topological mappings £ >T(f)  of ¢ imte
iteelf, We say that 5. tends to /” if
oA (7. ) =0,

A% firet sight this definition seems to be complicated, but it is enly em
exact (and for more wuummmmm;-:ﬁmym)
fc;a ulation of the requirement: there must be parametric representetions
of P.. for which "correspending” points of I. end " are near to
each other uniformly elomg /” . Indeed we have:

P~ I bolds if end only if such persmetrizetions X, = “/)
and  xc:f0F) of T. end " oan be found thet ¥, (*) tends
to /' /*) uniformly in #, |

"The proof is obvious since the uniform convergence is egquivalent
to

i AL B Al X R
1 £#¢2mr

From the uniform convergence of v “(r)  follows: Por . —~> T
we have
(*) fetrls gy O
for
| fe = fT ) | & | fo 0 =, (t™0 | & UL = ") |

Now let T+, /e - be any sequence of simply commected
polyhedrons whose boundaries tend to " end put
ETRrY H y =e,-.4,,-._f Wi 3>

n 300

where ¢ (T.) is the area of 7. . The greatest lower bound ¥ (/)
of all simply-connected surfaces spanned by / is then equal to the greatest

lower bound of ell the mmbers S (7, 7,, - )  formed for the diferemt sex.




Y

S "=

T,
—
=

quences /’4,//:,*—~. Then there exists a sequemce %7 ——7%
of simply-comnected polyhedrons whose boundaries Py, P2, ees tend to /°
with
(**) S (Ty) —> o L)

The expression "simply connected” requires an interpretatiom.
For if, for instance, / is e knotied curve in the 3=space, the curves ©F._

—
—

[
/

(for great M ) will be kuotted too, amd there exists no polyhedron of the
. type of the circular disk spanmed by Fuw. . We meam that 7. is of
the type of the circular disk in the combinatoriel sense: Teke a finite
set of triangles in the plane with certain incidental relations for the
sides. These relations must be such that they define s complex 7.
which is topologically equivelent to the eireular disk, We may suppose
that identified sides have equal lengths, Then in e space of ntﬁeiuuy
lﬁgdmm:mmmd T exists whose faces are congruent
to the given triamgle and which is homeemorphie to the eirecular disk, In
the three-space in general we only get & polyhedron 7., whose faces are
congruent to the given triamgle and cross each cther in certain straight-
line segmentss 7 .~  is only a contimuocus, not a one~to-one comtimuous,
image of the abstract complex /.. unless we agree (as one ususlly does
in the theory of Riememn surfaces) to count a point of 7, + times if
it correspends to + differemt points of 7.

We now apply the so-called mapping theorem of Hoebe:

let 77" be a simply-connected polyhedron bounded by the polygon
B Then there exists a topological mep of 7 + /7 ™ ' on the closed
unit eircle D + C, which is conformal at every interior point not being a




R
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+) In this form the theorem has already been proved by H. A, Schwars., (Koebe
treated much more general cases.) Parlpredmc.can
Conformal representation (No, 28 of the Cambridge Tracts), Chape Vil.

Regarding the interior points of & face of /7 = the meening of the
expression “eonformal” is cleer. rorth.paimonanodpﬂ;otﬂ'”
which are not corners the word “conformal™ means: we move the two faces ,

touching &t 4 so that they fell into the same pleme. As metric on /=
mthonasghhorhoodotmint«iorpd.ntPet/z? we take the metric of the
plane neighborhood of P after the movement. The mapping in the theorem of
Koebe is conformal with respect to this metric.

We apply the theorem to our polyhedron 7, (see (**), ps32)
The boundary P, of ., may be given by

x;;/?;"zr) . oetslm,
where the funections /—,““(f) may be chosen in such menner that /""
approaches f,‘/” uniformly in ©, where
= [ )

is & representation of /’. The mapping of 7. on D + C induces a top~
ologicel mapping of P, on C, which may be given by

(1) roa e (A,

Fixing on P, the three points %;, $5, %5 (0S¢ <tp<$3<27) and taking |

on C the three fixed poimts J,=t,, i xtL, V3 = T we may 1

suppose that |
g Dhon 5, (D i 2723 ;2 e, !

For we can compéfe our conformal mapping with a linear mepping of D + C onte

itself which transforms the original images of ¢-. f:, 7, into the points ]
"')‘4/‘)—&/?5' 1
{1,




(1) defines a topological mapping of C omto iteelf ( considered
as peremeter on C)2
J > T ()=t
Acoording to our statement om pe 27, we con choose & subsequemee { o, (N}
of { 5. (%)} ocenverging to funetion - (7) . We cenmet exclude a priori

I s G )

might have singularities of the types mentioned on p. 27 and 30 .
The equations

€l

l
'

%2 /,'m(u,“(&)) j;m“’W (ﬂ“ﬁ: /-'M'}U
still represent P , tut by setting
X: = /,‘(U(J)\
wo are not sure to have a proper parametric representation of /. lowever,
from the uniforn convergence of the /{-MU‘) it follows that
(2) Lirs SN % 9 (20)
if Y, is point of contimuity for o (J ) . For them

1]

3(19'5

w, (3:) = v Jo) (efe pe 29)
and (2) is & consequence of (X), pe 27 -
The mepping of 7, om « +tv £ 1 sets forth a paremetric
representation

& 2
e <
X{-‘ A (lA‘\)\) (= L

of T, 3 since this mapping is comformal for .« +tv < 7  emsept for
& finite number of points we have
; )

EEZZ_(%%)‘ (&)= | F

}QA
E
|




Therefore
(8) Dex™) = 2’- SDS(E*S’)"‘“’(V' —,jf Eg-F2olaoly = ST

How let M/ Sl vy be the fumection hermonic in D with the bounda~

ry values 9;17) . Them

earse§ [ TN (00T edto «  CL(50)" (555 ] oo

D
I

For, omitting the subseript i and the superseript m, end considering that
2 i "
s . r-#-z T e w(y-7)

|
1Pt o2 e @) “=7 ;
[
(
I

snd that this series is uniformly comvergent in J for r < 1, we have

(uv—c'v: 1‘6‘?)

2 . - |
I 7~ _ 4 2 3 P |
Hiu,vs= Hirg) = g 4471—2¢m(y-a)§““0{‘} 5 +§(k croung t 4, sing). |
i
|
with X |
mr P |
L 4 . l
au: '1;!:[3(!’)‘4’31\9—0(\)— ’ »pk=7r‘j%(\’)5u-k9-0(} |
0

’ |
m =3_.*Zja cn kT + K, sin £J7)

“ € k=2 '
we have for r = 1

TR 'kzh__k(a,._ml‘?*ft sink )

V- A

and

omr
2 - ¥ = - ® 4.
Eu-H’)wylde 6 G Ay AT AV =0 ket

hence for r = 1

(4) ( (x-M)




Kow
-3(x)=(b(/-7,,+é~:‘7..))= DIHL) + Dix-H.) +
* ‘_(S ( 2!‘/ _ﬁ._é Ha) e 1AL, K- ”",)a(up(u

? o 20 J v

,,Mnstonm'-mummtuumumﬁm,“.“m“
B WS A0S Y ATH. oA f e € (x= e :f-‘: o5
] ¢
From A H.= 0 and (4) follows
Dixy. n DL Hpd) H, s Dlx-Hu)

and
SS L(?Hu)_‘_cz)_/él)l]d“a/v & \b(ﬁ‘-)“' b(x)l
whers DJ, designates the domaim (< ~*Vv <y <7 Im D

the funetionms '+ and thelr derivetives converge uniformly to H; there-
fore for ~ —~>o? the integral on the left side tends to the Dirichlet in-
tegral of H over CDS and we have

’)H l (OH 2'] o(up(u- < b(x)

D (H) = Dex)

Now, returning to our previous notation
h
Acg™y= Z D (H™)

r21

we find on scoount of (3), p. 35
A(g=) £ § LML)
Since A(ﬁ“') is lower semi-continuousn we have
Acgy & G ,-k{ AC§g™) & G ST Y= w (')

If ©. (P)<eo , theorem III, p, 22, shows that the fumetioms 3,'(17)
are contimsous, We then consider the harmonic surface H defined by the
boundery values 4 (7) omC. Ina sense defined by Dougles, E may be
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considered as bounded by /7 (though the 9,(’/ might be constent on cer—
tain arcs of C). Therefore
o (7)) £§Cr)= §Cg)
and the theorems I, IV, V easily lead to the comclusiom that E is & minimal
surface with the erea /. (") bounded by / and so that the equations
X{ = 9,()

set forth a topological mepping of Cem /- !

Finally Douglas treats the cese '~ (/) = oo end proves that a
minimal surface through /' exists.

3+ Examples

The case jm ()= o  ecan really occur for & suitable simple
closed Jorden curve in the three-spsce., The example which we shall discuss
here has been indicated by R. Rado.”)  Professer S.S:Cairns gave the details

Pe -

of the proof,.
Consider the spiral

1 T
s e & O
T r; ,&5}’

N
in the plame 2 = 0 of a S-space with

! /‘_\ the cylindrical coordinates .y, z
This spiral, together with the straight
line segment comnecting the end-points

of the spiral, formg a curve o
A r* which divides the plane z = 0 into an

‘/ infinite and emmerably-nany simply-




connected open regionss We designete these latter regions by 23, 834 «ses

where & is the region which contains the point
7 -

/Y—:_ y r:l/ 1

Vir(2v-1)r1 i

Denoting by /<,) +the content of a, , one readily verifies that

[l + 2181 + 3 181 + - - - = o2 .

We determine in 4, 2 simple closed polygom ﬂ., bounding & (simply con-
nected) region /, with
' /4, 1

Ié’/l?-—i—'

£, has & positive distance from the boundary of 4, . Ve have
(1) [ 1 R 16l 3141+ - = o2
let /’ be defined as follows: / consists of the ourve

T 7
- — P S8 i, = s = oo
¥+ = )- Z ] > < f

e ¥
end the straight lins segment connecting the end-points of the curve. /°
will wot span any simply-connected surface of finite area, In order to prove
this we need an suxiliery consideration:
In the w -plane let

W= f(+) 0£Ff < 2m

!

be any continucus closed curve  (N(oy= w(2M) ) end w, @ point
nct on ks« Then the integral

27, - § ey (0o o
K

is equal to the variation of the ergument of V- < o, (i.e, the angle

which the vector L/ - o  forms with a fixed direction), whem <~ traverses
k in the sense of in’Teesing t,end this engle is contimued in a continuous

menner along ke From a consideration femiliar in the theory of complex




funetions it follows that
A k.
(1) Oy 2%
if v, can be commected with v, by an are which has no common points

with k.

Let k' be ancther continuous curve so near k that their distence in
the sense of Frechet is less than the (usual) distence of either curve from
W . Then there exist such paremetrizations ~(z) end u'z)

of k and k* that

. & e < 2r7 .
Pty W ies ] < Hiw [ (Ulry -, 162 =l )

We shall prove that .

[ Ok
(2) Jo. * 7w
The angle (in the common sense) between the vectors vV (2) -,
and ‘-J"z)‘k/o is less than % . Fixing the arguments of UV /(n-<,
and wc)-w, so that their difference is less than {a.ndoonﬁmin;

these arguments for (< T €27  in e continuous menner, we see that
| G”j (UTy—u,) - a—ﬂg (Jizy-u,y | < _;r ,/w Ve 2 <27,

therefore
’ [u‘) (U amy-Us)— 0rg ( W) -wo)] ..[Zj(u’tzrr)_ua) - oy u’/o)-u.,]7< 7/‘1.
from this follows (2) immediately.

letnow 3, beapointin /, emd 7, 7, - - any sequence
of simply-commected polyhedrons (in the combinatorial sense, efs pe 32 )
whose boundaries Pys Pgs eee tend to /' (in the sense of Frechet). TWe
have to show that the areas S (7,) of 7, tend to <> . let 7
Py*, Po*, see be the projections of Py, Pps eee on the plane ¢ = O, Since
P, tends to " in the sense of Frechet, ome essily sees thet 7,  temds

to " in the sense of Frechet (using the fact that the ratio of the lemgths

of any are °% [" and the corresponding arc of /[~ is bounded). Therefore




on account of (2), to given §¥ & mumber y (/4 ) ecen be found such that for
V> V’”) and m = 1, sees N,
(a) P, does not intersect the boundery 3. of f..

A pe’®
(v) J = 4
3. 3.
From (1) it follows that we have
?’l' P-Jt
(6) DB««. - ’DQ / = 7, "':/V . “7‘/{4/)’ l

for each & point G < &,

g™ '
’D-Bw cen easily be determined. let p = be the sum of

the spiral from y= 27 to y: L +t2(wen T end the straight line
ug;o::““ end-points of this are,and O,  the spiral T=,f'-; for
Ti2ummey = o0 plus the segment commecting its end-points.
( fu. 18 the Doundiry of 3) ¢ @ ¢ cee + 8, eud 6. is that of

841 * 840 * ose) We then have

9,7 - 2y
G
‘)JBM L )
therefore
F'c
93 =B

end on account of (b) end (e)

»%
DQP“__,,M b Qe d, med, M, emH).
We orient the curve / so that the part over the spiral is traversed

positively if ¥ inoreases. The oriemtatiom of /" induees orientations




of " and Py, Py, eee (at least for great subscripts) end herewith of

R Pah;—'- . We may suppose that the faces of /7, are triangles end

we cen assume without loss of generslity that the plane of no face of 7. is
perpendicular to & = O. The oriemtation of FP. induces in the well<kmown
manmer a ("coherent”) oriemtation of the triangles forming /7. . We con~
sider the projection 7, of /7, 8s a comtinuous image of 7, . This

x

induces 28 above positive orientations of the triangles forming 7, = the
x

* g
. oriented polygen /., is the boundary of 7. . Let A be any point of the

plane 3 = O which is not the projection of & point on an edge of 7, ore
line where /7, orosses itself. A is covered by certain triangles of 7.
let /7 be the mumber of those among them which are oriemted in the same way as
thyhmsﬂaimu(pmumyuymmm).md?thombaefthon
oriented in the opposite mammer. We then apply the theorem that

Ol _

97 =i
From our formula (d) it follows that
a{*: 7=
Hence each point of ¢, not under en edge or a self-crossing of 7, is e

= fO!' QC ‘(m, W=4"'~’M, n>V{”)'

projection of at least m different points of 7. . Sinece the content of a
triangle does not inerease by perpendicular projection of the triangle on a
plene, we see that the area S (T.) of T. for n > V(W)

setisfies the relation
S(Myzll,| +2 41 +--- + NV /€]

X (rT“)—-b =




%® shall now coneider examples converning the loeal behavior of
minimel surfaeces, end exsmples showing that the solution of Platean’s prob=
lem generaily is not uniques We stert with a new and more gemeral definie
tion of & mininel surfaces |

Let D* be any demain in the(u®, v*)~plane bounded by a simple closed
Jorden curve C* and D* a domain in the (u?, v')*plane bounded by the simple
closed curve C'. Them it is well known thet D' ¢ C' ean be mapped topologleal~
lyon C* + D% ik

¥ F ® : \
‘A.*g {lu(“’) [} v :(3(‘4.\1)

Let ¥ = X (u%, ¢*) e any contimous surfuce defined on D* + C*. Then the

equations , s
RuT) =X, (fenivy gesivy)E Glaly)  (wiv') € /2D

K = ixg b3

represent the same point set S and we regard the two systems of equations

Xo o Xp (30 12 and X=X (')
merely as two different parsmetrisations of the seme surface., Since D* + (*
can be masped topologically on the unit=cirele D plus its boundary C of &
(mvmutmmhwnmmtmmathm“
1o given by u® + ¥2 S 1,

We geveralise this proecess & little introducing local paremsters,
mvawumwam(...v.).nﬁngu.mwmmwds
correspanding to V . We transfom ¥ tepologically into a vieinity V, of the

point (‘orﬁo) u‘( "’,/g )‘pl“
« :-t(k,.v) , /g=/3¢u‘v) ! .v) c v
o w os.w e ) ; v o= \r(“‘/‘) " (“,/3_)(— Vo

and introduce in W the paremeters « /A by setting ,
(@) X=Ttuv) = T (utep), v, pyy=Toate ), (2,8)c ¥

We call <,/  local paremeters for the neighborhood W of the point E(8y¥,)e




By moans of this we define again what we mean by a minimal surface
$ in the three-space bounded by the simple closed Jordan curve / - Ve re~
quire that ¢ cen be represented by s conbimucus vector fumetion X(u, v)s

- = 2 z
Ko™ A Xowbinls i) g AT Bele £.4
such that the equations
7 8
Z-- ;("‘t") g TR R T

yield o topological mapping of [ on the oirele C and that a suitable neighberho
‘W of each point T(u, v) of S ﬁﬁu’*v’(lmmmw“
tions of the form (1) in such manmmer that the funetions X, («, /)

Vol ), 2olu A) are harmonic in V, and satisfy the conditions

(@ E=Fa)ti=(R)y=% , F-&) @)oo

The representation of W en V, by (1) therefore is conformal. The parameters
“« b  ere ealled local typieal parsncters for W, Pubbing

pemey S, P pgt—oly golpnn s Zpe LA
(hmmumm ?,-' ofy pe 14)s The conditions (2) are
equivalent to
P 2 2
(s) Ya: + Y by, = O

u:ﬂth-mhahgimbyf (&= w+ )
X(€y=R §y(S)u §
@ js) = R U
20 ) :Kfy,ff)df

n

The point Yu,//%,) is a regular point of § in the sense of
differertial seemetry if
3 iyl £5- Fit o
i J?(x,'po) is not reguler and all pertial derivatives of x, y, & uwp
to the order « wvanish, but not all those of order n+l, we call X (<, Ao)




@ branch point of order v - X (¢, A5) ig a branch point of order ~
if, and enly if, st <. << flo

e te 25 P 0 s nng
and ome of the fumetions ¢, ) does rot venish s% ~, < S0 . Inbroe
dueing other local typieal peremeters « , A’ for W, which may be dofined

by 1 ' /
A« = «'Cu,uv) ’/5-./)1«‘\;) , (w,v ) <« V¥

PAT (AI(-",/)’) L Ve v L 4’.’/‘// / ("‘:/)/) < t/o’

- or
the equations
(s) « e (utu By, vl pY), /’/: /3'6 wes, py viee, ) ’(.’/;)4 v,
seb Porth a topologissl mepping of V, on 'o . The representation of W
onto UV, (resps V,') is conformal om sccount of E= G, F = O except for the
points where 3G = ¥ = E° = 0, Homee the mapping (5 J of V, om V' 1s
eonformal except for en isolated set of points, and since it is topolozieal
it must be conformal throughout. From this it follows that the definition
of regularity and the order of a branch point does not depend on the sholse
of the local typieal paremeters.

lLet X(-l.,/%o) be a regular point of § end « A4  local typiecal
parameterss It is natural to use the eguation (3) in order to eliminate one
of the functions Y . TWe have either ¢, (S,)#0($,=x,+ o) oF
¢, ($.) #0 therefore either
(n) ¢y 853 ¥ 7 UGY ¥ 0 or
() ZAS PR R A S P

In cnse (8) wo set
yj s V v ‘,’__"_" fa
2

where V— means any one of the two distinations of ll"m P - — '




In case (b) wo put

& Y:-L'YL
-
In both cases we have
B B Y2
(&) 1, = C(®*+ V)
g T Py

Cemversely for any two fumctions ¢, ¥ regalar in s neighborhood of §
the fumotions ¢, d‘fi?iby (8) satisfy (3)3 therefore the equations
R§ [y o
(1) y R%[(qb%y‘)d‘s‘

z -_K§2¢v €5

X

[N}

always yield a minimal surface and the ppimt 1 (<, A,) 1s regular, unless
PECVE P TE D

e have
R SRl RS QAT F A )
O L T G L S S
i R % ol e e Qe ¥ e P

I X (%, fo) 4s wingular (= mot reguler) therefore all partial derivatives
of %, ¥, ¢ of the Pirst and second order (at least) vanish, and we see:

A brench point of & minimel surface represented in the form (7) is at
least of order ) .

There exists eanother losal representation of minimal surfuces which
is especislily well suited for the treatment of branch points., We start with




{ s

& surface given in the form (4)s If X (<,, Ao) 48 regular, wme of the

inequalitios (a), (), ps 71 holdsg in the onse (a) we put

s i "‘7/ Y3
(8*) i - R R in cnse (b)
*® = "{4 +‘.YL /( . Y’3
(‘) A= oy / 2 )

in both cases we have

p, = (1-4°) x
(8) o = C(TeAL)
7y 2 2 Am
and A\

K= R{@-4")u « §

ﬂ%/'(»ﬂ-ﬂ)/«« oL 3

"

@) 4

Z

h

K%’z/(,u of €

Comversely, if |, , ere reguler analytis in a meighborhood of §, the
functions . defined by (8) satisfy (3)/M (9) represents a minimal surface,
It u(%)=0 the point Iu‘,‘/io) is singular, But, as Frofessor
Morse remarked, sdnitting (usual orthogemal) trensformations of the coordinates
%, ¥, %, W0 cen represent the nmeighborhoed of any (not omly a regulsr) point
(%o fs) of a minimal surfuce in the form (9), and even so, that
Atg,) =0  (The sdvembage of this last condition will appear later.)

By & change of the leenl typical paremeters we can transiom
into the orizin of the € eplame, let

{t'--’)

( PR .
Y[’ ]Q (iaay ES F EES , =14, 3
“a




be the Taylor expansions of ¢, ¥, , 7, . The relation = v.'- 0
implies that the two least emong the mwbers m, m', »" must be equal, If not,
nen' =n" (e 2 )
the sssertion is obviows, for if, for instance,
B> nt = a”

we simply make the transformation
Bex, xt=y yP=u
. hen the surface gets the form
x't RSy s
y's R g 45
X

= *K g Y 0(3 :
L 3 2 . 3
We have elther a - /'a_ .+ 0 or &,.. v a . F 0, pakting core
respandingly either
Yz"r v ¥
/A - ﬁz—-z}. , ,(; y
2 4 or
- Y" +(’Y3 ( = 11_.
& Z ! 20

wo get o ropresentation of the form (8 with A (0)= v Ifmemnt =n"
we must have s
Z L84 &0

on sccount of (8)s Setting

0.‘. & {.,'_ "'(‘. > 7 2, 3
wo muat have

Z€‘.13 ZC":LL’ 26'&"20 (k)O)
Choosing oA, a0 theb
(x0) 20(;2'= kz ; . a; £ = B e = P
the trensformetion




7
RN, w4 2D
o < b
7~1=i(d1x t Ky X 0% )

is a rigid mobtion, uwm'mummmm
x,= R §Hac

) ¥ e e Sl e
z, =R [ F, AS

where _ : bt
o2 B L fry, ¥ Feal #C
'_2, = z i CI'L/f: z,'ks'“‘ib eIy
) b 4 Pt 5
et d o b A e Ap T i R e

Bat (10) shows that .
yA {c{“ AR {'a’('c“): '®)

M LK a8 fe A = __—-(f3
& / 2

are regular in & nelghborhood of O, we have A ()= 0  and the /- ere exe
pressed in terus of | end . s the - in (8),
tion (9) with the propertics desired,

Ve them got the representa«

The equations (11) end (12) show thet the plane s, = O is the unique-
ly dotommined tengential plene of the surface at =(0, 0), specislly:

At & brench point & minima) surfece hes & uniquely determined tan=
tential plens.
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The chief adventage of the representation (11) is that wme recog-
niges immediately if X(0, O) is reguler or & breanch point of & certain order:
since A(o>= O the polnt X(C, O) ean enly be ragular if .« /0)+o
i

,«(@):0..,18 il o o oo G €0, <

Fa ;. “a P v viéhkq 7

then x(0y 0) is @ bremch point of order mys But it must be remarked: if
’mm-,.-,.”.mmmmuvsur.mmw

tions (9) represent the same point set as the amalogous equations with the
funetions 1 4~  where

E 290 513 sigveal mgiels Uemgy § Tlisstse

and 2(0, 0) is & brench point of order — for this minimel surfese. Our

v

oﬂgimlMWhthhmmMrtM. We therefore see:s
The peint x(0, 0) of the surface  in the representation (9) with
A(0= o is & (proper) branch point of erder m, 2 0, if

l‘n_' baq

s (g) = au~1§ + 0 . by

“a

onﬁthom-l.-!. vee 2re relatively prime.
It follows that for

a7

:g",t«.:‘fu:cf , om = 0,7 - -
we have & branch point of order me
We now state (following T« Rade, l.Ce, pe 32) the different forms
in wiich the problem of Platesu has been treated:
Pye Given / , to determine & minimal surface 5 bounded by / in the
general sense as defined om pe 73

Pge The seme problem with the side=condition that sultable parsmeters u, v
say be found which are lceal typical psremeters for each interior
point of S i.ee x(u, v), ylu, v}, 2(u, v) have te be harmonic for
u® + ¥* < 1 end to satisfy the conditien

E=G, F=0,




Pye The same @s Py, but requiring furthermore thet functicns 7 een
utmmmmtmumrm(v)mmn’o"<t.

P‘. MmuP,.MmMWWMnWM:
140¢ that mever ¢ = ¥ =0 for ut + v < %o

Pge When /7 projects in a one-towone fashion emto an (x, y)-plane to ob=
tain & minimal surfece in the form s = f£(x, y), the funection z(x, ¥y)
being emalytie inside the projection of / snd one-velued end con=
tinuous in end on the projection of /.

In the peper of Douglas deslt with in §2, problem P, (end therefore
?1) is uzndu::gr the side sondition, that the ares of the surface is & min-
i, mnp/mrxmp'mmmn:m,mmymmznu
by requiring that all minimel surfases through /' (instesd of ome) shall be
found, But it has been shown that P, and P, also in this modified form are
minlm.mlymmmmemtfawnﬁnlm-
face,perameters v, v san be found which are locelly typieal in the neighbore
hood of each interior point,*)

») Ge.FeBockenbech and T.Rado, Subharmonic functions and minimal surfaces,
TrensAm.deth,So0, 35 (1958)

€S

Mm»mmetrlur\;%f%&mwmummn
example due to N, Wiener:

ummmmmr.y.sumua.y.-w

x = roos P, 1~rahr. t =g

For a surfece of revolution r = £(2) the parallel circle =z = const, and the
meridians y = const, sre the lines of curvature. The center of curvature
(?»,?o,;b) for & line of curvature being & parallel circle at a peint
(r.,—-fcz.o.ro,io) is the point where the normal to the plane curve
(13) T = ?(ﬁ-), Y=,




&

st (¥, ¥ o B,) intersccts the 2 - < <'s (hemoe ¥, = O)s lence the
two prineipal radii of curwature of r = £(s) et(r . 9, 8 \6re equal if,
Mmlyir.mmdm)utthpm(r‘.p..s.)nmltotb
distence of this polmt b0 (v=0, 2= %o ) . The enly pleme curves for
whigh this relation holds everywhere are the circle and the catemary;

the only minimsl surface of revelutiom therefore is the catemary, Tho does
not know this geometrical property of the catemsry verifies easily that the

 radius of curvature of

2 i d
a I 2
(14) rizy= 3le+e )  e>0
r-rs-'»:'hmlh
Q Ze —az_‘ A ’Y'LCZO)
T (la’('z )— e

and thet the segment of the mormal o (1¢) et (vo= ¥ 29 N'E from
tris point to the intersection of the normal with » = 0 has length

2 )
’ 2 7 (20
Y (20)' T -F ,' ( 0}

Q

The eres of the part C, of the catenold (14) between the plames 2z = *

is equal to .

iz
2 S’r(z) ’(fY’z(ZH) 0(1:277'5.%[@‘-(-2— )"(2 "
% .
2 g Lo d
(15) TR s b R
2 ) ?)

Bach of the boundery circles of <3 bounds & plens domein
k] vesps k, with the ares

For large § the double of this mumber is less than (15). Taking out from

R L
o B b
.l Lol




€5 the plece (<t the rest (., is homeemorphic to the closed circuler
digk and bounded by e piecewise anslytic Jordsn curve /. The two eireular
dieks k] ko together with the part /Pl <t  of the catenoid form a
surfece homsomorphic to the eircular digk end equally bounded by /. For
large ; end small ; this surface hes & smaller area .. C. Since we kmow
that there exists & minima) surface (of the type of the eirculer disk) bounded

by [ whose area is & mininvm, we see th2t two differemt minimel surfeces

. of the type of the sireular disk pass through /° . By e closer research one
ecan show that if 7 and ¢ are properly chosem these two miniwal surfeces
mdmmwutu-mm.uﬁmtmnzutiuotrmerm
wiles S0 FeUtFietion of mintaisting ¥, 18 ot waigue,’)

*) 1f one aduits as geometrically evident that tne of the minimal surfeces for
smell ¢ must be very near to the second surface through / which we comn=
structed above, one cen prove this easily, using the fact thet wp to e
cortain 9 the first minimal surface through /7 sctually mininizes the
aretis

The solution of problem Py would imply that there always exist mini~
mel surfaces through s given ourve /” which have only brench poimts of order
greater them 1, Professor lNorse stated that there are examples w:ich show
that Py is not always solveble, (P, is them neturelly not selveble either.)
'nmmmmmrsumuuyonxm.mmmwﬂ-
elent sonditions ean be given under which P, has an (even unique) solutiom;
for instance, if the projection of /” om the (x, y)*plane is convex,
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Some of these last results cen easily be derived from the following

Lemmas If h(u, v) is contimuous for u® + v* S 1 end harnonie for
W evP<1, enairat (u,v) (8% v <1)nend a1l its partiel derive-
tives up to the order n~l, but mot all those of order n,vanish (we them eall
(a‘.v’)tmott”.n)Mh‘mm“natvsﬁimatlmt&db
ferent pointse

Proaf. W consider the curve (h(u, ¥) = O et first in the neighbor-
hudot(a.r.) We represent h in poler coordinates . 7

d‘—clr‘ ((A-(Ao)+¢cv~l}¢)
& o
Re

L= Z__'f[a W)V)li—f S/hV)”)

Since the expension of hiu, ¥) in terms of w ~u, end v = v, deging with term

of order u, we must have
:'é):'_“gu-y:o

By = Bq 2 2= Quuy
m.hfowhn/o. Therefore h(u, v) = O has a representation of the form

6, way * b e n P % ?’cf,f):o
where 7(7.y) 1s o Fourier series converging for smell r. lence the tan-
gonts to h(u, ¥) = 0 ot (u, ¥ ) are given by

Cunup s G sinnp s O
and we see thet there are ~ differemt tangents, the angle between two conse-
cutive tengerts being equel o 7 . The ocurve h(u, ¥v) = 0 has at (v, v ) n
different brenches by eee b, With n differest tengents. Let b, end by be the
two parte of by issuing from (u , v )s We traverse by sterting st (ugs ¥)e
If wo pass & point (3, ¥) where h(u, v) hes & sero of type ; > 1, b, hes (as
we heve just proved) & tangent different from the tangents of the other branches

of hiu, v) =0 at (@, V). uummblunnummw
continustion is therefore uniquely determined, Cemtimuing b, in this mamer




uuzov"<lumumim-imtwmmtomhc. Ve cither
w.m&mr:ncwmwmu.mumc'uc. Since
h is contimious in u® + v° S 1 we have in this latter case h = 0 on C' end the

Lemma is proved. 1¢ ‘ench of the trenches b;. b, belengs & definite poiat S

all these 2n points must be different. Mn.umwr:-rzm

mmh:uu;’mm”amuunMum

boundary of each of which we should have h = O  Temee h = 0, Since
h(Pg')-o,thoh-upmd.
s
%o mow consider mimimel surfaces of the type of the eircular disk in
the three-space bounded by & simple closed Jordsn curve / es defined om pe 43.
We surpose that s is represented in the form

x= xtu v M g, ®= z (e v),

where x(u, v), y(u, v), s(u, v) are harmonic for n‘ + v’< 1, end contimuous
for u® ¢ v S 1 end setisfy the condition
E=a, F=0,

Te lnow on socount of the paper of Beckembach and Rade,quoted on p. 50,
that this assumption does mot mesn & loss of gemerality. Besides, the follow~
mmmumuwuﬁkummmwmm An
immediate conseguence of our lemms is the theorem

(1) 1If 7 is plane through & brench point P = X(u,, ¥,) of order u
on s (the reguler cese included es 1 = 0), then 7 intersects /' 1in st least
2(p+l) different points; if 7 is the tangent plene of s et P (this plene
exists according to our statement on pe 48), then 7 has et least 2(ne2) dife
ferent intersestions with |

et 7 be the plane

a'x+47+¢z+o(=o.




The intersections of 7 with /  ere given by

2 4
heu,oy=artu vy ¢ 4yluv) +C 20V vol 20 4t o T

h(u, v) is hermonic, Since 7 passes X(u . ¥,) we have h(u, ) = O end from
mmymumofthwhc'efu&nﬂym(of.pp.M)tolhﬂM
all partiel derivetives of h up to the order n venish et (u, v ). If 7 1is
mmwplmntcut!’uth-mwmmu(uhs.ohuud‘lymu
be equivalent to the definition used in elgebraic geometry), we see that all
partisl derivatives of h(u, v) up to the (n41)*" order yanish st (u,, v ).
Henee in both cases our lemma proves the theorem (1).

From (1) we conclude:

(2) 1If e cenvex region K contains " the minimal surfece s is con=
tained in K.

For if there were & point P of & exterior to X a plame 7 through P
would exish having no eermers or points with K and therefore with /' , whereas
acoording to (1) T must intersect (' at least twice.

A further conseguence of (1) is

(8) If there exists & straight line g such thet no plane through g
intersects | in more then two different points, ¢ has no brench points.

ra;mw;m.mmmwl’ in at
least ¢ distinet points.

The assumption of (3) is cbviously eatisfied if there exists & simply
sovered bounded and star-sheped sentrel or parallel projection /’ of /” upem
some plene, For if P* is the center of the star (or one such center if #'* can
be regerded s star in different memners) we chose as the straight line g of
(18) the line commecting P* with the cemter of projectiom ( orehers cn the
plene at infinity). |

sl ki




1# ' hes e simply covered persllel projection 7 on some plane
wiich is convex, them the orthogonal projection " ot I upon & plene 7”
orthogonal to the direction of projection is idemtical to the orthogonal pro~
jection of | em T". Therefore I"" i convex 46 5 cmevtosens izage of /-
As proved before, S has mo brench peints, Purthermore there cermot exist
any tengent plens of 5 perpendiculsr %o 7, for sush o plens would inter
sect || end therefore / " im at least & distinet points, in contredistion
to the cenvexity of /. Hence the orthogenal projestion of 5 en 7 sets
forth & one~to-one contimuous mapping of & neighborhood of each interior point
F(u,s v,) of S on s neighborhood of & point of 7" choosing 7" as (x, y)=
pm-.-mmtSmummwyutmrm--r(z.y).

The eylinder consisting of the straight lines perpendicular to B
at the polnts of // bounds & cemvex region, whose closure containg /. Frem
{(2) it follows that s does mot contein eny point cutside this cylinder. We
can oven say that this cylinder does not comtain other points of s tham those
of

/_'.

" Fer s supporting plame of the eylinder at such a point would be &
wmxn‘pxmet-’)ummummwmumfma.m

*) (me also sees easily thet minimel surfaces, which are no planes, have ne
supporting plenes.

s is enalytis, vherees s has no tengent planes perpendiculer to 7.

Wo designate the convex region bounded by /  with S7.  Nowwe
cont show that the orthogomal projection of S on $” gives a one-to=one mapping
ots.ans",




Let
xex,v)y yoym.v, ses@v), wers1,
be the eguetion of S .  The fact thet J cem be represented loeally in the

form 2 = £(x, y) together with cur last stabement, meens that by

(*) (u, v) > (x(u, ")n"(‘: 7)) Ml“;’w

» nefghborhood of each polmt E(u s v,)s u, +v?<1ar is mapped topolegiesi~
1y on a neighborhood of the point x(u , v.), y(u e u ) of 7"5 furthermore by (*)

u® ¢ ¥ * 1 is mepped tepelogieslly on /7 . Prom & topologleal theorem ) 1t

*) See Kerekjerto, Vorlesungen H#iber Topologie I, pe 176,

follows that () sets forth & tepelogiesl mepping of u> + ¥ Slem 3577 /%
14045 U, v are single-valued functions of x and ys Putting these wvalues of u, v
in the above equations of 5 we get & representation of S as & whole in the form
s = iz, y)o
Since S hes nmo brench point and mo tengent plame perpendiculsr to the (x, y)=
plane, & is emalytic in the interior of /. We have (ofs ppe 1-2)
pe1egh, Fefg, a-l«»t;

We 30-?" 10¢:¢t;
L--t%s lofﬁ !wfp

kol

for minimel surfeces gives us

| s+ r:)r" —aeg ¢ (1«;)33- 0.
From the theory of partial differential equations one kmows that the solution of
this equation, if it exists, is unique for given values of £ on the boundery
of\f: We see:

The condition




Problem Py (ps 50) is solvable in & unique mamner if the projectiom
of ” on the(x, y)plane cccurring in the formulation of Py is convex,
4, The ares ¢ o surface & = f(x, y)
The next subject discussed in the seminar wes the theory of the ares
of surfaces, wiich can be represented in the fom
g = £(x, y)o
The lestures followed closely the 6th chapter of the book: Théarie de 1'Intégrale

by Stanislaw Saks (Farssawa, 1933).




