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1. A number N • 2/3, .._ 1s given.

S 1s the set of all t' =. I, ... IN .

IT is the llet of all permuta tions P of S: i 7 1>i .
paiQ

T is the llet of all tetrads or pairs Of~ = (£, i ./ If, £) from S.

Let a sequence of tetrads /" .. ;: (i", i'" ik~ L .... ) J ..... ::. I, '-'J V J

.. .B'" C'"be given, and along nth this a llequence of factors A I /

Define

A'" ;{ f>' ... . .... 7>k~=-£'":: J -= 1 J J

f"('P) 13'" if p' .. ..... PkoA:t=..£&<'J
'= J = a- )

or Pl' ... 9=- i .... / Pk ... =.t.. .... )

'= c" if Pi .... -:f=. ti .... /
Ph -..,.L ....

Actually

Next

F (P):= [T f ~ ('P)

F~ =
The problem is to find

HOLX
p

and at least one P such that

F{P)= F~

2. We may equally well use

F (P) ,

Put

'!"'rt»=
C? (P)­
G,{-

a":: h. A

f"'C'p) I

P (p) /
F'4

J

then
T:>k'" R.. ...<t

;~ p/ ... = J- 4-:;- <X )
} =- I

.. (P) h .... if p'''' .... P k " -=t=- ..R. ..- L = J- ) )

3 Pl'"
..... pk"=-.,("

0"- =4=j I J

:: c'" if 'Pc'" 4- ' ... pk ....+."t ..
ti- I 1
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and

c; (P) - "2;-21"'[1')
)

c;~ - H~ ~ (P)
Also

p

./r"4 <:
"4 ...

C < a.
Put

2.

eX'" - a."- c" (>0)
)

(3"- C"-.Rr" (>")

There is no change in the nature of the problem, if we replace if ..(P) by

It "(p) =- 3- ... ( p) - c. ... -=

'D • .., ...
rf =-J- I

P,'" =,i'" )

'4 i(== 0<-

= -(3 .. il
OY"

= 0
and correspondingly C; (P) by

H (P) - L h. ~ ['P) :=: C; (P) - ~ C ... .I

"" ..
as well as C;; by

H *' MaAr H{PJ = C;; ~ - L c'" .
z p w

Consider the JtJ -dimensional Fucledian space of all matrices3.

x
Let P correspond to the matrix

X P = (X~»)

where X r. :
'J

J7>' . {= I if -Pi = i)
rz 1.1 =- 0 tt- P,' -=f=. J

- L(

Form a function k (f) such that

- 0('" i{ f =- Z-

I 't( 0 )

- -(5" il f = I )

= () il f =-0 )
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,

. .
3.

and put

='"A, (X) ~ h ( X(''d·'' + XfJ. -.e .. ) .
Then = ....

It. LX 1')

Hence, if we put

H (X) =
=- ....

~ h. (Xj
J

then

J-f (P) H ( X l' )

- "'{
The requirement for. It. () is satisfied by

- ....
1.- (f) - (rtat w t-/3'.') J- ri~'1+2/5"J)J .

)

Hence, putting

io( +-/-3 ....

£OC +2./S )
we have

H LX) -
~ [~ .. (Xi",/," +-xl/. .. .e .. ) - J .... ) (-<,· ...r-J-x~ ...(. ... ).
~

One more transformation will turn out to be useful. Put

K(x) -= ~ (O .... (Xi ..j .. +Xk"L. .. )-J .... )

+ 'YJ .s x.·
IlJ c,;J

H (X p) +- #''7
Kfx p) - A/'7 JH (P)

""1. will be chosen later.

L X f. ~ N for all p. therefore
fj Y

/< (X f) _
Hence

Since

where

and, if we define

/<}f-
thsn
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4.

) .

0" (Kl"J~+-J(I.!"..L'" JL+
4 r, -{~~\ d ~ +-R~ J"" } )
'd ~ aJ .L-~J

+-

Ma:..x
I}

Kex) =

Now put

4. KLX ) can also be written in this form:

Then K(I() is clearly a monotone-increasing and convex-frOlll-below function

of tee entire variable-system XiJ (l~i = I( --/#), i.e. of the matrix­

variable X , in the domain where all J(ii ? 0 .

Now
K (K)

J

J2 I ' and this extension does not intro­

It is well known, that 52 2. is the set

J< * =- fL1~
X i.. j2. ,

where 17.- I is the set of all X P,? ; 11 IT.
Since j( (X ) is convex-from-below, we have equally

K;!f- N~ Krx) )
X I ... J1 l

where fL l.. 11l the convex spanned by

duce any (addit.ional) relative maxima.

of all X= {Xif) with

!<rX)-J
)(::0 (Xii) , such that for some '1 =-

I
)

equally

l

rf
l,ifor all

for all

for all

~ X'o = }
J J
2: X" = I
i IJ

Xij ~ 0

is monotone-increasing, we have further

MC0(
JC. ," .. J"23

is the set of all

(I)

Since !< (X)

K'*-=
where JL 3

in 51 2.

"
tJ f )( iJ ~ Yii for all l- {J I

and this extension, too, does not introduce any (additional) relative maxima.

I t is well known, that R.3 is the set of all )( = (Xii ) with
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5.

homogenous coordinates,

•

free in

I.e.

x
I< (X) •in

for all

for all

I
I

in place of X

1<C~XJ )

2::: X·· cs:
J 'J
LX.' '.Si (I

.x fj /' 0 for all

can equally well use the definition

k*=

(II)

I X I ::: HQ...( {~XiJ' for all (,./ Lx" for all rf' ) ,
J q i fI

Then ~ is defined by I x: I =- I .
Hence restricting X -tr> 52..., may be replaced by leaving

)<
(IV), and then using I

IX
I<;t- == M Q...X

)<

Again, there are no relative maxima.

In this last form of k oj(- , however, j( ( :x J ) is a positive-

homogenous function of the variable-system Xli ("Ii - I( ._'/ '1-1),

Le. of the matrix-variable X (always in (IV)). Hence X may now be

viewed as a direction, Le. the J(tj' ((~I-' = If ... / ~) as positive-

maxima.

Now assume only

(N) {

..( .. >[) •
'J : for all Cui /

but not

XiJ-=O
.

for all , IJ
Put -

Finally, we

NCL-1< ;C ( X J 1
12...,

where R'1 is any set 2..J2 2-) C RJ •

We chbose J?.. '; as the s.et of all )( '=' (X ij ) with

(In) rf1~ (fX1/ for all i) 'fXij for alIi) - I J

'- XiJ C 0 for all if j.
It is immediately seen, that this, too, introduces no (additional) relative
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6.

5. We sUJlllJlarize:

Form

Then

0(
'1. £ ( ,) e" /J C '< ( >0)
~ C.... -;0/,1' = ~,Be.,.. )

0'""- - {:cx ...... -t;S'" ) at.< = {:.o("< -+-2.(3'"',1

'7 - H.~ (i~ ~«T ~l' J<.t) }
(/ J J =<J fl'" eJ

K (X) = :g: (0'" (Xi",}" + .)(/tt '"z ~ ) - rJ"') (X, ....,j .. +- X'''- ~."') +7 ~-t'v

lx I - ha...X { f -'(Ii (OY ctll i / f)({i fer "'tIl J-) .

K( ~J )

for )(:=- ( )( iJ) with all

tive-homogenous in the Xii

coordinates.

The function

X:J ~ 0 , but not all X (i =0 , is posi-

, i.e. these may be viewed as positive-homogenous

K ()( )
I K I

has only absolute maxima. Any absolute maximum X, will, when normalized to

Ix ( -

have these properties:

f X~' = I for an i I

L.. J( •• =- I for all "'!
i ~ ~ p

Hence )(::: (Xij) ill a center of granty of certain >( , P in 71.
An the P which occur here (with positive weights) are maxima elf k ()(Pj,

hence also o( H {P)::= 1< (X p)- N1 ,hence also of 4 (P) -= H ( P) ~
- L,t.". C .. and of F ( P) := e 9 ( P! Combining these fonnulae gives

~ )

F (P) -=- (!! C .... e /V1 )-1

6. According to t he above only one problem remains: Detennining a maximum of

K(t () . Since all maxima of this function are absolute ones, some
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"~-

t
• - . 7.

(iterative) method of (local) ascent should bs developed for the locating of

maxima.
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•
THE INSTITUTE FOR ADVANCED STUDY, Princeton, New Jersey
Office of the Director

Dear Dr. DiX:

I-
©@ [fJ 11

II December 1964

The Il'l:Ititute for Advanced Study is gratoful to you
for urx1ertaking the custody of the unpublished papers and notes
of John von Neumann, of \lhich .-e have Wltil now been custodians.

In t.loje publication of the collected works of von l1e=n,
it is stated that these papers =y be consulted 1». scholars at
the Institute. From no... on we should like to direct enquiries
about them either to you or to a member of your start whom you
11Js:y desigoate •

With good ...ishes,

Robert Oppenheimer

original notarized

Dr. W. S. D1x
Firestone Library
Princeton Universi ty
Princeton, lw Jersey

cc Miss Sachs
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INSTITUTE FOR ADVANCED STUDY

PRrNCETON, NEW JERSEY

REQUISITION FOR PAYMENT

....

16 February 1961Date .

•

Pay to ~ _ .

Address ..
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ZUSATZE ZUR ARBEIT
"ZUR OPERATORENMETHODE., ,'" ".

1. AI. "I'tt', '011 ein Versehen b,'n,'hth,t wrrd 'n, da' Mm Irl'l. hrim
.\1,1,' 'I'll del' zitirrtrll _~rbeil untrrlanfrn is!. 1m Haup! atz ,on 'I'ei! II,
;:~. d. i. .'alz ~ (dpr die Zprlp/?lmrkril allll' SII'Omnn"Pll ill rll?OIli"'he
Slr"lIlun:':-tl n aU"''':lJrtl, wird tl.3. uehaulltt't. cla8 die dort kon~trlliprt('n

)[en!ten X'''' Ulld 11(3) m-Hi\nme ,ind'. als" n.a. ,·"Ibtillldig'. Dahl'i wnrde
iihrN'hpn. daO die zn ,'atz:! fiihrl'nde Klln'It'uktioll dip Yo)"t, nrlic:kl'it
niehl ,il'h('rsl<'lIt. Die lolbtilndi/?k,'it ist abel' in,ofern wi,'htig. ab z. B. del'
lI\'I·ite Teil ,'on ~atz 0' auf .'atz I del' \'orhery:ehemlell Abhnllflh\llll des
Y!'!t. heruhl', d('r ,e;,wrseih die Yo!blilndi/?keit als Pl'ami,se hal.

[I,! jt·d(,.jfl".HaLUn brkallntlirh sO umnwll'biplt wPl'drn k:1nn. daD ,pinr
'ril)lllllJ~l' ungp,uIllpl1 bI('ibt und rr yuIbtandig wird -, wtil'{l{l ('s ~('lliit!(\n,

.Y '" uml di,' 11 (.r) als fl4-)[engpn ZlI wfihlen, urn die,(' Lflcke 'In'Zllffillpn­
w,,, in del' 'f'al dlu'ehfiilu'har is!. Wir ziehen ahel' \'1)1', zu zPigpll, daD die
\"lIl1sWndigkeit HiI' unserI' Zwerke, d. h. fijI' dip WHlip;k"il YOU ~atz I. :!
uml :I, a. n. O. Anm.', entbrhrlieh isl - d. h. dM] dpr lkgTitr des ,.m-HaUIU('s"
ohne 'ie' gefaOt werdell kanll, Dies ist enrir.ell. wenn es un geling"l, cinen
n)('lrisch sCjlul'llblen Raulll fl, in drm ein I-Ma6 I' deftnielt isl, drl'Hl'l zu
einemmelri"'hen, ·pJlarablen nnd yolbHlndi/?en Haume!! mit e;neml-)1:16/,'
Zll pnrcil ern, dl\6 I' ffJl' :\frngen C fl mit I' tlhereilbtimmt IIl1d I' (fl-!!I 0
i,l. (llellll dann iiiJprtrtlgl sil'h die Prilmi"e yon Satz I ohne weilerrs yon
ll, !!' Huf n. !l' tttH.l i'it'illE" Aw..~agc \'on 51. 51' anf !1. !J'. Das:'\clbe ~i1t Hir
:-'all. ~ .. helldor!. allerdillgs bt do!'t die Exi'lellz "illPI' eineindellti/?Cn .\b­
hilcluni.t \'(lJ! !1- 11 auf Ii'- 11' nntwendig-. w.ts z. B. ~kh€'r gdll, wcon 1.Jdlll'
die )[lIrhtil,keit dcs K"ntimIllOJ' habplI"l :-;ulz 3 ~ilt allth, da 1'1 dirl'kt
a lI' ~:ltz:! f"It;, j

I Allnlll~ of lath., Rd.3:l. 3. Hdt (I~:li). ;.., :1 i-hli.
'nt'Cf'hfit "', JIll nlber Ii, HI3:!.
a YC"I. di lIe-ftllitinn PI :lu( .. :;. n. n O.
I . "~I R. a. O.

un 1.. of 'Iatk, Rd. ::C3. 8. Hell (I:lat)..... ()7l :l'"il;~ nd. in ..) -.\1D.lere tll'f. 1-:1 UPiI :"oaf/'.:1.
\'~l. z_ It HRu... ,lnrll'. r.l1l'ugt"Dlehre" (Berliu ulld Lt'il1zil!. l!lt'l, S. ~14t :-'utz ill
P. h als lIIt"tri"Cb uud ~t"I'lU1Ill('lL-

d ( tlit Iliri!~njl·di('htt> l'auto~('be fll rl. 1\1 .1t'lIj!t ill ihr6l' ur"l,run:!lil-ht'1l T"polo.:i,·,
JI Wt r,lt hlr aile Tt'ilmt'n~f'D ,,"on (' u-It, h)l ,I, tinit rt. \\ ir tugt'n .H '- zu ~! zu 110Ult'lI,

U zw Ullt r HI ibeh:\hun::- ihr('r l\'Jlu!l'..:il mIl ,II nl. r YOlll inlltl Ii r i Iiert. Dann I iell
!! jlic ntJlI~ HID ~!.I uu,1 U-!!.::J(' bllt Iii, 'h'llith.:;-I,Yit lie.. KuutiuuUllh.

"j~'1

~
J

J J, ,
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~.

ant dillcrentiit'rhare ,lrOmungen. Du fUr die.e dt'l' znr ,'char [', geMri!!e
Opt'ratllr R (\'g-l.llll' Bezeichnung die Arheil de 'rlf. a.a,O, Anm.', S.09t.
unll die zwt'it,·orhel'~ehende. . 07 W dirrkt aogeLLar nnd seine HY1,er­
maxilllalilal leicbl beweisbal' ist, kaun del' -:tonesclle ,'alz l'Cl'mieden nud
nnmitlt'lbar lIie Theorie de, 'pektnlms "on R beunlzt 'Yl'rden. Dit'sen "'eg
seblu!!t Carlrman ein.

Inde -t'n ist sein Beweis"erfabren in I. wesentlich liickcnbaft, denn _eine
B,'lraehtung-en bl'ruhen auf del' dorugen Fo,mel (+), welehe bei den meisten
~ll'ljmnngen nnrit'hlig i_I. To del' Tat zeigt del' Yergleicb YOO (-I) mit del'
yom Yer!. "'lIlllllen Fonn i::'pektraltheorie, daG das dort anftretende

Ol,... /]. i.1 del' Inte!!Talkern lies OIJeratOl's 1- E(~) (). OllJzw. - E( ;)
(i. 0, sein muG, Bereit auf del' Energiefljit'1,c d,'s hannonischen linearen
O"'ill,,lol's be_itzen aLer die geuannten Oprraloren iiberbaupt keinen
lnt"/!1·alkel1l. ([n Carlemans Au>drnchweise ist dann 1/ = 1. 0 <x, < 1.

,", = {J mil ,", = 1 zu identifizieren, A, = I - d, b. !!(l:) = i "1 r ,
( )'1

I'all' tlie Einheilen geeig-net gewlihlt wel'deu, Es Iiegt also ein "cines

J'uukl_l'ekll'um bei ~ = 0, +2", -1--1",'" YOI', zu 0 geMl't die Eigcn-

fnuI.tinn 1. f;omit wllre (I (1'0, q" ~) - 9 (1'0' /]0 - !,) + I del' Integl'al­

hrn \'On (I-E(rr))-(-E(-rr))+PlIl = J +PIIJ- (E(rr)-E(-rr)) = J,
aLc'r ,IeI' Einheil:<opeJ'alol' I hat krinen Inleg-,·alkern. Iliel'Lei hahen wir
die \nl'miel'llllg 0(1'0, go 0) - 0 "'l'sentlieb benulzl, abel' andere Beisl'iele
~(ltzl\n aut'h die~c nirht vorulls.)

In II, wil'd (1ir~el' Fehlcr dnrch einen Le:<oudcl'('n KlIIlSlgl'iff (Einfflhrnng
til'" Hilfs\'llriahlen ~'" au ,'Iclle YOO J'o, (10) Yennil'tlcn. Dit· Rolle dt'I"
FOI'IU,'I (-I) ron 1. flbel'nimmt die richti!:e FOl'mel (I lJ) ,·tm H., unt! dcl'
Hcwcis wil'd lrIekenlos.

-

~ . Wa~len (Wir) !! als (,"Olls,t,lI)n(dige "l1iill,e,) ,'on Jlo IUIUd Gdefinieren tiir die
11 c ~ I' J, =" 11 '.. J1·.- C .. , '0 1St a e- ,ewlnhehte Nfitllt.
bloB b zlurlieh de /.jlaG-Charukter:; des neuen I'· ,ind 1.. \','0 1II

j
,.erilizit'ren. Dies geliJlgl in de,' '1'01:

Ad I.: ht K eine Kngoel in !! mit einem j(.ittelPnokt aus !!. -II bt
- A ·51 rine Kugel io fl, .\Iso /' (A) = /' (K. Il) elldlil-h; g-eh';rt

tier j(illelpnnkt yon K niehl zu fl. ,0 i I doch A Tt-ilmenf:e ein I'

-oll-heu Kngel, ab /' (A.) wieder endlich,
\<1 r.: Dies brancl\! noell Anm.' a. a, O. onr mit Horebeh n II {",wi,.-en

zu wcrtlen. Wenn!! absolnt Borel.cll ist, d. h. Borel-I'll in -eilwr
Ylllbtandig(1D Hiille 11 1

', so srhli(·!Jpn wir!"on: Zu !)J en. al ...n 1/· !lC !l J

I!'i"t es ein io 11, also aueh in !J Horebebes .\ :::> J/ . !! mit /' (\)
- ". (,11·!l. Dann bt ';-(!!-!!) anch Borelseh, :::> 1/. untl
.ein /' gleieh,. (_') /' (.11. I!) = I' (11), wa zu hew,'bpn war.

Wir haben also gezeigt:
Die we.eotlicben atze 1, 2 und 3 au. del' in .\nm.'

zitierteo Arbei! gel ten aueb, weon del' Belrrift des
,II-Ranmes weiler gcfaBI wil'll: indem neben derJlelrizitftt
untl I-\eparabilitill keinc 'Volls'ilndigkeit. sondern hlnG
absolnt Borelsrber Charakter" grfor<1ert wil'll.

Zu ~atz 2 tier in Anm.' zilierten Arbeil ist dann zu ,agen: da die J/ (...)
(in $1) Borelsdl siud, sind sic in diesem 'inne gleithzeilig mit 51 m-HUume
IXtO, kann dnrch seinen maBgleichen F.,.Kcrn e,'selzl werden. cs isl also aueh
Bnl'E'bt'h. d. h. m-l num). 1m tlt.'uen Silllle gilt 31so • atz :? ohne w(;\itt:"l'l's.

2. 1m ZusDmmenhange mil dem Prnblemkreise des Ergl)(lensatzes sind
I1I)('h zWf'i Auhnndlullgc11 vnn lIC1'I'11 '1'. Cal'lpmnll ZlI 11ennell, die nadl
~\.hfa"'~Hn)! del' w. o. zitiel11'1l Alueit(ll1 dr:-- \~(~l'f. (,I~'('hien('n ~illd:

I, _\Pl'liearinn d la Iheorie de l~quali"ns illl"~ral ~ linea ire> aux "tluation,'
lIitlerentielle_ lie la dynomi(lne. Arkiy fOr JIat.. Astr. oeh Fys.. 2~ B
11!13~1. '-0. i. '.1-0. eiug'egang-en am 2i. j[ai 1931, .'r-,'hienen am
~, jlllrz 1932:

II, .\l'l'licalion .. , anx y t'llles d'eqnations differentiellrs nun lint'airrs,
.\ela jlath.. ,,9 (1932), '.63- 7, eingegang-en am 10. Febmar 1932,
"I'-t'heinl lIemnflchst.

Carl,'nHlll grlangt iu dieseu ..I.bhandluu!!eu unalJhlln!rif: zu Koopmaus
lll'erlll"n-oau-atz und _)ewei_e de Ergodensatze_" un\('r Bcscbrllnkung

\ c-1. IInu..dorff". :--. J06-107.
tt .!U.; Dei. 2, a. 8. il .. ~"nm..
II "c:l IIlluJ41nrfl' too,l:?l uud :..>0 .

'::1. ill· ArLejt de" ,"eri.. Pr~. ~ftt. .\r .. Thl.l' Jan. HI3~. :'.70 ....nV'ie Trill!, ~ 2
d"r ill .\lIm. I zitit:rt ·D.

Jd
,)

e,,",'
d. .>

"'''
w tc I
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ZUSATZE ZUR ARBEIT
"ZUR OPERATORENMETHODE ...'" '.

1. Ah 1',,,IC' soil ein ret'l'ehen hcrichligt wen]en, das dem 'Nt. heim
Abf""ell del' zilil'rlcn Arbeil IInlerl'"It'I'n i t. ]m lIauplsall. yon 'reil n.
: 3, d. i. Satl. ~ (del' die ZcrleglJarkeit aller •·Irlimung.'n iu "rl(,,,lbl'1w
~lr(llnuu!!,I'u au,'al(t I. wird u. a. hehaupld, daB die don klllhu'llierleu
_£en!!en ~P" und ll(:r) m-RAume sind'. abo u. a. \'QlbUiJldig'. Hahe i wnrde
iibe"l'heu, daB die zu ,'atl.:1 fiilu'ende KnnSll1Iktion die \'olbllllldil(keil
11iehl ,ieher'telll. Die 'ollst, udil(keit i,t aher iu,,,lel'll wit'htig, ai, I., B. del'
zweile '1'eil yon :-intI. ;; I auf ,'alz I del' "orb r/1;ehellden Ahhall(UulIg de~

,1'1'1. lll'l'IIhl', d,'r seiner:;eits die ,oil tilndigkeit als Pr"mi. c hal.
Ih jed!'r a,rRaum hekanntlieh so ummctri,iert werdl'n kanu. dnB ,eilll' .J

'I'lIpol"gil' ungefullh'rt hleiht und l' "olbtilndig wird". wiirde ('s I(euitl(cn,
XIOl uud die 11 (:r) als (l4-)feng-eu Zll wllblen, um diesc Liieke all<zuftllll'n-
wa, iu del' Tnt rhlrl'hfithrhnr isl. Wir I.ichen nher 1"01'. zu r.eigt,u. lhlll dil'
,nll,taudi~keit tiir un ere Zwecke, d. h. fflr dil' lillltig-kdt ,'ou :-iall. I. 2
und 3. n. a. O. .\UIII.·. elllhdlJ"lieh ist - d. h. dall del' J3<>g-rift de~ r",-Jlal1lllb"
nllllc Q;j('l7 g'cfaBt wrl'd In kann. Di('~ ist el'wirsrn, we-nn t':-; lIn~ g lillJ;{t, cincH
nll'I,i,eh ,cl'arn hleu Haum 51, iu dem eiu 1-)1a6 I' d..ftlliert ist, d.'r,u't I.lI
eilll'l1\ llIetri,,'heu, sel'arahleu uud "o!htilndij!cn Haumc!1 mit eiucm 1-)[aB I'·
zu "I'll 'itel1l. daG I' fill' Meugeu C!J mit I' i'Jben'iu,limulluud I' I!1-Di 0
i,1. (nl'UU daull lihertni!rt ,ir-h die l'riimis,c YOU ~alz I ohne weitt're' yon
(J (J" l" 0 0' d .• t (J 0' f () Of Il . Ib 'It 1- .-.... au __ , __ 1111 ~elll(' .n.tL~~ilg Yon ••.•_ au __ . __ . n,,,,e e Jrl lU

Salz 2 ,'helldOl·1. allenlinl(' isl dort dic Exbteuz einer eilleiudeuti~,'n Ah­
hildllllg nlll 51- 51 auf !J'-!l notllcntlig, was z. H. sil'her gehL wenn hcide
die )1 il"hlil\'keit de Koulilluums huheu ".l:, . ilil. 3 gilt :ltIeh, da er dirrkL ~

alIS ~a tz 2 folgt. J. J
t Anulll of :.\lath.) Bd 3.1, a. HjOrt ll!l:)i), ~.:> j-642.
:! Ut·ctin·rl ~l'Jlt mbf'f Ii, l!1;~i.

J ,-t!l. llie lIt:tinitinn n l Auf :". j,lo(~ Il. a. O.
.. ~. b:."!1 8. 8. O.
• AIlIIl\! .. of 11Rlb., llfl3.':l. 8. Hdt(lft32), ... 574-5~h Till. in L.,::-'IIUllt·re J)l'f.l-~ lIIIlI ~ntz fl.
GVgl. z. B. llnusdorff, "~[ IIgenlehre- (I:h:rlitl uud Leillzi~l HI:?7) , ~. :H4, :ltU JIl.
.. D. h. Ills metri'll'h uud ..ppn.rnbe~
~ ~t:i C t.Iit' nin,rtnd ..didJte ('rmlor"cbe perfl kte )Iengt' in ihn.:.r utsllrfineJichf'u TOIJolo,=,';c,

II' wenlt" fOr aile TdlUleo!! n Ton (} q-ltkhXderiniert. Wit IO~tm ,H, C xU !! zu..l\mmen.

u. Zl'- unit'r BdlKob hun~ ibrer TIII'Htn~ie.11 unll u·, ahf'r \"oneinandt'r i liert. Dann '"]Iitll

.!.!. .lie J~oIlCl \'on!.! UIII] tl-!!~(' hat llitl '1.1t"btj~J,;dt ,tel) houlioouw
j!'olH

L .c ,n 'J
/
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auf dillerentiierbare tromungen. Da fiir diese del' ZUl' ,rba,' [', gehOril!e
Operatl'r R (rg!. ZlU' Bezeiehnnng die.,Arbeit des ICr!. a. a. 0. Anm.', . 59:l.
lwd die zWI'ilvorhergehende, . 571L direkt angebuar und seine H)'per­
maxilllolit,lt Leicht beweisbar ist. kann del' Stone,che ,ntz \'Cl1uieden und
uumittelbal' die Theorie de pekU'ums YOU R beuntzt werden. Die,en Weg
schlflg-t Corlemau ein.

Indessrn i,t ein Beweis\'erfahren in I. wesenllich liickenbaft, drnn ,eine
B"l,'uehtungen beruhen auf del' dortigen Formel (~). welcbe bei den mebt 'n
"tl'umungeu nnriehtig hI. In der1'at zeigt del' Yergleieh yon (~) mil drr
\'0111 Yer!. uenutzlen Form Spektraltl.eorie, daB das dort allftretrnde

Ol"o,q. 21 del' IIlLrgralkern de Operators 1- Ee) (J...-' 0) bzw. -E(~)

(J. < UI ,cin muB. Berei\> auf del' Euergieftiiche des harmonischen linearen
O,dl1o(o,., besitl.eu auer die genannten Operatoren nbe,.haupt keinen
lnteb'Talkern. (In Carlemans Ausdruck weise ht dunn" - 1, U<... .", < 1.

:>', = 0 mit ", = 1 zu identifizieren, .1, = 1 - d. h. !!aj = i 'II U .
{ ·i"l

falls die Einbeiten geeignet gewablt werden. E, liegt also ein reines

J'unktsl.eku·um bei 5. = 0, + 2;r, + -!;r, ... \'OJ', ZU 0 geMrt die Eigen-

lunk lion 1. Romit ware 0 (JlO, go I~) - 0 (/'0' go> - :,) +1 del' Integral­

k,'rn \'(111 (1-E'(rr»-(-E(-lI'))+PIU= l+Plu-(E( )-E(-1T» = 1,
abel' eler Einheitsoperator 1 hal keinen Intrgl·lllkrrn. Hieruei haben wir
dir :\urmierung O(Jlo, go 0) = 0 wesenWell bruutzt, aher andere Beispiel
selZl'n aurh diese nichL \'OJ·aus.)

In n. wird dirser Fehl,-r dUl'eh einen besomler"u l\lIl1stgl'iff (Einnibl'llng
. del' HiHs\'ariablen ~,'( an i'iteJle yon Po. qo) yennieden. Die Rolle del'

Forml'l (~) \'on J. f1hrl'llimmt dir ricbli~e Forl11el (19) \'on H" nnd del'
Beweis wird Iiickenlo'.

J
,

I ># "

... 0

791ZUSATZE.J. V. NElTMAN~.

, \ "I. Hnu-dorff. :;. JOf;-J07.
• \u.. Def. 2. a. 8. 0 .. .!Dm. ~.

U \"1(1. HauRdorff..... J:!l oDd ~:l()S.

I Ygl. die ArlM'it d rerL. Prot. Sat..\ "., Bd.1R. Jan. 1(32. . 70j Ilowie Teilll, .:; 2
dcr in Amn. I ziticrten.

Wahlen wir !! al \'016tiindige HiiUe \'on fl' nnd deftni'ren fiir die
11 C 1 p (.11) = /,' (.11· fl) (.11· f! C !1), so ist aUI" l,ewiin,,'hte ediiUt,

uloB ueziiglich dc' 1-)[nB-Cbarakters de nellen /,' sind 1.. 1','. zn
\eriftzirren, Die~ gelingl iu del' l'at:

Ad 1.: I t It eine Kllgel in !1 mit einem )[jttelpuukt all: !1, '0 bt
11-· f! rine KUl(el ill 11, al.o I' (11) = " (K. 11) emllkh; gl'unrt
del' )Iitt Ipunkt \'on It nirht zu g, ,0 iJ t doch II l'eilul<'ng" I'incr
~olcheu Kn!tel. abo /' (II) wiedcr endlich.

Ad '-.: Die. urallclll nach Anm.' a. a. O. nul' mit BOI'{>bl'hen II h,'wil',,'n
Zll wenh'n. Wenn!1 ab-olut Borel'ch i,t, d, h. Bon>h·cll iu seinrr
\'llUsUlndi!trn II flUe !1"." srhlieBrn wir so: Zu .11 C 51, U1,0 1l·!1 C !1,
giut e rin in g, abo aurh in !1 Borelsehe' ,'~.ll .11 mit /' (')
-/,'Cll.!!). Dann i.t '-r(!l-.Q) aneh Borel.rh. ~11. uud
'ein I"~ g1eirh I' (Y) = P (1I . .Q) =" (11), wa zu uewri,pn war.

Wi!' hauen aI,'o grzeigt:
Die we entlichen .'iilze J. 2 und ~ nus dl-" in \nm.·

zitierten Arbeit gel ten aueh, wrnn d I' Brgriff de
i/I,Raumes weiter gelaBt wird: indem neben del' )[etrizitiit
und .'eparabiliUlt keine '·011 tiindigkrit, sondern 1IIoB
ausolut Borelseher harakter" grforder! wird.

Zu ~utz 2 del' in Anm.' zitierten ,·\rbeit ist dann zu 'ageu: dR dir .11 (J-)
(in 11) Borrl. I'll simi, siud ,ie in diesem Riuue glrirllzeitig mit!! III-Hilume
(X"" kann durch srinen maBgleirheu F,r-Kern ersetzt werden, 1" i,t also uUl'h
BUl'elsch, d. ll. m-RRum). 1m nruen Hinne I!'ilt also Satz 2 uhne \\'('ill'I'I'..

2. 1m ZII amm nhunge mit dem PI'oblemkreise Ms Ergodensatzes • ind
lIuch zwei Abhandlllngen \'on Jlerru 'r. ('arleman zn lIl'nUl'n, ,Ii,' narh
Aut,,"unl( rLer w, 0. zitiertrn Albeiten des jerf. rrscbienen sind:

1. .\pplil'atinn de la theorie des {;:qnatinn, integrale, linea ires anx "'Inations
dillerenli,'llc' de In dJ·lIluuique. Arkiv fr.r Mat.. A U.. oeh F),., 2~ B
(1\'32l. ,"j. 7. 15.1-5. eingegangeu am 27, )[ai 1[131, er,rbicneu am
2. )[arz 1932;

II. _\pplie,uion ... aux .ysti:me· d'equations differentielle non linea;re,.
Ana )[alh .. 59 (1932), ',63 - 7, eingegangen am 10. Februur 1\132,
er'eheillt demnarh I.

('arleman gelangt in die,en Abbandlungen unabbangig zu Koopman,
(lperoton'uaJlsaLz ulld_ eweise des Ergoden, atzes" nuter Be,c1nankuug

""

r
) d "., t''':J
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•BER ~ESSBARE ABB! LDUNGE, '. ".';),;)

" (11)

FUr j"I/p Ku.'l,.[ ist ('.
u"rl dnll Hatli".'l Q 0

/' (II \) /,* (' - 11 \) "I' ,\ )

IIWll.ifP , I'on !1

J. I' (J\) isl 0, 011,,1' I"«ilil'-,..,tlli..,,, ,"".,. + x.
f'/IIllieh. (Eittp 11.11[1'" ",il ""/11 Millp/JllIllkl "u
isl "ie J1p'U.'le "tr J' mil ,. I .r < II.J

11. .lus lfc ,7 ji,lyl I' (11) < I' C\).
TIl.. eil'll .1'1, l\" .. , pwllif!l m/fr o!Jz;i!d'mr ,'it/" JIt'Il.'/NI, 1/ jhrt', I"er-

eillifl.wgS111et1fl". nail" 1:.1. I' ('I) /' (\,)+/' (.\,)+
l\'. L<I die Ell ((1'1''' ,,/1.'/ ""1' .lit nfl'" 11,' O. w' isl/, (1I!-.\)

+" (\).
\". I' (.11) iN/ rli,. unlf1" (;n II;' nih,. /' to), WI 10/ () ...;;",lIj,.", IJjf, unl

..1f"'~!l"n ~lJ rlllrr·hhi/ljJ P.
Wir kOnnen nun. in lH'inllh., wilt·t1it'iIl"· Wi{'d,'rhohlllK '00 Cat"Htheodor,l"

Bcgritf.bildunKcn utl(llkwci.l'n (a. a. ll.•\nlllcrkunj!' ') wnilrhst definiercn:
DF.FIXI'r1nX 3, /)", T,ilm"lIfJi' 1I"'1JI !J hP1jlf "u.P/ml'. Wi'JlIl .Ii·ir ),,/,' T,il-

1 D. b.: II i!it Teihnen~l' "UIl \.

.. D. h. die unt;'rp (tJ'f'nzp ollt·r.r, 1/, .1 in Jl I y in \.
• n. folgt au.s Y., wir woll('n alwr ftie Caruth otlory ..dlc AnoTtlnung nJebt tmdt:ru. ­

Chrigen~ konnll'n \\ ir in Van, h'll" Itl'r I1fT"llpn lIe'nwn :> " ellt'D'logut llll Horeb-cht'll
Men~"CD ::l 11 trekn In... ~t:n, H/\ Jl.'de tlfft'ne 'Icnl{l' llorl'l'wh j~t, j t lJloll zu z ige.n: wcun
r Hurelpcb i~t.. sO ('xistif'rt ('in ofTellf' o:>r mit /4 (OJ .u (/i}+C (_>0). Hilden wir
hierzu die Bort:6cllf'll Klo!l"l'U F1:'1 Dadl Hnu!"r1urff, ~. 17 • abl'r Sll, daB FlU) nu.s den
(lffenen .llengeD be~teht. Ein Bord.. he~ () obigcr .\rt e"(bLien ('(wa I) = }I, willllen
wir es au~ Ji";J mit kle~~tUlo~lit'h r UnlnoDq-.zllhl:E. "'iir~; gcNtle, 1: tI, so \\l.U·t'

f)= °1 .0, . ...• (j au""' }<'I;.) ... .::, unlll11u·h e) 1m 'rut limes!.·(O.) =." (0), abo t'in

,II- (0.)< ,,(I') + r. f'lItgegell der .\nnnhme. Wllre; un·;r:de, nl",u = 'i + 1, !SO i.llt
0= 0.+ 0, + "', 0 ill ji't'J'. Un b(>i UUSt'n'r Ilefinition F(t) = F(I', jsL, ist "! t 0 1 aho

0.=0.,.0.,. "', O'... a~..; F I
,,!.. ', ,;••<",. AJ.m ist tiltH'S," (0,) I' (0", und wellU

"-~
wir til = J1l mit ,u..(O;")< 14' (n.. ) + .: (4)()) wlihl n fflr O' 01 ,. 0,..,+ .••

,. to')<,u.(O)+f1=~p]+-, nelill ;ir f1 u I},+_- u (oJ w hlen. Uah· i e-ehort
O' zu FITj)l eDt gen dtr . nUllhmt:. .UloIO mnn; 0 :seiu 1 d. h. U offen.

.0 M+ \," \' oder J/, \. JI \ be! ichnen die Vtneiniglln~., Durchsr.hllill1i-, Differ IIZ-...
menge. Eben 0 fnr mehrere .1ddcnllen hzw. Fakture.n.

!/i/l. I 'fall I" (1/) !~(·h,.('ilJt'n Itll dUUll I' (1/) ,tlld In '1"-"''(''/1 d,nul.­
a) jel/{'s 1d!i-lle 11 ;", ",,;Plillr.
h) ,';"" 11,. 11" .. , III/I/ie" od,,. abziiltlb"I' ..id,. ""jl/llm JI, nfl". ,.0 isl

II, + ll, +, .. ",,,I 11,. 11, .. ,. ,,";Phar. JoI 1'1/1'1' i,,/ mil II. , "1/1'''
11-' ".ejJ""",

r/fALo .<ind dtte nm else ht Ii H Iii! Db.it .)(N
c) Aile If mil I'· (1/) - 0 ,.illl/ lIlPjJbm·.

EINIGE SATZE tiBER MESSBARE ABBILDUNGEN'.

1. Den Gegenstaml diesel' Arbeit billlen eillig-e Siit,e iib('r meGb;lre
Flmktionen, die teilweise wegen ihre,' Aml'('lIdunl( im lInmitlelh",' lI;1t'h­
folgendcn Artikel des Yertns,el,!; abg{']eitet l'urd{'lI. Immt'rhin ,illll ,ir
deBeicht nuch yon 'elh tlindigem mnthematbdwu ltllere"e.

'Yir we"den im folgenden ge,,;,,(' ~[en!!I'lI !l h<'lr;lI'1'II'lI. ,Ii" kiln
m-Raumc gellnllnt wel'den soBen; sie ,ind '0 liefinielt:

DEFINITION I. Die ][enge 1.1 heijJt tin III-Hmol/. WI'wt ."';1' Jlw/nRI'h.

.epal'obel /Inri rQ/l.</iillllig ;../' (ihl'p Elelllellli' ,.,,11/'11". y . .. , "eiP,'/I. tli,'
Entfemtmg .£. y).

Bei.picle von III-Raumen >ind znhh'{'ich: Del' Ii-liiml'n,i,mal!' ElIklilii,ehe
Raum, in dem die Distnnz zweiel' PUllkte {~l' .. " ~.}. 1,/1.···, ",1 ldil'

~,." sind reelle Znhlen!) dUl'ch I (~,-//I)' , .. + IE, I,,)' dpfilli{'rl
wird, odeI' auch dllJ'ch Max [ ~1-1',1. .... h-'Ik]; licl' Hilill'I'I,.. he Uaum
(Punkte: {;" ~" ...}, f.+~~+ enlilich). in delll die Dblan, "wiel'

Punkte (~,.~, I ••• ), {>",~" } dUl'ch I 1'" - '/1)' J. (;;, ",)'.1- ..•

detiniel't wU'd; del' oo-dimensionale Rallm' (Pllnkte: alie I;,. :::,., ..J). in
d m die Distnnz zweiel' Punkte I~"~,,,,·J. 1'/1' '", .. ·1 ,lIlr..h

Min JMnx [;;,-.", • "', I;;n-"'n, J Jlr denni rt wi,'d '; jede ab-
»-1,2" 1 n
ge chlossene 'J.'eilmenge eines II.-Ranmes·; nSl '.

Del' zweite Beg,.iff. den wir einfrthren, i>t derjenige ('illl" delll L{'he-glll' rhen
anlleren llaIl nnalogen llaIles. definiert in einem /II-It,mnll', \\,il' 11('lIIwn

es ein l-lIaIl':
DEFIX'TIOI< 2, I'm ",-Raw"p fA i.,1 ein I-MlljJ d~fi/lIl'I'I, /{"'1I11 j",II-,. 'reil­

menge N ron !1 eine Ztthl I' (N) zlIgNJrrlw'l isl. If0 I dnl f 0 /""'lIdnl

Eigen<cJl(ljlel1 :

I Recci\'ed .llarch 1Ii, 1932.
2 Ygl. z. B. Hau'-dorf( "llengeulchre" (Berlin nud Leipzig. 1!l27), ~. !l4, 125 Ulul 103.
s 1m <x:~djmt;n8ionolen bestehen. wic man siebt. lllehrere, ,nneiuouder we!ot'ntlich ,·(>r·

8chiedeu(', A.nn.loga deli Euklidiscben Roumcli!

14 DieseEntferuulIgsdefillition bat die "-irkung, da5 dieFol~ {;( l. t~...l••••) (p= 1, :l .•..)
dann uud nur danD fO..r p ~ oc gegen f.;,.:, ...} kODvergien, ",enn (lir Jedl:;t 11 E
(p-H") gilt

.Yit deraelben .lletrik!
• Die naehfolgenden Begriff'bildungeu lehnen an if-De \'on C"araLhcodor)'s Tbl'urir tier

reguli\ren !Innfunktionen au, Jedoc.1.l mit ejnigcn Zusfttzbedingungen (d.. '·('r~chilrftlllgt:n

in I. ulld V.). Vgl. Carath~odol1' ..Heelle Funktionen 14 (Berlin lutd u.. ipzig l!lItH, S. :!37 :!7!.
071
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576 J. V. NEUMANN. ('nm m: ' IlARE Anlll LDnNGEN, 577

1

T

d.i c

I u. J. I

4 "d I

r,

7

V" lI, = r" + r" + ' ,,+ X" '"

~o rIaU
fl = K, + K, +"',

1/, A.,l/, lI, = (K,-K" K,), 11,

11. (K.-(K,+K,),K.), 11""
tla" Hewlinscbtc Iciste".

11 I. ~ilt Ilo~r in u'r-:c111lrltf>r Flinn: Jedes meObnre ,1/' in !!' ist 1"jf'lhst ~inem 1l1l'6baren
1/ ill j! (!:e.incm durch J." 'f t.r) \'crmitteltell L'rbild) zugeordnet.

"I)ef Dil\meter eiufr ~ll'llgc I' bt fti~ uLere Grenze nlle.r Zablen x,lI, x in ]', 11 ill r.

11, 1'" + 1'" t ' ..
ergibt fill' \I die Zcrl gnng

11

W() 1'" I~, '" dip rIO. 1'", .. " I,., r", .. " .. , in irgendeinel' Reihenfolge
sil.d, nud \ - \', + \, + ' ." Es geniigt also, den Hilfssatz ohup (lip
Ilialllptel'bedin!!unl!' zu bcweispn, weoo jedes meJlilare 11 = 1/, + .lI,+"',
mil palll'wei ...(\ rlt'mentfrt~mdpn, mt'Bbaren J/ to 111 , .,". mit Diametcrn .... E a

Lt, :Sun ist !l seJlarabpl. sci ,r., J',,'" eine liberall dichle Folge, K" K" , ..
die Kn!!clll \'om Hadiu', UIII dicse bez. Mitlelpullkle, Dann ist

Z",f'; waftffrlll JIt'II!/,'nnbfultlWlr/I'1/ (von _Q flllf il') hi'ijJe11 Hquirfllenl, l('('1m

./Iil' j"df~ 1II1j111/1/'" M III !l "If dUI'rh cllf beldl'll Jfel/[Jl'lwbllildlll/[JI'I/ ilim
ZIt,'I('onlneleH. Jft'Jl,fJ/'1/ III Jl' eiultlultr iiquiral('nl sind,

Eillc maBlrcllr l'llnktabhildung J/ = go(",) erzeugl offenbar einr mnlltrcuc •
~[ellj! nahbildllll~: illilelll wir jedem meBuart'1l 11 in g seiu dlll' 'h :r' = If (r)
\'rrmittrltes Bild 11' in fl' zllortlnen IS, Wil" werden nber nueh di DIIl­
kehl"un~ hi,'r\'oll beweispn: (Hall I) zu jedpr malllreuen Mengenabhiltluog
kalIO ehw llIaBtreuc Pnnktalobildung ~cfunden wel1len, die eine ihr llqui\'alellie
maBll'Plle )["ng Ilabhiltlnuj! crzeug!.

Di SC, IIl1d IHlPh pinigc' wpitcre ,[llze bildcn den Inhalt weser Arheit.
2. , cicll fl, !1' m,R""lllp mil tlen bzw, /-MaBpn I' ,/,'*, untl sei eillP

maBtl'eur )Iengeuabbildllllg \'on !l auf g' (jill Sinne von Def.5) gegeben,
(i;he wir dpu alll!'ekiilliliQ:I"1I ,'alz 1 bcwei~ell, Initl'U w;r den folgenden

Hilk atz ab: [
HILF>'s,\TZ, Ht'i 1/ cine llleOlJare Menge in g, IUld es sci ein • > 0 V.

gegt'bt',1. Dann kunll II ill paal'\\'cL e clementfremde Mnngen 1'" 1',. ' ' " .\
zerlegt wprd,'n, \I 1', I, + .. , ..,.. \ [del"urt, dall I' (Y) = 0 ist. undr
jed .... I'll abgl"~('lI1n~~('n j ...t. I\idlrQ ~~. lind cinCH Diameter ~ E hat u.

llic Bedingnng lib"I' ill'll Diametcr ist IIffenuar gegellslalld los, wellll .11
"elbsl ,'ill"11 Dianll'tci' • hat. 1st ferner 11 1/, + 11,+ .. " wo Ill" ~1" .. ,
paal'\\'l'iSl' plemclltfrcmde OIcllhnre 1lcngen sind, £iir die del" Hilfssatz

';:,,::::,-.~

~e,idwrt i,1. sU slt'hl ('I" allrh £iir 1/ fe t: denn /' rI:..»o

,

Fel"ner die bekanulen Additi\-iUiLs- und Limeseig"!Is,'halu'n d," L,'be,I!'IU'­
schen ~oBes:

dl i'ud J11 , ...lJ~, ... Il"ie in b) II1UZ prur,.w"i,"l· ,·!fm1nUi"'HIfI.."0 /.\;/
P. (iII, +J1, + ) = /' (11,)+" (II,) +....

e) inti J/" 1/" wie in b) /IIlfl J/, ::J 11,::J ... 1~ltI II, C II, C···
",ul.\ ilir Llliles (d. i. 11,. 1/, . ... 11:11". II, 1/, ...)..'" ;"

/' (,\) = limes /' ( 11..).
IJ~lXI

Ans a), b) folgt insbpsondel"e. daB alle BUl"ebl'ilen ~Il'n!!,'n nll'llum' ,indo
Dei'piele \'on 1-1[nBen sind leicht anzugcbcn: d", r:-ewiihnlichc L('hes­

guesche llollere Mall im I.-·dimen~ioual,'n Ellklidi,('hcn Haume: w('nu
I(J', . . ,'. Xk) cine iu dieselll Haume dcfiuierll'. im l(pw(Jhnlkh('1I I.ehps­
gu schen 'june meBbal"e Funklion is!. mil \Ycrlcn 0, die (:I"lillc

I' (X) - f '.. f I(J'" ' . ',,,,.) d:r, .,. tI J'k \I II,W, Del" allel"eillfarhstp
{r\. ,.rk } in \

Fall be'tehl, wenu !! eilllntel",oll U ." l/ is! t(/ 'IC»itil-"lIdlkh udel" x),
uud p. da Lebe goesch lluJlel"e l[aB is!.

1st ein m-Raum 51 mit inem /-:UaB gegebell. <0 bNl"al'illen wil" ,cine
meBbal"cn Teilmeogeo, Zwei 'olche, II, \, nennen wil" ,uJ"II·alpnl. ill
Zeichen JI~N, wenu sie ich mil' um ine Mengc vom ~[aBc U unt !'srheiden,
d, h, wcnn 1'* ((.If+.\')-.ll, \) = 0 ist. Da nffcnunr II~ 11 gilt. a,I'
J/~ .Y~JI folgt, uod nus 1/~ \, \ ~ 1 11~ 1 fnlgt, hal die,e!' Bel!'l"iff
die wesentlichpn Eigensphnften pines Aqllivalcnzh('l!'l"ilt(,s, \ril" dpfiniPlen nnn:

DEFI?iITIOX 4. Sef"n Sl, 5/ Ztl'(·j m·R;;lmw nut ,"'n kw. 1-.110)1"11 I" ./,' .

Ei'lu' UllljJtreup Punktnbbildul1.'1 ron Q lIllJ J1' ist tlllt! fWf,intl"nlirll' .llJilifrhOlIJ
x' = ~(J") ron !1 auf f1', dit' jet.lpI' fnP}Jfmrl'1' T,·illlll'tI.'IP 1/ l'IIU !1 N'n nlp,.pIJlltl'$

Bilrl11' in It /'tlllt Uh"-"/wlt JIojJl' zlft,nlnt'f, lUUJ j""f'" uujlfmn 11 7j,illII('f("f 11'
vun Q' ein mpjJbar('.f~ Crbild JI t1l 51 rOlll glew/Il u J/tljlt,

DEF~ITLOX 5. 'eitn fl. J1'. 'f·, ,1,'* wit· I'fJrhin. E'ilU' majJlrellf' JIt-iI!II'II­
ab ildung rOil !! (IIII £1' '.'ll eim- ,~olchl', die )td,-'I" IIIfjJl",,.,'n T,illlw'I!I(' rOil !!
pinl' tfu.p·bare T(·illlU'JI.'IP ""11 !l' r"m .r}!"ir-/II n ]JrOk ,ElfI,rdm·l. U/leZ ZWflr mil
dm j;'/[Jelltlw Ei[Jemtlwjlell'-
I, ZU jf¥./''f11 }1ujJbrtre:n. 111' in .!1' (-:ri,~fil'1'1 em UUjJbfll'l'."t 11 ill ~Q. d,..m !'I'W'

.II' iiql/im/mle J/en,lfp rl/fletW'!>1e1 IS/,
2, inti .1/" M" .. , (ill Il) die bllt'. Jfell!ltII 1Ii, 11"." (in g') !llfJNlrtlltel,

,'I' .•hul 11, + 1/, +, ,., 111, . U,. '" bm'. 1II + _11, + ... , _1Ii, U" ...

ZII[Jeorclllet, illd M, 1Y (ill fJ) bZlI", .11', N' (io f1') !llfll'l,rtlltel, 80 i81
.11- N J1' - .V' zugeordllel t=, ,

1_' FOUR \ nadl Leb ~ue nieht me6har i ..t, bed ute ,f·" r dl\3 ~()bert·M LtoIll· ..•
(.r., .. ,r,p'n \

gucsche Integral f(xll···, x.) I fOltrt zllm gewohnlicheu Lebesgue chen ;\1116 zurOck,
12 Von diesen drei Forderunge.n genllgen zwei, da IIU;; ihnen die Mille £0121.
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1 tritt an Melle YOU r.p...f, I'~p. 1 (da'

l'RER}JE B,\RE ABBILDU 'CEX.

Fiir "Dianll'lel
p

~ I' 2 0 Indi:t.l'~ hiitte) J! I !1'.

\11(' ~Irllg'en 1~I/...r-r jp' -/1-J"nP' j'!.- "', I~;p I-r,;, .. .Jt-rr~p. /2-"',

I''fl}' .f.q-I'1I/1 lut r'lJI Jo',1 ''', I~:p. fO-"':'" "JgI-J~:J1' ./(/.!.- .. ' baben das
~laG O. ai,,, alleb ih,.c \·o,.~inigllnl!slllengen Hhe,. aile" und II, p, ... ,f..'/. "
(dc,. ol'"on und d,.iw'n in !J. de,. Zlreiten und vierten in D'): Mo .•110,
.\ns dem hish.·,· (;e<ajrll'lI fnll!t. daB jeder Punkt von !!- lIo g-enan eillem
fhlrc'hsl'llllitt 1'".1'''1'' r 1'1·/~l'qr··" Hu;teluirt, und jedcr Pllnkt "on £l-.1l:,
!!C~lIall flinpnl Ihll't'lI:",~'hllitt r'· I'~p' r;.I''1' r':}01/" .... Anderer_'cits bt jcder
J)urrh ""'Im iIt I ~I • I'll}) • 1"1/"1 . Ill} 'I" .... wegen r,/:::J rnp -::::;T"pq:::J rllpqr =:J ... glejch
1'. "~",,, .... Dn ' .... 1'",., . ... cilll' nb teig ode Foige nicht Jeerer all­
!!C;('hlo''''Ill'r )Ienl!'en is!. deren Diameter gegeu 0 strellen, bcsteht illr
[hl'eh'ehnill ailS !!:en:1I1 einem Pnnkt (\'gl. a. a. O. Anm. '). Euenso zeigt

r,:.... ... und C r l:; l',ll + I'u'!'+ ... isl C 1'" und ihm aquivaleut. I~l+T,:2+ ...
ist C r~ uUIl ihm tlqllirulcul; die rRP zugeol'dnete ~[enge ist T~p [lfluiyalent:
1',:" ist ·abl!cs('hlo<sC'n. Feipht lett! und seiu Diameter < I·

Die mit !!, !1' nnd 1 yorgenolllmC'ne Konstruktioll wiederhnlrll wir all n:~='-JI

r"p. r:,. uno ~. So eutstchen i\[(lugpu r""" l~~pq und FnJlqr • r~Pllr mit d(,1l
fol~crl(lell EigCl''''hahl'u: 1'"". 1'",,,. ... sind paarweise lementfremd lind v.... fhJ~
C/~,P' eben~o 1~:l'L' I~:v~ lind Cf~JI; rJjpI+l~,p2+ ... ist crJtp lind st >0)
ihm flqnintlcllt. I tlJlI. r~,t! bot C 1~lp llnd ibm aquivalent; die I"'.,."" zu-
f!t~ordneh' )!l'ug:r ist 1":"'1 ~lqllh'alenl; r"J"J ist abgesl'hlos en, ~eetf lind
spin Diamrter = ~. rIIJ,,/I. rl>ll~' . .. sind paarweise elementfJ'emd lind
C r"I'" ('1)tln~t1 r':"91' I:~ "r~"" lind C J~p<J; J~pqt+ rll},¢+ ... ist c r111 ><1

lind ibm iiCjllinllent. I~:J"JI + r':/'1'! t ... i:-;t C J~pq und 111m iiCjllh'aJentj die
rnl"JY' zU!2:('nrdnefP ~1t'lIg'r ist J~:'''lr tlquh'alent; C:Jlq,. ist 3uge~chlo~~ell.~

~ lind ~('in Dil.lmetpl' ~.

Uir:"\t'lbt, Kon .... lrllkt ion wit:'del'holen Wll" an r,I/II/'J r/~J"l" und ! lund
~rWillllrl1 dadtlrrh :\lclIg-en 1'.'/"1' 1 rl:p,l".' tlnd f"P'I"'~" r:11./, t US\\'. Zusammen­
Cas-sewI rnt ... trht ('in S.r~tcm '4on 1!rngen rnp../g. r,:p"'//I ulld Fnp ·191l,
1~:JI' fyI' (n. jJ • •. '. f . .I/ sri rine helicbjge lIngerade A.llzahl von Indizes.
olwa :!., I, t1eren jed"" Hiler 1,2,,,, odeI' ein ..I.nfangstiick da"'on
lilllf!. It./,,' ··,f. .'/." cnlsprc('hcnd ine gerade Anzahl 2,,). Dabei gilt:
1'(1/1 .JI. I'llI' /'1.... paan\'ei:-,r elcmentfremd und c rllp . ·f· ebenso F':11 .. -/1,

r~/I. -/:. • •• 1I111J c I":JI. f; f",.p. 11+T l1p , -/2 + . .. ist C Tnp -/ und i t
ihm aqlliralclIl. I'~p J I 1',:" ./"+ ... i t C r,:p. 1 ulld j t ihm aqllh'alent;
clip 1'11]1."/" zllg-eOI'Olwte ~h'nge i~t r:I}'.·Io aquivalentj f llp .. ·/o j't ab-

!!f·~t'hlo:-~rll. 'nil'''' Ipd lind :-Iein Diameter isl .:::... ]. AUfiloge~ gilt fUrr.., - J'

1"1/" If/II. 1',:" J"h. nUl' isl dOl't r':/1 fol. auge~cbJos~en, 'Ilieht IQ~ unci yom
1

O.

11 (.11)-0.

d. h.

o.

r; (1',' .... ,~) . I,:....

I

/I +J

u ..... )

r:

,,(A - 1/)

J.v.'E I\ ....N.

/I(M- 1',-,,- ...)

/.(11- r.

I~,",.

,,"nmehr gehen "it· .0 ,'01': \\'il' zel'lt'gen !! lIach dem Hil(ssa!z ill
1', + ,~+ ... r.Y mit E t. Die )!l'nl!'ellauhildllnl! onille 1',. 1'" .. '. ,
die ~ren~en FI

/
• r1, .... " in !l' zu..Tr 7.wei uer t'),::,t4'I'Cn ~[en,g-en hauen

leel'e DlIl'l'hschllilte. alsn hahell je I.w"i del' 1.'lzlcl'('lI ])lIl'rh;"hllille "om
)JaUe O. Dahrl' sind 1'1', I", I:~. ... uzw. dc'lI )rl'U~Pll

Wil' k IIl1rn ,,1so dip Diamrterbrding-lInjr fnl't1a"en, lind 11 in cineI'
Kll~£"1 " J:( Itll! n ;lUll hmrn. It i. t nh!!~ ....c'hln~~P1l. al~o meObar. also K. -..11

"lTelies ()::J K - AI, mit

iesc FI , r~, ... 111ld' Jf-l\-r-:.-···leisten dahllt' allf'.... (it~wlin::-.·hte,

~~Qa.:.~W~it~.~O:i:':el'e:~~II~II~te~r~il~lI~le~n~'~(~a~II~.Il:,:.',.~'I~,.~11f' .. 01"11:111)11 \'ol"li,'gell. (ol't1""enL

iiquh·alent. .\1:-.0: r l . Ii . ... sind Jla;l1'w,'i~l' l'II~Ill('nUI'enHlllIlfl C !1. eben 0

f~, r..;.···uudC!l'; r, I~+ ... istC!lnud ihm ~lllllh·aleni. 'J"';..+-r::+ ...
iSl C !l' lind ihm iifjui\Taleut; die I'll zlIg'(,()l'llnrtt' )h'ng~ i:4 I~; H·CJtlinl1ent;

i 1'. iSI allge<('hJo;sell. l'iehl I«~ lind 'ein Diameter ] .
Jetzt 7.erlegrll wir jed s I~: IH1Ch dem Hilfssntz in 1~;1 + r~:!+ . .. + ',~

mit ft. Die )ren~cnauuildll1ll! onllw ]"1:" r,:'.! . .... ',: die ~reng'('n

~/"'nl' I~J~I •.. , 4\11 in!! Zll. na k zwt'i £1(,)' t.'r~tl'l't~n )r4'Il~(lU 11~erc DUl'('h-
" ......r rdtnitte halJen lind C r~ ::;ind. :l1~() C ill eilH'1' j{t'II~(' rv I~:, kOl1l1f!n wir die
a..I·~".fllotzlc,.en ,dederum dnr('h liJI"inllenll' )It'IIg-en ers('ll.en. die auch paa,.w,';'r

clementfreOld unci C rlt ~ind. ~o werth' nth 1~11. I~I'" •• • hzw. ' 111 , I'll"!' .. '.

fJ~'p;~rq;1J \lso: ral , I~, ... sind Ilaal'wt'ise ('lclllcutll'emd uud C J~I' rbeu:-io 1"';.1.

Z fJ) WI{fffJ~M.~ ~ vo ~ Mda5> ~
,.'J~Ii~j[r:;;;.~ t7~

;J ""WA'>j6f£/I:.~

r die alleh. :Sci O. > O. naeh DcL:l. \. cxistir"1 .in
I • /1(0) _ II(A'- 11)+0. AI'o ist e,.,.t I'e"ht

d.<l» ffda" -

(J ~<liJe '1 JJ lind

Is' ... .,dl/I(A.-O.K) 'I(A·)-'I(O.K)

f't ';,.' N 111 Dauei ist I' - K (). A' aug-e"'hl'IS"'lI (n ist all!!\',rhlos:;ell, 0 olTen)

";: <]C. I. nlld C 11.
JIG ~jt i}t <it' Hilden wil' 1I11n das I' fHl' 11 IIl1d I) I. ,. h,·in,' 1'" Ilann das I' lLir
t1'~S<lt<- 0<.11 - 1', lIod <I ~. s hriGI' ,~. ,bllllJ lia. I' f,'r 1/ 1', - '~lInd 0 ~.

_i ,eo\. es heiBe 1'" .... :'iach Konstl'llktilln bl

i~'
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U Eille solcbe Menge konstrniert. mnn z. B. 0: ~ach Hausdorff.•. 1$, au XI nud -
. 137, au X, hat das unabzi\blbRre Q ein ~d~'a(1ig('hes Di!lkonlinuum" , zur Teihnenge. \

D. b. es ist jeder Folgoe 1£,. 1':1 •• •• ( 0, 1) ein Element .r. l ".. \"on!! zugcordnet, deraft
dR.6 fOr jede gegebeue l'mgebung 0 von .l'~I"'.' ein ~e.xi tiert, dnA alle .t.,.... mit
I.h=t·I •... , "_ v.zuO geh6ren; Dud ~die:MengeaUer.t.,,,., iSl. "eienoun 111.",.···
(e t gegebeD, ulld~ die Menge aller X~..,. (Ut. U,,'" beliebig). Dabei j.!1t ~c,,·
filr eine ge iguele Ku~el It. Dip~ <lind aUe abge.scblo en, vOIl der 11lichtigkeit
dell KontiDuum~. uud c Jt:. Je zwei solcbe l1eD~n sind elemenUremd, also ist die ::tfa6­
summe ir~endwelcher eudlich ,'j len unter ihnen _ ,Il (A) (endUcb !). Oalle.r k6nuen bljcbstens
abzahlbar "iele uoter ihneo lIa6e ........ 0 haben. Aber ihre A.nzahl i t KOlltinuum, also gibt
l:!l) uuter ibueu am:b solcbe \'om lIa.6e O.

II Q. Jl' baben elbst., alg separnble Mengen, hochstens die Mt\.cbti~keil des Kontinuum~,

M'C fl; "om elb n }[a6e abgebildet. Auf die elbe Weise beweist man
die mk hrung. • aeh Def. 1 bildet also cr! = '1'(3') fl, auf !l; maBlreu abo

Fill' welehe 11/ i t da 3.' = '1' (x)·Bild I'on JIl. fl, del' zugeordneten
Meuge (in 9') ilquil'alent? Pill' 111 _ l~""'J. i-t das jedeufalls del' Fall
(das Bild ist r~•. /g' fl;, ilqui"alent r~p I" also del' )Ienge, die T.p 1.
zugeordnet bt): also aueh fiu' die wei tel' oben erwllhnlen j; also bei abo
gesehlos.euel1l JIl fill' die wei tel' oben enyahnten 1""', und fill' JIl = Tn . p" ....
elbst; abo. alu I'nnd derselben Betraehwngeu wie weiler ob n nacbeinander
I. nil' jede offene O. 2. fill' jedes III = 0,.0,..... 0" 0" ... offen.
3. fin' jedes 111 vom MaB O. +. fiu' jede. l1lellbare!ll. • omit ist die
dltreh x' - '/ (x) erzengte )Iengenzuol'dnung del' III 'pl'lmglieh g'egebenen

iiquil'alent.
Ein Mangel bestehl noch: nll.mlich daB x' = 9 (.<-) fl, anf fl; abbildet.

und niehl 9 auf fl'. Diesel' ",i.rd, fall' n. Jt unabziihllJar .ind, wie folgt
behoheu. ei lII, c!! ,'om )IaBe 0 und I'on del' ~Ill.ehtigkeit de Konti·
nuums." 1I/ic Q' ebenso. 11;. g: bat aueh das Mall O. ato anch .ein

rbiJd .11•• eben 0 111, .!!, und sein Bild .11,. ,>omit sind 111, +1I1,c!!
und .11; +: J1J;c!i vom ~IaBe 0 lind d I' ~Ill.chtigkcit des Konlinuums."
uud (11, + .11,) . D, hat das Bild (111; +11/,) . fJ;. Wir s tz n

danu ist !!; da Bild "on g" und da !!,-H,C JIl, + J1J, das ~Iall U hat,
hal auch fl-!!, das MaB O. und weil es ~111, + 1/, isl, di Miichtigkeit
de Konlinuums. Dasselbe gilt flir g' - 11;.

c1lrilnken wir nun die Abbildung 3.' = 9'(''') auf H,. 11; eiu, vcrweuden
wi\' dagegen in !!-H,. !!'-H, irgendeine eineindeutige z\lJhilduug J' - q'(.d
del' e"stel'en ~r IIge llU[ die letztel'e (beide haben jll die'ellle ~Iaehtigkeit).

Beide Abbildllll"en mllchell zu llmmeu eille eineindentigc Abhildnng x' = x(",)

vou f! ,,"t' f!' ails. Da ieh abel' 3" = X(J') VOII "" = 'f (J-) (in !l wie
in g') nul' auf einel' Menge I'om Malle 0 nnlel eheidel, hat die erst I'e

IIIflll , daB drl" DIll"rh5('hnitt r,~. r,;l" r~I"I"~:1"Ir' '" au~ genau eill U1 Punktr
h~,t~ht (hiel' i t 1',:" .T~l'f"'" hel'anzllzirhen). Hei die ~[en~e allel'
,',..1',.[1. rll1"l' f'npqr' ...-Dul'('h8(·hnitt"'punkh~!l •. die allpr J~:. r~p' f~pq.r~Mr····­

Dnl'l'hsehnitlspuukte g;. Da fl, ~fl- 11•. fl-fl,CJ1. bl. ist fl-fl,
vom Malle 0, d. h. fl, dero n aqllivalenl. ehen."o i,t fl; dero ft aquivalenl.

Au diese "'eise sind .owohl die Punktl' \"ItIl fl" als auch diejenigen
"ou fl;, rineindentig auf die Poig-en 11,1" lj. r, .. , ahuehildet; dies
hewirkt aueh eine eineiudeutige .\hl.ildnug n.u !!, auf n;, welehe./ 'f(J')

heillen mOge.
Aus del' Definition dir~er Abl"ihJlITlg- ful~t. dnn ..it:' "']1 fn' ,(11 in J~p ·f,' g;

iilJrrfnhrt. Diese 1!rll,l!en sind 1',.". -}O liz\\". I,tl" III itqllh'alrllt. habell also bzw.
die, Ihen )laBe wie die,e. I~,,,. I. hat da»"II)(' )1;]6. wie die ihl' zngeol'dnete
~Ienge. diese wiedel' da'selhe )[aG. wil' da, ihl' il'luil'alente I~:". Ju' Al'o
haben r"" .Ju·fl, uud 1;:""1.·H;, ihl' Hild. da,."elhe Ma13. \I'eUll j die
~umme einig-er ~[engen T.p .•Ju iSl (aile ,'lIn Itleirher Jndize,anzahl 2 ,.- I,
al.o paal'wei e elementfl'emd). so bt demnach da. J.' = 'I (.I')·Bild von
j. fl, roellbal' nnd vom ,elben ~ra6 wi(' ,Iie,r )1 ·ngl'.

Hi .11 abgesehlo en (iu fl). I....• <ei die l'iumme allel' 1~1' JU mit 2/'-1
Indiz ., die Punkte ans .11 enthalten. E, i<t !"\'·'~.1/. und da jedes 1'." ..Ju

einen Diallletel' ~ I hat, hat jeder Punkt V111\ r'" rinc Di tanz <. I I'on .1/.. "
Daher ist 111 = r UI • r (2

) .... , femel' 1""~ !"'"~"'; also aneh

Da da< Bild I'on re,". H, meJllHII' und vom s Ibeu ~raBe ist, gilt da<selh,'
,'om Hilde vou M· g, .

Wenn 0 offeu L l, .0 i.t . Hlld da das Bild _
*.g, meBlJar und I'om selb n ~raBe bt. gilt dasselbc "on I).Jl,. 1st
\ = 0,. 0, . .... wohei 0,. 0,. '" offen nnll 0, ~ 0, ~... .ind, so gilt
das'clbe wegen .Y.J!, = (O,.!l,).(I),.Jl,) ..... O,.Jl,~O,.!!,~.... aueh
flir .. fl,. SehlieBlich bt 0, ~ 0,::;... iibrl'flilSsil(. da wil' 0,. 0, . ."

durch OJ' n,. 0, . ... el'<etzen kOnneu.
Wenn ,I da- ~[aB 0 hat. so g-ilJt e< ciu .11 = 0, . 0, . '" ~ I VOI1l

~Ia6 0 (wegen Def. 2. '). Das Billl ,'on I. g, i<t Tell des Bilde' I'on
.11· fl" da dieses das Mall 0 hat, hat jene' aueh das 3rall 0 und ist mellbar.

Die Aussage: das Bild von .11.!!, i<t meBlJar nnd hat da"elbe ~ra6

wie III, gilt also I. flir jede" III 0,.0, .... , 0" 0, . ... offen; 2. fiu'
jcdes M yom Malle O. Da jede' mellbare 11 g'1Pieh einem I'on' del' Arl I.
miou< einero von del' Art 2. i,t (w('gen Def. 2. \, odeI' dnrch Anw ndung­
de Hilfs atzes anf !!-J1). gilt die obige Au><a/!e fill' jedes me6IJal'e 111.

,/

Al 0 wird jede meBbare 1I/c!! Ilureh'" If (...) anf ein roeBblU·e.

0- M
1

+ Hz +.- Wtlbd M.t,I'1z,,- <lbge$'C,..,/ o.rre'1 ~>1d.

t1.CMl,C." S/I1d..j'" also 0'0.,,: 1'1.·'?.,+-I'1•. r;.. r ... ,
11.''2 1 ML''?''- J J
/'vJ... .....J L- J I/o 1--..*',
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Abbildung mit del' letzteren dies g-emeill: sic i>, maBIl'en. ulld el'zeup;t cine
)[eugellznOl'dnllng, II'('I<-he del' lIJ'Slll'lllllrli"', ~('g-euenell liquil'alent isl.

Damit haben wil' hpwiesen:
~.nz 1. ei,'u fl. III m-R;;ullu mil ,/I'll I,,,,,,.. I-JIt,.PPII If . ,,' . ·/pl/r ma'p­

''-PIlI' P"nktnfJbildtW!! ron !1 tp~r fl'. wp,. ",,,J, /lur I'IJIl HI ""l !l; III if
.Q}cU, n;Cl1'. !l-Q, Hwl 5}'-.51\ r'JflI JfrtjJe 0, (''':('II!JI rme IIwflif('ue
•VeI/Wl/fllibi""fI,!! 1'1)// jl I/uf f!'. 1'IlI.qe/;ehl'l isl jeri!' 1Illljllrr'ue Jf,'uf/ell­
abbildun.l/ "011 !1 auf f]' (im·,. .~oldu n iifjllifa!t'uf. di,- tlurrh ejlll' mr'.fJlreup
Puukl"hhilllllltll eil".s $11 fluf ,ill .!!; (,..,,1. tihrn) (fZ'Uf/' ,d,.d..'J';ml!l. fl'
wlOIJ;;ildha,.. ."I(} 1,';jII1lPIt Iff,. SfX/ill" !ll 51 . .Q; = !1 I·rn·hlu-u. (1",,1. /tif,,..11
1),:1: -i, :> in .~ I. "",1 d,u~ durull. ItltsddiljJpud OeJ:(lf/fe.)

3. Hril'1l !l, .51', I' , ," wil' 1Jishrr. .,.' = I, (.r) cine einrilldellli",e .-\ u-
bildnllp; "on !! auf n'. "on del' blnB (lie ('inc H,l\l'te del' in Der. .j. for­
mulierteu Eip;ensrhnl't,'n "~"langt wer,II" dus -rl>ild eillcs jedell meBharen lJ'

in J.l' ~,,1I cin IlIEiBbart':oi 11 in !1 VUIll ~el1J("n ~raile sein. "'ir W(llten Zl'i!!'f'Il.
daB denllo"h die gallze Def. -l- (II. h. aU"'1 lIi(' nl1ll!:"kl'hrll' I';il!:eu'<'hnlt) ~ill.

d. h. daB.r' 'I (..-) mnBtren i>t.
Rei ..r~ . .r; .... ehlP in 51' iibrrall dichh\ Folg\, A-/;, (I', i. - t! 2,···)

,lie Kn~el lIlit d(,1Il ~littell'lInkt J';' und IIt'IIl Hadin, ~. [la> ('ruild
J.

-,'on "':. i>l meBhal'. also \lis auf ,'illl' )Ienp;e .\,... I'ine Borelsd,e )Ienge
(\'~1. dell Hilfss3U ill ~ 21. dies{' hpilJt." "'A' Dit'- Hunmw fllIrr _',. ist
autl, ,'Olll ~laBe O. si<' i>t Teil ('iller B"relschell )[enge .1/... 1'0111 )Ial;e (}

IJ ("g\. die aualogell 'ehliissc in.' 2). lu !!- ".11 gilt also: ~,(.r) liell't dann
lind nul' dann ill 1\.:.;. ",run .I' in 11'1 Iill~t. d. h. ~oweit ($ in A,·~- Ill.,' A,,;'

Iieg!. FLU' di,' aliI !!-IJ. eillp;ps"'"'linkte Fnnktilln '1(.1'). >ie heijjc '!I(J-).
gilt also: das Cruilll n.u 1/' (in I!'. II' hraudlt niellt nul' aus ",(.1')­
PunklclI zu hl'stehclI, sein Urhild ,illd jelle .... der~1I q, (,I') iu 11' Iie~eu,

iihrigcns soil il1l Ilolp;ellllell del' HI'griff ,.(·rl>illl" >lets Sll "('I-,;lall<lcn
w(,l'dell) bt "iue HoI' 'Ischp ~Ienlre. fall, .1/' dn 1.-;.• isl. Da jcde olt<'ne 11'
. HUlme ('iner Fl}l~e von n';.;,'. i~t. A'ilt die~ :lUch ftn' alit' offencn J/' \ llnd
dallll aneh riil' deren KOl11plem('ntftrell, die ahp;e>ehlo"euen .11'. lIierall
wied~1' sehlieBt man, daB es fnr aile 1l0rels,.hI'n .11' p;ilt.

•'ei fl" del' ill : I als driltl': Bebl'il'l eille' /ll-Raullles el'",,<Ilnte
oo-dimen,ionale Rallm nllel' (;,. ;, .... } (I'g\. 'lIIeh A11111. '). 1n dem wil'

jedem .t/ Yon Jl' da~ f/1 (/) ~/'~ 1 .r'..1';. J", •.. ~ \"On $1" ztlordnrll. lJiltJrll
\\;r I!' ciueinc1etlti~ lIucI mit~nnJt ;.;.eiTwr Cmkrbrnllg' :-;tetig- anf ,eiTH' 'I'eil­
me?A'e fl,' \'on !1" au. 111 LIeI' 'l'at: Au:"> 1/1(/11) '/1(.,-''21) fohrt .,.', . ./11

= .1':" ,.'l~' W{'lIn wir [11$0 rinr FCJI~(' ,.:, . .,.~ . ... wiihl(\Jl. die g-~gen. .
O ' .I:!, 0 I I ,e Ie

• •1'11,•• ;) I (. I . .1'11 1 ' .tll, '

aucll gegen X'(2}, :r'O} = X'(2). Aus X'Crnl ~:r' folgt .r:l' X'(ml ~ 2{. x (fUr In -'" (0).

also 1)1 (./<ml) ~'(J/) ("gl. Aum. '). Aus '" (x""") -> '" (/), d. h .r~, .1'".,)

x~,./ fiir jed s n folgt: sei ,,'"> O. .I'~ mit x~, x' < 0 gewilhlt, dann ist

fiil' eiu geuilgend gl'oBe III x~, x'lm <.2", also x', x'fm) < 0+2<1 = 3<1­
somit gilt ~r'(ml~x'.

AI. eineind"l1tilres steliges Bild des IIl-Rallme D' ist D~ ("bsolllt) BOI'CISeh 17
••

ei .11" cJ?! (al>~ollll) Borel'eh. dann ist es allch 11". D:,'. da <I" rhild
1'011 II" ist das dllreh die 111\'erse "011 ,', verminelte Bild "on 11". fl;:,
al'o ,,;edcr lah 'olnt) Borelseh'. Das ", ('t,)- Orbild ,'on 1/" i t omit
das '1'.' O,'bBd einer Borelsehell llenge in fl'. also, wie wir w. o. zeigten,

elhst ine Borebeh Menge in S!. 'omit bildet ~I ('I'. (,1'» n- Moo ein-
eindelltig auf eine gewisse 'L'eilmellD'e I'on D" abo lIod jede Borel ehe 'l'eB­
meoge "00 fl' hat als Urbild eiue Borelsehe ~(cuge in !!. Daher i l
,', ('I', (.1'» eine Bairesche FlInktion's. Infolgede seu hat jed s Borelsehe
11 C D-ll.. ein I1J ('f,)-Bild. das ebenfall Borelseh lst". nnd dn.- 11'- rhild
desselb n ist, ",ie wi!' wei tel' oben zeigten, ebenfalls BoreJseh. Aher dies
ist da 'J',-Bild ,'on .11, das mit dessen 'f-Bild zl1sammenfiiJlt, (liese sind
mithin als Borelseh erwiesen.

In besolldere lst da Bild des ganzen !!- 11••. es heiBc D' II,~.

Borels<'h, daher ist alleh .11';' Borel eh lind iofolgedes'en meBbar '.. ,ein
)laB ist da selbe wi dasjcnige seiue q·Orbildes .11... al 0 O. Da- 'J'-Bild
.11' cincs Borelsrhen .II ist die l'>nmme derer "on M-.1/.o ·M nlld "on
M.o . M. Er-teres ist ein 'J',-Bild, al 0 Borelseh. al 0 meBbal'; letzteres
C 11100. also ebenso wie 1/:~ vom MaBe 0, also alleh meBbar. Daher ist
mleh 111' meBbar, ~ein ~laB ist g-Ieieh demjenigell .eines ('rbildes .11.

bt II \,om )[aBe O. so ist es C", wobei \ Borebeh lIud "om )IaJJe 0
it (,-gl. die entsprerhendeu Bet"aehtlln~en in § 2); das 'J'·Bild 1/' I'on .II
it 'rei I des 'J'·Bildes .V' I'on .\, also wie jenes I'om ~laBe 0, lind dahel'
III fibal'. lst sehli Bli h MIIlIl' als meBbal' I'ol'ausp;esctzt. sO i t es "I, Rmnme
einel' BOl'elsrhen Menge und einer vom ~IaBe 0 dal'stellbal' (I'gl. den Hills-

If Vgl. Hausdorff, S. 208-20H. in!Sbe!iondere Sat7. TI.
I Vgl. 1l8u~rlorf[ (n... 0.. O. Anm. 2), •. tlj(). Sab; ". AIlt'rdiD~ mu6te I(x) = v(lfl(.r)

rl'elle Zl\hlen al5 Werle haben, obwob..l es in Wa.hrheil eiu { \. E, . ... }. d. h. {~I (x). =, (.I.') .••• } •

ist. lude sen i~t lIer genanute , ntz aur Jedes ~.. (.r) direkt aDwendbllr, und nberlrii,(rt sich
\'on dieseu nur f(.r) (\'gl. a.lllll. i). Mit 71 (x) selust wnre dieser ~chlu6 uicllt mOl(lich
J:;'ewC-."leu, da es 'Verte aus !!' l\unimmt, das in keiner Beziebung zu den re('Ueo Zllbl£'n
..tebt. ~~1. hierzu a. R. 0., ~,:?6fl unten. 2li9 obeD.

., Vgl. IInusdorff (a. a. 0, .\..om. !), ",. 2t.i9, :::-ntz XlU.
2ft Dies ist die Hnuptsebwierigkeit d('~ Bewei..e.ll: denn \\'ohl lllu6te d113 Urbild \ einf'~

me6bareD .v' meBbnr sein, wir konnten aher RU~ der Mt'6bRrkeit "on J uicht direkt nur
diejenige de~ Bilde~ \' schlie6en.
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21 AlUu\ls or 'hIRth., 3212 (HI:1U. 1-1. HI·I, l't\tz I.
I

~ OlTenhnr gilt dies dunn l\uclt fOr llie :';umme aller E b - ·Julervalle (11 J1:1,·' .),
II

d. i.! b. UII<1 (Ur die llilJcreuzml'Il4'l" (I ;: h. lfi("rnll~ rolg-ert lIUUl es m[ihelo~ nacho
eillllnder fOr I\lIe ofTeneo, I\hge...chlo~"l'n('n. und Hllrl.j..!'hflll :-:\lengc.ll.

J)(f (llwh fJ (a) mpjIlmf i.~". und III .rwiw:'II1 }J,>ji'lilwu.,,·1>(·I"f'ir!w. df'1U w·HmwH'.
o {( Jltu (f(J-)) (/".< fl' ".;;f/lllid", L,·I"''!II/t·.,d", .lltrjl ,,1.< I-Jitrjl al/fl(~d"'l1

1I'1'1't/('1/ I",nll, kOllliPn 1"/1' fll/l'I. "!'inl' Jfa.l~fimkli"n tI'(h) hilden. tI'(h) i..1
(':'11. 1/'. II.) ill 0";: h I' (.ll) ''':Jilli''I'/. I/IIllIolun nieldfalle/1(1 Will lIad,
,.,.M. hall,s/i'lif!, ((1111 (s i." .<1,'1.. 0 U'(lJ) < J111," (I'k». ('I"'~"I·I/.• f .•1 ~'(b)

dip o1;r'r(' (,'renzl' alh'}' ft ulif 9 (a) lJ. (I1.~o in n'IU'1II ,ff("r;.~tn j june clit·

\ltz in § 2), scin y-Bild fIl' ist dic ;;lImllle der ~-Bildrr jellel' )[ellgcII.
\lL,o auch mcBbar. Das)1 aB \'on JI' i,1 jl'nem "'ine, l'rbilde' M gleich.

Damit ist die )[aBtreue del' .lbbildtUJI! " 'I (,.) bewiesen. Wilren
wir YOII der 'Illderen Hiilfte \"flit Dcf. 4 allsl!el!ang"lI, \\'onach das Bild jedes
me6buren J1 in 51 ein me6barf'8 .1/' in !1' yom ~rlhpll )laBe ist. ~o wal'(~

die~ fiir llie 1n\"(') e yon fj 11ll:-.I'rc friihere PI'ii1ni~s(' gew(l~pn. Dahrr haft€'
8ic1l di )[alltreuc dieser Jnl'er<ell. also all('h diejeni e I'on el'geben.
'~'il' baben also be\\'iesclI:

R\TZ 2. ,)'rien 51. il'. I' . It' ide b;.,:/wr,.r' r.J (J') piliP fillrindeu/,:'/P
AbbilrlllllY rOil f1 allf fl'. \''''1 ,11'11 ZI('('i BNlill.'IIIII.,!1'1I ill D(:( 4 rSdllllJl
"Ull ~lJ C 51 auf ..M'c sl. 8('ldujJ ,.,rn 111' C 11' filiI ,;11 C $1) .ro/!JI )('(/" "nx
tln' (Old('fPiI: d. h. J(lt/(. I'(m ilrupn if.(f anch all,';n fUr dif' illajJ/rt1llfl ron f'
no/trf'tulil/ WHl Idnff ;''!"nt{.

4. Zum ;;('h1I1B soil eill ,at, ailS eiller lI'Hb,'r"1I Abhnndlun!( de \'er­
f",,' rs" \'crnllgeoleinerl lind l'erscIJa,ft wrr<len. [lazlI mllll eine dortige
Be!(1'iff<bildlln/!' (d. i. die )[aUfllnktion. II!I. a. a. 0 .. ~. Ilia IIl1ten) I'erall­
gemeillel'l werden.

Df.FI~ITI()~ G. ~ 1,./ !l ~w III-ROllm. I' rin '~J/(I'p m don. 11. :w. tlN·"rf.
"".11 ,'(Sll ("I.", .il'll, .• I' (lJ)) (11'";"1. is/. Eilli' Fllllkli"" f(·I'). rli,· ill f1

dt:!ill;"rl isf 111/11 1'('("'" Z"h/t'lI III, 11',,1'''' 11111. Iwijll' i/Il'Jlbal. "'/'1111 jl'dt·.<
]1I1/'IWIlI ~ ~ a I'ille lIl~pb((/'(' "-JItIl'l" 2111':: fVl-Crbildml'lIfll' 11111". 1ii,'
f1mJz~' Thf'orir dt's LI'/}("~f/"'-Io'('hf'Jt Ju/f'!IraIR kuulI (ljJl·lIlmf. unkr ZUf/rulllh,­
If'fllllly ,I,'S ,Iflrjll's I' (lIZ/I'. I'). auf dies" lIIejJIII(I'('/( F'lIl1kl;'I/WII f iiltel'lrlly"1I

wert/f'u. })(U,' ....·0 Nifslr';wnrlt' lnft'!p'n/ bl'Zf';t'!Olf'lI lCir mit J:tf(.,r) d t'r.

h~/ f(.r) UtfljJb,rr. nit- nt'fIUf".. lfIullll'Nrhriiul.-l. ,>;0 df~/;J;i(J"pu lfir liir all,· a.
o II .l/ll£ (f(.,·». "illl' Fllllkli,," ~ (II) = I' (.1/1'11.'1" tI,·1' ,. lIIi/ fV)' II).
T (n) i.~t monofon nil'hljflllp,," lind um·/i rPti//s ho//l$/I'flj/. F(-nwr ;.~f

.:> ...jr
V

~< '1, ~

" a-<

U Es hrauebl z. B. keineswegs me5bar zu sein!
21 Bei den Atlwenduu~en zum Beweise des Ergod lI:oiatzes (v,g:1. den nuclliltfolgenden

Artikel des \"er(t\ssers 50wie den in Proc. :\at. Ac. ] , Januar.\' 193]) isl gernde diel;e
Allgemeinheit wesentlich. Am zweit·a. O. wllrde dies wittels der mn.Btreuen .Abbildbarkcit
der auftretellden :\Ienge.n nul reelle Zahlcnmellgen UlI1tCnngcll. SUIl knnn zwar das Bostehen
dieser Abbildharkeit, nach einer mOndlic11cn ~\litteiluD~ von Herro M. '\.. time an den Vcr· ~ •
(llSscr, alll::'cmein bewiescn werden - cs ist Abcr wohl von lilt r ~se, auch ein n allgemeinen
direkten Beweis zu bes.itzen, besonders da er ebenso nrlliuft wie cler Beweis des pezia1falles.

U Dies reicbt ZlVar fUr die Anwenduugcn au.'). ist aber prinzipiell unbefriedigeod.

J,.q(f(X)) ti,'.>' = f.1'1Jl1 y{l/J(b)) (/b

(d. h. (('ell II !!ille Seite Sillil hal. dallll au,.h dip andere. Imd sie .·illd cm­

01111",' ylei,,").
Die,el' Ralz ist in zwei BeziehlUlgen allgemciocl'. al del' in Anm. " an­

gcfflhrle: Erslcns branchl f1 niehl, wie dort, cine Zablenmenge zn cin,
lind I' da, gewObnliebe Lebcsgue cbe al!Bere Mall tl . zweilens WllJ'en dort
allc ~cbltlBweben ntlr in einer Richlung (\"on y (<J1 (b») anf .q(f(..))) begriindel,
wahl'end die in der andereu Riehttlog fehlten ". "'jl' gehen nun Ztl seinem
Bew i~e f1lJel'.

Es genflgl oll'enbal'. Ztl zeigen: weml vou dcn zwei Mengen y(J(x))";: c
tlnd y("'("» "- c (,. fe,t) die cine meBbar ist, so ist es aueb die andeJ'e,
uud heide haben dassellJe ')Iall. OdeI' wenu := die .-~[enge y(If)""" isl:
weuu \'om ¥-fV)-UI'lJild IIl1d ]'om if l/J(b)-Ul'bild yon := clas eine
meBbar bt. sn ist eo aUl'h das andcre, und beide "aben dnssellJe Mall.
\\'ir lJeweisen dies Iii I' aile ;.

Belra,,"ten wir dn' Zahl,'uinlcrnill 0 II' )Iax (f(.")), ~~, isl ein
III-Raulll, !lu' "-ir detinieren in ibm z\\'ei 1-;\[nBe: e,':>len, 1'1 dm'ell
I'~(:=) I' dc'f-L'rbildes ron;, zweiten, I', dnrcb Ili(;) I!ewnhnliehes
Lebesgnesehes II1Jlere, )laU des tI,- [JrlJildcs \·on:=. Die zu beweisende
Bebnuptung Jaulet dann: 1'1 bl mit I', identi:;ch, oder: ~.(J) =." isl eioe
maBt.l'euc Abbildnnll: des !lu mit I' J auf daR 51. mil I'i (I·g!. Del. 4).
-nell :O;atz 2 geniigl e' bierzu, Zll zeigen, da.B dje zweite Bedingung von

JIlVI'I'Sf' rOil q. (a); d",«l'lbt· yilt. 1I'",m ~ (11) IIIlII 'I' (I,) I/'I'ltll"<d,/ ".,.rtln,

(1'.'1" II. a. 0.. '. 1.93 Uillell).
DcI' zu bewei eode atz abel' lanlct 0:

K~TZ 3. eim!J, I' Ide ill JJej 6; j; q. tI' ffll'lIjftll.• /I'il· d"l'l. d. /r. f(J-)
in 51 tl :til/il'l'llIlId lliit r",lItll Z"hI", "I.' 11""I'lell. lIidf! IlPfI,,'il' '(lId bt",.hl'iinkl,
q{lI) "ill" JIaAr,mklioll. l/'(b) diljeniye I'OIl !f(")'

Sf·i f/(,1) jiil' n",ltl' ZlIhlm dtjillwI'1 IIlIII,"il ",,/d1l'1l "I.• 11''''''111, "Itt,. -""11.'/

yallz bl'liebiy". fIU'(J)) isl dalill IIlld 1I11l' da1l1l ,,,,:pblll' (I'yl. IJ,f ti), "'m"
.'1{<J1(b)) "-" isl (die.,es illl yell'iihllli,.hm Lebes,'It<es,.hm Sillne), mul ('Il yilt d{(lm

J/".,· (r (,,))'I (II)o
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L

Del. .l, errillit i l. welche im vorliegenden Falle die be agt: wenn Z
l'i-me6bar i t, a ist es anch ",-meJlbar. lmd die beiden Malle sind ein­
ander gleich. FUr welche Z u'ifft dies nnn \\~rklicb zn?

Wenn Z das Inter"aU , _ a ist (d. h. del' in 0 <; jl < Max (f(:r» ge­
leg ne Teil de elben), so ist das f-Urbild die :llenge f(x) < a, also
me6har. und vom Ma6e 'P(a), daher i t = I'~-m 6ba,' und 1';(=) = q(a).
Das ql- rbild dagegen i t die Menge .p(b) <.. a, d. h. b <.. odeI' <; 'P(a)
(natiirlich b> 0). also meJlbal' und YOIll Ma6e q (a), daher i t Z anch
1';-llle6bar, nnd I';CE) = 'PCa). Das IntCl'l'all 1 a i't also ein solrhes:=.

L Also allch die. 1I11lme del' Inter"alle f <; b-:
I

C~ = 1,2, .'O). d. i'1< b;

also anc!l die Differenzmenge a<... < b ("g!.' .\.nlll. "). nd hierans folg!
~ dasselbe naeheinander iiiI' aUe offenen. abgeschlossenen nnd Borelschen-.. ,

.-![engen ("g!. Anm, ''). I -t ", (=) = 0 so ist, wie wir schon oft schlossen,
=CH, [] Borelsch, 1',([1) ~ O. ,'aeh dem soeben Ge agten ist also anch
1', (ll) = 0, also anch := 1',-me6bar lmd 1'. (Z) = O. Also: nnch die =
mit I': (=) 0 haben die obige Eigensebaft. Und da. wie ,,~ schon oft
.chlossen. jede' 1', -meJlbare:= nmme eine Borelseben nnd eine - mit dem
l'i-}[a6 0 is!, haben es anch die e. D. h.: die genannte Eigen ch.tft liegt
bei allen =, die flIr sie iiberhunpt in Frage kommen, VOl'. Damit ist del'
Bewei dnrchgeftihrt.
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'//I
III

171A-'JALYTI CUE PARAMETER.

~ Chi man zue~t J.' ~.r· II au~ uUlI dRUD .r _ J'. II "'0 win) .r --+ c. (a. b). i i .. t
nlff'ubnr trtlll .. itiv in ,,;j·1i . elll!!!!. r

$ n. h. pin-t'indl'utig und gl ic.'hz~itje' mit der rmkebrull~ ..teti;C'.
~ D. h. dns Kompol'itioll!l:geselz Villi (; in dru;jpnige von)i( flherfflbrclul.
, Dit.'~ be\\lie~ der Vert, )Iath. ZlliHrhr. 30 (J!J2~), L:.:J -l~. Vgl. iusbesonclere Satz [

aur R 27.

'£igenUich rehl, nach Dei (1)(0)) ,,0. Wogen D(a).D(a·) D(l) stehl die'
lest., weun D (J) die Einbrit..matrix i.. t. Die:o; i.. t aber c;;tet.. erreicbbnf (ygl. z. B. ft. a. O.
.\nm. i. ill .\nll1. ", ~. 21'4).

Komposiliousgeselz in ¢ mit a· Ii, sO Ileslilllml j('des leste Element a 1'011 rI
eiue 'l'ran,fo..matiou I'on 14: x-x· a'. Die Frage laulet dauu: 1st es
mOglich, in,f" lIe..artige Pnrameter einzufUhren. daB die da Komposition.­
gesetz Ile,ch ..eibenrlcn Fonktionen aile ,letig differentiierbar Ilz\\'. analyti eh /
ausfallen? (:\'atrlrlir'b sind slets PHrameter "im kleioen", d. h. in einer
geeignet gew,;hll('n mgehuug del' ~:inheit YOII rI. Ilzw. eines beliebig
gegellrlll'n Puukles von lL, gemeint.) Wir werdeu als er"tes die es Problem
erledii(en lind dHnn lIa: allgemeillere (heliebiges JI) dm'Hllf ztll'uckfiihl" II.

8s gcniigt nalill'iieh ZIl zeigen. daB f allF cinp (}1'1I11pe mit del"
genilallten EigensehaFI ILOmilomOl'ph' und I. omorph 6 ahgclliJdet werden knnn.

Eine lleng ,If'" von li-dimcnsionulcn kompll'xl'" )Intrizf'n von nicbt­
I'el's,'hwindendel' lletel'minHnte (I.. = I. 2....). die die Einheit matlix E.
enlh,llI, und mil lI"n )fatrizeu .1, B Huph die lnl'ers .1-' lind ihr Matliz n,
Ilrodukt .1· B, i,t eine Oruppe mit del' Kompositioll$r gel A· B. de
kHnll tOJlolni(i-i('11 werden, indem wi!' die )Iutriz 'n.J als Pllnkte d s
k'-dimen,ional"n kumplexen, d. h. des 2"',dimension:llen reell n, ellklidisehen
R:Inllws :Iusel,,'n (I'gl. a. a. O. Anm. '), s. 6-1;). Wil' lIehmen fel'lIer nil,
dall jeder IIfiufnlli(,punkt (d. i. H'lUfulI/!smatl·i.x) I'on K mit nichtl'erschwin­
dender D,·terminante nneh ZIl gebnrl. Dann kunn in cineI' geeigneten

mgelJung del' Einbeil homoolllorpb nul" (= O. 1, .... 2k') 1'1'1' lie Para­
metf'J' ((II .• ", all (die ill einpf A'('wi~~('n lJrngellllll.!! \'on 0, ",,0 yurHl'ren)
bezogen w('l'den', jn die Matrix"lement dpr )[ntrizen I'on J'f.. sind sogar
nnalytisehe Funktionen VUII " •••• '. "h. fnfolgedessen ist dns Komposilion',
i(esetz I'on (d. i. ,IHS ;\flllliplikaliOllgeselz de" ;\IHtrizen, dns in den
;\[atrixelrlllenten algellmisl'h isl) in den Pamn,elel'n "., .. " "h analytisch.
D. h. ein 'olches ~ hnt die I'nn UIIS gCl\'un'chlen Eig-en ehaften.

ht nun (; geSl'hl "en (d. h. kumllaktl. und Ilesitzt es cine stetige Dar­
stellun/! a ..... D(n) dureh k,(limen.ioollle )falrizen, di,' auch treu (d. h. ein­
eindeuli!\") bl. so konnen wir sll .cbli'lIen: Die )[enge)( aller D(a)
(a dllrehlfillfl 1) i,t I\' gen del' KOlllllnklheit I'lIlI allg-eseblo sen, uml
aUl'h die i!",erse AhbildulIg ist stt'li/!" d. h. die Darstellung isl eine
hOlll{lnmolphe .\ blJildung. Dall sie isumol'ph iSl, iilt kiaI'. Da unsere
Behnullluug- naeh ohigem fUr et gilt'. gilt sie 'umit a'l<'h fiu' /fl.Hilbel1.sehen Problem" i8t f; - ~.

mit a. 11, .r. y Ilezeichnell und dns

DIE EINFO'HRUNG ANALYTISCHER PARAMETER
IN TOPOLOGISCHEN GRUPPEN.•

Einleitung.

1. Hilllert formulicl'te 1. 00 die lolgellde Frllg-e L Hei t1 eine c1UJ"'h
n Parameler .let ig Ile;; hriellell Gru JIIle I'on ;;lelig-en 'rril n<forma Iionen
cineI' m-paramelrigen Jfannigfalligkeil "Y. iilt es dann mliglirh, in rj IIncl'""Jll
. olehe ParamelereintnCfihren. daB aile die di,' l'ranslm'malionen be"'breibelulen
Funktionen ;;lelig dilferentiierllar. odeI' SOg-I1I' aoalytisch', l1usfallen? Ancl"I'S
au gedruckl: ist auf solehe (!. Ilei geeig-neter Pammelerwahl. die Liesche
Theorie auwendbor? (\'gl. a. a. O. Aom. '. '.)

Brollwer gall 1909 10 dureh schwierige lind 'charisinnige lopologi;;ehe
Untel'suehungen' aile ¢, iIl-Typen fUr'" 1,2 an, wodureh die lIilllertsche
F'1'age fill' III = I lJejaheud lleantwOI'l lund fiir III = 2 weitgehend
/!;efMdert wmde.

Ein wei tel' un ten anzllgebende (;"gelllleispiel lehrt, daB die HillJerlsche
Frage bei (in :1£) inlran,itil'em f; im nllA'emeill n zu ,el'lleinen ist. (Fur
III = 1 zeigt BrouweJ'll Liste, dall 001' trnnsili,'c Brllppeo cxi.tiereo: uu'er
Gegeolleispiel enlsprieht dem "infachHen del' ullrigeu FlIlle: " = 1, III = 2.)
Wir wenlell dnher im folgendrn f; stels als (in ~U.) tran;;itil' I"orallssetzen.

Unler die,er ,"nnlllssetzung werden wir fiir nile geschlo"enen (in d"r
topolog-isehen 'l'enninologi : kompakten) rj zeig-en. dnB die Hilherlsehe
Frage zu lJt'jahen isl. Ful' ni hlkompakte , liegell l'orl,lufig hine
ahnl icherweise 11 Ilseh lieBenden Ueslllra te 1'01'.

Die I'orliegeuden l'ntersllehungen wllrdell dllrl'h die in Anm... au"efllhrle
Arbeit 1'011 A. Baa.. ang-e..egt, und 8ie ,illd allf di,' Rc ·ult:llC de,,,elben
aufgellaul. !leI' \'e..r:l,'e .. l1Ioehte nc....n Ea:l" :III die8c.. 'lolle ".inen
Dank~ :lnssp..echell. dn6 er ihm di",dhen noch ,01' lIer Pulllikalion
ZUl' \'criligung slellle.

2. Eill wiebtige.. Hpezialfall des
Denll welln wir die ElementI' 1'011

• Rel.:ein~d .Iuly 2t,l, HI:}:?

I Kon!!Telhortrag. gehaltj'u am inl~rnlltion[lJen lIathtlOl\tikerkongre5 in I'ari~. WOO.
Abgf·,lruc).;f in dtD Gott. -Xlwbr.• 1900. Es hrmdeU ich hi6f um da.!i .. Probll·1IJ f,"J

'.F'... dlUf lIcwir·"I1 Math. Anll. 41 (t8fl3\, ::i. i",oH-5:J8. da6 rOr aile )enen 0, die in jJf

t~f,"sith'~' iud, 1I11d fOr die ein" Pnrumeterwahl lIIoglich i~t, bei der nile grormntt>u J,'unk­
tIQuen zWf'ima) seetig i.lifft'rf'ntiif'rb"r ind, Rueh eine ,solche lIIoglich ist, hei der Aie Rile
aDRI.\·li ..cb indo

:a L. E. J. Brouwer, lIath. Ann. 67 (1909). .. 2-16-21,7, und 69 O~lO) .... 1 1-203.
170
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1 'OJ

Wir braucheu al 0 1Il1l' die Eld,tcnz t,'curl' ,trtil!'rl' Dar,tcllunl!'rn liir
dir g'f':-;chlo~...('nen , nal·hluweh.;en. Dieoolrr, Hllt'h an nnd fiir si('b nif'ht
uninl('r(~s.ante. lJatz winl dahrr del' Hatl(ltg'<"gt'n:--tand un"'rrer H<.·trach­
tung n sin.

Dir I!'rullnute Dal',tcllllnl!' D (ft) wil'd iibl'il!'cn, all' lautel' unitHrrn
~[atl'izeu be.,trhru. Dahcl' kOnncn wil' drn Irlztl!'ruanlllen •';ltz. ulller
Heri'lck",ichtig-ulIg de.... in .\ nm. 1 zitielten ~i1t7.t':o'. allch ~I) rormlllirn'n:
Dip riuzigcn (im kleincn) II-parametl'ig-cn (11= O. 1,2....) I!'c<chlo"rucn
(d. h, kOIllJlaktclI) (;I'IIJ1J1ell ,iud dil' ab/(c,chl,,.,rnl'u l1rnppell IIl1iUli'rl' ~ratl'izru
de, k-dilllcn,ionalen (koml,lrxrll) cilklidi,chrn Hllllmes (/:. O. 1,2....) "0" ie
drn'n hlllllOomoqlh-bomol'J1he Hildcl'.

3. l'm deu rigell tiiml ichcn, Ilnal.l't i<ch-gl'uJlJlrnl he"rcli,dl-IOI'"I"l-(i,chrll
Churaktel' <It'1' zu YCl'wcndt'ndl'n ~[rthode Zll wl'anS\'haulichcu. ,rirn jt'ue
Hc ultat dc,' neuel'en 1\'1'1IJ11"'nthrlll'l'ti''''len IIl1d tljpologi,chen Lilt'l'atul',
auf ,!t'1' dic ZII ilihrellden Bewci,e bel'uhcn. IIiel' zu"al1llllru/!c'trlll. E, ,ind
die 11l1j!f'IIl)PI\:

al ,\, Hanl' I,cwie, VOl' klll'l.em, daB iu jedl'r lopolog-bchen (;I'upl'r'. welrhl'
sepal'abel I" lind illl kleinen kompakt II i,t. ein I'rclll,inl'llriuntr, L"IIh­
gue:che, auGerI" ~[aBl! defillicrt wel'dclI kllnll". Jllfolgl'de''''n knllu
nat'll bf'kuDlltrJJl VorA'tlng uur1! t:>ine I'N'llbim'al'iante LrlJe~gll{'sche

r~'lrl\'ration J~fk) d 1', (d I'r symbolbirl't da, • \"olumelcment' fiil' dic
, annhl,' J-) de6n1l'l't werden ". lJiel'b"i bl ZII el'withneu. daB IIpl'eits
F. PetrI' und n, Wryl, IInlt'r \'et'\'ollkolllll1ll1l11l-( l'Ofl AII,jilzcll 1'011 Hur­
witz, (line solchp. Intcg-ration fiir solche n-pal'i1nwtrige lil'uppen kon­
,ll'lIiel'trl1. de"en !\.oll1p",itioll<g-e,etz ;111f "letigo dilfl'l'rnliierLal'l' Funkliouen
lll'I' PUI'Hmrtrr fulll't lft

; cia: \\·il'hti~e an Haars Konstruktion i~l abel'
J,t'C'radt>. dilG :-ie gauz HlIgemein lind frin nwngcnth{'or('ti~('h, ohue jNle

• O. h. einp (jruppe. in drr \:iu 1·lIIl!ehuul(..hl'l.{riff ,Il'tilli,'rt j ..t, dcrar1. 11.\6 di~ Kom­
flll .. itiiJn (I." unll die Im·l·r-. a I tdi~ Funli.lionen \on (1.1, bzw. "1I1! (, Inll. '.C'1. fUr
tlit, Grunllh,'!.,"TitT~ dcr 1'opolnl..";e ·twa. llau..,lorfJ, _'tt'nL."t"nlt·lm.·II , Berlin unll Leipzig (1!1:?7),*4n, :-.. :!'lli-:!:JO.

I "[!I, n. a. O. AUDI.·, U:i. untl (to) auf ~. :?-1!1.
11 O. b. J ~cr Punkt but eine r8l,l.."Chun~. den:'n all,1.."f· ...dllo "I'DI' Thille kompRkt i~t, I III

die .\bbilliung .r -to:r, a hom mnorph i ..t. glt'nu~l e (lwi tirullllen). dits rur dit' Eiuhcit
zu \'t'rlnnf.t'l'n.

12V'gl.l·nratlu·odor)· ...HI'I'lIe l"unktioneu". Berlin nnd Leillzig (t!ll~), ~. :?31-:n4; odl'r
(COr hf'lit'hi,lC'e lOjlolfl!!i ..dn- H.lulDe) in tier Arl)('it d!'!'! '"err., Ann. of ,Mnlh., 33 (tH:l:?),
,'. :,7 ~ :ll'3li, lteC, :?, 4. uuf ~. :)71, [.7H "nel'ht.. inl"nrinllz.l IW!'oRgt, doB die .\bbilflulIl("·~ .r.(~

1lI116tn'u ilolt.
I~ .\~ lIanr, .\nn. of ,rnth., 34 (W3H). S.:.

"Z. B. III I"ljehJl· ...!'odll'~ lntewal S~rJ1:J J. Ii (\hlB... lj"(.r1 AU.

I) )Ll\th. _\on. 97 (JtI:?~), . 737-7i)5, illsbE'l;Olutere :--.7:n

BrziehulIg- zu cineI' Paran1t'Lel'dal trllunl-(. dil'ekt zu rim'lll ~rallLegt'ilt

llthrt. IhCl'e t'1lt'l'legoung-cn, die 1'om lIaar,chpn ~raB zu dl'u analytbehen
Pnl'amrtem Whren, ktlllnell also al: ine Art Cmkehl'ung- dcl' Petel'­
Wr,1'l,chcu angr'ehrll wl'l'dcn, bei denen da, Umgrkehl'tr gelei,tct wird
- weuu all"'l die. dlwierigokeiten von alldel'er Al't ,in<l,

bl Bci I\'eschlo"enem (kollll'aklcm) ~ bt da.• Uaal'sche ~raO von gmlz f;.
wip Ulan 1 iellt einsiE'ht, endlkh, kUHn abo I normiel't wl'l'dt"n..•:\1'­
daull s.ind die 0p(ll'utor('n. und EigPItWt~I'llllclh(l{len lind -~iilr.~ 311Wtmdbar,
die Prlel' ulld \\' ,'yl a. a. O. A11111." \'c,'wrndt'n, wollu" .. h ('ine 1011­

stilndigc Theol'ie drl' (;;tet igen) Dnl'stl'1lunll't'n von i dIIl'ch uniliire
endlieh lirldim,'n,ioualr ~[Iltrizen ent,I('hL

d Bis hirrher w1ll'cI,' blnO brnUlzt. daO f. cinr t0j101ngi,ehe nl'U]1lle i.t.
ntrr Bellutznng del' Tal'llche. daO e' (im kleinl'n) homOol11orph auf

1/ ParullIPter b,'zogen WPl'd('u kalin, wit'd durch to)lo!ogi"'he Hetl'uch­
tun~eu grzeigt. daB unler den in h) l\'enoullTrn Dal',trllnngrn auch Irrue
,·orkommen mfl~:o.rll. Hirrbei wrrdf'1I in er:-;ter Linir zW('i "dimcu:-;ious­
theol'rti 'rhe" I'itlzr benutzt: Bronwel's '-atz \'on drr (Jrbiebin1"Orianz
und Lche'O'llrs .Pfla,Il'r,tein,atz" I)/.w. d.'r damit zt"aul1nenl"tngpndc
...\lIgpmeine Zerle!!llng"atz' del' Dimrn, iouthcol'ie \'on K. ~[engrr lind
Ury:solm '.

dl Bt'i den topnlogi"l'hen Betl'l1ehtungen wrrden ouch dit' in AlIl11. 7 zitiel'tru
]{esultalr des ,"rrf. flLcr die Pal'ame!l'l'dar,telillng "on Gl'u)l)1rn unitill'C1"
~(atl'izen melll'fach we,rutlirh hel'angrzol\'en.

Die l1intpilllng clt'r Arhrit i>t dir. e: In 'rei I I "';rd die Existl'nz del'
lI'euen slctigen Dar,tclhmg bewir,rll, in 'rcHII di(' ollf du, Hilhcrl The
l'rolJll'I11 angewendcl uud das l;pgenbri:l'iel liil' (in J() inll'l1nsith'c f
l1ngegebcn.

I. Einfilhrung analytischer Parameter in 71-parametrigen
geschlossenen Gruppen (;.

1. ~ sci eiuc topologi,che I1rupj1e. d. h. einl', in dl'r ein [mll'ebung,begri!f
drfinierl i,t. derart. dall " • b und a-I in a, b bz\\', I' ' tetig sind (I'/!1, Anm. 0).

"~ir nennen ¢ n-param<.'trig' (n = 1,2, ...). wrnn jed('s " ynn (; eine
Uml\'t'hllng i=W hal. die cineI' otTenen l'unktmenge K(a) im IHlimc'hionalen
(I'rrllen) ellklidi,chcn Houme R" (del' Zahlen II-tlll'el ", .. , '. "") homOo­
11101']1h i>t. :'illch Anlll.' genii!!t es, mit Uinblick auf die homOomorl'he
Ahbildun/( X~~" II, die:e FOl'derung nul' fiir {f = I (d, i. die Uru]1l'en­
einlll'it) Zll tellcn,

10 L. K J. Brouwer, Math. Ann. 70 (U.I13), . 161-11)0; H. Lebe~gue, li'uud. Math. 2 (19:21),
. 2~)H-2~u, ,.owie E. :O;perner, Hlunb. Abh, 6 (t!1~8), ~. 21;5-272j K. ~enger, ..IHmension~·

theorit:"', Berlin und Leipz.ig (19"1 ). ~. 25l-2ltG.

m
-1l 0.

('
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li5XALYTI CIIE PARAMETER.

{' !Ix)fi(x)d,'. J= I, fOr j = I
JI 1= 0, fOr j "' I

gilL

"\lnth. Ann. 63 (!!l07), .43:l-47G.
It Jo;in Funktionens,Ystem III It I ••• hei6t normiert-ortllogonnl, wenn

definil>l't isl. Dil' ~Iethode ,'on K ""'lmidls Dis-crtation'· ist auf die"e I.
wOrtIieh anwendbar. wenn es die Hermilesrhe i'iJmmelrie hal. d. b. wean
"(fI, ).) = k(x, yl 1!'i1t. lnfolgedessen treffen insbesondel'e di folgenden
B >hallplunl!'en zu:

Die ,on*"el'schiedenen Ei/1,'enwerte "on h llilden eine Folge
1", J." .•. (dIe .lnZllhl i1,rel' 81emente bl 0,1. 2"" oder Ilbzilhlbar
unendlirh). Fill' jedes I.,. gibt es lintel' deu Eigenfunktionen,
d. h. den Lr",ungen von hf= I".j. nul' clLdlicll viele lineal' unab­
hilllgijl;e, ihl'e MaximalalLzahl sei "Y" ( J, 2", .) .•Y,. ,oleh Eigen­
fllnktionen kOnnen sogal' lLol'miel'l-ol't hO/1,'onal'" gewilhlt wel'den:
l/'.·· .,j';;:. ,lede FUllktion yon del' FOl'm hf U beliellig) kann

d urI' h Line lll'agg-I'ega Ie end] ieh Yielel' fl'" (,. J , 2, ''', I J , ... , .Yr )

in 'i gleil'hmilBi<Y heliebig gnt approximiel'l wel'deo.
• "i nun 'I' (x) eilLe . tetige FlLnktion in rf: wi" setzen /; (J. y) ~ (J' ,y '),

h T,t, und wendell das soellen lJe>ilgt' auf T" tin. Hiel'Zu isl aller­
dings '1' (y,.-') = ~ (xy') lLolwendig, d. b. ¥ (x') = 9 (.1').

T" bat die folgende Eigentflmlicbkeit: wenn es f(x) in 9 (J') l,llerfilbl'1.
so fUhrl e f(x· a) in !J (x. a) iiller (man el'setze in del' definierenden
FOI'mel fill' I. = T" die InteA'rations"ariable y dureb y. ,,-, und bl'aebte
die Reeht<in,'arianz sowi> .r· (y. 0-')-1 = (x· n)· y I). Also ist mit
f(:I') nnrh f(x. 0) Eigenfunktion von T", und zwar "om selben Eigenwerl;
also isl }'('(x. a) Linellraggregnt del' f,"'(x), ... , .!1v:(:r). Wil' woUen

jedes endliche nOl'mil'rt-ol'thojl;onale FnlLktionens)'stem j; (J), .... f.l (.r).
fUr welche jedes.ft (x . tI) (I = I, ... , .Y, a in II) Lineal'aggregat del'
f, (J'), ... , ;:1'(.1') ist, ein Dal'stellungSSy'stem nenneu. Die F,") (.r), .... .f,~~ (J)

sind somil Oal' 'lellnngss.y<leme, und wir erkennen: 8· A'ibt eine Folge
(yon 0, I, 2.... odeI' abzilhlbar oaeudlieh ,ielen) DarslellulIl!'«ystemen,
sa daB jede Fnnktion Tq f ('1' f 'I. f beliellig) dlLl'rh LilLeal'al!'Zl'el!ate
endlich "ieler ihrer Funktionen beliebig gut approximiel'bar ist.

Hilbe e. eine Foll(e '1'1, '1" ... yon ~'s, so daB jedes f dnrch Tq.'is
(8 = 1, 2, .. ',!J beliebil() lleliebig /!'lIt approximierbar ist, so erhielten wir
dOl'ch Zusammeofasstlng del' Dar 'tellnng-systemfu!l(en I'on ¥" ~., •.. eine
neue Darslellong.'sy,tenllolge, derart, daB jede, f dnl'eh Lineal'ag~regllte

endlich "ieler ihrer Fnnktionen lleliebig gnt approximierllal' i,t. Hierans
foll(t noch, dnB die'c Folge oiehl leer nnd anch nieht eudlich sein kann.

J. L '\EUMA. ox.174

'J 4~.

AlL'; demselben GrundI' kOnn~n IIiI' aliI' K (,,) als rinandl'" gleil'h an­
nebmen. Eine Tran<lalion ,- n K(n) im 11" rl'laubl es. das Bild ,..m "
nach 0, ",,0 zn "el'legen; eine e,'enluelle \'erkleinernn/1,' yun~ uud
K(II) , K(a) als Kug I mit dem )fiU >]puokl O.... , (I anzuuehmen: cine
nachfolgende XhnliehkeilslI'ansformation in 11., den Rildiu< ,'on KIll)
gleieh 1 zu uOl'mieren. Abo wil'd K(,,) gl,'ieh I,,: ,,'':- ... + ,,' I1 I ".

\\'ir bilden noeh die (abA'e<chlllsselLe) KlLgel .K, : ,,; j-"~ ~. Bei,
del' AbbillIung~~ K(a) K, babe K, dal' Ul'lliid

K, ist kompakt uml scparallel, also allch : 11'1'1111 also (I dlll'eh

fi~...... elldli~h "iele ffll illlerdecklwerden kanll. sO ist es kompakl lind sepal'al,el;
l.:.14...~.t..., V wenn es dllreh allzilhlbllr "iele geling'l, isles \'l'reinig-LIIII! allzlihlllar

yieler kompakler Mellgen IIl1d separallel. Gmg-rkehl't: da II illnl'rel' Punkt
,'on ist. genflgen WI' Cllenleckung ,'on O. f'llls I' kompakt ist, end­
Iieh viele nnd. tails es separallel ist. ahZilhlhar liele. Wil' hallen
al 0 gezeigt:
tI ist dann nnd nul' dann kompakt llzw. e]Hlrallel, wenn es dnreh

endlich bzw. allzilhlllar ,'iele f1bel'rleckl werrlen kanll. Wenll
es kompakt ist, ist es aucb separallel; wenn es separallel is!.
i t es allenlall Vereinigung allzilhlbar vieleI' kOlllpnkter ~r ngen.

Wir we"den im folgelldell die Annl)'ti 'i"rullgsfrag fw' die ngesrhlossenell",
d. h. kompnkten, plosen, fii,' die "offenell", d. h. bloB sepamblen, Vbleibt
sie ullerledigl. 1m folgendell wiI'd also fI dnrchweg al' II-paramell'ig und
kompakt vorau'ge ·elzl.

2. In fJ'definiel'le 'lefige Fnnklionen, mit komplexen Zahlell als \\'crlen,
bezeiebnen wiI' mit f(J'), fl('!·)' Ii(x, y), 'I'V); di' anf Haa"sehe MaJl

gegrflndete Integration mit ~f(X) d I'r ('gl. Einl. 3.. insbe 'ondere a) nnd

Anm. ". "). \lie a. a. O. gesllgt wnrde. i I das )InB I'on t endlieb, dn
dies fill' jede kompakte )leDge del' Fall ist: dnreb llnlliplizierell aller )laBe

(und Inlegrale) mit dem konslanlen Faktor 1 fl kOnnen wir daher
Jfrt,P ,.

eITeh-hen, daB JIaO ~ = 1 wird 17
• 'IIn konnen wir die in Einl. 3. b)

zitierlen Betraebtnngen ,'on Peter nnd Weyl anf Ullser rI iillertragen. (\'gl.
aneh Haar, a. a. O. Anm. ", .1=.)

Jedem sleligen Kern Ii (x , y'f ordnen wir den Integraloperalor 1. zn,
del' dlllrh

Ikf(x) = !r1i(X. y)f(y) 11 "y

Ii Dies i~t die eiuzige teUe, wo di . Kowpaktheit ,"on f wirldicb wesentlicb ben tigt wird.

L 116 - (9
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.!..Bun.lll so.

A"HLYTI CUE PARAMETER.

L" = .11,+ ... +M"_,+,If,,

. .
L,,_.+1 = M, + +M,,_, +1
L.II_1 + 2 = JI, + + .Jl/L-I :!

D, h,: Die (iesal1Jth it del' Dan.tellunlten .1"'(11). A'''(Il). '.' ist tl'ell - libel'
\\'il' brllucben eine einzelne (endlich Yieldimen.ionllle!) Darslrllwlg, die r. is!!

, i .II. +... +M/. = L ... !'Cihen wir .111)(11).,·" .I'I"(a) lin del' Dial! nail'
einel'L,.-dimen ionalen ,latrix nneinandel' und besetzen die iibrigen Feldcr
mit 'ull u °enGtehl cine L,,-dimensionnle )latl'ix jJ(,'" (a) (vgl. Abb. ; tun, .

,. DiI:~e Topulotr11' der unt·ndlithell Malrizen {aJl}J '.l.t.. , kann BUS nr" hi denen Ent­
fernung-;;besrriffl·n ('"gI. a. a. O. Anm. " .... 9-t) bf>rb~eilel werden, z. B. 8U

Entf.({""l.{p.l) _ \!in J.IIO.[ )Ja. CO,'-Pp)'-L
1 ]lr'

f. It.) ).1 I ... to

wir da.selbe mil allen .I"I(Il), A")(II).··" so enl.lehl eine nnendlich vicl·
dimell.ional~, abel' zeilpn· und kolonnenilnite Jlalrix B'''')(a) (vgl. Abb,),
Oil' H."'(Il) sind "lTenbar uniliire Dartrllnngell von G, B'''''(,,) rbenfalls.

B ."'(Il) biingl .Ielig \'011 " ab, Hool(lI) ebenfalls, f, II [fir unrndliehe
)[nlrizen die Kom'ergenz dW'eh die Konver/(enz aller )[atrizenelt'mente
definiert ,,-ird". iSehlieGlieb it B!"(U) del' L,,-te Ab:ehnitt yon B''''(a) .
Die 1Jeng-e ,lIler B''')(lI) (" dW'ehliiufl /(anz oj heiBe <il'.'", diejenige aller
B""(a) <il''''; <il'"' ist stetiges BiJd I'on G, <il"'" nacb dem weit~r oben
(1es"glen ein-eindrutiges und . tetiges Eild - da n kompakt isl, mnB
dahel' aueh di~ Jnl'et'se del' lelztrl'en Abbildnng stelig sein.

Jm fnlgend('n werden wil' zeigen, daB .cbon ein <il\'" ein.eindeulige Bild
\'011 G. d. h. sehnn ein B/"(II) tren i.t - womit da' Programm von Einl. 2
crfiillt sein \\'il'll. Dazll wprden wir abcr die bi,her kaum benutzte Be·
zirhnng- nJll (} znm Il·dimen~ionalen (I'eellrn) euklidi'ehen Ranme, d. i. die

\

fiir .r in~

son:->t

)lax ('.-1/ (x), 0),

o

Einr Folge ", 'I,. ' , '. fiil dip T" f fijI' , • x ~11'i"'"n,iGig in • ge~l'n

f kon\'ergifl"t (fiir jrdr. slelige.n, hat dip ouige Eigen,chaft. Wenn
y:., y;, ." sirh auf 1 (Hrllpl'enrinheit vonPI znsammenziehende mgeuungrn
yon 1 sinll. nnd 'I. (J-) stets rerll und 2: 0, au!'1' anBrl'ilalb von 0

d uud .f~ P.(·I') ,h'.. I gilt, sowil' naliirlich 9 (;r ') = !f (x) (= 9' (4), so

leislen di~sr 'I" 'l', . ... nlTellbllr d"s Uell'iinsehle. olehe 'I. sind abrr

zu drn' lril'ht allg-t'bbar: Zuniiehsl geniigl j~'1.(.rldt'r 0 (slall = I).

da wir SOlh[ 9 (.•) durch l' 'I (.1') - rrsctzrll. Ferner isl 9. (., 1 j = , (J-)
9.(") dt'r

nnllfitig. da wir sonsl 9. t,.) duech '/'. (x) +9 .• (J· ') ersrlzen. Klci"hzeitig
:sO wl1it v(llTingenlll, clall frll' all .r dr~ llE'uen ", .J".:r t heidl\ zum ;tllen

gchOrclI. "'cill'C kOllllclI wie ~in @); lieg 1111 alllwinn II, 'eill bei
.. 1(0) elltslehendcs Bild sri!p. t rllthillt gewiB cine Kugel mit dem

)littelpllllkl 0, O. derrll Radills SCi E. O. Liegt.r ill so hciUe
die Dblallz einl's HildJlullktrs (in j{(V) \'on 0, "', 0 d (J')' Dann
erffillt

176

die iilJl'ig-grbJiebellrn Bedingungcn.
80mil xistiert die oben urschl'iebene Foige \'on Dal'sleliungssJ temell.

wir nennen sie A'"(x) , "', .t~;~(,r) (,. I, ~, ),

3. f/' (.1" a) ist Linraeaggl'egal del' .11,,,, (x), .I~:; (J-), also ist

~ '.~
./),"'(J''') .... "J~"(").1}"'(.r) (" = 1,2..... I = 1. "'. ,If". a in '(il.

J ,

Da die .I}"'(.r) norlllirl't'Ol'thogonal sind. bt

"~;,,((I) = ~ I; '" (,r ' ,,) .fj'" (.1') d t'.r,

so daB "';;"(1I) 'l!'tig l'On "abh,tn/(t. Frln I' ist die )[alrix .1'."'(11)

= 1",,"'(Il)I., , M nnitar. lind r. gill offenbar .1\'" (a . b) = .1'."'(11) A'/·'(b).J J... IJ.

Die ,Ialriz n .[[."'(11) (" fp~l) bildrn "Iso pin~ .tetigr Dal'stpllung yon 1­
, Wenn fnr 1I, b \'on f A'I"(a) .['·"(b) fill' jrd., ,. 1,2"" gill. so
ht oneh Definition stcl, .I;." (J" II) = ft· (J' . b). Da her l11ulJ f(x· II) f (.>" ,,)
fiir jede, f !rei len. da, Linearal!:I(l'cgllt endJieh l'i"I~I' f,!" Odl'l' dnr~l! .olcbe
beliebig- gUI approximierbar ist - d. h. fiil' jede•. tetin-r f·.r b' ergibt:
iiiI' jeile. 'tetige.l i.t ./(ah-') - f(l), also mull ali I = I, a- /, sein".

]U L"it r *' 1, so sei Geint" c nil:btenthalll'ntlt' Cm~'bun~ von 1. Kon trweren wir f
zu "0, wie weiter oheu 'f. IU . "0 wirrljfl»O, flr) O.

.--

L

L
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gegcn
E.

hieralls, daB
a.

A1'OALYTI CUE PARAMETER.

Fiil' cine l'eiltolge kom'ergieren die P"" . , " P, P"+I: \dr durlen daher
annchmen, daB die schon fiir die ur'priinglie!\en E., '" ' " del' Fall war.
Dic Limitc seicn bzlV. P" "', P""+, , e it

13.,,1 =

B'" n(n) ( ....1'+1) + + I' rrl U
- n)= rxp "'.1 vI' ... a.,pp+l LiPp+I ,

"M, l' ... J a •plp+t) au KI.U- 1).

Fiil' " .... x strebt die.el' A.1I8llrllck gegen E1.1'+" al.o a"l, "', a.,.pp I,!cgen
0, . ",0, abo strebl

Ct, = U",1 + ... + Ct8,Pp+1 >0

N nnen wir den LI'-AlJ ehnilt von [~U I) t'r,t+I). On B"" (n.) dl'J' L,u­
A.b 'ehllitl von B\"+" (II,) i t. d. 11, exp (E. U;r') del' Vall

(wR.I'r e~ O. so ware ((8.1 = ... = u."P/A.+1 = 0, ffill I)(a,,) E1,/z+11

also el'sl I'eeht eXll (E,l'~"') - gU'(II.•) = EL", aloE. = O. entgegen del'
Annohme) auch gegen O. • ei

Fast aile ]3<.1'+"(".), D,"'(,,) gehoren also zllSl' ..+n bzw. u". IiiI' diese ist

dann ist

j t

ex" (" Lt') = exp (",(,8.", til' 1)+ ... +,d.,Pp+. C~J-;+.IJ».

Robald E•• ,,_, klein gellllg sind. d. 11. ff1r fa t aUe s, folgt hieralls

U 'I" (p"':;".. ')+ + P [~ I' ")ill P = a. ,1 f.Jt' ... I,PP.+1 P'~l .

, omit konvergieJ't fiiJ' s .... 00

.!!.. uir gegen p, Oil-' II+ '. ,+pp,,+, U,v;:,n.
a.

Da ,owohl ct' 01 anch der Limes t 0 ist, folgt

einen Lime r of 0 strebl; dann mn.B abel'

E,-' 1>0.

J. ". S"E(1MA'\S.

E.-E 1-+0,

]3<,'" (a. (/ ,-') = D.'"(a,) BU'(a +,) I

exp (E, [1') exp (E ., u;"') = exp (IE. - 'H') U;"') ,
]3<,u+l)(lI. {/I+"') = .8'''+''(11)]3<1' "(lI )-1 .... EL"•. , ,

li8

AbbildlUlg \'on ['(I) aliI n(l). wirklieh herallzi!'hell mii>, n. (Bisher
benutzten wir cigenllieh nul', daJl G lopolngi 'eh, separabelund knmpakl iH.)

4. Da .8'.1')(,,) eine Dar telInng i.t, bildet e. die Gnlppe (I auf eine
Gruppe ab, d. h. (}l(u' ist eine MatrizellgTuppe. \regen l' = 1 iSI da Bild
\'on 1 das eigene Qnad,·"t, und da es unitllr ist. muB e die L,,-dimensionale
Einheitsmatrix ein: ELI" Da ]3<I"(a) . tetig und n kompakt iSI, i. t auch
da Bild kompakt, d. h. @'I" i:;t cine abge.rhlosscne Matrizenmenge. 'omit
sind die in Anm. ' ziti rten Resnltale des "crt. ani (}l'I" nnwenduaJ', ins­
besondere gilt folgendes (\'gl. a. a. 0., Ratz J, allf 8. 2i):

Bs giUI PI'(= 0, J •.••• 2£;,) linear unabhiingige, L,,-dimen 'ionale
~[atrizen ut'.· ", C'::~ (die ~Iatrizenelemente sind komplex, die
linenre Unnbhilngigkcit ist abel' mit reellen Koeffizienlen ge-

. (P'I" + r>lU')" fUU"meint), so daB aile Malrlzcn cxp a, "" -r'" "P"vP" -- zu \!J'

gcbOren. Werden die ", •... , ap" ant eine geeignetc. mgebung
K'I" de' Pnnkte 0,·".0 uescbrankl, 'l) erscbOpfen dIe

nnd

agar eine mgebung f.'" del' Einheilsmatrix E1,,, in @'I" ein-ein­
den lig.

Fa en wir ein uir' ins Auge.. ei £1, E!J ... einp ge~en 0 k01wergi rcode
Folge von Zahlen > O. exp (E,e,\"» gebOrl zn (}llf", e ist abo cinem
BIf')(a) gleich, etwa fUr II = lip. Die]3<" U(lIp) liegen in @If'+U, sie haben
daber einen Hilnfnng'punkt. Wenn wir E" E., ... dnrch eine 'J'eillnlge cr­
etzen, kOnnen wir also erreicbcn, daB die B'I' I) (lip) konvergiercn. Auch

da monotone Abnehmen del' E" E" •• , ist dtll'eh Aus'ondc,." einer Teillolgc
elTeiehbar. Wir diirfen daher annebmen. daB beide' fUr die urspriingliehen
E1 • E! I • •• del' Fall war. Es hot

weun wir also £1' Et. . .. durch £1 - E!. Et -'., ... ersetzenJ SO tritt
a; = a (/,+,-' mit lJ',u+J) (a') EL,,+, an die Stelle von a, Wir durfen
daher annehmen, daB B\..+n(a.) ELI'+' schon fflf die llI'spriinglichen E", E•• " .

del' F~1l war.

. h Af .
11 Ist .d eine endlich \'ieldimensioDale ~Rtri.x, 80 j t exp (..t) alB hme.~ 1: -I defiDlert.

h--+-OO8-0 ..
Vgl. a. a. 0, "10m,', . 7-15.
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",.,,) _ p, U'(I' .1>+ + PPM' C', '" "
l'p - 1 .•. -- /'r y J.I.+I

scin, d. h. uiU
) i t del'LI"Ab chnitt yon ji, ['ii' 1>+ ., . + PI'";,, {'/' I>r r P+l .

80mit i~t jedes ur, ]' = I, ., " P", L...-Abschnitt cines Lineal'ng/(I'egals
I TT"Hll I P D" [ .tel' "-'fI' ,q=,"', ,. 1. Ie e ..JlncaraggTPgate mii~ en !incur lIonb-
hilngig ein, weiI e schon illl'e LI,-Ab-clllliite {',Y" ·ind. abo i t PI' < P,,+,.
Ferner kOnnen wil' die U~·" ". q = I ... " P'''~I, so nmbezeichnen (nilllilich
lineal' tran fOl'miel'en). daB diese PI' Lineal'aggl'egale gl'rade bzw. den
U'... 11 U Iu 11 I' I d " I'd' T f .1 , .• '. pip. g elC 1 W('1' en. ..,e tilleD WIl' leSe rails Ol'matlOll uach·

ein'lIIde,' m,· I' = I. 2. ' ,. VOl'. ° el'l'eichen wir allg-emeill: ut) i'l del'
LI,-Ab~chnilt yon U;I' ". Die' wel'de im fOlgenden vOl'an ge~etzl.

5. "'il' bell'aclltcn fiil' jede I' > I' exp (x, uti+ ... +."1' CP") lind
ncnn n da~jenige ". de..en H") (a) die~em AllSdl'llck gleich i'l, a~(x, :, ..7'/' ).

Die a,. (x, ". Xl',.) haben fijI' v .... 00 einen lIilnfnlll!:spllukl a(,', '" :r';),
weil n kompakt ist. Fet'oel' ist iiil' ":::: I" (~ II) de" L" -Abschnitt von

- - 'I

BOO' (a,. (x, , .. xp» del'selbe wie del'j nige I'on

Bl") «. » (""" + ".,av ;1', ••• J:p" = exp x, "1 ' .. +:n,,, U/, ),
lind zwar gleich I'

B'p,) Ca) = exp (", ut'+ ... + '''1'1' [,'/1;,).

also von I' nnabhltngig. Daher ist die anch del' LI , -Ab chnilt '1'00
Hoo' (a (;r, ... xPI'» , d. h. fast alle Hoo) (av (x, .. , xPI'» bahen denselben
L'I,-Ab~chnitt wie 13'00) (a (J', ... J'Pp»' \regen L/', .... 00 b deutet da., daB
HOO) (a,. (x, ' , ,xpp» fiil' v -> 00 gegen JJ<001 (a (x, . ' "'1'» konl'el'giel'l (rgl.
da~ Ende von 3. sOlvie Allm. "), also auch, daB a" (J', ,. ';1'1'1') gcgen
a(x, ... XI') konyel'gierl (I'gl. ebendo,·l). Da det' L u -Abschnilt yon
13'00! (a (x, ... XI',,» . ,

exp (x, ui"") + ... + XI' [1jJu,)

" "
isl, al ° tetig' in x, . . , .. Xl' , I. t jedes Matrixelement I'on IfOO\(a (x, .,. xPI'»
t U

· . I'
S e g III X, • •• " XI',. also (vgl. da' Ende von 3.) auch diese selb.t .owie
II (x, ... '£1'/.). Liegt X, •.. " Xl'" in KII') , so hilngt chon deI'L,,-Abschuitt
von B'OO) (II (", . ' . XI',,» ein-eindeutig von :r,o ' . " :rp" ab, um so mehr die es
selbst sowie a (x, ... xpp)' Da jedcl' L... .-Abschnilt von .8'00' (a (0 . ··0))
g'lcich E/'I" ist, ist die e' di.e Einbeitsmatrix, also (J (0 ... 0) = 1. Wenn

wil' ,al °x" ''', XI'" anf eine hinreich nd kleine Umgehung X\U) YO;' 0, "', 0
be chrilnken, so liegt a(x, ' .. xPI') jedenIalls in U(l) (in 0).

Also bilde! a (:r, " , J'p) eio Gebiet XII') im P,,-dimeo ionaJen euklidischeo
Raume ein-eindeutig und tetig auf eine 'l'eiJmenge von U(I) abo da seiner-

seits eiu-eindeuliges und tetiges Bild eine Gebietes K(l) im n-dimen iooalen
cuklidischen Raume ist. An Bl'ouwers alz von del' Gebietsinval'iallz (vgl.
a. a. O. Anm. 16) folgt clahel' p... < n. Also ist P, < P, ;;;; ... < 1/, Yon
einem gewissen Ii an sind al °die PI' konstant: Pf. = PI'+1 = .,. = ]><.... /I.

6, 'ei I' > Ii. <!Iv" i t in einer Umgebnng de Punktes EL mit dem
G b· t Vlu) , Pd' . I R l'e Ie ", Jm - nnenSlOna en aume homOomorph, a!. ° P-dimensional;
wegen dcl' J'lll'peneigellschafl gilt cia flit' jeden Punkt, also i t es als
topologischel' RaUlo P-dimensional (I'gl. Menget'8 in Anm. 16 zitiel'te Werk,

. 79- 0). AI' kompnkle P-dimen.ionale 11enge im 2 L~,-di1lJeusionalen

cnklidischen Rnume dCl' LI,-dimen.'ionalen }IatJizen, filllt e untet' deu
"Allgcmeinen Zerlcg"lllgssatz" del' Dimen ionstheorie (a. a. O. . 156):
Zu jedem E ..... 0 kOnnen endlieh viele )lengen ,\,i, •. , '. ,p, gefunden wel'den
(naliil'li h von I'.' abhilugend), ~o daB 1. jedes ·Pt einen Diametel' < E

hat", 2. je P+ 2 ~Iengen ,Pt keinen gemeinsamen Punkt baben,-3.
,\), + ' .. + ,p, <!I'I" i.t. Nun ei.\,i; die 1fenge allel' HOO)(a) mil Blf"(a)
in ,p,. "'iedel' gilt: 2'. je P+ 2 1[engen ,Pt hahen keinen gemeiusamen Punkt,
3'..\); + ... +,j;>; - <!I'OC) = Jlcn.qe aller .8''''' (a). FerneI' ist die Entfernung

von 13'OOI(a) und .8'oo'(b) im inne von Anm. !I < }[ax (1 <I) wenn II die
- ,,,"

Enlfel'nnng ihrer L,.-Ahschnilte, d. h. yon .8""(a), IfI')(b) it. 80mit ist

del' Diameter von .p; <- Max C, .dl wenn ilt del' Diameter von ,~'t ist,

d. b. < 1Iax C, ' E). Fill' hinl'eichend groBes I' (II > ~) gilt also auch:

1'. jedes ,IS; hat einen Diameter < E. j 'nch del' "Umkehrnng des all­
geml'inen Zerlegung>"atze," (a. a. O. . 157) i~t claher <!Iloo' < P-climeusional.
Da es ab'l' G bomOomol'ph bl, i,t es, \\~e dieses. 1I-dimensional. Also
isl P> II.

Somil ist P= Il, d. h. P;; = Pp 1 ='" = n.
7. Die in 5. allfl!:estellte hom60mol'phe Abbildung von .£" . ", JPp anf

"(.1',, ' . " J:P,.) bllde! uach dem oeben Bewiesenen f[il' I' > /I (\\~,. halten

I' fest) die "" ' . ',:rn auf die a (.", ' .. x.) ab, n. zw. ein Gebict K'u) d
ll-dimen~iollnJen ellkJidisehen Raumes auf eine Teilmenge U von ["(1), clas
eiuem Gebiet de: ll-dimelJ~ionalen euklidi chen Raume homOomorph ist.
Au' Bronwe,'s alz von d I' GebietsiuI'a"iallz (vgl. a. a. O. Anm. '6) folgl
daher, daB die~es Bild U innere PlInkle besitzl.

U I'm he::-scrcn ..t.J1schluB All die ill aum. 2\ detinierte ]~ntrenHtng he.i unelldlich "iel·
dimcu-:ionl\len lInuizcn zu wahren, definicrcn wir bei P-dimcll!'lionnlen )Intrizen Ilia Ent,..
emung so (1Ill>; ist dPI in n. ft. n. Anm. j ,'erwendeten, und l.U1 ~cwohn1ichen TO)Jologie

fOhrendeu, t(lp(llogisch gleichwortig):

Ellt!. ({oJ'}' (~,,}) =, Mnx (a!,-~"I),
J,l 1,·.·,P
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gelton,
2, F. m bt als Funktion ,'on a (bei festgehallenem ~, sletig,
Wir setzen illl folgenden G n-parametrig und kompakt owie in J[ tran­

siti.. vorau., f1uel'"U machen wir dagegen keine weileren Annahmen.
omit il G mil einer abges hlo,.enen Grnppe unililrer Transformationen

eine. endlich yiel- (elwa k-l dimensionalen Raullles homnomorph und i.o­
IDOI'ph (:':ntz n. und wir kOnoeu es ..orlilnfig mit der betr, Gruppe identifizieren,
Ferner zeichnen wil' ein EI lIleut ;. ,'on Jf aILs lIud uiJden fUr jedes ~

yon.J/ die Menge aller II von (llllitF.(~.) =~: H(;), }ff~) it offenbar
abge.chlossen lind wegen der Tran ithititt nieht leer; ll(~o) hat die Gruppen­
eigensehaft, ist also cine abgeschlo 'ene ntergruppe vou G; die B m'ind
die Rechl"nebengruppen ,'on }f (;.), Jede. a ,'on (} gehOrl genan einem
H (;) an: d III mit ~ = F. (~o), und demnach hilngl ~ .tetig von a ab,

Wir wenden den in 1., 4, fUr die dorligen @'i" herangezogenen alz auf
(I lind H (E"l an, dndurch mOgen die (k-dimeu"ioualenl Matrizen a,', "', 17,:
uud C" "', cr, enl.tehen, All Brouwers Ralz von dcr In,'arianz der
Dilllellsionszahl (a, a, 0, Anm, ") folgt, da 0 gleichzeilig n- lind ,,'-para.­

metl'ig- ist, II = ,,'. Da H(~.) UnterglU\1pe "on G ist, ~illd die U" "', I
Linpanlggl'egnle del' [7,',.,., [1;. omil i t I ~ n, lind wir kOnn n die
C,', ' , " C; '0 nmbpz iehn n (niimlich linear u'anSfOJ11lieren), daB

n, Transformationsgruppen G topologischer Rll.ume M,

I, Eine lopologisehe Gruppe G heiBe eine telige Translormationogrnppe
Yon Jl, wenn jed m a von G eine homOomorpbe (d, b, ein-eind utige tuJd
stetige) Abbildung ,'on Jl auf J[ zugeordnet it: F. m (~ dtu'eblaufl .Jl);

dabei 'oil noeh
I. die Fltllktionalgleichung

"1 = t'1, .. " " ..-1 = "" I

eX\l (II, r, I ' , . + II. I [,'0)' fI = exp (", ["+1+ ... + "0_1 'ol' b
die Folg-e

wil'd, Wir laseu daher die Akzeute flberlulUpt COI't: zu (; gehOr 11 t.:" ''', U.,
Zll HIE.) C.. "', U, If..., Ill.

2. Wir betracltten die k-dimeu.ionlllen )[ntnzen exp (11,[',.,+", +1I._,a.)
Ill"··,, II" I reelll uud behaupteu: e' gillt cine Umgellung [,' "on 0, "', 0
im (reellen) n - l-dimen"ioual u eukJidbchen Rnume, .0 daB cr.r "" ''', 11..-4

und l',. ' , " "., au 'lind a, b aIlS H (;.)

(uud damit alleh n = Ii) hat. Lrlzterr, kann allch

YII'

Cy [""'+ + n""exp , I l' . . . Yn UIt" ),

J, ,., NEUM "1"1,

B l
.... (a) = exp (.1', [,7··'-r ' , , +:ro C~,,,,),

",
b, Fill' (( i b isl somit

exp (x, c1·'" + ' ., .J...ro c~··,)

1 2

fl = a (.r1 ••• x,.),
ebenso

Ii = bCy, '" Yo),
abo

Also i"l ((

'eien II, Ii Punkle ,'on 1.:, H!" (a) = W' (b) (P > 1'), E. i,l

H,'" (0) ~ H!" (b).

Die )[enge del' .I.', r. ,r in C, IleiBe [,', r. I·t 1/ innel'el' PlInkt "Oil C
Sll ist stets (( innercr Pnnkt ,'on U, (11-' , n), d. h, jeder Punkl von (; ist
innerer Punkt eines lJ, e, Da G kompakt i.t. gcnligen endlich dele [', r,
etwa U· r" .. " U· cr, urn gauz 0 zu liberdeeken, Dn anch ill C, c aus
n t b .8\"'(11) oj H."'(b) lolgl (denn n,e ',b·"J gphOreu zu U, al 0 ist ",egen
a,e-I ~ b,r-I HI"(a'(~'J I HI"(b,r-ll, ffi·'la},lN"(c)-' I H"'(/I)·H·"'ld-l ,
H.'"(a) +HI" (b», el'kenneu wir: in jedem U, c", (1' = I"", t) kommt
hOch ten ein II mit H.'" (II) E,.i' ,'or, insge amI gibt c, also "- ,. solche ((,

Nenuen wir dic Menge del' (( mit H.'" (rt) = E,.i'~ ~ie ist olTenbal' cine
Unlergl'll]Jpe von n, E, ::::> E, ::::> ' . " 'ach obigem ist sie fflr I' > Ii endlich,
Die ElementzaWen der endliehen 'Efi,.::::>~::::>", sind mOlloton-niehlfallend,
also von einer gewissen Stelle I' =,. an knns(ant. Die~::::>~ ::::> ' , .
haben aile gleich dele Elemente, also isl Er. = ~,_ ' , ,,' \I Cllll 1/

zn 2% gehOrl, so gehOrl es demnach zn allell E , I' ~ I' milbin ind aile
HI" tal = E,.i' (fiJI' I' > p, also fill' aile I')' ri~hel' ist 'anch .B'OG' (a) die
Einheitsmatrix, also = H"'" (1), aber H"") (.1') i.t ein-eindeulig ("gl. 3.),
al 0 a= I, Da 'omit E· nul' die 1 cUlhlll1 i"t Ciil' a JIB I:' (0) I EL• ,II. . T p'
also fiu' a t II B '" (a) I B!" (b), Also ist H':' (a) ein-,'indcntig, d, h, lrcu,

Hieralls folgl. daJl 1J<I' (a) cine hom omol'pbe Abbildnng ist, (; ist (il'~'
homOomol'ph lind isomorph, so daJl }J"" (a) und (\l !:, die ~:igenschaltcn dl'r
in Einl. 2, erOrll'r!en D«((), n' besilzl'1I, Wir fnrmuliel'l'n das Re,nltlll:

• ATZ r. Die t:illz~"en tOjJO[Ogi,fUluu r;rupp,n. dip: (im .. limp "0" J.. 1.) 11­

]J""("'lRtfJ~q und k()mpakf ,~inrl, ~inrl dip fI"!I(' ..ddos.~t~u"n aruppru on8 1l1l;t;i,.~n

Jlatrizen end/iell l:ieltlimeno;i01lfller (konljlferl r''') tuldi,lilirher Riiume lfOlfie
die diesN't homOomorph-i.~m()rplll''' OrupJlrn.

'I.llan kann ... ich auc.h IlUt's j{eelle bt",chmnkf'J}: i.Jazu lUull i.Jie OiUlen"i()n~z:thl d",,,

bf'lreO'enf1en Raume "erdopfl It porl die imaeinare Einhpil i rlurch die .\Il\trb: ~ _~\: M
Cf'oeUl wenten.

und da .1'., .... .r'j und YI t •• '. y,. zu 1\-"'"UI g hOren.
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= y"y,. "'," +
Wenn wil' zeigen kOllnen, dllB die GI~ichnng~n

nach "" .• " X. (fall, diese anf eine hinl' ichend kleine Lmgebung yon
0, ",,0 bcsehn1nkt W rdcn) anfgeIo,t wcrden kOllnen. ,0 ,ind wir 11m
Ziele. I'>ie k nnen abel' offenbal' dnl'eh y, , "', y,,-Potenzreihen fill' J', , ., •• x"
au gelnst wcrden. Damit i I die Ex;,lenz del' Umgebuug U' von 0,·,·,°
mit dcl' weiter oben behaupteleu Eigen chaft bewie cn.

Diese I<;igenRchaft kann lIul'l, .0 fOl'lllUliert werdeu: \l'cnn 1/" •••• 11" ~I

in l' liegt, so li~gt jedes exp (II, n ,+ .. ,+ II" ,I',,) ill cineI' nndel'en
Meng~ J1(~). Dos zugehill'ige ~ = «Ill, ... , II" ,) in J! i.t ,omit ein­
eind~utige Funktiun \'on II" ' , '. 11,,_1 und anch .INige Fuuktion dCl'>'elben.
da e. :Ietig Yom Ausdruck exp (II, [', ,+ ... -i II -I CH ) ahh~ngt.

3. In dem ill I., 4, \'el'wendeten ,'atze kam cine L'mg~hlln!!: Si'l'> yon 1
in Gl'!l1 und eiue L'mg bllng XV') \'on 0.···.0 im Pp-dimcnsionllI~n Uaullle
\'01'; wil' ,','>'etzen jelzt Gl"" durch H ('<.). PI' durcb 11 -I, danu mOgcu

ljl). K'JJ.I ''=-'. H heiJlell. ""'eun"I' .... UII I ill r liegt und WI' .... WI in H.
sO nimml

II (II, ... II" '11', .. ' 11'1) ~ exl' (II, V't-! + ... +"n~ [',,). exl' (/I', [',+ .. ,+ /q e,)
dell,elhen \\'Cl't niehl zweimal nil: Denn dnzu milBlen die "XI' (11, u,.,., +...
... + II" "C,,) im .elbcu 11(';) licgen, 01,0 die 1/" "',11,,-1 dicselbeu sein;
abdann miiBte exp ('l', C, +... +1/'1 [',) denselhen \\. 'It hahclI, also atleh
tt'I,·· .. 1I'1 dieselben ein. Somit bildet e' die bes('hricu('ue fl l ,"', UN IU'I, "', 1(,'1­

Menge homOomol'ph lIuf eine 'J'eiJmcnge \'on Gab. Da abel' die erstel'e
~renge ein Gehiet deR lI-dinH'lIsional n (reellell) cuklidisehclI Ramoc. ist
lind da das Bild Teilmenge eill,'r Umgebllng d..r 1 in Gist. w,'!<'he I-ll.tel'e
ein~m ..benRolchen Gcbiet hamOomOl'ph angcnomm,'n werden kanu (n ist
ll-paramet,ig!), muB uach delll BrOllwel':<eben SaIl. \'on del' Gebit't,in\'atianz
(\'gl. a. a. O. Anm. ". iihrilrCnR i-t rl' hiel', \\'0 es sich dUl~'llweg-um analyli:ehe
AlJlJildunl!'cn bandclt. s~Ib,trel':<tlindlieh)das Bilcleben!'"lls offen sein (in n).
:omit i,t rs eine LmgelJlIUI!' " d,-I' (dazlIgchOrigcn) I.

W,'nl1 ('in ~ \'on J[ nahe g('nllg bei ;. liegt. SIl i'l e.s ein ;(U""lIn-I),
HI •... , " _, ill r. ~I}nst gU.he ('8 lIumlich l'illl' g-~geu ;0 konrerg- nte
Folge ;.'" (" = 1, 2 ....). in del' (hIS nil' II .... Fall ist. XlIn ist ~,'" jed('n­
fall~ .f:,(I'I(~o)' eilw rrl'ilfol~e dCI' (1"'1, kOIlH')',g'il'!'t, da (; kolltl'akt bitj
also kOnuel1 wit· annehmell, daU os die (I"·'-Ful/.,'" selhst hll. Del' Lime
'(Ii fliP d/lUll holt F I,u (~j)) drs Lim ~ d '1' ~f"1 }~tU') (~O), d. h. ~o' sO daB

"0 zu J1C~U> geh(jrt. Also ist HIH'h ~fl"\ = l~,u')I';'-'(~o)' 11110 rl"l uo 1 ktlnrCl'~i l't

gegcn 1; wir kOnnen dahcl' lInnehmeu, daB es s"hon die ll'" taten, d. h,
fl. 1. Dann lieg n fast allc a"" in del' .\lengc del'

a· b '

J, \" ~EUMA~ '.18-1

exp (J" ' 1I', 1+ .' , + Xn U.) . exp (x, ['I + ' .. +x, U,)

ha t lJ(li El'sctzul1g- dpl' Yariablenreibe XII' .• , x,. dUl'cli wi"). .... "1"', It~") • ••.• /l~·.)_l

lind dlll'ch 0, .... 0, "l"', "', r~'l, den eiben "'el'l. Wcnn cl', falls x" .... J'n

auf cine binreichend kleine Umgebung \'00 0, .. ,,0 bcschl'ilnkt werden,
x""" .r. eindeutig festlegt, so hat da.q Obige fUr fast alle ,. "l'" = I'~" ....
U~:'I , = r::~, zur Fohre. d. b. rinen "'idel.'pl'uch mit del' Annah1llc.

\\'il' entwickcln dcn obigen Ausdruck in cine (tiberall koU\'el'gente) Potenz­
I'eihe'· lind deuten aile Glieder ,on Gradcn E? 2 nlll' dUl'ch ••• an. EI'
ist dann gleich:

ext' (II'" U, +.,. + ,,('0, U)· exp (11-- C +... + tl·c,·, u)
J - 1 ,. oJl nIl I l

= ex), (,'r' U" + .. ,+I':"" V.)

ist, und flil' jedes l'

exp (tl, U, 1+'" + 1I.-I U.)-1 exp (1',1':,+1+'" +1'._, U.)

Die :Uat\;zeu 1:, .... , l', sind (reell) liuear IUlabhilngig. Wir erg' IIZCO

.'i Zll cinem \'oll,\andigen lineal' unabhilJ\gigen ~'stem, indem wi!'
I':. ' " .. " C"" il'gend,,;e d mgemf,B hillZUffl/1;cn. Den obigeu Ausdruck
miuus 1 .tellen wir donn 01 Lin al'aggl'egat \'on r., .. " C,.. dar. die
Koeffizienten sind daun eindelltig bestimml, u. ZlV. ,ind diej~nig n \'on
Cli .. '.: I l'r" gleich .

,I'I + .. ,'" I J'fj t-

zu H('<u) gehOrl. Da die 'el' Ausdl'uck gegeu Ek kon\'el'giert, kanll 1'" nacb dem
in 1.,4. v,'rwendeten ~atze fill' fast nile l' in del' Form expf"'~'"U,+...+"1"'U,)
ge 'ebrieb n werden, wobei aucb II~"', .. " "1") gegen 0, .. " 0 kon\'cl'giel'1.
Oi \'ol'licgcnde G1eichlleit kann ancll

u Die )lutenzl1"iht>uh"trorhlulIg lirlle ~ith \"enlleidl'u, oller nUl Ende \'un a. k(lmmt
obncbin eine solcbe Hlf.

g s Ill'ieben werden, d. h. del' Ausdrnck

1+ x, V, + ... + ,I'. C. + •••.

gescllrieben wCl'den. d. h. c besagl. daB die linke cite zu H (i.) geM.1.
Ware die obige Behauptung fal. ch, so gabe e zwei Folgen tit', "', tI:~,

uud 1'['''..,., 1~2., (" = 1,2", .). beide gegen 0.···,0 kouvcl'gierend, so
daB fill' kein v
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~"'I ;. "1' •• " II" ,).

HI' .. ""11 I in C*. 11'1' •• '. "'J in H. d'-I, al ..o andl dip:,c.

I 7

lI'+--;')u}.

lI'r·)flf.

/I'+r')fI}-rsin{'I'(1

1I'+':')fI} + I' cos {9 (I

ANALYTISCIIE PARAMETER,

folgen. Die e kOnnen oITenbar dur h !I" •• " It._,. «" .. " «,,-Pnlenzreiben
fiil' /'" .. " r.-l, 11'" •• " ,,., auIgelo I werden, womit die Analytizitiit diesel'
GrOllen bcwie en ist.

Unser Re ullnl laul t al '0:
ATZ II. D,e lopolofl/sche Orll)Jpe G sei (im illlle ('011 I., I.) lI-plIl'{/m/lrifl

und kt:nnjJakf lIltd (im ,~iflne frill n., 1.) "ine !t/t·fj!Je Trmuiformufimul:yrupjJP

des 10poiOf/i "he" Rarlllll's .Jf". Fer"er "ei G in.Jf IrmL,ilil'. Es isIIl1l1f1IM/,
eine UmgllHlng 11"" ron 1 in 0 Ulul einJ' U"'9p1mlt.q L u pint:.~ IJt:!if:'higell ~u

ill .J/ al1zlIflebell. so daft 11" ,md [~. hOllliiolllo/],!1 all/ II lIZ/I', III PI/rame/er
(m = 0, I, ... 7 n1i

) bez()gen u:erden kUlllle'll (tlit lleIl'J.·~(' L"m!plwugen loon
0, .. " 0 im 'I, bzlI'. II -I-dimemriollllim [r"dleIlJ ""klilli"rI,,," RI/I/lII" dllr"J,­
lall/ell), 80 dllft SOltoM das KomposiliollSfI/'Selz rOil G, als lllll'h dlls TrtllI.­
/orlllaliolls.9f"lelz rQIl Jl tIllrcll G ill dil!llell Paralll"t"m //lwlylisrJ, awifrill/.

4. W'ir lassen jetzt die Annahme del' Kompaktheit von G lind einer
Tran itivitil.t in Jf fallen. Dagegen yerscharfen wir (lie ilbrigen Annahmen:
Jf ei in einer geeiglleten mgebnng eine' jeden seiller Plink Ie 11 mOomorph
auf m (= 0,1, ' ",11) Parameter beziehbal', nnd Fa (;) sei als ZlI'eivariablen­
fnnktion yon 0, ~ stetig". Es 011 gezeil(t werden, daB es 11. • IIllmOglich
ist, die Parameter fill' II lind ~ so Zll wiihlen, dall II· b nud .F'" manal)'tisch
odcr anch nUl' sletig diITcrentiierbar nnsfallen.

Es wird, wie in EinJ. 1 C1'lI'llhnl ",m'de, II = I, III = 2 seil\. II. Zll'. sci
G die reelle Zahlengcrade, d. h. II eine beliebigp reelle Zahl, dns Kom­
po itionsgesetz die Additionll+b . .Jf sei die reelle lI. l'-J<:bcnc. g(r) sei
cine fill' aUe r >0 dcfinierle, stetige (rcclle) Fuuklion, die zn II geMrige
Tl'1lruJormation I'on .Jf sci cine Dre1lnllg mil dem )Iillclpnllkt 0, O. nbc,'
um einen von r abhllngigen Winkel nllf jedem K"ebe II' + r' - r': um
per) o. D. h.

F,,(II, r) = lIeos{9 (I

II sin {y U

worau (da U" "', U. Iiuear uuabhiiugig ind) jedcnfalls ZaWengleichungen

«1 +••• = WI + •••J •• " a, + ." = "" +•••,
«,+1 + lh +.... = l't + •••, ... , a,. + !t,t- -, +••• = t"'l-l + ••

Dnrch g'el'i~~cte Wahl "on 9 (r) werden wir die gell'lllls"htell Bl'ispiele
gewinnl"u.

2l;i'lan he1 hie da6 dje BeziehuDg ,"on J[ zu Parametern Djehl Yurau ....-;eulRlg i... t; sie
wird ,"it· lin· hr h wi~eD!

:n In Li:t ..o telJe de~ n -I iln Beweise"
2i Un Faile der KOm}lllktheit nod Trnn~itiviUt wurde bt·ides tlurch ~atz I bewie ..en. die

o,!. t,.tigkP,it in'lh ~('lDjlf"re (la()url:h. rla.6 F. (;) o~r ana'.'"ti~h ~f'Yl ,lblt werdlm k,mutt:.

It', [').OXI' (11,'-' ,-l- , " til, C) ('xI' (/I', L",

IHfi

enfg'f"'g('1t dill' rOl"ilU'i,...rtI.UIlg'.
.; II,. ', •• //0--1) bildel somil -. hOlllll01l101'l,h nil !'ine Teihuengp ron JI

abo nm dl!l' ~o jnnfr~r l'lInkt i~t. Sei f) eiJH' in ihr <.'llthaltrnr t"mg"('l.mng
1'011 '". IH'I(ell de,' Homoomorphie de,' Abbildllllg isl du' Urhild 1'. ,"111

1/ piliI' (ll<'llIlh'-) UmgehulIg mil n. , ... n in ['. - d, h, "ille L'ml;ehllllg
1'011 I), , . '. O.

D'"l1it i,l die Cmgl'lHllIg 1/ \'fm '" in J( homaomorph anf die II - I
I'arametf'1 "I I • • '. U/4 , in rTf) U l.O,!!(lU. In eilll11' Gmgeuung.u- "on 1 ill
I; ist. wie wir wissen. () dllrch II exp (ee, 1', + ' ,. + «.. [J..) hnmfiOmorph
auf die II Parameter {rt, ... , an in K bezogen. Da. Koml)o:-;ition~ge~ tz
I'on G lllnlet:

e~p (<<, C, + ',,+ a" [',,) , exp (Il, e, + ... +P. [T,,)

"X]I (I', [', + ... + Yn lIn)

exp (II, L', , - •. , - II", r ,).
~l'h,irt ztt Ht";If'l), dalwr bt

(alles in K), u, Zll'. i'l die e Gleichllng in hinrekhcndcr ~,ihe ron 0, ·".0
eindclltig nal'll 1',,"', 1'" nnflU,har. lhs Trunsformationsgesclz vou G
in "If laulel (soweil die Iinke :seile ill II' Jiegl):

eX]I (II, [" ... ~ lI", 1 (',,) , CXl' (<<, [', + ... +a" /..~,,)

~ eXI) V, U/ 1+ .. ,+ 1'.. -I U,,)· XI' (/I', I , -I- .. , + "" ['I)

(Ut, . -'. 11 11 lund r•. . . .. t,,-., ill C , Wi.··· I n', in 1-1), 1I. ZW. ist anch
diese Hlcit'hung in hinrrirhcnder Xilhe I'on 0,···, 0 "inrlenlig narh
"I, ... , r I, '''., ... , 'I", aunl}~bar (es intrressier£'u un~ uur fl' "11_ I)'

,rir haben nocb zo zeigflll. daB 1'1, ... f 111 ,"on «1' ~ . " 1 {t", P., , P'l und
f ••... , I'n " WI' .• " ",., von '(1'"'" U". " "" .. '. {(It allal.rti~ehe Funk­
lionen sind. Die cr'te Aufgahe j,t Hpezialfnll del' zweiten: mit I = 0,
al~ .•. , le ll fUr "I, ... , "Ill PI 1 ... , P, fijI" aJ, ... , (tn, rl' ".J" fijI"

I', •. , '. 1',,: daher genflL'i es, die 'c zu hetraehten. Wenn \1;1' in del' ohigl'n
W('jphung beidc Seit u dnrch jhre (iilJerall kOin-ergenteu) T'otenzreihen
"rselzen lind nile lllieder I'on Clradon ,. 2 nllr durch.. nndeulen, 0
enl. leht dic )Ialrixgleichung:

1+«,[',+ .•• +",/..T+(a'+1+I1,)[', ,-+- ... +(ee._" u,,)[',,-I-·,-+ •••

~ 1+11', ['.+, .. +/('/ UI+I', ["+1+'" +/..--1 U.+·",
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, ,
It , t'

,,' + ,:!) lind aT 'f ( I',,' ,") im
a"

"1 ,,",'1' "'ilbl"nO<f!<J"s<.::... 2' J"!J fs fest. '"~

a
-, g (
a"

ASALYTISCIIE PARA..\lETER.

F ~;"f (u', ,l)

,,(~.~

wied~r den Parameter a einfiibren. F.· (It'. ,!) bleibt tetig differeoliierbar,
d. h. wil' kOunen anneumen, daB vou I'omberein a' = a war.

Wenn die zwei Komponenten von aaa Fa (a', ,.')'0 fitr f1 = Ii und ein

gewi ...se~ u', r' vcr~chwinden, 0 mUs en sie e wegen

onch {iii' a = 7i' +b 11In, d, h. fiil' aile a. Dalln ist Fa (u', ,.') von II lllJ­

llbhilngig, was II, V = 0, 0, also a', ,I = 0,0 naeh sieh zieht. Fill' 11'. It I 0,0

sind al odie zwei Komponenten von oOn Fa(a',II') leIs 10, O. 'f CVi,'+1")

i·t in II,!', also aueh in ,,'.,! stetig; wir nehm~n an, daB es lets '">0 ist,
. 2.7. , , D

donn 1St auch III "", sletig. a ab~r identisch'f I V,,,..). ,.,).

,. F. (II'. (,'j j ..t loin Punkt Iler ,t\ ,'-F:bl'ne. lu,,.t,'ht I\I~o nu~ zwei reellen Funktionen.

agill. su fulgt ans dem ,oebeu festge '1~lIten 'i'erltalten yon Fa (a. (').
011

2.7 .."
daB =-- fllr ". " i 0,0 (nach a', ,!) stetig dilfercnliierbar isl.

g (J ,,'+ ,.')
alsu 'f (I 11'+ (,') allch.

Dem Kreis II'+v' = ,.' (/' > 0, < "" wobei ,,' + v' <. I~ eine Umgebung
von 0, 0 isl, in del' die l'al'Hmet~I'darstellllnl!' noch gilt) entspl'iehl in d~r

a'. ,!,Ebene eiue .}nrdanklll'\·e .1" Au den Lagen del' Kreis~ fOlgl, daB
O. 0 nnd j 'des ,J. mil" ,. im Inneren ,'on .1, liegr. 'f (I a,+ 1") ist
nuf J,. konstant.

~ei C da )[a"imllm yon

Jllnrrell yon .J,.. ~t~i wei ter,
"

ein ul. l'~ auf )r, und l'in U~, "a auf .I,.•. ihre Yerbindung strecke ei
Heipll lIun .' - 1 beliebi~c Z:lh1en (!J, ..• , t!J' 1 mit f: < (>1 < ... <..... (>J'-I < fa

gcgeben. wir s~tzen noeh eo -- 1'" e,· = ".. 'scbu~idel jedes e"
(,, 1•.•• I I' - ]). et \Va in U'Vl\ (',1/1.\ 1I. l.W. kOnnen wir Itlpl, r{/J) zwh;cbcn
lI

c
/J. I), ,.IP. 11 lind u" ("a wH.hlcll, was flIr nile I' _ 2

J
3", " V g-cschehen

>011, ;'\atul'gclllilB

a .,
00' J (11 ) a' 0;

a~/ (a'ob') a' 0;

a~" .1'(,,') a' a;

a (' [' 'II), a I;> {( 0 "1 , a'afl a I

a:' f(a') a'

a r 'ca'· (,,) u· d

sci f(II') fiil' II' = a; diff~renlii rbar; dn II' .// di~ ,,'-Ahle'illlll/(' ~ 0 hat.
i'l olleh f(a') flir a' = II; ,1/ diffcr"lIliicl'lHlI', D. h. f(a') ist iibel'all
ditTerentiierbar. Dabei isl

"'"nn 'I (I) 0 fUr ,lil~ I' O. 1'" II'" 0, fest) gill, abel' HiI' kein
" 1'0' so lie/('I in jedel' L'mgehllllj:( d,'s Pnnkles ;. gleieb 1'0' 0 ~in Gebiel,
in delll F.(.) = ; isl. al)('I' anl'h ein and"res U~bi,·I. 11'0 dies niehl gill.
Da ~in~ aualytisehe Fnnktioll cin s"lehes "erhnllen niehl Leigen kalin, isl
eine Pal'i1m~t~r\Vabl, hei d~I' F. (~) anolylisch wird, lIumaglich. 'omit
el'lcdil(l z. B. 'f (r) - )Ia~ (0. I' - 1',,) di~ Annnbll1~ del' Annl)'tizililt.

Et",os :clnderi!!,cr isl <I,.,' [i'alJ del' sl..lig~n IJilfcl'~nW~rbnrk~il. Hier
s('\,lieB~n wi" so, doD wir allll('hllll'lI, daD ill j~ ~illl'r UIl1I!~hlln/r "on 0
brow. 0,0 solchc PHl"3lllch'l' (,' fiji'" lind "',I"' HiI' ", ,. pingefi\hl't wlll'dcn,
daD II' ,// ulld Fa' (,,'. II') sll'lil( dilfer..ntiierbar sind, lind dOl'(lU folg~rn,

doB ,,(1") /rewbs<' Eil(~nschoflen hesitzcn 111 II B. Alsdolln wilhlr'n wir 'f (1")
so. <loB es dies(>lhcn ni,'ht hesitzl. womit alll'i, die Annalllll(, d('l' sletigen
Dilr~rentiicrborkeit ~lItfilJlr.

5. Das Ktlmpo:-<itinn~:r(''''pty. fill' fI' hE-illll ,,'0//, dir _-\blJildun~ ron (I auf ft'
w~rd~ dlln'h die eill-~inrlculi~~ lind sl~lil(e Fllnktion II f(II') "~I'll1itt('IL

.1'(11') ist somit mono 1011 (waeh""l1l odeI' fal!Pnd). nnch einem SntL~ "011

L~besglle" j:(ilJt es alsu ~leJl~o. \\'11 es differelltii"rhor ist.
,,'·ll ist {lIs a'-Funktinn difh\I'I~lItiil'l'har,a'o//" 1 tlllth: h;Ut al ...o 11'0'" fUr

ein II' =,,~ die Abl~itllllg 0, sO b;ttte sic (II' b') /: I II' dort alleh.
Ab~r di~, isl unm glieh. da lI'tel' di~ Ablr·itllng I hat. ~:s ist

.1'(11' 1/) = f(a') ~ f(l/),

J. r. ,,{BDllA' .

-28 \"2'1. z. B. a, n. o. \IlJn. n, Rab 7 auf· .... :)7::1.

olsof({f'). terig cliJferenliierbar. Da stels--!., rta') I 0 ist (kame a, fta') 0
aa' all

iiberhallJli VOl', '0 mrtllte es w~gen dPr ubigell Formel immer gellen, d. h.

f(a') wnre konstant), isi es nlleh die Invcrs~. \l'ir ktlnnen daher slalt a'
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190 J. v. XEUMANS.

Dann liegen die It'p), ,il'l in der Reibenfolge illI'er I' auf, ,und • iSI:

• •
}; 'I' (e,J - '1' (ep-I) < 2 r· }; Entf. (,,"1'), /'1"; ,,"1'-11. ,."1' "I

IJ. 1 P. 1

'C' E f ('\1') ,e,,) ,M ,(0) C E' tf (' , , ,= ~ . nt. If ,1' ; U . l' ) = . -"U • HIt, raj 112, r~).

"'"it· haben also. untpl' del' V'oraus etzung, daB fi'lr all£' ,. ...... 0, .... 1'1

go (I') -. 0 ist,

daB fiir alle

folgendes !\,czeigt: E. gibt zll'ci 1'" ra, O·

Ry~telll(, (!U 1 C!1 I ... I (b' mit 1'~ - (I., (JI <.. ... (b 1<" rj,- r•

•
2; g (ep) - g Ie" II

,It 1

1Inlcrbalb cineI' feslen 1<1. b. nul' \,on 1',. r. alilulll~il!'ell) ,''''Irank!' bh·ilit.
\\','nll wir also ein letiges gIrl angeben kilnnen. derart. daB sleh 'I hi IJ

bt und fnr jedcs r,< r. die obere nrenze dr,'

1'.1
"

}; q 1~,J - g leI' ,)
I' ,

gleieb 00 ist. so sind IIiI' am Ziele. D. b. es wil'll ein stetig,'s positill-s g II')
geucbt, da. in jedem lntermlle I'on un ndli"'ler Yariation ist, und Iki,pi,,!e
'olellc,' g II') sind bckannt ",

II VitI. z. D. a. n. O. lorn. 12, ,. :)!Kl i,!I-l: men billie mit lh'r dorl kOIl.;truit:rtf'lI, ~llir1!"llIli

differentiicrb"rcn Fuuktion '" n W'ei~r;')traOM ,,. {.I'} 'I c,.} 1+ II' (,.). Zur l'llt'lllllichkcit
der '~aril\liDII Yg'J. S. ;)00 t"hl'IHlorl.
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TRIP REPORT

January 10-14, 1960

This period was spent en route to and from Princeton, New Jersey

and at the Institute for Advanced Study.

While there I did the following:

(1) Prepared for the printer Volumes IV, V, VI of the Collected

Works of John von Neumann.

(2) Rewrote the Preface.

(3) Wrote a number of letters of transmittal.

(4) Checked the Bibliography.

A. H. Taub

January 14, 1960
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THE INSTITUTE FOR ADVA CED STUDY

PRINCETON, NEW JERSEY

January 13. 1960

Captain J. ell
er.aman re•• Umlted

4, Tibr y quare
London • 1, Enlland

Dear Capt&ir. _.~a"well:

item. relevant to the Collected

ara von Neumann- cart.

me.3) A prefac

Z) An ac owled,em

Jam enclo.inl herewith the f~
ark. of J hn von Neumann: v/

1) A photolraph of JohJ<Y1i'oii1N ~~nn to be u.ed a. a fronti.piece
in each volume.

4) A Bibliol~.p.q!.J~ v. n Neumann'••cienUfic work••

All four Item., tOlether with Table. of Content. of all volume., are
to be printed in each volume. J would .u.ae.t that th Table of Content. of
a particular volume in hich thi. material find. It.elf be emphaeised in .ome
manner. Thi. could be one, for example, by duplicatina the T b1e of Content.
of the particular volume in que.tian. Other more dramatic or intere.tin•
• cherne. may .u••e.t them.elve. to you or your .taff. J would appreciate
havina .uch .ul...tion••

ith the mailinl of thi. material J feel that in fiut approximation
J have completed the Hut pha.e of my job a. ditor of the Collected ork.
of John von Neumann. The .econd pha.e, namely. the one of dbcu••in.
plan. for the production of the .Ix volume., b hilhiy dependent on you and
your orlanbation. J hope that thi. will 10 quickly.

e have already dbcu.~ed by phone and letter a number of .ulle.tlone
and comment. that J ha made. The.e have been accepted by you and J hope
that your production people find them u..ful.
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Captain I. R. Maxwell -l- January 13, 1960

I .halilook forward to learDinl your plan. for printinl and dia­
tributinl theae book.. I have not yet received my dummy copy of one of
the book.. I am anxiou. to .ee thi. dummy copy.

incerely your.,

A. • Taub

AHT:eal
Enclo.ure.
cc: KvN-Ec :rt

Dr. Oppenheimer v
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The {ollowin. • .. contaln a reprlntin. of all the artiel.. publlahe

by Jo yon eomann, aome 0 tab reporta to .overnment a.enete. and to

er I'.anhation., d review. f U.1I.ed anuacript. found in hI.

fne.. T d per., e peeWly the earl er ea, are iv n hereln

In e.e nUally c:Arcmol .leal order. e tlOD. la thle I' rln. have been

ade In I' I' that hi. rk 1 certal. lleld. eoul be preae ted a. a whole.

number of I' ort. wrltten by von ann could not e illclu ed

in W. ollecti b cauae th yare atnl cla.alae • era ware lncludad

b cauaa they are ..antially lecture n ea c)a c tain wall- own atarial.

bortly aftar von au 'a avoted c:A

ti to .tudylal eumann fU... 0 re.ult a. th

p bUeaU of a po.t)aumo • I' Y .,Oll aumann:

on-bomorpbl.m of Certain 0 tinuou. In.a (with an lntro-

d eti by I. aplan.ky). t • 67 n !l ), P • 4 5-496.

It al.o aeame ap arant at ara re a WIl ar 0 a aeripta eb for

o raa.OIl I' I' are II t .uttable for lie oae ext.tenea

abo d b ma known to tha aeta tUle pu Ue, beeaaae a. anuacri a

containad partial reaulta or t chnique. of wide intereat. I wa. added to

bave a b mannecript. aced in the Ubrary of tba lIlatttuta for Ad.,aneed

tudy a have review. of ir co • inolu ed ill W. e: Ueeti of von

•eumaant • wor •

The Bibll0.ra y ,i.,oll at the 8IId of thi. Prefae contatll. a Uatin.

{YO NeumanD'. actenUlle: worka, inel dill. hi. bo and imeo.raphad

lecture II ta.. Th re ie notod la tbb 11.tln. th volu 0 and pa e num er

where any rtic ar item in the blbUo.rap y, whic)a I. inel ad in b

e lloetio , may be { d. A bri f ..e.WIle f the c tente 0 the _riou.

lume. follow••

•Additional material, conal.thl, of unfW.)a d manu.cripta, note. and.o e
of yon Nann'••cientific correa nce, i8 al.o OD fne in 1. Ubrary.
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Vo '\l tum Mecb ni • -. rh

t th artid entitled. "The ematician. " Hut publi.h d in 1947.

w ieh von NeumaDA .cu.... the nature oC tbe inteUectual e!fort in the­

matic.. Th. v lume then e ntin • with earl.,. per. aD • J.eh aiven

in the titl •

Vol eriodie FunctIon.

rel

Volum. m - =::a=....;:..:;.,.:;"l;";;;::";;;:::;':"::'

er tor ••

o • and clo.ely

• the

rl tyof

.ta-

ar. writt n

Volume IV - Continu - incl
~;":':';=~~==.L,...;;C~....:;;;;;;.;.;;...:.::.t=:;.

pa er. 0 c tlnuo. aeometry. a. weU a.

metical to c • Aho iiiel

tietle.. d reriew. oC a number 01 anu.eri • Cound in • fUe ••

Volurn e V ~ .:;;De~.",i..p::...;o:..:;.,,,,,,,.:;:,;o.....:::..;;,;;o..=..::""';;"::;';;~..l-.;;.;;...;:c:;;===:..!....=.;:..::.:.::=::.;r;.:i;.:e.:;;al::;..

Analyd. - ie d v d to von or in th .e topic ••

Vol e VI ~ me •• A.trop y. '. Hydrodyn

M teorolon. Paper. ic•• a. .U a. an r or article. baaed

on .pa elle. eliver. by n • are in 1 d iii • volume.

The e 01' ac o_led • e d.bt he owe. for th com nh made by

t e peo 1 'II 0 .tudi the VOIl e CU '. and i. particularly in ebt.

Cor the remarke f J. iaelow. J. G. C raey. C. cart. • almo.. •

........'u;ani. • J. urra.,., • T Uer ip 1'.

arateCuily owleda" th h 1 Cui advice ai a by • er •

• Glidel, ane 0 aomery &'Ad • Ul pecial • are d to the

pel' 011. ho valu ed y m u.eripte &'Ad reYlewed .ome: J. Bard en.

G. Bir off. H. Gold.tine. I. Halperin. G. A. Hunt. 1. Ka 1&'A' y. H.

Kuhn, G. • ckey. O. },torae .tern d A. • Tucker.

The Office of aval e.earc ve financial .upport to e or oC

oraanbina the von e fUe. a d eval t1na anuacri h. ithout thie

.upport preparatioa of • coUectlOD wo d have en .eriouely hampered.

Records of the Office of the Director / Faculty Files / Box 35 / von Neumann, John / Publication of Collected Works - miscellaneous 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



Th.. tor b arat.ful to In.titut. for Advanced tudy for makin.

ita faclliUe. avaHabl. to him and for providin. many ....ntial and helpful

••rvic... It 18 hit pl.a.ur. to acmowl.da. • d.bt • ow•• to Mr••

.lila th Gorman. ho wa. form.rly ••cretary to Prol•••or vo UDlaDJI.

for her remely uabl. an unlti in Iy v.n a ..i tanc••

A final and mo.t import ack.nowled,em. II t mad.. Thil

18 to • tirin, flort. of Klara vo .umann- ellart. and h r .Ip in

inDum.rabl way. in makin, available to the .ei. tUic c mmunity the

variou. ontributian. of Jo von .umann.

A. H. T ub

3
Records of the Office of the Director / Faculty Files / Box 35 / von Neumann, John / Publication of Collected Works - miscellaneous 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



r~ms 1-19 and 21-25 in IAS Library
• ~ published in v. 5 of von Neumann Collected Works, Macmillan and Co., 1963
, '

,
THE INSTITUTE FOR ADVANCED STUDY, ELECTRONIC COHPUTER PROJECT

List of Reports Issued during the Years 1946 - 1957

Preliminary Discussion of the Logical Design of an Electronic Computing Instrwnent,
by Burks, Goldstine, am von Neumann. 28 June 1946.

Solution of Linear Systems of High Order - Bargmann, Montgomery, von Neumann.
October 1946.

3.

4.

5.

1.

8.

9.

10.

Interim Progress Report on the Physical Realization of an Electronic Computing
Instrument, by Bigelow, Pomerene, Slutz, and Ware. 1 January 1941.

Planning am Coding of Problems for an Electronic Computing Instrunent - Goldstine
an:i von Neumann. Part II, Volume I, 1 April 1941.

Second Interim Progress Report on the Physical Realization of an Electronic Computing
Instrument - Bigelow, Hildebrandt, Pomerene, Snyder, Slutz, and Ware. 1 July 1941.

Numerical Inverting of Matrices of High Order. I. - Goldstine and von Neumann.
November 1941 (full. Am. Math. Soc. 53, 11).

Third Interim Progress Report on the Physical Realization of an Electronic Computing
Instrument - Bigelow, Hildebrandt, Pomerene, Rosenberg, Slutz, and Ware.
1 January 1948.

Planning am Coding of Problems for an Electronic Computing Instrunent - Goldstine
and von Neumann. Part II, Volume II. 15 April 1948.

First Progress Report on a Multi-Ghannel Magnetic Drum Inner Memory for Use in Electronic
Digital Computing Instruments - Bigelow, Panagos, Rubinoff, and Ware. 1 July 1948.

Fourth Interim Progress Report on the Physical Realization of an Electronic Computing
Instrunent - Bigelow, Hildebrandt, Panagos, Pomerene, Rosenberg, Rubinoff, Slutz,
am Ware. 1 July 1948.

11. Planning an:i Coding of Problems for an Electronic Computing Instrunent - Goldstine and
von Neumann. Part II, Volume III. 16 August 1948.

12. Fifth Interim Progress Report on the Physical Realization of an Electronic Computing
Instrunent - Bigelow, Goldstine, Melville, Panagos, Pomerene, Rosenberg, Rubinoff,
am Ware. 1 January 1949.

13. Numerical Inverting of Matrices of High Order. II. - Goldstine an:i von Neumann.
April 1951 (Proc. Am. Math. Soc., ~, 2).

14. Sixth Interim Progress Report on the Physical Realization of an Electronic Computing
Instrument - C. V. L. Smith. September 1951.

15. Final Progress Report on the Physical Realization of an Electronic Computing Instrument.
Goldstine, Pomerene, and C. V. L. Smith. January 1954.

16. Final Report on Contract DA-36-034-ORD-I023, by Staff, Electronic Computer Project.
April 1954. (Is identical with Report on Contract N-1-oNR-388, T.O. 1, April 1954.)

11. Final Report on Contract DA-36-o34-oRD-1330, by Staff, Electronic Computer Project.
December 1954.
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18. Final Report on Contract No. DA-36-034-0RD-1646 (Part I - Engineering,
Part II - Computer Use), by Staff, Electronic Computer Project,
December 1956.

19. Final Report on Contract No. Nonr 1358(03), by Hans J. Maehly, 31 July 1957.

20. Final Report on Contract No. Nonr 1358(04), by Hans J. Maehly, 31 August 1957.
[NOT IAS - try P. U. (Research and Project Administration).]

Technical Reports

21. Fast Carry Logic for Digital Computers, by B. Gilchrist, J. H. Pomerene
and S. Y. Wong. Tech. Report No. 55-01, July 1955.

22. Automatic Network Analysis With a Digital Computational System, by M. Kochen
and S. Y. Wong. Tech. Report 55-02, August 1955.

23. A Method for Finding the General Sol~tion to an Arbitrary Non-Singular System
of Linear Equations Involving n /2 Multiplications, by J. Paul Roth.
Tech. Report 56-01, January 1956.

24. Algebraical Topological Methods for the Synthesis of Switching Circuits in n
Variables, by J. Paul Roth. Tech. Report 5Q.-02, April 1956.

25. An Algebraic Topological Approach to Kron's Method I, by J. Paul Roth.
Tech. Report No. 56-03, June 1956.

First Interim Progress Report on Rational Approximations, by Hans J. Maehly,
Project No. 044-196, dated 23 June 1958--available through J. Lucker,
Firestone Library. Approximate cost: Xerox $5.00; Microfilm $2.50.
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AC 0 L DO MENT

The publication of the eix volumee of th collect.d worke of John

von 'umann repr e nte .n impoein. burd.n of work, ar.at and b oad

owled.e, and very time-coneuml.na ree.arch. It would h.rdly b.ve

been poulbl. to make thh coUectlon available to the acientlfic community,

an eurely not in eo ahort a time, had it not be.n {or the welcome {.ct that

Or. A. H. Taub volunt.ered to undertake the vaet labor of ....mblin. and

editl.na the manuecrlpt. Hia ar.at dedIcation .nd the compl.tely unaelfiah

and i tenaive conce tration with which h. handled the t.ek have made thie

publication po..lble. I believe that he wea motiv.ted to take on We ar••t

ta by th memory {a cloae p raonal £rlend. a man whom h. admIred

{or hia fel.nUtic worl<. I would like to be permitted to expre.. my deepeet

ar.titude to A. H. Taub, not only in my own name. but aleo in the name o{

the enUr ecientific community who will benefit by hie won erful worlt. 1

know th.t many colle.au" o{ John v eumann ahare my ar.titude, and

Dr. Oppenheimer of t e Inatltute {or Advanc d tucly, where my l.te huaband

ape t eo many fruitful yeare, h.e aaked to be a ..oclated with thia .cknowledae­

ment o{ a areat debt to the Editor.

.r. von N umann- ck.rt
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DecemL r 7, 1960

Profeesor Arthur . Burke
Digital Computer Laboratory
University of Illinois
Urbana, Illinois

Dear Professor Burks:

Mre. von Neumann-Eckart is here at the present
time and because I fe 1 tbat she bas a more intimate
knowledge of your questions, I have asked her to reply
to your letter of Novemb r 30th. It is enclosed.

I shall be happy to assist you in any way I can
another time.

incerely youre,

lizabeth S. Gorman
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December 7. 1'160

Professor .... rthur W. Burlu
Digital Computer Laboratory
University of Illinois
Urbana. Illinois

Dear Professor Burks:

Since 1 happen to be at the moment in Princeton and Mrs. Gorman got in
touch with me concerning the questions in your letter. 1 will try to answer as
many of them as 1 can do handily.

You perhaps may know that 1 have been working closely with Professor
Taub for the last three years on collecting all of Johnny's works. and also on
my own have been working over his private papers and correspondence. 1 shall
refer to this later.

(1) In reference to the December 194'1 lectures given at the University
of Illinois. I have in my possession copies of these lecture notes and corres­
pondence between the University of Illinois and Johnny extending from about
early t 95 t up to the mid Ie of 1953. From this correspondence an also from
my own recollections. it is peHectly clear that Johnny had never corrected
those lectures notes. As a matter of fact. it was in lieu of correcting the lecture
notes that he had agreed to write a book to be published by the University of
Illinois and these are the various fragmentary chapters that you now have with
you. In other words. I am perfectly certain that there is no copy of the lecture
notes with any corrections by Johnny or anybody else.

(2) There are some handwritten footnotes here with the long manuscript
which we have had photostated and which are enclosed. As far as 1 know there
is nothinll written on the other chapters that he had planned to write. and if
there are any notes they will be scattered among his other papers. I sh 11 come
back to this again later.

(3) As far as dating the las' manu cdpt is concerne''. 1 am quite positive
that it was started by him in late September 1952 and that he continued working
on it until sometime in mid late t 953. This is as close as we can come to dating
it.
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(4) Concerning your question of the lectures June 5. 7. 14. 194& which
Johnny presumably eliv red before Goldstine. Bigelow and Taub. there are
no notes on these to the best 0' my knowledge. Knowing Johnny's method of
working it would be very unlikely that under these extremely informal circum­
atances he would have made any notes except on the blackboard.

(5) Again. as far as I know. there are no notes of any size on the "Con­
tinuous Model." There might be perhaps some reference in some of his corres­
pondence but this I could not answer offhand.

(6) All of his correspondence. including letters with some scientific
discuuions are at the moment at my home at 347 Vista de la Playa. La Jolla.
where I have filed them in some order in several steel drawers. These drawers
are locked and are not available for inspection until my return there. On the
other hand. I should be more than delighted to let you look at them. at least
those that might be of any interest to you. should you b able to make a trip out
after the end of January when I shall be back there and will be very glad to be
of any help that I possibly can.

There are also a number of manuscripts listed in the O. N R. RtTport
that Professor Taub compiled which are available for inspection. at the Institute
for Advanced Study in care of Mrs. Gorman. to those who are interested. You
might at your convenience check with Professor Taub who I am sure has a listing
of these papers and aho an intimate knowledge of them. whether t~ might be
anything among them that could be of some help to you.

(7) The word "stablishing" on page 6 of Chapter 1 is a typographical
error. On the original copy we have found a correction with the letter "e" put
in front of it so the word is "establishing." As far as other nonstandard spelling
is concerned. the two examples that you have given--kinematics sp lled with a
"c" and spatial with a "c" - -is simply due to the fact that Johnny often used the
German way of Latin spelling which would put a "c" in both places instead of the
"k" and "t". I would sugge st that you should feel free to put these back into the
standard form of English spelling and consider it a simple lapsus lIngae.

May I add for my own self. that I certainly appreciate the great difficulty
and the hard work that you are facing. and may I thank you personally for making
the effort of getting this book out in some intelligible form.

fincerely yours.

Klara von eumann- ckart
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UNIVE=RSITY OF ILLINOIS

DIGITAL COMPUTER LABORATORY

URBANA, ILLINOIS

November 30, 1960

Mrs. Elizabeth Gorman
School of Mathematics
Inst tute for Advanced Study
Princeton, New Jersey

Dear Mrs. Gorman:

As you may perhaps know, Dr. Abraham Taub has assigned me the responsibility
of editing von Neumann's unpublished manuscripts on the theory of automata.
I understand that you were von Neumann's secretary and that you sti11 have
his files. There are a number of questions on which you could be of help
to me.

My task is to edit two manuscripts. In December of 1949, Johnny delivered
five lectures at the University of Illinois. These were recorded on tape
and then transcribed by a secretary who is not acquainted with the technical
subject matter. As a consequence, a good part of the transcribed material
is unintelligible. Do you know if von Neumann had in his files an annotated
copy of this transcription which would be of help to me when I edit it? Taub
gave me a carbon copy of this transcription so presumably the original
is in your files. The second manuscript I have is the incomplete manu­
script entitled, "The Theory of Automata: Construction, Reproduction,
Homogeneity". This consists of two mimeographed or ozalid chapters plus
a photostatic copy of an incomplete third chapter. It would be of help
to me in editing this to have any auxiliary materials that are available.
There are references to footnotes so there must be an indication of what
these footnotes w~ere to contain somewhere. Are there any notes avai lable
which indicate what von Neumann was planning to put in the unfinished portion
of chapter 3? Originally there were to be 4 chapters; as the manuscript
stands the contents of the original chapter 2 was to include the contents
of the present chapter 3. This means that there are two more chapters which
von Neumann planned to write. Are there any notes about these?

This last manuscript is extremely important, and hence it is desirable to
date it as accurately as possible. There must be some letters in his
file which would enable us to do this, and perhaps your memory will be of
assistance here.
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Mrs. Elizabeth Gorman -2- 11/30/60

On June 5, 7, 14, and perhaps on other days of 1948, Johnny delivered some
lectures on an early model for self-reproduction. Goldstine, Bigelow, and
Taub constituted the audience. Are there any notes in von Neumann's file
of the content of these lectures?

In the long manuscript and elsewhere, von Neumann refers to a continuous
model which he was going to discuss after he had completed chapter 3 of
the manuscript. Are there any notes about this model in the file?

It is very likely that there is in his files some correspondence which
would help answer the questions I raised above. Is there any way of
locating this correspondence?

There are a number of minor points in the long manuscript where it would
be nice to be entirely accurate. For example, on page 6, the word stablishing
occurs. Would you know for example whether this was intentional or whether
it was a typographical error. There are a number of places -nere von Neumann
uses non-standard spelling. For example, on page 6 of chapter 2 of this tt~~
manuscript he spells kinematics with a c rather than a k, and on page 8 I ~I'~~~

he spells spatial with a c instead of at. • I4f "J~)

I realize that the questions I am asking you are not easy to answerl ~owever,

I feel that this manuscript is an extremely important contribution to science,
and that it is desirable that I have all the information possible in order
to edit it well. I will appreciate very much any assistance you can give
me in this matter.

Sincerely yours,

Arthur W. Burks

AWB/js
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November 10, 1959

Dear Dr. Oppellhelmul

Enc1o..d y.ou will find cople. of corre.pondence
between pro Staklold of O. N. R. and myaelf. My letter
to him b a .tatue report OIl the work on the VOIl Neumann
file.. Thie matedalb bein, .ent to you for your infor-.
maUon.

Sincerely your.,

1\. H. Taub

AHT:ea.
Enc1o.ure.
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Nov.mber 10, 1959

Or. ivaI' Stak,old, H.ad
Math.maUc. Branc:b
OUiee of val R....reh
Departm.nt of the N.vy

••Illnaton 15, O. c.

Refl ONRlf3Z: Il,b, NR OO-ZOl

0 ••1' Or. tak,old:

Thi. 1. In re.polli. to your reque.t of Oetob.r !O, 1959 for material
r.l.t.d to on'r.d NR 04'.101, the fUDd. of whieh were u.ed '0 .upport
work on 'he .dentUte mat.rlalln the l.te John VOJl Neum.nn' • fU•••

Tb. fIDal r.port on .hi. cOlltr.ct 1. belna pr.p.red. It 1. '0 con....
of a vny .bort d..crlptlon of .he work done .nd flye attachment.. Two
cople. of the report, mlnu. the attacbm .ot.. ar. lncluded berewith. Tbe
compl.tion of tbe attachm.nt. awal" the r.c.lpt of .ome review.. I bave
been a ..lUeet b, the reviewere lllyolved that tbey will complete th.lr revie••
• oon. lpt.en revi.w. will bav. be.n prepared und.r the contract.

It la plann.d to pabll.h the.. review. ID the collect.d work. of Joim
von Neumann and to depo.lt the manu.crlpt. revie_et In tbe library of the
In.titute for Aetvanced tuet,.

Pro,r..... b.ln, maet. In reprd to the publication of the VOD Neumann
coUected work.. a proj.ct reWed to but di.UDct from the oDe beln, re·
port.d 011 ber.ID. Three of the .Ix ~lume. of th. coll.cted worke are ready
for tbe prln'er. It h up.cted th,at the remaln1q wlum.. will ready
before the flnt of the year.

I bope that W. le"er aDd It. enelo.lUe pron e. the lnformatloD y u
1'. uee&od.

Slncerely y un.

A. H. T,aub

AHTI••, .

CC:~,~
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~istribution List for Final
Report to ONR

10 - ONR
1 - KvN-Eckart
2 - A. H. Taub
1 - R. Oppenheime r
1 - Miss Sachs (library)
1 - J. Bardeen
1 - G. Birkhoff
1 - H. H. Goldstine
1 - 1. Halperin
1 - G. Hunt
1 - 1. Kaplansky
1 - H. W. Kuhn
1 - G. W. Mackey
1 - O. Morgenstern
I - mrtJ_,'" c )1. be {~4-r-.=-:.

/ - £1. /Iu Tu t. t(e «.
:1- nu. ~)'a-v..J~

'1wJ.~ a.r-
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THE SCIENTIFIC FILES OF JOHN VON NEUMANN

Report on Contract Nonr 1358(06)

November 1959
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1, The funds of the subject contract have been used to support

work on the scientific material in the files left by John von Neumann. This

material is quite varied in nature, ranging from rough notes to almost com­

pleted, to completed unpublished manuscripts.

2. Experts in the subject matter of the various manuscrlpts were

asked to review them with a view toward their publication in their entirety.

If they were deemed unsuitable for such publication, they were to be judged

as to their suitability for having a short review published. A review con­

sists of a description of the manuscript given in sufficient detail so that a

reader could determine whether he wa s interested enough to take steps to

see the full manuscript, which is deposited in the library of the Institute for

Advanced Study. The publication of the reviews would enable the scientific

public at large to benefit from the ideas propounded by, and the techniques

used by von Neumann in papers he did not finish or publish.

3. The manuscripts which were reviewed and material related to

manuscripts which are to be published for the first time in the collected

works have been gathered into File A. Attachment A lists the items in this

file and contains a description of each item in the file. The description con­

sists either of a copy of the review of the manuscript. if one has been written.

or a short listing of the contents of the folder containing the item in question.

4. It should be pointed out that before funds from the subject con­

tract were made available. various mathematicians devoted quite a bit of

time to studying the von Neumann files. One result of this work has been

the publication of a posthumous paper by von Neumann:

Non-isomorphism of Certain Con inuous Rings (with
an introduction by 1. Kaplansky). Ann. Math. 67,
No. 3 (1958). pp. 485-496.

5. Two papers in which von Neumann was a co-author have appeared

since his death. These are:

The Jacobi Method for Real Symmetric Matrices (with
H. H. Goldstine and F. J. Murray). J. Assoc. for
Computing Machinery~, No.1 (1959). pp. 59-96.

1,
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A Study of a Numerical Solution to a Two-Dimensional
Hydrodynamical Problem (with A. Blair, N. Metropolis,
A. H. Taub and M. Tsingou). MTAC (in press).

6. The files contained many manuscripts related to lecture courses

at Princeton University, The Institute for Advanced Study and to lectures

given before the American Mathematical Society. Some of these lectures

have been published in mimeograph form. The lecture notes have been

gathered into File B. Attachment B lists the lecture notes and material

related to them in File B.

7. A number of unpublishable, partially completed manuscripts

were found and gathered into File C. These are listed and described in

Attachment C.

8. Attachment D contains a listing of rough notes not in manuscript

form, written by von Neumann on various scientific subjects. The notes

themselves are in a file called File D.

9. Attachment E consists of a bibliography of books, papers and

reports written by J. von Neumann. Government reports which are still

classified are omitted from this bibliography.

A. H. Taub
Principal Investigator

2.
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t

Septomb.r a, 19S

Gaptal.a I. • Maxwell
PeraamOD Pr... Limit.
4, l"itaroy quare

d , .1, EDpand

Dear Captain Maxw.ll:

• weI'. all ".ry lll..p oWed to hear tbat YOli would Dot b. alIl.
to m••t in Princ:.toa &Dd dUCIS•• the ycm N.aftlaDD collect.d work.. ......
E.ckart, Dr. Oppenh.im.r &Del my••lf m.t &D4 dlec:u...d a Dumber of topice
cOJUl.c:ted with th... worke. Th. minute. of our me.tina are enclo••d. I
hope fOU will pay .pectal aU.Dtion to point. " and 10.

I bad plann.d to IIv. yOIl draft copi•• of the taltle ol.c:onteDt. &Del
the preZac. ~ the m.etiDJ in Princ.ton. I.hall work _ the•• lurther and
1&0 to ••Dd them to you wh.n I bear your r ••pOD•• to the miDut•• 01 I'

m.etinl·

In view 01 yClllJ' Dl ..al which arriv.d thi. momlna anno elnl
your D w plaDe, _ 1lfODder wtaether th••• pl&D. are cond.tent with YOlir
IIv1A. the ,r.at p....onal attentt that you bave IlYeJa to the publication 01
the VOD Neumann eollec:ted worke. ill you, lAd••d. be able to e &Ile
thi.?

I am 100kiDa forward ....ry much to bearin, from you.

fl1Jle ....ly your.,

A. H. Taub
Diattal C Dlput... Lab_atory
Unl.......lty 01 WlAoie
U..baaa, Winole

ART 1••,

cl .1lI'.
C:CI w,. E. Dew.

W.... C. J:ebrt
Dr. Jl. O"....lme..
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Wia.... ol W••tiD. C_c.rnina ta• .- N.u.maaa Coll.ct•• WorJu

S.pt.mber I. 1959

Pr••ont: )"ir•. Larl E ~Ilart, Dr. R. Oppanhaimo.. UlJ A••1. Talab

1. StatWl of tha ~:aJ>u.c ..ipt

A prefaca Ju. b.on ..-ritte... tho tabl. of contollt. of tho .la "olllDlaa

baa b ••n ••nled and a.ll tho ~oataDh b\Ot a taw uri...·• ba"a boon coU.ctad.

Thoe pr.face contain. ocknowlad••menh. Th.r. wiU bo ao 1l000orary .ditoro.

A cODlpletc bibliography h beill, propar.d which will .orv. a. an indo... Com­

plotoe table of cont...te and blbUo.raphy will appoar Uo .ach "Glum•.

J. Th. Method fA Productl_

(al It Ie a.re.d tloat uee 01. a photoaraphlc m.theN of producU_ Ie

to be " ••d or. mat... lal al rear'y prlnh d by lette r ;:>r"4.. f-hweve r. extr.m.

car. I. to b. t..on to produce a hand.om••ot 04 volwna. with Wlilormity 01

marain••nd appearanc" of the pa•••.

(h) '" rrata are to be alv.n at tb. b.ailUlina 04 oach papo .. and _

correction. In tho text or. to b. mad. of mat.rlal reproducea ;:>hotolraphically.

(c) .:ia.ll.y proof of a r.Yl•• I. to It.....t to .acll r.vlewor.

S. Lopyript Probl.m.

P.r.am_ Pro.. la to procaocllmmedlatoly with obtaWIl, pormiaal_

to raprlnt copyrlaht matorlal from tho copyri&ht bolder •.

... Price

It 10 t.lt that I.. new of wal_r of royaltl.. on tho part 01 tao "em

N"umann ••tata and _ the part of 'Il••dltor. and for ~b.r r.a.OIU, tho

prlc. of tho ••t abould be Il.pt to a minimum. Til. pric. ca.=~ be oxpocto.

to bo 10•• than~ c.nt por paao, nor .boWd it '0 o".r~ coDl. p.r pa.o.

It la acc.ptabl0 to all conc.rnod to Ioav•• lo..... r prlc. apply to indlndllal

mombor. 01 varlou••e1ontitlc .ocl.ti•• , and a .r.ator oeo apply to in.tltllli-..1

buyor •.

I
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S. O\amIDI C!pl..

P.r,&mClll Pr.aa wW a.nd dumm., eaplaa &0 Io4ra. Eckart. Or.

Opp.nll.lm.r and A. H. Ta~ (or comm.nt a••0Oft a. poa.lbl•.

6. Add1t1OA&1 Free <. ",pi"

In addUi_ to the fr•• copi.. pronelad (or in the cODtraet bet••••

tla• ..- N.umann ••tat. and Perpme.. Pr•••• it ._ld b••"naul. to pron'"

(1'•• copl•• to ttle In.tit",te for Ad_aced O:tu"" (l e.t) and O. N. R. la aumber

of IItal.

1. Time "cal..

It a .i"tlrabla to heve the coll.ct.e1 .ork••PJHI.r .a .~ .a po••tW•.

Tbe valum•• ahoulel .pp••r within __ Taar from the "ta u.. m.a>aacrlpt 1.

e1aH_r.d to P.r••mon Pr.... ITIl•••timet.d elat. (or tlah ~.Uvary h ..0.

October I. 195 ... )

•• IDdi ... idllAI ".:>lume.

It t. Important tbat the aala of Individual _llama••Ul b. promot.d.

Tb. price of the ... to b. OIl•• alxtb th.. price of tb••el.

9. Promotional Mat.rlal

10.

A. noted In the a.r.emant batw••n P.rpm_ Pre•• and tb. "'0Il

Naumann e.t.t ... tbe .ordin. ot promotional materlal u••d in __0111\1:1"1

th... volume. will b. "obj.ct to .pproYal by Mra. Eckart _e1 A. H. T.W>.

n.y ...HI provid.. laform.tton to P.rpmOll Pr••• (or thh mat.rial if ...e ••••r.,.

Tbe re ""Ul be a m••tinl bet•••n Mra. !:ckart and A. H. T.ub aarl.,

la Octob.r. It ia important tUt Captain Max••U'a COlDma." _ tile •• mialdaa

b. recel_d baton the fir.! c( Octobar.
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THE LONDON SCHOOL
OF ECONOMICS
AND POLITICAL SCIENCE,
HOUGHTON STREET, ALDWYCH.
LONDON" W.C.2.
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7th Janu ry 1959

Profe Bor • • ub,
i it I Co pu e or to 7,

Unlver ity of I1linoi8,
Urbana, Illinois, U• •A.

Dear Professor T b:

One of my ew Year'. reso1utione wes to sit
out co ent about v riou pisoe of von eumann's
you ere Interest • 40 simplify references, and for your 0
I enclo ear print of the article Tucker nd I did for
Biblio raphl0 refsrenoes are to the two list t th en
paper.

t
10h
lenoe,
tin.

The qu stlon rai sd in your letter of ovemb~r 18 t or e
Dantzi i the easl at to answer. The two iter tivo ethods for
80lvin zero- um two-person es presente in tho mi eo raphs
Peper nd the publlBhed sper K, althou h 1m11 r In appro ch, ar
difterent. hey derive from difterent eo tric odel ot th
problem. I recall tbat von eUMann explained tbe idsa behind to
Gals, ucker, and r-y elf in the au sr ot 1948. It ls too et­
rical to ke plausible in a letter (a blackbo rd ould b better)
but r volv aroun the nipulation 0 a hyp rpl ne e r ti t 0
co vex seta. The al ebr io de crlption of he etood is Ion
reoord In our urv y article. On averal occ aions, vo
referred to the enera1 lde behind ; in hia mind, it ori
ith a ooth objeotlva tunction (the i(x,y,k) ot our urvey

which has esirable Ifterenti bility.

1s
tion

v r
f
of

e
tics

th t

The case for pub1ishin F seems r in 1. Tbe style
impenetrable, ith othe s ppe rin and di ap eari r 1
to ectlon. I do not believe it et nds any ch nce tall 0
b in competitive as 8 computational thode ~en ths et 0
K, wbioh ls BO e h t awk ard, BeemB stter. he In intere t

is hi torical, inoe it a tho first co utational too tu
written do . Its r ry intere technically 1s in the or
perfor d to obtain 8 ri orous "pract c 1 bOlln. I r oo=!en,d
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tter be lert as thay tan, with the record made by our urvey
artiole (last para aph or p. 113 to rlrat para apb or p. 116).

o

t
os s

ce.

x

•

Tbe tbird paper (a t esoript wblch 0 to
Tuoker and whlcb starte "1. A n er = 2, 3, ••• 1.
an unsolT d puzzle. It is a partl 1 ans er itbout a
Arter conslderable thou ht on tbl , I give up. 7 canol
are these: This Is a partlal an er to a gu tlon that s
put to bim so at! e about 1949-1950 ( ls attltu e towar th
bull or tbe pe t tion trlces and t e eneral tyle are e
evldence). e rrled out tbe tra slation trom a co 1 torlal
problem Into a clas lcal maxlmum probl and l&rt It t t t. e
trlcks used in the translatlon are a u ing but not ot e 1 ort
Itbout tbe ori inal problem, this see too sli ht to ublleb.

one I bave asked bas ever beard or It.

Tbe last paper (sent to e as a pbotostat or a
manusorlpt) as been as tascln ti a a good detectlv
Tbe enclosure deals Ith It in oonslderabl detal1.

b n ­
atory.

tt

I hope tbat the
would be very Intereeted
von eumann'a scientiric
publication.

co ents will be or help to you. I
to he r bow rar you bave pro re sed s
executor, an what plans you b ve for

Incerely YOl1r ,

rold ubn

nco
co. s. orman
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Apr113): Th1s note deals w1th the rollo 1

rro the top or the r1rst page).

n wr1tten (see your 1 tter r

theore (tran cr1 e

"A t10ns: Let be a topolo lcal sl lex 1n t e

-d1 nsional olidean sp c T U8 it is clo e , 0 d

a d n n-e T,y b et 0 • Lot C be +he llest convex t

co tsinln it. et to every polnt pE correapon a close • 0 de

d non-empty set (p)c; let c(p) be the llest co vex et

contaln1 it. Ass e. that 1r Pn ~ p, qn ~ q, qn~A(Pn)' t e

q€ (p. (uasl-c ntinu1ty f A(p).) Assu 8 that a continuo

runctlon F(p), defined In all of Se eXist. Buch that q€ ell 98

F( )€ , and q€ e(p) i lies F( )EA(p),

State ent: A p€ ith pEA(p) exists."

Placl and ev luetln tnl pap r 8 ot e y. It 1 not

dated. contains 0 r ferenc to any other ork, and doe not u t

notatlon of any other von nn a er. A connectl0 wit P p r

Is obVious. but the pre lse rel tion i difficult to es abll. t

first. I believe th t the present note 1 arl folIo ,
since the theore abov g oeraliz • t e theor m found tee. I

now believe that the note aa written before Paper B, ror re

set rorth below.

The rinclpal the atieal r ult of aper oocurs on • 0:

Let : X ~ Y and G : Y ~ X be continuous point-to-set ppi s

derlned on X nd Y. non-e ty compact convex 8ubsets or th 1 e
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paoe Am and n, and t

and ,re8p otive1y.

(XO,yo)€G(yo)x (xo).

n 8B vIes oompact convex B~b t

Tben tb re xi t XO and yO 8~cb tbat

biB tb orem baB beco e known aa t a

~y

kut i

fixed-point theorem, 8ince be p~b1isbed and prove the ~o11o in

for u1ation (in aper 7): L t (x) e a oontinuou poi t- - at

ppin defined on X, a non-empty co act convex Bub et of m,
taking a8 v 1ue oompact convex Bub eta of X. T en there exi

an XO such that xO
€ (xo). Thi8 attribution to ut ni i t

unju tifled 8inc his tbeore fo11oW8 fro von e nn'a by t

Y ~ X an G(y) ~ Y for 11 yEY. o ever, tbe ° ulat 0

first pub1i he by Kakutani nd exiat no here in von e nn'a

publish d ork. As a state ent, it mphasiza the nature the

theorem 86 8 e er 1ization of the Brouwer ~ixed-point th are •

von Neumann wrote in D (footnote, p e 154, e oon e ition), t

oonnection ith tbe rouwer fixed-point theor "aH urt er clar1fi d

and the proof al lifi by • Xakut nl'. o 1 e

pointed out that von e nn stat th 1- enBio al c Be

theore explioltly in fixed-point form in bis 1928 pap r ( ,

310-311).

•

In tbe pre8ent note, the k~tani formulation p r

Appllcation 1.1, pa • 3. To th ca u 1 reader, this ht st

that thiB waB written after Kakutani's paper. How v r. th ro 1a 0

referenoe to Kakutan1 nd mT observations above convince me t t it

i8 pla ible th t the transition bet een the two for atl 8
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simple and natural tbat von eumann b d lt lndependently 0 a

earller tban utanl.

A aln, to tbe casusl reader, slnce tbe tbeorem of t e pre ent

note 1s s generalization of the von eumann-Kakutanl tbeore , lt bt

appear tbat lt was written &rter B. owev r, &rter some tbo bt, it

ls obvlous tb t the present tbeore is an i diste con e ue ce of

the von e -Kakutanl tbeore. (Proof. UDder the as t10na

of tb note, AC(P(p» ls s continuous polnt-to-set mappln defined

on Sc' s non-e ty 00 ct convsx sUbset of Xx n takes as v 1 es

co act convex subsets of C. Bence tbere exists a q ucb th

qc C(7(q». Let p = p(q). Tben q€AC(p) implles p = p(q)~ (p)

nd the tbeor ls proved.)

I belleve that it is llkely that von eumann would have

notlced this si le ar u nt, which atrlpe the tbeorem of its

apparent generality. In his fln 1 r ark of th band-writte not.

bs ob erves tb t the Appllcation 2 need only tbe ca e of convex

Sand (p)'s a d that tbs proof ls s1 lifled ther by. e proof,

thus slmpllfied, rese les the proof lven in B qulte clo ly.

A flnsl blt of svldsnce that thla ls early vo e n i8

provlded by tbe a tioal rrors: "tban" for "then", '1 t" f 'le" ,

"ls" for "its". etc., etc.

Su rlzln, th1s note would bave a 11 a ount of h1 toricsl

importanoe lf could date lt before B. It baa no the tlcal

lnterest slnoe it 00 talns notbln not ln B.

any e~orts to publlsb it.

I would sdvl e a ln t
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UNIVERSITY OF ILLINOIS

DIGITAL COMPUTER LABORATORY

URBANA, ILLINOIS

ov b!Z' 18, ~

lU'orni

-

:

B1n~ ly yours,

. B. ub

•J9"
c::c: •~ • • CkMlll!lI1

rold Kuhn
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The RA D Corpora ion

17 0 Main S eet
Santa Monica, California

ovember 11, 1958

Professor A. H. Taub
Dig1tal COlllputer Laboratory
Un1vers1ty ot Illino1s
168 Engineering Research Laboratory
Urbana, Illino1s

Dear Professor Taub I

Th1s 1s in reference to the letter ot October 16, 1958, tro
your secretary, Mrs. Gorman, and your ear11er letter ot April 8,
1958, in reterence to a m1meogr ph d paper ot John von Neumann,
ItA ric 1 Method tor Determination ot the Val and Best
Strategies ot a ro-Sum 2-Peraon G with Large umber of
Strategies." I not certain whether this 1s the same as
, 'A rical Method to Ddtermine Opt1mulll Strat gy,' I that
appeared in the aval Research rterly, Vol. 1, No. 2, June
(1954), pp. 1~1l5. Ho ever, I think they are s1m11ar.

My memory is a little hazy, but at
letter, I believe I discussed this
who promised to cont ct you on the

GBD:eb
c c: Mrs. GoI'lll8.ll

the time ot your first
tter w1th Harold Kuhn,
tter.

Sincerely,

George B. Dantzig
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April 8, 19513

'r. ('poree J. lantzig
Rand Corporlltion
17l() :nin '>treet
"anta Monica, California

Dear Dr. llantzig I

I have be m concerned with preparing the material lef't by -<i CY',I
th!! late Jor.11 von !'SU::llum for p~licl1tion: Amon his par,ers !IJ-", ~'1'

found a mi:l1sogrsphed paper entitled, "A rlumerical :~lJthod f'or De? ~
t.:Jnnination cf the '''alu~ and the Jost '3tratil...ias of " '1-..,'um.
2-Person Gane w1th Large flumbers of strategies." I also found
sone correspondence going , ac to 150M between yourself aad l r<--
fessor von Nawnann. ::an you tell llI£! wbath3r this paper has ever
been publ13hed and, if so, I:; it, or did it got puoli::hed under
the title, "A numerical. method to determine opt1mwn strategy" in
the ~laval fios. LofP,st1CG ~uartorly, 01. 1, ~o. 2, June (1954), pp.
l09-U'''' It the paper WBlI not reworked and published under thiB
form, d you lurve any suggest! ons or co.Jllant:; as to Ilhat show..et
be done with this manuscript'?

r would very DIlch Ilflprec1ate hearing from you on this matter •

• !ncerely yours,

fl. H. Taub
AHT:ese
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April 3, 1953

.'rofassor ri. 1'1. Jiuhn

.. llIpart..llent of lolathlll!lat1cs
)r,yn .'4awr' College
..lr,yn '1awr, llII'I1IIlylvania

ar ;'rot'esaor Kum:

/

I ha-,., acne r~spoDSiDility connected with the soientifio
p ers of ,too late· rofessor von ., umann. he enclosed photo-
stat is a coW of a nots t"und in his files and is presUlllably a
g",nerslizatlOil of the theoreru he had prm sly ueddlin gElllle
theory. I would appreciate lIIV cOll1l1llnta and sllggestlone you
IRa.)' have ooncerning t, e dispositien or this work.

Sincerely yours,

A. 11. 'raub
AUr,esg
-nclosure

,

Records of the Office of the Director / Faculty Files / Box 35 / von Neumann, John / Publication of Collected Works - miscellaneous 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



..
• . "

April 3, 19

of sar;. Kakutani
partment ofathemat1cs

YnIl' Un!versity
-lew HlIVen 11, Conn.

!''!sr Kllkutani:

1'he encl.o"ed photostat is 8'CO.y of a nat.e found 1n von
!9u'II:mn's til s. 1'1 1s- seeM to be a generalizatior: of the

th80re:n that you vrot about in t~.a ~e Journal. in 1941.. It,
too, pr~sUl'lably llRS $Ppl1cati<ms to the theory of games. I
wonder if you would be kir.d enough to give me your euggeetioll8
lis to what should M clone "Uh this thaorsm. F'or eX8lllP1e, should
it ':>13 written up and published'! .

t-hope you nil forgive r.I9 for troublin' you about t'aa
'lut I would very uch aJlPreciat~ any help you can give me •

•ith very ~est rsgards,

A. i:. Taub
liT: es8
'))closure

P ~ I hall be back in Oroana in a few daVII and can be reaohed•• s J-

there. AJlT
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Excerpt from a letter from Mrs. von Neumann-Eckhart to RO, 11/13/58

Your prediction proved to be completely co rct. About ten ~s

ago, Captain Maxwell appeared here and, wi ou1; any urther argument, signed

informed about this matter.

the contract for the publication of Jo COLLEC This means nOl'l' that

we can go ahead in an orderly rash n!Wi~~ut dealings with hi'1l, and
.//

shelves at least one problem. ou,ght that you might want to be
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UNIV~RSITY OF ILLINOIS

DIGITAL COMPUTER LABORATORY

URBANA, ILLINOIS

November II, lj58

Dr. Lester M3.chta, Chief
Specisl Projects Section
U. S. Westher Bureau
Washington 25, D. C.

Re: R-:5.1
Dear Dr. Machta:

Thank you very much for your letter of OCtober 20th
which arrived when I vas away from Urbana. I om not
certain as to what the ultimate disposition will be
of the manuscript by von Neumann that you returned
uith that letter. However, there are t\lO possible
things to be done with it. One is to incorporat~

it as it stands together with sane explanatory mater­
ial in the collected \lorks. The other would be to
publish a short reviev of this work and lIl9ke the \lork
itself available to qualified scientists. Both types
of things are being done \lith the manuscripts left by
von NeU1lllinn.

In any case, it \lould be most helpful to me if you
\lould prOVide me \lith an introductory paragraph describ­
ing the reasons for which the \lork ws done and the
ultimate use to \lhich it vas put. I hope that it is
not asking too much to make this request of you in vie\l
of the uncertainty of the ultimate disposition of this
\lork. Thank you very mucl for your trouble.

Sincerely yours,

A. H. Taub

AHT:je

~: Mrs. E. Gorman
Institute for dvsnced Study
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oetobu' 20, 1958

B-3·1

~euar A,. B. Taub
D1&1t&l~ IA1lo1'&taI:T
UlI1wrnt07 at n 1 1DOU
~, Dll!M)1S

1'be WD1'k at P1'oreuor wa -"1CIDlIld 1Jl tbe letterll trca
lIN. Ow n _ Feb1'\l&l';Y 10, 1958 aa4 Oc'tober 16, 1958 _ ~
tor the~ at 1lIf'eaee 1Jl eeeneetiall nth a Yer7 lJ1WC'al pmJect
nth 1ib1cll I _ C'" Qt.04. I ~ tbat. tbe _ter1Al call aa4 ebp1ld be
p>bHebec" auond,'" the text lIB vritteD -.Jge lNtt1deat __ to
_ a wll ql."Ne4 .e Ue1aIl to be u..rul.t I _pect 1IOt;. J'Qr

tb1a I' ., it;~ be 4M1.ralale to pnm.4a 1Jlt.roduc:tal7~
explai.'. the~ prohl..-1Ib1ch tbe ~1;1ea IIOlftS.

It J'lU feel that this 1IOrlt 13 suft'1d~ 1Atera1;1Jls to 1Dcl 111
~eMQl' wa 's puIllleat1Clas, waul4 701l.et 1lhetber nd1
_ 1at~~ Il1IIrt be be.1.pfUl .. I _ lI\U'I8 that I call

auut 1A c.- .., or "'Y'tber.

/ .
I .s / ~.f.:... '1, <#-<.C"k

x-ter MIcllta, CJlJ.et
8poc'&l ProJec1;s 8sc:t1.cll

EDcl..

ce : lira. Qaa: D

, -
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February 10. 1958

Dr. Les ter Macht.
u. S. ~eather Sur.au
24th and H Streets. N
w~h.ngton 2~. r •.•

Dear Or. Machtal

At the request of l'rof ssor A. h. Taub, who 1s worlc1llC
over the scientific PIPers of tha late John von ._n with
• view to 0 ani.Lng tt.a for publication. I anclose • pa er
which apparently you and Professor v n ~eumann worked on to­
gether •. This paper is 'raferred to in a letter fran him to
you dated January 31. 1952. de would appreciate knowing I4heth.,r
tl.la vos ever p~l1shed anc, if so...her-e? It not. do you have
any recommendations as to its disposition?

Than'< you T9ry much 10r your troubl in this mattl!r. ",ill
you please return the enclosed .manuscript with your reply.

Yours .inc.rely.

( 4rs. ) sab.th S. orman
secretary

eel A.~.• Taub
!nclosur.

,.

j

-
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Maybe connected with theory 0

games. Ask Morgenstern.

S. Kakutani
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10/28/58
AWTucker called this a.m. He said the paper is now
in the hands of Kuhn who is in England for the year.
He will write to him immediately, hut he((believes
Kuhn could not make much out of the fragment and that
is their only comment--it does not seem to relate to
anything they know about.))
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SIJIIIIARY

The eolution calls for calculating the quantities

The problem is defined in !., !. The integral

by solving the equation system (37),

)

i>
,

•
J

then the

c ',j
I by (10),

~ is defined in !.,

fi 't", ?,-) are
• •

(1,1 = I, ''',

by (39).

in 6.

(i :: I .

I x) arvJ. xi
Oe, and f< i

(1=1,.

ur­I

the quantities a i

and finally
/

The result is

introduced in !., the quantities

are introduced in 2.

quantities

by (9) and the quantities k 1
17 :. I, ". , "n )- -by (38) and 0'

stated in (Y)

1. Let S be a surface, ~ the surface element.

surface area of At being h.... ,

but this only for the subset

be a continuous function on

Ai. Then

S , an evaluation of the

, g1ving the value

over

is wanted.
I

)( i .

be measured in the area A ;
I ~.

be subdivided into

be the average of X......
.r: ~J
I· /

x·1

x
~~fx

sLet

Let

Let

Let

(1)

integral

2. The following statistical assumptions about the x·1 17 -::. I, ---/~)
are being made:

(A) is known, While

•..... j '1 (J) , then

is not known

X is pre-

sumed to be normally distributed,. with a mean that is

displaced by fAii against , and a dispersion

Records of the Office of the Director / Faculty Files / Box 35 / von Neumann, John / Publication of Collected Works - miscellaneous 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



6,./. I.e., the distribution of >t'rJ

trolled by the expression

is con-

1.

(2) ( 1 0: )-1
'J

(By the nature of things, r;1 '= - ~ ii J

(B)

~I -

If X.
I

hss been "observed", and the value

D ) i.
I(3)

has been obtained) )( I Will still be assumed

to be normally distributed, With a mean ><:
and a dispersion C . I.e., the distribution

of }( ) is controlled by the expresll10n

J. 6':-1 {X
(V2TT01r1e- f I

(c) All the probabilities defined in (A), (B) can

be combined -independently" - i.e. by multipli­

cation. Actually, (A) Will be used for all

1 'J - 1,-· ,"I-\. With ! < i ' and (B)

Will be used for all ? I, I

s. In view of the above, the joint distribution of the

is controlled by the expression

(
I J )

; ,
i.e. by the expression

(4) A -

-1.e

I - *~e &. I

QfX) +L{)

(x -y~
I I

I ••

.~ .,.~.
I

-;
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) , and wherewhere A

(5)

and

is a constant-QOq= L
" I

(~I~ .)
'l<a

(A >0,

-a.rtr·· (>( - Y 1)t,j I '1

".

+L
f I

)

(6) ()

Note, that

(7) (X) .
~ )

I"" )for' '1:: I,'-"+Or Xi
(10)

and

......
(8) Ll ) - L .e. ~,.

JI
'Col

where
~

-:l,
;: ~... • to 1" i-j-/. ,'".., I )

(1/ f)
N\

(9) .. C· -~ for • =r I,.I - '1
Ik::~l

l , I

-l,
0:" f

•- f 7 )- IJ
and

---
Thus,

-o;'Jt fA; A
It-I

)
combining (1) and (4) with (7)-(10) yields the following tormula-

•

tion of the problem:

(1) The distribution ot

f~ :: I: a:.
1=, I

is being looked tor, when the joint distribution
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of the (X I I - - ) X _) is controlled by

the expression

3.

4. Let us nOlI' uae vector and matrix notations:

x ( X ,) - (XII- -) X",,) }

OL - ( C? I ) (a.,r-J&l )- - }

j;- - (h, ) ( hi) - -)(11) - - ) )

-e. celi) ( ~'r ) ~'~ )- -
c.... / ) - ) ......

Then the ~ in (X) becomes

(12) ~ - (a-x))-

and the distribution-function in (X) becomes

(13) A

By" (5) and (7) the quadratic form ( X- )-

positive definite. Hence there exists a linear transformation

is

(14)

such that

x = ...p'tt.
oi.(F}

(15) ('t X- X) - (-z;. ).
Hence (12) becomes

~ = (a',;f~)
i.e.

with

(17) a I = rL 1(. "

( ;L~ is the transposed of;c ), and (15) becomes
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l.e.

A' e - f (~.
-'~""'I

With

(18) A'

(19) Rr I = ~ ~ .

Now

((A - fr'). /"; _,6-1)):-

= (''I' ~ ) - z ( .RrJ • ~) + (IjJ. I),

hence (18) may be written

(20) A"
... ,h'»

J ,...
Introducing a vector U by

(21) ';f: U + ~'

therefore replaces

(22) ~

and (20) by

(16) by

= (a l • t<.)

(25) A" e (t.<. t<) I j
(X 1.l., .. ~. ..... .

(25) is clearly orthogonal invariant, hence (. may be sUbjscted to

any orthogonal transformation. This means, that the vector a.. I in the

first term on the right hand side of (22) may be replaced by any unitary

transform -- i.e. by any vector of the same length. Choose for this the

vector With the I-component V(a'·
Then (22) becomes

, and all other components O.

(24)
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At the same time (25) may be written

_+(U, l +
(25) A" e -

5.

Inspection of (24) and (25) ShOWll, that the components
I

of U have become completely irrelevant. I.e., the distribution of

the of (24) is simply being investigated for U I distributed

according to

, )

A 'i.e., since is erelya probability normaliZing factor, according to

Hence the distribution of ':<!' is controlled by the expression

(27) ( 2.
(~ - ( I. ))

is normally distributed, with a mean5. (27)

(28)

shows, that

-Lt (a..'· I ,
and a dispersion

(29)

There remains the task to evaluate these two expressions more directly.

By (14) and (15)

i.8.

--
) .

This means that

::: I
( is the unit matrix.)

-
Lett multiplication be

I
)

-e l -,
gives
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6.

and now right multiplication with ~ gives

(30) ~ - I

Now (17), (19) and (28) give

fA-
I • ..(,.1 ) - ( •-

- ( a . k),-
1.e. by (30)

(31) It. - (-e.-I a. . ;6) .-Next_. (19) and (29) give

() - ( fA'1 • ~ ') )
- V(;(~ )- J

1.e. by (30)

I ( t::- J- )(32) ~ -- •

Next, define
-1

(33) ur -e a..
Then

(34) -( a..

and (31), (32) become

(35) fA - ( "W" • ~)-
- =1 ( "kT • )(36) ~

6. Equations (34), (35), (36) contain the complete result. Returning to

non-vectorial notation, it can be stated as follows:

(Y) Let the C iJ' I

be defined by (9), (10).

(

Let the

I,

1.A.J'" •
1

I )ot..)

(7-=.1,"'/
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be the solutions of the equation system
~

(37) ,r: Cv - ct. fi I" • J ).- Z
~ I

Put

- f IJ· 'kr.(38) fA- -
\ -, I Z

=-V
....

(39) 0 L a ' W'::-
r"'l

1

Then is normally distributed and has a

- -mean l' and a dispersion 6'

7.
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Mrs. Elizabeth Gorman

.,;,). .

cto 2.2. 1958

r •

...tud;r wrote _
n Continuou& Ge

corresr
iJlg cop1

1

t
&

to IJUI;p.l.T
to learn

......r:n.."".. •
• • 1 "G.;~

••

printi

t • thi& tt
turth r ttl
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• r 1 tellcal-t - 2 - to 22, 19

I Te just fo papers fourteen ges of notes of &

uacr!pt entitled sure in Functional pacea", bT J. Ton •
I e these notes in Princeton in Februll1'7, 1936. Te
not h lU17th1JJ& further of this uscr!
reconstruct a large of t e on 1 uscr!
I Te. I would be to do so if t on.guk>..l.
in exist ceo Could TOIl t II me t r t on IlUllcn t 0

exiat or not, d whether this tter is of &lIT interest to the project of
publi th Collec ?

th T8rr be

Yours sine l;r,

IH:dh 1. prin
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For Taub's attention.

Refers to some paper of Johnny's which mayor
or may not have been written. k v N
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DlST1TIJTO DE lU.TEMATICA PORA E APLICADA

Rua Sio Cl_lnt.e, 265

110 de J&IIII1ro - BrasU

October 15, 1958

Dr. !eras1 Halperin
~..n's Uniftre1t;y
Kingston, Ontario

Dear Dr. Halperin I

Thank 70U for ywr letter of Sept-.ber 15, 1958. Aa 70U &l.read;r

know, Profe..or -ron IIeuIlI8nn p," hie perm18l110n for a translation of

Continuous Ge~J'7. Such a translation was cs- bIlt mce I intended

to impro'ft _ of the proofs, the translation did not appear a. ;yet.

I hope hon..r that the portuguSIla translation ldil appear in our

tb greetings, I ~,

Sinc.relT ywrs,

(Sisned)

Leopoldo lfachbin
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UNIVERSITY OF ILLINOIS

DIGITAL COMPUTER LABORATORY

URBANA, ILLINOIS

oe~ober 11, 1958

Pro1'enor II. Aron8zajn
rtment 01' themat1cs

The U\l1vers1ty o:t lfal1B8.
Lawr ce, Kansas

r Prof'essor Aronsujn:

ThaIlk you v~ IIlUCh 1'or your letter o:t oetober 9th and the
part o:r the reprint tha t it conta ined •

I a.sume that the method o:t approx1Jaat1ng e1 envalues that
on e nn discussed with you had to do with lt1ng.

ser1e. o:t two d1mens1onal rotat10 and ther by decreea1ng
the SUII 01' tha squares of the ott -diagonal eleJllants 0 the
IIBtrix. I do know where to find material on this method
aaong von Neumann '8 papers. If this guess a. to th method.
18 incorrect, I would appreciate ov1ng that 1'or t en I
would 1nat1tute 8 :further search.

Thank you very much 1'or your trouble.

Sincerely yours,

A. H. Taub

AHTlje

cc: Mrs. E. Gorl7Bn
Institute for Advanced Study
Princeton, New Jersey
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COP Y

October 7, 1958

Professor N. AroDSz8Jn
University of Kansas
Lawrence, Kansas

Dear Professor Aronsz8Jn:

I 8IIl editing the collected works of the late Professor John
von Neumann. In connection with this work I have been going through
his files and found correspondence between yourself and von NeWllann
concerning two problems. I would very IllUch appreciate it if you
could taka _the time to lirite ... me about tlUs.

The first of these problems has to do with cparators in
Hilbert space. von NeWll~ mentions in a letter to you that he
proved that every totally continuous operator in Hilbert space
has a non-trivial invariant subspace. Do you know whether he ever
pUblished this? !f not, did he ever communicate to you the proof?

The other problem that is mentioned in this correspondence
has to do with the method for calculating the characteristic roots.
Do you remember what this Method was ana whether von Neumann published
it in tbeopen litera\ure or in report form?

Thanking you in advance for any comments you may have about
these problems,

Sincerely yours,

A. H. Taub
AHT:esg

•
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THE UNIVERSITY OF KANSAS
LAWRENCE

Department of Mathematics

October 9, 1948

Profeseor A. H. Taub
The Institute for Advanced Study
PrincetCl'l, N.J.

Dear Professor Taub:

I am glad to answer your questions calcerning the correspondence I
had with von Neumann.

Concerning tm completely continuous 0 ra rs in Hilbert space,
von Neumann never published the proof. There is a llIention of his proof
in my paper with K. T. Srnith. (I encl,9Se a age frOID the reprint where
the reference is given.) /

Concerning the second problem, a ong conversation with von
Neumann about approximation me ods 0 e envalues (1948). During
this conversation he showed hi 0 with the corresponding evalua-
tion of error. I understood t at th omputer that he was building in
Princeton at this time was s osed to ave a specially designed routein
to apply t~is method. J-.-a!!! n t Ital'e hat he published this anywhere, but
it might well be fouqd ~ome concerning the machine, or Dr. Gold-
stine would know ab it. I ver had the opportunity to talk with von
Neumann ae:ain about t s sub e t and I have often wondered if, finally, the
method was put as a tine the computer. I would appreciate it very
much if you would dro me a ins about this if you gat the information.

I feel sure that yoo. will find the I118thod described in a report (or from
Dr. Goldstine) but if not, I do remember the main features of it and I believe
that I could reconstruct it if you wished me to do so.

Very sincerely yours,

(signed)

N. Aronszajn
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Dear Pro! 11101' AJUlsujn,

IIany tbanke for your letter of July 8th.

I regret that I _t have II1Rnderetood lOur remuIca about D1=ier.
I did write note to b1m, tbanld.ng h1Jrl tot' the Jl',perll ha sent _,
but I bad not odi1nall;f und81'8tood that he wu ".!tung h1a llIBDusoript
in order that I could subJldt it for pIlbl1cation in Amorica. 81s letter
ot April 24th does not lIIllke thia clear. Th paper, b;r the 'W8:1", iJ
excollent to me, and I ~hall be ve'q" &lad to help to get 1t publ1ehed
here. I am writing with th1.II same lIlILU to Dixmier to th1e effect.
I am sorry I caused all th10 delaT, and I 8IIl very llIucb obliged to you
that you kept the IIl&tter in mind Md thereby prevented IlIO frail not
taking oare of tw.. utter, whioh I would have exceedingly regretted.

I think that I nOlI" rem.ember better what I did or d1d not prove, in the
19&0'0 reprcting the theorem that every operator IlU8t have a non-trivial
invariant subspace. The state in which I had the prohl. when I stopped
1IOr1c1ng on 1t _s thia.

(a) I d1d prove that every total.l7 oontinuous operator in liUb rt
spBce has a non-trivial invar1Bat subspaoe,

(b) In vUw of thi., 1 sumised, but waa unable to proys, that the
_ 18 true tor eveJ7 operator.

The things that you write .. about representing bounded operstore ..
parte of other bounded operstore defined in suitable 0 r-apacea are
very interest1n&. I have one d1t!1cultT in oonnaot1on with lOur defini­
tion. The operator L • PH seema to have valuca in the under-space, hut
it 1s defined in the ov T-sp&ce. Should 1t not be an. OJl81'tor wh10b 1.
also defined in tho lmder-BJaCe? now do you adjust thi••it1J&tlon? U
you could give _ mrs prec1.e detaU. on thia ..tter, I would probab~

be able to orlsnt IQ'IIelt with respect to 1t and the l1teratUt'l that I know.

Ie.1ch to IIl¥ re~t, I .,. leavin& for th "st in a f~ dqe aOO I expect·to
return to Princeton 01117 toIIud th aOO of Sept4Dber. Where do you expect
·to b about that time? At ~ rate, I hope that ••ball r-m in touch
with each other dur;tn& WIT 'aba8IICe. The things that yo tell lIl8 intereR
I!lII very 'lllUch. ICf IIIL1l will Ifi.Ch me with 01117 a aboft de1q via the
Institute for ldvanced BtutV.

I ..,

JVI.Ul
JO VClt llIUJWlIf
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HARVARD UNIVERSITY

GRADUATE SCHOOL OF ENGI EERING

Pierce Hall
Cambridge 38, Massachusetts

JUly 8 J 1948

Professor John von Neumann
Institute for Advanced Study
School of Mathematics
PrincetonJ N. J.

Dear Professor von Neumann:

Thank you very much for your letter of June 8.

I am very much interested in your hint that in the 1930's
you may have proved the theorem that every operator must have
a non-trivial invariant sUbspace. If this theorem were true J
I think that it would be possible to develop a quite precise
theory of the invariant subspaces of operators J but without
this theoremJ I have found it impossible to procede any further
in the building up of a general theory.

Another aspect of the operator theory in which I am in­
terested is the question of some kind of extension of the
spectral theory for non-symmetric operators. I see a possi­
bility of doing this by using some theorems which I could prove J
but I am not sure whether they may not have already been dis­
covered. It iS J essentiallYJ that every bounded operator can be
represented as a part of a normal bounded operator J the latter
defined in an overspace. These normal operators are not unique J
and what I still lack is the general characterization of all the
possible normal operators of this kind. I should mention here
that I call an operator L defined in a subspace;t;, J the part of
an operator H defined in a spaceU containing;t. when L = PH J P
being the projection on~. This notion is of essential impor­
tance in my results concerning the Rayleigh-Ritz and Weinstein
methods and I have an impression that by extending certain
methods used in this research to general bounded operators J and
representing them as parts of normal operators for which one can
use the spectral decompositionJ that one could get theorems about
the spectrum of general bounded operators.
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Professor von Neumann -page 2- July 8, 1948

Rave you any recollection of papers dealing with some of
these ideas?

Since I last wrote you I have heard from Dixm1er who has
recently received his Doctor's degree in Paris, and he tells
me that he has not as yet received any letter from you. I
imagine that the letter which you wrote to him and which you
told me about must have been lost. If there is anything more
definite concerning the pUblication of his paper, I know he
would be very glad to hear about it.

I hope that you had a pleasant trip to Chicago, and should
you be Visiting near Cambridge I would be very glad to have an
opportunity of seeing you again.

Sincerely yours,

N. Aronszajn

NA: slk
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June 8. 19&8

Dear Profellor lron..ajn.

n.... BOUIe W¥ delay in euwerine ;your letter ot
IIa7 26th. I ...s ....y troll Pr1nceton tor Uftral dalw
and iOt barllT beb1ncl with rq mil. At th1a 1IOIIMlIlt I
.. leanng tor OhicaiO. but I 41dn't want to delq
writing to you &n¥ lODger. n ..le for&1ve _. therefore.
the hurried oharaoter of thil letter.

I am verr glad to learn that you judge that the IIIltthod
tor calculating the charaoteriltic rootl wh10h I deaorib­
ed to you When: you were in ~ceton 18 an effectift one.
I haft not written it up yet., but I will talce the liberty
of lending you a writeup When I haft one.

Your qUiltlone about operators are verr interesting. and
I reoall that I have alao thought about thele problllU
in the 19&0'1. It w1ll take me a llttl. time to refrelh
IV reoolleotlone and get orientec1 again • rAT eupertlo1al
1IIprNilon 11 that operatora without non-triv1al inftriant
e.pac.. do not uiat. I eball write you in IlIOre detaU
about th1a wbject, it I.q, a little later.

I .. aunh obliged to you tor haTing written to D1XIl1er.
I shall get in touch with b1a about the publioati~·ot
h1a paper ebort1l' after I haft returned troa Chicago.

I, too, hope that there 1117 be another occallon to ...
you before you leave th1l ocnmtl7.

Wlth be.t regarda.

JOHR VOIl IIIUIWII
(Diot!'ted but not signed by JVN)

Protllior I. Aroneujn
Banard UniveraltT
~uate SChool ot lrlg1Nleril1i
Pieroe Hall
Cambri4p 1S8, Ka..aohUl.ettl
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HARVARD UNIVERSITY

GRADUATE SCHOOL OF ENGINEERI G

Pierce HaJJ
Cambridge 38, MassQ€husetts

May 26, 1948

Professor John v. Neumann
Institute for Advanced Study
School of Mathematics
Princeton, N. J.

Dear Professor v. Neumann:

After I left you I thought over the method you described
for calculating the characteristic roots. I think nov that for
your purposes it is the most suitable of all ethods I knov and
the evaluation of the "total error" is a real beauty.

In the heat of the discussion about these questions I
forgot that I vanted to ask you some other questions. As I do
not knov if I ~hall see you again in the near future, I shall
vrite dovn some of them vhich have been hampering me for a long
time. I have not found any hints about these que8tions in the
literature in spite of the fact that I am sure many mathemati­
cian8 must have come across them.

The question is about invariant linear closed subspaces ~6r

operators. I viII limit myself to bounded operators, L. A linear
clo8ed subspace'lt 1 of the Hilbert sp&ce1(.is invariant (in gener­
alized 8ense) if Lettl)<1t1.

Are there general theorems about the structure of such
subsp&ces for a given operator L (besides the settled hermitian
or normal cases)?

Does there exist an operator Lvith no invariant subspaces
except the trivial ones:te. l .1(, and1l1 • O?

I have already vritten to Dixmier explaining the no ission
you made in your letter to him, as you asked me to do. If there
is anything nev about his paper and its publication could you
kindly let me knov about it?

Perhaps before going back to France I will have another
opportufity of seeing you.

With best regards.
Sincerely yours,

h".A.. ~
N. Aronszajn

NA:slk

Records of the Office of the Director / Faculty Files / Box 35 / von Neumann, John / Publication of Collected Works - miscellaneous 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



April 22, 1958

Dr. A. H. Taub
School of Mathematics
Institute for Advanced Study
Princeton, New Jersey

Dear Dr. Taub:

be g a to look at von Neumann's other writings
ut I afraid that 1 will not be able to do this

t m ths. But I could do it during the summar
halraltll1!rd as I alII at present.

I should certai
relating to astronomy
within the next two or
when I will not be as

Thank you for your letter of April 3. As-y'OU ba~ noticed yourself,
I have incorporated most of von Neumann's Ol'\ on t re oO'1nt s mrce model
in my stellar Structure. I recall that~o"'t the same time von Neumann
also did sane calculations on the is th ~here in general relativity;
but I do not believe that these have v~ published.

You may be interested to . n onnection that the basic idea
:1m the proof of a fairly "deep 4:or equilibrium of a star is due
to Vcrl Neumann: You will fin eferenae to this in my paper in the Astro-
physiCal Journal, 87. p. 535, )fe particularly the acknowledgment
on page 552.

riitb very best regards,

Yours sincerely,

(Signed)

s. Chandrasekbar
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April 3, 1958

Professor S. Chandrasekhar
Yerkes Chservatory
Williams Bay, Wis.

Dear Cliandrasekhar:

As you know, I have been working through vart-cus papers left by von
Neumann. In doing 110 I have come upon some correspondence between you and
von Neumann dating back to 1935. This correspondence has to do with a
manuscript that von Neumann sent you relating to the point source model.
I have found a handwritten document labeled the poiilt source model. - I am
wondering whether any of this material about which flU corresponded with
von Neumann ever was published and, if so, where? remember your telling
me that when you were writing one of your books you •• ,J,b did use sOllIe
results obtained by von Neumann. Did these results relata to his treatJllllnt
of the Elnden equation and the point source model? Were these ever published
separately by vob Neumann? I am going to try to read the handwritten
material and compare it to that given Pt your book. Would you have time
for and 1nteres~ in looking at vari?us handwritten things relating to
astronomy that I found anong von Neumann's papers? It would be most helpful
if you could so so and I would be very grateful for any suggestions you
might have concerning the disposition of these papers.

With very best regards,

Sincerely yours,

A. H. Taub

P.S. I shall· be back in Urbana at the beg1Jm1ng of next week and can
be reached -most easily there. ART
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March 26th/58

Dear Taub,

Forgive this shameful delay in answering your letter

is: "Reliable

of the 24th of Jan. I have only now rediscovere von eumann's

paper; the one you are interested in.

llbav" a ~OCOpy and

ges

organization of unreliable elements."

have never seen it in print.
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r. caoul ott
lJepartm nt of atheutlies
Untvers't, of '~chiran

Ann ~r;)(.r, IUc higan

Dear ttl

(

I hav:! besn £oing through Prof~ sar van "eumann' E scien­
tific papers anC rave run across a lett r c'ated ')qJtemb~r 10,
19$1, from von ~.euma."ln to you. In thi~ lett.r h~ ref~rs to a
"lll1luscrtpt ~Ihich is being sent to vou w ich will, M says, have
to be ..ewrUten before it is IJ lished. I wonder jf you coald
teU l1Ie "r,at this mllnuscript is, :md ··,hethlr it hilS av'!r seen
the light of day.

Thank you very OIUch for your trouble.

<:incer'l1y vours •

ABT:esg

,

• •
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THE IN TlTUTE FOR ADVA ICED STUDY

PRINCETON, NEW JERSEY

September 10, 1951

Dear Raoul:

th these thinge in oind

Yours,

With best ~~~,

in

Thia is the manuscript that I had men ed to you. It
w111 hav to be rewritten before I publish A good deal
more ought to be said in the Introdu , SO!I:C other sub-
jects which were only touched on q like the con-
tents of Section 5.), or not at ike the sible role of
the "majority organ", i.e. a S-~l output organ which re-

ponds if and only if a majo of h S inputs are stimulated)
should be d1ecussed in detsi 0 the relation to the general
literature should be taken.

John von Neumann
JvN:eg
Encl.

Dr. Raoul Bott
Department of I4athematics
University of Michigan
Ann Arbor, Michigan
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18th March, 1958.

Dear Robert,

1526, 32nd Street '«"
Washington 7, D.C.

Thank you for sending me the cony of your letter to Abe Taub.
I assume that in the meantime you have also received a cooy of
Captain Maxwell's contract nroposal to me.

It seems to me that his suggestions are reasonable, although
one may want him to be a little more specific on the nrice of the

"Collectl&";. Of course I will be very much interested to have
your comments on it before taking it to Marx Leva, who will check
it from the Estate noint of view. I understand that the final
contract with Maxwell will have to be signed by me for the Estate.

I think matters have now reached the stage where I have very
little more to say. I would naturally accept any agreement of
dividing the cost between Pergamon Press and the ONR contract that
you, Taub and Maxwell, find satisfactory to finish the work. Abe's
division of cost and grouping of the material as described in his
memorandum of 11th February, seems reasonable to me, on the other
hand I feel that these are also matters in which I should not try
to interfere with in one way or the other. hat I am really try-
ing to say is, that having collected all papers that I could nut
my hands on, got Abe to agree to do themiting, from here on I
would like to leave it entirely in your and Taub's hands to see
to it that the nublication is being done in a manner satisfacttry
to the scientific public. I Will, of course, be most grateful
if kept informed of anything connected with the progress of the
nublication and will be natUrally always available if needed for
any reason.

I wanted also to tell you Robert, that very soon I shall
leave the East for good and move to La Jolla. Car Eckart and
I are getting married within a fairly short time, you may
know he is at the Scrints Institute of Oceanography at La J071a.
We hope to be able to mop in Princeton for a few days before
heading West, but this may be at a time when you are abroad.

I do want to thank you most sincerely for all the help
that you have extended to me in the past difficult year and hope
that we shall meet again in the not too distant future.

With best regards,
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February 17, 1958

Professor A. H. Taub
Univ rsity of Illinois
Urbana, Illinois

Dear Abe:

I have your letter of Janu'IrY 27, concern a ranscr:ipt of a tape
recording of John von Neumaml. This was in connec th his
remarks at the Watson Laboratory in April, 19 h.

lUari von Neumann has also asked me q ",st· 09'. concerning a
patent which John sold to us. This p mains essentially tbe
information which he was describ e cture. The patent is
now issued, and I am sending ~y 0 i with the thought that
it might be more directly ben bi1al \0 yo to publish what you desire
directly from the patent.

~~~but have not edited them or
judgment that the patent description

Cordially yours,

(signed)

Cuthbert C. Hurd
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January 81, 1952

Dear Dr. JlaCbtal

I aa e~alo81ng two oopl.. of the surfaoe-intea:rat1cn-e8t1maUon­
.oh_ that. we dlsoWl.ed at our last. _t.ing in Princet.on. I have
tried t.o give a oomplete der1nt.1on but the results can be stated1n
a good deal less spaoe. The sUllllllL!'7 on Page 0, and the statement of
t.he result IUIder (Y) on the bottom of Page 6 and tbs top of Page 7
actualq gl'19 all that 18 "operaUonall)" necesaary." As you see,
DIOst ot the 1Itlrk involved will be oonneoted nt.h sol"(1ng the linear
equation &ylltem (87). It 18 of tbe order n x n where n 1s t.h. l1UIlber
of warea.· oonl1dered. lou 1nd1oated that. n shoul4 b. about 60. I
am .ure that this can be handled with the SElC with .0lll8 8Xert.1on. Ie
value 11ft n • 20 oan be handled with the SIAC, I think, with great
..... One -.1ght 1f&nt to do the latt.r first as a prel1lll1nary explora­
tlon. I 1d.U be &lad to i1ve you IlION deta1.!a on these matters, alao
uU..tes on. the 811e of t.he problem, etc.

I1IOU14 11ke to &114, that it oould also be solnd with var10ue
other ..ob1n.., e.g. the nne. I a8sUlle, hOlmer, that your oOl81ll1i­
oatlone nth the SlW: are already worked out and that this w1ll be t.he
••iest. approach tor you. ,

~ .. -rutate, that tbe prilblem looks to me perteatly u.nageable
and not ot 8XQ8ss1ve s1&e, ewn tor n • 60.- .,

Wlth beet regarda,

S1na_~ )"oura,

John von lf8lllll&IUl
,JvJheg
Enols.

Dr. le.ter Maabta
U.S. Weat.her Bureau
24th and II Street.s, NW
Wa.b1Jlgton 25, n. C.

,
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. . uttlo")art • urd
us ['!is

") J ~.. \.. ..9.,;;). • venue
.~.., _. I" '-~, de tu

I

huve ,011 b.L w. so.ne r.s;:>o!lsioUity 1n connectivn with ~t'\~
tt.e han, linb of IT'<.,t s or von .uuma"n I 5 5c1ent11'1c jJlIjJers. In / ...
l'oin. "lI'OU h "t,o:; ~ ..ove found a r.l'aJ~c>·t.-t 01 a ~lI,Je recording ::!S-
lade of JJ.:J r3l1larl(:! at the ..at5on L."~,,r t.ory on. April 29, 195.,.
Ie tlartl 3l'ly I'ro.Jr iet.ury ..ntaree"U u. \'1.0:;0 re;.lar"s or may tt.ey

~CJ eOlle ov~r ...'th a view for ,Jo~s101'3 .>uJ1icat; on'l ,5 any 1. J.ng
OVlr ..J on tom 1:.0 flll in tile b8t'S w' ~ch - ';Gar in tr.. transcr:ij)t.

~o Id a~pr8ci-t~ any comm'3n\.s y.:>u h ve ~n ttase qu~st1 CIS.

''!.nce -ely ':lUIS,

a~b

\ C at.ed ~ut not signad
:1Y 41 1

~T:eSf

•• '. ... ~hall :1e laavinr lTinceton in a dB] or 030 anc. .1 t would
expedite matters if you w ~lc' pleese .rite to rna at "roana. ~ ,T
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February 13, 1958

ProfeeeQr Jule a. Charney
DepertlEnt of Meteorol

sachu8ett. lnetitute of Technology
Cambridge ~9, ssachu ett.

Dear Jule:

Thank: you very 1IIUch for your 1 tter of February
Mr•• Gor1llan bu written Machta as you .uggested. I

SMU pan on your requ .t concerni the report entitl d
·'The Fourier 'l'ranefol'1ll&t1cn Method for TI/o-Dime tonal
Prediction" to Ineri. She hall the final Juri diction as
to th disposition of the material in the files. I am
eorry that we mie ed each other in Princeton and bop ttat
it won't be too long betor our paths cross again.

Sincerely,

A. H. Tnub
Arrr/hc

Records of the Office of the Director / Faculty Files / Box 35 / von Neumann, John / Publication of Collected Works - miscellaneous 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



(

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

CAMBRIDGE 39. MASSACHUSETTS

DEPARTMENT OF ",nI:OftOLOGY

3 February 1958

Or. A. H. Taub
School of Mathematics
The Institute for Advanced Study
PRINCETON, New Jersey

Dear Abe:

Johnn's report entitled "The Fourier transfo..........
tion _thod for 2-dblensional (barotropic) prediction"
has never been published to .y knowledge. However, we
did use the _thod in a joint paper entitled "Numerical
integration of the barotropic vorticity equation" which
appeared in Tellus, Vol 2, No.4, 1950. Tellus is a
Swedish Geophysical Publication. In this paper the
_thod is set forth in detail; hence I see no point in
publishing the report. If you have no other use for
the report, I would like very .uch to have is as a
.a.ento.

I know nothing about the "surfaee-integratiorr
estt.atiorrsche_s" report to which you refer in your
postscript. Machta would be the one to ask.

Elinor and I visited Princeton last week. I am

Borry we were unaware of your presence or we would have
looked you up.

With best regards,

Sincerely,

JGC/jms
e G. Charney
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THE IN~ ,TUTE FOR ADVANCED STt

PRINCETON, NEW JERSEY

y
I 'l

JllIlUary 27, 19,3

• J e G. Ch"mey
art gnt of ,teorology

'!assac II Inst1 tute f r chnology
bridge 39, ass.

Julel

for your trou~le. 'ith b t ngards,

s vert yours,

• • l' ub
(Dictated out not signed by ~J

A. : esg

re 1s one oth do nt ~o whtch I would 11 e your
advic. This 1s an oz id having to do th s surf ce-iote ation­
stirnat10n-sc e that Johnny evolved in connection with s e r

qu st fro • Lester Machta of th U.S. eather Jureau. Do you
k w about is, and do you have any comments on it? HT
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UNIVERSITY OF CALIFORNIA

RADIATION LA30RATORY
B'!:PJffiL EY 4, CALIFORNIA February 0, 1958

t speed. ftt thqt time I had
very r ct al. I think that it would be

h' s papers essentially in the form it
purposes I shall be glad to do so,

~~...pies with my penciled remarks.

Study /1
I,

Dear Dr. Taub: L ~,
Thanks for your letter of January 2 • Johnny V&l'I Neumann discussed

the paper in question with ~e and actu~' as going to be a joint publi-
cation. I was Dot terribly happy ab t t, ever, and apart from criti-
cizing his first draft, I did not do c f further work.

Johnny's suggestion has t
the feeling that it would not
perfe~tly all right to include
now is. If you want my hel f
particularly if you let ...e~._

Dr. A. H. Taub
The L~stitute for Advanced
School of Mathematics
Princeton, New Jersey

My offhand judgm D that it would do no harm to forget about
the paper. What acti n should depend on the question of whether
you consider the sugge ~ a elpful and whether you aim at a really com­
plete survey of Johnny' s .......-g""e·stions. Johnny took this possibility quite
seriously at the time and if completeDess is your aim, you must certainly
include the manuscript.

Sincer~ly yours,

(signed)

Edward Teller
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January 21, 19S8

rr f~~Bor ~nward Teller
hadiat on Lahoratory
University of t;alifornia
Berkela" , r:alifornia

Dear ~roressor ~ i1er:

, .

• •

48 you may know, I have ~an eivan Sl)me responsibility for
dealing "i"h von !'laumann' 5 scientific papers. For the past few dlJYB
I hav~ baen [':0 n. through bis fUes and have run across a letter to
you dated ~'eptamber 19, 1953, anu an ozalid of a manuscript entitled,
"~~otea on the photon-disequillbrium-lIJ!tllificatton scheme." There
also exists another copy of this m~nu8cr1pt in the files with some
pencilled remarka made by you. I would be very grateful if you would
tell lUe s thin,,: aoout the background of t hia paper. 8l1d give IIlll lUlT
recol1U1lendations you lUay have as to wMt you think ought to be done
with it. I hope you will not find this request too much of a ourl1en •..

,~ith best regards,

~inceraly yours,

h. ~~. 1aub
(Victated bub not sirned by. ART)

Af."T:eeg
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Tfll': CARTr;;R aTL GO"? ANY
R~S8AqCH DEPAR~ENT

1133 No. Lewis
Tulsa, '-klahoma

February 6, 1958

~o~t Office 30x dOl

·~r. A. ". Taub
"he Institute for Advanced Study
Princeton, w jersey

Dear Mr. Taub: /1
I h.ve your letter 0 january 27 r~laLive ~ some files of

correspondence and reports found in the~or,of the late Dr.
John vnn "leumann I s scientific works 0' ~articu~, you refe~red

to a report la">el_d "An Analysis ~he)L ear Displacement of Oil
by Gas-Driven Solvent" dated Ju , 95. I am sure it will be all
ri ht to put this inform~t'-n in t . u 'c ~omain. The work
cov~red in this reoort r~ore 0 e n a partial solution of the
pr"blem. rhe entire prob m v e b" a paper, title same as
a!:Jove, in whicr credit w i ven 0 Dr von Neumann for his con-
tribution. The final ma cript f this pap~r was submitted to
the AIME and has been rej c ad b c s~ it w~s too long. ~e have
not yet decided wh do paper. Meanwhile I you are free
to do what you w· 1.th t June, 19<)3 manuscript. However, if you
do make the repo publi e would appr=ciate being advised of your
action.

I hope review the work done for us by Dr. von
Neumann, and when I have time to do this I will undoubtedly
communicate with Mrs. vrn Neumann who will pass on the information
to you. Unfortunately, I hav~ not found time to do this and may not
for several months.

Very truly yours,

(signed)

'1. A. Sruce
Assistant Chief of Research
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January 27. 19!>8

r r. .".' "uce
,he "art lr Oil :ol'lpany
,1s", 'kl'~0I1.8

3,':!r t". fMlce:

-arty t 'ov~'b9r of 19S7 ~rs. von .eumann wrote you that
would be working on getting out e collection of tho late John

von 'au.m1lr.n's sc1'Jnt1fic '.40rks. 'fou h d 9ravio'sly given per­
mission to make uqe of t"o reports representing vorK done for the
'artor 'i1 'amp any. You hAd a170 mentlonJd that it WOJld be de­
sirable fof one workinL, with this material to know the background
an th3 'oriGin of his \.ork. I HO Id vsry'1uch appreciate any
material of this natura that you can ,;iva me. I wouLe' also very
much appreci te a statement from you or your (o~any as to ••hat
may Oli done with the eci9ntiftc manuscripts that are in t.be corree­
p,mdence las ,of the late I rofessor von '~u!llann, that relate to
work done for the Cuter Oil ~ompany and various affiliated orga-­
n1zRtions. Tn 1J t~cular, there ill a report la.')aled 1'01 Co.t4PANY
U~ro: OI:T,Y entitled, "An Analysis cf thli T.inear nieptacement of 011
by '1as-"r1ven ~olvent," dated June 19<:). lould this r 'ort be
available for inclusion in the collected work8 of Profeeeor von
'I w'ann, if it turned out to be deeirable to so include it'?

Thank you very much for your troubl,.

Sincerel • yours,

•

"

, .

AJiT:e8g

,

.,

A. ~. Taub
(Dictated, o_utl not s"i8ned by Am)

,

. .
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Feb. 3/58

Dear Abe:

This will confirm in writing a portion of our conversation.

Johnnie's letter of March 1, 1950 referred to~mension functions
in non-separable rings of operators, especially th tOf Type III. He
never published on this, nor did his manuscripts s ble in ~rinceton

contain anything relevant. But this materi . r easy and anyone
in the field can reproduce it.

ing
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j'rofessor Irving Kaplansky
n ; nr1:lnent of P a t~_ sties
University of "hicago
C J.cago, fiE. 'is

You M<.Y have hear that I hsve got soms responsibilitiee
now in connectton wit.h "otting out Johnny' e collect'3d worke.
rherefor~ it ts my tum to botrer l'o" -mout so ~tnng.

In ;:oin& througr von leu."lImn's f'.l's I found a cOj'y of Il

letter dated ~arch 1, 1950, from h~n to you. In this be ~enti0n~

that III ha' cons; dereel sane \luestions rJgal'ding tbo cardillrU. dimen­
sions in the nonsel'arlltlle case. J:hase were similar to qUllst Lons
th:lt you "itt. raised in yout: lett r to ~ • Dc you happen to l:now
whether this work was ever I'u Hahed )l11d, if so, where I [hope you
"ill for~ive ~19 for othering you ::.>out tl.is, but crry informat.ion
you can giVII me Ifoule oe mOB t helpf 1.

J. 'lo~lc lilce to alliY that JO r.llv alr Jady oaen very he4ful
to me in "oin;; over von . Ju:na.nn' 5 ~. 1.l.l5cri,.ts and tjakil'l, very cogent
remarks about them. I, for one, am '!lcst rat.aful for what. you have
done Il:l hope t: at I may callan .lOU Ilt,sir. if the vGPasit.n I'll all
arise.

with very best regards,

Sincerely wours,

A.4Tu1Sg

,

•

•

A. h. raub
(Dictated but not sigl.ed by AtT)

I
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JIt,rob I, 1950

VC7 atIT t.hanlca tor your ll1tter at Fel:lruar7 11th and
)'OUr MDUaript. on "Projeotion. in B81l!1cb .llgebralla • I vf1r7 glad that
70U are .1DDitt1ni it tar '1' A1lNALS, and I nil 1IImed1ately reo eo:l it
tor publiaatlon.

.
Your reeulte are vwt7 interestina•. You are, at courtle,

very right., I alii and I bave been for .. lang time .tranN interested in a
"purel,. algebraical" rather than nvector1al-s~t1al" foundation tor tMoiie.
at operator-aliebrae or operatClr-lik....lgebraa. To be IIOre preoise, It
alft.1ll ee..ad to me that there were three .ueceolive leveu of at»tractioo -
firat and lonat, the vector1al-lpatial, in which the HUbert s~ce and ita
el-.te are act.uall,. UlIedJ second, the pure17 alaebraiaal, lIhere onl.T tile
operators ar t.heir abtrtraat equ1ftlent. are used. tbini and hiahest, tbe
approach when anl7 linear .~c_ or tlutlr abstraot qui_lent. (i.e. operator­
1ally spealc1na, tIut projeotiane) -ue \lied. There 1e al.o a pOllible
interlud1&te staae betaen the lIeoom and the third one, when onl7 Rermlt.u
~toreOr their a.traot equivalent. are used. After llurrq and I bali
~e~t I'OUIIIWd renlt8 on tbe f1iiet lnel, I negl.ected to _ke •
real eftort on the IlSOOnd one, beoauae I .. te.pted to'tr,. 1JImedi.ate1¥ the
th1rt1 one. Thi. led to the the0r7 at oont1mlo\ll pometri... In st~
tbis, tile tbird leftl, I r-UMd t;bat one 11 natlJZ'&J.:q led there to the
thaar:r at at1n1te" di.enelona 0Ill7. Th1l dllCrepu\Cl¥ betwe~ what III1gbt be
oone1clencl the 8D1lturala~ tor the tirst. and t.he third level led _ to
doubt. _.tber I oould &UN the. oorreot degree at a-nu.it,. tor the ~nd
one. In ed41tlan I uelllllCl that -the beet intuithe &u1de in this !ieU 11
the SRiloU' JI1th quaDt_ aaoban1., and the Iluant_ lII80hanical ~tatlO1l
s..-d to jult117 tile approaah on the third level, ar an tbe 1ntuwd1&te _
between the .lIOolll! aDd tb1rd lft'll~ (BerIII1t.an operatora) rather tbaD on the
ssoolll! lnel. All you know, llIIoI4e one IIIOre'ettort in thie ii1temed1at direction,
about halL-at th1l 18 deear1bed in ~ paper in the Jlat. Zborn1k. The other halt
at this ett~ i. a theory of dJMf\lIlona within the alaebraical rrs auk of the
firet balf. I ba"71l never publiabed it. Uaed an equift1ence tbeory baled on
the ,"biseoting" projllotl~1Ib1ch appea1" n your proof at your 1_ 5.1 '
(cf. ;your prel1a1nary remarilII on pap 7). I obtained the usual subdin.ioa
into the typea I, II, In - t1n1te and infinite - and ,.ed thi. to ~. to •
HUbert .paC8 in the cu.. otber 'than nI, .

Your treatMll\ of the pare17 _lpbn1oal au. - that 11,. '
1lbat I _ould oall the _oIlll leYel - ~ke. .. as "lIl7 elepot and "lIl7 .
.at1ltaatol7. 111 loold.n& at J'IrOZ' Ii.ple proot at the edd1t1dty of t1D!.te ••
iD .ection 6. the 1-. 6.1 .... to _ to contatD dec1l1... triok•. ttd.8
11~~ prett7, &Dll1llprell....., , as bei ,the 1oa:tN1 .,. to
baddle thSJI problea. 1lIIn'a7 &Dll I at t.b1I poiDt -tain'l7 Slade our U....
baNeI' tbUI DeOlIeaJ7. 1M ....... 5.2 to 5.6 __ to _ 1_ re41aa1lF
41tt..-.nt b'ca oar plou:lu.. 1'D tut, .~ ot tbe pMU11arit1. of '.
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o Pap It _ DI'. I. laplanalq' - 5/1/60

"-
and rq prooedlll'. wen due to & peaullar idiollJ'1lCrllq or 1I1n.1 I.. verr
anx1_ to der1Te the oancept. ot abetract, .. nll .. of n~l.
dimenlr10nal1tl without a need tor a polor dUt1llct1on betwecm the dieorete
and continuo", CUN. In other warde, I' f.lt it. ... a' ~better and purer"
proot,'1fb1ch Il6"I1tted o~ to pt all tbe aenen.l propertl88 of d1mena1onal1t7
t1rat, and pc1Il1tted one to der1ve 1t. 1aCIIIO~ to ~t10nal inte&ertI or
to real nWlbere aftenr&rde, "in the ~11dean ,.mer'. You ere obv1oUollT

-un1nhlblted about maldDa the caeeificat10n 1oto d1acrete and oont1nuolI8
cuee earlier in tho deduotion.

I hope that theee IIlI&tom1cal dl8olllle101l8 will not obeoure
the fact that I _ very bijlre..ed bllOur ~per, and feel that 1t 18 "tW7
1ntereet1Di and beautii'ul•• Tbe_conQieeneas and e1lllpl101t7 Qf JOUI' ­
poIItulatee 1-, B (pap II) '" certA1n17 all one can wiah tor•

. Your queeUollll reprd1n& the CiUl111ll11 (Cantonan aleph)
d1...,.tOllll in the DClD-eopaJ'&ble- aue are very inter.st1ng. I d:1i1 alao
cone1der the lIOn-eeparabla oue, but on the t1ret level onl7 - that 18,
in the cue ot operator r1np in aat\IIU. lIOn-eepanble Hilbert .pa08e. I
obta1ned, ot aoune, the ... card1nal d1Mll810ne wh1ch lOU do. If I r 'ow
thee. tJI1. oorrect17, the d1!f1ault1u to which lOU reter do not &rU. in
that au. bocaUole the~ of th. dUlBna10nalltv' can then b. oonnecteel with
aeFta10 topelopcall7 de!1Decl elepbl (1Il1m- alelil8 of aYVioy.ltere d8118•••
&Del the Uke). inoe thU WU IIOre than ten yeare ago I do not. r8ll8llber the
deta1la well, bqt I oou1d. tl7 to work thea out. UnlueldlJ', -they M7 oct he

be1ptnl1D the ..... wb10h OO~ JOUt .1JJ~ JOUr tme.t1aatl.orw taD
place on the '8OOnd, pureq alaebra1cal level. I will 'th1nlc IIOre about the
.1Ibjeat and ... whether I _ able to OOM out with &D7tb1n& that 18 ue.N.

o ••. -
I hope .that you 1iUl let .. IaloIr lIIllre about JOur work on

tbeH nbjeotoa .. 1t progre..... I can ...ura lOU that I &II very Clad to
be .-1ncled about th... th1 nil'. .

\ 11'1th beet. r8aard.,

JOIir VOl IIEtlIIrAn

•
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THE U IVERSITY OF CHICAGO
CHICAGO 37· ILLINOIS

DEPARTMENT OF MATHEMATICS

Feb. 11, 19SO.

Dear Prof. vo Neumann:

1 am enclosing a paper to be considered for the Annals. You will
nerhaps find some things of interest in it. If I judge your published
work correctly, you have always been concerned with the program of
1eveloping rings of operators theory in a "purely algebraical" rather
than spatial fashion. Thi s is "hat I am purruing, and I have developed
portions of thp. theory from "hat seem to me to be unusually mild axiom .
In fact I "as surprised to find the ~heory work PO successfully, s arting from
such an appar~ntly feeble analogue of weak completene s.

In the case of actual rings of operators there may be somp i terest in
several things in the paper - beyond the fomal generalization to the
inseparable and ~reducible case. May I call your attention to' (a) the
brief proof of the additivity of finiteness (Th. 6.2) - with no use of
unbounded operators, (b) the equivalence (Th. 5.4)

(e U f)- f rve - (e nf)

which I
proof ­
"e have

found very helpful in understanding what was going on, (c) the brief
rior to any development of dimension theory - that in the finite case

a co tinuous geometry. Anything new to you here?

I have done a little "ork on dimens'on theory in the nonseparable case,
and I would like to take this opportunity to find out whether I am mere y
reproducing things kno,,~ to you. Here is a bdef sketch:

Type II. In an infinite factor of Type II, let e be a f nite projec ior,
f an infinite projectior.. We car. arrar.ge 0 have e "dividp" f an exact ~umber

of imes, say ~. The fundam~ta question arises a once: is ~ invariart?
The answer is yes. I am a little unhappy that in my oroof I use the full
resources of the trace function - above all its additivity. Anyway, once
this is settled there is no further difficulty in setting up dimensio theory.
~e call the algebra of Type IIf< if the dime sion of 1 is ~, and the
dimersion runs over all real numbers~and all cardinals ~f(.

Type III. I have adopted the following attack. Any non-zero projectior..
div des itself an infinite number of times. Given e, consider all
cardinals such that e divides itself that man~ times, and let ~be the
smallest cardinal that exceeds all of thef'e. Ie' k the dimension of e.
It is ea~ to prove that this dimersion correctly gives he ordering of
projectiors. that is, the equivalence classes of projections are in
one-one corr spondence with tLese cardinals. In particular, tbey are
well ordered, and tbere is a smallest (and of course a argest). We might
speak of Type]lff{, H' 0 far, so good, but ho questions arise Ii 0 ce tha

I cannot answer.
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1. C&D any of these dimensions be limit cardins ~?

tba such a cardinal would have to be inacces ible, and it
that inacceseible cardinals can really be relevant in this
fac the anewer ie negative, one would promptly revise the
pushing each cardinal down oLe notch. We would then s~ill

It is easy to s~e

is bard to believe
theory. If in
notation by
ask.

2. Is every car1inal between the t.op and bott.ef ac ually attained? One
can see that this is the same as a question of uniquE[s. Let e be B projec· on
of cmalleet dimension, and f a larger projectior.. Ie the car1inal
r:umber obtained by dividing f by e an irvariUlt?

1 hope you don't mind being reminded about things you worked on IS or
more year~ ago!

Sincerely,

S.~
1. Kaplarel<y
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Prof. Montgomery called just to let this office know that Dr. Taub
of the University of Illinois plans to be here ca. Thurs. and lri.
June 20 and 21, to stucl;r the von Neumann papers on computing and
applied ~thematics. He is also presumably representing the U. of
Ill. press, which has a contract for an~ unfinished ms.
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June 3, 1957

Mr. KaJ'X Leva
1701 I street, B.W.
Washington, D. C.

Dear Mr. Leva.

Thank you very much for y~ g1ving permillllicn to publillh
YOn Neumanntll m&nUllcript of Dinete ge OontinUOUll geOllletry and rings
of operatore. Profelleor Iaplanek;y g this for publicaticn and it
will appear in the Annalll of II ffN monthe !'rom nov. The oonllensWl
of opinion at present b the ~e 1 r unpublished m&nUllCriptS thill is
the onJ¥ one whioh ehould be p lill d ever, I believe they should all
be preserved for two re&1l0tUl a) 110 t they could be published later if
the COnSllnllUS of opin1 that they could be oonllulted by in-
terellted mathematioi oe case they contain material of 1l0llle value.
S_ ot the never crip ~ alllo need to be published, but I believe
otherll JUY write to ab hem. They should lilfevise be preserved.

I IlII wri 0 llee it the estate would be willing to have
oertain parte of the unp shed material reproduced on llI1crofilm or photo-
print to be sent to two or three of von lleumanntll tomer &llsoc1ate. who have
exprellsed great interest in these thingll. Oppenhe1lller has lluggested that
the Institute vould be willing to have this done if the elltate agrees. It
se8llla to me that this procedure llI1ght be of some help in preserving and
maldng the lIIost effective use ot Johnn;ytll ideas.

Inciden~, JOlJnn;rfll d811k in hill office here hall not bHn
unlocked, and it llI1ght oonceivably contain additional manUllcriptll. It
occure to me that you JII1ght want Ull to open it to llee, but 0t1 the other
hand you~ feel that it should be lett as it 111 until Ilar1 villhell to
open it.

Sinoerely yourll,

IMtMMM

00 I R. Oppenhe1lll fll' /

Deane Montgomery

Records of the Office of the Director / Faculty Files / Box 35 / von Neumann, John / Publication of Collected Works - miscellaneous 
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA



6/3/57

rof. Montgomery stopped in with the following about von eumann papers.

1. There are two or three people who might be interested in seeing some
of the unpublished material who would not find it convenient to come to
Princeton. 1'\. wonders ....hat you would think of Inst. spending ca. 30-40
dollars on microfilming some of the material. (If Estate is willing)

2. M thinks there is only one old unpublished ms. worth publishing.
he has ",state I s pernission for this (sent us cc of his letter to them).
M. has not gone through computing papers. Of remainin: papers, there
are some handwri tten mss, of papers which were phblished, and others
unpuhlished which he thi.:1ks would be of interest to other scientists.
He thinks might be appropriate to keep them--would take about 2 file
drawers. (If E;state is willing).

3. Bigelow has found one unfinished paper "Nhich he wants to finish. There
is a contract with U. of Illinois press on this. M. feels this is entirely
between Bigelow, ",state, and U. of I 1. lie is glad not to be involved.

ntain other papers.It might4. von· eumann desk has never been opened.
Would E;state want us to open it.

t;. Would RO want to write to Estate about these matters, or prefer that
I{. do it?

1
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Kay 20, 1957

Mr. Marx Le....
1701 Jr Street, N.'"
Washington, D. C.

near Mr. Leva!

Among the manuscripts in Protessor von Neumann's otfice
there 1.s ona of about nineteen pages in his handwriting which
should be published, and. I UI vriting to ask you for perllis sion
tor such publication. This manuscript ws probably wri tten in
about 1937 and 18 on continuous geolll8try and rings of operators.
Protessor Kaplanslcy, of the University ot Chicago, who 1s here
in town this year and is an expert on both these fields, 8&)'8

that this paper treats a problem which has been oonsidered by
h1IIlSelt and other workers without success. He teels that the
problem is a s1gnit'ieant one and that there would be considerable
interest in von NeUll&rDl's solution. Kaplanslcy feels that it
would be beat to pUblish this article in a soientific journal
rather thl.D, say, .. an appendix to the book on continuous
geometry being planned by Princeton University Press. !-lr. Bailey,
of the Press, has told JII8 that this is entirely agreeable to hia,
and tha t he would like to see it published in the tom coMidered
best by Kaplansky. If you grant permission tor publication, I
will undertake to place it in a scientific journal and have
Kaplans1<;y oversee preparfttion of the manuscript tor the press
and rootreading.

Sincerely yours,

CCI

DMIMMM

II. Oppenhe111lBr /

DeaM MontgolllBry
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THE INSTITUTE FOR ADVANCED STUDY COl Prot. Hontcse1'7
PRINCETON, NEW JERSEY

OFliCE or "If. OIRECTOR

Dr. Ibtauo kkl1tan1
~t. et Jlau-&t.loa
Tale ~V
_...,.. Clonneot1ANt.
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roh 29, 1957

Dr. Robert Oppenheimer
Institute for Advanced Study
Prinoeton, New Jersey

Dear RobertI

This letter will confirm the oral discussions which I had
with you and Mrs. Gormam during the course of my recent visit
to Princeton, as follows:

1. The arrangements outlined below are designed to apply
to both the published and unpublished papers of y
late husband, Dr. John Von Neumann.

2.

3.

4.

5.

6.

Julian Bigelow and Deane ontgomery, and perhaps some
other people whose names you and I may subsequently
agree to add, will assist with completing the listing
of the pUblished and/or unpublished papers.

Mrs. Gorman will act as custodian of such papers as
are at the Institute. You have generously agreed to
permit the paper to remain in their present location
at the Institut at least for the next several months.

Any scientific person within the Institute y see
thes papers, may if necessary remove them briefly
from the office where they are presently located.
but may not keep any papers aw y from such office
overnight.

The papers at the Institut under Mrs. Gorman's cus­
todianship may be de available (for stUdy or refer­
ence work to be done at the Institute) to such persons
outside the Institute as may have a legitimate academic
interest therein. including in particular former co­
workers of Dr. Von Neumann. In mos t cases. Mrs. Gorman
will know the persons ralling into this oategory. Should
there be any request from some person who is not known
either to her or to the people with who she may discuss
the matter in the Mathematios Depart ent at the Institute.
she will clear the request to see the papers with you in
your capaoity as Director of the Institute.

Some of the published and/or unpublished papers are
still in Washington, and if feasible will be sent to
the Institute in the near future to be added to the
papers that are already there. Once these papers are
so added, the procedures outlined above shall apply.
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Dr. Robert Oppenhei r
Page Two
March 29, 1957

7. With re pect to any proposals or suggestions having
to do with either republication of preViously published
paper8. or pUblication for the first time of papers not
heretofore pUblished, all such matters should be r ferred
to .y attorney. Mr. Marx Leva, 1701 K Street, N. W••
Washington. D. C., since the estate ot Dr. Von Neumann
is being admini tered in Washington •

• • • • •
In addition to th arrang ment set out above With re pect

to th publi hed and/or unpublished pap r , it i8 y hope, in
which Marina Join8, that the various technic 1 book8 which belonged
to Dr. Von Heumann can b. presented to the Institute. Before ex­
ploring the ways and an by which thi8 objective may be acco ­
plished, I thought that I hould acquaint you with our int ntions
in thi8 regard. to make sure that such a pr sentation, 8suming
it can be worked out, i acceptable fro your standpoint.

Sinoerely,

Klara D. Von He n
A ni8tratrix, E8 ate of
Dr. John Von eumann
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26 'eliruaJ7 1157

Dear lin. wn I

l'I'D !!ontgO 'rT baa told
_ or 1OIU' plan to be 1n Princeton for •

t_ d.Qw _ teD dq8' boa _. fba DOte
a j t to let 10ll ka. Dr. OppuM1_'•
• abIclule. Re wUl be in Cal1tCll'Jl1a tu
"OIIda;r, ftarch lith, aDd wUl the be in
Princeton until ,til or ApriL

Sinoerel3' )'OlU'lI,

(!In. VlllWr Bobeon)
a.-tarT to the DUector

lin. John von lewunn
Botel VoodDer
)6)6 1xtMDth AftIlWt, ...
WUh1Jl'gton, D. O.

•

,

"
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18 'ebI'uarT 19S7

Thare mq be OlIO sat ot quutiolUl
that I ahould talk OVllJ' brUt1¥ with 1O.ar1,
it and when llbe comee bade to Princeton.
Thia hall to do with the posthlllllOUll publi­
cation ot some ot ;your tather's WON in
p1"Ogre8ll at the time of hia death; and
with the possible republication ot
8eleo~ earlier work. There are people
here at the Institute who could, tv
putting their heads together, make a
good ju4(pnent of wh&t this would mean
tor the scientific CODI1lunities, but I
bell.aw t.hat before we ewn think about
it .. should see what Klar1's desires-
are. !'lAI¥ I leave it to ;you, it she does
oome here and ill well enough, to tell her
about tb1a problem?

I
Very sincerelY,

Robert Oppenhe1mst"'

Kre. Robert Whibaan
2 DiokilUlon street
Princaton. New Jaraay

,
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15 Fe 1957

\I ../.; ./

~ to hot...... 0lkIIti, 1'101\1« " PaS8. Lir. Goldlt.1llel

~ tbU ,.. a coo4 t1aa to nan tb1nk:1.nc amu\ two
UQlWI

1. I.l"e_t.ben wora of ftn New:wm ....1ch ahlNld be COIll~
tar ~thUlllDWl publ soaUm? I bIu' b'OIll !la1le;r, far 1JUJtc1ce,
~\ tbere ,.. balt a book on the brain an llOlIPltc'.

2. Should ftIIl oollll1dar the repW>l1oation altber • eeleoted or
ooJ.1Ictecl 1'IOrIal?

I wolWl be WZ7 pstat'ul tor 'IOIJr oounMl, and be.t.... looi W'i.ll
~ • \ba\ .. _t to taUt amut thue l;1SI UOIll.
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These pages were never evaluated because D.
gomery said he did not know enough German.
was with other manuscripts in c.B.

Mont­
ft
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prove

'ffiE INSTITUTE FOR ADVAlICED STUDY

School of Hathematics, Fine Hall

Princeton, Ne\/' Jersey

Sept. 25 J 1~}7

~ dear Mr. Halperin,

Contrarily to what I have asserted before, one can even

x = JI£: (x + u)

as a general identity in x, where a,b are given, a ~ b and.;e is
the set consisting of u = a and of all complements u o~ a in b.

Proof: Put

x = X:l. + ~,

X). ~ b, bX
2

= 0.

~ = °secures the existence of a complement v of

Put

NO\/' X:l.2 ~ X:l.~b,

a in b with

We have av = 0) (a + v)

~~v •

~ = bX
2

= 0,

(x + a) (x + v) =

= (~f'.-+ ~ +~)(~ +~~)

= (a + X:l.2 ~)(~ + v + x
2

)

= [as Xu + x
2
~ a + ~J = [as ~~vJ
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So

henoe

2

=x.._ +x +x.._+{a+x)v
.LL 2 ~ :2

x = (x + a){x + v). Now

x :li ![~ (x + u) ~ (x + a)(x + v) = x,

x = IT (x + u).
ul't'

With the best regards

Yours

(signed)
John von NeUIDalln
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•

Comment on Continuous Geometry Notes of J. v. Neumann

On September 13, 1937 I spoke with J. v. Neumann at
Princeton and pointed out that his Theorem 13.1 of Part II of
his Notes could be strengthened and the proof greatly simplified
as follows.

Theorem: If L has a homogeneous basis a l , ••• , an

of order n ~ 2 and y, z satisfy

y + .rij
= z + ;r ij

for all
aij

in L
12

, L
2m for some fixed m = 1, 3, • • • , n, then

y = z.

Proof. 1) y + x <> d12 for some d12 in L12 implie s

y + x = z + x. To see this, we have first

y + x = y + x + d12 = z + x + + x.

(al
+ a

2
) (z + x) a

2
(z + x)

,
(z

,
Now write = + (z + x) where + xl a

2 = O.

Then (z + xl" e: L12 since:,
(1) a

2
(z + x) = O.

(2) a
2

+ (z + x)' = a + (al + a
2

) (z + x) = (a + a ) (z + x + a )
2 1 2 2

= (a
l

+ a
2

) (y + x + a ) ~ (a + a ) (1" + a )
2 1 2 U12 2

= a + a •
1 2

This means z + x ~ some 1
12

e: L
12

; hence by the first two lines of

this proof, z + x~y + x; and finally y + x = z + x.

2) Choose
y in (y + z) and to be ~ z.
It follows that t + [(y + z)
z + [(y + z) - yJ + (y + zy

[( y + z) -,1'] to be an inverse
Let (y + z) be a complement of
- y] + (y + z)' = 1. Hence
= 1 by 1) above.

I
Then z + (y + z) - 1 and

of
y + z.
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- 2 -

(y + z) [z + (y + zl'J - y + Z ,

z = y + z

Y -E: Z .,
Similarly, Z ~ Y and so y = Z as required.

Later that day (Sept. 13, 1937) I found a note to me
from J. v. N. (copy attached} and on Sept. 25, 1937, J. v. N.
wrote me a letter (copy attached) relating to this theorem.

1. Halperin
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have observed,
the hypotheses

every complement u of a in b
u = a

Sfor
Uor

Let x,y

= y + ux + u

Assume a~ b.

Then

Theorem:

Princeton, Sept. lJ, 19J7,--My dear Mr. Halperin, I
that your proof can be contracted somewhat, and
weakened considerably, as follows:~

Best greetings from Your John von Neuman~;J

l/

be such, that

x z: y.

Proof: Let z be a complement of x + y. Then x + z + a = (x + a) + z =

[by (1)] = (y + a) + z = y + z + a, so x + z + a:;;x,.y)z) and hence

~x + y + z = 1. So

(J) x + z + a = 1

Now b(x + z).b and a + b(x + z) = [as a~bJ = b(x + z + a) = [by (J)] =

b.l = b. Hence by C.G.I., p. 7 (Theorem 1.4, Corollary 2, applied to

L(O,b) instead of L) a complement u of a in b with b(x + z)~u

exists. So x + z :;; b(x + z) ~ u. Therefore x + z = (x + z) + u =

(x + u) + z = [by (l)J = (y + u) + z ~y, and consequently

x + z = (x + z) + y = x + y + z = 1. So

x + z = 1.

Nowx+y= (x+y).l= [by (4)J = (x+y)(x+z) = [asx~x+yJ=

x + (x + y) Z = x, and so

Interchange x)y) then (5) becomes

(5) ,

(6 )

(6 )

(7)

give together

completing the proof.
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109. The Point Sou"ce Solution. Chapt. 2 of Blast Wave. LA-2000, August.
pp. 27-57. [Vol. VI, No. 21.]

l1j1.1 With R. D RichtITlyer. On the NUITlerical Solution of Partial Differential
Equations of Parabolic Type. LA-657, DeceITlber 25. 17 pp. [Vol. V, No.

~~~"]~?~~p
2/

lly With H. H. Goldstine. Planning and Coding of Problem s for an Electronic
Computing InstrUITlent. Part II, Vol. II. Report prepared for U. S. Army

50rd. Dept. under Contract W-36-034-0RD-748l. 68 pp. [Vol. V, No.4.]
11,2'. With H. H. Goldstine. Planning and Coding of Problems for an Electronic

Computing Instrument. Part II, Vol. Ill. Report prepared for U. S. Army
~ Ord. Dept. under Contract W-36-034-0RD-748l. 23 pp. [Vol. V, No.5.]

111'. On the Theory of Stationary Detonation Waves. File No. X122. B. R. L .•
)'berdeen Proving Ground, Md., SepteITlber 20. 26 pp. **

11.K> First Report on the NUITlerical Calculation of Flow ProbleITls. June 22­
/p July 6. 53 pp. [Vol. V. No. 19.]

11,%. Second Report on the NUITlerical Calculation of Flow Problems. July 25­
11 August 22. 72 pp. [Vol. V, No. 20.]

11%. With R. Schatten. The Cross-Space of Linear Transformations. III. Ann.
Math., 49:557-582. [Vol. IV. No. 30.]

1949

11l10n Rings of Operators. Reduction Theory. Ann. Math., 50:401-485.
1[Vol. III, No.7.]

11)!". Recent Theories of Turbulence. (Report made to Office of Naval Research. )
Unpublished. [Vol. VI, No. 31.]

1950

Itf: With R. D. RichtITlyer. A Method for the NUITlerical Calculation of Hydro­
IdynaITlic Shocks. J. Appl. Phys., 21:232-237. [Vol. VI, No. 26.]

I2.9~ With G. W. Brown. Solutions of Games by Differential Equations. In:
Contributions to the Theory of GaITles (Ann. Math. Studies No. 24, Princeton
Univ. Press), pp. 73-79. [Vol. VI, No.4.]

8.
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;t-
12t" With N. C. Metropolis and G. Reitwiesner. Statistical Treatment of Values

of First 2000 Decimal Digits of e and of Pi Calculated on the ENlAC. Math.
Tables and Other Aids to Comp., 4:109-111. [Vol. V, No. 22.]

12~ith J. G. Charney and R. Fj6rtoft. Numerical Integration of the Barotropic
£[Vorticity Equation. Tenus 2:237-254. [Vol. Vl, No. 28.]

1~ With 1. E. Segal. A Theorem on Unitary Representations of Semisimple Lie
Groups. Ann. Math., 52:509-517. [Vol. IV, No. 25.]

1951
/,

121. Eine Spektraltheorie fUr allgemeine Operatoren eines unitllren Raumes.
11 Math. Nach., 4:258-281. [Vol. IV, No. 26.]

12~. The Future of High-Speed Computing. Proc., Compo Sem., Dec. 1949,
1published and copyrighted by 1. B. M. (1951), p. 13. [Vol. V, No.6.]

12~. Discussion on the Existence and Uniqueness or Multiplicity of Solutions of
the Aerodynamical Equations. Chapter 10 of Problems of Cosmical Aero­
dynamics, Proceedings of the Symposium on the Motion of Gaseous Masses
of Cosmical Dimensions held at Paris, Aug. 16-19, 1949. Central Air Doc.

APffice, pp. 75-84. [Vol. Vl, No. 24.]
121- Vwith H. H. Goldstine. Numerical Inverting of Matrices of High Order, II.

LA. M. S. Proc., 2:188-202. [Vol. V, No. 15.]
12fY1 Various Techniques Used i.r.'- Connection with Random Digits. Chapter 13

of Proceedings of Symposium on "Monte Carlo Method" held June-July
1949 in Los Angeles. Nat. Bur. Standards, Appl. Math. Series, 12:36-38.

n,~ [Vol. V, No. 23.]
1-l'9. The General and Logical Theory of Automata. In: Cerebral Mechanisms

in Behavior--The Hixon Symposium (Sept. 1948, Pasadena), ed. by L. A.
Jeffress (New York, Wiley), pp. 1-31. [Vol. V, No.9.]

1952

1~ Discussion Remark Concerning Paper of C. S. Smith, "Grain Shapes and
Other Metallurgical Applications of Topology." In: Metal Interfaces, Am.
Soc. for Metals, Cleveland, Ohio, pp. 108-110. [Vol. Vl, No. 38.]

9.

1953

1~ A Certain Zero-Sum Two-Person Game Equivalent to the Optimal Assign­
ment Problem. In: Contributions to the Theory of Games, Vol. II (Ann.

".,.~ath. Studies, No. 28, Princeton Univ. Press), pp. 5-12. [Vol. Vl, No.
1~ With D. B. Gillies and J. P. Mayberry. Two Variants of Poker. In:

Contributions to the Theory of Garnes, Vol. II (Ann. Math. Studies, No.
.hl/28 , Princeton Univ. Press), pp. 13-50. [Vol. Vl, No.6.]

1J>:" With H. H. Goldstine. A Numerical Study of a Conjecture of Kummer.
M. T. A. C. VlI, No. 42, pp. 133-134. [Vol. V, No. 24.]

5.]
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13~ {ommunication on the Borel Notes. Econom., 21:124-125. [Vol. VI, No.2.]
13h With E. Fermi. Taylor Instability at the Boundary of Two Incompressible

" Liquids. AECU-2979, Part 2, August 19, pp. 7-13. [Vol. VI, No. 29.]

1954

1
13«. With E. P. Wigner. Significance of Loewner's Theorem in the Quantum

iTheory of Collisions. Ann. Math., 59:418-433. [Vol. IV, No. 27.]
131'. The Role of Mathematics in the Sciences and in Society. Address at 4th

Conference of Association of PrincetxlO Graduate Alumni, June 1954, pp.
q, 16-29. [Vol~ VI, No. 33.]13r. A Numerical Method to Determine Optimum Strategy. Naval Res. Logistics

. _J.HoQuarterly, 1:109-115. [Vol. VI, No.7.]
~ The NORC and Problems in High Speed Computing. Speech at first public

showing of 1. B. M. Naval Ordnance Research Calculator, Dec. 2, 1954.
1j}[Vol. V, No.7.]

14ff. Entwicklung und Ausnutzung neuerer mathematischer Maschinen. Arbeits­
gemeinschaft fUr Forschung des Landes Nordrhein- Westfalen, Heft 45.

qy DUsseldorf. [Vol. V, No.8.]
1ft'!.. Non-Linear Capacitance or Inductance Switching, Amplifying and Memory

Devices. Unpublished. (Basic paper for Patent 2,815,488, filed April
28, 1954.) [Vol. V, No. 11.]

1955
J.'?
1~. Can We Survive Technology? Fortune, June. [Vol. VI, No. 35.]
1~ Wi~hA. Devinatz and A. E. Nussbaum. On the Permutability of Self­

AdJOlOt Operators. Ann. Math., 62:199-203. [Vol. IV, No. 28.]
1#< With Bryant Tuckerman. Continued Fraction Expansion of 21/ 3. Math.

'1jJ Tables and Other Aids to Computation, IX:23-24. [Vol. V, No. 25.]
14th With H. H. Goldstine. Blast Wave Calculation. Comm. Pure and Applied* Math., 8:327-353. [Vol. VI, No. 27.]
14{(" Method in the Physical Sciences. In: The Unity of Knowledge, ed. by L.

Lf'/ Leary (New York, Doubleday), pp. 157-164. [Vol. VI, No. 34.]
14/.'1 Defense in Atomic War. (Paper delivered at a symposium in honor of

4'\ Dr. Robert H. Kent, Dec. 7, 1955.) The Scientific Bases of Weapons,
/ pp. 21-23. [Vol. VI, No. 37.]

14,8, Impact of Atomic Energy on the Physical and Chemical Sciences. (Speech
~ at M.1. T. Alumni Day Symposium.) Tech. Rev., Nov., pp. 15-17. [Vol.

VI, No. 36.]

1956

10.

1 Probabilistic Logics and the Synthesis of Reliable Organisms from Unre­
liable Components. In: Automata Studies, ed. by C. E. Shannon and J.
McCarthy (Princeton Univ. Press), pp. 43-98. [Vol. V, No. 10.]
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1~

jl
The Impact of Recent Developments in Science on the Economy and on
Economics. (Speech at National Planning Assoc., Washington, D. C. Dec.
12, 1955.) Looking 'Ahead, 4:11. [Vol. VI. No. 11.]

1958

11.

1~. Non-Isomorphism of Certain Continuous Rings (with introduction by I.
Sif Kaplansky). Ann. Math.• 67 :485-496. [Vol. IV. No. 14.]

1959

1~. With H. H. Goldstine and F. J. Murray. The Jacobi Method for Real
5' Symmetric Matrices. J. Assoc. Computing Machinery, 6:59-96. [Vol.'

V, No. 16.]
15A.tt/With A. Blair, N. Metropolis, A. H. Taub and M. Tsingou. A Study of
i; a Nuermical Solution to a Two-Dimensional Hydrodynamical Problem.

M. T. A. C. XIII:145-l84. [Vol. V, No. 17.]

tWith most items listed there is given a volume and a number. These
denote the volume and the order number in that volume where the item
may be found. Thus, [Vol. I, No.2] at the end of item 1 implies that
item 1 is the second article in Volume I.

*Translated by S. Bargmann. On the Theory of Games of Strategy.
In: Contributions to the Theory of Games, Vol. IV (Ann. Math. Studies,
No. 40, Princeton Univ. Press 1959), pp. 13-42.

**These items will not be found in the collected works. The Appendix
to the bibliography states the nature of the material omitted.
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Appendix to

Bibliography of John von Neumann

The following paragraphs describe the nature of the articles in the
bibliography which ar e omitted from the collected works. The article s
are identified by the number appearing in the bibliography.

72. tiber ein tlkonomisches Gleichungssystem und eine Verallgemeinerung des
Brouwerschen Fixpunktsatzes.

This paper has been translated and published as item number 98 of the
bibliography, which is included in Vol. VI, No.3.

77. With R. H. Kent. The Estimation of the Probable Error from Successive
Differences.

The results contained in this report are given in item 78, which is included
in Vol. IV, No. 33.

81. Shock Waves Started by. an Infinitesimally Short Detonation of Given (Positive
and Finite) Energy.

Item 109 of the bibliography, which is in Vol. VI, No. 21, is another, more
polished version of this report.

92. With R. J. Seeger. On Oblique Reflection and Collision of Shock Waves.

The contents of this short memorandum are contained in item 94 of the
bibliography. The latter report is in Vol. VI, No. 22.

96 .. Introductory Remarks (Sec. I), Theory of the Spinning Detonation (Sec. XII),
Theory of the Intermediate Product (Sec. XIII). In: Report of Informal
Technical Conference on the Mechanism of Detonation.

The remarks made by von Neumann at the conference summarized in this
document are in the main contained in item 88 of the bibliography. The
latter report is in Vol. VI, No. 20.

97. Rieman Method; Shock Waves and Discontinuities (one-dimensional); Two
Dimensional Hydrodynamics. Lectures in: Shock Hydrodynamics and
Blast Waves, by H A. Bethe, K. Fuchs, J. von Neumann, R. Peier~s

and W. G. Penney. Notes by J. O. Hirschfelder.

This report contains notes of lectures given by von Neumann at Los Alamos

12.
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Scientific Laboratory. The material in these notes is described in a
number of treatises and text books.

100. With A. H. Taub. Flying Wind Tunnel Experiments.

This report describes the first steps of an experimental program which
was not carried to completion.

113. On the Theory of Stationary Detonation Waves.

Item 88 of the bibliography, which is in Vol. VI, No. 20, contains all the
results described in this report and the mathematical derivation of the re­
sults.

l3.
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(For limited distribution)

Addendum to

Bibliography of John von Neumann

1944

i. Surface Water Waves Excited by an Underwater Explosion. (Memorandum
to J. R. Oppenheimer, Aug. 28, 1944.) LAMS-128. 5 pp.

ii. Digest of J. von Neumann's Lecture at Meeting on Optimum Heights, on
Sept. 22, 1944. (Memorandum to N. F. Ramsey from B. Waldman, Dec.
7, 1944.) LAMD-46. 8 pp. SRD

iii. Remarks on Report of R. R. Halverson, "The Effect of Air Burst on the
Blast from Bombs and Small Charges, Part II." (Memorandum to J. R.
Oppenheimer, Oct. 23, 1944.) AM-863. 7 pp. C

1946

IV. With M. M. Shapiro. Underwater Explosion of a Nuclear Bomb. LA-54?,
April 8, 1946. 24 pp. (Also issued as Chapt. 14 in Vol. VII, Pt. III of
Los Alamos Tech. Series LA-1022. )

v. Comments Concerning Dr. W. G. Penney's Report, "Depth for Test C."
Enclosure Q of Report on Instrumentation Program of Technical Staff,
Vol. II. Operation Crossroads. Dec. 1, 1946. XRD-2l0 (XR-156, v.2).
345 pp.

1947

14.

VI. With F. Reines. The Mach Effect and the Height of Burst.
Blast Wave, Los Alamos Sci. Lab. Tech. Series, Vol. VII,
by H. Bethe. Aug. 13. 1947. LA-102l. 318 pp.

1951

Chapt. 10 of
Pt. II, ed.

vii. By Ralph W. Gerard. Some of the Problems Concerning Digital Notions
in the Central Nervous System. In: Cybernetics (New York, Josiah Macy,
Jr. Foundation). Remarks by John von Neumann in the discussion, pp.
19 - 31.

Reviews

viii. Waerden, B. L. van der. Moderne Algebra. (Berlin, J. Springer, 1930-31.)
Acta Szeged, 5:259-260 (1932).

ix. Wiener, N. Cybernetics, or Control and Communication in the Animal
and the Machine. (New York, Wiley, 1948.) Phye. Today 2:33-34 (1949).
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