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SEMINAR ON THE COHOMOLOGY OF DISCRETE . IAS, Fall 1976
SUBGROUPS OF SEMI-SIMPLE GROUPS

I. Relative Lie Algebra Cohomology and Ext Functors

" A. Borel
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In this chapter, F 1is a commutative field, g a finite dimensional Lie
algebra over F, k a subalgebra of g, R = U(g) (resp. S = U(k)) the

universal enveloping algebra of g (resp. k). From 2.4 on, F 1is of

characteristic zero and k is reductive in g.

§1. Lie, algebra cohomology

1.1l. We ré?iew here the standard definitions in-the cohomology of Lie
algebras (see [5; 7]). A .g-module is a vector épace over F on which f:4
acts via a homomorphism 1 : g—3> gl(V). It will be denoted by V, or by
the pair (H,V).' It will often be infiniye dimensional, If V is.a g-module,

.and q €N, then
(1) ¢ = cUg;v) = tom (1% g, V) ,
and d : ¢? —> ¢%! is defined by

) " i LA i i3 A A .
(2) df(xo’--',xqi) "'Zi("‘l> .f(xo,.',,xi,ﬂl.-’?cq)"{". zigj(-.l) :. f([xi’xj]’XO’".’Xi"'.’xj’".’xq‘

Aoe

whiere, as usual, » over an argument means that the argument should be omitted.
Then d% = 0 and H“(ﬁ,V) is the cohomology of the complex {Cq}.

To x € g there is associated an endomorphism Bx of C% and a linear

map i : c?—» Cq-1 (the interior product) defined by y,

(3) (fo)(xl,-..,xq) = Ei“f(xl,...,[xi,x],f..,xq) + x.f(xl,...,xq)
(4) (ixf)(xl{...{xq_i) = f(x;xl,.,.,xq_l) .

The maps d, ix’ ex are rélated by

L9 - @R S72d



]

(5) ' ' sx d.ix + ix.d .

.2, Let Cq(g,E,V) be the subspace of Cq(ﬁ,V) consisting of the

[

elements annihilated by the maps i~ and 6 _ for all x € k. Then Cq(g,k V)
is stable under d and its cohomology groups are the relative cohomology

groups Hq(g,k ;V) of g mod k, with coefficients in V, Note that we have

(1) U, k5v) = o (4%(g/0), V)

where the action of k on Aq(&/k) is induced by the adjoint representation,
i.e., c? (g:k,V) may be identified with the subSpace of elements

f € Hom (Aq(gjk) V) whlch satisfy the relation

(2) Ei f(xi,u.,[x,xi],".,xq) = x.f(xl,”.,xq) (x.E_E; X; € g/k, i = 1;.u,q) .
We have in particular

(3) H° (g, V) = H (5,k V) = . .5 = {v € V[x.v = 0 for all x € g} .

1l.3. These cohomology groups obey the Klnneth rule, To simplify'notatioﬁ,
we just consider the case of “two factors.' Assume then
(1) g = _g_l@_g_z, k=k @_k_z, V=V, ® Vys (_l_c_iC &> V; ag;-module, i =1,2) ,

Then, for all q's:

) Hi(g,k;v) =@

a b
Patb=q 1 (810K)5V)) @ H gy, ky57,)

To see this, note that we Ca? write
Mok = W' @ VE, (g1 - Mgy /%)) @ Mg, /k,)"

However, if A Ui are _Ei-modules (i = 1,2) ‘and Aj'cb A, Ul @ U2 are

—— e
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. viewed as k-modules in the obvious way, then

k

K 1 R
(3) (4, ®4,®U; ® U~ = (4 @U;) ~® (4, x'U)

2
Therefore

% % : *

C (_&,k;V) = G (gl’kl;v)® C <g2’k2;v)
(graded tensor product), whence our assertion.

l_g. The real case, Let F =R and let G be a connected Lie group

with Lie algebra g, K a closed connectéd subgroup of G with Lie algebra k.
Given a smooth manifold M and a real vector space V, we lét Aq(M;V)
be the space of smooth g~forms on M with values in V, and A(M,V) the |
direct sum of the Aq(M;V).
If V is a G-module, then we let ‘G operate on A(G/K;V) by the

rule

(1) (g0w)(x,Y) = glu(g tox, g™t 1))

where g € G, x € G/K, and 'Y is a g-vector at x. It is then readily seen
that the evaluatién map at the origim which assigns to w € A(G/K;V) its
value at e, aefines an isomorphism of the Space‘ A(G/K;V)G of G-invariant
/differential forms onto C(EJE5V>’ which carries the exterior differential to
the differential of 1.1. Thus, H#(EJE;V) is the cohomology of the space of .
é—invariant V-forms on G/K,

"Assume G to be céﬁpact; V to be finite dimens?onal and acted upon
trivially by G. Then a standard averaging aréument shows that H*(A(G;V)C) =,
= H*(A(G;V)), hence, by de Rham theorem—

N o %
(2) H (g, k;V) = H (G/K;V) .
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This is a result of E. Cartan which is in fact at the origin of the notion of

Lie algebra cohomology, A bit more precisely, E. Cartan conjectured two

theorems, which were proved later by de Rham, and stated that,_mddulo those

results, the cohomology of G/K could be computed using invariant differential

forms, 1In fact, he was mainly concerned with compact symmetric spaces, for

which all invariant forms are closed and even harmonic (see II, 3,2),

§2. The Ext functors for (g,k)-modules

2.1, It is well-known that the groups Hq(g;v) may be viewed as the
derived functors of Vi—> v& in the category of R-modules, More generaily,
one may define the derived functors Extg(U,V) of (U,V)$+—— HO?E(U,V) and

we have
(1) Extg(F,V) H3(g;V), Ext (U V) = Hq(_g,Hom (u,v)) ,

where F is viewed as the trivial .§-modu1e, (see XIII and IX, 4.3 in (sDh.
We shall need similar facts in the relative case. A general theory was
developed by G. Hochschild [6] in the context of relative homologlcal algebra

with respect to the pair (R,S). However, in order to prove the equallty

!

~

(2) Extq s(FV) = (g, ;v ,

o

he had to assume F to be of characteristic zero and k to be reductive in 8.
This is at any rate the only case of interest in these Notes (with in fact
F=R). In the relative theory, one acceéts only exact sequences of R-modules
which split over S. We shall adopt here a slightly different point of view,
using the usual abselute theory, but in a more reetricted category, that of
(g,k)—modules, defined below. 1In principle, this is a bit less general than

Hochschild's approach, but sufficient for our purposes, -
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2.2. Let V be a k-module, An element v €V is k-finite if k,v is

a finite dimensional subspace, The _k-module V is locally k-finite if

every element is k-finite, Thus V is locally k-finite if .anc'l only if every
finite dimensional subspace is contained in a finite dimensilonal subspace stable
under4 k.

A vector space V over F is a (;g_,_li)—module if it is a g-module which
is locally ‘k-finite and is semi-simpie as a k-module, In particular, every
k-simple submodule is finite dimensional, It suffices to require that V be
):ocally k-finite and that every. finite dimensional k-stable subspace be
finite dimensional [3: §3, n® 3]..

A& (g,k)-module V -is admissible if the Jj.‘SOtypiC subspaces for k are
all finite dimensional, If V is admissib];e, it is cl.early a direct sum of

simple k-modules,

Let C or C k be the category of (g,k)-modules. Tt is closed under
b

——

direct sums, If V € C then every g~submodule of V and every g-module
quotient of V belong to C. .
Since g-modules are canonically R-modules and vice versa, we get
equi.valent notions if w.e replace above _g_ and E by R and S, We shall
use both inter"changeably.' Since all our modules are semi-simple for .S, it

is clear that all exact sequences in C split over- S. If F is of

characteristic zero, then the tensor product over F of two elements of C

also belongs to - G. This follows from the fact that in characteristic zero,
the tensor products of two finite dimensional semi-simple modules for a Lie
algebra m .is also semi-simpie [4: §6, n® 5, Cor..1l].

Let (mw,V) be a g-module. Then the subspace V(k) spanned by the

finite dimensional k-stable subspaces of V is stable under g. Therefore,

if these subspaces are semi-simple k-modules, the space V(k) is a (g.,_l_i)—module. '
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Now let (,V) be a (g,kj-module; The contragredient module (1':{',’\7) is
by definition the space Vzk) spanned by the k-stable f_inite dimensional
subspaces in the_, dual Space— V' to vV, actec? upon by the usual contra-
gredient representation, i,e., w(x) = t1-r(-x) (x € g), where Y% is the
transpose of m. If U is a finite dimensional k-stable subsvpace of V',
then U is the dual space to tiae quotient o.f 'V by the annihilator of U
in V, . hence is a semi-~simple k-module. Therefore G','\\l') € _é.

As usual, the center of the universal envéloPing algebra of a Lie-algebra

m over F will be denoted z(m). . —

A g—-module (r1,V) 1is said to have an infinitesimal character if there

exists a character of E(_&), i.e., a unital F-algebra homomorphism:

'_g_(_g_)-————> F, to be denoted y or %r °F Xy such that
m(z) = Xn(z)-ld' ) (z € z(g)) .

This is the ca'se.in partiéular if (w,V) is absolutely irreducible admissible..
2.3. ;Examgles. Let F = R. Let G be a connected semi-simple Lie group .'wit'h
finite center, g its Lie a'lgeilhnra', and k thé Lié algebra of a compact subgroup of G.
Then k is reductive in g, Let_ (T‘r,Vn) be a continuous representation of G

in a locally convex and quasi-complete t0pglogical vector space. i.et V: be

the space of differentiable vectors and V the space of K-finite vectors,

m,K
i.e., of vectors whose translates under K span a finite dimensional subspace.
Then V = V: n V'n',.K is,a (g,k)-module, .(in. fact a (g,K)-module, see 1,12).
Assume that G 1is semi-simple, with'finite center, K is a maximal
compact subgroup, and (T‘f,V) is a topologically irreducible unitary representa-
tion of G 1in a Hilbert space V, Then Vn,KCV: and V is an admissible
(g,k)-module which is (algebraically) irreducible. For this see e.g. [1; 9].°

These examples are those which have motivated the above definition, and



— s e

7

in fact, later, besides finite dimensional modules, we shall mainly consider

(g,k)-modules associated in this way to unitary representations.

2.4, Projective modules, We recall that from now on F is of characteristic

zero and k 1is reductive in g, i.e;, g is a semi-simple k-module with
respect to the adjoint representation. The algebra k operates on s by the
adjoint representation, whence a representation on the tensor algebra T(g) of
g and on U(g). Under this representation, both T(g) and U(g) are locally
k-finite and semi-simple (see [4: §6, n°. 5, Cor..2].

LEMMA. Let U be a locally k~finite semi-simple k-module., Then the

induced module I(U) = Ig R(U) = R.@% V is a projective (g,k)-module.
b

+

Although not stated in this way, this is in effect proved in [6]. Ve
sketch the argument, First, by standard "Frobenius reciprocity' we have for.

every (g,k)-module. V a canonical isomorphism
(1) m : HomR(I(U),v)—’X—z» HomS(U,V) y

defined by the restriction to 1® U. Let now A,BE€C, f :B—>A a
surjective morphism, and s : I(U) —> A a morphism. We have to show the
exisience of E : I(U)—> B such that fet = s, Since A is a direct

S-summand of B, we can find an S-module homomorphism t' : U—> B such

-that m(s) = £ot’, We then put t = m_l(t'). There remains to see that I(U)

belongs to C.
The R-module structure on I(U) understood here comes from left trans-

-lations on R. It gives. by restriction an action of S; call it the ordinary

.action, On the other hand, S acts on R via the adjoint representation

on g, With respect to this action, R is locally S§-finite and semi-simple,

\ :
- as remarked above. Then R(X% U, with the temsor product of these actions of

S 1is also S-semi-simple and locally finite. The operation of s € S is



A
given by:
(2) so(r(g)u)=(s.r-—r.s)®u+r®s.u (s €k; T €R, u €U) .

It is readily seen to leave stable thé kernel M of the canonical map

R®F U—> I(U), " whence an action on (u), _with respect to which I(U)

is locally finite and semi-simple, However, the sum of the last two terms

on the right hand side of (2) belongs to M, hence this new S-action
coincides with the ordinary ome on I(U), which proveés our contention,

2.5. The functors Ext. The map (r,u) > r,u induces a surjective

morphism I(U)— U. Thus every element of L 1is quotient of a projective

one, and we can construct projective resolutions in the usual way, If

) 0

(1) ' ——>xq-—‘1—~>xq_.;1 il—>...~—>xoi>u'—-—>o

is one for U, and V € C, then the groups Extq(U,V) are by definition

the cohomology groups of the complex

d dl d

(2) HomR(XO,V)—O—-> HomR(Xl,V) > ... ?'17 HomR(Xq,V) —> ...

As usual, they do not depend on the choice of the projective resolution,

Moreover, it follows from [5: IX, 4.3] that:
(3) Extq(F,HomF(U,V)) = ExtY(u,v) .

We should check that 2.1(2) is satisfied. Let Xq = R@S Aq(g/l_c). Define

8 : X —> X by
q q

q-1.

R AR TNy PRy

itj A A
+ Z}i<j(~1) r® [xi,xj]/\xll\ cee AX AL, A X A-.../\Xq

and let £ ; X0 = R——> be the augmentation, Then the Xi are projective
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(1.7.1) and
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is easily seen to be exact [6]. Hence (5) is a projecéive.resolution of F. In
view of 2.4(1), we'have HomR(Xq,V) = HomS(Aq(E/E),V), and it follows immediately
from (4) that the complex {HomR(Xq,V)} may be identified with the one used in
1.1 to define relative Lie algebra cohomology, whence 2,1(2).

2.6. Injective modules. We have used projective resolutions in C,

which will suffice for our purposes, But our category also contains enough.
injectives. We outline briefly their comstructiomn,.

Let V be a locally finite semi-simple k-module and
o o :
P (V) = pR,S(v> = HomS(R,V)
the usual coinduced or "produced” module from S to R. Let
P(V) = PR’S(V) = HomS(R,V)(S) ,

be the subspace of PO(V) spanned by the S-finite elements. We claim that
P(V) is an injective module in C.

- We view‘ PO(V) as a sub5p;ce of HomF(R,V). On the latter, S acts
first by left tramslations on R, the "ordinary action" and second, as above,
;t acts via the given action on V and the operation on R stemﬁing from the
adjoint representation of k on g. As in 2,4, it is first checked that these
two actions coincide on P(V). Let us prove now that every finite dimensional

subspace M of P°(V) stable under S is a semi-simple S-module, Let

{Rj}j=wo,1,;:l' be the usual increasing filtration of R [4]. There exists

-3 such that the restriction map HomF(R,V)-—%> HomF(Rj,V) is injective on

\ .
M, hence it identifies M to a subspace of HomF(Rj,V). Since Rj is finite
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dimensional, HomF(Rj,V) = ﬁ?(X% V is §-semi-simple, hence so is M, It
follows'that P(V) can also be defined as the subspace of PO(V) generated
by the S-invariant finite dimensional subspaces of PO(V). It is then clearly
an R-module, and then an (R,S)-module, Furghermore, if N is an (R,S)-
module and N—=» PO(V) an  R-morphism, then, Im NC P(V). Since PokV)

i; injective with respect to (R,S)-modules, (the argument is the dual to
that of 2.4, see [6]) it follows that P(V) is injective in C. Now let V
be a (5;5)-modu1e. As usual, the map which to v € V associates the homo-
morphism r+> r,v of R into V yields an injective morphism of V into
P(V)., Hence every element of C 1is contained in an injective module in G,

and we can construct injective resolutions in the usual way.

§3. Long ekact sequences and Ext

3.1. Long exact sequences, We recall here the interpretation of

Extq(U,V) in terms of long exact sequences, For more details, see [8: Chap. ;II].
Given q>1 and U,V €C, let .Sq(U,V) be the set of exact sequences in c

of the form

> see—>E —>U—> 0.

S:0—> V—>» E~ 0

q-1

If U',v' €C and §' € Sq(U',V'), then a homomorphism‘ Yy :85—>8" is

o

given by morphisms E,—> Ei, Yy 2 U—> u', Yy 2 V—> V', which yield a

commutative diagram

.

. 0%V~———>E ces >Eo > U > 0
oW IR

0—> V' ——->E' R E(;—a» U'—s 0 .
In Sq(U,V) we consider the smallest equivalence relation = such that § = §'

if there exists either a morphism S —> S' or a morphism S'—> S which is
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the identity at both ends. Let Ext‘q(U,V) the set of such equivalence classes.
Then it is well-known that: -

(i) There is an addition on EXt'q(U,V), defined by the Baer sum, with
respect to which Ext'q(U,V) is a commutative group, whose zero element is A
represented by split exact sequences .(at each .stage,. the kernel.is a4 direct
R~summand).

(ii) The group Ext'%(u,v) is canonically isomorpﬁic to Extq(U,V).
This is all proved in [8: III]. We just recall some ofvthe relevant construc-
tions and facts in the next section,

3.2. (1) Given S € Sq(U,V) and y ¢ V—> V', there is associated an

element

YS esq(u,v‘) : 0 —> V' —-—>E('1_1——> cee —> E}—> U 0

endowed with a morphiém o : S—>§' such that oy =.id., ay = Y{ ‘called the.

push-out of §,. The module Eé-l is Py definition the quotient of Eqéa A

B& the subgroup generated by the elements (v, -yv) (v € V; where |4 ¢+ V—>E

is given by S). The other modules Ei are constructed similarly by induction,
(2) Given s € Sq(U,V), U' €C and § : U'—> U, .there exists

S5 = 8' € Sq(U',V), the pull-back of S, endowed with a morphism g8 : §'—> §

such that By = id., Byr = 8. The module E; is the pull-back of U' and Ey

0

and the Ei are constructed similarly‘by induction,
(3) Let s,8' € sq(UA,v). Then S@ S' € sq(n@u, vé}v). Let
s, € Sq(U,V@ V) be the pull-back of S@S' via the diagonal map U—> U@ U,
Then the Baer sum S + S' G'Sq(U,V) is the push-out of -Sl by the map
V@ V—>V defined by the addition in V. '

(4) 1t is elementary, and follows from [8: III, 5.3], that we have

S, S.0=0,

q-1



- Then aq € HomR(Xq,V) is zero on @X

Y
' 12 ) ’
4 .

Furthermore, if U',V' €C, §' € Sq(U',V') and y § § —> S8' 1is a morphism,
then YV.S = S.YU [8: 111, 5.1]. As a.consequénce, we see that if . § € Sq(U,V}
admits an endomorphism y such that YV =1, Yy = 0, then § = 0, Indeed,
we have then 0=S§,0 = 1,8 =5,

(5) Ve now define the maps which yield the isomorphisms of 3,1(ii).
Fix a projective resolution (Xi) of U, Let S € Sq(U,V). The resolution

(Xi)’ being projective, can be mapped into §; - then we get a commutatiye

diagram; . ) ) T,

qtl q-1
J/ laq laq-l lao I
O > V - E " eee a E ; U 0
q-1 0

G+’ hence is a cocycle, The assignment
S F—> aq then yields a map from Sq(U,V) to the space of q-cocycles, which
can be proved to induce an isomorphism M of Ext'? onto Extd [8: 11I, 6.4].

Conversely, a gq-cocycle zq ¢an be viewed as an R-morphism § of

axq into V, To z% we associate the push-out §S' of

-~

' 1 0—> 3 —>X —> . —>X —>U—>0 .
q q-1 0
This yields the inverse isomorphism to u (cf, [8: III, 6.4])

§4. A vanishing theorem

THEOREM. Let U,V be two (g,k)-modules with infinitesimal characters

XgrXys IE Xy # Xy o them Ext¥(u,v) = 0 for all q's..

To prove this theorem, we use the interpretation of Ext? in terms of
long exact sequenceé. 1f Xy # Xy 2 then we can éind z € z(g) such that
XV(Z) = 1, XU(z) =0, Let S € Sq(U,V). Then .z operates on each term of

S and defines an endomorphism y(z) of 8. By construction Y(z)V =1,
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y(z)y = 0, hence § =0 by 3.2(4).
Remark, This theorem is an analogue of a result of D. Wigner about the
continuous cohomology of real Lie groups (see [2: 2,4]). The érqbf is exactly

the same,

4.2. COROLLARY. Let U be finite dimemsional., If Xﬁ'# XV , then

Hi(g,k; U®V) = 0 for all q's.

R We have UQ®, V = HomF(U',V). Since
Hq(_g,_l_c_;HomF(U';V)) = Extq(F,HomF(U',v)), = Ext3(u',v) ,
we are reduced to 4.1,

§5. Exteunsion to (g,K)-modules
In this section F = R,

5.1. .In the real case, it is useful to deal with modules on which the
action of k is the differential of a global action, Furthermore, it is
sometimes convenient to deal with non connected groups. We shall, therefore,

sketch briefly how to carry out the previous discussion in that context., As

far as cohomology is concerned, this is not really necessary since the reduc-

| . tion £0 the connected case is anyhow quite“easy;

Let G be a Lie group ﬁith finitely many connected com?onen£s, K a
éompact subgroup of G, and k its Lie algebra, Then k is reductive in g,
A (g,K)-module (m,V) is a (real or complex) vector space on which g and K
act, so that the following conditions are fulfilled;

i) V is locally K;finite. 'If M is a finite dimensional subspace of
V stable under K, then it is also stable under k, the'given representation
of K into M is differentiable, and its differential coincides with the
given action of k. \

ii) If k €K and X €g, then n(Ad k(X)) = ﬁ(k).ﬁ(x).n(k-l).



Y 14, . ,
a ’ .
In particular, it follows that V is a semi-simple--K~module and a (&ag)-module.
We let C
8K

of course homomorphisms with respect to the g- and K-module structures, If

be the category of (g,K)-modules. The morphisms in C are

K° is the identity component of K, then

C C c ,
g,k © 25, Ko €k

The category EE,K is also closed with respect to tensor productg, direct stms
and subquotients,

Let Z be the‘subgroup of elements of K which act trivially on g. 1If
G 1is connected, then 2 is the intersection of K with the cenger c(6) of a.

The (g,K)-module (,V) 1is said to have a central character if there is a

. homomorphism =w, s Z—>C such that m(z) = w (z).1d. for =z € 2. This
p mlT Vv 1

is in particular the case if (;,V) is absolutely irreducible and admissible.

Examgle. tet (w,Vﬁ) be a continuous representation of G in a quasi-
complete locally convex topological vector space. Then the space V of K~finitg
differentiable vectors of V is a (5,K)~module, and is dense in Vn.

Let G be connected semi~-simple,with finite center, K a maximal compact
subgrQup of G. Then it can\ﬁe proved that every admissible finitely generated
(5,K)—modu1e is the space of K-finite vectors in some topological representa-
tion of G. This was proved by Lepowsky ("Algebraic results in the representa-
tions of semi-simple Lie groups,” preprint) in the irréducible case, and
announced by W, Casselman in general, |

Note also that in this case, if (n,vn) is an irreducible unitary repre-
sentation, then V is an (algebraically) irreducible (g,K)-module,

S.2. Cohomology. Let K° be the identity component of K, Let (m,V)

be a2 (g,K)-module, We put

(1) - cUgksY) = Hom (AW g/k), V)
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where K acts on g/k via the adjoint representation, Clearly
(2) cUg,k;v) C cUg,k%50) = c¥gk,v) .

Moreover, K/K® acts natufally on Cq(ghk;v) and we have
o
(3) Cq(g,K;V)=Cq(g_,_1§;V)K/K .
Obviously, the Cq(g,K;V) form a subcomplex of .cgghg;v).. The resulting.coho-
mology groups are denoted Hp(g,K;V). It followé immediately from (3) that we
have
o

(4) B4 (g,Kk;V) = Hq(_g,E;V)K/K .

Jd.2. The functors Extq(U,V). The group G also acts on the tensor

algebra of g andhon R = U(g) by extension of the adjoint representation.

As in 2,4, it is seen that R thus becomes a (E,K)~module. It follows ‘then
tﬂat if U is a locally finite semi-simple k—module, then I(U) = ﬁ.@% 4]

(s = U(k)), .endowed with the K-action steﬁming from the tensor product of

its actions on R and U, and the g-action given by left translations on R,
is a (g,K)-module, which is projective in C. If U and V are " (g,K)-modules
then Extq(U,V) is defined as the gq-th cohomology grodp of the compl;;
{HOTQ,K(Xi’V)}:‘ where (Xi) is a projective resolution of U, There is a
nétural action of K/K° on Ho?&,KO(U’V) and on the complex Ho?g,Ko(ii’v)

and we have

(L) HO?E’K(Xi,V> = (HOTE’KO(Xi,V)) /K

hence

. K/K°
(2) _ Extg K(\U,V) = (Extg’KO(U,V)? /K .

)
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. Moreover, it follows from the definitions that we also have
' q = Extd  (a € N-
(3) EXtR’S(U’V) Ext.&,KC(U}V) (q 6 :_1\19 U,V E EE_:KO) .

The identification with classes of long exact sequences proceeds as in §3.

5.3. THEOREM. Let U,V be (_g_,K)-modules. Assume that they have

infinitesimal characters Xy Xy (resp. céntral characters (uU,wV).

. q - T
(i) If Xg # Xy (resp. W, # u)V), then EXt_g_,K(U’V)- 0 for all. q's.

(ii) Let U be finit.e dimensional, If Xﬁ# Xy (resp. W # wv), then
Hq(_&,K;U ®V) =0 for all q's, A ‘ |

The reduction of (ii) to (i) is as in 4,2. The assertion (i) for the
infinitesimal characters can be proved as inm 4,1, or reduced to 4,1 using
5.2(2),(3). |

Given a (_g,K)-module M, any element 2z € Z defines an automor.phism
of M commuting with g and K, hence t.he group algebra E[Z] of- Z
oéerates on M as an algebra of endomorphisms of (g,K)-module, l\fow- if
wU. # wv, ~ there exists "z € E[Z] such that wU(z) = 0, wv(z) = 1, The

vanishing of Ext%(U,V) then follows as in 4.1.

——
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SEMINAR ON THE COHOMOLOGY OF DISCRETE . IAS, Fall 1976
SUBGROUPS OF SEMI-SIMPLE GROUPS ) .

II, Scalar Product., Laplacian and Casimir Element

A, Borel

§1. Notation and general remarks

l.l. In this chapter, G 1s a connected semi-simple Lie group with finite
center, K a maximal compact subgroup of G, g (resp. k) the Lie algebra of
g (resp. k), B( , ) the Killing form of g, and p the orthogonal comple-

ment of k with respect to B. We have therefore the Cartan decomposition
(L) g= E@ B

and 6 : x+ y+>x-y (x €k, y € p) is an automorphism of g, the Cartan I

involution associated to k., This implies

(2) ‘ [_1_(_,_1_(_] C k, [_IE:_EJ C p» [R’R] Ck. :

It is also well-known that, if g has no compact factor, i.e. if k has no
i non zero ideal of g, then [p,p] = k. T . I
The form B 1is negative (resp., positive) non degenerate on k (resp. p)

and B(k,p) = 0.

.~ In the sequel m = dim p, n = dim g, (Xi)l§i§m is an orthonormal basis :

of p and (Xa) a pseudo-orthonormal basis of k with respect to B, i.e.

m<a<n
(3) B(xi’xj) = Gij’ (1 S i’j § m)’ B(xa’xb) = -ﬁab, (m < a,b § n) .
In general, we make the convention that indices i, j, k, ‘£ rTun from 1 to m,

and indices a, b, ¢, d from ml to n, In view of (2), we have, with this

convention

e e

. _ a _ j
(4) [xi,xj] =z, i,y %o’ [xa,xi] = zj 9,1 %5
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As usual, the structure constants are antisymmetric in the two lower indices,

Moreover

1.2, LEMMA, We have c?j = c:j (l<i,j<mm<ac<n) .

In fact, since B is invariant, we have
(1) S B([xi,xj],xa) + B(xi,[xa,xj]) =0,

By construction, the first term is equal to -C:j and the second omne to C:j .
1.3. We recall that if (ys) is a basis of g and (y;) the dual basis

with respect to the Killing form, then

- L
(1) ‘ C - Esgsgl Ys-ys

represents an element in the center of the universal enveloping algebra U(g)
of g, which is independent of the choice of the basis, and is called the

Casimir element of U(g).. With the notation of 1,1, we have in particular

o— 2 2 . ~
(2) _ C = ij - Zxa .

l.4, Relative Lie algebra cohomology. Let (m,V) be a (g,k)-module.

We may write

.-/

ch cd(v) = cXg,ksv) = Hom (A% p, V) = @3 p* @ M.

Moreover, in view of the relation [p,p] C k, there are no bracket terms in

the formula for the coboundary operator (I, 1.1(2)), therefore

: :
(2) dnlygseeesy) = Z-1)7 ypemlygreensPpoennsy)s  (n€CHWM) .
Let

3y pUV) = Hom (2% p, V) .-



|
|
|
|

-

(&) n=(qg!) =

3
Evidently, pY(V) ~ contains Cq(V); We note that (2) also makes sense on 4,
hence defines a linear operator pV)—> Dq+1(V), also to be denoted d.

The space pd(V) may be identified with the subspace of Cq(g,v) whose

elements are annihilated by the interior products ix (x € k). Let hO be

the coboundary operator in Cq(&;v). Then, of course, dof = df if

f € Cq(ELE;V). However, if f € p%(v), then df is the restriction of dof
to AT ‘

, but is not equal to df in general, In particular, we do not

have necessarily a2=0 on pd(v) . Since dg commutes with the 8

(x € g) and Dq(V) is stable under ex for x € 5? we have
(&) 4o =08 od on DYV) forall x€k.

L.5. Notation for cochains, If A is a finite set, then lAI denotes

its cardinality., For & positive integer s, let IS = {1,2500058]).
3 * .
We shall denote by (wa,ml) the basis of g dual to (Xa’xi>' The’
i ' *
elements wl will also be viewed as forming a basis of p dual to (Xi).
Fo? I C'Im lII = q, we put

;] 3

(l) w =(D1/\ see N q’ i-f I= {jl’...’jq}'.

If n €DYv), let

2) = - s = . cse = = 1<ic< -
(2) L S PP n(x:rlf.,.ixyq)’ (xji €plsisq

Then n can be written

I
(3) . = p o
n= Zrer, |1=q M
or also
3 3
1 w l/\ooo AW 1 .

2 . N .
le\o--’JqEIq J.l""’jq
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If I=(jl,...,jq) and uéIq, then I(u) denotes I with the u-th

entry removed, The equality 1,3(2) can then also be written

_ ' u-l ~ ' Q. el
(5) n)p = S qeqr -1 m&Junpq,ys (£ €DNV); TC T, 1] = TH) .
Note also that we have for 1 Su<aq:

- (_l)u-l

u=-1 . .
= (-1 . . A . I .
(-1 nJu9leo'~’Ju,---:Jq nJuUI(u)

q

6 = n. .
(6) My seees]

§2. Scalar product

2.1. We shall be interested in the case where V = HQ E, where (p,E)
is a finite dimensional complex continuous representation of G and (0,H) is
.a unitary (g,k)-module. The latter condition means that H is a complex
vec-tor space .endowed with a positive non degenerate scalar product ( |, )H’
such that (Xu,v)l_I + (u,Xv)H =0 for all u,v € H and X € g. It is not
required ‘that H be complete, We let T =p Y, For x E%, we shall often

write ;r‘(x) = 0(x) + p(x) as a shorthand for o(x)® 1 + 1 ® p(x).

2.2, On E there is always a so-called admissible scalar product, i.e.
one which is invariant under\l_f, and such that p(x) is self-adjoint for

X € p. We assume E endowed with one, to be denoted ( , )E’ and then put on
e +*
(1) pIV) =79 p @HQE,

the scalar product which is the temsor product of ( , )y = C 5 )y®C, )g

with the scalar product on /\q P.A defined by the Killing form. In particular, if
; I D §

(2) . . u = EICIm U.I'w ? n = EI \)I'w ?

(notation of 1.5), then

(3) ' (wsv) = 2 lupsny)y -
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Since these scalar products are invariant under k, we have

-

(4) (exu.,\)) + (U.,ex\)) = 0: (l..l’\) € Dq(v), x € _IE) .

For x € g, we let t(x)" be the adjoint of T(x) with respect to ( , )V'

Thus

I

T(x)* -7 (x) + if x €k,

(5)
p(x) - o(x) if x € p.

L]

7(x)

2.3, PROPOSITION, Let 3 : DU(V)—> p3"1(v) be defined b
2 ) be derinec Dy

q-1) .

Then 9 commutes with the ex:(x € k), maps cd(v) into Cq-l(V) .and is

adjoint to 4, i.e,
(2) @Grw = (a0,  (n € 03w, uend ) .
Using 1.5(5) and 2.2(3), we have
_ Cat _ - - =1 - . .
where I = {jl,...,jq}. Hence
(Mdy) = £, 40" e )" )
’ u, I T ju Lo 1019 R
In view of the relation 1.5(6), this can be written

% _
|3 ]=q-1 ,
Together with 1,4(4) and 2,2(4), this implies that .8 commutes with ek (x € k).

Since CA(V) 1is the subspace of Dq(V) annihilated by the ex (x € k) it’

follows that acd(v) Cqu-l(V). This completes the proof,
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2.4, We let A =dd + 3d be the Laplacian, For each q, 4 1is an endo-

morphism of pY(V) which leaves Cq(Vj siable. For n € Dq(V), ~we have by 2.3
(1) (Ansm) = (dn,dn) + (3n,0n) .

Since the scalar product is bositive non degenerate, this implies

(2) . An=0<—>dn=23n=0<=> (M =0

The element M is harmonic if it satisfies the conditions of (2). The space
of harmonic forms in Cq(V) will be denoted }#g(V). As usual n. is closed
if dn= 0, coclosed if an=20,

2.5. THEOREM, Let pm=0,p or T=0@® p, and view V asa (gk)-

module under 1. Let Aﬁ be the corresponding Laplacian, Then

(1) (4 My = Byl )emCe)ong + B PRE i 169

i) Ny
igugq : '

u

(n e d%w), 1€1, 1] =q) .

(ii) We have A=A, +4, on p3(v).

p
(iii) (Kuga) If n € cl(v), then

(AJ‘H)I = (p(C) = U(C)).T]I: ’ (1 C Im’ II! =q),

where C 1is the Casimir element (1,3).

(i) We view V as a (g,k)-module under 1, but still denote d the
coboundary operator and @ its adjoint. In this proof, I CfIm,,III = q, the

index a (resp. j, resps u) runs from mtl to n (resp. 1 tom, resp. 1l to qQ).
. % _ % u .
- * - . 13U %*
(1) (3dn); Z; ﬁ(xj) rr(xj)'n1+ 5 4 (-1) n(xj) ”(xju)njUI(u) .

On the other hand



% ﬁ [ 1
! hl
' 7
E u-l :
(dan), = ¥ (=1)" " n(x. ).(3n)
| I icueq < Ja I(u)
k
| _ u-1 C\* -
]
" hence
B
S P -1 . L\
| ,
: This proves (i).
(ii) Now let ¢ =T. Since 0® 1l and 1® p commute, we have
b K s . “ « V¥
[m(x. ),m(%)*] = [o€x, ) + p(x, ),0(x)™ + p(x.)7]
34 ] Ig iy 3 3
(3) . '
[n(xjh),n(xj) ] = [c(xju),c(xj) ]+ [p»(xju),p'(xj)]

Moreover, the equalities c(xj)* = -c(xj) and p(xj) = p(xj)* yield®
: . . -
i - . C\2 N2 U . N

4’ s . = - - - = - . c . = .
(4) rr(xJ) rr(xJ) p{xJ) O(xJ) . p(xJ) p(XJ) + (xJ.) U(xJ)
The assertion (ii) then follows from.(i),'(3), (4).
(iii) The first sum on the right hand side of (i) is equal fo
l‘.
Lo \2 . N2 ’

‘ To prove (iii), there remains to show that we have

(2 N u-le .. * .
(5) B (06 )7 = plk,)In, = £(-1) [T(xju),'r(xj) ]njUI(u) .
Call Q the right hand side. By (3) and 2.1(4);

IR e N e NE oo . g
; - [’f(xju),’r(xj) ] = [c(xj),a(xju)] - [p(xj),p(xju)]

. .. *.\_ a
[T(xj )57 (X,) I'=z 3,

) CERERCR)
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Therefore
L u~1l a
(6) Q = Ea(o(xa) - p(xa))(zj’u(-l) cj,ju njUI(U)) .
But c¢2 ., =cJ by 1.2. Hence
J,Ju a9Ju .
_ Iqyu~l a ' o 3
fa T Byl ey Munqu) T E Gy g My e Xyeeeg )

where x.j is at the wu-th place; this can be written

J

La = Zu ﬂ(le,...,[xa,xju],...,x.q) ..

since N € CY(V), it is annihilated by the 6, (x €k) hence
(7) . La = T(xa)on(}sjly'oo,qu) = T(xa).‘nl 3
and (5) follows from (6) and (7).
- : ' . q ' s . .
2.6. COROLLARY, Let m'€D (V). Then AT“ =0 if and only if
Anm=4.n=0.

p :
This follows from 2,4(2) and 2.5(ii).

‘-2.7. The results of this section (and the next one) have been known for

sometime, but do not seem to have been formulated in this way in the literature,
They. have their origin in the work of Matsushima and Murakami [1, 2]~ on the

L~

cohomology of discrete cocompact subgroups of G, where they are proved

when H is the space of K-finite smooth functions on the quotient T\G on

G by one such subgroup., More precisely, it is shown” in [2] that
* *
(1) H (IE) = H (g,k;H@® E)

(see also Chapter 1V), This being granted, the computations made here are
substantially those of [1], In particular, see [1: §6] for 2.3 and 2.5(iii).
In that special case, 2,5(i),(ii) are also implicit in [l: §7], and are made

explicit in [3: §1].-
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§3. Special cases

it

3.1. PROPOSITION. Assume that 8(C) = s.Id., p(C) = r.Id.

0 for all gq's. . -

(a) If r# s, then Hq(g,lc_; H®E)

(b) If r=s, then all cochains are closed, harmonic, and we have

Hq(g,_lg; H®E) = Cq(_g_,lg; HQE) = Hom.k(/\q pyH® E) ‘_f_QEE_]_-_]:. q';.

By 2.5(iii), A = (r-s).Id on CY(H@®E) for all gq's.

Assume that r # s, Let m be a g-cocycle. Then A4n = daN, hence
~1 -1
n=(x-s) " AN = (z-s) ".dom,

is a coboundary, whence (a).
Now let r = s, Then A = 0, all' cochains a;:e harmonic, hence closed
and coclosed by 2.4. This yields (b).
© 3.2. COROLLARY, Let (p,E) be irreducible. If p is non trivial,

then Hq(g,_l_c_;E) = 0 for all q's. If p 4is the trivial representation, then

* k
Hq(g_,_l_c_;E) = Cq(g,_l_c_;E) = (¢ p )= for all gq's,
If p is irreducible then p(C) = r,Id, and it is well-known that r =0
if and only if p is the trivial representation, 3.2 then follows from 3.1

applied to the case where (0,V) is the trivial representation,

-~

Remark, If we identify ()9 E.*)'IE with the G-invariant differential
forms on G/K, (cf. I, 1.4),' the corollary in the case of the trivial repre-
sentation asserts that on G/K . all invariant forms are“harmonic, 'closéd and
co~closed, This is a well-known result of E, Cartan.

3.3. COROLLARY. Let H be the space of K-finite vectors in the space

of an irreducible unitary representation of G. If 0(C) = 0, then

’Hq(_g,_l_c_;H) = Hom (A9 p,H) 2apd if o(C) # 0, then H¥(g,k;H) = 0, .for all q's.

. Under our assumption, O(C) is a multiple of the identity. 3.3 then
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)

i " follows from 3.1, applied to the case where p is the trivial representation.
” 3.4. Assume now H to be an-admissible (gyk)-module. Since Cq(V) may
\ } o

be written as : . : .
1y . c(v) = Hom (A% p ® E,H)

. , ’ ) * .
it is finite dimensional, Our complex C (V) is then finite dimensional and
the elementary "Hodge theory” in finite dimensional vector spaces obtains: we

have an orthogonal decompoéition
(2) &) =¥ @ acv vy @ 3T (W)

and A .is an invertible operator on qu-l(V) () CQ'T]'(V). As usual, this

implies .
(3) o a% g, k) TERYY)

i.e. every cohomology class is represented by a unique harmonic form,
Let Aq be the sum of the isotypic subspaces of H corfesponding to the
. * .
k-types occurring in Aq P®E . It is finite dimensional.  Let Bq = E ®Aq

and Cq the subspace of Bq-\ annihilated by p(C) - 0(C). Then
() o | :H’q(Y) = Honhi(/\q P» Cq) .

’ Note [\qp_ and .Am-qR are isomorphic k-modules. Therefore Cq_and Cm-q

are isomorphic k-modules and we have
(5) ULV = W) = K %5 (aem .

Remark, As in 2,7, let I be a cocompact discrete subgroup of G and H
Pedwiroturte ) : *

the space of K-finite smooth functions on T\G. Then (5) is also valid,

although H 1is not admissible, Modulo 2.7(1l), this is proved in [1: 6'.2]
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using the Hodge theory of harmonic forms on P\Xf (For this [1] assumes T' to
be torsion free so that 'r\x is a smooth'manifold, but the reductionAto that
case is easy; one could also usé Hodge theory on V-manifolds.,) .Anﬁfher proof

of (5) in this case will be given in Chapter IV,
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In this chapter, we keep the notation and general assumptions of II. In

particular (o, H) is a unitary (g, K)-module and (p, E) a finite dimensional

representation of G.

We want to give the analogues in our context of vanishing

theorems of M. S, Raghunathan [6] and Y., Matsushima [4].

where

1.

§1. A vanishing theorem for non-trivial p

On Hom{R(ACl p, E) = Aq P ® E we consider the scalar product

F (k" m) = (App, n) ,

p: g
( , ) is the positi(re non-degenerate scalar product used in II,
1.2, THEOREM. Let g e¢lN, Assume that F is positive non-degenerate

g

on HomR(Aq p, E). I (o, H) is admissible, then H(g, k; H ® E) = 0.

-~

Our scalar product on

DYH ® E) = A%p” ® E® H= Homg (A% p, E) @ H

H

is the tensor product of the ratural scalar products on the two factors of the

last term. Therefore nk—> (A 1, 1) is also positive non-degenerate on
p

DY(V).

But, for m ¢ DY(V), we have, by II, 2.2:

(An, n) =(An, n)+(Amn, 7,
P o

R
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and all terms are > 0, Thus if An = 0, then (Apn, n) =0, hence m =0, On
the other hand, since H is admissible, every cohomology. class is represented

by a harmonic form (II, 3. 2), whence the theorem.

Remark. This argument is that of Prop. 1 in [6], although the résult is
stated there as a theorem on the cohomology of cocompac;t discrete subgroups
(see IV). The main point of [6], however, is a very useful sufficient condition
for Fp, q to be .positive non-degenerate, We shall first state this result, and

then derive some consequences from it. To this effect, we need to introduce

some notation,

1,3. If m is a real Lie algebra, then m denotes its complexificatio:

i,e. m E® C.

R
Let t be a Cartan subalgebra of k and h a Cartan subalgebra of g

C

which contains it. We have then

(1) h=t®u, where E:Eﬂ.li'

C -

In fact, since t always contains regular elements of g, h is the centralizer

of t in g, hence is stable under the Cartan involution 6 of g with respect

to k.

Let & be the system of roots of g with respect to EC. For ac¢ 9,

let, as usual:

(2) 0 g ={xeg |l x]=alx (heh)} .
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The space g, is one-dimensional, "“The Cartan involution '@ extends toan
, =ca .
automorphism of B, leaving h stable; it also induces an automorphism of &

and we have

(3) o8, ) = o) -  (ac®)
Let

A = {ae@le(a) = a, el_g_cazld.} ,

(4) B={aeca|0(a)=a, Olg =-1d.} ,

C=1{a ed|6(a) $ a} .

Thus & is the disjoint union of A, B and C, Furthermore, ae¢A B if and
only if o is zero on u, We recall that 11_0 =i,t®u is the real form of EC
on which all roots take real values.

In the following, we choose a lexicographic ordering on the dual of EO
defined by a basis (hi) of 21_0 s‘uch that hl' e hr (r = dim t) span i.t

and that, if the center c¢ of k has dimension s, the elements hl’ ..., h

. S

+ - -
span i.c. Welet & be the set of positive roots for this ordering, put

+
(5) At-ans’, B -Bno’, ct=cns’,
and’
(6) ‘ C++ = {a e C+I9(a) > a}

The highest weights of finite dimensional irreducible G-modules are chosen

. N
with respect to that ordering.
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Let A be the set of simple roots in §+. Any. linear form A\ on EC
can be written uniquely as a linear combination 6fﬁe1ements in A, We denote

by na(x) the coefficient of a. If X\ e <I>+, then na(X) e N.

Let {\ } A be the set of fundamental highest weights, Thus
a ae

(7) 200, B)- (B, B) =5 (a, Bea) ,

of
) . *
where ' ( , ) is the scalar product on 11_0 defined by the Killing form. We

recall that the highest weights A of the finite dimensional irreducible g.-
. ' p -

modules are all the linear combinations

(8) A =X

c (AN, with ¢ (A )elN
o) aclA a p'a a p

.4. THEOREM. Assume (p, E) to be irreducible and let A Dbe its

highest weight with respect to an ordering satisfying the conditions of 1.3, Let

m = Card{a ¢ B+ U C++,(>\'p, a) > 0}, Then the form F q is positive non-

b

—

degenerate for q< mp. In particular, Hq(g_, kK HQOE) for g« mp if (o, H)

-
is admissible,

(We recall that H is unitary by our general'assumption,) The second
assertion follows from the first one and 1.2. The first one is due to

M. S. Raghunathan [6, Thm. 1], We refer to [6] for the proof,

Remark, Assume that g =g & g'". The representation p is then
a tensor product p' ® p'', where p' (resp. p') is an irreducible finite

dimensional fepresentation of g' (resp, g"). If we choose an ordering



compatible with this direct sum decomposition, then, clearly, m = mp' +tm .
; p Pt

This reduces the study of mp to the case where g is simple non-compact.

Moreover, if A\ is written as in 1. 3(8), then
“p

m =X C()\ )-m s
P aedA a p a

where m stands for the constant m in the case where p is the fundamental

a .

representation with highest weight A . Thus it suffices to compute m when p
. a . P

is a fundamental representation of a simple Lie algebra.

§2, Some - results on the constant m

In this section, we assume (p, E) to be irreducible non-trivial and,

from 2,3 on, g to be simple non-compact.

2.1, We recall that the. R-rank or split rank rkR(g) = ER(E) is the

dimension of the maximal subalgebras of p. If g =g' ® g", then

rl<R(§) = rkR(_g_') + rkR(g”).

.2. PROPOSITION. We have m > rkp (8).
——— D ——— p = bl

By 1.4, Remark and 2. 1, it suffices to prove this for g simple non-
compact, This was done by N, Wallach when rk g = rk k, by case by

case checking., Some indications on these computations are given in 2.5, The

-proof for rk g + rk k is contained in 2.6, 2.7, In [6: p. ~251], Raghunathan

points out that he had checked it for many classical groups,



“

2.3. We assume first that g and k have equal ranks, i.e, that
t=h, u=0, in the notation of 1,3, Then _g_c is simple, m = dim p is even,
C is empty, A is the set of compact roots, i.e. the roots of EC with respect

to _l_l_c, and B the set of non-compact roots, i.e. the set of weights of -}lc in

P.=P ® €, Moreover, there is exactly one f ¢ A such that B+ is the set of
y ¢ ® which, when expressed as sum of simple roots, contain with the
coefficient one, and there are two possibilities:

a) k has a one-dimensi'ona.l‘center,' B has the coefficient one in the
.'highest root 60, A - {[3} is the set of simple roots of the derived algebra k'
of k with respect to t' =k' Nt. The space G/K is equivalent to 2 bounded

symmetric domain,

b) k is semi-simple. B has the coefficient twoin 6 and @(_lgc, ic) is

0

the set of elements of & in which B has coefficients 0 or +2.
The scalar product of X\ with any positive root is > 0. Therefore,
P =

we have:

2.4, PROPOSITION. We keep the notation and assumptions of 2, 3,

¥ (h, p)$0, then m = (dim p)/2.

Poincaré duality (IF, 3.3(5)) then shows that H (g, k; H ® E) = 0
for q 4 (dim p)/2.
2.5. We now sketch the steps allowing us to check 2,2 in the equal

rank case. -For a ¢ 4, let
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v‘_‘} Pﬁu ={yed ln‘s(y) =1, na('y) > 0} .

Then m = Card Pﬁ . On the other hand, rkR(g) is equal to the number of
a a 1=X .

A

elements in a maximal set of ""strongly orthogonal' elements in B+. (Two roots
0.‘,‘ B are said to be strongly orthogonal if a + B ¢ @.) These ranks are also
li:sted, together with E, Cartan's classification, in [2: p. 346, 354]. With the

help of the tables of [1], one can then check that P_ > rkR g for all possible
. a = -

P
B, a. (By 2.4, we fxlay assume £ :lt a.)
This is particularly easy for the exceptional groups since in this case,
[1] gives the list of the positive roots vy together with the coefficients n (v).
[\

If g=su(p, q), the lower bound rkR(_g_) is indeed obtained for some a.

However, in many cases we have m > rk g for all (non-trivial) p.
) P -

2.6. Assume g is not absolutely simple. Then g is the direct sum

+

of two copies of -lsc’ which are permuted by 6, and g may be identified with

§ tl:le set of elements (x, :;) in _ISC oD _I_t_c, where  is the complex conjugation
of Ec with respect to k., To avoid ambiguity, we write these two copies as
l(_'c, _15'(; and assume we are given isomorphisms ¢' : k—>k! ¢" : kF—> k"
of -lfc onto 1_<'C and E'é respectively, With these notations, we have the

identifications

b (1) ko=t et t ={gM, ¢"®} u ={g'®, -¢'n) (tet)

.—C

No root restricts trivially on u, hence A=B=¢, and & = C., To define

\
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* ' : ,
a lexicographic ordering on -}-l-c' we take first a basis of _EC- of the form

(@) (hli’ h'i')léiél

where (hi) isa basisof i.tCg .
Since no root restricts to zero on the diagonal, this fixes the ordering on &,
hence also on the weights, The set of roots is & the union of & = @(_lg'c, i‘c)

and &' = <I>(1_<_'c;, __t_'é) If y—> v, y+H—>y" are the isomorphismé induced by

¢' and ", then, with our convention, we have

{3) y'>0<ﬁy“>0,

(4) ‘ o(y') = v", 8(v") =y (vealk,t).

The fundamental representations of g are those of the two factors }c_'c, _152
Assume p is a fundamental representation of the first (resp. second) factor,
. %

To define completely the lexicographic ordering on _l}c, we then complete the

sét {(hi, h;')} by the basis
(5) {-n}, B}, (resp. {(h}, -},  (gic<d),
of u, identified to a second diagonal (see (1)). We have

(8(y)-v')(h!, -h!) = -2¥(h)) ,
(6(y")-vy")(b,, -h.)=2y(h) , (veok, , t) 1<ici)

Therefore

(7) o st (resp. ¢t =t
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A s the highest weight of a fundamental representation of B"c (resp. 1_(_2)

To prove that m > £, it suffices therefore to show that é‘. (non-trivial)

highest weight of a simple algebra of rank £ is non-orthogonal to at least
£-roots, This is well-known, It follows e.g. from the fact that a Cartan sub-
algebra always acts faithfully on~the nilpotent radical of a proper parabolic sub-

algebra.

2.7. We now prove 2,2 in the last remaining case, where g is absolutely

simple and }_’:* 0. Then k is semi-simple. Let z be the centralizer of u .in
g and _z_'.its derived algebra, Then z is redpcfive in g and z' is the semi-
simple part of z, The Cartan involution. 8 leaves z (resp. z') stable and
induces on it a Cartan involution.. In particular _15 N z' is a maximal compact

subalgebra of z'. The algebra h is a Cartan subalgebra of z, hence

t'=tNz' is one of z', and therefore
(1) | rkz' =tk (knz') .

If_a._ is a maximal subalgebra of P containing u, then 3z Na is a maximal

subalgebra of p N z', therefore

- . - ds
(2) rkR z rk(R g -dimu

We may assume the ordering on l_zc defined by a basis whose first elements
span 1i,t'.

We claim that A= )\a [E' is a non-trivial highest weight for z'. The

v
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set A UB_ may be identified with the set of roots of E'c with respect.to _i:_'c,
hence no element of A UB restricts to zero on _f_;‘c Then, our convention on
the ordering implies that the elements of A+U B+‘ restrict to i&he positive roots
of z'. The linear form \' is a weight, since \ is one, If yeA UB, then
(N, v) = (ka, y), hence \' is dominant. The highest weight )\a can be
written as a linear combination 7\ =X c..B, where the c_‘3 are > 0. Since

BB

the restriction of any B to t' is > 0, and some B has’'a non-zero restrictio
it-follows that A' # 0. This proves our claim.

Since 9 restricts to a Cartan involution of z', we seethat A and B

are the subsets of @(_z:'c, _t'c) denoted in this way in 1. 3, if we start from z',

In view of (1), we can apply 2. 5; hence

(3) Card{yeB [ (A A s y)+'o}>rkRz-=rk g-—dlmu .

To prove 2, 3 in the present case, it suffices therefore to show:

—

(4) Card{y e c“’l(xu, Y) 4 0} >dimu ,

If ye ®, we have

(5) Blyy - v, = -2.v],

. * )
The-set of restrictions of roots to u spans u (otherwise g would have
a non-trivial center),

Lét A be the set of simple roots, Since k contains regular elements,
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no root restricts to zero on t, hence 0 leaves <I>+ stable. Then it also

leaves A stable, We assume the roots numbered in sucH a way that Qys eees a

are fixed under 6 and a are permuted by 6(1 <i< (£-r)/2).

r+2i-17 %r+2i
Then
l<ig(£-r)/2) .

(6) o, =06 <), B =a 0 lg_ T %21 ,E t0. 1

*
In fact the fii span u , hence dimu = (£-1)/2. For B, ye A let d(B, v)
be the set of vertices of the path in the Dyﬁkin diagram D(®) of & with end
points B, 'y. We may assume further the simple roots numbered so that
B . . . .. T2 ) " . fo ",; ’ . s :
e 123 ¢ d(a, 'o'r+2i—1) (I<i< (£ rf/2% ~We recall that if | J is the .set of

vertices of some path in D(®), then the sum of the elements of J is a root.

From this it follows that it is possible to find roots Yy e Yoo 5§ =dimu
such that. 2 when express'ed as sum of simple roots, contains a and exactly

o‘ne of C oo 1’ Cpe2i’ but not both (i =1, ..., s). Then these roots belong

to C+ and are not orthogonal to X . Moreover 6('yi) - Y, form a basis of
a
%
u . We may take the elements of the dual basis of u as the last vectors to
++

" : :
define the lexicographic ordering on hc' Then the elements y, are in C ;
- i

this proves (4).

2.8. The case of Hl. Assume g to be simple non-compact and (p, E)
to be irreducible non-trivial, It follows from 2,2 that Hl(_g_, k; H ® E) =0

if rkR g > 2. This does not give any information in the split-rank one case,

However, the positive definiteness of F had been studied in [5], where

ps 1
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it is shown that m > 2 except in the following cases:

() g=solm 1), (122), and A =m.p) (m=1, 2, ...), where A

0 0

is the highest weight of the standard representation of g.

\
(ii) g = sy(n, 1) (n>1), and )\p is 2 multiple of the highest weight of

the standard representation of g or of the contragredient of the standard

representation,

Except in those cases, we have therefore H}(_g, _l_c_, H®E) =0 for every
admissible unitary (g, K)-module H, by 1.2, In particular, if E =g and p
is the adjoint representation, then we are not in the cases (i), (ii) except when

g=sok, 1) = su(l, 1), hence -
Hl(_g_, KH®g)=0 if g4 so@, 1) .

This is the representation theoretic analogue of Weil's rigidity theorem.
e

§3. A _vanishing theorem for trivial P

_ In this section, we assume that g has no compact factor.

3.1. Let L{ , ) bethe symmetric bilinear form on k defined by

(1) Li{x, y) = t1‘(adp X o adp y) {(x, v ek)

We have’

(2) . Lx y) =B (%, y) 4 Blx, y) G,y ek)
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.Where Bk (resp. B) is the Killing form of _13 (resp. g). " The eigenvalues of

the endomorphisms ad x (x e k) are purely imaginary and our assumption on g

insures that k acts faithfully on p via the adjoint representation. Hence

-I{ , - ) is negative non-degenerate. We let

3) A = min . - L(x, x) .

xek, B(x)=-1 .
Then 0< A< 1,
We use the notation and conventions of (II, §1). We have, taking (II, 1,2)
into account

i j a b

(4) 'L(Xa’ X.b) = zi,j caj' Chi = 2i,~j Cij' cji )
(5) | | (X, X )=-5.. ct.c’ (m< 2, b< n)
. R N URE TR T I <& BEW -

.

In the sequel, we assume moreover that the Xa' s form an orthogonal basis with

respect to L(, ). Set

(6) . R(X, ¥) = -adlx, vl . (x, yep) ,
hence

(7)  R(x, y).z = [y, x}, 2], ' (%, vy, zep) ,
and put

® Ry, =Bl 5l k) k)= B0x, ) b %)

AN



Therefore

SRS a a
(9) Rijkl = -Ea ck!'cij .

As is well-known, R( , ) is the curvature tensor on G/K, for the invariant

Riemannian metric which, on p = T(G/K)e, is equal to the restriction of the

Rilling form,:[2¢p.  180]. However, this interpretation will not be needed here.

R e Rl
ha

.2, The form Fz We denote by nij the coordinates of an element

nep ® p with respect to the basis X ® :’4;j (l1<i, j<m), and put, for
Q=1, 2, ...
q =
with A given by 3.1(3). Let
(2)  ml = max({0} U{q|F > 0})

~

3.3. THEOREM. Let (w, V) be a unitary (g, k)-module on which

.

the Casimir element acts by a scalar multiple of the identity and such that

vE = 0. Then HY%g, k; V) =0 for q< mg).

The assumptions on V are satisfied if (w, V) is irreducible,

admissible and non-trivial, Therefore

3.4. COROLLARY, If (0, H) is a non-trivial irreducible admissible

unitary (g, 'E)'—module, then Hq(_g, k; H) =0 for g< m(g).



§_.__=5. This theorem is the repre.senta.tion theoretic analogue of a theorem
of Matsushima on the cohomology of cocompact discrete subgroups [4], to be
discussed in IV, The proof giveﬁ here is essentially the samAe as Matsushima's.,

Theorem 3.3 also applies to an'y' admissible unitary (g, K)-module (mw, V)
for which vE =0, In fact, V is tl.xen a direct sum of primary subspaces with

respect to the Casimir element C. Moreover, using unitarity and admissibility,

one sees that C acts by scalars on each of those; this reduces us to-the theorem,

. 6. Proof of 3.3, If C acts non-trivially on V, then Hq(g, k; V) =0

for all g's by (II, 3.1)., From now on, We assume that w(C) = 0. We shall

prove that if there exists q< m(g) such that Hq(_g_, k; V) :1, 0, then V—g-% 0. If

q =0, this is clear. Solet q> 1. Since w(C) = 0, all cochains are closed,

harmonic and Hq(g, k; V) = Cq(_g_, k; vy (II, 3. 1).‘ We have then to show that if
(1) | -F .
- ‘r] " I nI'w r

is a g-cochain, then ;€ V—g-, i.e.

g

(2) XN

=X ‘=
= Ea =0

-for all i, a, I subject to our conditions. Since [.P.’ .P.] = k, it suffices in

fact to prove

(3) = X =0 : (1

A

1§m;IC,Im, 1] = g}

That (3) implies (2) also follows from



.
(4). , -(CnI n,) = = I nlll R B ILUN

which, 1ncident'ally, also shows that if v e V-1-<-, then v eVE, Inthe sequel,

u runs from 1 to q, i, J,k 1,3 from 1 to m, a,b,¢c from m+l to n, and

I through the subsets of q elements of I = {1 ,4 cses } Let

' 1y . 2 -1
5) om = 13585, X, X 7= e L

91. > e ,.Jq
We shall transform &(7) in two ways. First, using [xi, xj] =% c; X

‘we: cay write

. _ (g1 a b
(6) &) =5 T, p,4,5,1 ©550 S35 2. *N) -

~ In view of 3.1(5), this gives

(7) aem = Sy e x) G 1)

Since the x'a"s are assumed to be orthogonal with respect to L, the sum is

if fact over a = b and, by the definition of A (3.1, (3)), we have

A, (g-1)"
(8) s(n)z =2, Il

2
X n |
If we use the formula for [xi, xj] on one term of each of the scalar products

in (5), we get

(I’ 2 . LI | 2! L A : 3
(9) ("‘l) (Q) ,J, 1J(Xa nJl...J [xl XJ] nJl"'Jq)

JI,-‘-’Jq
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This can be written
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Since c; and [xi, xj] are antisymmetric in i, j, this gives

-1 a
10 Q = z- - c..x . - e 9 x,.X.. . - .
(10) &(n) = q i,i,a 13(31]31'”3 : Jnll"'J)
. . q q
-Jlgo.-,Jq
By assumption, 7 qu(_g_, k; V). Therefore
x .1, . =X nx, , ., [x,x%x ] ..., x, )=
a 31...Jq u 3y a’ i, Jq
=3 (4 . n( P ’ ’ s X )=
=2 k (-l)u—l.C: - ln(x. 3 x. 3 o e 0y §. y 4+ 0 0y x. ) .
a2, k,u 'Ja J1 N Ia Jq
Then we have, using (II; 1.2)
u-1,_.- a a
q.%(n) = Z. . (-1) (X c...c.. ¥m,_ . . . X..X.. M. .
T,J,k,u. a ij kj, k:Jl»----Ju:---rJq 15 g
Jl""'Jq
Since (w, V) is unitary, we have
(n, . 2 ., X..X..T, . )= -(xm, . o . )x..m,
) ,Jl,...,Ju,--.,Jq i Jl...J-q lk,Jl,...,Ju,....Jq 3G

Taking 3. 1(8) into accoﬁnt, we get

u"l '] :
qd(n) = 2. . (-1) R ... (x..m, . ? ., X..7, . )
. J-"J’k]u. 1J'1<Ju 1 k’Jl’.'.’Ju’...'Jq J Jl’a-.'Jq
| Jl,...,Jq ]
() =2, . R.. . (x.m . A S :
asin %,J,k,u. 1JkJu i k,Jl,...,Ju,...,Jq j nJu'Jl""’Ju’“"J
'Jlgon.,Jq *

'3
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Since Rijk! is antisymmetric in the last two indices (see 3 1(8)), we get finally
(1) o) = -2y 5y g Rijkk(xi"k,jz,...,jq’ f‘j"z,‘jz,"....jq) y
Joseies Jq
Together with (8), this yieldg
A “n2 : -
(12) 3, . {-——-E. xn, . o T +E, (x.m, . L, XM, . )
le"'!Jq zq 1’.] J 1!J2""’Jq 1!Jlk’£ 1 k)Jz!""JI JI’Jz’o-o,J|

On ._E_ ® p &V, we consider the tensor product FZ v of Fg and of the given

scalar product on V. It is positive non-degenerate since q < m(g). The

ineqﬁality (10) can now be written

(13) S 3 7Y _(

. 3 Fg, vy s 0

where J runs through the subsets of Im = {1, ..., m} having (q-1)-elements,

. Since FZ v is positive non-degenerate, we gef

-

1 . = i i < ; . C . = q-
(14) XMy =0 (lgi, jemJICIL , |J] =g-1)
which is just (3).

3.7. The value of m(g) for g simple non-compact has been determined
case by case (see [3; 4]). In particular, we have m(g) > 1 if g, is not of

. type G, and if the split rank of g is >2 [3: Thm, 4.1]. In fact, it is known

1
that H (g, k; V) = 0 for V irreducible unitary, non-trivial and g simple
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.. 0 .
and V=, V' are both stable under g. This reduces us to the case where g

non-compact not of type so(n+l, 1) or-su(n, 1) (n > 1). A proof and references

will be given later, together with the determination of those V in the exceptional

cases which do produce cohomology in dimension one,.

§4. Direct products

o

.1. Let g=g'" ®g" beadirect product. Assume first g" to be

compact, Then, if (w, V) is any (g, k)-module, we have

(1) % V) =HYg, ©; vE) (q>0)

where k' =kNg', and hence k =k' @ g", Infact, g" operates trivially on

_g_/k -‘-.‘_E = g'/k', therefore

: ' q ~ q g"
(2) . Homk(A P V) —9Horpk|(A p, V=) ,
i.e., we have canonical isomorphisms
.q ~ o o4 " '
(3) Cig, ki V) —>C-(g', k', V&) (@>0) .

—

-

This yields (1). Note also that, since g'" Ck, the module V is locally finite

13 . .
and semi-simple with respect to g'", sothat V = V—g- ® V', where g",V' =0,

has no compact factor,

4.2, Assume now that g = g, ®... g , with B, simple non-compact,

Write accordingly ' \
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+...tk, p=p1@...9ps,.where ki=-g—'

(1)_1_<_=_1_<_1 k., P lﬂg, % ;NP <ig
I;et (p, E) be irreducible. Then
(2) EzE ®...®Es,p=p1®.-..®'ps .

1
where '(pi' Ei) is an irreducible _g_i—module.. If H is also a tensor product of
(_gi, _l_gi)-modules, then we can apply Kiinneth rule (I, 1.3). Let us put mp =0

i
if pi. is trivial. Then, under the present assumptions, we have

HYg, k; HO®E)=0 for <, m .
, . Py
In particular, if p is faithful, then m > 1 for all i's, and we have vanishing

Py
at least up to s-1.

4.3, We keep the assumption of 4.2. Let (o, H) be an irreducible

s
—_

unitary (g, K)-module, -If Hq(__g_, kH)=0 for some g, then the infinitesirr‘xal
a;ld central character of H are trivial (I, §§4, 5). There is therefore no
restriction in assuming that G is adjoint. Then G = Gl Xoeo X Gs where

Gi = ad g, Let Ki be the maximal compact subgroup of Gi with Lie algeb;a

.131. Then we have a tensor product decomposition

(1) | H=H1®‘...®HS,G='01®...®GS',

where (ci, Hi) is an admissible irreducible unitary (_g_i, Ki)—module. To

compute H'q(_g'_, k; H) we can then again apply Kiinneth rule., Define M(_g_)
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to be the greatest integer such that Hq(_g_, ki H) =0 for q< M(g) and all non-
trivial irreducible unitary admissible (g, K)-modules., Then the Ktinneth rule

and (1) imply

4.4, PROPOSITION., Let I be the set of indices for which (ai, Hi) is

not trivial, Then Hq(g, k; H) = 0 for 'q < Eid (M(_gi)'f'l).

In particular, we see that if H is faithful, then .Hq(g, k; H) =0 at
least for q < s. This gives the vanishing of Hl as soon as g has at least two
non-compact factors, and H is faithful. For a faithful H, we have then

vanishing at least up to Z(m(_g_i)+l) - 1.

REFERENCES
[1] N. Bourbaki, Groupes et Algebres de Lie, Chap. IV, V, VI, Act. Sci.
Ind, 1337, Hermann, Paris 1968,

[2] S. Helgason, Differential geometry and symmetric spaces, Academic
Press, New York 1962,

[3] S. Kaneyuki and T. Nagano, ""On certain quadratic forms related to
symmetric Riemannian spaces, " Osaka M, J. 14 (1962), 241-252,

[4] Y. Matsushima, "On Betti numbers of compact locally symmetric
Riemannian manifolds, " Osaka M, J. 14 (1962), 1-20,.

[5] M. S. Raghunathan, "On the first cohomology of discrete subgroups of
semisimple Lie groups,' Amer, J, Math, 87 (1965}, 103-139.

[6] » '"Vanishing theorems for cohomology groups associated
to discrete subgroups of semisimple Lie groups, " Osaka J, Math, 3 (1966),
243-256, : .



SEMINAR ON THE COHOMOLOGY OF DISCRETE
SUBGROUPS OF SEMI-SIMPLE GROUPS 1AS, Fall, 1976

Appendix to Chapter III: "Vanishing Theorems!

Using Spinors

N. R. Wallach

This appendix continues the philosophy of Chapter III. That is, the vanishing
theorems .proved for LZ ('\G) can be interpreted as vanishing theorems for
relative Lie algebra cohomology, We extend the vanishing theorems of Hotta,
Parthasaratﬁy [6] to cover the case rank K # rank G (see 3, 8), We also
prove a mildly surprising vanishing theorem (3.2), In Section 4 we show

how to prove a best possible vanishing theorem for Hl(g_,g_;H) (see 4,7),

Lemma 2,12 is based on ideas of Schmid [10].

§1. Spinors.

.1, Let (V,<,>) be a finite-dimensional, real inner product space,

We will take <, > to be understood when we write V. Let s0(V) =

{x ¢ End(V)|<xv,w> = <v,xw>, v,we¢ V}.

> 1.2, THEOREM. There exists a2 unique (up to equivalence) finite-

==

dimensional unitary so(V)-module (o, S) satisfying the following properties.

1) There is an so{V)-module homomorphism V«: ®S—S given by

X B S yx)S (vx) ¢ End(s)).
2) \((x)2 = -<x,x>I for xe V,

3) If Z(C S is vy(x) invariant for all xe V, then Z = (0) or Z =S,

'4) If u,ve S, xe¢ V, then <y(x)u,v> = <u, y(x)v>,



1.3, Toprovel. 2 we introduce a bit of notation. Let T(V) be the

= » k
tensor algebra on V (T(V)= & BYV) and set C(V) V), = T(V)(v Bw +
’ k=0 v,weV

w B v +2<v,w>1)T(V). Then C(V) is called the Clifford algebra on V.

G(V) has the followmg univer sal mapping property: If 0t is ain associative
algebra with unit 1 and if u: V0L is a linear map such that ,u(x) = -<x,x>],
then there is a unique algebra homomorphism u : C‘(V) - 0L such that

I;.\z o j= u. Here ji) = .;c—, x ¢ V, where u + u is the natural map of T(V)

onto C(V).

1,4, We first assume that dimV =2r, r2 1, re Z, Let vl;""VZr

be an orthonormal basis of V., Let u:V - @r MZ(C) (MZ(C) the 2 X 2-

matrices over ) be defined by

u(vzj_l)=1' RI' ... BI' RIBIVR... BI

\. J

o

j-1 factors

u(vzj)=1' BT R... RI' RKRIR... BI

AN —

v

j=1 factors

e 0 . )
where I' = ‘}) _OJ, J =[:_1 ;], K =[? B] and extend u to be real linear,

It is not hard to check that u(vi)u(vj)+u(vj)/x(v.l) = —26.1jI. We therefore have

. 2
M V- @r MZ(CCI) and u(x) = -<x,x>I, Using the universal mapping property

of C(V) we get that ;.\1 : C(V) —~ ®r MZ(C) is an algebra homomorphism,

N
Extending u to C(V) ®1R @ it is easy to check that 2\1 is surjective. On

—

the other hand " C(V) is cleariy spanned by the elements :7_,1 cee Ve

1 s
2r '

r r
<31 < <3 < 3 < = = : .
1 .11 s 1s 2r. Hence dimC(V) ®1R c' 2 4 dim B MZ(

).




This clearly implies that C(V) ®

g © is isomorphic with B M,(C). Since

R MZ((C) is isomorphic with M r((CI) (the 2" x2" matrices) we have shown
: 2

1.5, LEMMA. If dimV =2r, then C(V) ®

R € ' is isomorphic with

1.6, Proofofl.2for dimV =2r. Let {:C(V) By €©- M, (C) be

T )
2

defined as in 1,4, If we take S =@ , then 2 : C(V) —> End(S). Clearly

2‘(}—{)2 = <x,x>] for xe V, Thus if y(x) = z(:_:), 1), 2) of 1. 2 are satisfied,

Since ;’;(C(V) X)IR C) is the subalgebra of M r(«Z) generated by vy(v) we
2
see that 3) is satisfied.

=8 v, E._. a(v). fi ~-E.)=-3 );

Let Eijvk e EiJ ¢ End(V). Define cr(EiJ EJi) av(vi)v(VJ)
then 1) is satisfied by o, V.

Since . C(V) E)]R @ is a simple algebra over © we see that C(V) ®IR C

2

has a uﬁique, simple module over @ (up to isomorphism). Taking S = R ©

2 .
put on & the usual inner product and put on S the tensor product inner

product, Then we leave it to the reader to check that 4) ofl,2 is satisfied,

-

1.7, The odd-dimensional case, Suppose dimV =2r+l, Let

VO e V be a unit vector. Set Vl ={ve Vl<v0, v> =0}, Let {0,S) be as in

-1.6 for so(Vl). Define y(vo) =il' ®... ®I' (r factors) (seel.4). Then

y(vo)y(v) + Y(V)Y(VO) =0 for ve V Extend vy by linearit}; to V., Set

1

E . v.=08 v, E
0ij ij o i

Then (o, S) satisfies 1), 2), 3), 4) of 1.2.

\

=6 - - .1 ' o :
o%; = %0;Vi and o(Eq, E. o) ZY-(-VO)Y(Vi)’ i=1,...,2r.



Y

To complete the proc;f of 1.2 we need only show that if (o, S) and vy
satisfy 1), 2), 3) of 1,2 for Vv, then (0,S) and vy restricted to sd(Vl) and

V1 satisfy 1), 2), 3) of L,Z for Vl' Clearly 3) is the only part that need

.be checked. Set pP= iy(vo). Then Pz =1 Let Si= {s e élPs =+ s}.’ If
X e Vl’ then y(x) e P=-P° y(x). Hence Y(x)S+C s~ and yx)s C S+ for
‘ + o - -

X € Vl' 1) implies that o(Z)S Cs’, o(Z)s Cs for Ze« 'so(Vl) (Zv0 =0
for Z e so(Vl)), We assert that S+ and S are s'imple. as so(Vl)-modules.
Indeed, suppose that 0 fWC'S-l- is so(Vl)-invariant. If xe ¥V, if we W
cand if Z € so(Vl), then 6(Z)y(x)w = g(Z-x)w + y(x)o(Z)w. This implies that
W+ 'y(Vl)w is y(Vl)—invariant. Since 'WC S+, y(Vl)WC S~, this implies that
W+ Y(V)W is y(V)-invariant. Hence w=s" by 3) in 1.2. Similarly, S
is a simple §2(V1)—module.

1) S+ and S are inequivalent as so(Vl)—modﬁles.

Indeed, set h,=E.. ,-E o 1, j=L...,r. Set h=2Rh. Th
ced, set h, 25-1,25" 25 25-1 j r et h ; en

—

h isa maximal abelian subalgebra of so(Vl). Set )\i(hj) = 6ij’ 1<i,j<r.

Choose the Weyl chamber Rl > 7\2 >.,..2 )\.r. Let A be the highest weight

~
of 'S’ relative to the Weyl chamber of h. Let o be a nonzero highest weight

vector. Set e.=v.-iv. , j=1,...,1, €, =v+iv. . Then h e =ib_e,,
j +r j+r i itr k j ik j

h = —.6 < 1< h' = iA . = =i\ - -
kejJrr i jkej+r’ 1< j<r., Hence ej i j(h)ej’~h ej+r i j(h)ej+r’
1 <j<r. We therefore see that y(ej)wO =0, j=1,...,r. Since

yiv )w, = -iw_  we find that S is spanned by the elements Ww. . =
0 0 ) 0 : Jl...Jk

- <ji < <;i < B
Y(er+51)...v(er+jk)w0, l_J1 e g S If heh, then



r

h-w, . =i(A()-Z X, (b)w, ). Clearly, S’ is spanned by the
e =19 ek :
W, . with k evenand S is spanned by the w, . , k odd, Hence
Jl"'Jk . Jl...k :

S+ and S have distinct weights relative to h., This proves the contention
of 1).
© 2 ~E.) = -3y(v.)y(v,) + c I for 0<i<j<a2r,
) cr(EiJ Jl) aY(vl)Y(VJ) et for 0z i<jsar
Indeed, set T, =o(E, -E) +%y(vi)y(vj). Then 1.2, 2) implies
o = ° f V. 1.2, 3 impli . =c, L.
Tij yx) = yx) Tij or X e¢ ) now implies TIJ clJI
Suppose now that O;r-‘WCS is y(yl)—invariant. Then 2) implies
that W is so(’v‘l)-invariant. Hence W = S+, S or W= S+ @S . Clearly
+ - i et T '
W=S or S is impossible (y(vl)S‘-CS ). Thus W =S. The theorem

is now completely proven,

1.8, Since [so(v), so(v)] = s_d(v); it is trivial to check that the Cij

in 1,7, 2), are all 0;+We can now state many of the results used in theproof

of Theorem 1.2 as properties of (0,S), y. We do this in the next paragraph,

1. 9. Properties of (0,S),y. Fix v,..., vn an orthonormal basis

- = 1

of V. Let Eij € End(V) be defined by Eijvk = Sjkvi'

. . - -i .
- 1) If i#j, then cr(E.lJ.—Eji) = zy(vi)y(vj).

. n
2) Set by =By 557 B 05 = bee 3l =

+ Set h = ZIth. Set )\i(hj) = 6ij' Then the weights of o(h) are precisely the

linear forms i(F(\, + ... +X ) -X, - .., -\, ) with 1<j <... <j
1 : T j. I . —-1

and each occurs with multiplicity 1.



(To see this use the proof of 1. 7, 1),  and the fact that dimS = 2%,

which was shown in 1.6.)

1.10. We will need two other properties of (¢,S) and y. The first

will be stated in this paragraph; the second in the next.

LEMMA, Letfor 1< i,j,k,2 <nm, Rijk! ¢ ©€ and satisfy’

D Riser = Rgij
2) R

I

ke - " Ryike?
3 Rinea TR0 R jkie
Then ZR zv(v )Y(V (v vlv,) = U(le) ’

This lemma is proved by the obvious computation.

1.1l LEMMA, Let u be the natural representétion_gi so(V) on

AV . (V

C =V ®IR C). Then

()

"1) if n is even,.u is eguivalent with o ® o;

2) if n is odd, then u is equivalent with ¢ 80 @ 0 R 0.

Proof. Use 1.9, 2), and compare the weights of u and o ® 0.

§2. The Dirac operator 9_{3 unitary representation,

In this section we use the notation of III, §3. Let C be the

|-

2
Casimir operator of g, Let Ck = -Zxa.

[\V]

“Let <,> = B‘p_XP_ Then (p_,< >) is a finite-dimensional inner



rar— T r——,

product space, Clearly, 7

0" k- so(p) where 'ro('y') = ad y’lB, ye k., Let

-

(6,S),Y be as inl.2 for so(p). Set s =0 o To Then (s,S) is a unitary

representation of k.

2.3, LEMMA. s(C ) =cl c =L2 R.... (R is as in III, 3.1, 8)).
== k _ 81 j ijji _—

ijkg

Proof, Let Kip oo ’Xm be an orthonormal basis of (p,<,>). Then

1.9, 1), easily implies that if x ¢ k, then s(x) = %Z <[X’Xi]’xj>Y(xi)Y(Xj)'
i,j
This implies that

1
P < >< > -
s(Ck) '163_ iZj - [Xa’xi]’xj [xa,xk],x£ y(xi)y(xj)y(xk)y(xz)

) .
= % <[Xi,xj]. [Xk,xz]>Y(xi)v(xj)v(xk)v(xz)

ijk{
=B OR Ve )YER) Ve Y, )
16ijk£' ijkse i i k £
(Rijkﬁ is as in III, 3,1, 8)). Clearly, Rijkl satisfies the hypothesis of 1, 10,
Hence

1. ‘
s(Ck) =3 (iE.Rijji)I'

?

2.4, We now derive a second formula for the constant ¢ in 2. 3,

Let E+C§ be a maximal abelian subalgebra of k. Let h be the centralizer
in g of I_1+. Then h is a Cartan subalgebra of g, Let A be the root

+
). Fix A, ;

system of (5@,%) and let A *

be the root system of (E(C:,h+

k —©

a system of positive roots for A By a compatible system of positive roots

K

for A we will mean a system of positive roots A+C A such that (see III, 2.7)
N\ ’ .



v

1) if a e A+ then a =[3| + for some f e A+;
k _k_l_c

2) if aé A+ then ©Oaq ¢ A+ (here 6 is the Cartan involution of (g, k)).

2.5. Fix A+ ‘a compatible system of positive roots for A, Set

* s

. 4+ % - - %
= = - i 1 i A =
h {he %Ieh h}., We identify (1_1@) with {\ ¢ -}l«z!e 2}, he)
% . * + |- + +
with {\ ¢ %[ex = -A}. We write for e ho, A=A +r (AT= Mo
: . = er
2.6, Set 6 = %— E+ a. By 2.4, 2), we see that 66 = &; hence & = 6+,
== ac
=% & =6-%8
Set 6k 3 ZA+ (‘1. Set K
ac by
2.7. Letfor he ()"
= —@
Py = {xe E@[adh-x = Ah)x for He EECI}
Set pé = +E Py - Using 1.9, 2), we see that the weights of S|h+_,
+Xe A l(h+ ) ==
—C
. +
_are of the form 6n - )\i =,,. - )\i with R)s._,CEa'
1 T ij
~- 2.8, Letfor Ace (h;)'; A;—dominant integral, (TA,VA') denote

the irreducible finite-dimensional representation of 1(_«: with highest weight

A relative to AI:.

&

LEMMA. (s,S) contains the representation (76 v n) of
n .

i

kg

Proof, See 2.7.

2.10. Let <,> denote the dual of the Killing form of '&C restricted



¢
.Y
g
ke
-

to E((Z and to ’gzz

= (K§,6> ~-< & > i
2.1, LEMMA, S(Ck) <o, ék, K )I. In particular,

1
— =<§.06> -<§ & >,
g = Ryjj =% K’k

=5,

k k k

h

= (<6 6. ,6 & > - <§ > i
Proof, '7‘6n(C,k) ( n+ K’ n+ ’6k )JI. Since 6n+6

the result follows from 2. 8 and 2. 3.

2,12, Let (7,H) be a unitary (g, k)-module, We puton H® S the

tensor product inner product, Define D: H®S—~HR® S by
m

D=2 7r(xi) B y(xi) (xi as in 2, 3),
i=1

2.13, LEMMA, (Compare Schmid [10].) 1) If x,y¢ H®S, then
)

181

<D}§"y’> = <X,Dy>‘ ' ;l Y
1t ‘:f

2) D°=:n(C) BI- (K6,6>-<6 ,6 >+ (rBS)C.). - &
' k k k 'y i, ]

"

Proof. 1) is pr&oved by the obvious computation using I"'.‘,Z, 4). To prove

e

2
2)wenote D = 7r(xi)7r(xj) B y(xi)v(xj) =

i,

= --”'Z)7r(x.)2 BI+ T nx)rx.)R® yEx)ykx.)=

R i . 7. 1 J 1 J

i i#j
=-m(C)B I+ 7(C )RI+ ;jﬂ(xi)fr(xj) B v(xi)v(xj). | Now Y(Xi)Y(XJ-) = 'Y(Xj)Y(Xi)
fpr i #j. Hence ‘we find D'2 = —W(C) BRI+ W(Ck) BI+ %Z w([xi,xj]) ® y(xi)y(xj)

i,j
=-7(C)®I+ T(C) B I - %i AJ*: aB([xi,xj],Xa)w(xa) @y(xi)y(gj) =
=-7(C)®I+ 7(C) BI-2Z7x ) BS(x )= (use the formula in the proof of 2, 3)
. o a.

1

\. .
-m(C) + ﬂ(Ck) BRI+ (7R S)(Ck) - 7r(Ck) RI-IB S(Ck‘) = -ﬂ(C) -IQS (Ck)+ '(7I‘®’S)('.Ck).
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2.11 completes the proof,

2,14, Let W1 ={s ¢ W(A)ISAT is compatible with A;} Let

20 =dim

q

[2,/2]
2.15, LEMMA, S= @ 2 T . (Here mt_  means a
— : 1 ag6-06 _— A -

- oeW k

direct sumof m ies of .
direct sum of m copies of r,.)

Proof, ZEvery weight of S is of the form 6n—§, where § is a weight
of h+ acting on Ap+ . Now p+ C = (g.). I QCA+, then set
- (0¥ C ae A+ =C'a

<Q> = X a. Then every weight of S is of the form 5n~<Q> ]h+, QC A+,
ae Q '

Sﬁppose that 7

115 contzined in s, Then A =6 -<Q>| +. Hence
N n h

¢ : 7
)\+6k = 6-<Q>jh‘-¥.“, Lemma 2. 11 implies that ]M—Bk[“ = |8 ‘2. Thus
S' ‘l"i: !

2 2 2 _ .2 .
|6-<Q>| +]5=\]81". But [6-<Q>| +]" = |5 -2<8,<0Q> | +> +

»
[} W w4

<<Q>lh+,<Q>Hl+\> - 16.’2_2<6,<Q>> +<<Q>lh+’<Q>|h+>i ]5_<Q>|2. Thus
. ‘,;
s-<>*> (&% -

a) Let F6 be the finite-dimensional Ec .module with highest weight

s

&
& relative to A+. Then the weights of F are precisely the linear forms

5-<0>, QC A",
& &
Indeed, let ch(F ) be the character of ¥ , Let

) & —r - ) )
D= = deat(s)es =e ||+(1-e a). Then D- ch(F )= = det(s)e?'s

se W(A) ae A s W(A)
26 i 5 26 ] W
=TT, 0-e7*%. Hence ch(®) = &2° T (1-e2%/e® T (-e"% =
+ e |
ac A ' ac A ac A
5 4t -, 6-<Q> ‘
=e | ]+(1+e a) = Z e Q_ This proves a).

ac A oC A+
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In order to apply a) we prove a Scholium due to Kostant [8].

2.16, SCHOLIUM. Let Appeoos A be A -dominant integral forms

on h@ Let F. be the simple, finite-dimensional - module with highest

. o . i oh L ’
weight Ai' i=1,...,r., ¥ X Eiwexgvt_o_f_ F1® ®Fr then

In] < ]Al +... + Arl and equality occurs if and only if there is s e W(A)

-~ so that A = s(A1+.... +Ar)'

Proof, Let se¢ W(A) be such that s\ is A+-dominant integral. Then

|sh| = [\, Now N=X +...+\_ with A aweightof F. This imiplies

that A\, = Ai-gi, §i a sum of positive roots. Hence \ = A+ ... + Ar -
i : .

1
E - ... -& =A +...+A -§, £ a sum of positive roots., Set A=A +... +A .
1 r 1 T 1 T
Then <A, A> = <A A-E> =< A> - <\, 6> < <A A> =<A-§,A> =

=<A,A> - <§,A><<A,A>. Equality occurs if and only if <A, §> =<\,§> =0,

But then 0= <\,£> = <A-£,£> = <A,£> - <£,£> = <£,£>. Hence £ = 0,

This clearly implies the Scholium.

2.17. The completion of the proof of 2,15, Using a) and 2.16 we

- _

find that 6-<Q> = ¢d for some o ¢ W(A). Hence \ =or6lh+-6k, But M\ is

1
Alt-dominant integral; hence o ¢ W, Thus if 'r)\C S, then X\ = 06-6k with

1 .
ce W, We note that the multiplicity of the weight 06-6k with o € W1 in

[2,/2]
S is precisely 2 0 and relative to any order gotten from oA+, od- Gk

is the highest weight of S. The lemma now follows,

2.18. We note that'\2.15 is a generalization of a lemma in

Parthasarathy [9].

. ' ] ; , (“3‘:
o : {



-

. space of ?8)

ML .12

.2,19. LEMMA. (s,S) is equivalent with its contragredient.

Proof. We note that if A\ is a weight, then -\ is a weight of S.

(see 2.7). This implies the lemma.

2.20. We conclude this section with some results on the decompositior

of tensor products of finite-dimensional representations, These results will
be useful in §3 and §4. Let {01, e a.l} be the simple roots in A+. Let

Al’ cee ’AI be the basic highest weights. (2<Ai, o.J. >/< aj, o.j> = 6ij' ) Let

FA be the irreducible finite-dimensional g-module with highest weight A.

AL, A,
Let (F 1) =F ! ; then i+ 1i' is an involutive permutation of {1,...,2}.

LEMMA., Let A= EmiAi' u = EniAi;'then

. - ZqUA,
rPerD z  F ' where,
) m. +n -s_-s, =9, '
.o i 1 1 1 1 -
with s1<rmn(m n ), 1,...,12. !
A

Proof, Letfor i=1,...,4, ei ¢ F ' be a nonzero highest weight A
- » A, A,

vector. Let e, ¢ (F
i

ats
<

be a lowest weight vector so that <ei, e; > =1,

F
: A m, A m, A
We realize ¥ CX=8® 'F ‘s 2F ’®...88 'F ! as the cyclic

o my m m,

space of B e ®B® “e.®...®B® e, We realize F" as the cyclic

DS S 2
;,- nzx % R, * n., Al & 1 A %
1 2@...®§§>£e1 in E_)l(F )@...@@1(1? z):
Let Ci be the g-homomorphism of F ' B (F l)='< - € given by the canonical

. s s
pairing, If 0<% s, < min(mi,ni, ), then Cll. . . sz (X®Y)#0 and
s s s s '
Cll. i CZ I(FA B FIJ) # 0, Furthermore, C1 1. .. Cll (FfA ) Fu) contains



m, -s ' m -s n,-s, n,o-s,
B 1 1e X)...X)K)! le @Xll .e ®...®X>£ Ee.
) 1 : -4 1 2
LR TR + +
Ug)n=F . Thusif n'= X g ,then U{m')'n containsa
n a n
ac A
+ - + .
vector 'qo so that n -1'10 =0 and h no = E(ni..si' )Ai(h) 'qo, Since n £ =0,
+ 3 FA Il . g »
we see that U(n )(€ ® 1) contains £ ® no. Thus ® F  contains F°~ with
£ = Z(mi-si)A.1 + Z(ni-s.l, )Ai = Z(mi+ni_si—si' )Ai' . Q.E.D.

2.21. We maintain the notation of 2,20, Perhaps the most useful

corollary of 2,20 is

Zp. A,
COROLLARY. Let A=ZmA,, 4= 3nA; then eyrtOr 1

. : )\ sk
with p; = mi+ni-min(mi,ni' )-min(mi‘ ,ni), In particular, if F“ = (F )

-\
and A-N is A+-»dominant integral (i.e., mi_>_ni, ), then FAX) Fu DFA .

2.22. LLEMMA., Let A,u be as above, Suppose that v is a weight

of F“ such that

. . .
1) A+v is A -dominant integral;

2) if s e W(A) and £ is a weight of F" such that s(A+v+6) = A+6+E,
then E=v, s'=1,

v
Then Fl® FHOFAMY,

Proof, We use the notation of the proof of 2,15, Let W'(Fu) be the

set of weights of . Let mg be the dimension of the £ weight space in FH,

Then D- ch(F'®¥)= = m, > det(s)e® AHEFE) L
ten(FH) ® sew(a) -
=m, Z det(S)<3S(A+6+V)\+ = me 2 det(s)es(A+5+§).

vseW(A) E#v

se W(A)
tem(FH) -
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If s(A+8+V) = t(A+6+£) for t,s ¢ W(A) and some £ ¢ W‘(F“) with § #v,
then t-ls(A+5+V)_ = A+6+§, Hence by hypothesis t = s; hence £ = v, This

clearly implies the lemma,

2.23. COROLLARY. Let A,u beas in2.27,

1) Suppose that ‘a is simple in A+ and A-s u is A+—dominant integral; then
A % A-s pu @
F R (Fu)' contains F @ .

2) Suppose that a i_s_A+—sim21e, <u,a> #0 and A-pta _i_s_A*—dominant

integral. If 2<A-g, a>/<a,a> # -2, then FL M eCrlg FH ¥,

E_qg_f_. 1) Suppose | s € W(A) and £ ¢ W(Fu) "is such that
s(A-s_pu+6) = A+6-8, (5 ) {-¢]¢ € 7(F")}. Now s(A-s_u) = A-s_p-q
v;fith. q; asum of elements of A+, sb = 5-q2 with q, 2 sum of elements of
A+. Hence A+6-§, s(A-sau+6) = A-sau+6—q1¥qé. Hence £ = sa,u+q1+q2.
But £ = H-q; With 9, asum of elements of A+, Thus ,u.= sau+q1+q2+q3.
This implies that q.,1 = mig, i —_-'1,2, 3, :mi e ©, rni 2> 0. Hence sb = 6-m2a.
But then s = s, OF §= 1: Thus if s #1, sa(A+6)—;,¢ = A+86-§, That is,
sa(A+5)-(A+6) = pu-§, This is impossible. Thus s =1, Now 2,27 implj1.es 1).

s
3

2) Since <u,a> # 0, -uta is a weight of (Fu) . Suppose that § is
a Weightf of (Fu)'s and that s ¢ W(A) is such that S(A-ut+at+d) = A+6-£., Then
as in the proof of l)f S(A-pta) = A-u+a-q1, 86 = 5—q2, £ = H=q,. Hence
A-u+5+a-ql—q2 = -/.c+q3+6+A. Thus a = q1+q2+q3. Hence q, =m.a and
mi ¢ Z, mi >0, Z)mi =1. Again, this implies that s =s or 1. If s =s
= . a . a

then g, =1; thus q, =0. Hence s _(A-pta) = A-pta. That is,




s (A-p)-a = A-pt+a, which implies that 2<A-y, a>/<aq, o> = -2. Since this
Q

contradicts our assumptions, s =1, °
a

§3. The vanishing theorems (F # C).

1. We maintain the notation of Section 2, In particular, we fix

w

- + .
A; a system of positive roots for Ak and A a compatible system of positive

roots for A.

3.2. THEOREM. Let F be the irreducible finite-dimensional

g-module with highest weight A-0 relative to A+, Let (7,H) be a unitary

(g, k)-module with 7(C) a scalar operator. If 6A # A, then

H (g, k;HBF ) =0

for all r.
3.3. Note. Of course, this theorem has no content if _ll+ = h,
3.4. The proof of Theorem 3.2. Let #(C)=AI. Assume

Hr(_g,_lg;HlaF*) # 0 for some r, Then we must have )\. = IAIZ-IGIZ (see
I, 3.1) and Homy (FRA_,H) # 0. Since A 2S5BS or SRS®SBS (see
L1)and S=S  (2.19) we have Hom (FBRS,HRS) #0. Let FB®S=
va('Tv, Vv). We must have Homk(V_v,HX)S) # 0 for some v with m #0,

Now 2.12 implies that if £ ¢ H® S, then

(<D £ = (A<, 554<5 5, 25, > +<(r BS)(Q ), E>.
X |
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Since <D, &> = <DE,DE> @.13), <(rBENQIE, 6> > (M4b-<5 6 >I<E, &>,

Since \ = [A|2-[612, we must have <(r®S)(Q)E,£> 3(]A[2-]5k|2)<g»,g>,

2 2 . 2 2
kl . That is, [V+6k[ > |A]”.

If m, # 0, then v = u++06—5k with u a weight of F and o ¢ Wl.

2 2
But then lv+6k| -lékf > [A]7-]6
2
Hence lAsz_ |v+6ki2 = lu++05]2f_ [u+05l . But p is a weight of ¥ and
cd is a weight of Fa. .Hence |u+od] < |A-6+81 = |A] and equality occurs if
and only if utod = t(A-6)+td, t ¢ W(A). That his, t—1y+t-106 =A. But

156 = 6-<Q> with £ a sum of elements of A and QC A+.

t"ly = A-6-£, t~
Hence A-£-<Q>=A. Thus § =<Q> = 0. This implies that t =¢ and

u=0(A-6). But then we have

1A% < Jo@a-8)tr08] < Joal® = |a)?.

Since (06)+ = g6 we see that [A[z = I(oA)+lz = |A+|2._ Finally, A= A++A—
2
=1

and |A] A+.IZ+IA-|2. Hence A = 0. This provés the theorem,

. 3.5. We now isolate one part of the proof of Theorem 3,2 which will

be useful,

LEMMA. Let F, A, (r, H) be as in 3.2, Suppose that #(C) =

2 2
(JA]"-18]7)1. Assume that 6A= A, Then Homk(F ® S)H ®S) =

[£ /2]
z 1I-Iomk (:2 VtA-ﬁ , H® S) (EO is as in 2.14). That is,
te W - k
[£,/2]
o z2 _ Ym_skCFzgs and HomE(W,HQS) = 0 where W@zvt-A_ék=F®s.




This-lemma has been proved in the course of the proof of 3.2,

-

3.6. Note that if F =, then A=05, and the lemma in 3.5 has no

|

content,

3.7. Letfor PC A a system of positive roots compatible with A]:,

+ l .
pC(P) = EP_)\ the sum over all N so that p_)\y.‘ 0 and A\ = a,hT’ ae P.

3.8. The following vanishing theorem uses ideas in Hotta, Parthasarathy [6].

|

THEOREM. Let F, A and (7,H) be as in 3,2, Suppose that

7(C) = (lA[z- l6 IZ)I and that 6A = A, Suppose that whenever

te W1 and § is a weight of Ap-cz:(tA-{-) so that tA+t6-2,6k-§ _i_s_A;-dominant

+
integral, then tA—ék-\g i_§_A1'<—dominant integral. (Note that if A satisfies

this condition, then A+u satisfies this condition for g A;-—dominant integral.

Also if A is as in 3.2, then kA satisfies this condition for k large.) Then

H(g,k;HBOF ) =0 for 0<j<dimpl.

Proof. Proposition 3.1 of II implies that H (g, k; H @F'ﬁ) = Homk(AJB, H@F*) =

= Hom, (F® Np, H).

We compute Homk(F®Ap_, H)., Now Ap=S®S or S®RSBS®S,

Thus we really must complete Hom (F ® S® S,H) = Homk(F ®S,HRS) =
[2,/2] = g/l
z 1Hom (2 VtA-6 ,HR®S) = X Hom (2 v

te W k k te Wl k tA-8 k

® S, H).

. We look at Homk(vtA-5

K . ® S,H). Now TtA—f)k BS = Zm)"rx and if

\
m, #0, then \ = tA-26k+t5—§ where § is a weight of Apz;(tA*‘) Now the
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hypothesis of this theorem implies that tA-6k—§ is A;-dominant integral if

%*

m}\';éO. This implies that T\ ® S contains Ty\o5 since S contains Te *
n n

If Homk(Vx,H) # 0, then arguing as in the proof of Theorem 3,2 we find that

the lowest eigenvalue of (7, ® S)(® ) is greater than or equal to IAIZ- | IZ,

A k

This implies that [tA-§ lz > !AIZ. i\Iow € is a weight of Ap-«'.:(tA+). Hence
£ = Q> |h+ with QCA+. Hence |tA—t<Q> fh-l- ,2 > ]AIZ. But then

|A-<Q> ]2 > IA.§Q>+]2 > [AIZ, A= A-5+0 and A—-tS is the highest weight
of F. Hence |A-8+86-<Q> lz > lAlz. Thus t(A-6)+t6-t<Q> = u(A~8)+ud for
some ue W(A), Arguing as in the proof of Theorem 3.2 we éee that u =t
and Q = ¢.

We have shown that if F ® Ap = Zn L then Homk(FE)AR,H) =
= X

. H). To complete the proof of the theorem
te W ' C

17y By nr6)-2 6kvt(A+6)-2 5’

-

we must shpw
. i
Hom}(_(vt(A+6)~26k’F®AR) =0

for 0<j< dimpzz and for j> dimp&-{»ﬂo. By replacing N by tA+ we

-

can assume t =1, The weights of F relative to E;;: are of the form

A-6-§+,_ £ a sum of elements of A+. The weights of AJ_'Q_. are of the form

N, +... 4+ N, with N, ,...,N, a weight of E(C'

L : 13., Lo 1j

Hence the weights of F ® AjE are of the form A—6—§++26n-§: with
§1 a sum of elements of ,A+. Thus thg highest possible weight is A+6—26k
and this occurs only if 26n is a weight of Ajp_. But 26n is a weight of
Q.E. D,

j e ok .
<.31<
A'p only if dlmR({Z—Jf-dlmRC+£O'

A



oy

i9 .

9.‘ We now assume that (7, H) is irreducible and admissible. We

w

.

assume that A satisfies the conditions of Theorem 3, 8,

THEOREM. If H(g,k;H®F ) #0, then

1) (7,H) is in the fundamental series for g relative to tA+ for some

te Wl (see Enright, Wallach [4] for the definitions) and (7,H) has lowest

k-type TtA+16-26
j « Yo ¥
2) dimH (g, k; HOF ) =(j-q) where g = dimpc.

Proof, By the proof of Theorem 3,8, (7,H) must contain T A+ £6-26

and cannot contain any k-type of the form 7tA+75—26k-§ with § a weight of

Ap-c:: (’cA+). Theorem 6, 3 of [4] now implies 1),
2) follows from the fact that if (7,H) and t is as in 1), then

H) = 6t < (an easy consequence of the lowest k-type

dim Homl—(_(Vs(A+6)__26k,

property).

3.10, We note that if rankk@ = rank_g_@ then EO =0 and (7, H) is

—_

s

th where g is the element of Harish-Chandra's discrete series (see [5])

corresponding to tA. Since in this case the fundamental series representation

associated with tA+t6-26_ and tA+ is WA (see Wallach [11]).

k

§4. Vanishing theorems (F = C).

o i : . :
‘i_____l_. Let A'p = nO,j"'rO + Enk,j'r)\ ('r0 the trivial repres§ntat10n of k)

as a k-module,
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W

.2. Let B;— = {)\ln)\ j #0 and (ry ®S)C,) has lowest eigenvalue

at least |6 lz-léklz}.

5

LEMMA, Let (7,H) be a unitary (g, k) module with 7(C) a

scalar and HE = (0). If B:; = ¢, then HJ(_g_,E;H) = 0.

‘Proof, If H(g,kH) #0, then (C) =0 (I, 3.1) and H(g,k;H) =
e g _ k_ :
Hom_lg(AR(C’H)' If H* =0, then H = 0, I‘-Ience Hgnlli(Vx,H) # 0 for some

AN#£O, so that n, j # 0. But then 2,13 implies that (7>\®S)(Ck) has lowest

eigenvalue at least |6 [2— | Sklz. Q. E.D.

4.4, We assume that g is simple as a real Lie algebra, Then there

are two possibilities for Pg 252 k module,
1) P is an irreducible k module,

2) . =V'€BV with V., V., irreducible k suEmodules.

1 2 1’7 "2

‘4,5, LEMMA. _Let A; be a system of positive roots for Ak. Let

N be a compatible system of positive roots for A, If 4.4, 1) holds, let X\

P-(C as a k-module. If 4.4, 2),

be the highest weight relative to A; of

holds, let A

1’ XZ be the highest weights relative to A; for V. and V

respectively, Assume

1) if 4.4, 1) holds, there is te W1 (see 2.14) so that t6-6k-)\ is

AZ— dominant and A is not a simple root in tA+;

ct

i Aol

2) if 4.4, 2), holds, then there exists for i =1,2, t. ¢ W so tha

ti6—5 —)\i i_s_Al—dominant and )\i = a+ for some aq ¢ tiA+’ but )\i is not.a

— — ———

k
+

impl tin tA, i=1,2.

sxmlgerool_rli , i _

o



¥ (r,H) isa unitary (g, k)-module with 7(C) a scalar, then

H (g, lGH) = 0.

Proof. Assume 4.4, 1), holds. Then p = Ve Ty B®S=.

[1,/2]
zZ 2 T, BT
. S~
ter A t 6k
Hence for t as in 1), T RS D'rt6-6 R (see 2,21). Now |t6-6k-)\+6k

(see 2.15). The lowest weight of s is -\,

* =

= ,tﬁ-)\lz, A= a+ for some ace tA+, (A is the highest weight), Hence

It&-)\lz |t6-a+[2<_ lt5—alzf_ '6!2, If lté-)\lzz_ lélz, then we must have

lt5—a,2

2 : +
[8]7; hence a is tA simple and |t6-a+]2 = ltﬁ-alz, Hence
+ . . + '
a='a . This contradicts 1); hence Bl =¢,

2} Use the same proof for i =1,2,

4.6. PROPOSITION. Suppose that g is isomorphic with sp(n,1),

n > 2, the split rank 1 real form of F4 or the noncompact real form of GZ'

Let (7,H) be a unitary (g, k)-module with 7(C) a scalar, Then

H' (g, GH) = 0.

- Proof. We use the notation of Bourbaki [1].

1) sp(n,l). B¢ © Cn+1' We label the roots as in (1], p. 254,
n

+ . _ . )
Then Ak has simple roots 221 = Ziz—lai+an+1, 0’2’ v oo an+1. We note that
1 n+l n+l
s € W. Also ([l], p. 255) & = = (n+2-j)e.. 6k =& F Z (m+2-j)e... Thus
j=l ! j=2 !
- N n
- = 6-86 = - = - 1 i =
6 6k ne . S°-1 k= By o (n 1)s1+52. N as in 4 5 is o.l+ZiE—2 ai+an+l

) - ' +
) 5.5 -\ = (n- ) . S & % s ) .
£ +sz Thus s 61( A=(n Z)e:l Thus if n> 2, Saié 61( N\ is Ak dominant



- S

. . . -+ . s
-integral, The simple roots of s A are -al, ata,, Qgreees an+l' Thus -if

niZ, A is not- s A+ simple, The result now follows from Lemma 4, 5.
“
2) The split rankl real form of ¥,. Here we use pp. 272, 273 of [1].

. + ' +
The simple roots of Ak are sl-sz, 52-243; 53—€4, 54, those of A are

1 1
W TETEy 2 T3y (3T % T ARSI RE Sa4 «w.
& = 11 +5/2 £ +3/2 53-5%-&4 6 —%51-1-5/2 ez+3/2t: +%-s4 (see [1], p. 253).
6-61;= 281. sa4‘6-6k = 251-2(51—52-53- 4 = 3/2 et 252%53% €4
Let )\. be as in 4.5, Then \ = E(E +sz+s3+e4) Thus sa4(6)-5k-)\ =
which is A;—dominant integral, The simple root? of So. A+ are o, G5, a3+(14,

4

-.a4; since A = 01=2a2+3a3+a4, N\ is not sa4A+-simp1e. This case now follows

from Lemma 4. 5.

3) The noncompact real form of 'G.. (We use pp. 274, 275 of [1].)

2

‘ + o 1 _ .
We take Ak—{a1,3o.l-rZa2}. saze W, 6—501+3a2, 6k_201+a2. S

s 6-8 =6-b -a, = 301+a2. N (as in 4.5) = 3q;+a,. Hence s &-5 -\ =0.

o, 1 2 o
The si‘mple roots of s A+ are oto,, -a and neither is X, Thus Lemma
et : 2
A 2
4.5.applies. . . . Q.E.D.
4,7. If we combine Proposition 4.6 with the results of Kaneuki,

5

Nagano [7] (see III, 3.7) we have proved

THEOREM. If g is simple and g is not isomorphic with

su(n,l) or so(n,l) and if (7, H) is a unitary (g, k)-module with W(C) acting

by a scalar, then H' (g, kGH) = O.




' 4.8. The above theorem is one of the main results in Delorme [2].

-

We will derive this theorem in Chapter VII (without case-by-case considerations
for split rank g > 1). We will also show how one can use this result to derive

Delorme's result on the topology of the Plancherel dual.

4.9. Actually, one can do a.case-by-case check using 2.21, 2,23 to

see that Lemma 4, 3 implies Theorem 4.7, However, Lemma 4, 5 does not
always apply. (For example, the complex group B!' ) We. next study SL(n,IR)

for n> 4 and see Bl s B; are both empty, Lemma 4.5 does not apply in

this case as we shall see,

4,10, PROPOSITION. Let g = sl(n, R), n>4, If (z,H) is a unitar

(g, k)-module with #(C) acting by a scalar, then Hl(g,VE;H) = HZ(_g_,E;H) =

P?o'of. We use si's for -IS-C and nj's for. &'(CJ'

- o

1) n=21+l. Then if we take ni]h+ =& i<, and n22+2—j,_13+: -, j< 1,

= h i i > >
n£+1lh+ 0, then nl _n2£+l 1§ a compatible order to €12 -+ 2,
apii 1t is the only one. en.l = -n2£+2_i, i=1,...,22041, .
20+1 2 £
6= = (£+l-jm.. Hence 6] * =2B(4-je,. 8 = T (£-j+3)e .. - Hence
j=1 . be ja ok g )
Y N
6 =80+ ¢ ..
Bkl ;
= = = - <
2) n=24., We take 'r] l + ePp i< £ 1'12“_1 1[ + € i<{. Then the
mpatibl d > ,..> d cee 2 > > >
compatible orders are 2 >mn,, an 'ql__ A PR PO nl__n£+2__
+ -

inZI' There are two 8's, 6, & .,



A,l

’ 24
. 21 g1 21
8" = (0+3-jm, 87 = B (W3-t T (@HE-jng tEm, ) -em,
j=1 oY j=l b j=a42
1-1 N I3 ) .
8 = z (£ -j)sj. 6 |h+ =z (2£+1—2j)ej, ] |h+ =6 ,|h+-zs!. Hence
j=1 . - j=1 - -
. [ 2-1
=6 T = -
6n k+ -Esi, 6n 6k+.2 €7 ,-
, 1:1 i=1

If the Killing form is normalized so that <ni,nj> = 6'1j gives <, >,

(M

S...
ij.

It is known that p has highest weight 2e

then must take <eg i,sj> =

1° Using DoCarmo, Wallach

3e_+¢ e +¢

[3]. Appendix, it is not hard to show that AZR =T DT . If n=20+1,
: 12 12

22 2, Then 6n =A+A + ... + 37\ ,. e = Al(Al’ A the basic highest

1772 !

ot
<

),.. Set a=¢,-

1

weights). Now 7251 = (7251 1755 Then a is simple
+ .
- £ =& -g - f ot 3 _ . . . -
6n 2£1+£1 £, n 61782 which is Ak doanant integral (indeed, €1+ez AZ
. > - . - . .
if £> 2, £l+52 ZAZ if £ =2), Hence 2.23, 2), 1mp11§s that T &725 D)
- o n 1

T6 & -c If n=2£, £ > 2, then the same argument shows that

n 1l 2 :
- . =24+1, £ > 2, then2.21 i i
T B 725 o + . If n £+1, £ > then 2.21 implies 7'6 -3 73€ te D)
&5— 1 6—e_-¢ n 172
n n 1 2 :
T and that 7. BT Dl Similarly, if n =24, £ >2

6 - - 6 - - ’ 1 - 2

n c17%2 ' 6n E1+£Z n 172 :
then'r+®'r3€ e D'r+ and 'r+®'rE te D‘T+

66— 1 2 6~-c_-¢ o— 1 2 0—-e_ -¢
- n 7 n 1 2 n n 1 2

Thus to complete the proof we need only observe that if £ > 2, then

2 2
|5n+5 1-52! < |8|" (n=2¢). Q.E.D.

2 2 +
k-el—szl < |8] (n=21+1) a}nd' [6;1-+6k-s

Proposition 4,10 has been communicated to the author by Greg

S
—
=

|

Zuckerman. 'His proof is more in the spirit of the results of Chapter VI and

\_Chapter VIL



§5, A relationship with Matsushima's quadratic form.

5,1. Let x,...,X be an orthonormal basis of p and let x_,
== """ m - a
m<a<n, beasin 3,1, Let R.. be as in 3.1, Set for £ =3¢ . x, ® x.,
- ijke : Jiji j
QE) = ZR 5,8 S
5.2. LEMMA. Let ‘n=2xi®sieR®S. Let Ups eyl be an

orthonormal basis of S as a real inner product space relative to Re<, >,

Set y(x.)s, = Z}n,r_u . Set 'qr =2n_r.x, ®x. Let r(y)x =[y,x], vek,
— i’ ij r° — ij i i 4 =

xe p. Then <((r®s)(C,)-<5,8>4<5, ,8, >)n,n> = -3z Qm,n) + <na>.
r=1
Proof. We note that 7(C,) = 11, Also (r Bs)(C,) = T(C ) ®I+
- - {ii<8 §>.< >}.=
+1®5s(C)) ZET(Xa) ® s(x ). Hence (1®s5)(C,) {$4<8, 8.6y }
= - = s« > -
Zf'r(xa) ® S(Xa)' Now ,S(Xa) = [Xa’xi]’xj y(};i)y(xj). Hence
- = ..-J; < > =
a,i,}
- _1 -1 :
= -3 2 .B(Xa’[xi’xj])T(xa) B Y(Xi)Y(Xj) z?_'f([Xi,Xj]) 'Y Y(X.l)Y(XJ.). This
a,l,) 1,)
implies that
< {li<s 6>-<5. .6 > > =41 < : >< >=
. i,j, k, 2
. .
-z X R..
ik, U

<y(x.)s, ,y(x.)s, 2 = -3 = R.. Re<y(x.)s,,vyx.)s 2 =
Y(J)k\(J)z Zijkz“kz Y(J)kY(J)l

1
o

r r by r
R o Mon, = -5ZQM ,n7). . Q.E.D.
1,5,k 2,r J J r :

N

<£,£> + Q(,€). Thus Lemma 5.2

U
w

|

1
, . We note that F €,§) =
\ .

relates the ideas of this appendix with III, §3. It also shows how different

the two techniques are.

N
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.Lfm;ﬂ‘ L - ‘
SEMINAR-ON._THE.COHOMOLOCY-OF- DISERETE ‘ ‘
SUZGROUPS..OF SEMI~SIMPLE CROURS : IAS, Fall-1976—

.iVI: Cohomoloey of discrete subgroups and Lie algebra cohomology

A, Borel

In this chapter, we consider the cohomology spaces H*(T;E) of a
discrete subgroup [ of a Lie group G with finitely many connected
components, with coefficients in a finite dimensional complex T-module
(P,E) éPd express it in terms of relative Lie algebra cohomology. This

is first done in general in §2 and yields an isomorphism
: % % ©
(1) HTHE) =H (g, K3 T ()

“where X is a maximal compact subgroup of G and

2 T () = IoE) = £ e C (GE)|E(Y8) =PV Ee) (YeTl;ge o)

(see 2.5). 1In the most important case for us, where (P,E) is in fact

a G-module, this takes the form

oy

(3) B (T3E) = H (g, K; C© (C\6) ®E)

-/

(see 2.7). TFrom §4 on, we assume [ to be cocompact, and E to be
either a unitary f-module (§§4,5) or a G-module (§§6,7). The‘right hand
side of..(l) or (3) then decomposes into a finite direct sum of cohomology
algebras of theftype considered in the earlier chapters (see 4.2, 4.3, 6.2,

7.1). When ¢° is semi-simple with finite center, the results of II, IIT/, \!

tranglate into properties of HR(T;E) which are discussed in §§5.7..



to fix our motation, For more details, see for instance [i5]°

i.1, Unless otherxwise stated, manifolds are Cw. Smooth is used
synenymously with CP, Let M be a manifold, L =R, ¢ and E a finite-
diﬁengipp@l vector space over L. Then T(M)m is the tangent space at
m*E‘M, CQ(Mgﬁ) the space of smooth functions with valués‘in‘ E, Aq(M;E)
the space of smooth F-valued differential q-forms on ﬁ (q =0, 1, ...,

’ 4,00 the space of smooth vector fields on M, and A, (L) = A (M) & L.

1f £ =1 apd 1 is cléar from the context, it will often be omitted from

@ Fam s en ,  alesn =afwn @ E .

Let W @,Aﬂ(ﬁ;g), It associates to each m ¢ M an element of
HQm{AqICM)méﬁ),' The value of W .on a g-vector y at m will sometimes
be den F?d. Wem; y). - Often, W .will be viewed as a Cm(M;L)-multilinear
altéxﬂ@iiﬂg~m%P on ;Afzgiy)"Wifh-values in CQuE). If xe¢ A,(0L), the

interior product 4 W s defined:by

(2) '_i:x-u’('}_{:l’ KRN :}iq_:]:.) = :w'(?(-,:-}.{l’ es ey b. 4 ) s (Xl, ¢y xq—l € Al (M;L))

The exterior differential _d::_Ath;E)-——> Aq+l(M;E) is given by

. . i . A A
(3) dw(xp,.,,,gq).=“2(-1) Xi ‘_w(xo,...,xi,...,xq) + 2i<jw([xi,xj],xo,...,xi,..

A .
xj...,Xq) s

where [, ] .refers to.the bracket of vector fields, and " means omission

of the corresponding.argument.
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1.2, If N is a manifold and T : ¥ —> N a smooth map, then

dﬂﬁ : T(M)m——%> T(N) is the differential of T at m.. The map T

T(m)
Tt
induces a homomorphism T : Wk—> W o T of AP(N;E) into AP(M;E), given by

(1 @oMmy) =&(Mm, d7 (5)) , (meM;yeATen) .-

1.3. Let E be the local system of coefficients on M associated

to a representation on E of the fundamental group of M (or of a subgroup

=) ~ ~ co
of it). Then similarly, C (M;E) denotes the space of E-valued C - functions
on M, i.e, of smooth cross-sections of E; and Aq(M;ib the space of smooth

E-valued g-forms on M. Since the transition functions of T are locally

" constant, the exterior differentiation still makes sense on Aq(M;E) and

1.1(3) remains valid.

1.4. Lie derivative. Let x ¢ Al(M;L). Then GX denotes the Lie

derivative in the direction x [15:2,24], 1In particular

(1) 8 f=xf , (feC QGE)
(2) by = I[xy1 , (y e a,() ,
(3) (wa)(xl,.,.,xq) = ex(w(xlp"-;xq)) - Eiw(xl’.”°’£X’Xi]’”.’xq)' )

(X% pee, %€ A (D5 W e AlaE))

The vector field x defines (locally) a one-parameter group of transformationé

{¢£} (t in a neighborhood of the origin in R) and we have

d
(4) o 6 f(m) = 3¢ f(CPt(m))lt o

\\ d "
(5) ?X(y)(m) T de dcp-t:(yq)'t(m))lt =0
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6) B W)m,y) = 5 0@, @), & (ym) L

The operators d, ix,~Qx are related by
(D i+ i .d=0_ .
(7 . _ : dei + i .d=19

1.5. lLet G be a group. Assume it operates by d¢iffeomorphisms
on M and via a linear representation P on, .E. Then we-let G operate

on AouE) by
(8 owm,xy 00055 )) = P(8) (W Tmg 2y, s8 1))
(me M; xl,...,xq e TADR; g € G)
The space of invariants gq-forms is denoted Aq(M;E)G. Thus
‘@ € Aq(M;E)G <==> P(g) oW = w(g-xl,..,,g-xq) (g e G; xl,...xé € AI(M))

1.6, Assume mow M = G to be a Lie group. We let Zg (resp. rg)

denote left (resp, right) translation by g. In particular,

() L) = €7, £ (G = £xeg) (e CO5D); gxe ) .
If H is a closed subgroup, then G/H (resp. H\G) is the space of left
(resp. right) cosets x*H (re;p. ﬁ-x) , (x e G). By definition, the Lie
‘algebra g. of G is the Lie algebra of left-invariant vector fields.

As usual, the F;n%ent space T(G)1 is identified to g by assigniné to
‘X € T(G)1 the.unique left~invariant vector field.which is equal to x' at

1. The one-parametér group {@t} associated to x ¢ g 1is the group of

't
right translations by the elements e X_(t € R). In particular

d tx ’
xf(g) = gy £(g"e ) .
. : t=20



§2, Discrete subgroups

From now on, G is a Lie group with finitely many connected components,

Go its identity component, K a maximal subgroup of X = G/K, I' a discrete

subgroup of G, and (P,E) a finite dimensional real or complex linear

representation of I,

We recall that the maximal compact subgroups of G ‘are conjugate,
and that X 1is homeomorphic to euclideaﬁ space. If G is connected, this
is the well-known Cartan-Iwawasa-Maleev theorem. The extension to groups
with finite component group is due to G. D. Mostow [Lll].
%ﬁé' ‘Let M be any compact subgréup of G. Them [ acts properly
on G/M by left translations (i.e, for every compact set C, {y ¢ TIYC Nc4pl
is finite). If I has no torsion, then it acts freely (no Y # 1 has a
fixed point), Conversely, if ' acts freely, then its elements of finite
order act trivially, hence are contained in the intersection of all the
conjugates of K. If G 1is connected, these elements.belong to the center

of G,

P vy

2,2. THEOREM. The space 2 (T:E) is canonicaliy isomorphic to

WAGEY ).

. This is well known., However, since it is basic for us, we recall the
proof., Assume first that I acts freely. Then T\X is a smooth manifold
and, since X is contractible, it is also an Eilenberg-MacLane space K(,1)..

We have then
* * ~.
(1) 4 H (T3E) =1 C\E)

where ¥ is the local system on’ I'\X defined by (p,E). Let T : X—>I\X
AN .
be .the canonical projection. Then it is immediate that W > W o T defines .
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an. isomorphism of AT\X;E) W}th A(X3;E) . Our assertion in this case.
follows then from de Rham's theorem (with a locally constant sheaf of

coefficients).

Assume now that I has a torsion-free normal subgroup I'' of

, . .
- finite index, Then I'/T' acts on H (I'';E) and we have

@) y W @Ey = @ ey

as follows e.g. from the Hochschild+Serre spectral sequence. On the other hand

.. PII‘I
(3) AE) = @aesE) Oy .

ettt

‘“Since taking invariants under a finite group is an exact functor in character-

istic zero, this gives

(4) Famn)t = e ) 1,

and (2), (4) provide a reduction to the first case considered.

5

This suffices for our needs., To be complete, we treat the general

case too., For qe N , let ES be the sheaf on ['\X associated to the pre-
sheaf U F—>-Aq(U;E)r, (U open in I'\X). Since the.isotropy groups of T' on
X “are finite, it follows by a simple averaging process from the Poincare
lemma on X that {ES} is a resolution of the c9n§tant'sheaf T\X) X L

oﬁ T\x. ﬁsing partition of unify, éne sees moreover that it is a fine sheaf,.

r : , '
Since Aq(X;E) is just the space of global cross-sections of Eq, this gives
% ~ * T
5 - H C\XE) = H (AGE) )

On the other hand, since the isotropy groups Tx (xeX) of ' on X are

finite, the groups Hl(Tx;E) = 0 are all zero for i > 0. By general
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T

principles, [6:p.20;], (1) is still Yalid, and our assertion follows from
(1) and (5).

‘ %ﬁ%’ The quotient G X E of G X'E by the equivalence.relétion
(g,e) ~ (Y8, p(Yj.é) (ge G; ee E; Ye I'), is the total space of a
{locally flat) vector bundle E .over I'\G with typical fibre E and
structure group I'. We let Iw(E) = Gw(G;E)F be the space of its smooth

cross sections, i.c.
1) T(B) =lfeC(GE)|EY-8) =P i ((YeTigedl .

[+~
Otherwise said, I (E) 1is the space of the representation L?(E) induced
) o )
from (P,E) to G, in the C ~sense.
Assume now that (P,E) is the restriction to I' of a representation

(=]
of G, still denoted in the same way. Then the map ft—>F of C (G;E)

into itself, given by
' -l . °°
(2) F(g) =P(g) "-f(g) , (g e G £e¢ C (GE))

is immediately seen to yield an isomorphism of G-modules

(3) _' | Im(E)Q‘éCm(I‘\G;L) ® E ,

where the G-module structure on the right hand side is the tensor product
=] .
of the right regular representation on C (T'\G;L) and of Pp.-

2.4, For ge G, the left translation by g-l provides a canonical

—
—

isomorphism of T(G)g with g = T(G)l, whence an identification

(1) 1' :4 Aq(G;E) - Hom(Aq 3 Cm(G;E)) = Cq(_g; Cm<é;E)) P . (q € E) .

N .

' . I" .
Let we AY(g;E)" . Then, for y ¢ Alg, we have



(2) w(Y'g;Y) = p(Y) -w(g,Y) 2

' [~
hence W 1is identified to an element of Hom(ASg, I (E)). The converse

is clear, so that we get an isomorphism, also to be denoted 1V :
| Ug:r) s Qig: 1=
- (3) Vi AN(GIE) == Cl(g; I (B)) .

It follows from 1.1(3) and I, §1 and the isomorphisms * (q ¢ N) commute

with the differentials, hence give rise to an isomorphism
* % r . % ®
(4) t : H (A(GE) )=>H (g; I (B)) .
.Let E be the local system on L\G defined by (P,E). Then
. T ~
(5) A(GE) = Ad\GE) |,

so that the left-hand side of (4) can be viewed as the cohomology of 'P\G
with coefficients in the locally constant sheaf defined by E,
If now (P,E) -comes from a representation of G, then, by 2.3,

Wh—> w° , where wo(g) = p(g)-lw(g), (g € G), yields an isomorphism
I % ‘o

(6) A(GE)—> G (g; ¢ (\G;L) ®E)

whence also

o B C\eB=> 1 (g ¢ C\e;n) ®F)

We want now to divide by K on the right and relate similarly the

cohomology of I and relative Lie algebra- cohomology.

2.5. PROPOSITION. Let T : G—> X = G/K be the canonical pro-

jection. Then T:Wk>WoT™ induces an isomorphism of eraded complexes




T % et *
of A(X;E) opto C (g, K; I (E)). -In particular, H (F;E) is canonmically

e (=]
isomorphic to H (g, K; I (E)).

The map Err clearly commutes with left translations, hence sends
A(X;E)r into A(G}E)r. Let Ao be its image. Since T 1is constant
along the left K-cosets, Ao consists of the elements of A(G;E)F which
are right invariant under K and annihilated by the interior products

t

i (x e k). It then follows from 2.4 and the definitions that ! o T

induces an isomorphism
T * ©
(1) AX;E) =¢C (g, K; I (E))

Our assertion now follows from 2.2.

2.6. Remark., If we associate to e ¢ E the constant function on

. r -
G equal to e, then we get a map E —> I (E)G, which is readily seen to

C ® @ .
be bijective. The inclusion I (E)G < I (E) ‘then yields a canonical

homomorphism
% * T * ©
¢ j B GE)—>H (g, K3 I (E) .
> .2.7. COROLLARY. Assume that (P,E) extends to a representation ‘

: T
of G. Then the map which associates to W ¢ A(X;E) the form
R I —

- . T
W™ : g —>P(g 1)_-(U-’ o M(g) induces an isomorphism of A(X;E) onto

% ! .- %*
€ (g, X; ¢ @\6;L) ®E) and an isomorphism of H (r;E) onto

% = -
B (g, k; ¢ \e;1) ®E).

By 2.3, the map f+——>F gfven by F(g) = P(gfl)-f(g) induces a
G~equivariant isomorphism of Im(E)‘ onto Cm(T\G;L) ® E. The corollary
then follows from the proposition,

We note further that if we go back to the definitions, we see that
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: T : .
the image of A(X;E) in A(G;E) under the map W w® consists of all

the M e A(G;E) which satisfy the three following conditions

'IY omM=" ., el ,
(1) r, © n = P(k)-l' n (k¢ K) ,
£0 =0 (xek) .

2.8. Remark. We have now an jdentification e——>1Q®e of E

onto the space of constant E-valued functions on T\G, whence a natural

homomorphism

¢)) T —s B (g, K CA\GD ®F) .

2.9. As remarked in [9:§3], the case of 2.7 could be subsumed to

that of 2.5 by adding a compact factor to G.

2.7 is in substance proved in [9, 10], although stated there under

narrower assumptions.

§3. Remarks on unitary representations
Iﬁ order not to imterrupt the discussion of cocompact subgroups,
w; col}ect here some known facts and notions about unitary representations.
3.1, Let (T,H) be a unitary representation of G in a Hilbert

—

~ space: H.;GWe let H°° (resp. HK) be the space of Cm-veétors (resp. K-finite
vectors) Of"Hi ;he space HK is dense in H. The space H°° is endowed °

- with the t0poi§g§ defined by the semi-nmorms v |l—> [xv]| (x e Ug), veH.
It is locally convéx, complete and a Frechet spaée, and HK n H°° is dense

. . =]
in it. The latter is a (g,K)-module. If it is admissible, then H <H.

s o o s
This is in particular the case if G 1is semi-simple, G has finite center,



i
!
!
and T .is (topologically) irreducible., The '(g,K)-module HK is.then

algebraically irreducible., We note that we élways have

/

o ) % o« . © ™)
¢H) C (g, Ky H) =C (g, K; HK) s where HK = HK NE ,

. N -]
since the image of any element of HomK(A?(g[g), H) consists of K-finite

elements, hence
3 © % [--)
(2) H(g, K; H) =H (g, K; H) .

3.2. The set of equivalence classes of irreducible unitary represent-

ations of a locally compact group M is denoted . Often, we shall make

A
" no notational distinction between T & M and a representative of T. 1In

‘particular, Hp will denote the space of a representative of T, Objects

attached to an irreducible unitary representation, but which depend only
!

on the equivalence class of the representation, such as the infinitesimal

or central character, will often be labeled by the equivalence’

class.

The infinitesimal (resp. central) character of the trivial represent-

-ation is denoted Xo (resgu wo).

3.3. Let G =G ;7 see X G be a direct produét. Let (T,H) be

1

> ) - 0 ; . - - . -
an irreducible unitary representation. Then there exist irreducible unitary

’

representations <ﬁi’H§) of G, such that T is the Hilbert temsor

product of the Wi. fﬁe write this

)
£
§

i

(1) nf—cﬂ1®...®ﬂt , B=H8..8n ..

The .ﬁi are determined up to equivalence. Hence there is a canonical

A A A A
identification /G = G1 Xioos X Gt' The decomposition of T e G will be



written~as‘in (1).

The group K 1is the direct product of its intersections Ki =k N Gi
with the Gi'S. If T is admissible then we have an ordimary temsor
product decomposition;

(2) - H = Hl;Kl ®...0 Ht’Kt E

§4. § cocompact, ‘E a unitary I-module
4,1, We keep the notation and assumptions of §2, and assume more-

over I to be cocompact, and E to be a unitary I-module, L = C. The group

is then necessarily unimodular. Let- dx denote a Haar measure on G, and

the associated measure on r\G, « , )E the scalar product on E. If
: - : .
u, ve I (E) then

(1 Wx), v )y = (u@), vy , ~ e 6 Yel)

hence this scalar product 'fu v is a function on F\G, and we can define
?

a global scalar product (u,v) by iqtegrating it over I\G. .The completion
of I“(E) under this ;;alar prodﬁct is the space IZ(E) of square integrable
cross-sec;ion; of the bundle G X E—>T\¢ (see 2.3). The space IZ(E)
. iéfa unitary G;module Qi;h respect to right translations. It follows from
Sobolev's lemma that (IZ(E))°° = Im(E) and -that this ideptification carries
the topoloéy of 3.1 onto the Cw-topology. ‘ . > |

By a theorem of Gelfand and Piateckii-gapiro [5:1, §3], IZ(E)

decomposes into a discrete Hilbert direct sum with finite multiplicities

of irreducible G-modules. We can write

(2) L L® =@ 4 wE B,



where the m(TT,r,E) are natural numbers. We have then also a topological

direct sum decomposition -

(-] ~ . ®
(3) - I @® =67 8 n(T,U,E) Wy .
T 4.2. THEOREM, We have
i % T T % ' ©
ﬂ (1) H (,E) =@—T' e e m(T,L,E) H (g, K; HTT’K) ’
2 .

A
where the sum is finite and may be restricted to the T e G which have

trivial infinitesimal and central characters. The natural homomorphism

% % r %
j +H (g, K3 E)—>1H (F',E) of 2.6 is injective. Its image is the

o

- contribution of the trivial representation TTO f G to (1) and we have

m(ﬂo,r,E) = dim E’I‘:

By 2.5 and 4.1(3), we have

(2) B CE) = B (g, K3 @ mT,E) BD .

The main point of the proof is to 'show that the topological direct sum in

o o

the right hand side can be replaced by an algebraic direct sum. For T ¢ 8,

' 4 e N, let
® %
@ qedgkma@InE =0, C .
;
~,l Let S <G be finite; put
,/ .
; . * v % % ~ © '
E (4) Cy =@ cs Cm o Cor =C (&8 K@y ¢ &g m(T,T,E) Hy) .
[ . )
* @ £ W .
Then C (g, K; I (B)) = CS(-D CS' , hence

: N\ ' 3 @ 2
(5) H*(I"El) =@ . s m(T,I,E) H‘c(g., K; Hp) @H+(C:,) .



*
The space H (U;E) is the cohomology of r\\X with coefficients in a
local system, The space I'\x 1is compact, locally contractible, in fact

may be triangulated, hence
: *
(6) dimH (E) <o .

. _ x % :

I view of (5), there exists themn § &G such that H (Cn) =0 for T{ S,
. % % .

Kssuming S to be so chosen, we want to prove that. H (CS‘) = 0.

The map d : ngl-—€>-cg, is continuous. This fé;lows directly

’ ©
from its definition (I, §1) and that of the topology on I (E) &7l).

Therefore

7 - 2, = €3, Nker d .

F
is closed. Moreover, since H'(CS,) is finite dimensional (by (5) and

(6)), the existence of :the.exact sequence -
o ) . ‘
(8) _ 0 —> acdit— 2d, — wlcg) —>0

impIies.that dcgjl has a closed supplement in Zg, , hence is closed (as

follows e.g. from Cor.l, p.25 in [4]).

Let now z ¢ Zq It can be written as a convergent sum

st

(9)..FIA‘.Z»=®HGS' _ZT\' B . with z‘rre:Z%=C1c.l\.ﬂkerd )

. . \ : -1
By our assumption on S, there exists for each Te S' an element cg € C%

such that zg = dcn. Thus every finite sum of the zﬂ's is a coboundary,

q-1
st

. * %
to be closed, it follows that z, is a coboundary, hence HK(CS,) = 0. 1In

hence 2z, is in the closure of dC Since the latter has been shown

view of 3;1(2), this proves (1). The second assertion then follows from




w e PR

15

(6) and (I, 5.3); in view of 2.6, the third one is then clear,

4.3, COROLLARY, Assume G to be semi-simple with finite center. Then

—

4 gy _ ' q :
H '(T,E> "% e g, x - T w(T,I,E) Hom(A (g,/_lg)‘,‘ e s @eD .

(o}

o 3 ’ remg
Indeed, we have Hy g = H X (3.1). The corollary follows then from 4,2
2 3

and (II,.3.1),

4.4. Remarks. (1) If G is connected, and E = C, this relationm

is due to Y, Matsushima [8], except for the fact that the sum in [8] is

over the T which map the Casimir element into zero,

(2) The proof in 4.2 shows that d has closed image
in ~C;, , hence also in C&, since each C& 1s’ finite dimensional (II, 3.4);
it also applies to the dual operator (II, 2.3). We have therefore a

Hodge decomposition

: -3 - .
¢t =g,k T ®) =@t @act™ | where” % ker 3 N ker d N O

as in the case of an.admiésible module (II, 3.4), so that Hq(r,E) may be

identifieé to the space of harmonic q-forms in cl. 1In this case, the

isomorphisms of 2.4 identify harmonic forms in C*(g, K; Im(E)), in the

$ense of (II, §2), with E-valued harmonic forms in I\X (say if T is

torsion~free, otherwise one has to invoke the:theory of harmonic forms on

V-manifolds). This the above yields a proof of the Hodge theorem in this case.
(3) Aséume (P,E) is irreducible., Then the center

c) of T acts by scalars. If it does not act trivially, then H*kT;E) = 0,

This follows by the same argument used in §4 of I, in the category of modules

over the group algebra of ', If N is a finite central subgroup of I’

N -
which acts trivially on E, then the Hochschild-Serre spectral sequence of
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T mod N sﬁows that H*(T;E)'= H*(T/N§E). ‘ ’
'.Assume Aow G to be éonnected. Then the formula of 4.3 involves

effectivély only repfésentations of G which are trivial on the center

C(G) of - G, i.e., only representations of the adjoint group A#‘g of

G. If c(6) 1is finite, the computationhof H%(T;E). may therefore be

reduced to the case where G is its own adjoint group.

§5. G semi-simple, T cocompact, E a unitary T'-module

o . . . .
We assume now that G 1is semi-simple with finite center. T and -

(p,E) are as in §4.

5.1, We say that c° has no compact factor if it has no infinite
normai compact subgroup. A discrete subgroup L "of G 1is said to be
.irreducible if the image of T N ¢° under any surjective morphism

¢ . ¢°~—> @' with non trivial image and non-compact kernel 1is non-discrete.
1f G/L has finite invariant volume, apd ¢° has no pdmpact factor, then
tﬁis.condition implies in fact that £(L') is demse in G' [11.

5.2. LEMMA, Assume that G 1is connected with no_compact factor,

—

has a direct product decomposition G = G1 X veae X Gt and that [ is

irreducible in G. Let (T,H) be a unitary jrreducible representation

f G which occurs in‘ IZ(E)’ and T = TT1® vee ®ﬂt its canonical

— fosultelon)

decomposition:£§,3(1)); If T 4is not trivial, then no ﬂi is.

1f E 1is a direct sum of unitary T-modules, then IZ(E) decomposes
‘accordingly, so we may assume E €O be simple. Assume that one of the
Wi's, say ﬂl, is trivial. We have to show that T is trivial, too. ‘Since
M. is Trivial, H: consists of functions which are right-invariant under

1

G,. Since Gy is normal in G, they are also left-invariant under G;.

1"



oy I

Let G' =G, X ... X G, ' : @—> G' the natural projection and I'' ="' (1),
‘ ©
Then I['' is dense in G' (see above). By definitionm, Hﬂ consists of

smooth functions £ : G —> E .such that
(1) £(Y-g) = P(N-£(g) , Yel; ge 6 .

I1f YeT© ﬂ.Gl,‘then £(Y'g) = £(g), hence pP(Y) is the identity on any
element e ¢ E of the form f£(g), for some ge G, f Q—H:. Since E

is assumed to be irreducible, (1) implies that the set of such e's spans

E, hence p(Y) = Id, and P may be viewed as a representation of I''.

Assume that Yn ¢ I' is a sequence such that W'(Yn)-—f> 1. Then for ge G',.
f é H:, we have f(Yn-g)——€> f(g) by continuity and 1ef£ Gl—invariance.

By (1), this shows that P(Yn)-f(g)——4> f(g). Since the f£(g)'s span E,

we see that p(Yn)r——> 1, i.e., the representation P of I'' 1is continuous
for the topology induced by that of G' . But then _b extends to.a finite
dimensional unitary representation of G', hence is trivial. By (1), the
elemeqts.of ﬁ: are then left-invariant under r,’hence under Gl'r = G1 x I,

o] .
which is dense in G. Then HTT is the space of constant functionms.

- ?$.3. PROPOSITION., Assume that G is_connected and has no compact

factor. Let g = g X oo X B be the decomposition of g into simple

jdeals, Assume 1 to be irreducible in G. Then the natural homomorphism

*

T :
j o Hq(g, K; E)—> HqCF;E) (see 2.6) is an isomorphism for q < Zi(M(gi) + 1),

where M(gi) is as in @II, 433, ] ' Ly }iuhw Cu ﬁff JSAE R S

(We recall that M(gi) is the greatest integer such that

q DY) - ' s
H (g‘i’ k‘i’ V) =0 for q < M(gi) )

}

and any non-trivial irreddcible admissible unitary ,(gi, gi)-module V.
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JIn partlcular M(g ) > m(g ),~where m(g ) is Matsushima's constant (III 3. 2))\\

1]
- L.

stng\é 4(3), we see .that it surflces to prove‘S 3 when G = Ad g.
By the theorem; H (T E) is the sum of Hq(g, ks EA) and of the spaces
Hg(gJ k; HH‘K)’ with T e G T non-trivial. Since G = Ad g, the decompo-
sition of g into 51mp1e jdeals corresponds to one of G as a product of

simple groups and 5.2 obtains; we can therefore apply 111, 4.4, which shows

that those groups vanish in the range indicated.

it a—
fpr—

H.4. COROLLARY. a) Lf (P,E) is irreducible and non trivial, then
gI@E) = 0 for q < (M(g) + L.

*
.b) The homomorphism j is an isomorphism of

il ks O onto WO for q <I (i(g,) + D~

These are in fact special cases of 3.3. Since 'M(gi) > m(gi) we

see in particular that if E =G is the trivial [-module and g 1is simple,

==

v

then j -1s an isomorphism at least up to m(g), a result due to Y. Matsushima
[7:Thm 1].
. 5.5, The space Hl(g, K; L) 1is zero for any finite dimension~-

al (gJK)—module L. Thus, in particular Hld?;E) =0 for any E if

t > 2. Assume now that t =1, i.e. g 1is simple non compact. Then:?.B ;’:i,

K

and the results quoted in (III, 3. 7) imply that H (F E) = 0 if g is not
of type so(n,l) or su(n,1), in particular if the split rank rkRg of gz

is > 1. This proves the first assertion of the following corollary:

' 5.6. COROLLARY. Let G and I' be as in 4.3, Assume that rkpg > 2.

v
[

Then Hld?;E) émb. Let Q be a compact connected Lie group. Then, up to

inner automorphisms of Q, there are only finitely many homomorphisms of T

into L.

since I is finitely generated, the second assertion is a consequence
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of the first one and of the following lemma. "(See [2:1.11 for a similar proof).

% 5.7. LEMMA, Let L be a finitely generated group and Q a_compact

——
-
¥ Seases——

connected Lie grbup; Assumeé that for every finite dimensional unitary

. 1 . )
representation (P,E) of L, the group H (I;E) is zero. Then, up to inner

automorphisms of Q, there are only finitély many homomorphisms of L

into Q.
The space R(L,Q) of homomorphisms of I into Q may be viewed as

‘the set of real points of an affine algebraic variety defined over %’ namely

the épace R(L,Qc) of homomorphisms of L inte the complexification of

Q. .of Q (see [16]), Let f ¢ Hom(L,Q), and let P = Ad o f be the represent-

ation of L into the Lie algebra q of Q defined by composing f with

C

~ the adjoint representation of Q. Our assumption insures that HI(L;Q) = 0,

Then we also have HI(L;QC) = 0. By [16], the irreducible componént of
'R(L,Qc) passing through £ ‘is the orbit of 'Qc, acting by inner automorphisms. .
“Thus R(L,Q) 1is contained in finitely many orbits.of- Qc' But -then it is
also the union of finitely many orbits of Q [3:6.4].

4 }ﬁ;§. In particular, we see that, up to equivalence, I has ohly
“finitely many unitary representations of a given degree m, As is known,
this is false if G = géz(g). In fact, if S 1is a compact Riemann surface
of genus > 2, theﬁ equivalence classes of certain holomorphic bundles on S
cor¥e$p;;d canonically to equivalence classes of unitary representations of

suifable fddhsihn group (see [12]). The results recalled above show that

the only possible exceptions to '5.6 would occur when g = so(+1,1), su(n,l).

\Wic. ¥ do not know whether they do for .n > 2.

-§6. I' cocompact, E a G-module

-

6.1. In this section, [ - is a cocompact subgroup, and E a Ffinite
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. .
dimensional G-module. As a special case of 4.1(2)(3), we have discrete

sum decompositions with finite multiplicities
2 ~

(1 LANG) =@ g mmD) M,

2) Mo = a2\ =& o
( - —®(T€e mit, Hl'T ‘
Moreover, the canonical isomorphism 2.3(3) yields
(3) I (B =2@;, 5 nMD B;®E .

The summand corresponding to the trivial representation ﬂo represents

the constant E-valued functions on G. Obviously

(%) | . m(m T =1 .

g’.z. THEOREM. We have

1 H@E) =@, g LD H (g, K By (®F) .

E3

The natural homomorphism j : H (g, K; E) —> H T;E) (see 2.8) is injective.

Tts image is the contribution of the trivial representation of G to (1l).

——

By‘2.6,

pa

@ BCE) = H (g, K & oD Q) .

The proof that we can replace the topological sum on the right hand side by

>

an algebraic direct sum is then the same as in the case of 4.2, and will not
. ‘ “;‘" . i
[ee]

-
.be repeated. By 3+}; we can substitute Hﬂ K for Hy. The last assertion
J .

is then obvious.

6.3. Assume E to be a simple G-module. Then it is also a simple



i
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f-module’[l], and tﬁe centef cT) of T acts by scalar;. If it acts non=-
trivially, then H*CP;E) =0 (?.4(5)). So assume it acts trivially,
Let Cp(G) = C(G) N ker P. Then 514(3) also shows that H*CF}E) = H*d?';E)
where I'' =T/(TN Cp(G)). Thus we may replace G by Gf (G' = G/Cp(G))
and I' by I''. Now G' admits a faithful linear representation, namely
the sum of its adjoint representation and. of P. We may therefore assume
G to be linear., Let G, be the analytic group generated by g in the
simply connected complex Lie group with Lie algebra the complexification
2, of g. Then G is a quotient of Go' Let « : Go——€> G' be the natural

projection, and [ = p' = G—ICP). We may view E as a Go—module on which

-ker 0 acts trivially., Therefore, HAGT;E) = Hx(r';E).

In conclusion, the computation of H*(T;E) may be reduced to the
case where G 1is a real form of a simply conﬁected complex semi-simple Lie
group Gc. In particular G may be assumed to be linear, and to have a
global direct product decomposition G = G1 X oo X Gt corresponding to

the decomposition of g into simple ideals B; (L<i<u).

§7. G semi-simgle, I' cocom act, E a G-module

In this 'section, G 1is connected semi-simply with finite center and

no compact factor. (P,E) and I are as in §6~

7.1. THEOREM. Assume (P,E) to be irreducible. Let (p',E') be

the contragredient representation. Then, in the notation of 6.1, we have

% :'.:.i % . 3
(1) . H (T;E' =@|T Py 6 m(TT,P) H (g._’ K; H”,K® E ) 2

where the sum is finite and restricted to those 1 such that Xﬂ = Xp and
A N q R ) 3 q %
W = ‘”p' For those T's, zve have H'(g, K; rl.n,K®E ) = HomK(/L (g/_li)’H_”_,K® E )

(e M.
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©
By 31, HIT,K = HTT’K' The- first assertion then fo.llows from 6.2‘
and (I, 5.3), the second one from the first ome and (II, 3.1). Note that
since ‘G is assumed to be connected, we could replace K by k.
7.2, PROPOSITION, ~(Raghunathan [14: Prop. 1]). Let q ¢ N. Assume

prstvasm—

that the quadratic form Fp of ITI, 1.1 is positive non-degenerate, Then
2

14 (T;E) = 0.
This follows from 7.1 and IIIL, X.2.
7.3. 1In analogy with the definition of M(g), let Mp, or, if a

more explicit notation is needed M(g,P), be the greatest integer such that
Bl(g, k; VOE) =0

for q < Mp’ and any irreducible unitary, admissible non-trivial (g,k)-module

V. If E is simple, non-trivial, then MP+1_>_ m , where mp is Raghunathan's

: 14
constant (III, 1.4). Clearly, M(g) = M(g,po), where p _ is the trivial

representation.,

7.4, Let g = gl® @gt be the decomposition of g into simple

v e

ideals. Assume E to-be a simple G-module. Write accordingly

(1) E=E1®...®Et s

where (P.,E.) is a simple g.-module (L <i<t) oF :"{‘Jq-',; .if’;}'(;(
i?7i i == i - : o

LD, PROPOSITION. We keep the previous assumptions and notation

———
\ ———

e

“and assume moreover E to be non-trivial and I" to be irreducible,- Then

7

(M.(gi’pi) + 1) .

: 4 .. - >
(1) H (I‘,TEI) =0 for g < 1<i<t

By the reductions described in 6.3, we may assume that G = G1 X oo X Gt’

—

where Gi. has Lie algebra &4 (lLLigt)., By g.l,
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(2 H@E =8 (g k5 DO a1y, k & G

where @' extends over those T which have the same infinitesimal and

v
- central characters as P . In particular T is not trivial. By II, 3.2,

3 B(g, ks E) = 0 .

A ) - .
Any. T & G deF?mposes as T = ﬂi §§,,_ QQTT (ﬂi € 61, i=1, ..., t),

t
as recalled in 3.3. By the Kinneth rule (I, 1.3), we have, taking g{B

into account

( d . =
(4) g, ks By OB - @

q.
1
Qpte . e, =g @ " (g Ky HTTi,Ki@)Ei)) )

’ - = N . = . 1T . r - P
where K, =K n Gi’ Ki. k &; (1<1i<t). By 5.2, if is non-trivial,

then no ﬂi is trivial; therefore, for the left-hand side of (4) to be
non-zero, it is necessary that qy > M(gi,p,) for all i, whence our -~
1 it

assertion.

r

’

7:6. PROPOSITION. (Raghunathan [13]). Assume I to be irreducible

————
—

and (P,E) to be simple non trivial. Then -HIGT;E) = 0 eXcept possibly

when g = so(ntl,l) (resp. g = su(n,l)) and the highest weight of p is

a multiple of the highest weight of the standard representation of so(n,1)

(resp. of the standard representation ‘of su(n,l) or of its contragredient

Iepresentation) (n > 1),°.

rd
If g 1is not simple, this is a consequence of 7.5. If & 1is simple,

it follows .from -the results of [13] recalled in III,.2.8. (\f}:: R .{{“;'i,mj

> 7.7. “Remarks on IIT. The argument of 7.5 shows in fact that if V

is an irreducible unifary (g,K)-module which is faithful as a g-module, then
\ s
(1) . HEYg, k; H®E) =0  for q <Z (Mg;,p) + 1) .

o
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This contains 4.2 and 4.4 of III in-that case.

[1]
2]
3]
[4]
[5]
(6}
[7)
(8

(9]

[10]

(11]

(12]
[13]

(14]

Erratum. In the secon@/fine of 111, 4.3, replace = 0 by #0.
,/// ‘
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SEMINAR ON THE COHOMCLOGY OF DISCRETE
SUBGROUPS OF SEMI-SIMPLE GROUPS , IAS, Fall 1976

T %
V. An interpretation of Hl(_g_, ki V®F )

A, Borel and N. Wallach

In this chapter, g is a semi-simple Lie algebra over R, g = k®p a

Cartan decomposition of g (see II, 1.1), G a connected Lie group with finite
center,. Lie dlgebra .g, ~and K the. maximal compact subgrioup-of G with

Lie algebra k. Given a finite dimensional simple G-module, we shall define
a (g, K)-module F such that I—Il(_g_, k VO F*) is canonically isomorphic to
HOIng(YF, V) for every simple (g, K)‘-module V (see 2.2 if ¥ is the trivial

G-module and 4. 4 in the general case).

81, The modules XG and YG

1.1. Let U = U(g) be the universal enveloping é,lgebra of g, and

H

U(_lgj C U(g) the universal enveloping algebra of k. Let U—lﬁ denote the

centralizer of k in U, Set V(g, k) = U= U(k).

-

‘1,2. We locok at U as a left g-module under left multiplication and

as a right V(g, k)-module under right multiplication, We set XC =U® k) C

vig,

where € is the trivial V(_g_; k)-module. Itisa quotient of the induced

module U ® C, hence it is a (g, kj-module (I, 2.4), or also a (g, K)-

U(k)
module (I, §5).

1,3, LEMMA, If V isa g-module then Homg( (E, V) is naturally

isomorphic with Hom k‘(‘E, V).
/

Vig, k

- r—




Y ¢

B4
Proof, If fe Homg(XG, V) set f(z) =1f(1 ® z) for z e C. Then

. , &
fe Homv(g’ E)(G, V)., If ge Hom.V )

¢ v
ée_ Hom (XG, V). Clearly fv: f, g =g,

(€, V) set B(u® 1) =u-g(l) then

)
|5

loa

' . ~
1.4. In the notation of the proof of Lemma 1.3 we can form 1i: XG——>Q’;,
where i: © —> € is the identity map. It is a surjective g-module homo-
< v
morphism. Set Y =keri. Thenwe have the exact sequence of

(g, K)-modules

(1) : 0—-——>YC-———>XC > C > 0

1.5. PROPOSITION. We have dim(xc)5= 1, (YC)—IE-—- (0), and (Xq;)-IE

is a trivial V(g, E)—module.
XC is a quotient of thé induced module M =T ®U(k) €. On the latter

* the natural action of U(k) by left translations on U is th; same as the tensor
product of the trivial action on C and the action stemming from the adjoint
representation on U (I, 2. 4), Call the latter the ad-action. It follows that
the map ¢ : U—> XC defined by y(u) =u(l 1), (ue U), is a U(k)-
homomorphiém, if U is viewed as a k-module under the ad-action, The
fixed point set of k in U under this action is UE. Since y is surjective

k
and both modules are semi-simple _lg—modules, we have Y (U—)

Ck k
(X r-=U—(1@1)=C(1 ®1), which proves the first.assertion. The others

(Xq.:)E. Thus

i

follow fromi the exactness of the sequence of V(g, _k_)-modules




E ) 0—s (v s xCE s —s 0,

derived from 1. 4(1).

1
§2. An interpretation of H (g, k; V)

. 0. Notation, Let A be an algebra with unit over a field F. A

character of A is unital homomorphism of A into F. We let X(A) denote

“the set of characters of A, If (mw, M) is a A-module and x € X(A), then

M‘ denotes the primary subspace associated to y [1: VII, §1]. Thus, m e¢M if and
X X

only, for every a e¢ A, the element m is annihilated by some power of (ﬁ(a')-'x(a).ld).

If ‘A is commutative, M finite-dimensional, then M =& M [1l: VII, §l, n° 1, Thm,
X X

2.1, PROPOSITION. Let V be a non-trivial simple admissible

(g, k)-module. Then

C ' 1 C
Hom (X, V) =0 = Ext X,V
e ) &vk( )
o Assume there exists a non-trivial g-morphism ¢ : XG —>V, Itis
k k
then surjective, and lp(Xa:)— = V=, Since _X‘D = U. (Xc)k’ we have V.lf.:% 0.

But (Y‘E)k =0 by l.5, hence w(YG) :|¥ V, and therefore zp(YG) = 0. Thus

V is the trivial one-dimensional g-module, a contradiction. This proves

the first equality of 2,1,

Let now

- N\
(1) 0—>v-2swBsx® 5o




be.an exact sequence of (g, E)—modules. Then

(2) s vE e wE B o xCE__ 5o

is also exact, In particular, WIE is finite dimensional. The sequence (2) is
also an exact sequence of V(g, _13)—modules, or, équivalentiy, of

A= Ul—{-/(Ul(- N U.k) modules. The algebra A i.s commutative [3: Thrn. 2.9,
P. 3961, hence, fof any character y of A, the sequence

30— (V) —> (W5 —> @O0,
X X X .

(notation of 2.0) is exact. In particular, let e be the trivial character of A,

Then (XC f— = €, hence ﬁ((ch)s,) # 0. There exists then z_ ¢ W—k,

0 z 3 0, suc

that C. z, is the trivial A-module, and therefore also the trivial V(g, k)-
' C

module, By 1.3 and our first assertion, Z ¢ V. But then, B(U. ZO) =X

Moreover, by 1,3, the map j:ub—>u. 2z induces a homomorphism of X

into W. Clearly B¢ j =id., assuming, as we may, that ﬁ(zo) =1@®1,

hence (2) splits, which proves the second part of the proposition,

2.2. THEOREM. Let V be an admissible simple (g, _15)—modu1e.

1

Then H (g, k; V) is naturally isomorphic to Homg(YC, V).

The long exact sequence in cohomology derived from the exact sequence

1.4(1) yields the exact sequence

e —> Hom(XC, V) —éHom(YG,V) By Ext! (C V) —> Extl (XC, V) —> ...

£, _g_,_l_(_



-

.

If V is non trivial, the two extreme terms are zero by 2.1, hence & is an

isomorphism, and our assertion follows from the isomorphism -

Ext _(C, V) = Hl(g, k V),

1
k
(see I, 2.5). This proves our assertion in this casé. Let V be the trivial

C

C
‘one-dimensional g-module, Then Homg(Y , V) =0 since (Y )1—(: (0). On

the other hand" g being semi-simple, Ext; k((E, C) is obviously zero,

Remark, We have dim V-ISS 1 by the commutativity of
k C Tk
A = U—/(U-IS(']U.I_E). If Homg(Y , V) =Lr 0, "then V-}E = 0, since (Y(E)k = 0. In
fact, we shall see later that VE = 0 for any non-trivial simple admissible

(g, K)-module V,

§3. Some remarks on cohomology and infinitesimal characters

and denote by X the trivial character of z(g), 1i.e. the character of the
action of z(g) on the trivial one-dimensional g-module.

Let V bea (g, k)-module, For any positive integer g and y e X

(1) \% q ={ve Vl(v(Z)-x(Z);Id. )q.V =0, (z¢ Z(g)}

is a g-submodule, and the primary subspace V_ is the union of the
X .

VX q (=1, 2, ...). The isotypic subspaces for k are of course stable

under z(g). Assume that V is admissible. Then V is a union of z(g)-stable

3.1. We let z(g) be the.center of U, X the set of characters of z(g),



finite dimensional subspaces, hence ie". the direct sum of the submodules

VX {x e X) [1:VIL, §1, n® 1, Thm. 1]. Moreover, for every x e X, the
g-module V has a finite Jordan-Holder series., This follows from
Harish-Chandra's result that, up to equivalenc;e, there are only finitely many
simple admiséible (g, K)-modules with a given infinitesimal character (see
e.g. [4: 9.15]). This also shows that VX = VX: q for q big enough, and that

V is a finitely generated g-module:.

X
3.2, LEMMA, Let (v, V) be an admissible (g, K)-module, Then,
q _ 179 =
H(g,k’v)“H(g:k:V )’ (q—ovlszto-)
B = £ = X
V is the direct sum of the V (x e X) (3.1), hence the left-hand side
X
is the direct sum of the groups Hq(g, k; V ). It suffices therefore to show that
- T X
H%g, & V) =0 if x4x. If V is simple, then it has the infinitesimal
- 7 X

character y, and our assertion follows from (I, §4). The general case then
follows by induction on the length of a Jordan-H8lder series for VX (3.1)

using the cohomology exact sequence.

3.3. Let Z Dbe the subgroup of elements of K which act trivially on g
and let A = €[Z] be its group algebra. If (m, V) isa (g, K)-module, the

action of Z defines one of A, and V is a semi-simple A-module., If V is

admissible, we have then

n
&
<

1
( ) V XGX(A) X



where now

(2) V =V _={veV|n(z).v=yx(z)v, (z¢2Z)} .
X X1

By (I, 5.3), we have then, in analogy with 3., 2,

(3) g, kv)=u%g, KV ), (@=0, 1, ...)

X

where Xo is the trivial character of A.

1 %
§4. An interpretation of H (g, k; V@ F )

4.1, PROPOSITION, The module XC has the infinitesimal character

X. and is admissible, More precisely, if W is a finite-dimensional simple

k-module, then dim Homk(W, XG) < dim W,

k
z(g) is contained in V(g, k), hence acts trivially on (XG)—. Since
C €k C e e v peea s
X =U.(X )=, it follows that X~ has the trivial infinitesimal character.
In [3], it is shown that U, viewed as a k-module under the ad-action,

is ’isomorphic to a direct sum U =H & (U. UE + U.k) and that
. . m
(1) dim Homk(W, H) = dim W—

for every finite dimensional simple k-module W, where m is the centralizer

in k of a maximal subalgebra of p. This implies the second as sertion and

shows in fact that (1) is also valid with H replaced By XC.

abs

\ %
4.2, Let F be a finite-dimensional G-module, F the contragredient



Y

a
. ES
module, If V is an admissible (g, k)-module, then V@F is also admissib]

since, for any k-module W, we have

(1) Hom (W, V®F ) = Hom, (W @ F, V) .

?‘-a

Assume now that ¥ and V are simple (g, K)-mociules with the same
infinitesimal character y = Xg = Xy We shali need the two following facts,
which are special cases of results of Zuckerman [5]:

(i) The g-module (V @ F*)X is simple,

(ii) Lst W be an admissible 6(_g_, K)-module with the trivial infinitesimal
character. Thén Homg((W @ r)

g Xg Xs
canonically isomorphic, |This follows directly from (1) and 3,1, ]

, V) and Homg(W, (VO®F ) ) are

. Let XF = (XG ® F) and YF = (Y(E ® F) . If we tensor 1.4(1)

XF XF
by F and pass to the -~components, then we get the exact sequence
y p Xg P

WD
w

(1) 0 —>Y > X >SF—>0 .

4.4, THEOREM, Let V and F be simple admissible (g, K)-modules,

%
with F finite dimensicnal. Then Hl(_g, k; V® F ) is naturally isomorphic .

to Homg(YF, V).

Proof, If X + X then both terms are zero by I, §4. So assume

Xg = Xy By 3.2 we have

1 x 1 *
(1) Hig K VOF)=H (g k(VOTF) ) .

5
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By 4.2(i) and 2. 2:

(2) nlg, K (VOF) )= Homg(YG, Ver) )

Xg g Xg

Moreover, by 4.1, 4,2(ii) and the definition of YE,‘ we have

F
XF) V) "Homg(Y ’ V) ’

C * C
(3) Hom (¥ (VRF ) ):Homg((Y ® F)

Xs
whence the theorem,

4.5. In Chapter VIthe (g, K)-modules XF, where F is a simple,
finite dimensional G-module, will be identified with certain elements of the

F
(non-unitary) principal series, and Y  will be resolved by certain canonical

principal series representations.
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VI. The simple (g, K)-modules with Hl(_g_, k VOF) :TL 0
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Nolan R. Wallach

In this chapter we show how to use the results in chapter V to determine
BN

*
the simple (g, K)-modules with Hl(_g_, k; V®F )+ 0, We show how these

modules fit in the.classification of admissible (g, K)-modules in Langlands [7].

1. The principal series,

1.1. Let G be a connected semi-simple Lie group with finite center,
Let G = KAN be an Iwasawa decomposition of G (here we follow the notation
of [2]). In particular, A is a maximal, split, vector subgroup of G, N is a
connected simply connected nilpotent subgroup of G and A normalizes N,
Let =AY kO' %O’ 7__4_,0 d'enote the respective Lie algebras of G, K, A and N,

As usual, if we delete the subscript "0" we mean complexification,

1.2, Let M be the centralizer of A in K. Then MAN=P isa
minimal parabolic subgroup of G (cf. [10]), Let log: A —> 2, "be the

inverse map to exp : 30 —3> A, Let for H ¢ a., p(H) = %tr(adH | " ).

0 0

1.3, The definition of the principal series, Let (£, Hg) be an

irreducible, unitary, representation of M, Set Xé equal to the space of

co
all C° functions f: K —> HE so fha’c flkm) = E(m)_lf(k) for meM, k eK,
If x, veK, fe¢ Xi define (ng(x)f)(y) = f(x_ly), Set Xg equal to the Trg(K)-

£

finite elements of X°.
o]



- \

% .
Let a denote the space of all complex valued, real linear forms on 2.

. ] _
If yea andif fe x5 define f (kan) = e (pt)(1082) 11y for keK, acA, neN,

%
Define for xa_g_o, ngg, Vea and keK

, d : B
pCOD() = g1 (exp(-t)) [ o .

(we t=0

Then it is easy to seé that (Trg 1/." Xg) defines an admissible (g, K)-module

with g acting by "E, V(x), xeg and K acting by 'ng(k), ke K,

1.4, Let m, be the Lie algebra of M, Let _1_16 be a maximal abelian

subalgebra of m Set -}-}O = _13(-) O 24 Then }_10 is well-known tb be a Cartan

Oo

Let A denote the root system of (g, h). If ae A let g
- - -Q

subalgebra of 8o

denote the o root space. Fix A+ a system of positive roots for A so that
n =(Z ,g)Nng. (Sucha system always exists, cf, [8].)
-0 +=a" =20 -
acd :
1.5, Let A ={aeala] =0}. Then A is the root system of
—_ m - a m .

(m, h7),. Set NI N A+., Then A' isa system of positive roots for
— - m m m

A L,
m

- ¥ # ¥
1.6, If xe(h) and pea define A+tpeh by

- ——1- =—1—
+p(Hz),Hle_1}_,Hze_a._. Set & = 3 E+a,5m 22+a.

()\+|J.)(Hl +H2) = ')\(Hl)

Then 6 =6_ +p.
; m

1.7. THEOREM (Harish-Chandra, cf. Dixmier [1]). Let z(g) denotethe

*
center of the universal enveloping algebra of g. Then to each A e¢h there

! exists-a homornorphism, XA : z(g) —> € such that XA(I) = 1, Furthermore




&
¥

":-:_;.; ’“ -

i3 .

XA = XA|

if and only if there is s € W(4A) (the Weyl group of A) so that

sA =A'. If y:z(g)—>C is a homomorphism with x(1) =1 then x = Xp

for some A.

1. 8. The definition of Xp is ‘not too hard so we recall it here, Let
nte % g,n =% g . Then U(g)= U(h) ® (n U + Un"). Let

. aeA acA .
P : U(g) — U(h) be the corresponding projection. Then XA(Z) = (A-8)(Pz)

for z e z(g).

1.9. It is easy to see from this definition that if ¥ is the simple

g-module with highest weight A relative to A+ then Xp = Xp46°

1,10, LEMMA, Let (£, Hg) be an irreducible unitary representation of M,

- %
Let Ag be the highest weight of (£, Hg) relative to A:-n. Set for v ea ,
A(E, V): A{E,+6m+u' Then ng’v(z) = XA("g',V’)(Z)I for =z e'g(g).

1.11., The proof of 1,10 is a fairly simple consequence of the definition

in 1. 8. In any event, the result is well-known,

2. The identification of EF

£

2.1, Let E'O denote the trivial representation of M, Let 1l ¢X 0

be the function constantly equal to 1.

LEMMA. 1)X =g (U)- 1.
0’ €0 £o
Z)Ifj(f)sz(k)dk for . feX = then j_: (w , X )—>C isa
- O K - . — O go'p

(g, K)-module homomorphi.sm.
\
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9.2. This result is well-known, A proof of 2.1.1) can be found in [3].

2.1.2) follows'from the basic integral formula of Harish-Chandra:

(1) [ ebzp(H(gk))‘f(k(gk))dkz [ fax ,
K K

where geG is written k(glexpH(g)n(g) with k(g) €K, H(g) ea,, n(g) ¢ N.

2.3, PROPOSITION, ‘XC is isomorphic with (Tré o X 0). ‘
O,
£ x |
Proof, Clearly, dim(X ) =1, Lemma 2.1, 2) implies that

k 0.K

k
U:l-_ = U= N Ug acts trivially on (X ) Lemma 2.1.2) and [V: 1, 3] now

imply that there is a sﬁrjective (g, K)-module homomorphism

3
c
a: X —>(w X 0). As a consequence of a result of Kostant-Rallis [6]

§O,p’

(see remark below), one has for any simple K-module V

(1) ~ dim Hom, (V, XC) = dim vM , (VMz-{VeV|m.v=V, (meMi

£

By Frobenius reciproci;:y, the same equality is valid for X 0. Therefore

a is injective on each isotypic subspace of K. Q. E. D,

§
'
t

REMARK. InV, 4.1, the result 4.1(1) of Kostant-Rallis [6] is quoted in-

correctly, It should read
_ A |
;

(1) L .dim HomK(W, H) = dim WM , (WMz{WeWIm.W:w (m €

for every simple K-module, where M is the centralizer in K of a maximal
subalgebra of p (and H is a K -module supplement in U = U(g) to

k C
U.U—-+ U.k), Since X is isomorphic to H as a K-module, this yields



2.4, Let F be a simple finite dimensional G-module. We look upon F

as a (g, K)-module in the obvious way. Let T {veF|n.v=v for neN).

. A-p _
Then FN is an irreducible MA-module, Let £_ Qe denote the action of
N )\F—p(log a)
MA on F , (It is givenby ma,v ="e’ §F(m)v).
2.5, THEOREM. The (g, K)-modules X (see V, 4, 3) and (11-g N X )
¥R

are isomorphic,

Proof, In view of 2,3, we need only show

. £ ¢
(1) ((m » X )@F) | =(w X7 L
: S ® Xpts  Spoly

Here A is the highest weight of F relative to A+. We prove first

(2) - 'A.(«EF, Ap) = A+d
Indeed, A, +A_ -p=A. Thus A+6=A. + =
ndeed, gF Ap P us gF 6m+ - A(E,F, Ap)
Consider the MAN-module o ® F = U,. Thatis
{man) o v'= e6(19ga)man. v (o the new action, dot the old), Then U1 has a
‘tion . oL, 3 - ' .
composition series U, DU, U, 2 U, =(0) where Ui/Ui+l is a
simple MAN-module, This impliés that the action of MAN on U,/U_+1
X, o

is ii ® e ', Itis clear that A(£ >\i) = Ai'+'6 where Ai is a weight of F,

¥
1

The number of j with A(éj, )\j) =p+6 is less than the dimension of the

weight space in F. Using, say, (10.6), p. 191 in [8] we see that
3 .
X O) ® F has a composition series Z=ZID ZZD... DZ. D7 l—;(0)

7 = ,
. (Trg P k™ ket

70 _ \
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£, g
. ' - . 0
with Zi/Zi+1 = (Trgi’ )\i, X 7),i=1, ..., k. Now ((ﬂg , X )

] F) has
o' P XA+8

a composition series whose subquotients are subquotients Of"n'g X with
i’

If then there is s € W(A) so that s(A+8) = A, +5,
1

XAi+6 = XpA+5° XAi-Fé = XA+6

. - _ - ' ~1
That is, s 1(Ai)+s 16 =A+8. But s 1Ai is a weight of F and s § is a

weight of the finite, -dimensional, simple g-module with highest weight &, Thus

s_lAi = A-Ql, s~16 =& - QZ with Qj a sum of elements of A+, j=1, 2. But

then A+6-Q1—Q2 = A+6. Hence Ql =Q2= 0. Thus s =1, Since the

dimension of the A weight spaée in F is 1, this proves (1),

' . &
2.6. Theorem 2.5 implies that there exists jF : X F_S¥F sothat

.

jFo ng N (x) =x0 jF for xeg. We leave it to the reader to show that
R :

i) = [ k.f(k)dk
_ K
g]?‘ ‘ N :
where feX and we look upon I—Ig as F . and k actscn F by the restriction

. ~ F
of the G action to K,

3. The resolution of Y by principal series representations,

——e

3.1, Let G(C be the connected, simply connected Lie group with Lie

algebra g. Let G(') be the connected subgroup of GC corresponding to gy

Let KO be the connected subgroup of GO corresponding to -}SO' Then every

quotient of YF (see chapter V) defines 2 (g, KO)—module as well as a

(g, K)-module. Thus for our purposes, nothing is lost by assuming that

GO = G. We make this assumption for the remainder of this chapter.




3,2. Let HC G(E be the connected subgroup with Lie algebra h, If

%
peh and p isintegral (2 <p., a>/ <a, a> e 4 for a e A) then we can

x h
define a quasi-character of H by the formula (exph)PL = eu( ) for heh,

33, If xe _g_o (resp., x ¢ EO) and if U is a finite dimensional vector

" space over € and if fe COO(G; U) (resp. COO(M_; U)) then define

» d N .
= — iy ! =R i .
(R_£)(g) = 3 f(g exptx) It o for geG (resp. M). Defme‘ -Rx+iy <t 1Ry

3.4, Set T=MAH. Then HN G=TA, If peh and p is integral

then p defines a quasi-character on TA =H N G,

sk
-3,5. LEMMA, Let peh Dbe integral, Set W equal to the space of all
- - - M
[e¢]
fe¢ C (M) such that
1) fmt) =t f(m), meM, teT

Z)R.Zfzo:_f_(g Z ¢ E+g.

=a
acA
m

Then Wp :{; 0 if and only if 2 <p, a> / <o., a> "is a non-negative integer

for ae A+ . Setfor f, ge W , <f, g> = f fim)g(m)dm (dm is Haar measure
0 m' =2t M M

on M normalized so that f dm =1). Setfor meM, fe Wp
‘ . 21
(yp(;‘n)f)(x) =f(m "x), x e M. If WHL + 0 then (YH’ WM) is an irreducible,

unitary, vrepresentation of M. (y , W) has lowest weight (as a T-representation)
B M

-p relative to A+.
S m

3.6. This result is substantially the Borel- Weil theorem, see e, g.

[8], 6.3.7, p. 155.



Let 7\” = p[a«. Let C: X" —>C®(G) be defined by C(f)(g) = £ \
20 Y- - n
If ¢ =C(f) for feX H then we leave it to thé reader to check that

: 0.
_p(g)( )

a) @(gh) = h“}p(g) for heTA, geG,

b) qua =0 for =z eB+.

3,8, Set M H equal to the space of all @ « COO(G) satisfying a), b) in
—— )
3.7. If @e 945'0 and g, x ¢ G define (TH(X)¢)(g) = gD(x_lg). Let H H be the

space of all TH(K)—finit_e elements of M R ¥ @ ¢ M M define for x e go,
0 _ s

d
(T, (x)0)e) = z; ¢lexp(-tx)g) |-

. Y
3.9. LEMMA., C (defined as in 3.7) is a bijection between X M and ﬁ./p.

Furthermore, Co -:rY N (x) =T (x) o C for xeg.
Y b ’
Proof, C(X H) cH B by construction, The intertwining property is

Y : .
also clear, If fex " and if C(f) = 0 then f N (g)(1) = 0 for all geG,.

~ B
Hence f \ _p(gm)(l) =0 forall geG, me M, Butthen f \ _p(g)(m) =0
[ ' M
forall ge G, me M, Thus f A -p = 0, This says that C is injective,
- }L ¢
If @« }JH set @(g)(m) = ¢(gm). Then @(g) e W by the definition of
N A M

-1 .
Wu' @(gm )(m) = @(gm, m) = @(gm m) = Yp(ml) @(g)(m). Clearly, ¢ is

left K-finite and C® as a function from G to W . Also,

A (loga) H
@(gan) = e H @(g) for geG, aelA, ne N (use a), b)of 3,7). Hence
@ = (qolK)_)\ o Finally, @(g)(1)= ¢(g). Hence ¢ = C(¢1K). This proves

that C is bijective,




B R

3.10. Let w = {0.1, e s al}. be the simple roots of A+. We assume

that we have labeled the elements of 1 so that w N A:n
={a£0+1, cee “1} ({u£+l’ eees 0'1}:¢)' Let for a € A, Eaega be chosen
so that [E , E ] =H with a(H ) = 2,
a -a a a
3.11, Let for aed, s be the Weyl reflection about the hyperplane in
—_— a

h, a=0, Let s p=pos ., Setfor i=1, .,., £, s,=-s . Set for
- a a 1 a

3.12, LEMMA. Let peh be integral and such that W 'TL (0), Fix l<ic 10,
Do 2be feanbidt = " S S

Suppose that 2 <p., a_> / <a., a,> = n, is a non-negative integer, Set
— i i’ i i

AiquRY1 ¢ for gDeJ/H. Then

i s, (ut6)-6
1) Ai :j-{ gty N
2) A, $0 |
3) A]_ o TH(X) = Tsl(p+6)-6(x) ° Ai . . -

for xecg.

Proof., We note that si(p+6)—6 = - (ni+ l)o.i. It is therefore clear
s, (nt6)-6 ’
that if @ e M " then (A, @)(gh) = h ! ©(g) for geG, heTA.,

0 forall m>0, me 2,

+ . m
a)If aeA and a3 a then REQRYiqo

QDGH"L.

7
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We pr'ove a) by induction on m. If m = 0 then a)is clear. Assume

m m
E,E Ry ?tRg Rg Ry
a -Q. 1 -Q. a

2) for m. Then R_ RZ%T1gp - R R
a
1

E Yi
a
Now RE R?go = 0 by the inductive hypothesis, (E , E 1) €eg If
Y, a -a,
a 1 ' 1

m
E—u.RY.<p =R
i Ti

2q-a,’
N i



T | v 10

+ .
a-c; ¢ A then a- aleA and a-ai+ui. Hence R(

m {
E . E )RY.QD =0 by
a —O.i 1
the inductive hypothesis, This proves a).
m m-1; m ' “
b) RE RE mRE (RH -m+1l) + RE RE i
a. -aq.. -a, a, -a. a,
i i i i i i . .
b) can be proved by a straightforward induction (cf. [1], 7.1.14, p. 223). |
; il i )
. b) i ; = _ .
) implies that RE RY Q@ (ni+1)(p.(Hai) ni)RYiQD for ¢ eH". Since
H(H ‘ =2 <p, a, > / < . a> L, We see thaF R Aicp = 0, But then
a,
R A 9= 0 for ze n . !
s, (u+6)

We have shown that A, (_74 My 74 1 .
CIf Ai(f) =0 forall { e H P then it is easy to see that Ai(}] p.) =0,
: o0
If @e c"c"(ﬁ) (N = 6(N)) and if he W, then we can define

- f(nman) = @(mh(m), neN, meM, acA, neN and f(g) =0 if g¢ NMAN, Then
n +1 ‘ _

feN So' Now AifIN = Yl, @. Since RYl is a non-zero vector field on N we

see that there exists ¢ so that 'Aif :% 0.

) is an irreducible finite dimensional representation of

£

) is the contragredient representation of § we can define for

3.13. If (§, H

e

: % E3
M and if (¢, He
B %

.fexg, .geXg ,

w S f(f ) glk)) dk

where’ < , > -+ {s the canonical pairing between Hg and Hg

The integral formula 2,2, 1) implies

2) o (g, (), g)= -(f, 7 . (x)g)




B e

3.15. LEMMA, (w

1
B o
y
i
bl
%e
oy
§
i
i
k]

k
£ . 3 *
for feX ', geX ,» Xeg, Vea,

3.14. Let F be an irreducible, finite dimensional G-module. Let A

.

. be the highest weight of F.

*

tr x A ’
X 7)) is equivalent with (TA,.%/ ) under C (see

e ,
gF">‘F

3.7 and 2.4 for notation),

Proof. £._. has highest weight A relative to A+ . .Hence §_ has
—_— F y T m F

lowest weight -AIT, )\F = (A+6)la. Hence -)\F = 'Alaf p= -)\A - 'p. Lemma

3.9 now implies the lemma.

3
3.16. We have seen that XF is isomorphic with (-;rg N X F). Let

. - . F''F
jF:X —> F beasin 2.6, Let

= i E s ng c (XgF)*

¥ F
(see 3,13) be the dual mapping. Then iF(X,'V) =T, (x)iF(v) for v eF ,

' gF, ‘)\.F

Xeg.

3

3.17, Since A is A+-don1inant integral, all of the operatofs

A s . (A+8)-8
Ai cH T — o » 1<icg .QO are defined and non-zero. ~ Set for
l<icg fO"
7
* %
= W =
G r By w7 Y aasyer Vs assysy M, w = A0,
i i w1 % 0
: -1 : gF gi F |
Then if Bi =C "o Ai e C, Bi X T ==X is non-zero and
'BiC'ﬁ'* (X):“g. Y (x)oBi for xe g and l_<._1§_10.
gF, "‘kF l,F 1,F .
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3

3.18. LEMMA, i (F ) = {tex " [BUD=0,1i=1, ..., 10},

Proof. It is enough to show that C(iF(F ) = {fe 34A|Ai(f) =0,i=1, ..., 10}

'Set; n, = 2 <A, ui> / <ai, ai> ,i=1, ..., £. We note that if ¢ « WA then

ntl . L | 3
- R ¢=0,i>2_+1 (W _  has lowest weight W, ). Hence if fe X and
Y. =0 A A

i ’ : n,+1

A =0,i=1, ..., £ then RY1 f=0 for i=1, ..., 2. The space of all
solutions to these equations is finite dimensional and irreducible (cf. 7.2, 5,

p. 225 in [8]). .
. *

. : £ £
3.19. Using the pairing between X F and X F (see 3.13) we can define
* gi ¥ gF * *
B'i:X v —X and Bic-rrg N (x)=~rrg )\(x)cB, for i=1,...,10.
. S, PN, F F'F ! |
Set D, =B, i=1, ..., L. '
i i 0
F gF
3.20. THEOREM, We identify X~ with (ng NI X 7).
£ : ' F''F
g 0 £ &
)Y = Z DJ(X 7).
; i
i=1
2)If 1<i< £ _-is such that a.|],-=0 then Co D, ° C“l is given by
= T="="0Q —/———— "i'h i
ni+1 ) ' a
RY .

Prooi:. 1) 1s a direct consequence of Lemma 3.8. 2)is not hard and is

.left.to the reader.

. 4, The linear functionals Xi P

4.1. Let 6 be the Cartan involution of g cérresponding to _1_: Then

———— R

6h =h, Let 6 acton h by OA = A o 8. Then 6A = A, Also il ueA+ and

cL|a 1 0 then GacA, (Here A+, {ul, .o .az}, {ul, ..., a, } areas

=0 .10




in §3).

4.2, LEMMA. Fix l1<icg 10. Then there-are three possibilities for a, and

] —

-0a..
i

1) -Gui = a,.
2) (ai,' —Gai> = 0.

3)2 <ai, —Gai> /<'ai, ai> =1,
(In cases 2), 3) -90.:.l 1 G.i).

Proof, Let Ai = (Zu.i + Z(—Bui)) N A, We assume —Bﬁi % a.. Set
g. = X CHu + X g . Then eg_i = B and g, = (gO N g.) ®(R €. From this

aed, o.eAi— — B ot
we see that there it no loss in generality by assuming that g = 8, We relabel

éo that i =1, In particular, g is of rank 2, g, is of split rank 1. Let A+
be the simple roots of A, Then. A+ = {dl,' v}. Then there are four possibilities

for the Dynkin diagram of A+& : : -

In case i) -,_eql = da, + by, =, bAZ 0. Hence since a or b must be

zero and -eal 3 a, We see that -60.1 =y, Thus i) corresponds to 1), In

case ii),' —_g_;s—_sﬁ(:’;, C) an@\ hence g, = su(2, 1). This implies that
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Y
a
- _ . : . 1 _ - P _
Y=g, (10 = 2). Gul %91 hence since ‘,‘(H(11 qul) H0 satisfies o.l(HO) 1

1 + qz (otherwise -eo.l(HO) = 2). Thus —eal =a,.

iii), iv), In thése casesh‘_b g =so(5, €)= sp(2, C). This implies that

we see that -eul # a

_go:—'_so(tl,. 1), Only case iii) is possible (cf{, Warner [10],'p. 30). Now

-Gal = syql = ai' + 2y. (This is because sY o (-6)A+ = A+ and o——>0 has no

automorphisms,) But then <-9u1, a1> ‘= 0, Hence iii), iv) correspond to 1)

in the statement of the lemma.

4.3, Let X(P, A) denote the roots of a, on n,. We note then

(P, A) ={a]_ Jace A+, a|. #0}. Let < , > denote the dual to the Killing
20 20 :
form restricted to _a_.o.

4 4.4. LEMMA. Let F be a simple, finite dimensional G-module. - Let

)\i,F’ 151_<_10

then- : C I . ' -

b ) . e ’
e as 11i1 §3. If NeX(P, A) is such that <)\i,F )\> <0

)N=a ] .
TR . ' .
2) If aeat and‘a|a=m)\ with m > 0 then a=a, or -Oai.

3) If -So.i % a, then -eqi .: ai'_ with 1'< i SIO and <o,i, o.i'> =0,

Proof. If \eXZ(P, A) then \ = O‘Ia , ae A+. Hence

—]

T

<x1F x) = %(xi - a-6a) -1 <si(A+6), a-6a ) = 1 (p4s, s.(a) + si(-eo.)>.

If af =|: a, | then a # a, or -0a,. Thus s.a and s,-6a) arein A+.
T'a ilay . . i _ i i i
Henc§ <)\i,F’ .)\> > 0. This proves 1) and 2).

To prove 3) we assume -Bui 3 a’ and if \ = a, !_3;0 then <)\i, F h> = 0,
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Now‘4<)\. e M)/ (o a) =2 (Ads, '°>/< >
+2<A+6,s 9a)>/< ea»-9°>- -

‘If.case 3) of lemma 4.2 is satisfied then si(-eai) = ai-eai. Hence
4_<)\i,F’ )\> / <°'i’ o.i> > 0, Hence only case 2) of lemma 4,2 is possible.

Thus si(-eai) = -Ba.. Now if 1 <<j < !0 then it is not hard to see that

i
-6a,=a, + I Ja J >0, CJ ¢Z, If i=1i and -0a, 4 a.. Since we are
j % 12 i i
i>4 O+1 )
in case 2) of lemma 4, 2, -(-)o.i + o, ¢ A. Hence X cJla. ¢ A, Hence
: ’ i>4 O+1

-6a, +o.JeA for some J>10+1 and —90. +o. %o. or *Go..i. But

(—edi + uj) Ia = A. This contradicts 2) in the lemma. We therefore know that

=0
Tigi, If -Gai # a;, then a,, la = A\. We have again contradicted 2). Hence
=0
-eui =a,. This proves 3).

5. Some remarks on parabolic induction.

5.1, Let G, K, M, A, N be as in §3. Then P = MAN is a minimal

parabolic subgroup of G, Let P. be a parabolic subgroup of G with

1

I;anglands composition Pl = MlAl\I1 We assume that Al CA, N1 CN

Then the pair (P, A_) is called a standard

and M; DM, 8(M,) =M oA

1 -1°

parabolic pair (standard p-pair for short). A1 .is called the split component

of P. (cf. Warner [10], 1.2.4 for a discussion of parabolic subgroups).

1
5.2, Fix for the moment, (P , A ), a standard p-pair. Let
2 5 be the Lie algebra of A1 and let 31 0 denote the Lie algebra of Nl' Then
- ' = dh.x=Xh)x for hea
ad(a.1 O)__1 O _1,0. Set for )\eal 0,( 1, 0_}\ {xenl Ola (h) 2y 0}

ot SRR G RN SN ey




Set Z(P, A) = {hea) (lm) o), 1 (O

5.3. Let < , >  be the dual of the Killing form restricted to a We

i 0'

also use the notation < . > for the dual of the Killing form restricted to 31 0

5.4, Set 3,_+

107 {n e_a_.l’ol)_\(h) > 0 for A\ e~Z(P, A).-

5.5, Set K1 =KnN Ml' Let (w, Hw) be an irreducible unitary repre-

sentation of Ml' Then (w, H ) is called tempered if the Kl-finite matrix
. : w

entries of « satisfy the weak inequality. This means that the character of w

defines a tempered distribution on M1 (cf. [11], 9.3.1, 8.3.7).
-1 ;
5.6. Set ppl(h) = ztr(a.dh)l-El . for h E-?'-l, 0 Let El, 0 denote the

Lie algebra of M,, We will (as we have throughout this chapter) denote the

1

complexification of a real Lie algebra Y, by u.

5.7. Let (o, H) be an admissible repx;'esenta.tion of Ml' This means
that H is a Hilbert space,” o is a strongly continuous representation of M1

on H and that O'IK splits into a countable direct sum of irreducible repre-
1 . .

sentations of Kl each appearing with finite multiplicity.

5.8." Let H denote the space of C® vectors of (o, H) and let W
— o0

be the space of K, -finite vectors in H. Then as is well-known (cf, Warner

1

[9)), WCH . W isan (m

1 Kl)-module under the differential of o,
>} .

5.9, Let 1° denote the space of all f: K—>H such that
— o0 )

1) £ is of class c®.
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2) f(K) C W, .

‘ 3) f(kkl) - o(kl)“lf(k) for keK, k, ¢ K.

. : 1
5.10. If fe 1:: set (w_(k)})(x) = £(k™ %) for k, x ¢ K, Let 1% denote

the space of w (K)-finite elements of IG
o] o
-(pp +)(loga)

- *
5,11, If £ EIZ and if v €2, define f (krnan) = c(m) w1 f(k)
for keK, me Ml’ aec Al’ ne Nl' Sintce Pl'm K = M1 NK = Kl we see that

f :G—>H isofclass C*° and f (G)CH .
v v )

5.12, If x and fe1° define (v (1))(g) = & f(exp(-tx) ),

2elge €8, -e o T, v g) = gz tlexp g
Then it can be shown that (rro_ ? IG) defines an admissible (g, K')-module.
We denote this (g, K)-module by Ind(; (c ® v ® I) and the action by o -
: 1 .o . 1!

o . _

5.13, If £, f, ¢l then we define. <,f1, f2> = fK <f1(k.), fz(k)> dk
where < ,> also denotes the Hilbert space structure on H,

5.14, Let (Pl, A ) and (P . Az) be standard p-pairs with
P1 ) Pz, A2 DAI' 1‘3'1 MlAlNl’ P = MZAZNZ' Then P2 N M1 = Mz A N= P

isa parabolic subgroup of Ml‘ Also AA1 = Az. Let v e g._;. Then v =V, + v

the Lie algebra of ‘a ).

: N
with v :V'a , .V :Vl*a (-a 210

250 . 21,0 L0

J;

5-..“"15. Liet (o, H) be an admivssible fepresentation of MZ‘ Let Ve a.2
7 M

LEMMA., Indg (nd, lo®@ v e ev

®@ 1) is isomorphic with IndG (c®v & 1),
1 *5 1 . P2

This result is well-known, cf, Wallach [9].
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6. Some results of Langlands.

6.1, Let (P Al) be a standard p-pair.  Let (o, H) be an admissible

_— 1’

representation of M,. Let Vea,. Then a matrix entry of = is by
. 1 —1 Pl,c ,V
definition a function on G of the forrn. gr—> <TrPl, o',v(g)fl’ fz> where

- l;;ihva‘.riant subspace of 1° then IG/W

Kej o,
fl, fzeI . If WCI isa -rrP

3 1’
defines a (g, K)-module under the quotient action w of ™ ev on IG/W.
1, ’

6.2. A matrix entry of T will be by definition a function of the form

——————

g—> <WP1, o-,V(g')fl’ f2> where fl, f2 are orthogonalto W. If (w, I /W)
is simple then it can be shown that the space of matrix entries of T . depends

only on the isomorphic class of 7 and not on the particular realization.

6.3. THEOREM (Langlands [7]). Let (Pl’ Al) be a standard p-pair. Let w

N . . . . *
be an irreducible tempered representation of Ml' Let v e 2, be such that

w, .
Re <v, )\> >0 for )\EE(Pl, Al)' Then (ﬂpl,w,V’ 1) has a unique, non-
zero, simple quotient J(Pl’ w, v). If (PZ' Az) is a standard p-pair and if

' ' *
@' is an irreducible, tempered representation of MZ’ Vz €a, and if

Re<V2,, )\> >0 for xEE(PZ’.AZ) then J(Pl, w, V) is isomorphic with

J(Pz, w', v') if and only if (Pl’ Al) = (PZ’ AZ)’ v =v' and ' is equivalent

with w.

7

6.4, THEOREM (Langlands [7]). Let (Pl’ Al) be a standard p-pair. Let

) %
(w, Hw) be an irreducible tempered representation of Ml’ Let V e _a;1 _'t_)_g

such that Re <v, x} >0 for heE(Pl, Al)' If ¢ is a matrix entry of
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J(Pl, w, V) (see 6.2), then

(pp -v)(loga)’

lim e 1 @a) =L
a_—+c0
P
-1
exists (here .3'13"°° means B(loga, loga) = ”loga,”2 goes to o and thereis ¢ > 0 so thé

x(loga) > ¢ Hloga” for \e E(Pl, Al)). Furthermore, if ¢ is a non-zero matrix

entry of J(Pl, w, V) then there is u e U(g) so that if (pl = !uqa then L -JT 0

d
(here (£_@)(g) = '&'E(P(exp(-tx)g)ftzo for xe 50)'

6._5._ The importance of Theorems 6.3 and 6. 4 is that the (g, K)-modules
J(PI’ w, V) exhaust the set of all simple (g, K)-modules. - (We allow (G, 1)
as a standard p-pair.) Langlands proves this fact by a deep analysis of the
asymptotics of admissible representations using Harish-Chandra's (unpublished)
results on the asymptotics of admiséible representations in parabolic directions
(an important special case of this theory can be found in Warnér [11], chapter 9).
The tempered representations are just the J's associated with (G, 1). This

means in particular that if (Pl’ A.l) :} (G, 1) then J(Pl, w, V) is non-tempered.

-

7. The classification.

7.1. In this section we complete the line of ideas of this chapter by
%k
giving a list of the simple (g, K)-modules, V, such that Hl(g, kKVeF) :} 0

where F is a simple finite dimensional G-module. . ~ -

- 7.2. Fix F a simple finite dimensional G-module. Let A be the



. . . + . _
highest weight of F relative to A . Let ‘(§F, )\F) and (gi,F’ )\i,F)’ i=

be as in'§3. Then we have

£
1 _ ¢ ® D,
. 1
® (n, N ,_Xl.’F)-l———>YF--—->o

i=1 °i,F' i, F

(see 3.20).

7.3. Applying the results of chapter V we see that if V is a simple

’ 3%
e V)EHl(g_, K VAF ).

(g, K)-module then Homg(

7.4, LEMMA. Let .V bea simple (g, K)-module. Then

_— . %, ‘ t
dimH (g, ks VO F ) g T dim Hom (D (X
S i=1 g

LE vy

Proof. This is just a recapitulation of 7.2, 7.3.

3

7.5. We are left with computing the simple quotients of Di(X

—

o~

The work of §4 (see lemma 4. 4) says that the indices 1 <i< 10 natura.lly. fall

into three sets:
'I) --Go,‘i :{: a and —eai + o, with <ai, éi'> = 0,

II) -€a,
i

L W.ith’ <ai, ai|> = 0.

III) -6a, = a..
i

i

We will study the cases I), II), III) individually.

7.6, In case I) of 7.5, lemma 4.4 says that <)\, R )\> >0 for

ta D . i, F

\ ¢ T(P, A). -Theorem 6.3 implies that (m, X LEF
. & M F

i, ¥

) has a unique




non-zero quotient j(P, §i F )\i F). Hence since Di :} 0 we have

7.7, LEMMA, If 1<i< £ _ andlI) 7.5 is satisfied and if V is a simple

0
g:'L F
- (g, K)-module with Homg(Di(X ")

, V) =lt 0 then V is isomorphic with

J:8. Setfor l<igd , \ =a ,io' Set a; ;= {hea [N (h)=0}. Set

n = by (n) .-
O P, Ay O

pl, 40

2,0

Set . A. = expa, ). Let I\’\/ilz {g ¢ Glgag-lza a.eAi}. Then

2,00 N = Rl

, 0

. Mi = MiAi with Mi a reductive subgroup of G with compact center and

Mi XAi > I\N/Ii, m, at—>ma a lLie isomorphism, Set Pi = MiAiNi' Then

(Pi’ Ai) is a standard p-pair,

79 Of course, if dim A =1 then (Pi’ A’i) = (G, 1). for lf.iﬁlo-

Al

~7.10. Let 1 <i< £0 be fixed (for the moment), Let ¢Pi = Mi N P.

e o

% }
P. is a minimal
i

ats

-~ oo %k % £
Then P =M A N, and A =M NA, N =M nN.
1 1 1 1 1 1 1

parabolic subgroup of Mi'

7.11. Now suppose that l1<i< lo is as in II) in 7. 5. Let (£, Hg)

o

be an irreducible unitary representation of M. Let v 3;. Let
’ M
g i
Z7) = 1 . . 15). = g
(0p 1, Z7) In_d*P (§ ®v ®1) (see 5.14, 5,15). Set L. xi’_Fl*a

i . =i, 0
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: E. .
LEMMA, 1) (crg . , Z 1’F) is a simple (Ei’ Ki) (]’:(i = Mi N K) module,

- ‘.
Z .1’F) is isomorphic with ((r‘g y Lzt .F).

it, F'i' F

2) (Gg v '

f'a compact subgroup of

Proof, Mi is locally isomorphic with a product o

M and SL(2, €). This lemma follows from the theory of the principal series of -

SL(2, €) (cf. Jacquet, Langlands [4]).
7.12. LEMMA. Let i, i be as in 7.11. Then (Trg X , X 7
gi',F)‘ i, i, F

) is isomorphi

with (m , X
g'i',]?">\i',F‘

"Proof. Combine the lemma in 7.11 with the lemma in 5, 14.

7 13, LEMMA, Let i, i' be as in7.11. Thatis, -6a; =gy, and (o, 0,)
- —_— —_— — i it — im 1

we may assume that

By interchanging 1 and i

2 (A, .a) ) 2 <A ;11"‘> | |
ORI CTER SR -

L2 (B, o)/ (op o) <2 <A, c,.|> / {as oy, Then
<—'>» )\> >0 for )\eE(P A) I v is a simple (g, K)-module with
£,
Hom (Di(X ts ), V) or Homg(Di‘(X ! ’F), V) non-zero, then V is 1somorph1c
with J(P, § P 1 F)
.Z)If 2<A a>/<q, o.> ~2<A a, >/<a1‘, o.1|> then, Ui,F=0 (see

Z 1 F) is a unitary prmmpal series represontation. of 1\/1i

011, (o o
10
(hence it is tempered).

If Visa simple (g, K)-module and if

)4+ 0, then V' is isomorphic

g~ ,
H b
omg(Di(X' g ), V)0 or Hom—g_.(Di‘(X




. i , Z .
). Here wi,F is the class of (0"g 0 )

with J(P., w. A
: i, F'

i, F i,F’g._i;o .
Proof. 1)2 (4, a )/ {a, al> <2{n, o)/ {a,, a,) . Then
<xi’};, ) = E(5,48), o ta,) = 3 (A5, a, ) - 2 Ass, o, ) =

% <A, o'i'> -1 <A, ai> > 0, - Thus lémma 4,4 implies that <)\i F )\> >0

for A eXZ(P, A). We can now argue as in the proof of 7.7 to prove 1),

3

, X
G : LE M T
P (wi, F ®‘)\i, F ,a, ® I). Itis easy to see that if
i -, 0 £,

m |- then{p. ,2) >0 for NeZ(P, A). Hence (n ,
LE LFa »E ool gi,F’ MNoF

has a unique, non-zero, quotient (theorem 6. 3), J'(Pi, w. A ). The

i, ¥’

To prove 2) we note that the lemma in 515 implies that ('rrg

is isomorphic with Ind

gl
BE2 0

proof of 2) now is the same as that of 7. 7.

7.14, We are now left with case III) in 7,5, We use the notation of 7. 8

i, F

)

and 7, 10, Setvv, = xi,Fl* . Set p op= N, F.la. . Then
& F =i, 0 G Mi_l’ ’ ‘
(w , X 7’7} is isomorphic with Ind__ (Ind (€. &}y, RI1)G . Q1)
€. A P, * i, F i, F i, F
i, ¥4, F - . i P. .
(see 5.15). *
- 7.15, Since -6a, =a, @, ] - =(0). Hence 3,20,2) applies. We note
n+1 ' 1 oz
that RY1 (notation as in 3,20) defines a nox;;zero intertwining operator, Ti’
i Mi Mi
from Ind*P (gi,F Q Vi, F @4 1) to Ind*P (§F ®' —yF® 1). Th?s can be seen by
i i

. observing that Mi is locally isomorphic to the product of a compact subgroup

of M and SL(2, R), Now the representation theory of SL(Z,-R) (cf, Jacquet,

Langlands [4]) implies that ker 'I‘i is finite dimensional and Im Ti = Ei F is
. + T + -
ith . - . .
either s1n.1p1e or E,:i, F Ei, F @ Ei, F with _Ei, F and Ei, F simple

N\
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(m,, Ki)—modules. Also Ei' is the (mi, Ki)—module of Ki—finite vectors
2 - , = .

+ _ :
. : N ; . - - th
of a square integrable Mi representation O g If Ei, F Ei,F 3 Ei F then

+ -
o] 7 @ p

©iLF
gi F
7.16. Using 3.20.1),2) we see that Di(X ') is isomorphic with either

G : G, + G -
Indpi(wi, - ® by F ® 1) or IndPi(wi, F ® b F ®1)e Indpi(wi’ F ® by ® 1), We

also note that if X e Z(FP,, A) then <p_ , )\> > 0, We can now argue as in
. i i i, ¥

7.7 to prove

7.17. LEMMA., If i is as in case III) of 7.5 and if V is a simple (g, K)-module | '

. i’F ' 3 i 1 |
with Homg(Di(X ), V) =} 0, E}_ﬁrl V‘ is isomozrphic with J(Pi, wi,F’ ki, F‘f‘;- )

= i, 0
P . . . s . . +
if ©; is simple or V 18 isomorphic with one of J(Pi’ ©; )\i,Fl_a_i' . or
TPy 0 g N Fla, )
—, 0
7.18. Combining 7.7, 7. 13 and 7. 17 we have completed our classification
3

of simple (g, K)-modules with Homg(Di(X LE) v).4 0 for some i.

-~

8., Some immediate implications of the classification,

8. 1. In the next chapter we will show how the results of §7 can be used

to prove vanishing theorems for cohomology of unitary representations. In this

section we point out two immediate consequences of the results of §7.

8.2. THEOREM. Let F be a simple finite dimensional G-module. Let V

——n.

be an.admissible, simple (8, K)-module, then

1 %
1) dimH (g, ks VEF )< 2.

4

- i ) - = d = )
2) hﬁ there is no 1 <1< 10 so that eai ui'.- an <°’i’ ai'> 0,

T e S B

B



25

1 *
then dim H (g, kVeF )< 1.

Proof. This is an exercise using 7.4, 7.7, 7.13, 7.17, and 6. 3.

8.3. THEOREM, Assume that G is simple., Let F be a simple, finite

dimensional G-module, Let (r, H) be an irreducible, admissible representation

of G, Let V be the (g_, K)-module of K-finite vectors of H, If

1 % .
H (g, ks VF )40 and if (v, H) is tempered, then G is locally isomorphic

with SL(2, R) or SL(2, C).

Proof. 7.4, 7.7, 7.13, 7.17, and 6.5 imply that if (v, H) is tempered,
€.
then V is a quotient of Di(X b ), i must be in case II or III of 7.5, and

Pi = G, But then Mi = G. This implies that G has a normal subgroup

isomorphic to SL(2, R) or SL(2, €). Q.E.D.

8.4. We note that 8.3 is a generalization of a result of Hotta, Wallach

- for G = SO(n, 1),
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.

1 %
VII. Unitary (g, K)-modules with H' (g, K; V®F ) £ 0

Nolan R, Wallach

In this chapter we complete our discussion of the first cohomology
of (g, K)-modules by studying the unitary case. We also give a new proof.

of Delorme's theorem that relates first cohomology with thé topology of ¢.

1. Some results of Harish-Chandra

1.1, Let G be a connected semi~-simple Lie group with finite center.
Let (T, H) be an irreducible, admissible representation of G. We recall
. several (unpublished) results of Harish-Chandra and Langlands [9] on the

asymptotic behavior of the matrix entries of T,

1.2. Let (P, A) be the minimal parabolic pair of G corresponding
to G = KAN (we retain the notation of VI, §§l1, 5, 6). Let for t >0 ,
gz'= {he alAd(h) >t for A ¢ Z(P, A)}. (Here we use 2; for what was EW
“in VI, §5 and gm fqr a).
1,3, THEOREM (Harish-Chandra, cf, Warner [13], Chapter 9). Let H, be the

space of all K-finite vectors in H. There is a countable set E(ﬂ) of

A :
elements of a5 and a collection of non-zero functions PA taxX HO X HO——€>‘G s

for A e E(TM satisfying the following properties
1) If he a then PA(h; Vi v2) is lipear in vy cénjuga;e

linear in vy s

2) If ZcH, is a finite dimensional subspace of Hy and if

0

v, ¢ H. then ht—> PACh; Vi v2) is a polynomial function of degree

1’ "2 0]



i,'

less than or equal to 'dz (a constant depending only on Z).

3) <"T(e?<P h)Vl, V2> =1\ E&(;j)\(h) PA(h; Vs vz) with convergence
€ .

uniform on _e_l_'::‘ for each t > 0.

1.4. The set E(T) is called the set of exponents of ™. There

*
is one more property of the E(TM) which we record, If Al’ 1\.2 €_3g

then we say that Al > Az if Al -.Az is a sum of (not necessarily

distinct) elements of Z(P, A).

THEOREM. (Harish-Chandra, cf, Warner [13], Chapter 9) There is a finite
set f,o(‘l'r) c Z(mM so that
1) If Ae E(m then there is Me E(,)(TT) so that A <M.
0 . - .
2) 1If Al’ l\2 e £(M and Al # AZ then Al - A2 is not a sum

of elements of (P, A).

0
1.5. The set ¢ (M is called the set of leading exponents of T,
—t= TN

?..6. ‘Let now (Plj‘_.Al) be a standard p-pair. P1 = MIA]_N1 .as in

* . %* S )
VI, §5. Then A= A, - A with A =4 M. Set (a;) = {he gllk(h) >t

for Ae Z(P Al)} for t > 0, The following result is an unpublished

1}

theorem of Harish-Chandra., A discussion of this theofem can be found in

Lan’gﬂlands [91.

: ) * : -
THEOREM. There is a countable set EP (m < (g_l)m and a collection
1

¢

; "

qp.,P e 89 m of non-zero functions qu’P : A1 X a, X HO X Ho—-—-> C
1 " R 1

satisfying

1) qU,Pl(a; h; v vz) is linear in vy anti~linear in 2 and

* .
for fixed V15 Vg is analytic in a e Al , and a polynomial in h,
' ’ % .’ h
2 If ace Al is fixed then <TT(a exp h)vl’ v2> = % ep’( ) qu,Pl(a;h;vl,‘

Me 5P1(ﬂ)




: +
with convergence uniform on (gl)t for t > 0.

: % * . % : %
3) If he a , and h ¢ a; ( a, the Lie algebra of Al)
o % 3
“and if h+ he a’ for some t >0 then e“(h)q (exp ’h; h; v,, v,) =
=t : M,By 1’ 72
b eA(h)PA(h; 61’ v,). Thus in particular EP (m = {Ala A ¢ E(M].
A e €(m ' _ 1 =1
Mil = M

2, A necessary condition for unitarizability

2.1. Let (m, H) be a representation of G on a Hilbert space H,
Then (T, H) is said to be uniformly bounded if there is a constant C > 0

so that [|m(g)v]|| < C||v]| for ge G, ve V.

2,2, Clearly a unitary representation is uniformly bounded (take C = 1),
The following theorem is inspired by a result of Howe [4]. A similar result

has been communicated to the author by Peter Trombi (for (T, H) unitary).

2.3. THEQREM., Suppose that G is simple., Let (Pl’ Al) be a standard

- *
p-pair. Let ® be a tempered representation of Ml and let Vg (gl)c be

such that Re <\g k> >0 "for A e (P, A). If there exists (T, H) a non-

trivial uniformly bounded representation of G so that J(PL’ w, V) (see VI, §6)
is isombrphic with the (g, K)-module of K~finite vectors in H then

-

Re(p, - W(B) >0
1

for all ‘h e a,

so that h #0 and A(h) >0 for X ¢ Z(Pl, Al) (i.e. h £ 0,
+ .

_ Proof. Assume that (T, H) is uniformly bounded and HO is isomorphic with

J(Pl, w, V) # €. We first show that Re(pP - W(h) >0 for he (gl): s
) 1 :

H

Vo € Yy

t > 0. Indéed, fix such an h. Theorem 6.4, VI §6 implies that if v
\ -

1,

then (at = exp th)
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t(pp - V) (h) )
1) 1lim e <ﬂ(a )Vl’ v2> = L(vl, v ) with L linear
t—>
t>0
in v s anti-linear in v, and not identically zero,
Now 2) |<1T§at)v1, v2>|_§cl|v1|| ”VZH for teR . This
implies that Re(pP - V)(h) > 0. Suppose Re(pP = V)(h) = 0. Then I),
1 1
2) imply that ' '
3) (L(vl, v2)) < Cllvlll I[v2|| y Vis Vy € Hy. Now 3) implies

that L(vl, vz) = <§v1, vé} with B : H—> H a bounded operator,
Set ic = C V)(h), ce R,
1

; ict . Co

4) lim e m(a)v,, v,) = L({v,, v,) for all v., v, e H,

S @ (apvy, vy 1’ V2 V2
t>0

‘This is proved by an easy "g/3" argument. 4) immediately implies

tﬁat
2 -ict
5 B =3B and‘BOTr(at)=TT(a)B=e B, tedlR,
Now 1f n e N, then T(n)B = e Fri(nymea OB (for £>0) =
eictn(at)ﬂ(azlnat)B. Let ve H, Then if €& > 0 1is given there is T so

that ££ €2 T then |]rr(a'1na )Bv - Bv|| < e. Hence |[|mM(n)Bv - Bv|| =

]l ictﬁ(a )W(a Lha )Bv - Bv||

||elctﬁ(at)(ﬂ(a;1nat)3v - Bv) + eiCtﬂ(at)Bv - Bv||
= I[emtﬂ(at)('ﬁ(at nat)Bv - Bv)|| £eC for t>T. Since € >0 is
arbitrary we have

6) T(n)B =B for ne Nl'

Set N = 6(N ). Arguing the same way for 1 ¢ ﬁl using - T(H)B =

ict‘l’!( 3T(a ) B we see that

7) T(H)B =B for T ¢ Nl.
Now our assumptions imply (P, A;) # (G, 1). Hence N, and El
generate G. Thus 6), 7) combine to prove that

8 mM(g)B =B for ge G.




L]

Since J(P,, W, V) was assumed non-trivial and B # 0 we have a contradiction,

l’

‘Combining the above results we have

9) If he (gl)g then Re(pP - V() >0 and if Re(pP -Vv)(h) =0

1 1
then A(h) = 0 for some X ¢ Z(Pl, Al)‘ ‘

Suppose now h ¢ (31); , h#£0 gnd Re(pP - W) =0, Set

. 1
zh ={X €,'2(391, Al)[xch)= 0}.9) implies thaf Eh £ §. We note that if
a, B¢ zh and if a + B e ;(Pl, Al) then o + B e.zh and. if a, B e Z(Pl, Al),
o+ B e Zh then a, B ¢ Zh' This implies that there is a standard p-pair
(PZ’ A2) so that
i) P23P1 s Azc:A1 .

ii) Let a, be the Lie algebra of A, then

2 2

a, = [h1 e §_1|h(hl) =0, Ae Eh} .
iii) I(P,, A4,) = {M_a_zl)‘ e.;:z(Pl,' AD , LéXn.
In particular, he 2, and A(h) >0 for A € Z(Pz, AZ)' We apply

E o
Theorem 1.7 first of all to (Pl’ Al)' Let Al = M1 N A as usual, Let

+ ’ * *
h, e (a,), , t>0, If a, e A, -then
1% =1t 1 1
10) <n<"‘ h, )v > ) HBy) ‘*a.; b )
. a. exp V., v, ) = e q a.; 3 Vo, Vv, ).
1 1771 72 P 1’ 71 L 2
Hegp (M 71
1
vl,’v2 e HO.
Set q“’l,l(l; hys vy, v,) = qp,l’l(hl‘ Vi .vz).

Since the right hand side of 10) converges uniformly on the sets (31): N

for t >0 and for fixed Vis Vo hl——€> qH,Pl(hl; Vs v2) is a polynomial
of degree less than or equal to d (see 1,3, 1.7, d depends on Vys vz).
1) implies

11) 1If peEP(TT) and u;év-pP then M=V-p, - dJd with
’ 1 1 ‘ 1

Re du(h)) >0 for h e N (al)-: .
t >0

~w
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11) implies

12) (hl; \2% vz) = L(vl, VZ)'

dy-
v’pP

We now use Theorem 1.7 applied to (PZ’ A2). We have if h2 n (a )
t>0

then if v1 v2 € HO

13) {M(exp h,)v , v 2) g MWD (1; h

e Ep (Tr) p, 2 T V2"

If M¢ E} () then W = §|a with £ e EP () (see Theorem 1.,7).
2

=2 1
Let M, = (pP - V)la . If Me EP () and E e EP m , -E[a =M and
1 =2 2 1 =2
if € £ pPl -V then § = pP1 -V - d§ as in 11) and dé(hl) >0 for
h, € n<a) . Thus if d. | #0 then dg(h) >0 for h, e n(a)
L7 ¢>o0 t'a, 52 2 ¢>0 2
* #
We therefore find for a; € ‘Az
14) 1lim (e ﬂ( a,)T(exp th)v s V (a ; th; vo, v,.))) =0
o 2 .72 T %y, %2 1’ V2
t>0

(here h is as in the discussion preceeding 10)). Now Re po(h) =0 by
assumption and | <ﬂ(exp\th)v1, v2> | < C‘Ivlll ]|v2|| by assumption. .

%
Hence 14) implies that (a,; th; v,, v,) is independent of t.
. 0By 2 22 V2

* % . %
. Set qUO;P (a2; th; vy5 vz) = q(az; \27 vz). If q(az; 2% VZ) 20

%*
then applying 1.7 again we would have L = 0, Hence there is a e A2 so

that q(a; Vi,V ) # 0. We therefore have

-tuo(h)
15) lim’ .e€’ <ﬂ(exp th)ﬂ(a)vl, v2> = q(a; vl, v ) for vy v, € HO.
t— = . )
t>0
Arguing as before we see that |q(a; Vis v2)| < Cllvlll ||v2]| hence ‘

2% VZF—~>.q(a; Vi VZ) extends to H X H. Arguing by an "E&/3" argument

it is easy to see that 15) is true for Vis Yy € H. But then we have




16) q(a; vy Vé) = LPZ(TT(a)vl, v2) with LP2 : HX H—> € continuous

2(V1’ vy) ‘<§P2V11 V£>

with B, : H—> H bounded BP # 0 and B2 =B, , B, T(exp th) =

.

and sesquilinear. We argue as before to see that LP

P } . P P P
2 2 ’ 2 2 2
~tid (h)
T(exp th)BP2 = e BPZ. Finally, arguing as in 6), 7) we see
‘rr(n)BP = TT(n)BP = BP for ne N2 , me G(Nz). Hence 1T(g)BP = BP

2 2 2 2 2

for g e G. We have (finally) reached a contradiction.

3. The vanishing theorem for Hl(_g, ki VOF ):

3.1, 1In this section we give a proof of the theorem in the Appendix
to Chapter III, §4, 4.7 which uses no case by case checking for split rank
G 2> 1.

3.2, Let G be a connected, simple Lie group with finite center,

Let F be an irreducible, finite dimensional G-module.
T

THEOREM, Let (T, H) be an irreducible, admissible, uniformly bounded

representation of G, Let V be the (g, k)-module of K-finite vectors

%
of H. If G has split rank greater than 1 then Hl(g, ki VOF ) =0,

%*
Proof. If Hl(g, k; V®F ) £ 0 then V must be one of the (g, _lg)-mpdules
described in Chapter VI, §7. As in VI, 7.5 we seperate our amalysis into

cases I, II, IIL.

I) V is isomorphic with J(p, E,i F? A (see VI, 7.7). Clearly
, .

1,F)
51’F = sai(é)li; Thus if he a and a.(h) = 0 then Xi’F(h) = 8(h). If
G has split rank > 1 then there is h ¢ 33 with ai(h) =0, h#£0.

Since 6|a = p we have (p - )\i F) (h) .= 0, Hence we have contradicted
. . )

Theorem 2,3, A



II) 1In this case V 1is isomorphic to J(P, gi,F’ Xi,F) if

2(1\, a].L>/<0ti, @i> <2y, “iv>/<°‘i" ai'> oF J<Pi’ 1,5 xi,Fla ) if

=i 0
2<A, ai>/<ai, ai> = 2<A, oni,>/<ai,, ai,> (see VI, 7.13). Sincel’

Xi F(h) = p(h) for ai(h) = 0 we have the same contradiction to
, .

Theorem 2.3 as in I).

IIX) In this case V is isomorphic with J(Pi’ w, X, () with
a
+ - o
w = wi,F or wi,F (see VI, 7.17). Argue as above,

3.3. See A, III, 4.8 for a discussion of this theorem for F = C.

If F £ € this result is due to Raghunathan [10] (see Chapter III).

3.4, In section 5 we will study the case when G 1is of split

rank 1.

4, The relationship with the topology of 61

. .
4.1. In this section we will derive a theorem of Delorme that

1
relates the vanishing theorems for H  and the topology of 6.

4.2, Let G be a Lie group. Let G denote the set of all
equivalence classes of irreducible unitary representations of G. Let
LA
wWe G and (T, H) ¢ w. Let (W) = {CPE, _ﬁ(g)|§ e H} here e (&) =
b4 4
<n(g)§, §>. Then Skw) is called the set of all positive definite

functions associated with W.

4.3, If s<G set ((s) = U Qw.
We S

4.4, Let C(G) denote the space of all continuous complex valued
functions on G. Topologize C(G) with the topology of uniform conver-

gence on compacta.

e

S U —

M



A
4,5. Clearly ®P(w) < C(G). If ScG and Wg¢ G we say that

w is in S (the closure of §) if there is @ ¢ ®W), © # 0 so that

¢ e (S) (the closure of @(S)). It can be shown that if ®We¢ S and :

¥ e ®P(w) then o e@(S) (see Dixmier [2], 18.1.,5 p.315). This defin-
A 4
ition of closure in G defines a topology on ,G\ We therefore .look upon
~
G as a topological space.
4.6, Let 1l e ¢ denote the class of -the trivial representation.

The following theorem is due to Delorme [1]. The proof below is new.

4.7. THEOREM., Suppose that G is a connected semi-simple Lie group with finite center

N
If 1 1is not isolated in G then there exists a non-trivial irreducible
unitary representation (T, H) of G so that if ® is the class of
A
(T, H) in G then
N
1) W cannot be seperated from 1 in G (i.e. every neighborhood
/N
of 1 in G contains W).. "
2) If V 1is the (g, K)-module of K-finite vectors in H then

H (g, k; V) # 0.

. A
Proof. Suppose that 1 is not isolated in G. Then 1 1is in the closure
A ' A
of G - {1}. This implies that there exists a sequence ‘wj e G, wj £1

and ., € @(w,) so that 1lim ., = 1 uniformly on compacta,
CPJ CPJ
J —> @

If f ¢ C(G) define of(g)

f(k.gk )dk, dk_. (dk is Haar
fK A I T
measure on K normalized so that f dk = 1),
K "
Let m., H, w,., Let E, :+ H,—> H, be defined b E. =[1T, k)dk.
(Mg, By) e Wy it j A T 3

. : ~ _ o .
Now (&) = {7, (e)V,, V), 3=1,2, ... geG. Hemce ?(8) =

> "0 N
m.(HE V., E.V.) . Hence . e ®.). Furthermore, it is clear that
< J(g i3’ 3 J> ?5 G« J) ’



lim q$, =1 uniformly on compacta. This implies that for j > jb s

j—> e
EjHj £ 0. We therefore suppose that EjHj £0 for j=1,2, ...

As is well known dim EjHj =1 (EjHj £ 0 by assumption). Using
Harish~Chandra's‘parametrization of the zonal spherical functions (cf.

Helgason [3], Chapter 10) we see that
%.(g) = ¢, (T (21, 1>
k| J gO’Vj

*
with Vj e a Re <vj, X> >0 Ag Z(p, A) (here we use ‘the notation

...q:)
of Chapter VI). Since lim q$_(1) - 1 we may assume C, = L. We
j—=> e J J
first prove
I) By taking a subsequence we may assume lim V. = p. Applying
j—> =

the results of §2 we see that <Re vj’ Re Vj> < <p, Re vj> . Hence

]lRe lel < !|p]|. Thus by taking a subsequepge we may assume that

lim Re v, = H..
j—> J 0

-(F V) (g o)

o
We note that oqxj(g), fe dk, If fe Ci(_a_)
K

A -iv(h) .. %*
define £(v) = f(h)e dk, Ve a (dh Lebesgue measure on a).
’ oL ¢

I£ fe C:(G), define Ff(h) = Jrf(exp h n)dn where dn 1is some fixed
. N : .

normalization of Haar measure on N. Using standard integratiom formulas

-1..
- %
it can be shown that if @ (8) = Jre (p + V) (H(g k))dk for Ve a
v -
% K
then dy can be -nofmalized so that

2) chpV<g>f(g>dg - (Fof)"<-iv>

Usirg a) we observe that '||Imvj|| is bounded. Indeed, if f ¢ C:(G),

0
f4£0 and f(g)dg = 1 them lim ., (g)f(g)dg = f(g)dsg.
fe > e fc Vi ‘ L

v




J A
Hence lim Fo \* (-iv) = 1. If ||[Imv,|| were not bounded then

j— = \ g/ 1 - -
the (easy part) of the classical Paley-Wiener theorem would imply that

lim (Fo )A(-i\).) = 0,
£ -

This implies that we can choose a subsequence of the ' j's so that

*

a

b) lim V., = \)o € 2e

> I
But now it is clear that Vo = P- Indeed, 1lim Fy A(\).) =

j—> .f J

F\Nevy. B\ iv)y = B \N(-ip) for all fe C(G).

0 0 0 0 0 c
£ b £
Since Re <90’ X> >0 for Ne X(P, A) we see that if Yo # p then
SA(%O, VO) # 0 for any S e W(A). Hence there is z & Z(g) so that

XA(go’vo)(z) = 0- and X,(2) = 1. Let f£g¢ C (G) be such that fo(g)dg = 1.

If z . £f =h then FO (~ip) = FO (-ip) =1 and FO (-iVO) =
h £ . . h
(jivo) = 0, This contradiction implies that Vo = p. We
f . L ’

PO}

XA(gO’VO)(Z)FO
have proved I).

Now I) implies that for j sufficiently large Re <vj, k> >0
for A g E(f, A). We take a subsequence and assume that this is true for
a1£- j. Let Vj be the (g, K)-module of K-finite vectors of (ﬂ&, Hs).

%
If for Ve a, and Re <V, X> >0 for A g Z(P, A) then Harish-Chandra's

-—G
C-function at. V is not zero (cf, Wallach [12], 8,10.16). This implies
that V} is isomorphic with J(P, €0 Vj). Hence every K-finite matrix

g€
. Let Zj cX 0 be such that

ehtry of T, is a matrix entry of T
J gO’Vj
J(P, §., V.) = xgo/z Let z+ = X§o| z> = 0}. Then as a
» 51 Yy ® 3" j = @ e‘ <p, i/ = . n
- Lo o ) 1y o
K-module Zj is 1somorph1c\y1th J(p, go, vj). Let aj : HomK(RJ Zj) ®p

— 2; be defined by a(A @X) = A(X). Since w, #1 for all j we
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must have Imax, # 0 for all j. (Otherwisé ng v X)-1 =0 Xg g
J . . 0) j
Let U, = Imc,. The inner product on Uj gotten from the inner product
on Hj is of the form <%, y>j = <Bjx, y> where Bj e End Uj. and |
hY ——ae .
£ =If k k)dk. Hence if v, e Imx, then h, ={(B 1 v,, Vv,
GO ECED ;€ o 5@ - e v @Y Y
is in w.). Hence (T, v,, B,v, is in w,). Since B,
6w, <€0:Vj(g) o By Pcw) ;
is self adjoint and positive definite there is i e Uj’ ||vj[] =1 so

that B.v. = A.v,, A, > 0, Hence if . =4 v,' v, then
i3 U <§O,Vj(g) i’ J>

g
\bj € @(wj). Finally, if o : HomK(_E, X 0) @p—> X 0 is defined by

(A ®X) = A(X). Then v, ¢ Imx for each j =1, 2% ... and dim Imx <,

3 :
Since _|[vj[| = 1 we may choose a subsequence of the 'j's so that
lim . = v,. Clearly ||v,|| =1. set ¥,(g8) =(T () Vnh, Va )
e ; o® = (T o (® v0)
Then lim v, = ¢0 uniformly on compacta, Hence wO is a positive
j—>

’

definite function on G.

This iwmplies that T contains an irreducible unitarizable

Ep7P
subquotient, V, so that HomK(B, V) # 0, Let (T, H) be the unitary,
irreducible representation of G so that V is the (g, K)-module of
K-finite vectors in H, Then if W is the class of (T, H) we have

seen that lim W, =® and lim W, = 1, This proves 1) of Theorem
j—> oo J j—>

it
=

4,7. 2) follows from the fact that 'XAC§ 0) = X5'~ Hence TI(C)
O’

;

Thus Hl(g, ki V) = HomK(B, H) # 0 (see III, 3.1) by construction, Q.E.D.

4.8, COROLLARY. If G 1is simple and of split ramk gréater than 1 or
...;‘l.. . .

if G 1is a real form of F4 or Cn’ n > 3 then 1" is isolated in @.

Proof. Use Theorem 4.7, Theorem 3.2 and A.III Theorem 4.7,
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4.9, The above result is due to Kazhdan [6] and Wang [12] for the
groups of split rank > 1. The result for F4 and Cn is essen.tially
due to Kostant [8]. Delorme's proof of Theorem 3.2 uses Theorem 4.7 and

Corollary 4.8 (obviously proved independently of each other),

4.10, We note that Corollary 4.9 says that if 1 is not isolated
in € and G is simple then G 1is locally isomorphic with SO(n, 1) or

SU(n, 1),

5. Groups of split rank 1

5.1, In this section we assume that G has split rank 1. We

*
study the irreducible, admissible, (g, k)-modules, V, with Hl(g, ks VF) =0

for ¥ a simple, finite dimensional G-module,

5.2. THEOREM, Suppose that G 1is locally isomorphic with .Sp(n, 1),

n>2 or areal formof F,, Let F be a simple G-module. Let (T, H)

be an irreducible, unitary representation of G and let V be the (g, k)~

. . "
module of k-finite vectors in H, Then Hl(g, k; V @Fc) = 0.

Proof. We have seen in §3 that this result is. true for F the trivial
G-module, We also note that the results in Johnson, Wallach [5] imply
that the unique quotient of YG cannot be unitarizable, We may thus

assume that ¥ is.non-trivial,

a) G is locally Sp(n, 1), n > 2., Then AY has Dynkin diagram

o0 ,,. 0@:::0
o9 % “%  %aa
n -
There is a unique real root A =0, +22Z a, +a (this means oa(n ) =
1 jop otl
n ‘\ ) -

S = -+ 2 if > S = i =
aa U’l a2+ a,+an+1 if n 2> 3, aa\all-l-a2+a3 if n

1 i=3 * e

0).

3.
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In any event <}1,F - P, @> = <ﬁ + 9, Sald> - <§, d> where A is the

highest weight of F relative to A+. Now ¢ is short. Hence

26, ay/{a, h=2m + 1, 2, Salcx.>/<cx, @)= 2n. If A0 then

24, su1a>/<on, o) > 1. Thus <>‘1,F - p, @) 2 0. This implies that

J(P, € , A, ) is not unitarizable., Since £ is easily seen to be
1,F? “1,F 0

1 in this case the theorem now follows for Sp(m, 1).

b) G a xeal form of F4. Then At has Dynkin diégram

(m, = {al, L a3} hence T - T = {aa} with this labeling)

0 .

o .

~,
/7

Qo
3

o % 3 4

The real root is G = al + 2&2 + 3a3 + ZG& which is short. 2<?»4 F P, é>ﬁ<a, c> =
J
2<A + 8, S4on>/<c., a> - 248, a>/<a, c,> where A 1is the highest weight of

F relative to A+. Now 2(8, o)/{a, o) = 11/ S_o =0Q + 20, + 30, + 0O,
? ? Oy, 1 2 3 4

Hence 25, Sd4a>/<a’ @ = 10. Again 2Qb, Sa4a>/<a, dyz1 if A4O.
Thus J(P, 54 » Xa F) ~is not unitarizable, This completes the proof of
2 >

the theorem,

e
5.3, We now study the cases where G is locally isomorphic with

so(n, 1) or SU(n, 1). As is well known if G 1is simple and of split
rank 1 and if G is not covered by Theorem 5.2 then G 1is locally
isomorphic with §0(n, 1) or SU(n, 1), We will deal with the orthogonal

group and unitary groups separately.
5. 4. THEOREM, Suppose that G is locally isomorphic with SO0(n, 1),
n >3 (the-case n =2 fits more naturally with SU(nm, 1), n = 1). Let

AO be the highest weight of the standard (matrix) representation of G on
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¢n+1. Let F be the simple, finite dimensional G-module with highest
. . . : %

weight N relative to at. 1f A4 kAO, k>0, k ¢ Z then Hl(g, ki VRF) =

for V a simple, admissible, unitary (g, k)-module., .If A = kAO then

there exists a unique (up to isomorphism) unitary, simple (g, k)-module,

% %*
V, so that Hl(g, k; VOF ) £ 0 furthermore dim H-l(g, ki VR F)

%
| Froof. Let & be an irreducible unitary representaion of M, Let V ¢ gm

be such that Re <v, X> >0 for Ae Z(P, A). Let s e W(AS be the

unique non-trivial element W(A). A simple consequence of the results

of Knapp, Stein [7] is
1 If gs £ € and <V, ¥> ¢ RU IR for X ¢ Z(P, A) then J(P, §, V)

is not unitarizable,

We will use 1) and Theorem 2.3 to prove Theorem 5.4. We divide the

proof up into three cases, n =3, n =2k + 1 and n = 2k,

a) n =3, Then 20 = 2 = 4, By interchanging 1, 2 we may assume

hat 203, a]>/<al, a) <200 o) Gy oy - 16 200, 0 ), o) <
<A o //<d2, 2/ then gl,F £ §2,F and since §l F gZ,F we see that

J, € is not unitarizable in this case, Thus if there exists

1 F’ 1 F)
%

a simple, unitarizable, (g, k)-module, V, with Hl(g, k; V’GDEﬁ) £ 0 we

must have 2<A, a£>/<§1, ai> = 2<A, G2>V<é2, a2> . This means A = kAO

with k >0, kg 2. If A=KkA, then Aj gp=0, i=1, 2. Hence
, .

ng , defines a simple, unitary (g, k)-module, V, with
i, F ’

*
(*)H (g, k; V@F ) # 0. dim Hl(g, k; VOF ) =1 and V is determined
up to isomorphism by (%) (by the results of VI, §7). The theorem is now

proved in case a),

b) n=2k+1, k>2 The Dynkin diagram of AT is



D1

and T ={a,, ..., “k+1}' Here o, =€, - €., 1<k, o =& FE .
Also, o, - Ba =28, =20 + ... % Zak Lt % T O
2<SI(A +8), oy 8a1>/<a1, 1> = 2<A +6, -a, - 6a1>/<al, a
k-1
2122 2(d, °‘1>/<°Li’ o + 24, 0 s o) + 2, et Creprr Berr) *
2<6, a - 6a1>/<a1, al> - 2.
A Using Theorem 2,3 we see that J(P, %1 77 Xl )} is unitarizable
s sF :

only if

0 2h, e/, 0) =0, 2<i<k- 1

1) 2N, o)/ o) + 2, OLk+1>,/<c“k+1’ Gy S 1

Now a simple computation shows that gl F € only if

. — - o \ ‘ \ . .
2<A’ ak>/<ak’ ak> - 2<A’ C(‘rz~§'1f'/<c{'n" %o/ Hence if J(P g}. F’ 1,F)
is unitarizable then ii) implies 2, an>/<an, o )= 24, “n+1> G d'n+l> z
) Now 2{hg, aJ,)/(ch., aj>= by g s 3 =1y ceey k¥ 1 I A=

then §F is the trivial representation. The results in Johnson, Wallach [5]

now imply that J(P, § ) is unitarizable,

1,¥’ l,F

c). n«= 2k, k > 2. The Dynkin diagram of 5+ is

a4

’ O——0 4+ .+ . O===30 ,
1 2 -1 %

. k
m ={a2, ...,ak}. a1-6a1=2(0.1+...+ak) Thus -Ga c.1+2(22a)

o

.a + ... +‘dk is the real root in . 2<. \+ 8, a>/<§, §>




TERT

2<A,'0,2 ... F onn>/<a, a> + 2(6, oc>/<a, a> - 2<6, ocl>/<a, GF>

<(1., on> = %(al, or.]> . Hence 2<6, 0,1>/<a,, a> = 2, Arguing as above, we

find that 1f J(2, &) 1 M) p
B 2), ai>/<oni, 1> =0, i<k-1
i) 2<A, o0 )/ (o c,k>5 1

) is unitarizable then

If 2<A, ak>/<d s ak> = 1 then the center of M acts non-trivially under

§1’F. The results of Knapp, Stein [7], now imply that J(P, gl,F"lI,F)

is not unitarizable., Hence if J(P, §1 F? ll F) is unitarizable then
2 2

A= kAO as above, The rest of the argument is the same as in case b),

The proof of the theorem is now complete, -

5.5. We now look at SU(n, 1), n > 2, In this case 20 = 2. We

label the Dynkin diagram for A+ as follows:

Le

Tt

2\, o Yo, o) =

<1’ J>\J’ J>

5.6, THEOREM. Suppose that G .is locally isomorphic with SU(n, 1).

Let F be the simple, finite dimensional G-module with highest weight A!

Let V be an admissible, simple, unitary (g, k)-module, " If A £ kAl or
1 %

kh, for k>0, kg Z then H'(g, k; VOF )

Suppose that A = kAi for k>0, ke Z and i =1 or 2,

a) If k = 0(1e F =€) then J(P, § ) and J(P, E

1,F’ 1 ,F 2 F’

are unitarizable,

b) If k>0 then J(P, E, is unitarizable, but

i,F’? 1 F)

J(p, €, ,ik.- ), i # j is not (see VI, §7 for notation),
i,F’ 7j,F N ‘

F



- . + . .
Proof. The real root 1in [ +oae. B0 Then 2<§1(A + 9), d>/<?, a)

- 2<§, a>/<g, d> = 2<b, o, + ... F d;>/<§, §> - 1. Thus Theorem 2.3 implies
that if J(@, §; o, A ) is unitarizable then "A = kA,. Similarly, if
1L,F 1,F . 1 . )
J@, &, s Ay ) "is unitarizable then A = kA . This proves the first
2,F? "2,F" 2
agsertion and the last agsertion of b) of the thecrem. We defer the proof
of a) and the first assertion of b) to Chapter VIII where the representations

J®, &, oo A, ), A =KkA are realized in the restriction of the oscillator
i,F’ i,F i

(Weil, Metaplectic, ...) representation to SU(n, 1).
5.7. 'The vanishing parts of the theorems of this section are due to
Raghunathan [10] (see Chapter 11I). Of course, the proofs we have given

are quite different from those of Raghunathan.

5.8. The above results (finally) complete our discussion of

. . %
Hl(g, k; VOF ) for Vv unitarizable.
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- Appendix to Chapter VII. Additional results
on the growth of matrix entries of
principal series representations,

Nolan R, Wallach

T e N T a, W *

In this appendix we prove a result about the growth of matrix entires of

= LEmIE T

the representations that occur as subquotients (but not quotients) in the module

LI (as in VI, 6. 3). Our main result (Theorem 3. 2) is also known to i

G. Zuckerman.

1. The basic lemma, , - JE

enmt—

1.1, As usual on (Rn, set <x, y> = Exiyi. Let (Z+)n be the set of iy

ll
- n-tuples of non-negative integers. If m = (m ooy mn) € (Z+)n set ' : .
. . - k

1!

lml =m1+... +mn.

. o

o T

1,2, LEMMA. Let \,, ..., A, ¢C be distinct. Let w=(u., ..., n ) eR",
b= ey B

1!

By >0,i=1, ..., n. Letfor each me (Z+)n, P, ni(t) be a polynomial of

degree < d. Suppose that

kAt N _

.1 - t
pty=T &' I, e (m, ) p. _(t).,
. i=1  mez)® L,m:

with convergenc;e absolute and uniform for t > 1, Suppose also that 1 0-'—*1— 0

for i=1, ..., k. Then tBToo‘p(t) = 0 if and only if R? )\i<. 0, i=1, ..'.; k.

Proof, Set . ' S ' . . ' i

me(zt)®

vt = = e'<m'*.‘>tpi’m(f:>_ . :



for i=1, 2, ..., ke

1) Mm gt =0, i=1, ‘.. k.

To prove 1) we note that if £ > 0 is given there is M so that

z e-<m’p>t[p. t)| <& for t>1
i,m =

a)
|m|>M
Also, since P, is a polynomial there is a constant C SO that
[ . .
b) 5 e'<m'*‘>t!p, m(t)l <C = e"-<m’*‘>t .
n © o< |m|<M

0< |m|<M
b) irn‘p_lies that there is T >1 so that if t > T then
z e'<m’“>tlpi NOIES
0< |m |<M '

Hence if t > T then lzpi(t)l < 2e. This 'éro'ves 1).

.

Now
k A\t
git) = T e (o oft) +9,(t)
i=1
If Re )\i<0 for i=1, ..., k then’
)\‘it xit
lim e =0, lim e P, (t)=0
i, 0
t—tco t—teo

&

Thus by 1) t}_i.riloo @(t) = 0.

Thus to complete the éroof we need only show that if tl-l»x-l.-%o (t) = 0,

k. By relabeling the )\i we have Re )\1 > Re kz 3.

Re )\i< 0,i=71, ...,

We assume that Re )\1'2 0. Then

> Ré




for i=1, 2, ..., k.
1 -
)t_yfww() i=1, ..., k.

. To prove 1) we riote that if ¢ > 0 is given there is M so that .
a) )] e‘<m'“>'°lpi m(t)[<s for t>1
|m|>M ’
Also, since P, . m is a polynomial there is a constant C so that
' 1/
b) 5 e (m “>t _ml<c e 2(m, )t
0<]m|<M < [m|<M
b) implies that there is T > 1 so that if t > T then
- t
z e <m,p> lpi m(t)l_<_t-: .
0< [m|<M ’
Hence if t > T then lwi(t)[ < 2e. This proves 1).
Now
k Xit. - "
pt)= % e (p, ,(t) +y.(t) .
. i, 0 i
i=1
If Re)\i<0 for i=1, ..., k then
Kit Xit
lim e =0, lim e " p, 0(1:) =0
t—stoo tatoo
Thus b li =
us by l.) t—-lor-f-loo @(t) = 0.
Thus to complete the proof we need only show that if tll‘% @(t).=
Re A <0, i =='1, .,» k. By relabehng the A, we have Re )\1 > Re A\, 2

We assume that Re A\, > 0. \Then

> Re \

k



-\t Ko (AAE k (’xi-xl)t
le T pt)-Z e p. )] =] e v (6] .
: . 1, 0 ) i
i=1 i=1
Since Re )\1 >0 we 'see that
—Xlt
lim e o(t) =0
trtoo
Hence by 1) we have
k- ()\i-kl)t
lim |Z e P, &)l =0
t—too i=1 !
Let Re >\l = Re >\2 = = Re \, > Re Kk +1 Then
0 0
()\i-)\l)t
lim |-.Z e P, O(t)| =0
t-:-.w*‘w l>k !
) 0
We therefore have
k
. L0 (A
i) im |Z e “ p, (t)] = 0.
-, i, 0
t—too i=1 q
i : .
= k_.
Now pi, 0(1:) jZ—_‘,Oai,jt with ai,q% 0 for some (qsd), i< 0
“Multiplying through in i) by t"3 we see
kO ()\i—)\l)t
ii) im|XZ e ‘ a, | = 0.
tatoo i=1 » 4

Now Lemma A.3.2.1, p. 428 of [2], implies a, q 0 for i‘S_‘kO.

?

This contradiction implies the lemma.




.

2. Some results on exponents.

misstatement in Theorem 1,6, Chapter VII, which we wish tao re'medy before we |

2.1. In this section we use the notation of Chapter VII, §1. There is a

go on (it causes no difficulty in the rest of that chapter). If (Pl, A

standard p-pairandif t>0, n>0 set (a )+
for Ae Z(Pl, Al)}' In Theorem 1.6, Chapter VII, 2), the uniform and

: + +
absolute convergence is on the sets (a,) for t>0, n>0 noton (ii)t for t > 0.

=17t m

We note also that on the last line of p. 5 and line 3 of p. 6,

replaced by U.

2.2, We will also need a sharper version of a result of Langlands (se
Chapter VI, Theorem 6,4, for one version). Fix (.Pl., A

Let {w, H ) be an irreducible tempered representation of M
w - .t R

so that Re<1/, )\> >0

V)
1
for Xe E(Pl, Al).

2.3. THEOREM (Langlands [1], Lemma 3.12 and Lemma 3. 13).

I @, peI”

(see Chapter VI, §5) are K-finite, and m

then (with © = nPl,w,V)
. '(ppl-vmog a)
lim e <*n'y(ma)q0, ¢'> = L(g, ¢)(m)
ac?oo
1 Te
2) Let z°7 = {@ ¢ 1°[L(p, ¢) = 0 forall y ¢I”°}. Then

IP, w, v)=17/2"",

[\ 31

= {H e (2))] [\EH) > nB(H, H)

should be

a standard p-pair,

“and v e (a



2.4, LEMMA, Retain the notation of 2.2 and 2.3, Let (w, H) be an irreducible

———

subquotient of Zw’v, If \e EP (wr) then
' 1

Re(7\+pp )| + < 0 -
N a :

-1

+

) ).

Uisol@1 )

{here :a_.‘; =

Proof. Let ¢ be a right and left K-finite matrix entry of w. Then ¢
. . . . . . . . y V g W,
is a finite linear combination of matrix entries of A . . The definition of z® v

in Theorem 2.3, 2), implies that
(ppl-V)(log a) .

lim e qo(ﬁ aa) = 0

a0

—131 .

%
for a e A1 = M1 NnA. Fix hei;. Then th—puoo if t—cw, t>0. Also for
1 .

: +
suitable n > 0 wé have th e (9._1)1 1 for t>T with T > 0 fixed, We thereiore

have

tpp )]

. o1 ‘ ES
1} lim e @( a expth) = 0.
t— too .

" Also
2) go(*a expth) = z et)\(h)qk(*a.; th)
'XGE,P (m)
1

(as in Theorem 1.6, Chapter VII).

The hypotheses of Lemma 1.2 are easily seen to be satisfied for

top V@) Hop M)
syee b glaepm= T e q, ("2 th)

re& (1)
Pl §




-

. *
Hence Lemma 1,2 implies that if t —> q)\( a; th) is not identically zero then

Re(pP -v+\)(h) < 0. This proves the lemma,
1 :

2.5, LEMMA, Let (m, H) = J(P', w', v'). with (P!, A') a standard p-pair,

+/'-\) | > 0,
oM

2) There exists » e SP, (1) with Re ) = Re(-p, +).

1)If Ne 5P'(ﬂ) then Re(‘Pp.

Proof, 1)is proved in exactly the same way as Lemma 2.4,
2) Suppose there is no \ e EP' (r) with Re A\ = Re(-pP,‘i'V). Set

S={hea' [Re(p,, ¥-N)(h) = 0}. Since € o (m) is countable and Re(p_, -v-)) 4 0

P

+
for all X\ e & (r) the set (a') NS has measure zero in (a )+. Hence there

P!
is he(a) with Re(py, v'-A\)(h) < 0 forall \e & (7). Now Lemma 1,2

implies a contradiction (again one argues as in the proof of Lemma 2. 4).

. o

3. The main result, ’

'3. 1. We retain the notation of §2.

3.2, THEOREM. Let (Pl’ Al) be a standard -p-pair. Let (w, H ) be an
—_— —— . w —_

" oake

irreducible tempefed representation of Ml' Let v ¢ (il); be such that

Re<V, )\> >0 for .k'e‘)::éPl, A'l). Let z*'Y be as in Theorem 2.3, If

(P, A") is a standard p-pair, if ' is an irreducible i:empered representation

of M, if v ¢ (3');: with Re<v', x> >0 for AeX(P', A') and if J(P', ', v')
is a subquotient of z“'Y thén P D P1 and Re(v-v')]| +2 0. If P! = 'Pl

' (a*) - '
then Re(v -‘1/')] + > 0,

)

(=,



Y

i : «
Hence Lemma 1.2 implies that if t—> q)\( a; th) is not identically zero then

Re(pP -v+A)(h) <« 0. This proves the lemma.
1 ' :

2.5, LEMMA. Let (w, H) = J(P', o', v') with (P, A') a standard p-pair.

+-\) | > 0.
(3‘)+

2) There exists Ae &, (r) with Re ) = Re(-pp, ).

DI e &, (m) then Re(-pp,

Proof. 1) is proved in exactly the same way as Lemma 2. 4.

2) Suppose there is no \e Ep: () with Re A = Re(-pp,+v). Set

= {h ¢ a' IRe(pP‘ V-A)h) = 0}, Since 5P' (w) is countable and Re(pp, woA) 20
’ .
for all X\ e Ep. (w) the set (_a_')+ﬂS has measure zero in (_a_')'. Hence there
is he (a|)+ with Re(pp, -V'-A)(h) < 0 for all e EP,(n). Now Lemma 1.2

implies a contrad1ct1on (again one argues as in the proof of Lemma 2. 4).

3. ‘The main result,

-~

3,1. We retain the notation of §2.

3,2, THEOREM. Let (P:

1 Al) be a standard p-pair. Let (w, H ) bean
. W

irreducible tempered representation of Ml' Let v e (al); be such that

Re{v, A) >0 for AeZ(P, A). Let z°” beas in Theorem 2.3. If

(P, A') is a standard p-pair, if o' 'is an irreducible tempered representation
p-p P

of M!, if v'e (a'), with Re(v', \) > 0 for \¢Z(P', A') andif TP, ', v')

is a subquotler\t of Z @V then P ) P1 and - Re(U—V')IA +_>_ 0. If P = Pl
(a")

then Re(v-v')] > 0.

8




-

If (w, H) = J(Pl, w', V') we can apply Lemma 2.4

Proof. a) P' = Pl'

b) If we.can show that if P' # P then P' D P then we can prove the

) result,

< 0 (Lemma 2,4). Hence

If Me EP (w) then Re()\-}-pp -v) | .

; 1 1 (a,)
Re()\+pp -1/)' + < 0. Since Pp = Pp [a' the contention of b) follows using
1 (a') 1 -

;' Lemma 2.5 as in a),

c) Let A be the linear form on a which is zero on *31 and is equal to

¥ Re v on a.. Let, as usual, be the spherical function

1 A

-1
| ~(pptMH(g ™. K)
@) = [ e dk
: K
Then, given K-finite elements v, We Iw, there exists a constant ¢ > 0 such

that
|{n(g)v, w) | < c.9,(g) forall geG .’

This is contained in Lemma 3.8 of [1].

d) If h e'_g._+ then gpA(exph) < eA(h)

@_(exph).
This is (essentially) Lemma 3.6 of [1]
. \

e)If he 9:+ and ¢ >0 is gilven then -

.t° see that if A ¢ EP (w) then Re()\-l-pP )| . + < 0. Now Lemma 2.5 implies
1 1 - 1 (a,) : '
i there is \ € g (v) with Re \ = Re(p, -V'). 1 Hence Re(v' -v)i < 0. This
: P P . +

1 1 (31)
‘proves the result in the case P' = Pl.' )

Indeed, if P' D P and (m, H) = J(P', «', v') then EP,(w) =c{r]  Ire E5¢

1

w)}.



o

lim e~
t—s to0

(pA(expth) =0

This follows from the (standard) fact that if h e 3+ then

pP(h) d
QDO(GXph) < Ce (1+ |r]])” for some d.

£) Let (m, H) = J(P', o', v'). If Ae &°(n) then Re(A-pg-N| >0
Indeed, our usual argument uzing Lemma 1,2 implies that

Re(A+e pp—pp—k)! >0 for all g > 0. .Take the limit as &—> 0..

(2)"

We now cor—:r-lplete the proof of the fact that P' D P. We use the notation
of Langlands [1], pp. 86-91. In particular, his E(w) is our E O(TI‘). Let
F = F(r) as in Langlands' construction of the standard p-pair corresponding

to (w, H) (see p. 89 [1]). Then f) implies that if (P Al') = (P, A) then

1 Fl

FCF.. Butthen (P, A )< (P, A)_ = (P', A') (see Lemma 3.14 of [1]).

1 1 1 F
Thus P' D Pl. Q.E.D.
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ERRATUM TO APPENDIX TO CHAPTER VII

N. Wallach

In §3, Theorem 3.2 should say

3.2, THEOREM, Let (Pl,Al) be a standard p-pair., Let (w’Hw) be an

irreducible tempered representation of Ml' ~Let V € (El)é be such that

Re {V,A) >0 for \ € Z(P;,A ). Let 2%V be as in Theorem 2,3, If

(P',A") is a standard p-pair, if ®' is an irreducible tempered repre-
¥ -
sentation of M', if V' € (_a__‘)c with Re <\)’,}\> >0 for A € %(P',A")

and if J(P',0',V') is a subquotient of 2¥ then

a) If P' = P, then Re(\)-—\)')! > 0.
(2;)
b) I1f Pp' # P, and if (resp. A') is the extension of Re V
(resp. Re V') to a such that A, =0 (resp. A"|, =0), then
G— l\a ’\a'
24 a

(A" 4 > 0.
a

Proof, The proof of a) is identical with part a) of the proof of

Theorem 3.2 in the Appendix to Chapter VII,

To prove b) we note that everything in the original proéf is correct
up to and including statement (£f). Now (f) combined with Corollary 4.6 in
Langlands [1] implies that if ®pse.0,0, are the simple roots of ZP,A),
then A - pA' = Exiai with x, > 0. To complete the proof we need only
show that A # p'. But if A = A" then P, = P' by the assumptions on

1
vV and V', \



i,‘

3.3. COROLLARY. Let the notation and assumptions on (Pl’Al)’ (P',A'") and

®, v, o', V' be as in Theorem 3.2, Suppose that Re(pP -v)(H) >0 for all
1

h€a sothat h#0 and A(h) >0 for all A €E(Pj,A;). Then
Re(ppi=v')(h') > 0 for all h' €a' so that h' #0 and A'(h') >0 for

all A' € 5(p',A").

Proof, Clearly we can assume that P, # P'., Let A,A' be as in
*
3.2(b). Let' Giseeeslly be the simple roots of (P,A)., Let By €a be

defined by <Bi’q'j> = 6ij' We assert that <pP-A,Bi> >0 for i=1,.,..,4.

Indeed, let FC {l,...,4} be such that a; = {h € glai(h) =0, i g Fl. Now
% . % F
Pp= P + pP with p = PpAM. = 2z xiai, x, > 0. Let o) be the pro-
1 1 igF
Jjection of a’i on a; for i € F, Then it is easy to show that <°'f,5j> =61]

for j,i € F,(gf,Bj) >0 for i €F, j£F., But our hypothesis implies

that p -Revy= 2 z.a? with 2z, > 0, Hence p -A=“p+p - Re y =
P i€F i“i i P Pl
= 2 x0.+ & z.of, Hence (p-p,B.) =2 >0 if i €F and
. 11 . i7i P i i .
igr i€F
<pP-/\,Bi> zx > 0 for i ¢ F. This proves our assertion,

Now pp'A'=pi"'A+A"A' and (A-/\',si>20 for 1<i<4 by

3.2(b), Thus
(Pp=',8;) = (Pp=hsBy ) +{A=0"5By) i
?_(PP'A,Bj_} >0, i=1,..0,4 ‘

Let now F' be such that a' = {h € glai(h) =0, i F'}. Then if

ie€erfr, <pP,-Re V',Bi> = (pP-A',Bi> > 0, This implies the corollary.

3.4. We are grateful .to:Brigit.Speh .for giving:.us a counterexample in the

case of SL(4,R) to the original Theorem 3.2 of the Appendix to Chapter VII.



3.5. It is of interest to note that we can assign to J(Q,w,V) the

-

parameter A = A as defined in Theorem 3,2, If Al’AZ € :a_" then we say

Q,w’\)
A = A, if (Al-A2)|a+ > 0. Let yx be a homomorphism of the center of U(-E(E)

to €, Set = {J(Q,w,v) [J(Q,®,V) has infinitesimal character % and

S
X B
Q # G}. Then SX is finite, If J(Q,w,V) € SX and A(Q,w,v) is minimal

among the A(P',w',v') with J(P',®',v') € S, then Theorem 3,2 says that if

X

J(p',w',v') € S, is a subquotient of I then A(P',®',V') < A(Q,w,V) -

X Q,w,V

hence A(P',w',y') = A(Q,®,v). This implies that P = P', ® = w', v=v',
w

But then we see that any subquotient other than J(Q,w,v) of 2 Vs

tempered,



SEMINAR ON THE COHOMOLOGY OF DISCRETE -
SUBGROUPS OF SEM1~-SIMPLE GROUPS IAS, 1976-77

VIII. The construction of irreducible unitary

representations with cohomology. )

Nolan R. Wallach

In this chapter the oscillator representation is used to construct
non-trivial unitary representations of SU(p, q) (p > q > 0) with
cohomology in dimension q. This is of interest since q is the split
rank of SU(p, q). Using Weil's ideas on the relationship between theta
functions and automorphic forms and some recent ideas of Kazhdan we give !
a generalization of Kazhdan's theorem on the first Betti number for
SU(n, 1). Also, in this chapter, we compute the relative Lie algebra
cohomology of a tensor product of a discrete series representation and

a finite dimensional representation (see §5).

1. The metaplectic group.

1.1. We look at R?n as the space of all columns [;] with .
X, ¥ e R". We define a symplectic form on ]R2n by the formula

(i O R o =T P S

Y= gy ey v

1.2. The Heisenberg group of demension 2n + 1 is the group
with underlying space m?“ X R and multiplication given by
(2, £) « (w, 8) = (z+w, t +s+ % B(z, w)). We denote by Hn this

Lie group.

1.3. It is easy to see that the l-parameter subgroups of Hn are



5 1.2
a h
of the form s> (sz, st). Thus the Lie algebra of Hn’ bn’ is

the vector space IRzn XR and [(x, t), (v, s)] = (0, B(x, ¥)).

1.4, The Stone-Von Neumann theorem says that H has (up to

dilation and duality) one infinite dimensional, irreducible, unitary

representation (T, LZ(IRn)) with

@qﬂ,%ﬂ@)=&Mﬂt+@,Z°%ﬁDwz-w
for cpeLz(IRn), z, x,y_eIRn, t € R,

1.5. Here, of course, if G 1s a Lie group then a unitary rep-
resentation (T, H) of G on a Hilbert space is assumed to be strongly
continuous, That is, we give U(H) the group of unitary operators omn

H the étrong topology and T : G —> U(H) is continuous. A neighborhood

basis for the strong topology in U(H) is the collection of sets
Ny, ooey %308 = {oe U@ |[|wx, - x| <&, 121, ..., m,
X5 cedy x €H and &>0.

1.6. LEMMA, 1T : Hn-—:> U(LZORn)) is a homeomorphism of Hn onto

TT(Hn) (with the subspace topology).

A proof of this lemma can be found in Igusa [9] and in Wallach [14].

1.7. An important ingredient in the proof of 1.6 is the Fourier
transform, Let _&(IRn) denote the Schwartz space of rY. If P e X(Rn)

set (F (p) (z) = (21T)—n/2f cp(x)e-i<x’z dx. Then ’; extends to a
B®

unitary operator of Lz([Rn) onto Lz(an). A simple computation gives

o el

L AL gy, PR




1.3

1.8. Let G = {ge U(LZ(IRn))]g m(z, t:)g-1 = m(z', t) for each’

Z € ]Rzn, te IR}. In this definition” z

clearly depends on z. 1.6

implies that z' = Vv(g)(z) and V(g) :.TRzn-——>IR2n is continuous.

1.9. "Let Sp(n, R)

]

g ¢ GL(2n, R)|B(gz, gw) = B(z, w) for

all z, we I:'Rzn}.
LEMMA. V(g) ¢ Sp(n, R) for gg¢ G.
Proof. T(z, t) - M(w, s) =Mz +w, t +s + % B(z, w)) now use the

definition of G.

1.10. PROPOSITION. Let T' = {elefe ¢ R}. Then we have the exact sequence

1—> 1t —> ¢ Y sp(n, R) —> 1

We will need some notation to sketch a proof of this result. We

first note that if g e Ker V then g‘lT(h)g-]' m(h) for h ¢ Hn' Since

(m, LZC!RI.))) is irreducible it is clear that g = AI, ]ll = 1. We

therefore must only show that WV(G) = Sp(n, R).

ialo

1.11. Let M = [m_—]}]A € GL(n, sR;} ~Set N ={/[£ ?[(.IIX € MnGR),

-t

x = }% Set J = [_g :g] Then it is well known that Sp(n, R) is

generated by the set N UMU {J}. 1.7 (1) says that
1) WF) =T .

1,12, Define for A ¢ GL(n, R), £ e LZR")

1/2

n (@A) E)(z) = |det A|"/% £(*az)

N



A

A simple computation gives

2) a(A) ¢ & and v(a(a)) = [A to-l] .
. : 0 A

1.13. Let P (R) = {Xe ank)ltx = X},

<§<z,z /2

1) 1f X¢2 (R and fe L2ZR™Y) set (WX D) (z) = £(z).

.A simple computation gives

2) 1f x g gn(n) then M(X) € ¢ and V(X)) = [é }I(] .

1.14, Combining 1.11(1l), 1.12(2), 1.13(2) we see that V(G) = Sp(nm, R).

This completes the sketch of the proof of Proposition 1.10.

1.i5. Using the fact that an extension of a Lie group by a Lie

groups is a Lie group we see that G is the underlying topological group
of a Lie group which we also denote by G. Since V : ¢ —> Sp(n, R) is

a continuous homomorphism it is a Lie homomorphism.

1,16, As is well known Sp(n, R) is a ‘simple Lie group. Let
be the Lie algebra of G. Let Vg denote the differential of V., Let
sp(n, R) denote the Lie algebra of Sp(n, R). Then Vv, : ["3,02] —> sp(n, R)

is an isomorphism,

1.17. We define Mp(n, R) (the metaplectic group) to be the

I

commutator subgroup of G. We set j VlMp(n R
)

LEMMA. j : Mp(n, R) —> Sp(n, R) is a finite covering.

Proof. Since j, is bijective, Ker j 1is discrete. But Ker j CleI.

Hence Xer j -is finite,




2.1

2. The oscillator representation.

bl

2.1. We look upon (Mp(n, R), j) as an abstract covering group

of Sp(n, R). The realization of Mp(n, R) C U(Lz(mn)) is then denoted

W, L2(1Rn)). W, Lz(an)) is called the oscillator representation of

Mp(n, R).

2.2, Let G be a Lie group with Lie algebra a} . Let (m, ﬁ)'
be a unitary representation of G. Then @ ¢ H 1is-said to be a ‘Cm-vector
if the map G —> H given by ghl—> T(g) ® is Cm, Let H 'denote the
space of all Cm vectors.in H. As is well known H_ is dense in H

(‘cf. Warner [16], Chapter 4). If we define for X ¢ ‘73' and ® ¢ H_,

mX)p = d—dE'.TT(exp tX)cp]t=O then (W, H_ ) becomes a representation of g .
We topologize H_ using the semi-norms pp(cp) = HTT(P)CPH: p e U(‘?),

¢ e H . Then with this topology H_ is a Frechet space (cf. Warner [1§],

i
Chapter 4) and G acts continuously on H_.

2.3. LEMMA. Let Lz(Rn)m denote the space of c” vectors for (W, Lz(an)).

Then J®"M < L*@®™,.

Proof, It is enough to show that if o ¢ ,&GRH) then map

2. n .
_linxGL(n,IR)XI_’n'—>L(IR) given by

X, 4, O = Tu® I a@ume

[+ o]
is C ., We leave this to the reader.

2.4. We identify the Lie algebra of Mp(n, R) with sp(n, R).

We denote Ey. Exp the exponential map of sp(n, R) into Mp(n, R) and
N\



b

exp the exponential map.of sp(n, R) intc Sp(m, R).

2.5. Let Eij denote the n X n matrix with a 1 in the i, j

position at zeros elsewhere. Set

1) h, =1

Then ihj ¢ sp(n, R). A simple computation gives

d . )
2) If @g A@n) then E'EW(Exp(tihj))CPltzo = iH,@ with

2
- N
ZH.CP = - X Cp .
j 5X§ 3

2.6. Set T:{Exp(ztj(ihj))ltj e R}, T,=V(T). Then T and T,
are tori in Mp(n, R) and Sp(n, R) respectively.

2.7. Set P(an) equal to the space of all complex valued polynomials

on R'. Set PJ(LRn) equal to the space of all polynomials of degree < j.

2.8. LEMMA. Set V,(X) = c2my~0/2 e'<x’x /2 ¢or x ¢ R". Then
W(T)llJOPJ(an) c ‘IJOPJ(IRH) for all j. (We note that \llo is a unit vector

in LZ(IRn).)

Proof. We note that if © ¢ PQR") then

) .
- -k g O 00 k o0 k, n
1) Hj(\bocp) = -5 Volo - 2= Gt el Hence 33,\1:0? ®) <P ®)
T
2

for each k. Now if ( , ) denotes the L  imner product on L2(¥Rn)

then it is clear that if , ® ¢ .S@® ) then Mo, ¥) = (@ Hj\p). We

therefore see that each Hj diagonalizes on WOPk(IRn) with real eigenvalues.

If heg tbOPk(an) and Hjh = \h. Then if ¢ },;(IRn). we have




2.3

2) -fg<w(Exp(ithj))h, ?) = i>\<W(ExP(ithj))h, ®).

1) implies that W(Exp(ithj))h Z eltkh. This in turn implies

the Lemmsa,

2.9. We note that 1) implies that

1 s
1) ijo = -3 ¢O for j =1, ..., n.

Using this observation we can complete our discussion of the structure

of Mp(n, R).
2.10. PROPOSITION. (Mp(m, R), j) 1is a twofold covering of Sp(m, R).

Proof. j—l(To) =T, Thus Ker jCT. If tg T and j(t) = I then

W(t) = E(£)I. If te¢ T them t = ExpZ tj(ihj)). If v(t) = I then
J

. n ,
£, = 2Tk,, k, e Z, Now W(t).U = exp(-= I 2mk.)¥. (by 2) in 2.11 and
3 i 0 24 10

2
2.9). This implies that &(t) = 1, Hence E(t) = + 1. Obviously there

is a te Ker j so that &(t) = -1. This proves the proposition,
T 1/
2.11. Define AT =~ (z— t x,} ., Then
i 2 \9%, 3

1) tA-’ Al = -

2) AT AT +aTatow
J ] J J J

+ +

3) [Hi’ Aj] = aijAj
H,, A.] = -5, A,
[ i’ J] ij]

+
4) K5y =0

+ L+ - -
5) [47, Afk=[A], A7) =0



y

a
1) through 5) are direct computations we leave to the reader. We also,
note
4 6) If we set for m=(m1, ...,mn) m, g Z,
_1/2 - ml - m

- t . n . _ 1 []
‘km = (m:.) (Al) (An) 11/0 (mi=m: ... mn.), then

£y =y 2@ (n =T m).

m i

|m|<k

2.12, LEMMA. 1) \Bk, k & (Z+)n, 'is an orthonormal basis of LZCRn).

Pl et

. L e{2KkHD)
2) W(Exp(:Lthhj))lbk = exp(-iZ 7 tj)wk'

Proof. 1) Compute and use 2.11(6).

2) Use 2.11(3), 2.8(2) and 2.9.

2.13. Using 2.12 1), 2) and the classical theory of Fourier series
‘we see that if h =2 amtllm e Lz(iRn) is a ¢~ vector for W[T then we .

must have for each r >0

Iy |am| < Cr(l + <_tg, g>)_r .

Condition 1) is. precisely the condition that X am\llm ¢ A®™M
(cf. Reed, Simon [11]). Furthermore if we set |In] |2 = (1 + <_r_n_, g>)slam|2
“then the norms HHS define the Schwartz topology on A@"). The

following result is now clear.

[+o]
9.14. PROPOSITION. The space of C vectors for W[, is A®R™. 1In

particular, Lz()Rn)m = ,&GRn) with the Schwartz topology.




3.1

3., The theta distributions.

"3.1. If e X(an) define

. (Fep) (2) = f cp(x)e"?”’.“<x’z dx
Rn

Then F : ,&(IRn) —_ ,&(IRn) and F extends to a bijective unitary

operator on Lz(an).

/2I

-3.2. Set A:cr.((ZTT)l ) (see 1.12)., Then A'B:A-]':F. Define

for g e Mp(n, R), W(g) = AW(g)A-l. Set ém = Al]lm for me (Z+)n.

.3. In particular, we note that if X ¢ ljn(R),

W(Exp(g ﬁ))wz) - D o).

*
3.4, If LCR" is a lattice define L = {re }Rn]<r, T> € 2

for all T ¢ L}. If L 1is a lattice then TL =]Rn/L is a torus, If

v L* and x g R set eY(x) = exp(2TTi<Y, x>). Then eY(x +T) = eY(x)

A A *
for Te L. Thus e, e T . It is easy to see that I, = {eY]Y e L }.

vy¢ L
On TL we put the invariant measure that satisfies f f(x)dx =f fL(t)dt
' R" T,
where fL(x + L) = L f(x+Y) for, say, f ¢ ,2>(an). Let m(L) = vol(TL)

YeL

relative to dt.

3.5. THEOREM. (Poisson summation)., If f g ,ZsaRn) then

L LFEHY) = m(L) T £(Y).
YeL . YeL

Proof. (sketch)., If f g ,X(IRn) and ©® g LZ(TL) define (A(£)®)(z)
- fnqo(z - %) £(x)dx :f @z - ©f, (D4t = fcp(t)fL(z - t)de.
R T T

L . L
N




3.2

Y
P

The standard theory of Fourier series (or the Peter-Weyl theorem) implies

that A(f) is of trace class and tr k (f) = m(L)f (0) = m(L) Z £(Y).
YeL

On the other hand if Y e L., (A(E)e Y@ =e (z)I e (t)" f (t)dt =

L

eY(z)(Ff)(Y) by the normalization of measures, Hence ¢tr A(f) = X *(Ff)(Y).

YeL

3.6. Define for L CR" a lattice 8.(5) = £.(0) = T £(y) for
YeL

fe .ﬁan). Clearly 6L € ‘QJORn) (i.e, GL. is a tempered distribution).

3.7. If L is a lattice, if S C L 1is a sublattice and if

X ¢ (L/S)" define

(£ = X X(ME£,(T)

L’S’X TeL/S

(see the proof of 3.5 for notation).
3.8. LEMMA. Let L, S be'as in 3.7, Then

* *
1) § oL
2) If_x & (L/S)" then X(Y +S) = 2R

* *
MesS, M+ 1L depending only on ¥.

D I fe ARD then & ¢ (D = ois FH £

where [ is as in 2).

Proof. 1) is clear., 2) is a simple counting argument. To prove 3) we

note that L S (£H = Z e21Ti<’l‘,|.l>fS(T) = Xz ezni<'r’“>63(cp,r.) (here
) J

TeL/S . : TeL/S
T'"e L is so that T' + S =T and mT,(x) = £(x+ T')). Now
. 1. 2tmi(T!
8s(Pr) = o5y Osu(For ). (Fp)(2) = e < >(Ff)(z) Hence

b e % B TR N N G e,

-



b a(Po) = T *ezni<Tl’Y>Ff(Y) -z TEVan . Hence
5 &S Yes*/L¥* L
we have .
b 5,x(D = _Z 2T Y e o)
»55X TeL/S YaS¥*/L* L

Clearly % e2“i<'r’“> 2m(TY unless |4 = -y in S /LY. If
TeL/S
M = -Y then = e21Ti<'l‘,u> e2ﬁl<T’Y> = [L :'S]. Since m(8) = [L : S]m(L)
TeL/S

the lemma follows.

3,9. If S 1is a sublattice of Z° and L = Zn then we denote
6 by &
n
2 ,5,X
and V(Y) ¢ Sp(n, 2)}.

n A .
sy X& @/5). ser Tg . ={yeMp(n, B)|&g WYV = b

3.10. THEOREM. (Bass, Milnor, Serre [1]). If S < z" is a sublattice

and ¥ € (Zn/S)'\ then Vv(', ) contains a congruence subgroup of Sp(n, ).

S,X
) %
Proof. Let me& Z, m> 0 be such that mS < 2", Let
P (2) ° {xe gnoR)lx has integral matrix entries}., If X g P (2) a;d
% 2 0 Z2m'X
o =
Yl’ Y2 € S then <2m XYl, Y2> ¢ 24, We compute 6S;X éf(Explio 0 ])f) =

. 2
2 ox(m nMK@REEHD, W Lo s X(T) T EY +7T) = b, (D).

T64%/S Y&s Te 21/S YeS
l 0 OI ,0 2m2X, -1
o % = W -
Also 6S,X (EXP "ZmZX 0 )f = 6S’Xo F o 0 0 F f =

5 oMiC2n®R) (TH) (TH)) ErEm+u) = S FOMT-W) =6
Te 2D Te 40

8,X

5,x‘H

(here M is as -in Lemma 3.8).
This implies that \)(I‘S ) contains the group generated by the

J
C IX 10 . 2 ,
.elements of the form [0 I] and l:x I:l with X ¢ 2mP (2). It is shown



Y

in [1], p.130, that these matrices generate a congruence subgroup of

Sp(n, 2). Q.E.D.

3.11. LEMMA. If fe S®) and &g (H =0 for all sci®, s
2

a lattice and ¥ ¢ Zn/S then f(T) =0 for all T g .

Proof., Let [ e Qn (@ the rationals). Then there is- j so that
%* i A
we (33 . 1If %, (T = e2"1<“"r> then X, ¢ (2"/m3a™)"  for all

m=1, 2, .... Set Sm=ijn.

1) 1If fe X(an) then és () = Z eZ‘ni<p.,'r> £(1).
2 Tezn

m
This is clear since e21Ti<u, T+Y> = e2ﬂi<“»T> for Y e Tm'

2) If lim W —> g, uocmn then
T

lim I e2"1<“j"r> £(T) = X o2, £(T).
j—> @ T¢dl Tea"

2) follows from the dominated convergence theorem.

1), 2) imply that

3) % e2"i<7’“> £(T) = 0 for all MgR .

Te 2"
2 -k
Using standard estimates (JE(M ] < Ck(l + 1T for k=1, 2, .,..)
it is easy to see that if @ ¢ ,X(an) then o) Z e2"i<T’u> £(T)du
IRn Tel

= & (Fp)(-T)E(T).
Te Il

Take ® & ,&(IRn) so that (Fp)(-X) = f(X). Then we see that

. |E(T) |2 = 0. This proves the lemma.
Te 2" -

3.12. THEOREM, If I < Mp(n, R) is a discrete subgroup so that v({@) < Sp(n, 2)

set 3@ = [he X'(m“)lx oH(y) =, YeT}. 1f e S@" 1is such

Y e G Ay oy o Tl

ook
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that A(p) = 0 for all A e _QEORH)F and all I < Mp(n, R) so that

v(@) contains a congruence subgroup of Sp(n, Z) then ¢(T) = 0 for

-

all Tg 2°.
" Proof. This follows from 3.10 and 3.11.

3.12, The discussion in this section is strongly influenced by
the many conversations the author has had with Roger Howe about the
Oscillator representation. In particular, the term theta distribution

is due to Roger Howe,



4.1
LN

4, The decomposition of the oscillator

representation under certain subgroups.

4,1, Set for p+q=n

where Ip (resp. Iq) is the p x p (resp. q X q) identity matrix.

% .
If ge Mn((B) we denote by g  the conjugate transpose of g.

4.2, We look upon ¢ as ]Rzn by writing z ¢ ¢" as x + iy,
™~
X, ye€ R" and = corresponds to l;] 1f ge Mn(C) then we look

upon g € Mzn(R) by forgetting complex linearity.

4.3. Let U(p, q) (p+ q =n) be the group of all g ¢ Mn(dl)

v

Y, I ' 0 '
w
so that gI = I . Set Z = P> . Define for e U
8l o8 p,q p,q 0 . g & U(p, @),
B n
V(g) = 2 gz as an element of GL(2n, R).

P,4 " P-4

4.4, Tt is easily checked that 1V : U(p, q) —> Sp(n, R) where

8 ([};:]’ [:;:]) _ <x, y'> —<x', y> as usual (see §1). We will also use

V to denote the Lie algehra homomorphism of u(p, q) into sp(n, R).

4,5, Let hj ¢ sp(n, €) be defined as in 2.5. Set =2 thj.
Then ,j N .sp(n, R) 1is a Cartan subalgebra. Define ei(Z zjhj) = zj.
The roots, A, of b on sp(n, €) consist of the functionals e, - E:j, i#ij,

Toeg+e), 1S4, <. Ve cake _A+={ei-sj|1_<_i<j5n}'

U{si+ej[1515j§n}.

4.6. u(p, q) denote.the Lie algebra of U(p, q). Let t be




R

the subalgebra of diagonal elements of u(p, q). Set z, =E i (see 2.5),

Then W(zi) = hi} J S P i W(zi'i'p) = -hp’l'i" 1 S 1 < q‘

%* *
n; €t Thenzlbei:ni, 1<1i<p,

4.7. Define ni(zj) =8, to <i<

ij’
e 1 <i<q. Wenote that { —> h_ is a 1i
U itp = ni+p»’ £i<q. e note tha T ¢ 1Is a linear

isomorphism,

4.8. Let & be the root system of Y ="u(p, q) Q%{ ¢ relative

%
to tg. Set & = "A* N 5. Then

¢ - f{n, -m1<i<is<p or 1i<p<ji<n)U
{n; - mylp<i<j<n)

4.9. Let g = sp(n, R), 8 = sp(n, €). Let (W, Lz(an)) as

usual be the oscillator representation of Mp(n, R). Let (W, ,&(IRn)) '

be the representation of g on° L2(1Rn)°° = A®Y.
4.10. LEMMA. W((g.) y=eatat 1<i<i<n
et ¥ B¢ et i3 tS1=31s
W((g.) ) =¢A AT, 1<i<j<n
=) Ly ity S s m.

- Proof, Using the results of §2 it is not hard to see that W(ga:) is

spanned by the following elements: multiplication by ixrxs, r <s,

i —2—  r<s 1

0 . .
ox ax_ 7 , X ax +50., 1 <r,s<n. Now, checking which

,0f these elements has the right weight relative to b gives the result,

4.11. By going to a two fold covering TJJ(p, q) of U(p, q) we
can lift ¢ : U(p, q) —> Sp(n, R) to ’\17 : 'I\Ji(p, qQ) —> Mp(n, R). Let

(v, Lz(]Rn)) denote the representation of 'I\Jl(p, q) given by .(Worllru, LZ(IRn)).
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We will also denote by V the action of the differential of V on
,&GRn). We note that ${E(p, q)) contains T. This implies that the
space C°° vectors of (V, LZGRn)) is precisely XQRn) (see Proposition
2.14).
4,12, Set u_ = a§§+(2¢)a'

4,13. LEMMA. 1) (v, LZGRn)) splits into a countable direct sum of
inequivalent, irreducible, invariant subspaces. .

"2) 1f H C:LZGRn) is a closed invariant subspace under
V then HN \llo-P(IRn) is dense in H and if H # (0) then

H§;+= {fe Hm]V(_g;)f = 0} £ (0).

Proof. 1) is already true for W(T) C:V(E(p, Q).
2) Since W(T) C:V(g(p, q)) we see that H n WOPGRn) is dense

in H. Assuming H # (0), H N $0P0Rn) 4 (0)., Lemma 4.10 easily implies

that
n v = = Q:A:A’.+ ) a:A"i'A'*.'+ v ¢abal
1<i<i<p 1 1<igp<isn 1 pei<ise .
Order (Z+)n as follows: m>m' if |m| > lm'| or if lm| = |m" |

then m, = mi for 1> j and m.j > m&. Using I) it is easily seen that

+
II) V(}_‘_ )“l’m = mEmlq: q'ml i
Now H N wO-PORn) = ¥ ¢y . Let me S(H) bea minimal

me S (H)
"element of S(H). Then II) implies that V(g%)wm = 0, This proves the

lemma.

ce + .
4,16, LEMMA. Set (YR®™E = {fe q:or(m“)lw_@“)f - 0}. Then




g
ki

4.4

+
n u
P = - S + ZC .
(VPR o %,...,o k,0,...,0 7 O "’o,...,Ok

pﬂ position -.

)

+
Proof. We leave it to the reader to check that Wof [ (ll!()l’(an))-ll s
£ ¢ PR, if and only if

2

o £ of . .
1) 3% o%. = 2xj -y 1<i<jic<p
i°7j i
azf <i<jic<
2) m:ZX.‘a‘; P * J&zmn
i%%5 J oy
2
o f .
3) axiaxj =0 1<i<p<j<n

Write f = X f£,(x,,
2<k 4371

satisfies 1) for 1 <i <p implies that

£
vey xp_l, xp+1, ooy Xn)xp° Then f

2 of

2-
I11) Bi §x = Z 4 g;£ X 1 =2x X g;é xz.
%% sk %1 P P gk 9%; P
Bfk
Comparing- coefficients of xp in IIT) we see that 3. = 0, i<p-1.
i .
Hence fk is independent of Xyy oeey xp_l. Arguing by downward induction
using III) we see that fz is independent of X1 o) xp_l for £ =0,...,k.
Arguing the same way expanding in terms of X and using 2) we see
. 2
that f 1is a polynomial in x_ and x_. 3) implies that o f = 0.
p n O0x_3x
: j 2f5(xp) 4y T T
Write f(x_, x) = X f (x )xJ. Then 0 = % j ———— x3 ", This implies
P’ n 520 i p’ ' n axp n
of. (x)
-1 P _ . _ :
that BXP =0 for j > 0. Hence f(xp, xn) = hl(xp) + hz(xn). Clearly,

if hl’ h2 € C[x] then hl(xp) + hz(xn) satisfies 1), ?), 3). The lemma

now follows.



P
4.15, Set J = Y(-iI) = -Z2_ JZ = L ih, - % ih_.
P;q . P’q qu j=]- J j:P'!"l
Then
1 W(Exp tJ =
) (Exp p,q)‘llm
' P q
p-
me{Lﬂ+ Zm, - Em_)gw
2 i=1 i -1 it+p m
. -5 [P=4
4,16, Set E (Exp(tJ )) = e 1( 2 + k)t, ke 4. Set LZQRn) =
— k p,d k

2 n . ‘ .
{fe L ® )lW(Exp(tJP,q))f = § (Exp tJ_ q)f}. Then since

b4

W(Exp(tJ_ )) ° V(g) = V(g) ¢ W(Exp(tJ_ )) for g e'ﬁ(p, q) we see
P:;4 P,4q

that V(g)Li(Rn) CLEGRH) for k& Z, 8§ T(p, q). Set Vk(g) = V(g) | 2 ot
L R")
k
\ 2.0

[+
4,17. LEMMA, 1) L°R) = @ LiGRn) (orthogonal direct sum).
k=~w !

2) (Vk’ LEGRH)) is an irreducible representation of

T, 0.

s

Proof. 1) is clear. To prove 2) we note that W(Exp tJ =
Proof. 1) P P eI, Mo, ...,0,x,0,...,0

—

pth position

0,k,0,...,0 214 WExp &3, ¥ o,k =

e 3V

g, (Exp th,q)‘!’o

,..i,
+

0.k This implies that dim(LiGRn) n ﬂIO'P(an))E =1

geceyly

B (Exp th, q)\llo

for k¢ 4. Lemma 4.13 now implies 2).

4.18. Before we go on we have one piece of unfinished business.

We state it as a lemma,

LEMMA., { : SU(p, q) —> Sp(n, R) lifts to an injective homomorphism
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’\]7 : SU(p, q) — Mp(n, R). (That is, the connected subgroup of ’I\I'(p, qQ)

corresponding to su(p, q) is SU(p, q).)

Proof. Let B denote the group of diagonal elements of SU(p,.q).- Then

v

B has Lie algebra ~0£ ={z ¢ t|tr z = 0}. Now

: p (2m +1) q (2m,, +1)
v(exp(Z i6.z . ))y = exp(—i r———9, - % — it - 8. )\l! . Now if
J i7" 'm o1 i 1 2 jtp/ 'm
. J= J=
n P [2m +1 q {2m,, +1} ° P q p
%6, =0 then z——zLe,-z-—J%R—e,+=zm.e.-2m.+e.++ze_.
j=1 7 j=1 S Py dJ o g PP

This implies that the weights of WO'ﬂT on o_t_ are SU(p, q)

integral, Since exp(o_g) contains the center of SU(p, q) the lemma

follows.,

——r

4,19, The center ’I\J’(p, q) acts on (Vk’ Li(an)) by scalars,

k

Hence the restriction of V to SU(p, q) 1is still irreducible. We will
look upon (Vk’ Li(IRn)) as a representation of SU(p, q).
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5. The computation of some relative

Lie algebra cohomology. :

éél; In this section we wish to give cohomological interpretations
of the représentations (Vk’ Liﬂknj) of SU(p, q) ¢given in Section 4.
The technique of the proofs naturally leads to the computation of the
cohomeclogy of discrete series iepresentations tensored with finite dimen-
sional representations. Although the results about the discrete series
are a digression from the material of §1-4, the applicationg of these
results in later chapters are of sufficient importance to justify the

digression,

5.2, Let G be a connected, linear, semisimple Lie group. Let
K be a maximal compact subgroup of G, Let T @K be a maximal torus
of G. We assume that G 1is contained in its simply connected complex-

ification,

5.3. Let (7, H) Ybe an irreducible unitary representation of G.

Then T is said to be square integrable if every matrix entry of H is

in LZ(G). Let EQ(éS denote the set of equivalence classes of irreducible,

square integrable unitary representations of G.

5.4, THEOREM (Harish-Chandra [6]). a2<c;> £ @ if and only if T is

a Cartan subgroup of G.

5.5. In light of 5.4 we assume that T is a Cartan subgroup of
G. Let g be the Lie algebra of G. Let k be the Lie algebra of K
and let t be the Lie algebra of T. Let A be the root system of

(gﬁ’ E€>' Let Ak be the root system of (gm, EG)’ Let W(A) and W(Ak)




5.2

denote respectively the Weyl groups of A and Ak'

-

5.6. Let <, > denote the dual of the Killing form of g

A

restricted to t If Ag then there is a character t —> t

*
Lo A te
of T defined by (exp h) = exp A(h) for he t if and only if

: %
2<A, cn>/<a, a> € 42 for a e A, We will call such A ¢ E(I: integral,

% .
5.7. If Ag e Ve denote by X the homomorphism
Xp ¢ 3-—%> ¢ ( 3.the center of U(gm)) defined by Harish-Chandra.

(cf. VI, Theorem 1.7).

) *
5.8. THEOREM (Harish-Chandra [6]). If A ¢ Eﬁ is integral and regular

«(h, @) £0, ae ) then there exists W, € E,(G) with infinitesimal
character Xpe Furthermore, Wy = Wh, if and only if there is s ¢ Wk

*
such that sA = A'. Finally, EZ(G) = {wAIA e tg, A integral and regular}.

2.9. As is well known, éhis theorem of Harish-Chandra is one of
the most profound theorems in the theory of semisimple Lie groups. Of
course, Harish-Chandra proves much more than Theorem 5.8 in [6]. He in
fact, gives a "recipe' for computing the characters of the wA. Using
Harish—Chéndra's theory of characters and ideas of Zuckerman [18] the

next Theorem is not too hard to prove. First we need some notation.

%*
5.10. Let Ag t, be regular and integral. Let P = {a ¢ 4|

—..q:
*
Qh a> > 0}. Set P=PDN Ak. If e Ly 1is integral and P, -dom-
inant integral let (Tl’ VA) denote the irreducible unitary represent-
ation of K with highest weight X relative to Pk' Let 6§ = %- 2 Qa,
Loy - QeP
5k='2- a,
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a
5.11. THEOREM (Schmid [13}, Wallach [15]). Let A, P, P , T, be as
in 5.10. Fix (1, H) ¢ (.UA.

1) dim HomK(VMé-Zé , H) = L.
k

2) 1f HomK‘(Vx, H) £0 then A =A+58 - 28, +Q where

Q is a sum of elements of P.

5.12. Theorem 5.11 is a qualitative form of Blattner's conjucture,
The proof that Rlattner's formula for HomK(Vx, H) 1is true is in Schmid
[12] (Hermitian symmetric case) and Hecht, Schmid [7] (general case). We

will only need the simpler result in 5.11.

5.13. THEOREM. Let A, P, P, be as im 5.10. Let (m, H) ¢ w,. Let V

k
be the (g, K)-module of K-finite vectors in H. Let (O, F) be an
jrreducible finite dimensional representation of G.

1) If the highest weight of (g, F) relative to P is
not A - & then Hi(g, K; V®F*) =0 for all 1.

2) If the highest weight of (O, F) is A - 8 then

dim Hl(g, K; VQ® F‘“) =3, q where q = —21- dim G/K.

L,
_Proof. 1) 1is a direct consaquence of Corollary 4.2 in chapter I.

i *

2) The results of chapter II, imply that dim H]'(g, Ky VRF) =

dim HomK.(Al_gq; ®F, V) here p is the orthogonal complement to k in g
relative to the killing form. Thus we must compute HomK(Al_gG ®F, V).
“ Let A =A - A . Then the weights of T on Algq: are of the

n k
form «, -+ ...+0r.i with Q

1 1, s 00y

§ =6 -5 . Let P_=A_ NP. Then the weights of Ai_gq: are of the
n k™ n n

oo e - : "0 e a. o - d. i
form o, -+ + or.j (aj+l + + 1), Gy s ocj istinct elements

Oti distinct elements of An. Set

1
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veey ai ‘distinct elements of Pn. Now o, + ...+, =

of P and 0,
n 1

j+1’

26 = Yy - ... - Y, with {Yl, cen, Yt} U {al, cee, ocj} =P Yy e Y,

ng
distinct. - Hence the weigts of AiBG are of the form 25n - Q with Q
a sum of elements of P Furthermore, if 26n is a weight of Aipw then
i=q and 26n is a weight in A% . of multiplicity 1, The weights of
(C,IF) relative to T are of the form A - § - Q with Q a sum of elements
of P and A -8 1is a weight of multiplicity 1 (this is the theorem of
the highest weight), This implies: | >
a) The weights of T .on. Ai_gm ® F -are of the form
26 + A-8-Q with Q a sum of elements of P. If 28+ A5+ 4
is a weight of AiE€ ®F then Q' =0, i=gq and the weight 26n + A -8 =
A+ 8 - 26 has multiplicity 1 in Aq% QF.
a) implies
b) If A is P ~dominant integral and HomK(VX’ Aigw ®F) #0
then A=A+ § - 26k - Q with Q a sum of elements of P, If
A=A+6 - 26k + Q with Q a sum of elements of P then HomK(Vx, Aipm @F) £0
implies Q = 0 and i = q. Furthermore, dim HomK(VA+5_25k, qum<® F) = 1.

b) combined with Theorem 5.11 implies 2).

5.14, Fog later applications it will be necessary to extend
Theorem 5.13 to a larger class of groups. We now assume that M is a
reductive linear Lie group with compact center satisfying the following
‘conditions: |
1) If Mp is the identity component of M then M contains
a finite subgroup {2 consisting of elements of order 2 so that QMO = M,
2) M contains a maximal compact subgroup K so that
Q C K and Mo N K (resp. *{MO,'MO] N K) 1is maximal compact in ‘Mp (resp.

0

[b'{o': M ]) .

L
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5.15. If G 1is as above, if P © G is a parabolic subgroup

of ¢ and if P = MAN 1is a Langland's decomposition of P then M

satisfies the conditions of 5.14.

5.16. If .(U, H) 1is an irreducible unitary representation of

M, then ﬁl 0 splits into a finite direct sum of irreducible represent-
M

ations of Mp. If (n, W) is an irreducible representation of MO then

0
since the center of M must act by scalars under T, nJ” : is

0o .0
™, M)
irreducible. It is now easily seem that (T, H) 1is a square integrable
representation of M if and only if | o 0. Splits into a direct
[M;M] 0 0
sum of irreducible, square integrable representations of M, M),

5.17. Let m be the Lie algebra of M. Let k be the Lie algebra

of K and let m, = [m, m] be the Lie algebra of [Mp, MO]. Set

1
=k N m,. Let p be the orthogonal complement to k, in m, relative

ky 1
to the Killing form of m,. Then Ad(K)p<p and k@ p = m.

5.18. Using the results for G as above (think of [MO, MO] as
covered by G) we see that 52(M) # @ if and only if there is a maximal
torus T of K so that T N [MO, MO] is a Cartan subgroup of [Mp, MO].

That is, M has a compact Cartan subgroup.

5,19, PROPOSITION.® Let (T, H) be an irreducible square integrable
representation of M. Let V be the (m, K)-module of K-finite vectors
of H. Let (6, F) be an irreducible finite dimensional representation of

0 if i £ q.

1 1 i, %
M. Let q:EdimM/K=-2-dimE. Then H'(m, X; VQF )

i

Proof. Let -C be the Casimir operator of m . If o(C) = AL, ™(C) = uI
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and A #L;l then Hi(g, K; V@F*) = 0 for all i (see chapter II).
If A =j then dim Hi(_nl, K; V ®F*) = dim HomK(Aip ®F; V). Now
H=H ®... @Hr, HJ, closed, [Mo, Mo] invariant and A[MO, MO]
irreducible, Let U}(m) = ﬂ(m)IH., j=1, ..., r, meg [MO, Mp]-
Then TTj € wj € 52([MO, MO]). Ai].so F = FI@ .o @Fs with Fj’
[MO, MD] invariant and [MO, MO] irreducible. Hence (Vz =H, nv)

N . % . i " _
dim H'(m, K; VQF ) < jEL Homy (1 (0, O] (NR®F 5 V)) =
J

{ %
2 Hl(gn_l, KN [MO, MO]; Vz ®Fj) (see chapter II). Now apply Theorem
i,4
5.13.

2.20. We now look at the specific groups G = SU(p, q), p>q > 0,

As 'in §4. We return to the notation of §4. Let B denote the group of
diagonal elements of G, Then B is a maximal compact torus of G and
B is a Cartan subgroup of G. Let K=GNU(p+q). Let g, k, b

denote the respective Lie algebras of G,-K and B.

5.21., Let & denote the root system of (E(E’ 1_3_(3). Let & be

defined as in 4.8, Let (VL’ Li(]Rn)) (n =p+q) be as in §4. Let
H, =:Li(JRn) N WO-PCIRD). Then HL is easily seen to be the space of

2
K-finite vectors in L (IRn)L relative to V,@,'

oy + +
5.22, ' Let @k be the root system of (kﬂl’ ) and set §k = §k ne.,

bg
5.23. LEMMA. Set Az=-.€np+np+1+...+np+q if £>0 and

+ (1 - for £ <0, (ni are as in §4.)

Az = nP_H + ...+ np+q_1
Then the weights of b on H.C are all of multiplicity 1 and are of

the form A.(’, - Q with- Q a sum of elements of §+.
\



l,'
'

+ . v
u .
Proof. Hy =®‘Vo,...,o,z,o,...,o if £>0
pth position
d+
= i 0
¥y € WO,...,O,—A if £2<

(see the proof of 4.17). Let u = 2z (gq:)_a .(w‘here (u, u] = 8.

ag-&F
Then HL =U(u) - Hz by the Poincaré-Birkhoff-Witt theorem. The
-+

now lemma follows by computing that A.é is the action of b on H-% .

5.24, Let bp = {he bla(n) ¢ R, o ¢ &}. Then the Weyl chamber
in ‘t_)R defined by & is defined by the inequalities: T, > .0 2 -qp >
np+q-1.> LR IR ) > np+1‘

5,25, Let p be the k invariant complement te k in g. Let

. + + g + o +
§n=§-§k, §n=§nﬂ§.Then E«;—R@B with p = +(g¢)a
%@n
R. = 2+(g¢)_ . Tt is easily checked that g+ and p_-' are Ad(X)-
ag d &
n
invariant.

5,26, LEMMA, Let & = }-.Z\ . Then V, has infinitesimal character
— ‘ 2 “ae g" )

Xp e

AL"'G

Proof. This follows from the fact V, has highe'st.weight AJ?, relative

to §+.

p
5.27. TFor future reference we note that & = 2 (p+q-1in, +
i=1 v
q
'?1“ - 1)‘r]i+p. Hence we see
= : p-l
1) If £ >0 then A£+6 =
’ i=1

T(p+q-in +la-Hn+

> iny

i=1
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p .
2) If £<0 then A, +5 = Z\(p-i-q-i.)ni-i-
i=1

-1
:Z:l N, + (- o(")tlp_*_q

We are now ready to give a cohomological interpretation of the

V ze Zo

.z’
5.28. PROPOSITION. Let (Uz, Fz) be the irreducible finite dimension-

al representation of G with highest weight —znp+1, for 4> 0. (That

is, FL is the Ath symmetric power of the dual of the standard represent-

ation of G on ¢p+q). Then if 4 > q

1z, &; H£®F2iq) 4 (0)

Proof. Let S be the permutation of 1, ..., p+ q given by (p ptl...ptq).

. *
The Weyl group of ¢ acts on bﬁ as Sp+q’ the permutations of p + q

letters, by tvnj =M. - Then S_l(Az + 8)
.ot

obvious computation. This implies that XA 5 = XF for 4 > q. Using
£ 4-q
i %
the results of chapter II we find that if £ > q then dim HJ(g, K; HL(X)Fz_q) =

(q - 2)np+1 + & by the

dim HomK(AjB ® Fz_q, Hz) .

—t

1) : dim HomK(V36-5’ A?R—) =

To prove 1) we will need to use some notation. Let 4 be the
length function on W(3) defined by §+. Then if t ¢ W(8), 4L(t) is

the number of a ¢ §+ so that ta e -§+. We note that £(t) = L(t-l).

We leave it to the reader to compute that A(S) = z(S-l) = q. We also
: + -1 +
assert that 8% 5 8 . Indeed, we must only show that § @ ¢ & for
+ -k e s e
Qe @k. If ae @k then o = n; - nj, 1<i<ji<p or a = nj -



p<i<jisfp+aq. 1f 1<i<j<gp-1 then clearly S-]‘G.:G.. 1f

1§i§p-—1 and G.:'r]i-'qp then S-lct=‘ni-'r]p+1€ §+. 1f

. : -1 +
_oct='nj 'ni, p§1<3_<_p+q 1 then S or.:nj_H_ ni+1e§‘

-1 +
= - : < = - . .
If & =1 Ny, P <isptd then § 0 =M, = Mgy, 6 §". This

pHq
proves the assertiom. Now Lemma 3.5 in Hotta, Wallach [8] implies 1).

2) dim HomK('l'(q_z) Snp-l-]_’ F!,-q) = 1.

Indeed, S(q - .%)np+l) is the highest weight of F.@—q relative
to S§+. Since S§+ D Qz (see the proof of 1)), 2) follows.

We now prove the Proposition.

. q o ;

1) and 2) imply that A p—®F£-q Vss-5 ®VS((q-£)np+1) as
- s v q
K-submodule., Thus dim HO%(JS((q-E)ﬂP+1+6)-6’ A B®F£,-q) > 1. Now
S((q - ,@,)'r\p_i_1 +8) -0 = A.@ by the first part of this proof. Thus

q . . .

HomK(‘TAZ, A E®F£_q) # 0. But Az is the highest w{velght of H,. Thus

Hom (T, , H,) # 0. Combining these observations gives:
b A Y . .
~ Hom, (Mp ® F why £o
R 4-q’ :
The proposition now follows.

5.29. We observe that we have actually shown that dim HomK(qu_- ®F£—q’

£ 0 for 4 >q. Thus VZ will contribute to (0, q) cohomology of the

locally constant sheaf over T\G|Kk for 'cG a cocompact discrete subgroup.

H

/)

S ot

e




6. The reciprocity formula

6.1. Let G be a connected Lié group, Let (7T, H) be a unitary
representation of G.
6.2. Let H_ denote the space of Cm vectors of H. That is
[=+]
H, 1is the space of all v g H so that gt> m(g)v is a C function

from G to H. Then it is well known that H, 1is dense in H (cf.

Warner [16], chapter 4). Let g be the Lie algebra of G and let U = U(gc).

If veH, and ue U define P (v).= ||mM(u)v||. Here if Xe¢ g,
CTM(X)v = a-qt- T(exp tX)Vlc:O’ ve H,., (W H) defines a representation

of g and thus mm(u) makes sense on H, for ue U.

6.3. We topologize H_ using the semi norms Pu' Then H_ is
a locally convex, complete, topological vector space. If (TTi, Hi)’ i=1,2
are unitary representations of G we set HomG(Hl, Hz) equal to the space
of all bounded operators A : Hl-——9 H2 so that Aonl(g) = Trz(g)o A

for geg G. ‘

6.4. If A ¢ HomG(Hl, HZ) and v ¢ (Hl)m then gt—> ATTl(g)v =
ﬂz(g)AV is Cm. Thus A : (Hl)m% (Hz)m. By the definition of the
topology on (Hi)oo in 6.2 we see that A : (Hl)w—> (Hz)w is continuous

and A°'n‘1(u) =TT2(u)0A on (Hl)co for ue U.

6.5. Let I' © G be a cocompact, discrete subgroup of G, Let
T&\ be the right regular representation of G on LZ(T\G) (Note that "G

is automatically unimodular if I’ exists),

=]

6.6. LEMMA. The spacee C vectors of (T&‘, LZ(P\.G)) is Cm(I‘\G) with

N



Yo

the Cm topology.

Proof. This follows from standard Sobolev theory on compact manifolds

and is left to the reader.

. . * :
6.7. Let (1, H) be a unitary representation of G. Let H_ be
the space of all continuous linear functionals on H_ . If ge G and

A e H set (M (DN = A ') for ve H,. Then T (A € Hy

%*
for A ¢ H, and g ¢ G.

6.8. Let T be as in 6.5. Let (1, H) be an irreducible unitary
representation of G. If Ace HomG(H, LZ(T\G)) then we have seen that
A:H —> Cm(F\G) is continuous., Define kA(v) = A(w)(T+1) for

%
Ag HomG(H, LZ(T\G)). Then XA ¢ (H) . Furthermore, if Ye I, and

1
Il

it ved then (T(NLY® = 4@M V) = AMW -1

XA(V). That is, nﬁ(y)kA = XA for

It

(M TAEN @D = AW D)
A ¢ Hom(H, L2@T\e)). Set (H:)r ={\e Hzln*(v)k =X, YeTl.

6.9. THEOREM (Gelfand, Graev, Pyateckii-Shapiro [5]). The map

Hom,, (H, L2 (C\e&)) — (ﬁz)r

A Ty

A= &A is bijective.

' *
"Proof., Let Xg (Hw)r. Define for v e H_, Ax(v)(g) = A(M(g)v). Then

) %
the definition of the topology on H_ and the invariance of _A under
@
I' imply that AK(V) e C (I'\G). Clearly, Ax(ﬂ(g)v) = ﬂf(g)Ax(v) for
v ¢ H,. We show that AX extends to a bounded operator from H to LZ(T\G).
Define for v, we H,, (v, w) = <AX(V)’ Ak(wi>r (here < s >
denotes the Hilbert space structure on H and <, >I‘ defines the Hilbert

space structure on LZ(P\G)). If v, w ¢ H  then (v, ﬁ) = <?v, w>




vith B : H,—>H, and (Bv, w) = (v, Bw) for v, we H,. We also

note that B°T(g) = M(g)° B on H, . We need:

.

6.10. LEMMA. Let (T, H) be an irreducible unitary representation
of G. If B :H,Z —>H_ is linear, B°T(g) =T(g)*B on H_ and

=]

if <Bv, w> = <v, Bw> for v, we H, then B = AI,

Proof. Let (L denote the algebra of operators on H spanned by the
m(g), g€ G. If B c L(H, H) is a subspace (the bounded operators
on H) define B' = {X ¢ L(H, H)|XY = YX, Y ¢/}. The irreducibility
of (T, H) implies that (L' = CI. The Von Newmann density theorem

(cf. Bruhat [4], p. 87) implies that if T ¢ L(H, H), Viy eee5 Vo€ H
and € >0 1is given then there is A ¢ (I so that 2 ]Avi - Tvill2 <e
(this is because it is clear that A ¢ (L implies A* eL). If AeQ
then AB = BA on H_ . Suppose that v ¢ H, and v, Bv are linearly

independent. Then there is T ¢ L(H, H) so that Tv = v and TBv = v.

There is thus a sequence A, ¢ (JL so that lim A,v=v dnd lim A_Bv = v,
J j—> @ 3 j—> @ J

A, > = < , > , > = >
If weH, then (B > W) = (4Bv, W) and <BAJV, w <Ajv, Bw
. Hence 1lim <A,Bv, w> = Llim <A,v, Bw>. Thus <v, w> = <v, Bw> for
j—> wN j—=> o d
all we H_ . Hence <Bv - v, w> = 0 for all we H,. This implies Bv = v
which contradicts the assumption that v and Bv are linearly independent,

We therefore see that if v &€ H,, Bv = c(v)v, c(v) ¢ €. This clearly

implies that B 1is a scalar operator. Q.E.D.

6.11. We now continue the proof of 6.9. By 6.10, B = cI. Clearly

¢c2>0 and c =0 implies A = 0. Thus we may assume c > 0, But then

1) <AXQ7), Al(w)>1.. = c<v, w> .



5,‘
L ]

We therefore see that HA)\VH = 01/2||VH. Thus A)» extends |

to an element of Hom,(H, LZ(I‘\G)). Clearly A, = A and A, =IA,
G .A)‘ , )"A
This proves 6.9.

6.12. In [5], 6.9 is called the Duality theorem., It is pfoved

for SL(2,R) and SL(2, €) by explicitly computing certain analogues

.of H,. 6.9 is substantially the same as the Duality theorem of [5].




7.1

7. The imbedding of Vv, into LZ(I‘\G).

7.1. Let k be a totally real finite extension of Q, and denote
by r+ 1 its degree. We assume r > 1, fix an imbedding of k into R,

and view k as a subfield of R.  Let T = {Gl, } be the set of

“or Ty

isomorphisms of k into ‘g, where cr+1 = id, Let k' = k(i). We extend

O e Z to the imbedding of k' into C which leaves i fixed.

—
—_—

Let n be a positive integer, h a non-degenerate hermitian form
on Vk' = k" of signature (p, q) (p>q>0; p+ q =n), We assume
(o) -
that for O¢ Z, O # 1, the form h, given by z, whkH> 0 l(h(cz, ow))

is definite.

7.2. Let Hk be the group of all g e GL(n, k') so that h(g:z, g'wW) =

h(z, w), z, we V, and det (g) = 1. It is the group of points over k

k
of a k-form H of SLn' Now h(z, w) = M(z, w) + V-1 B(z, w), with W

a symmetric, k-bilinear form with values in k and B a skew symmetric

k-bilinear form with values in k. We look at V as being a 2n-dimensional

kl

vector space over k and write Vk instead. Using a symplectic basis for

B we see that < Sp(n, k) or more precisely that we have an imbeddin
; pin, ’ P ) g

- defined over k 'of H 1in the symplectic group Sp , Vviewed as a k-group.

denote restriction of scalars from k to Q (see

k/Q =
Weil [17], Chap. 1), Then G = Resklé(H) and Res, , (Sp) are defined

7.3, Let Res

over Q and we have a canonical imbedding G = Resk/gg—€> Resk/_?Q . More-

over, the group gg of rational points of G 1is equal to Resk/g(Hk). Let

V, be V. viewed as a 2n(r + 1)-dimensional vector space over Q, and

Q k

BC the bilinear form on V_ defined by B. It is antisymmetric non-
degenerate and we have V_  Res

Q k/Q Vi

O

B___Q__=Resk/gﬁ' Therefore G is



Y

naturally embedded in the group of automorphisms: of Vg<2bfm leaving -

. Bg invariant, i.e. in Spys where N = n(r + 1).

Over R, the group C 1is isomorphic to the product of the groups
UH (c.¢ £), where UH is the group of automorphisms of Vk' ®g pre-

serving ch. Therefore the group R of real points of G is isomorphic

to the product of SU(p, q) by r copies of SU(n). Of course °§Rn
is again Sp , hence the group of real points gf Resk/~?9 is the
direct product of r + 1 copies of Sp(n, R). The imbedding H <> Sp_
¢r+1 : SU(n) &> Sp(n, R) and, for Gi'e‘:, i4£r+1, the
corresponding imbedding of Gﬂ into Sp_  yields wi : SU(n) <> Sp(n, R).

yields

The direct product of (r + 1) copies of Sp(n,'g) is naturally—con-
tained in Sp(N, E?; our given embedding GR <= Sp(N, é) is, up to

conjugation over R, the product V¥ of the wi’ followed by that inclusion.

7.4. Let e;, ..., e,y

standard form. GZ ={ve GQlw(Y) ¢ Sp(N, Z)}. Then GZ is an arithmetic

e,.. be a basis of V_ so that B_ 1is in

9 2

subgroup of (see Borel (2}, 7.11, 7.12). Also V{ : G, —> Sp(N, 7).
P GIR ? ’ 7 b

~

7.5. THEOREM (Borel, Harish-Chandra [3]). GZ is a cocompact discrete

" . subgroup of Gp-
‘ r+l

Proof. We have qR = ifl G, where Gi = S8U(n), i<r and Gy = Su(p, q).

Let P; ¢ GR-——> Gi be the ith projection. The definition of GQ implies
that PiIG is injective for each 1.

If .Y-¢ G, were unipotent then pi(Y) would be for each 1 g.i <r.

i

But pi(Y) € Gi = SU(n). Thus there are no non-trivial unipotent elements

of GZ' The result now follows from [3].




7.6. Let p; : Gm—% G, i<r+ 1 be as in the proof of 7.5.
Set Pr+1(GZ) =I. If wcSU(p, q) 1is a compact subset then

p;_}_l(w) c GJR is compact., Thus I' is a cocompact, discrete subgroup of

SU(p, 9).

7.7. Lemma 4.18 implies that V{ : GBR —> Sp(N, R) 1lifts to

~ ~ rtl
Vo (iR —> Mp(N, R). 1Indeed, we have a : x Mp(n, R) —> Mp(N, R)
i=1

A
and \[Ji : Gi—-——> Sp(n, R) 1lifts to dli : Gi-—é Mp(n, R) and we set

~ r+l1 A j
vV =ae°¢ X \l!i. Using this observation we see that if W- is the

i=1

oscillator representation of Mp(n, R), j =1, ..., r+ 1 and W is

the oscillator representation of Mp(N, R) then Wc'\y’ is equivalent

. L A2 2 A A A ril A

vith (Mo @ W o) @ .. @ W o Y1) (8, +0vy 8 >

il i A i i A i

QW o \lli)(gi)). Set V =W o dli. The V= acts on the coordinates
i=1

X

*i-Dn+r? 7 Fin? YG-Do? 07 Yine

7.8. It should be noted that the basis that splits V{ into a

product is not the same as the basis for which our Sp(N, 2Z) is defined.

4

v

7.9. If 1<j<r then VI = @ v, with dim Vy <. (This
40

corresponds to the case q =0 in §4).
7.10, This implies that

A A
V = @ V!, ®...®V£
w5420 1 r+1
1 r—
,(’,iez

A
as a representation of GIR Set V(I,

1o dgy)

2, N A\ . :

and let L"(R) 4 4 be the representation space for v, -
CITEREY, r+1) LT T

N
equal to Vz ®... ® VL
7L ' T4l

r+1

1""’£'r+1



7.11. The results of §2 and §4 easily imply that

is

(=2}
1) The space of C  vectors of V
(.@1, tee "e'r+1)

precisely LZGRN) %) 4 ) n ,&GRN) with the subspace topology.
1’

*T Tl
2y 2@ @ oy NV @Y is dense in
177 T+l
L2 (}RN) and in the ¢® vectors for V
(zl: cec 'e'r+1) l “’1’ T ‘e’r+l)

7.12, THEOREM, If .4 ¢ 2 then there exists T' T a subgroup of

finite index (indeed, a congruence subgroup) so that

(Fy o
r+1 ‘

(Here, of course, V, is the representation of SU(p, q) denoted

by V, in §4.)

. ' 2 XN
Proof. Fix 'el’ voe, 4 e 2, 4 2 0. Let H=L(IR)(£1)“.’£ 2

r i "
Then B = EN A@H and HN @P®H is dense in H and H,. Let

7' be the lattice associated with the basis for the Sp(N, 2) we are

considering in this section (see 7.8), Let A be as in 3.2. If

N

© ¢ E.N q;or(mN) and Ap(T) = 0 for Te 4 then ®=0. (i.e. 2

Il

is Zariski dense in ]RN) . Thus if ¢ # 0 there exists A < Mp(N, R)
so that: |
1) v(d) 'contairlms a congruence subgroup of Sp(N, 2).
2) There is. A ¢ ,&'GRNjA' so that A(Ap) # 0.
See Theorem 3.12 for this result a'nd the notation.
Set M = )\°A restricted to H_. " Let 2 be a congruence subgroup
of G, so t‘r}at Y = v(d). Then '111' : Q—> A. Hence [l e (H:)Q'. Let

.4 ..
T' =m({Q). Then I'' <«T" is a congruence subgroup. Fix




7.5

P=0;® ... Q0. ¢ tl!oP(IRN) NH so that . W(p) # 0. Define E(f) =
M@, ® ... ®0_® for fe (V, ) Then §e¢ ((fol)i)r'; € £ 0. Q.E.D.

7.13. We now revert to our old notation. G = SU(p, q), p >q > 0.

~

¥ : G—> Sp(n, R) ’(n =p+q) and § : G —> Mp(n, R) the lift of . -

Lo d

V=Wey, V, is as in §4, However, we fix I" as constructed above,

7.14. COROLLARY, If £ e 2 then there is I'' <T' a congruence subgroup

(possibly depending on 4) so that

Hom, (V ), LZ(I‘\G)) £ 0

Proof, This is just 7.12 combined with 6.9.

7.15. COROLLARY, Let for £ >0, £L¢ Z, FL be as in 5.28, Let T

be as above. Then there is a congruence subgroup I'' @ T so that

v, FL_'q) £ (0) for. 43 q.
Proof. This follows from Theorem 4.2, chapter IV and 5.28,

7.16. We note that in this case the cohomology of I' is bigraded
in the same way as the cohomology of T\GIK. We actually have
Ho’q(T', Fz_q) £#0 for 4> q. We also note that dim HqCF', €) = qth

Betti number of I‘\GIK.

7.17. The results of this section are substantially due to Kazhdan
[10]. He concentrated on the case SU(n, 1) and Vl' He also studied
the significance of the V__., j >0 for SU(2, 1) for I not necessarily
=]

cocompact, - Kazhdan's proof of the pertineént results usés the global oscillator

representation and Strong approximation rather than Theorem 3.10.
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SEMINAR ON THE COHOMOLOGY OF DISCRETE
SUBGROUPS OF SEMI-SIMPLE GROUPS I1AS, 1976-77

IX: CONTINUOUS COHOMOLOGY
AND DIFFERENTIABLE COHOMOLOGY

A, Borel

Introduction

In most of the previous lectures we have been studying the relative Lie
algebra cohomology spaces H*(_g_, K; V) with coeffi'cients ina (g, K)-module.
Our only case of interest is when V is the set of K-finite vectors in the
space Vv® of C®-vectors of a c-ontinuous G-module, In that case, by the
van Est theorem, this space is also the space HZ(G; Voo) of continuous (or
differentiable) Eilenberg-Mac Lane cohomology of G with coefficients in V™,
The relationship between cohomology of discrete subgroups and cohomology
with coefficients in infinite dimensional representations described in IV can
also be expressed in terms of continuous cohomology {and obtained directly by
use of a suitable Shapiro lemma). Moreover, this relationship is also valid
in the p-adic case, where there is no direct analog of the Lie algebra
cohomology.

This lecture is devoted to the basic notions and results on continuous
or differentiable cohomology, This is not a completely self-contained
exposition, since, when convenient, we have referred to [3] or [10]. But

a number of proofs have been included.

At this point, we are mainly interested in real Lie groups. However,



in preparation for the p-adic or mixed case, we shall first develop continuous
cohomology for-locally compact groups (§§1 to 4), in the framework of [3] or
[10: §2]. §§5, 6 are concerned with differentiable cohomology, which was
initiated by W, T. van.Est (see [4, 5] and earlier references given there). We
shall largely follow the exposition of [10]. We have also borrowed from three

_ lectures given by G. D, Mostow at the :In'stitute in Spring 1975, in particular
for 5.4, 6.2, 6.3 and the proof of 5.2,

Initially, the reason to discuss differentiable cohomology at this point
was the existence of a Ho;:hschild—Serre spectral sequence and a suitable
Shapiro lemma, After this was done, however, we noticed that these could
also be obtained in the algebraic framework of Chapter I, slightly modified, We
shall sketch this briefly in §7. More details will be given in the final version
of these Notes, In any case, as far as real Lie groups are concerned, this
makes it possible "co'bypass the van Est theorem and to get all what we need

in these lectures in the context of relative Lie algebra cohomology.

In this chapter, locally compact groups are as sumed to be countable

at infinity, topological vector spaces are Hausdorff, over R and locally

convex,

§1, Continuous cohomology for locally compact groups.

1.1. Let G be a locally compact group. By a topological G-module,
or simply a G-module (m, .V), we mean a topological vector space on which

G acts via a continuous representation w. A G-morphism of two such

Y bR e - et



G-modules is a continuous linear map Which commutes with G, We let C

or simply C, if G is clear from the context, denote the category of '
topological G-modules and G-morphisms,

For some of the main theorems, we shall assume that the G-modules
under consideration are Fréchet spaces, i.e. are complete and metrizabl.e, In
fact, for our needs, it would be no essential loss in generality to assume this

from the start, as far as real Lie groups are concerned,

1.____2. If X, F are topological spaces, we let C(X, F) denote the
space of continuous maps of X intc F, endovx.red with the compact open
topology. It is a topological vector space if F is one, and a Fréchet space if
F is one and X is locally compact, countable at infinity, as follows from
[1: X 21, Cor. to Prop. 1]. If A and B are topological vector spaces, then
Hom(A, B) denotes the space of continuous lin.ear maps from A to B, endowed

with the compact open topology. If A, B e EG then Hom(A, B) will be given

the G-module structure defined by

(1) (xf)(2) = x(£(x" L. a)) (x ¢ G; a ¢ A; f ¢ Hom(A, B) .

HomG(A, B) denotes the set of homomorphisms which commute with G. Both

Hom(A, B) and Hom (A, B) are closed subspaces of C(A, B),

al
We recall that if f: A —> B is a surjective continuous linear map of Fréchet

spaces, then f induces a topological isomorphism of A/ker f, endowed with

the quotient topology, onto B [2:1I, §3, n°2, Thm 1]. In particular, if



L2

(2)  —>A—>B—>C—>0 ,

is an exact sequence of Fréchet spaces and continuous homomorphisms, then
u is an isomorphism of A onto u(A) and v induces an isomorphism of

B/u(A) onto C. Moreover, if X is a topological space, then the associated

sequence
1 ]
(3) 0 —> C(X; A) —> C(X; B) —> C(X; C) —> 0

is exact. This is obvious at C(X; A) and 'C(X; B). The surjectivity of '
follows from the fact that v édmits >a continuous (not necessarily linear)
cross-section (Bourbaki, yet unpublished). In particular, if X is locally
compact, countable at infinity (our only case of interest), (3) is again an exact
sequence of Fréchet spaces. The surjectivity of v' in that case has already
been pointed out, without proof, by A. Grothendieck in the footnote on p. 84

of [7]. ' -

1.3, Let Ve EG and q e N, We let Cq(G; V) = C(Gq+1; V), viewed

as a G-module by means of the action

(1) (x.f)<xo,...,xq)=x(f<x"1.xo,...,x‘1.xq>, (%, ax €

We let Fq(G; V) be the same'space, but with the action of G defined by right

translations on G, i.e.

(2) (g-f)(xo,...,xq)=f(XO-X,---:Xq-X) ’ (X:Xov---,xqeG)



Since G is assumed to be countable at infinity, these spaces are Fréchet

spaces if V is one (1.2).

The map p : F (G; V) —> C°(G; V) defined by

(3) - p(E)(x) = %, f(x_l) , | (x e G; fe FO(G; V),

is readily seen to be a G-isomorphism. Since the canonical map
1
(4) c(G; ce?; vy —> cc¥; v)

is a topological isomorphism [1: X 29, Thm. 3, Cor. 2], we get by iteration a
G-isomorphism of Fq(G; V) onto Cq(G; V) (g9=0,1, ...) (see[10: §2]).

We let € denote the maps V—> FO(G; V) and V—> CO(G; V) which
assign respectively to v the function x{—> x.v and the constant function equal
to v on ‘G. These two injections are G-morphisms, which correspond to

each other under p,

.4. The standard homogeneous resolution of V € C is the (augmented)

complex

d d
(1) 0—> v -5 4%v) =25 A (v) —> ... —5 a%v) —L5> A%y —s

where AY(V)=c%G; V) and d_ is given by

>

(2) (@00 x ) = B-1 Hx L ) e Giiz0,...,qH]) |

Xq+1 et ’Xq+1

The q-th continuous cohomology group Hgt(G; V) of G with coefficients in V |

\



i,'
¢

is then, by definition, the g-th cohomology group of the complex

(3) A°v)G —s .. — a9 )C — .

The topological vector space Aq(V)‘G is isomorphic to Fq—l(G; V) via the map

ft—> f', where

1 =
(4) f(Xl,---,Xq) (1, Xpo X aXoyenn X pe0s q

(By definition F_l(d; V) = V.) The complex (3) can then be written
d d‘l a! 1
5) V—25F%c; V) = ... —> i v E r e vy — L

where Fq(G; V) is viewed as the space of elements of degree g+l, and the

differential d’q is given by

(6) (dqu)(xo’”"xq):Xo'f(_xl""’xq)+2'o_§i<q('1) S LR TR TRRR q

-~

g+l .
F DT X )

(5) is the complex of non-homogeneous continuous cochains. For all this, see

[L0: §2]. This is of course just the continuous analog of standard notions con-

cerning the Eilenberg-Mac Lane cohomology of abstract groups.

1.5. We want next to define these groups in the context of relative

homological algebra [9; 11]. For this, as usual, we keep the objects of C
but restrict the morphisms. We shall say that a G-morphism f: A —>B

is an s-morphism (strong morphism) if: (i) ker f and im { are closed




o -SRIt

1% L R

topological direct summands; (ii) £ induces an isomorphism of A/ker f onto .
f(A). The facts recalled in 1.2 imply that if A and B are Fréchet spaces,
then (ii) follows from (i). In fact, for (ii) to hold, it suffices then that f(A) be
closed in B. A sequence of morphisms in G is strong (or an s-sequence) if
all the morphisms are s-morphisms.

An element U ¢ C is s-injective if, given a strong injection A —> B,
every G-morphism f: A—> U extends to a G-morphism B —> U (neither
is required to be strong). A continiiously s-injective resolution or, simply,.an

s-injective resolution of V ¢ C__, is an exact sequence:

G

(1) 0—> V—3A co. —>AY— s

in which the Ai's are s-injective., Given such a resolution of V, and U e C,
one defines as usual Ext(é(U, V) to be the g-th cohomology group of the
complex {HomG(U, Ai)}. In particular, Exté(lR, V), where R is viewed as
the trivial G-module, is the q-th cohomology group of the complex

iG}

{a (=0, 1, ...). Clearly,

. o o} G
(2) ExtG(U, V) = HomG(U, V), ExtG(lR, vV)y=v~ ,

It is standard that these groups do not depend on the s-injective resolution
chosen,up to natural isomorphisms [10; §2]. That s-injective resolutions

exist follows from the following lemma.:

\\



1.6. LEMMA, Let VeC. Then FO(G; V) is s-injective and € : V—>F (G; V)

(see 1, 3) is a strong injection, The homogeneous resolution of V (1.4(1))is

s-injective, It consists of Fréchet spaces if V 1is one.

+

The last assertion follows from 1, 2. The others are proved in [10: §21, .

see also [3] In view of 1.4, this implies' in particular

(1) Extd(®; V) = HE (G; V) , (@=0, 1,2, ...)
. G, ct

Since the topology of V is uniform, the natural bijections

(2) Mp(U x G%, V) > Mp(U, Mp(G%, V), Mp(U x G¥, V) —> Mp(G', Mp(U, | §

where Mp refers to arbitrary maps, ind?.lce topological isomorphisms

3)  cuxach v)—> o oGk V), CUxGh V)—> cic% cu V)

[1: X §1, n°4, Prop. 2]. From this follows that we have a canonical isomorphism

of topologiéal vector spaces

(4) " Hom(u, ¢%(G; V) = ¢X(@; Hom(U, V) ,

wh.ich is easily checked to commute with G, Cbnsequently, (1) generalizes to
(5) Extg(U, V) = Hzt(G; Hom(U, V)) , (U, Ve _C_J_G; qeN) ,

"1.7. LEMMA. Let

(L) 0—>A—>B—>C—>0 ,

s




be an exact sequence in C and let, for q ¢N,

(2) 0 —>F4a; A)—> FYG; B) 2> rYa; c) —> 0

be the canonically associated sequehce of G-modules,

(1) If (1) is s-exact, then so is (2),

(1i) If A, B, C are Fréchet spaces, then (2) is an exact sequence of

Fréchet spaces,

(iii) In both cases, u induces a topological isomorphism

(3) ria; B)/FlG; a) > r4a; )

Clearly, if B = B! & B" is the topolc;gical direct sum of two closed sub-
spaces, then Fq(G; B) is isomorphic to the topological direct sum of
Fq(G; B') and Fq(G; B'"), whence (i) and (iii) in this case., The other assertions
follow from 1, 2,

We note that, in both cases, we can identify in (1) A with its image in

B and B/A with C, hence (3) can also be written
Q. q,~. ~ 9a.
(4) FYc; B)/FUG; A) = FYG; B/A)

1.8. Liemma 1:3cimplies,” under either set of as sumptions, that the '),

sequence

\

5k b3 sk
(1) 0—>F (G; A)—>F (G; B)—>F (G; C)——>0 ,



- . .

' 10

of non-homogeneous complexes is exact, Therefore; in either case, there
is associated to 1, 7(1) a long exact sequence in continuous cohomology. Note

also that, by L.5,

(2) Hgt(G; V)=0 for g>1 ,

if V is s-injective,

1.9. As usual, [11: III] we can interpret the groups Exth(U, V) as
equivalence classes of long exact s-sequences from V to U, asinl, §3. 1:
[There, we did not have to introduce strong morphisms: by definition the !
(g, k)-modules are locally finite and semi-simple with respect to k, hence all

morphisms of (g, k)-modules are strong, with respect to the k-module
structure, | As a result, there are vanishing theorems as in I, §§4, 5. In
particular, if there exists in the (abstract) group algebra of G over R an

element which acts as the identity on U, and as the zero-morphism on V,

then Ext(é(U, V) = 0 for all g's. The proof is the same as that of the

theorem in I, §4.

1.10. PROPOSITION, Let U, VeC. Assume G to be compact, U a

Fréchet space and V quasi-complete. Then Extcé(U, V) =0 for q> 1,

q

In particular HC

t(G; V) =0 for g>1.

Under our assumptions Hom(U, V) is quasi-complete (cf. [2],

III, §1, n®l, Cor. and §3, n°7, Cor. 2). By l.6(5), it suffices therefore




e B e

to prove the second assertion., ILet dx be a Haar measure of total measure
one on G. Then one checks that the map J: Fq(G; V) —> Fq—l(G; V) defined

by

(1) (T0)eps veny 2) = oty oo x o xax

1 G q

satisfies d.J - J.d =1d, i.e., is a homotopy operator, whence the result, For

another argument, see [3: lemma 7].

1.11. Let H be a group which operates on G by continuous auto-

morphisms, Let -(—:-G H be the category of those V e_C_J_G on which H acts

as a group of operators for the G-module structure, i.e. every h ¢ H defines
an automorphism of V such that h(g.v) = h(g). h(v). In particular, H leaves

vY stable. Then, if V.c C

So the group H operates canonically on

*
,Hct(G; V). In fact, H operates in the obvious way on the homogeneous

complex, 1,4(1l), hence on C*(G; V)CT and on the cohomology. The complex

*
C (G; V) may also be viewed as a continuously s-injective resolution of V

in —C—G,H' Therefore, we may compute Hct(G; V) wusing any continuously

s-injective resolution in the smaller category EG . It follows also that

the action of H on the cohomology introduced above may be defined similarly

starting from any continuously s-injective resolution of V in _QG e As

usual, G (acting on itself by inner automorphisms) operates trivially 'on the

cohomeology. N



B

§2. Shapiro's lemma,

2.1. Let H be a closed subgroup of G and U egH. As usual, we put

(1) I(U) = Indg U = {f ¢ C(G; U)|f(gh) = h‘l.f(g), (g € G; heH)}

It is a closed subspace of C(G, U), hence a Fréchet space if U is one, (1.2),
If G acts trivially» on U, and H = {1}, then Inng =C(G; U), If U is a
G-module, then I(U) is canonically isomorphic to the space C(G/H; U),

endowed with the compact-open topology [3: lemma 1],

2.2. LEMMA, Let H, U be as above and V ¢ C

Cqr Then the map

HomG(V, I(U)) ——> HomH(V, U)

associated to the map I(U)—> U given by fr—> f(1)," is a topological

isomorphism,

——

For the proof, cf. [3: lemma 2].

2.3, PROPOSITION, Let H be a closed subgroup of G. Assume that the

fibration of G _b_y H admits a continuous local cross-section,

(i) Every s-injective G-module is s-injective as an H-module,

(ii) ("Shapiro's lemma") Given U eC.. and Ve —C—G’ there are

canonical isomorphisms

(1) Extg(v, I(U)) = Exth-_}(v;_ u) , _ (q ¢ N)




In particular

(2) | COHL(G LU) =HL 5 U) (q e )

Since G is by a.ssuinption countable union of compact subsets, the
space G/H is paracompact; hence (i) is lemma 3.4 of [10].
(ii) is proved in exactly the same way as Prop. 3 of [3]: one starts

from the homogeneous resolution C¥(G; I(U)) of I(U) (see 1.4) and shows that

(3) c™(q; 1(v)) = (C™(G; vy (n ¢ N)
By 2.2, we have then

(4) Hom (V; C™G; L(U))) = Hom__(V, c™G; U) (n ¢ IN)

G H

Since these isomorphisms are natural, they yield an isomorphism of complexes

{Hom _(v; €™(G; (UM} —— {Hom_(V, c™(G; U))}

ry

By definition, th’e g-th co};omology group of the left-hand side is

Exté(V; I(U)). Since Cn(G; U) is s-injective with respect to H (by (i);,
the complex {Cn(G; U)} provides an s-injective resolution-of U in EH’
hence the q-th cohomology group of the right-hand side is Exth(V, U),

This proves (1).
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§3. Hausdorff cohomology.

x®
3.1, Let C bea complexin EG (we do not exclude trivial action, .i, e,

sk
C" may just be a complex of topological vector spaces, with continuous linear

differentials). Then z3 is closed in G and HY(C) = 2%4/a(c%™!) may be
given the 'ciuotient topology. It is Hausdorff'if and only if d(Cq—l) is closed in
Zq or, equivalently, in Cq. If so, we shall view Hq(C) as a topological
vector space in this way, and shall say that Hq(C) is Hausdorff, or that C
has Hausdorff cohomology in dimension q. If this is true for all q's, then
we say that H*(C) is Hausdorff or that C* has Hausdorff cohomology. Since
Zc‘Jl and d(Cq_l) are stable under G, Hq(C) inherits an action of G, which
is continuous with respect to the quotient topology. Thus, if Hq(C) is

Hausdorff, it is canonically in C Of course, HO(C) ' is always Hausdorff,

G

3.2. LEMMA. Let Ve¢C_ and qelN, Assume that there exists an s-injective
T ) G
b x
of V such that Hq(E ) is Hausdorff, Then any s-injective

resolution F of V has the same property. The canonical isomorphism of

J,G wG ’ '
Hq(E" ) onto Hq(EF ) associated to the identity map of V is topological,

~ * ¥
The identity map of V extends to a G-morphism u of F into E
. *G *G
[10: §2], whence also a morphism uw:F —>E , which induces an
G G ~
¥ % . q q
)—> H (E ) (loc, cit), Let Z* and B
G G
(resp. z'? and B'q) the cocycles and coboundaries in Fd (resp. ok ),
- - G .

. ) % %
and t be the projection of z'9 onto Hq(E ). Since w is an isomorphism,

als

i % % %
isomorphism u of H (F

it follows that te u is surjective, with kernel Bq. Since to u is continuous,

L




*
this shows first that Bq is closed in Zq and then that uw 1is a continuous

. E3 s
bijective map of HYF ) onto HY(E. ). Similarly, a lifting of the identity
%
of V toamap E —>F yields to a bijective continuous map

%4 * #

% * -3 % * *
). Since u o v and v o u are the identity, this

v sHYE )— HYF

proves the lemma,

§:3. In fact, the proof of the lemma shows that u* is a topological
isomorphism of Hq(F*G) onto Hq(E*G), both spaces being endowed with the
quotient topology, regardless of whether they are Hausdorff or not, whence
the existence of a canonical topology on Hgt(G; V). 1If the condition of 3.2 is

fulfilled, then we shall say that Hzt(G; V) 1is Hausdorff, H:t(G; V) will be

said to be Hausdorff if Hgt(G; V) is so for all q's.

3.4. LEMMA, Assume that C "is a complex of Fréchet spaces (and continuous

linear maps) and that Hq(C) is finite dimensional. Then d l(Cq—l) is

closed in C%.

The proof is the same as that of Prop. 6 in [3]. We repeat it for the
sake of c;)mpleteness. Let E be a subspace of z9 which maps bijectively
onto Hq(C) under the natural projection Zq —_ Hq(C). It is finite
dimensional, hence closed in z4 [2:1, §2, ho3].‘ The obvious map
Bl E —s z%, where BY:= Cq—l/Zq"1 is endowed with the quotient‘ topology,

is continuous, bijective, hence is an isomorphism (1, 2), whence the lemma,
\

Remark, The proof shows more precisely that the sequence



d
0—>cizPt b 79 s ulc)—s o0,

P

is s-exact,

3.5. PROPOSITION, Let Ve_(_Z_G and q ¢ N, Assume that V is a Fréchet

q

space and that H (G; V) is finite dimensional. Then Hq(G; V) is Hausdorff,

In fact the standard homogeneous resolution consists of Fréchet spaces,

and the condition of 3.2 is satisfied in view of 3.4,

§4. Spectral sequences,

We shall assume familiarity with standard material on spectral sequences
(cf., e.g., [11: XI] or [6: I, §4]). The spectral sequences considered here are
all "first quadrant' spectral sequences as sociated to double complexes with

positive degrees.

4.1, THEOREM, Let

e
(1) A¥ A > A > ... —>a9_95 a9t

be a complex of acyclic G-modules and G-morphisms. If either (i) (1) is an

sk
s-sequence, or (ii) A consists of Fréchet spaces and has Hausdorff cohomology

(3. 1), then there exists a spectral sequence (Er) which abuts to the cohomology
e G
of the complex A = {A% } and where

' P,A _ P s, 179
(2) £p 9 - P (G HYA) (>, a3 0)
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We note first that in both cases Hq(A) is in EG in a canonical way (3, 1).
It is this G-module structure which underlies (2).

Let F*(G; Aci) be the non-homogeneous complex of continuous
Aq—va.lues cochains (see 1.4 (5), (6')). Then the direct sum C* of the F*(G; Aq)
is a double complex in the usual way, with differentials induced by 1.4(6) and by.

the differentials of A%. We have (see 1. 4)
(1) cP 9= rP G a9, (p, 9 eN)

and cP9-0 otherwise. We consider the two spectral sequences (‘Er),
(”Er) associated to the filtrations defined by the partial degrees. If the degree

in A is used (giving the "second filtration"), then
(2) EY = F (G aY)
and the differential dg of the spectral sequence is that of F*(G; Aq). There-

fore, "Ell)’ 9. Hgt(G; Aq). Since the Aq's are acyclic, we have "EI;' 9. 0
G

if p40 and ..Ei.q - a9 Then d is induced by the differentials of A’
whence
o . *G (e} Gl
(3) "E;' P =mia" )= vE™ - mYch, "D =0 (r>1;p40) .
w -

We now consider the spectral sequence ('Er) associated to

the filtrationby the degree in Fa‘ (the "first filtration"), We have then
\

(4) ED T = FP(G AT, (pelN) .
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We want to prove

(5) - EP Y- PP EYA), (p, 4 )
Let
(6) Zq = ker eq, Bq = Aq/Zq

By 1.7 and our assumptions, the exact sequence

(7) 0—>z9 _—s5a%9 5% 50, (q ¢ N)
yields a topological isomorphism
(8) FP(a; A% /FP(G; 2% = rP(G; BY), (p, q ¢IN)

If (1) is strong, then the injection e : B3 —s 29 s strong and

q-1

(9) 0 —>pY—s 2% s uYA) —s0

is an exact s-sequence, where Hq(A) is endowed with the quotient topology.

Under assumption (ii) the subspace e (Bq) of Zq is closed, hence e

q-1 g-1

is an isomorphism of Bq onto its image, and (9) is again an exact sequence
of Fréchet spaces, Hq(A) being endowed with the quotient topology. ILemma

1.7 then yields

(10) o FP(G; 29) = (ker a)n 'Ei'q ,




P~ o9 ~ P 29y _ 4 mPig-l
(11) F(G,B)—F(G,eq_l(B) do(Eo )

(12) FPiG; 8Y%4)) = FP(G; 2% /FPc; BY)
This proves (5). The differential d'l of 'El is then the one of F'ﬁ, given by
1.4(6), whence

w9 P el gl :
(13) E,) T =H (G HY(A), (P, 9 eN)

G

o

* * %
Since ('Er) abuts to H (C), and the latter is equalto H (A ) by (3), the

spectral sequence ('Er) satisfies our conditions,

4.2. COROLLARY, Let VeC and let

e
(1) 0—>V-—234° O\Al‘ > —>aA9 9y a9t

be a resolution of V by acyclic G-modules. Assume that (1) is strong or

consists of Fréchet spaces, Then

G

2 HL (@ V) =n%a” ), (q €M)

*

. * .

We have Hq(A ) =0 for g >1 hence the complex A = {Al} is
Hausdorff. Moreover, e is an isomorphism of V onto ker eo = HO(A"\):
this is clear if e is strong, and follows from 1,2 if V and A° are

Fréchet spaces, Therefore, we can apply 4.1. We have then

p, o

N
P,q _
E' 7 =0 for qto0, E,

- ®P (G; |
=HL (G V), (b, a ),
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and our assertion follows,

4.3, THEOREM. Let N be a closed normal subgroup of G. Assume that the fiby)

of G 1)1 N admits a continucus local cross section, Let V ¢ -(-:-G be such that

.
Hct(N; V) is Hausdorff (3. 3). Assume either that V is a Fréchet space or that
. N

b ) *
there exists an s-injective resolution A of V in EG such that A is a

" :
strong complex, Then H“t(N; V) admits a natural structure of topological
“

(G/N)-module (1. 11) and there exists a spectral sequence (Er) abuting to

H' (G; V), in which
ct B

P,q _ N
(1) EZ - HCt(G/N’ HCt(N, V)) ] (pv q GN) .

. %
We let A be any s-injective resolution of V in EG if V is a Fréchet
'space and be as in the statement of the theorem otherwise, It is s-injective in

CN (2.3), therefore _

N

wts

@ YA ) = HL (NG V), (q € N)

N

s

Moreover, A" has Hausdorff cohomology, in view of 3.2 and our assumption,

Now, if a G-module B is s-injective in _C_J_G then, clearly, BN is s-
N
q . .. . .
G . T A -
C /N herefore is s 1n3e1c3:1ve in '—C—G/N

*
fortiori it is (G/N)-acyclic (1. 8(2)). Thus A is a complex of (G/N)-

injective in (g eN). A

acyclic modules, which either is strong or consists of Fréchet spaces. In
o N

both cases, we may apply 4.1, with G/N and A" playing the role of G

and C . There exists therefore a spectral sequence (Er) abuting to
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* *N)G/N

H (A ), in which
P, q p q N
(3) L E) T =H_(G/N; HYA ), (P, q elN)
S G/N T
In view of (2) and of the obvious equality (A ) = A , this spectral

sequence has the required properties,

4.4. COROLLARY., Assume G/N to be compact and V gquasi-complete., Then

Hzt(G; V) = HYN; V)G/N ) (q e N)

s
>

H (N; V) is also quasi-complete. By 1,10, we have in 4. 3(1)

(1) Erf=0if pto, By Y= /N, (q e N)

This implies Hq(G; V)= E;’ q, (g e N) and the corollary,

§5, Differentiable cohomology
and continuous cohomology for Lie groups.

In this section, G is a Lie group with finitely many connected com-

ponents and K a maximal compact subgroup of G. We let Eoo be the category

of differentiable -G-modules-[13: p. 259] and continuous G:maps. All manifolds

are assumed to be smooth and countable at infinity.

5.1, If X is a manifold and V a topological vector space, then

COO(X; V) 1is the space of Coo-rna.ps from X to V, endowed with the c®-
\
topology, and Aq(X; V) the space of smoecoth V-valued differential forms



on X, also endowed with the Coo—topology (qeN)., If V is quasi-complete

(resp. a Fréchet space), then COO(X; V) and Aq(X ; V) are so. If V=R,
we shall also denote these spaces COO(X) and Aq(fX).

If Ve __OCO}, then, in agreemeént with 1, 3, we let COO(G; V) be endowed
with the G-module structure cieﬁned by (x.f)(g) = %. f(x-l. g) (g, xe@G), while
FOO(G; V) denotes the same space, but with G acting b;r right translations on
the first argument, i.e., xf(g) = f(g.x) (g X e G). They are differentiable
G-modules, isomorphic under the map p of 1.3.

An element V e gcé is differentiably or smoothly (resp. continuously)
s-injective if it is s-injective in _C_Zoé (resp. _C_I_G). Of course, the latter
implies the former,

If V e_c_°c°}, then FX(G; V) (or, equivalently, c®(G; V)) is smoothly
s-injective [10: 5, 1]. (Note that since V is Hausdorff by our standing
assumption, the separability condition in 5.1 of [10] is automatically fulfilled. )
As in 1.4, it follows that smoothly s-injective resolutions exist. In fact,
the standard homogeneous llesolu‘cion of 1,4, computed with smooth cochains,
is oné. We can then define the g-th differentiable cohomology group
Hg(G; V) as in 1.4(5)(6), using smooth cochains, and, as in 1. 5, it can be

computed by means of any smoothly s-injective resolution. Since smooth

cochains are in particular continuous cochains, there is a natural map

%* sk [ee}
. . ——> . V
Bt Hd(G, V) Hct(G, ) ' (VeCL) ,




- * *
which is naturalin V., If V is quasi-complete, then j is an isomorphism

+

[10: Thm. 5.1]. This follows from the following lemma, which implies that

the smooth standard resolution is also continuously s-injective.

5.2. LEMMA [10: lemma 5.2], Let Ve g‘g be quasi-complete. Then C¥(G; V)

is continuously s-injective.

Put A = C*(G; V). Since C(G; A) is continuously s-injective (1.6), it
suffices to show that the canonical injection ¢ : A—> C(G; A) maps A onto a
topological direct G-summand, or, equivalently, that there exists a continuous
G-map p: C(G; A) —> A suchthat po ¢ = idA.

Fix a left: invariant Haar measure dg on G. Let Q@ e C::O(G) be a
compactly supported smooth real valued function on G such that f (p(g—l)dg = 1.

G
Given fe C(G; A), let a(f) =f % ¢, i.e.

alf)x) = [ oy .xfy)dy (x ¢ G)
~"“‘.\:_ G . ) '

This defines a continuous G-map.a : C(G; A) —> C(G; A) with image in‘ COO(G; A),

which is the identity on e(A)., Let then B : COO(G; A) —> A be defined by

(Bf)(g) = f(g)(g).. Then p = Bo a satisfies our conditions.

5.3. Let X be a space on which G operates continuously. G is said

to operate }Sfoperly on X if the map G X X —> X X X defined by

(g.x)—> (g.x%, x) is proper rl: I1II']. This implies in particular that the
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isotropy groups GX (x ¢ X) are compact and that the orbit space X/G is
Ha:usdorff if X is (loc, cit.)
Let now M be a manifold on which G operates smoothly. A

differentiable slice S ata given point meM isa closed submanifold in a

neighborhood of m with the following properties:
() SNG.m={m); G_(5=8G_={geGle5nS3ek

(ii) The map (8, s)—> g. s induces a diffeomorphism of G XG S (G
m

operating on the right on itself) onto G.S, and G.S is an open neighborhood

of G.m in M.

(iii) The map (g, s) +—> g. m induces a smooth G-equivariant retraction
r of G.S onto G.m =G/G__.
m m

Note that the definition of~ r makes good sense since, by (i), if s e S,

then GS C Gm.
G

If £ eCoo(Cr.S)G then its restriction f to S isin COO(S) m. We

G
claim that the map fH—> f of COO(G. S)G into COO(S) ™ ys bijective, It is
p ‘ J

G
m

.cl.early injective. ILet now f e COO(S) . By (ii), GS is the total space of
a C%®-fibration over G/Gm with structural group Gm and typical fibre S,
which is locally trivial., In any local chart of the form U XS we extend f
to a fu;nc’cion fU constant on the sets U X {s}. Then these functions match
to a G-invariant smooth function on G. S which restricts to f on S.

If G. operates propgrly on M, then there is a differentiable slice

at every point of M [12:2.2. 2]. In fact, M always hasa smooth
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G-invariant Riemannian metric [12: 4,3.1], and we may take S such that GS is

a tubular neighborhood of G.m [12: 2. 2. 3].

5.4. PROPOSITION (G. D. Mostow). ILet M be a smooth manifold on which G

operates smoothly and properly. Let V ¢ C® be a Fréchet space, Then the

=G

space Aq(M; V) (cf. 5.1) is a continuously s-injective Fréchet G-module (q e N).,

We already pointed out that Aq(M; V) is a Fréchet space.

If M is the quotient of G by a compact subgroup, this is shown in

[10: p. 385-6]. This case suffices in fact to prove van Est theorem (5. 6).

sketch Mostow's argument in the general case.

Assume first that there exists m ¢ M and a differentiable slice S at m
such that G,S =M., Put A = Aq(M; V). We know that COO(G; A) is continuously

s-injective (5.2). It suffices therefore to show that A is 4 topological direct

G-summand of Coo(G; 4A), 1i.e., that there exists a continuous G-map

A

T COO(G; A)—> A suchthat poe =id,. Let dy be a Haar measure on G

with total mass 1, Given fe COO(G; A), define a(f) by

af)(x) = [ f(x.y)dy
G

m
Then, a is a continuous G-map: COO(G; A) —> COO(G/Gm; A),

Given xe¢M,: YX € T;{(M)’, choose g e G- such that x ¢ g,S; put

BN, Y )= @)k, Y ), (f e« C°(G; A))

(This is well defined in view of 5, 3(i).)



It is then immediately checked that § maps COO(G/Gm; A) into A, and that

i =pBo a hasthe required properties.

We consider now the general case and let 7 : M —> G\M be the canonical
projection. Since M is paracompact, and the action is proper, so is G\M. In
view of 5.2, we can find a countable subs‘et. QC M and a differentiable slice S
at m ¢ Q such that the sets n(Sm) (m e Q) form a locally finite open cover

of G\M. Then the sets Mm = G.Sm form a locally finite open cover @ of M

by G-stable sets. By making use of a continuous partition of unity on G\M

subordinated to the cover {m(S )} we get first a continuous partition of

m’’ meQ’
unity on M by G-invariant functions, subordinated to the cover @ But then,
G Crm
using the bijection C*(M_)~ —> c®(s )
m m

(cf. 5.2) we see that we can change

it slightly to get a smooth partitidn of unity (t_) by G-invariant smooth

m meQ
functions subordinated to the cover @ Then, the map v : {F—> (tmf')me.Q is a
continuous bijective G-rhap of Aq(M; V) onto the direct product of the space
Aq(Mm; V) (m e Q). Since Q is countable, the latter is Fréchet, hence v 1is

an isomorphism (1.2). 'Since each’ Aq(Mm; V) is continuously s-injective by

the first part of the proof, it follows that Aq(M; V) also is.

5,5. PROPOSITION, Let M and V beasin5.4. Assume that M is

diffeomorphic to a euclidean space. Then 0 —>V —> AO(M; V) —> Al'(M; V) —>

is a continuously s-injective resolution (1.5) of V by Fréchet modules in _Cig

We already know that each Aq(M, V) is continuously s-injective (5. 4).




Since V is a Fréchet space (in fact quasi-complete would suffice) the usual
proof of the Poincaré lemma in euclidean space (see e. g, [14: 4. 18] works

also for V-valued forms and provides, for each q, a continuous linear map
hq :Aq(M; V) —> Aq‘l(M; V) such‘that' tho d+de hq = id, This implies

that our sequence is a strong resolution.

Remark. Inthe case where M = G/K, this is proved in [10: p. 385-6].

d
(ii) HZ(G; V) is isomorphic to H (g, K; V).

(G; V) is isomorphic to H (AT (M; V)7,

5.6, COROLLARY. (i)H

(i) follows from 5.5 and the definitions (see 5. 1).

e
>

S
Let now M = G/K. Then A (M; V)CT =C (g, K; V) (seel, 1,4), hence

(ii) is a special case of (i),

Remark. (ii) is the well-known van Est theorem (see [4: Thm. 2], or
[10: Thm. 6.1] where it is in fact stated under somewhat more general

assumptions on V,

5.7. COROLLARY, Let E be a finite dimensional G-module, and assume

o
“~

that G operates trivially on V., Then Hd

(G; E @ V) is Hausdorff and

isomorphic to H;(G; E)]’ YV,

(In this statement, the tensor product of a finite dimensional vector
space E and of a topological vector space F is endowed with the obvious

topology, such that for any basis (ei) of E (1 <i<n=dim E), the

L



o

28

isomorphism of E ® F onto the direct sum of n copies of F associated to
(ei) is topological.)
: £
Let M =G/K. Then A (M; E ® V) defines an s-injective resolution

of E®V (5,5) and we have

KO

o w)s
- (g e B VEE

% *
Az Eev)©=c (g, k; E® V)K’/K

o
where K  is the identity component of K (I, 1.,4), hence, since K/KO acts

trivially on V:

(o]

G ®V=Cl(g, KiE)®@YV

K/K

A" E® V)T = (Ag/R) ® E)

),

Since C—F(_g_, K; E) is finite dimensional, it is then clear that 'Czﬁ(_g_, K;iE)®QV

has Hausdorff cohomology. Since we started from a continuously s-injective

ale
53R

d(G; E ® V) is Hausdorff,

resolution, this means, by definition (3, 3),that H

and implies also that it is equal to Hq:(g, K;E)®@V, i.e., to 'HZ(G; EyY® V.

5.8, THEOREM. Let N be a closed normal subgroup of G which has

finitely many coanected components., Let E be a finite dimensional G-module

and Ve __ng a Fréchet differentiable G-module on which N acts trivially.

% sk
Then H (N; E ® V) is Hausdorff, isomorphic to H (N; E) ® V, admits a

natural structure of differentiable Fréchet (G/N)-module and there exists

a spectral sequence (Er) abuting to H'E(G; E ® V) and in which

eP 9 = nb(G/N; BN E) @ V), (p, g eN)
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* .
Let M =G/K. Then A (M; E & V) provides a continuously s-injective
resolution of E® V (5,5). The fibration of G by N has local cross sections,

N
therefore Aq(M; V) is-continuously s-injective in. EN (2. 3).
N

s
b

By 5.7, H(N; E® V) is Hé,usdorff. By 2.3 it is the cohomology of C*
where C* is a continuously s-injective resolution of E @ V in _C_IG The
G/N-module structure on H*(N; E ® V) then stems from the natural action of
G/N on C*N (1.11). Theorem 5, 8 then follows from 5, 7, applied to N, and

E ®V, and from 4. 3.

Remark. To determine the action of G/N on Hm(N; E ® V) we may use
any continuously s-injective resolution with respectto N of V in EG (1,.11),
In particular, take as resolution A'ﬁ(X; E @YV), where X is the space of

maximal compact subgroups of N. Then

N N

(1) Axreviizatx eNev ,

as follows from the equality

.
-*

)N=c"‘(3, LLE®V)=C (4, LiE)@V ,

AX;EQV

where u is the Lie algebra and L a maximal compact subgroup of N, As
a consequence, the action of G/N on H>P(N; E) ® V is the tensor prodﬁct of

its actions on the two factors,

5. 9. Induced modules.\ Shapiro's lemma. Let H be a closed subgroup

of G and U ¢ E; The induced module in the differentiable category is the

L
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space
0 ’C} L,00 0 -1
I°(U) = IndH(D) > = {f ¢ C¥(G; U)|{i(gh) =h flg)heH, ge G)}

It is a differentiable G-module with respect to left translation and a Fréchet

space if U is one,

If we consider Fréchet modules, there is no difficulty in seeing that §2
remains true if continuous functions are replaced by smooth ones, and the
compact open topology by the c® topology. One has only to use 1,2 and to
remark that if X, Y are manifolds, and V a Fréchet space, then the canonical

) 0 0 . . . . .
map C (X, Y3 vV)—> C (X; C (Y; V)) is a continuous linear bijection of

Fréchet spaces, hence an isomorphism,

§6. Further results on differential cohomology.

To complete this discussion of differential cohomology, we prove the
existence of a spectral sequence relating continuous cohomology and
'cohomology‘ of invariant differential forms, which generalizes one of [5],and
give a further relation between continuous and differentiable cohomology

However, the results of this section will not be needed in the sequel.

“6.1. We need some facts on topological tensor products, for which
we refer to [7, 8]. If E, F are topological vector spaces (we recall that

only locally convex Hausdorff spaces are considered here) then E @ F will

be endowed with the '"projective tensor product topology" [8: 1, §1, n°3],
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and E @ F will denote the completion of E ® F with reSpe&t to that topology.
We recall that.the 1atj:er is the finest locally convex topology such that the .
canonical bilinear map EXF —E ® F is continuous, where E X F is endowed
with the product topology. If u: E"~—~> E', v:F—>F' are continuous linear
maps of ;copological vector spaces, then u® v is continuousj Its uniq_ue

continuous extension to a map E @ F—>E' @ F' is denoted u ® v.

6.1.1. If E and F are Fréchet spaces, thensois E® F [8: 1, §1,

n°3, Prop, 5]. If E is finite dimensional then E® F = E ® F, and the topology

is the one used in 5. 7.

6.1.2, Let 0—>E' —> E —> E" —> 0 be an exact sequence of

Fréchet spaces and F a Fréchet space, If either E or F is nuclear [8:1I, §2,

n°1 ], then

0—>EB r22Lrgr X ®L E'®@F —>0 ,

ig exact. Without nuclearity assumption, it follows from [8: I, §1, n°2, Prop. 3]
that u ® 1 is injective, v ® 1 is surjective and that Im (u ® 1) C ker (v e 1),
The equality Im (u§ 1) = ker (v ® 1), when either E or F is nuclear,

follows from the cor. to Prop. 10 in [8: II, §3, n°1]. Note that if B is

nuclear, then soare E' and E" [7:II, Thm. 3].

E3
6.1.3.. Let F be a Fréchet space. If C :CO-%*CI—>... is a

complex of nuclear Fréchet gpaces with Hausdorff cohomology (3. 1), then

- g _ 1 — * ok — IR
sois C ®F:C°®F —>C ' @ F—> ..., and we have H.(C ®F)=H (C)® F,

8
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%
This follows from 6.1.2 by splitting C into short exact sequences,

and using 1,2. It follows also that if C is acyclic, then so is c'® F,

6.1.4. Let M be a smooth manifold, E a finite dimensional real or

complex vectof space, and q ¢ N, Then Aq(M; E) ‘1s a nuclear Fréchet space
[8: 11, §2, no3, Thm. 10]. If V is a Fréchet space, then Exemple 1 in [8: II,

§3, no3] implies that the natural map
(1) Ay e v— A% EB V)

is an isomorphism,

6.1.5, Let M be a smooth manifold., Then the assignment

Vi—> COO(M; V) is an exact functor from Fréchet spaces to Fréchet spaces.

By 1.2, it suffices to prove that if

is an exact sequence of Fréchet spaces, then
0 —> C®(M; V') — C¥(M; V) —> C®(M; Vi) —= 0,
is exact., This follows from 6.1.2 (with F = C°(M)) and 6. 1. 4.

6.2. PROPOSITION. Let M be a manifold with finite dimensional real

cohomology. Let V be a Fréchet space and E a finite dimensional real

%
vector space. Then A (M; V ® E) has Hausdorff cohomology and we have




33

1) H(ME)®V=H(ME® V) - H A M E @ v)) = 54 o E)® V

(The main point here is the second equality, which says that de Rham theorem
is valid for forms with values in a Fréchet space, )

The first equality follows from the universal coefficient theorem and the
finite dimensionality of H*(M; R). |

The space I—I*(M; E) = H*(M; R) ® E is finite dimensional, therefore
A*(M; E) =A*(M) ®E is a complex of Fréchet spaces with Hausdorff cohomology
(3.5). By 6.1(3), so is the complex A*(M; E) ® V; this proves our first
assertion, and shows that we have H (A(M; E) ® V) = H (AM; E)® V. Of

course, H(A (M; E)) = H (M; E) by the usual de Rham theorem, hence the

first and fourth terms of (1) are equal, Finally, it follows from 6.1, 4 that we

have

AV Eev)-a%M) B (E ® V)= (A% e 2) B v = A% E)Y®V, (qeNN)

whence the last equality in 1)

6.3. THEOREM (G. D, Mostow)., Let M be a manifold with finite dimenscional

real cohomo-logy, on which G operates smoothly and properly, Let V be a

Fréchet G-module., Then there exists a spectral sequence (Er) which abuts to

*
H (A(M; V)G) and in which

ey %= mh G niv R) @ v) (P, g cIN)

\

1
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We consider the sequence

(1) 0 —> V—> A°(M; V) —> AN (M; V) —> ... .

It is an augmented complex of Fréchet spaces, with Hausdorff cohomology (6. 2).
Each Aq(M; V) is a continuously s-injective G-module (5.4), in particular it
is G-acyclic. Taking 6.2 into account, we see that the spectral sequence of

4,1 has the required properties,

Remark, If G- is connected and M is a smooth principal G-bundle,

this result is due to van Est [5: Thm, 4].

6.4. COROLLARY. Assume that M is acyclic over R. Then

HZ(G; V) = H'F(A:F(M; V)G)

In fact, the complex A":(M; V) is also acyclic (6.2), hence 6. 3(1)

yields a resolution of V by a complex of G-acyclic Fréchet spaces. We may

q

apply 4.2 and 5.1, or remark that we have EP9- 0 for g # 0 in the spectral

2

sequence of 6, 3.

6.5. Given V e_(_JG we let V° be the subspace of c® vectors of V,

endowed with the usual topology induced from that of C®(G; E) (see [13: 4.4]).
It is a smooth G-module. The injection v® —> V is continuous with dense
image., If V 1is a Fréchet space, so is Voo. If U, Ve EG and f: U—>YV

is a G-morphiém, then f induces a G-morphism foo : U0 —> v,
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+ 6.6. LEMMA, Let VeC..
(i) If A is s-injective in EG’ then V° is s-injective in goé

(ii) If V is quasi-complete, differentiable, and s-injective in _C_Ioé, then

V is continuously s-injective in C _.

(iii) The functor V> V° is exact in the category of Fréchet G-modules,

Proof. (i) Let u: A—> B be a strong injection of differentiable
Fréchet G-modules, and f: A—> VY 4 G-morphism. By assumption, f
extends to a G-morphism g : B—> V. The latter induces a continuous
G-morphism goo : B —» V®, Since B is differentiable, we have B = BY
set theoretically and topologically by definition [13: p. 259]. Hence
ImgC v® and g, viewed as a map of B into Voo, where V° is endowed with
its topology of differentiable G-modules (which is finer than the topology induced
from V) is also continuous,

(ii) Since V is‘ s-injective in Eé’ it is a topological direct G-
summand in any differentiable G-module containing it, in particular in
c® (G; V), Our assertion then follows from 5. 2.

(iii) In view of 1.2, one sees that it suffices to show that V—> v
preserves short exact sequences, and that the only non-obvious part is the
exactness on the right, i,e, if f: U—>V isa surjective G-morphism of
Fréchet G-modules, then foo : UP —> v® s also surjective, But this is
proved in [13] V(see 4.4.1.11, p. 260 in [13], taking into account that f

\
.induces an isomorphism of U/ker u onto V).

t



6. 7. 'PROPOSITION (P. Blanc, P, Delorme). Let V be a Fréchet G-module,

Then the natural map Hzt(G; V°°) —> HZt(G; V) is an isomorphism (q ¢ IN),

1 ;
Let 0 —>V —> Fo >F —> ,,, bean s-injective resolution of V

1
by Fréchet G-modules (see 1,5). ' Then by 6.6, 0—> VP > F®ens 7% s .

is a resolution of V© by Fréchet modules, which are s-injective in goé, and

in particular acyclic, (It is not necessarily s-exact, though), By 4.2 and 5, 2,
. ' G
Hd(G; Voo) is the cohomology of the complex {Fooq }. But Fi ¢ Fooq’ hence

+

G G .
rd = gp®9 (g e N), and therefore H::t(G; V) is the cohomology of the same

complex as HZ(G; v®). In view of 5. 1, this proves our assertion,

Remark. This result is due to P, Blanc and P, Delorme, and was
pointed out to me some months ago by P, Delorme. Both he and P, Blanc had
proved it independently. It may be that their proof, which I do not know, is

valid for a wider class.of G-modules,

—

s
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§7. Lie algebra cohomology,

In this section we sketch a proof of the existence of a Hochschild-
Serre spectral sequence in relative Lie algebra cohomology. We shall limit
ourselves to our main case of interest, that of (g, K)-modules over R, but

there are obvious variations in other contexts (see 7.8). In the final version

of these Notes, this will be expanded and incorporated in Chapter 1.

7.1. The category of (g, k, L)-modules, Let g be a Lie algebra over

R, k a subalgebra reductive in 8. Let L. be a compact Lie group, whose
Lie algebra £ contains an ideal isomorphic to k (also to be denoted k),
a: L—> Aut g a continuous representation of L in Aut g by automorphisms
which leave k stable.

Le?: K be the analytic subgroup of L with Lie algebra k.

A real vector space V is a (g, ,15’ L)-module if the following conditions
are fulfilled:

(i) g, hence U(g), "and L operate on V, With respectto L, the
space V is locally finite and semi-simple, The representation of L. on any

finite dimensional L-stable subspace is differentiable,

(ii) L is a group of operators for the U(g)-module structure, i, e,
x(u.v) = x(u).x(v) , (xeL;ueUlg) ve V)

(iii) Any finite dimensional K-stable subspace M of V is stable under

k, and the differential of the‘representation of K in M is the representation

8



of k obtained by restriction of the representation of g.
Thus, V isa (g, K)-module (I, §5) with an additional group of

operators L, We let C be the category of (g, Kk, L)-modules, the

g kL

morphisms being the linear maps commuting with both g and L. Itis a sub-

category of -C—_g_, K

7.2. Cohomology spaces. The complex C'P(_g_, k; V) = Homk(A(_g/l_c), V)

_—

has a natural L-module structure, stemming from the actions on g/k and V,
which commutes with the differer;tials, whence a L-module structure on

H*(_g, k; V), with respect to which this space is locally finite and semi-simbple,
Furthermore, we define Hq(__g_, L; V) to be the g-th cohomology space of the
complex HomL(A(_g/E), V), (q=0,1,2,...). Sincethe L actionis

semi-simple, taking fixed points is an exact functor hence

(1) ng 1; V) = g, x5 S

The case considered in I, §5 is the one where K is openin L. However,
our main reason for introducing this greater generality is to be able to consider

also the case where k = (0).

. 3. Ext functors. In C we may consider projective and injective

== —g,k, L
modules, and derived functors of Horng Xk and of Ho:‘:ng L Let a.gain'

R = U(g), S = U(k). The actions of L. on

g and k extend to representations

of L in R and 'S, with respect to which these are locally finite and semi-

simple L-modules. The argument of I, 2.4 shows that if Ve __C_g k. L’ then
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.

I(V) =R ®S V, endowed with the IL-module structure given by the tensor

product of the actions on the two factors,is a projective (g, k, L)-module,

It follows that there is at least one projective resolution of V in gg K L which

is at the same time a projective resolution in C In fact, the projective

&k
resolution {Xq} of the groundfield given in I, 2.5 is one in gg K L' Con-
sequently, the derived functors of Homg in Eg K 1, are the same as

in C K but they are endowed moreover with a canonical structure of locally

finite and semi-simple L-module, which may be defined from the action of L,

on any projective resolution in C the standard arguments show it to be

—&, k, L;

independent of the resolution (as in 1,11).

. o .
Asinl, 2.5, let P (V) = HomS(R, V), where V Eg_g,l_s, L It is a

L-module in the obvious way. Let P(V) = HomS(R, V) be the space of

(L)

L-{finite vectors, By an argument similar to the one of I, 2,5, one sees that
the representation of L on any finite dimensional L-stable subspace is

differentiable, and therefore semi-simple, Thus P(V) Egg k. L and is

again injective. Hence there are injective resolutions of V in Cg k. L
? ?

which are injective resolutions in Cg K-
—’—— »

We denote again by EXt_g_,E the derived functors of Homg in gg’ k, L’

and let moreover Ext L be the derived functors of Homg L in that.

B,
category, If U, Ve gg k. L’ and if 0 —>V —> Co —> ... 1is an injective

resolution-of -V in E_g_,_lg, I’ then Eth,_lf(U’ V) is again the g-cohomology

of Hom (U, C9), while Ext?
g g

—’

(U, V) is the g-th cohomology space of the
1 y



complex {Homg IJ(U, Ci)}.

7.4, LEMMA, Let n bean ideal of g which is stable under L. Let V Dbe

po S
prmnanl

an injective (g, Kk, L)-module. Then V is also injective as a (n, kN n, L)-module,

There are L-invariant subspaces m, m' of g such that g=n & m

and m = m' @ 52. Using the Poincaré-Birkhoff- Witt theorem, we see that we

can write
(1) R=U@n @M, M=M ®U(gz) ,

with M and M' stable under L. Also, M is invariant under right translations
by U(_lfz)' By the so-called adjoint associativity between Hom and @
(see e.g. [8: VI, (8.7)]), we have
(2) HomS(R, U) = Homs (U(n), HornS (M, U)) ,

- 1 2
where Sl acts on U(n) by left translations, Sz acts on M by right trans-
lations, and S1 acts on HomSZ(M, U) by the given action on U (this is
compatible with the Sz-action since Sl and S2 commute). Moreover, this

isomorphism is compatible with the natural operations of L, whence an

isomorphism
- ’ . . 2 1
Thus HomS(R, U)(L) can be written in —C—n,k L in the form P(U'), for

2y




hence it is injective in that category.

1
some U eCn kl L’

7.5. THEOREM. Let n be anideal in g stable under L, k1 =kNn and

I

Then there exists a spectral sequence which abuts to

3%

H (g,k; V), in which Eg’q = Hp(_g_/E, 5/51; Hq(_xl, 51; V)), and a spectral

sequence which abuts to H;"(_g, L; V) and in which EIZ)’q = Hp(g_/_r}, L; Hq(fl_, k.5 V).

1

The argument is the standard one. Start from an injective resolution

(1) 0—>v—>c®°—scl —s
of V in Cg K, L and consider the complex C - = {C } of n-fixed elements.
By 7.4, (1) is also an injective resolution of V in —C—n kL’ therefore,
l,
(2) r4Cc™) = 1w, kv

sk b
The complex C 2 isa complex of (g/n, E/El’ L/Kl)-modules, where Kl is

the analytic subgroup of L with Lie algebra Kl’ whence a natural structure
of (g/n, k/k , L/K )-module on the right hand side of (2). It follows

immediately from the def1n1t10ns that if M is injective in _(Zg K, L’ then

M= is 1n_]ect1ve in C Thus the Cs are injective in the

g/n k/kl’ L/K
latter category, In particular they are acyclic. The standard double complex
argument used in 4.1 then yields the existence of a spectral sequence abuting

to H'(C c'ne/n) in which

N\

(3) Bb =1 (g/n, k/k s HIC D)



But (CZE/2 . '€ hence HY((CE ng/n, H (g, k; V). In view of (2), we get
the first spectral sequence mentioned in our theorem. Furthermore, it is
clear that L acts as a group of operators on the whole situation, and that the

Er's are locally finite and semi-simple L-modules. The second spectral

‘sequence is then obtained by taking L-invariants.

:l_.__g. In the next chapter, we shall use 5.8 and also 5.9 for induced
representation of a semi-simple group induced from a parabolic subgroup.
7.5 supplies an algebraic analogue of 5,8. If we want to remain in an algebraic
context, we should also have a substitute for 5.9 and an essentially algebraic
description of K-finite vectors in an induced representation. We now state
without proof a result due to N, Wallach which supplies this.

We take the notation of VI. Let (P, A) be a standard p-pair. Write .
P =M.N, where M is a Levi subgroup and N the unipotent radical of P.
Let (o, H) be an admissible irreducible repreéentation of M on a Hilbert

space. Let
1_={f «CV(G, B)]i(g.p) - olp) *f(g), (g¢G, peP)}

be the representation induced from o, and Io_ (K) the (g, K)-module of

K-finite vectors in IU. On the other hand, consider

UO=H0mU(B)(U_(_g_), ={f: Ug)—>H |£(u. p) = o(p). f(u)‘, (ueU(g); pe U@} ,

where Ho is the space of (K N M)-finite vectors in H, p. the Lie algebra




of P, and Y the standard involution (induced from X > <X, X ep). Let U

1

be the space of _lg-fin.ite vectors in Uo. The representation of k in U1
integrates to one of the universal covering K of K. We now want to single out

a subspace on which this representa-tion of K goes down to one of K, The

center Z(G) is contained in the center Z(M) of M. Since (o, H) is irreducible,
there exists a character y of Z(G) (in fact of Z(M)) such that o(z) = X(z),id.
for z e Z(G), Let G be the universal covering group of G. It contains ﬁ,

its center Z(E) is contained in K and maps onto Z(G) under the natural

projection G —> G. Therefore y may be viewed as a character of Z(G),

whose kernel contains the kernel of T : K —> K. We let then

U, ={feU Jatf=x=7", (2e2@))

Then U2 is a (g, K)-module. Finally, let
Us={xcU,|fkx) =00 "x, (xe¢Ug), keKn M)}
Given fe I(G), let Tf: U(g) — HO be defined by

Tf(x) = x. £(1) , (x ¢ U(g))

It is readily seen that T maps IG (K) into U and commutes with g and

K, We have then

7.7. PROPOSITION (N, Wallach), (i) The map T is an isomorphism of

\
(g, K)-modules,



(i) H (p, KN P H ) > H (g, K; U).

A pr'oof will be given in the final version of the Notes.

7.8. The point of 7.3 (also of 1, 11) is that one can under suitable

assumptions, without changing the cohomology, impose additional structures on

the modules under consideration, which are inherited by the cohomology groups.

There are of course many other instances of that, For instance in the situation
of I, 2.2, 2.4, let £ be a Lie algebra of derivations of g leaving k stable,
under which g is fully reducible,  Let us define a (g, X, _ﬂ_)—module V to be
a (g, k)-module and a £ -module, which is locally finite and semi-simple with
respect to £, such that x(y. v) = (x.y).z+vy.(x.2) (xef, yeg, Ve V). Again

the derived functors of Homg in the category of (g, k, £)-modules are the

same as in Eg K’ but are .{—modules in a natural way. Of course, gg K
may be identified with Ed Using this, one deduces, exactly as in 7. 5,
_9_,

kK

the existence of a Hochschild-Serre spectral sequence in -(—:g K

o Ak ST

e
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SEMINAR ON THE COHOMOLOGY OF DISCRETE
SUBGROUPS OF SEMI-SIMPLE GROUPS IAS, 1976-77

X. COHOMOLOGY WITH RESPECT TO AN INDUCED REPRESENTATION

A. Borel

This chapter is mainly devoted to the computation of H:(G; VRF),
where G is semi-simple, F is a finite dimensional representation of G
and V is induced from a representation of a parabolic subgroup P of G.

It is expressed essentially in terms of the cohomology of a Levi subgroup

M of P with respect to the tensor product of the representation of M
induced from and of a suitable finite dimensional representation of M (3. 4).
Together with the results of VIII, §5, this yields an essentially complete
description of the cohomology space H;:(G; V®F) when V is tempered

(5. 2). In particular it is concentrated in an interval of length IO(G) =rk G -
rk K (K a maximal compact subgroup) around (dim G/K)/2, and is zero if
P is not fundamental (in the sense of 4.1)., If V is induced from a tempered
irreducible representation, then the cohomology is zero outside an interval
of length at most the R-rank of G (6.1).

After this work was done I was informed that G. Zuckerman had
obtained independently similar results. My own starting point was a formula
proved by P. Delorme and describing the cohomology of complex semi-simple
groups with coefficients in certain degenerate principal series. I thank him

very much-for having communicated it to me,



§1. General remarks

Ll If G isa Lie group with finitely many connected components

and (v, V) a differentiable G-module, then the continuous cohomology and
differential cohomology of G with respect to V are canonically isomorphic
(IX, 5.2) and are also isomorphic to the relative Lie algebra cohomology with
coefficients in V or in the module of K-finite vectors of V (IX, 5.6;1, §5).
In the sequel, to fix the icieas, we usually consider differentiable cohomology,
but implicitely use these isomorphisms when referring to a result stated in

another context.

L. 2. If V is a G-module and G' a finite covering of G, then the

Hochschild-Serre spectral sequence shows readily that H*(G;V) = H?G';V).

L. 3. Let G be connected semi- simple, with finite center, V an
irreducible admissible differentiable G-module and F a finite dimensional
irreducible G-module, Then H:;(G; VQF) = 0 if the central character of V
is not equal to that of the contragredient module to F (I, 5.3). If thatis

the case, then G —Aut V factors through a linear quotient of G. Inview

of 1. 2, this means that, in computing differentiablelcohomology of G, we

may without loss of generality assume G to be linear, or even to be embedded

as a real form in a simply connected complex semi-simple group, as we shall

usually do.

]

v
L]




l. 4. For induction purposes, it would be more convenient to use a

broader class of groups, e.g. the one introduced in [3: §3]. Since we need
not go beyond linear groups, a s-ufficiently general and "I;eredita'ry” notion
is that of a "reductive linear group of connected type': an open subgroup L
of the group L(IR) of real points of an algebraic group L defined over IR,
whose identity component _L_,o is reductive, such that Ad L.C Ad Eo (this is
the condition "of connected type'). We shall occasionally use it. We note
that the notions of Cartan involution and Cartan decomposition are well
defined for such groups [1: 1. 6], or [3: §3]. The IR-rank rk]R L. is by

definition the IR-rank of _L_,O, and is also equal to the common dimension of

the maximal commutative IR-split subalgebras of the Lie algebra of L.

§2. Notation and conventions

2.1. Unless otherwise stated, the Lie algebra of a real Lie group
G, A,K, ... is denoted by the underlined lower case letter, and the subscript

o denotes complexification. If G is a topological group, then G° is the

connected component of the identity of G.

2. 2. Inthe sequel, G denotes a connected linear semi-simple Lie

group whose complexification GC is simply connected. Then Gc may be
viewed as an algebraic group over IR, whose set of real points is 'G. For

the standard notions on parabolic subgroups used below see e. g. [5:1.2.4]

or [2; 3-]. -




Let (P, A) be a p-pair. We have the decompositions
o o
1) P=M.N= M.A.N,

where N = RuP is the unipotent radical of P, M = Z G(A) the centralizer in

G of A and a Levi subgroup of P, and

(o]

M x| .

=
xeX(M)]R

s
where X(M)]R is the group of morphisms of M into R.

If more precision sgems required, we shall write OMP, AP, MP’ NP
for oM, A, N, P. The decomposition P = M.N is the standard Lievi decompo-
sition of (P, A). |

We recall that OM contains a finite group F, which is a direct
product of groups of order two, such that M is the semi-direct prodﬁct

of 0Mo and F, (a direct product if P is minimal). This follows immediately

from [2: 14. 4]. -

2.3. Fix a maximal connected commutative IR-split subgroup Ao

of G. A p-pair (P, A) is said to be semi-standard if AC AO.

Weé fix a Cartan subalgebra h of .g contains a and let H = ZG(E)

be the corresponding Cartan subgroup. If (P,A) is semi-standard, then

(1) h=Db®a, where P_=_§P=_]51_ﬂ°£,

and b isa Cartan subalgebra of OE . We also have



(2) H=BXA, where B =‘OM NH is a Cartan subgroup of M.

We have then a canonical isomorphism

e

(3) h =b +a ,
b —C —C

% *
where Ec (resp. EC) is identified to the space of linear forms on _130 which

are zeroon a (resp. b).

2.4, Let &= <I>(_g_c, _]r_10) (resp. IR,@ = <I>(_g_c, Eoc)) be the set of

roots of g, with respect to Ec (resp. Eoc)' Its elements will also be
viewed as roots of GC with respect to H (resp. A), i.e. we make no
distinction between a "'global' root and its differential at the origin. The
elements of ]RCI) are the IR-roots. The value of a root o on an element

a is denoted «(a) or a%. If (P, A) is a p-pair, then &(P, A) is the set
of roots of P with respect to A, i.e. the characters of A in n with
respect to the adjoint action, and A(P, A) the set of "'simple" elements

in ®P, A). We recall that A(P; A) is a basis of E* and that every element
in &P, A) is linear combination with coefficients in IN of elements in

A(P, A). The dimension of A is the parabolic rank prk P of P. As

usual we let Pp € E'F be defined by

1) pp(a) = (1/2) det.Ad a[n , (a€A) .
-P



If an ?rdering on & (resp. ]R<I>) is fixed, then A& (resp. ]RA)
denotes the set of simple roots (resp. R-roots) and <I>+ (resp. IR¢>+)
the set of positiv'e roots '(resp. IR-roots). Orderings on @ and ]R(IJ
are compatible if the restriction of a pésitive element is positive. The
choice of an érdering on IR¢ is equivalent to that of a minimal parabolic
subgroup PODAO and then IR@+ = (P, Ao). If this is fixed, then a
p-pair (P, A) is said to be standard if AC A and PDPO, i.e. if
(P, A) dominates (PO, Ao). |

Fix an ordering on @ The fundamental highest weights Ea (xed)

are then defined by

(2) 0, 8) = B,g(@ B)/2, (2 peh),

where ( , ) is a scalar product invariant under the Weyl group. We

recall that

3 w = d ith >0,d >0
(3) Yo zyeA ay ¥ wi dozy= * Taa

(and more precisely day > 0 if and only if' o,y belong to the same simple

factor of _g_c).
If (P,A) is a semi-standard p-pair, then ®m ,h ) = (°m_,b_)
may be identified to the set of roots which are zero on a, and AM =AM

Im,h ) is the set of simpie roots for the ordering induced from the ;given
g e

one on ® Moreover, if we let
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(4) 2p = % a, “2p =X a,
o:€<P+ OM a€¢(om , b )+
—c’—c
then
(5) oel=e .
) —12 OM

If (P, A) is a standard p-pair, then

(6) pPp(a) = p(a) = (1/2)—’—,;@(20»23 a(a), (aeAp) -

2,5. Weyl groups. Let W= W(g ,h ) be the Weyl group of g with
=== =c’—c g =c

.. _ _ o
respect to EC and similarly WM = W(r_{lc, I_lc) = W( Elc’Ec)' We put
-1
(L) wt - {wew|w () >0, (aeAM)}.

Then WM is a set of representatives for the right cosets WM.W in W.
As usual, the length f(w) of w € W is meant with respect to the set S of
reflections sa €W (a€d). We recall that if t € W, the minimum of #(w)

on WM.W is attained on WM n {Wm.w}, and only on that element [4: 5.13].

2. 6. Infinitesimal characters. If (m, V) 1is an irreducible admissible

representation of a linear reductive group of connected type (1. 4) 1. then

X_ or Xy denotes its infinitesimal character. We shall use the standard

als

parametrization of the infinitesimal characters by q; modulo the Weyl group,

where q_ is a Cartan subalgebra of £c : if V is finite dimensional, with

highest weight u, then y = .
g ght p Xe = Xap



§3. Principal series representations

In this section, we fix G, Ao, h, compatible orderings on A and
A gs in §2, and let (Po, Ao) be the standard minimal p-pair.

We first state, in the form needed below, a special case of a theorem {&

of Kostant [4: Thm 5. 14]: ' ' ,

3.1. THEOREM (B. Kostant). Let A be a dominant weight of G,

and Fh a finite dimensional G-module with highest weight . Let (P, A)

be a

standard p-pair, P= M.N its standard Levi decomposition. For

ol

M € b (E:olzlné, cf. 2.3), let Eu denote an irreducible 1\/[c module with

——

extreme weight p. Let j € N. Then, there is an isomorphism of MO~

modules

#a,, F) = ©

E
P s(p+Ar)-p

seWM, £(s)=]

Note that the weights s(p+\X) - p are all dominant and distinct, as
s ranges through WM (loc. cit.), hence the decomposition of Hqg(_r};Fx)

as a Mc-—module is multiplicity free.

3.2. If R is a closed subgroup of a Lie group Q and (mw, Vw) a

differentiable R-module, then the representation of Q induced from = is !

the representation defined by left translations on

o) Ind ) - Imd (v ) = {t e C*(@V)[f(a- ) = n(r) " £(a), (q€Q, reR)} .



¥ (r,U ) is a finite dimensional continuous representation of Q, then there
T

-

is a canonical isomorphism

~ . T ~ Q
(2) ¢ : IndR(V“tX)UT) (IndR(Vw)) ®U_,
given by
3) (D@ = (@-Ha), (EemdI(V_OU,)iqed.
3.3. Wefix a p-pair (P,A) of G andlet P = H.N be the standard

Levi decomposition of P. Let (o, Ho) be a differentiable admissible Fréchet
oM-module with an infinitesimal character X and let v e g_: . Then the

induced representation (w ) is the representation defined by

PJUDV,IP’G,U
left translations on

-( pptv)

(1) I ={fe Cw(G;HG)[f(g. man) = a .o(m)'l.f(g)},

P: g,v
(geG, meoM, a€A, neN). Thus, in the notation of 3. 2:

G
(2) IP, S IndP(H(7 ®©PP+V) s

where, for u € 3:, we let (C,‘u denote € acted upon via u by A.
It is an admissible finitely generated Fréchet G-module whose infinite-

simal character is x, ,  (cf. 2.5)if X eb_ issuchthat x_=x, .
() (o)



3.4, THEOREM. Let (P, A) be a standard p-pair, P = M.N the

standard Levi decomposition of P. Let ¢ and p be as in 3. 3 and write

Let N € Eé be a dominant weight and F, 2 simple G _-

L ':‘E—o—r IP:G:V

module with highest weight .

als
b3

(1 I Hd(G;I@JF)\) 4 0, then there exists s'¢€ w™ such that

(1) s(p+)\)|A+' v=0,
(2) X5 = X_g F,Jr)\”gc;

Such an s is unique.

(i) I_f s € WM gatisfies (1) and (2) then, for every q € IN, Wwe have

- qte(s), .. _ * 0 ¥ q
(3) Hd (G,I@F)\) = (Hd( M,HG ®E(S(p+)\)_p))®1\§c) .

Remarks. 1) The conditions (1) and (2) are equivalent to

p+he ~WO_+V) .

-~

Condition (1) implies that v is real valued.

2) In(3), E is viewed as a 0M-rnodule by restriction. Since
s( gt )-p

M is the direct product of M by 2 commutative groups, Es( o4\ )-p is an

irreducible OM-module. Its restriction to OMO is a multiple of the irreducible

representation with nighest weight (s(p +A)-p) I_k_)_c = g( p+)\)|2c - Py




3.5. Proof of the theorem. By 3.2(2) and 3.3(2) we have

G
(1) I® F)\ = IndP(F)\ ®Hc®©)\+p) .

By Shapiro's lemma (IX, § 2, and 5. 9), we have then

(2) Hd(G;IQFx) = Hd(P;Fx ®Hcr ®(C)\+p) .

By definition, N acts trivially on H(J ® C)\+p’ and F)\ is finite dimen-

sional. Therefore Hd(N;FQH(7 QC 0 )\) is Hausdorff and equal to

+

Hd(N;F)\) Q@ H0 ® C‘p+>\ (IX, 5.7). We can then apply IX, 5.8. There

exists therefore a spectral sequence (Er) abuting to H;(P;F)\ QDH(‘T @@p )

+X

and in which

P, q _ P Q.
(3) E = HyOLH (GF, )®H ®C ) .

+X

The group N is unipotent; therefore it has no compact subgroup :} {1},
hence by van Est theorem (IX, 5. 6), Hd(N;U) = H(n; U) for any differentiable

N-module U; Kostant's theorem (3.1) yields then

‘ a
(4) H{(N:;F) = & L, . where L. = E .. .
d seWM,Jz(s)=q S S s(A+p)-p
Therefore
P, q P
(5) E = @ H (M;H ®C AL ).
2 SGWM,!(S)=q d o) ptA s
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Since M = °M x A, the M-module LS may be viewed as the tensor product
o

of an irreducible ~M-module by the one-dimensional A-module C .

Y (s(p+r)-p) |A

Let

(6) vszs(p+)\)lA”p|A+‘PP+v'

Since (P, A) is assumed to be standard, we have p IA = Pps hence
(7 Covg = sl ], .

(2.4). Using I,1.3 and I, 5.1(4) we can apply the K#nneth formula and get

b3 % o "

(8) H d(M,LS@)HG’@(CVS) - H (ML _OH_) ® H (A, «:VS)
I v .10, then H*’(A;((EV ) =0 by IX, L.9, and then E, = 0 in view §
S b

i

of (8), (5), which proves the necessity of (1).

If now vy = 0, then

%k £ s
(9) ~H (A;,(CV ) = H (a3€) = Aa_,
s

and we have

sk B *® 0 . £
(10) H (ML ®H ®cvs) = HCM;L ®H ) @ Aa_ .

By I, 5.3, the space H'P(OM;LS@)HG) is zero if X is not equal to the

infinitesimal character of the representation Es contragredient to LS.

Since the highest weight of L is (S(p+)\)—p)|b and plb = p, » the
—C —C M

infinitesimal character of L_s is X-(s()\ +0)) ,.tlc This proves the necessity

of (2) in (i).
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These two conditions determine s(p+\) uniquely; but p + \ is
regular, therefore they fix s € W as well, and the uniqueness assertion

of (i) follows.

Let now s € WM satisfy those conditions. By the previous argument,

we have
11 H (M;L,®H ®C ) =0 it tew™ t
( ) ( » _t o p+x - £ € r :} S,
Then (5) and (11) imply
(12) > %=0, it qi (s,
and (5) and (10) yield:
p, £(s) _ . * o *P
(13) Ez = (H ( M,LS®H0)®A§C) ’ (pelN).

(12) and (13) show that the spectral sequence (Er) degenerates and that
we have

j-£(s), £(s)

(14) Hé(G;I@F)\ ) = E , (jeIN);

(3) now follows from (13) and (14).

3.5. Let (r,U ) be a continuous finite dimensional representation
=== T

e

of A which is quasi-unipotent: i.e., there exists v e_a_z, called the

weight of v, such that (-f(a)-a". Id.) 1is nilpotent for every a € A. Any
continuous finite dimensional representation of A is direct sum of quasi-

unipotent ones. Theorem 3. 4 holds true if (C?V is replaced by U , provided
. T

N



that in (3), the factor AEZ is replaced by Hq‘(_alc;UT). The proof of (i) is

réduced to the case considered above by using a J ordan-H8lder decomposition

of (r, U-r)’ The proof of (ii) is then the same as above.

§4., Fundamental parabolic subéroups

From now on, K is a maximal compact subgroup of G whose Lie

algebra is orthogonal to that of AO .

4.1. Let L be a reductive group of connected typé (1. 4) and L1

the greatest connected normal sgemi- simple group of 1.°. A Cartan subgroup
C of L is fundamentai if and only if it contains a maximal torus of L. This
condition is equivalent to C fl Ll being fundamental in Ll' The fundamental
Cartan subgroups of L form one conjugacy class [5: 1. 4.1.4, p. 110]. A
parabolic subgroup P of L_ is fundamental if it is minimal among those
which contain a fundamental Cartan subgroup. P is fundamental if and

onlty if P N If'l is fundamental in Ll. Those parabolic subgroups form one
class of associated parabolic subgroups: if C 1is a fundamental Cartan sub-
group of L.° and Co its greatest connected IR-split subgroup, then

d
Z c)(CZ) is a Levi subgroup of P for all fundamental parabolic subgroups
L :
of L.° containing C. In particular, prk P is equal to the difference
rk L - rk Q, where Q is a maximal cémpact subgroup of L. If rk L =

rk Q, i.e., if L has a discrete series, then L is its own fundamental

parabolic subgroup.
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Recall that a parabolic pa'ir (P, A) is cuspidal if 0MP has a
compact Cartan subgroup. If so, the center of oMP is compact. A

fundamental parabolic subgroup is cuspidal.

4.2. LEMMA. Let (P, A) be a cuspidal p-pair in G, M = Z(A),

N=R P.
u

(i) If P is fundamental, then all root spaces in n are even

dimensional. In particular dim n is even. Moreover, dim n> 2.dim A,

2.rk K.

(ii) If P is not fundamental, then the Cartan subalgebras of

o . .
m _are singular in g

—C =2

(i) Assume P to be fundamental. Let S be a maximal torus of
OMP. Then S 1is also a Cartan subgroup in a maximal compact subgroup
of G, hence it contains elements which are regular in g, [5:1.3.3.2],
and the Cartan subgroup S.A is the centralizer of some element in S.
In particular, the representation of S in n given by the adjoint repfe—
sentation does not contain any trivial representation. It is therefore a sum
of two-dimensional real irreducible representations. Since S leaves all
root spaces stable, this proved the first assertion of (i), and also shows

that dim n> 2.dim S = 2.rk K. Since A acts faithfully on n, there are

at least dim A linearly independent roots, hence dim n> 2dim A.



(i) Assume now P is not fundamental. J.et T bea maximal

torus of G containing S. Then TC Z(S) and T4 8S. Thegroup R= Z(SY S
is reductive. The group A maps isomorphically onto the identity component
of a‘Cartan subgroup of R. It is IR-split. But R contains a non-trivial
torus, namely T/S, hence its Cartan subgroups are not all conjugate to

each other. As a consequence, R is not commutative; therefore Z(S) has
a non-trivial semi-simple subgroup.‘ But then s is singular. Since S,

is a Cartan subalgebra of Or_r_lc, this proves (ii).

4.3. Let L. be a Lie group with finitely many connected components

and @ a maximal compact subgroup of .. Weput -
L 2.q(L) = dim L - dim Q .
Assume the Lie algebra of L to be reductive. Then we let

(2) IO(L) =rk L - rk Q, 2. qO(L) = 2q(L) - IO(L) .

Since the rank and the dimension of a reductive Lie algebra are congruent

mod 2, qo(L) is an integer.

4.4, LEMMA. Let L bea reductive group with compact center

(1.4). Then qo(L) ; rk]R L and qO(L) + IO(L) ; 2, q(L) - rkIR L.

We may assume L. to be connected. Then L = L'.S, with S

central compact, L' semi-simple, and L'fl§ finite. q ( ) 4 ), TR

R T
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q( ), are the same for . and L this reduces us to the case
where L is connected, semi-simple. Passing to a finite covering does
not change these constants, so we may assume L = G and use our standard

notation.

The set ]RA has dim Ao elements, hence dim No >dim Ao' By

the Iwasawa decomposition G = K. AO. No’ we have then

(1) 2q(G) = dim AO + dim No ; 2 dim Ao = ZrkIR G.

This proves the lemma when IO(G) = 0, Let now (P,A) be a standard
fundamental p-pair of G, P = MN the standard Levi decomposition of P
and S a maximal torus of OM. The group OM has compact center, hence

(1) also yields

o o
: >rk .
(2) a( M):r IR( M)
We have
o . . _
(3) rkIR G = rk]R M+ dim A, dim A = IO(G) s

Since P is standard, the Iwasawa decomposition G = K. AO. No induces

o
one on M, whence

(4) 2q(G) = 2q(°M) + dim N + dim A = 2q(°M) + dim N + 1.(G),

(5) 2q (G) = 2q(°M) + dim N .



Using (2), 4.2 and (3), we get

(o] . o .
> = L
(6) qO(G) > I‘kIR M + (dim N)/2 _Z_ rk]R M + dim A rk]R G

On the other hand, by (4), (5):

(7) - 2q(G) - rk M = 2. q,(G) - rk On;

o
G = 2. + di - rk
q(‘ M) 1mN r R

R R

(6) then yields:

G >q (G) +rkp, G- Tk "M = q(G) + £ (G).

(8) 2q(G) - rk R R

R

4,5, LEMMA. Let L bea reductive group with compact center.

(i) We have q(L) = rk]R L if and only if the non-compact normal

subgroups of 1.° are of type SIL.Z(IR).

(ii) We have qO(L) = rkIR I, if and only if every non-compact simple

factor of L° is of type SI,(R), SL,(C) or SL.(R).

~

Proof. The reduction to the case where L is connected, simple

non-compact is immediate and left to the reader. So assume L. to be so.
Fix a minimal p-pair (Po’ Ao) and let P0 = Mo' No be the standard Levi

decomposition of PO .

L is equivalent to

(i) By 4.4(1), the condition q(L) = rk;,

1) . dim No = rkIR G = dim AO.

Since L is simple, and dim N_> (Card 4), this is possible only if

i e i o er 0w e e e am s
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dim AQ = 1. Also, rk L =1, because any maximal torus of Mo acts

necessarily trivially on the one-dimensional space No’ hence is reduced

to {1}. Then L is locally isomorphic to SL,(IR). The converse is clear.
(i1) Let now q(L) 4 qO(L)‘ and qO(L) = rkIR G. Let (P,A) bea

standard fundamental p-pair, P = M.N the standard Levi'decomposition of P.

The group P is cuspidal, hence q(°M) = qO(OM). By 4. 4(5), 4.4 and 4. 2:

(2) q (L) = a°M) + (dim N)/2, q°M) > rk_ °M, dim N> 2 dim A.

R

In view of 4. 4(6),

(3) q (L) = vk, L <> q°M) = rk_ °M, dim N = 2.dim A.

R

By (i) the first equality on the right hand side is equivalent to M having all
its non-compact simple factors of type S]LZ(IR). In view of 4.2, the second

one yields

(4) (P, A) = A(P, A) .

Assume now L to be absolutely simple. Then (4) implies, by standard facts
on roots that dim A =1, hence, by 4.2, rk(oM) <L If rk(OM) = 0, then
L is of type SIL:Z(IR), and q(L) = qo(L), in contradiction with our present
assumption. Hence rk(oM) = 1 and therefore rk L. = 2. The representation
of OM in n given by the adjoint representation has finite kerpel, hénce

oM0 is either a circle group or locally isomorphic to SILZ(]R). In the former

N\
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case; no root of L would restrict to zeroon g, and &P, A) would have

at least two elements. Therefore °M° is of type S]I_,Z(]R). We have a semi-

direct product decomposition No = N. (OMﬂNO) where °M N N is one-dimen-"
sional, hence dim No = 3. From this it follows réadily that L is locally
isomorphic to SIL3(]R).

Finally, assume L not to be absolutely simple. Then there exists
an absolutely simple complex group R such that L. is R, viewed as a real
Lie group. In this case, @(P, A) may be viewed as the set of positive roots
in the root system &®(R) of R, for some ordering. Then (4) shows that

R has rankl, i.e., R is locally isomorphic to SIL 2(((E).

§5. Tempered representations

5. 1. THEOREM. Let (P,A) be a standard cuspidal p-pair of G,

(o, Hor) a discrete series representation of °M and v e E; purely imaginary.

Tet I=1 (3.3) and F, be a finite dimensional irreducible G-module

P,o,v A

with highest weight . Assume HZ(G;I@FK) 10. Then v =0, P is funda-

mental (4.1), the length £(s) of the element s € WM satisfying 3. 4(1), (2)

is equal to (dim N)/2 and there exists a strictly positive integer d such

that

£
i 4a. - oy .q = -
(L dim Hd(G,I®F) = d. (q_. qo), (qu,qo—.qo(G), IO—EO(G)) .




) q, .. PR :
In particular, Hd(G,I®F>\) 0 if q ¢ [q, q, + EO] .

The non-vanishing of the cohomology implies that v is real (3. 4),

hence v = 0. We must then have, by 3. 4(1)

(2) s(ph)[, = 0,

which means that s(p+\) € _lzc (notation of §2). Since s(p+\) is regular,
it follows that _t_)_c is not orthogonal to any root or, equivalently, that, b

contains regular elements of gc. Then 4. 2(ii) shows that P is fundamental.

Consequently,

(3) dim A = IO(G) .

We now use 3, 4(3), writing LS for E By assumption, o belongs

s(p+\)-p’
to the discrete series of OM. By VIII, §5, H"~(OM;H®LS) is concentrated
in dimension q(OM). Let U be that cohomology space. Then, for q € IN,

we have

qt+L(s)

(4) H (GIOF, ) = U ® AJEZ, with j = q - q(°M).

In particular, the lowest and highest dimensions in which the left-hand
group is not zero are q(OM) + £(s) and q(oM) + £(s) + IO(G). The repre-

sentation = is unitary since o 1is, and v is purely imaginary.

P,o,y
Therefore HF(G;I®F)\) satisfies Poincaré€ duality (II, 3.4), and we have
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2. q°M) + 2. £(s) + £ (@) = 2.a(C).

Then, (3) and 4. 4(4) show that 2. 2(s) = dim N and the theorem follows,

with d = dim U.

5.2. COROLLARY. (i) Ha(GsI®OF,)=0 if a<rkp G or q> 24(G) -

rk__ G.

(i) Hq(G;I®F y40 for g=rk_ G, then each non-compact simple
= d A R

factor of G is isomorphic to SIL,Z(_IR), SI[_,Z((C,‘) or S]L3(]R).

(iii) Let (m, V) be an irreducible tempered representation of G.

Then

ndaver,)=0 if af [go(G),qo(G) R

If V is not a fundamental principal series representation,

x .
then Hd(G;V®F)\) = 0,

o——

(i) follows from 5.1 and 4. 4, (ii) from 5.1 and 4.5, If V isasin

(iii), then it is a direct G-summand of a representation I = IP - v with

? 2

¢ and v asin 5.1, hence _HZ(G;V@F)\) is a direct summand of HZ(G:I@F)\)

and (iii) is a consequence of 5.1.

5.3. PROPOSITION. Let L bea reductive group of connected

type (1. 4) with compact center. Let (w,V) be an irreducible tempered

representation of L and (5, F) a finite dimensional rational representation

of L. Then



(1) Hg(L;V‘Z)F) =0 for q¢[q (L), q (L) +£ (L), q <rk L, q>2q(L) - rk L.

o

/L . Moreover, the réstriction of

We have H_ (L;VEF) = H (F;VOF)"
(w, V) to LO is airect sum of finitely many tempered irreducible representations
(cf. 5.5). This reduces us to the case where 1. is connected. There is a
finite covering L' -—L, where L' ]:.S reductive, L'-= L1 X,LZ’ with L1
compact, Lz semi-simple. In view of 1. 2, we may assume that I = L',
We may pass to Lie algebra cohomology and Q-finite vectors (@ maximal
compact in L), hence write (w, V) as a tensor product of irreducible
(~£i’ QﬂLi)-modules. Since the rational representations of L are fully
reducible, we may assume F to be irreducible, and then write it as a tensor
product. F =F @ FZ’ where Fi is an irreducible representation of

1
Li (i=1, 2). We have then, by Kilnneth rule (I, 1. 3)

Hd(L;V®F) = Hd(L1;V ®Fl) & Hd(L ;VZ®F2) .

1 2

Since Ll is compact, the first factor is trivial (IX, 1.10); the corollary

applies to the second factor. The proposition follows immediately from this

and 4. 4.

5.4. COROLLARY. Let L be areductive group of connected type

with compact center. Let (w,V) be an irreducible tempered representation

of L and (¢, F) a finite dimensional rational representation of I.. If

L., then each non-compact simple factor of

q., . -
I—Id(L,V.Q.)F)' § 0 for g ko



LO is locally isomorphic to SIL,Z(]R), SH.3(IR) or SILZ(((E).

This follows from 4.5 and 5. 3.

___5_:___§= In the above proof, we have used the following fact:

Let L. be a reductive group, L' an open normal subgroup of L,

(m, V) én irreducible admissible I.-module. Then V is the direct sum of
finitely many irreducible admissible L,'-modules.

This is well-known. Not knowing a good reference for it, I include a
proof for the sake of completeness. lL.et Q be a maximal compact subgroup
of L., and Q'=Q NL. Then Q' is a maximal compact sﬁbgroup of L
and is - normal subgroup of finite index of Q. It follows from Frobenius
reciprocity that if o € /I\J', then there exist only finitely many 7 € f,. whose
restriction to L' contains o. Therefore V is an admissible I.'-module.
It suffices then to show the existence of one irreducible L'-submodule
UC V, because then V \18 the sum of the transforms x(U) (xe€l./L'"), hence
the direct sum of finitely many of them. To prove the existence of U, one
may use the fact (proved by Harish-Chandra) that, up to infinitesimal equi-
valence, there are only ﬁni;cely rhany representations with a given infinite-
simal character. A simpler argument, suggested by H. Jacquet, is the
following: Let (?r; V) be the gzontragredient representation to (w, V). Itisa

simpe I-module, hence a finitely generated L'-module. Consequently, it



has a proper simple quotient. But, since we deal with admissible repre-

sentations, (w,V) is infinitesimally equivalent to the contragredient of

(’1?, "\7). As a consequence, it has a proper simple L'-submodule.

§6. Representations induced from tempered ones.

For later reference, we draw a consequence of the previous results.

6.1. THEOREM. Let (P, A) be a standard p-pairin G, M = ZG(A),

(o, Ho_) an irreducible admissible tempered representation of °M and

e

v ea . Let F)\ be a finite dimensional irreducible representation of

G with highest weight N\, and I=1 . Let s ¢ WM satisfy 3. 4(1),

P,o,v
(2). Then

(1) HS(G;I@FX) =0 for q¢ [qo(oM) + 2(s), qo(oM) +2(s) + 10(°M) + dim A].

By 3.4, there exists a finite dimensional representation LS of M such
that H*(G;I@)FX) is equal to the tensor product of H:(OM;HG)LS) by
A_a_x_::, up to a shift of degrees by £(s). By 5.3, the first factor has
cohomology concentrated in the interval [qO(OM), qO(OM) + IO(OM)] ,

whence our assertion.
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SEMINAR ON THE COHOMOLOGY OF DISCRETE >
SUBGROUPS OF SEMI-SIMPLE GROUPS . IAS, 1976-77

XI: COHOMOLOGY WITH COEFFICIENTS IN f;io(c)

-

A, Borel and N, Wallach

In this chapter, we prove some results on. the cohomology with coefficients
in certain irreducible admissible reépresentations of the semi-simple group G,.
We shall proceed by induction, starting from the results of X on induced or
temperéd representations and using Langlands' classification, Although we are
mainly interested in unitary representations, we consider more generally those *

representations whose coefficients satisfy the necessary condition for

s

unitarizability of VII, 2.3, and denote by E;b(c) the set of infinitesimal
equivalence classes of such representations (see §2). 1In §3 it is shown
that if (m,V) € (5%(G) and (0,F) is a finite dimensional representation

of G, then

HI(G; Vm F) = 0 for q< tkp G, q > dim(G/K) - Tk G .

The vanishing of Hg(G; V) below the g-rank.has also been proved by

G. Zuckerman (in fact he informed one of us that he could prove it, shortly
after having been told about Theorem 2.3 of VII, before we had done the work
described here),

We then describe, when G = §Q(n,l)o or SU(m,1), the infinitesimal
equivalence classes of irreducible admissible representations with infinitesimal
character Xg and the associated cohomology groups., If G = ég(u,l}o there
exists, for each i < [n/g], up to infinitesimal equivalence, exactly one
representation Ji such that HE(G; Ji) # 0. We have then Hq(G; Ji) =G

for q =i, n-i, Hq(G; Ji) = 0 otherwise. If n = 2m is even, and i = m,
\

Il‘i.IIllllllllllllllllllIlllll;IlII-l----------;----1_____ .




ST T ey e, e s T p R e T e ——

Y
’

there are two discrete series representations Di with H?(G; Dﬁ) # 0 (see 4.5,
4.6, 4,10). If G = SU(n,1), these representations are paramétrized by a pair
of ﬁatural integers i,j such that 0 g i+j < n., The cohomology with
coefficients in these representations is determined in 5.13, These results

were also known to G. Zuckerman, We also give an interpretation of primitive

cohomology in this case (5.22),

The theorems of §§3, 4, and 5, combined with some results of IV, trans-
late into cohomological properties of discrete éocompact sﬁbgroups (cf. 3.6,
4,12, 5.24). ‘ i

The results of §§4 and 5 display a close.connection between cohomofbgy,
the rate of deca& of coefficients of représentations and the composition series
of principal series representations with Langlands quotients in 6O(G). In
particular, one can say roughly that the slower the decay is, the lower the
degree of the first non-zero cohomology group is. For more general groups,
the pattern will of course be much more complicated, but it is to be .expected

that some of these features will obtain, though in a weaker form., §6 gives

some further illustrations of such relations,  pertaining to cohomology at the
R-rank (6.4), cohomology close to the middle dimension (6,2) and the irreduci-
bility of certain principal series representations (6.3). This is just meant

as examples, without any attempt to get comprehensive results,

§1. Preliminaries,

The notation of Chapter X is freely used.

. . * [ * *
1.1, Let L be the restriction mapping Ec-——> 8g.r OF also

* *
X(H) —> X(Ao). We fix compatible orderings on h and a, and let A

Y . (resp. RA) be the corresponding set of simple roots in 'Q(sc’hc)




(resp, 5@ = é(gc,gbc)). We have then

(1) gd CTo(a) C LA U (0] .

Let

where

(3) 8y = {a€a|rpa=0}, a4, = {a€A[r =8} (8 € g8 - ,
In particular,

(4) | By = & o

. . . _ ;0
is thg set of simple roots of é(gc,ﬂc) = §( Ec’hc)'

1;2. For the standard parabolic subgroups of ¢ (reSp. Gc) we use the

usual 1ndex1ng by subsets of g4 (resp. A) (see [11: 1, .2]). If P is a

=

standard parabollc subgroup of G, there is a unlque subset J = J(P) of _&

[P-]

such that P = PJ.

The complexification Pc of P, viewed as a standard parabolic subgroup of

Then AP is the intersection of the kernels of the o € J,

G¢’ is then pv, where

J
. ~ -1 ~
Let (P,A) be a standard p-pair, and r, 3 X(Ao)——%> X(A) the
restriction mapping then .
(2) 4(P,A) C r,(p8) C a(R,4) U (0] .

More precisely, N



(3) (3 =05 Tp + °J s A(P,A) is a bijection..
In _p.articular,
(4) - prk(P) = dim Ay = Card €J.

1.3,  Weyl chambers. On 2 and a* we use the scalar product induced

by the Killing form, We put

(1 o - fakalp(a) > 0, (BA(BANY, AT = e &

. 7'c‘+- * ’
(2) a’ = {\€a |(A,B) >0, (pea(er,aN}
(3) | +2?'“ = (a2 = Tgencp,n) 8B (xg >Ao fo?: all B8)}-
1f ’
() - ci(sh) = {acalp(a) 2 0 (BEMEB,AN]
then -
(5) . +é* = {Keﬁ*p(a) >0 for all .a. € Ci’a(g_-'-) - {Oi}.
As is well-known

-+ - +
(6) _a_* C +_g_*, +3“ = {XGE*I(X,U) >0 for all € 9._* } -

1.4, Let (P,A) bea standard i)-pair, P = M.N the standard Levi

e
—

decomposition of P. Let W, (resp. wM) be the longest element in W

(resp. WM). Then s+ 8’ = WyS.W, is an involution of WM, and we have
(1) sy 4+ A(s') = dimN (s €W .

The proof is elementary and left to the reader. AS is well~-known, the




lengths of Vo and Wy are respectively equal to the number of positive roots
in § "and QM' As a consequence, A(s) takes all values between .0 and
dim N when s ranges through WM. The longest element is Ve Wi

We have WeP = -p, therefore
(2) sp|, + s'P[, =0, (s ewD .
Let b=hn’n (cf. X, 2.3). Let s € Wh. .We have
(3) s'p = -w,sp, (s'p-:::)lE = -wM(sp-p)_b_ . | .

x
The automorphism =¥y of Ec transforms the highest weight of an irreducible

representation of ogc into that of the contragredient one [2 ¢ vIII, §7, n° 5].

In particular, the irreducible representations of égc with highest weights

(sp-p?lb and : (s'p-p)lb are contragredient to one another,

.;é note that if ;e replace the given ordering on & by the opposite
one, then WM and ihe lengfh function on WM are unchanged.

The group. WM acts trivially on A, therefore, if A € hﬁ, then

SXIA = tklA whenever t € Wﬁ(s), (s,t € W), ‘hence

4 (M doar = (Aot » (A €BD .

1.5. PROPOSITION. Let .(P,A) be a standard p-pair, P = M.N the standard

Levi decompésition of P, and (P,A) the p-pair ggpoéite to (P,A). Let

%*
(0,H.) be a unitary representation of °M and VE€a, Let I =1 ’
g/ —=2 . 2 a22< 2 =5- P,0,V

' = P,0,V (X, 3.3), Then Hg(G; I) = Hﬁ-q(c; I1') for all q's, where

N = Zq(G) (X, 4.3).’

If V 1is not real, then both cohomology groups are zero (X, 3.4), so

*
assume V € a . Let E’ be the sum of the positive roots for the order



opposite to the given one on &. Then P = -p, and (P,A) is standard for
PP g ! p=-p

thdt new ordering. Let s € WM. Then the conditions

(]_) . splA-I'V:O, X0=X'S(p)lb.’

are equivalent to

(2) SBlatv =0 %= Xs @’

as follows immediately from l.,4. Also, the representations L, Ls' of M
with highest weights sp - P (in the given ordering) and 8'F - P (in the .

opposite ordering) have equivalent restrictions to °4. We have then, by X,'3.4

4 (s’ *
(3) —Hg"' (S)(G; 1) = It (s >(G; 1') = (H (°M; H = L, ® Agc)q,/ (q €N)..
But it follows from II, 3.4, and I, §5, that the first factor on the right-hand
side sétisfies Poincaré duality, the top dimension being Zq(oM) 4+ dim A.

Since X4(s) + 4(s') = dim N, and 2q(G) -='2q(°M) + dim A + dim N, our

assertion follows.

~

§2. The class éfB(G).
2.1. We let EEO(G) denote the infinitesimal equivalence classes of
jrreducible admissible smooth representations (rr,V) of G which are either
tempered.or represented by a Langlands quotient J(P,w,V) (see VI, §5), where

m;” (P,A) is a standard p-pair and

s <

*
(1) Rev €a _Rev €T .

°p

i A Often we shall say that (m,V) belongs to ZSB(G) if its infinitesimal

| ) '
] equivalence class does so. Let G be simple non compact. As is shown im VII,
|
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§6, all non trivial unitarizable (in fact uniformly bounded) Langlands quotients

belong to Eﬁo(c), ‘therefore E;O(G) contains all non-trivial simple unitariz=
able representations of G, If G =G' x G", then EEO(G) = EEO(G') X EEO(G"),
via tensor product, It follows that, in general, Ezo(G) contains all simple

unitarizable -representations of G with compact kernel,

2.2, PROPOSITION. Let (P,A) be a p-pair, @ an irreducible tempered

* .
representation of oMP and V G‘gc . Assume that 2.1(1) is satisfied., Then

(see X, 3.3) belong to

all constituents of the induced representation I
& o6,

After conjugation, we may assume (P,A) .to be semi-standard. Let

P,w,V

’

(P',A) be the standard p-pair associated to (P,A). Then Ip wy and

2
IP',w,v have the same character [4: §21, Lemma 3], hence the same constituents.
We may therefore assume (P,A) to be standard. Moreover, it suffices to prove

2,2 for G simple. But then, this is just Corollary 3.3 in the Erratum to AVII,

2.3. Let "(P,A) be a standard p-pair, (P,A) the opposite p-pair.

= +

%* %
Let Vv e.ic be such that ReV €a , and ® as in 2,2, Then there is an

intertwining operator

(1) A IP:w9V - Iﬁ,m,v ?

whose image is the Langlands quotient J(P,w,v), We have therefore two exact

sequences of admissible finitely generated G-modules

(2) 0'—">4U_—> I —>J('P,UJ9V)'% 0 1)

P,0,y

(3) 0 —> J(P,w,v) —> I~ —> p'—>0 .
A P,w,V v



§3. A vanishing theorem.

3.1. LEMMA. Let (P,A) be a standard p-pair, J= (), “3=,6-J, and

co%k * - %*
A€Eh a dominant weight of 8o Let v €a Dbe such that pP +Vv €'+§_ . Let

s € WM be such that s(p+A) IA + v =0, Then 4(s) > dim A. More precisely, if

S

8 (m = 4(s)) is a reduced decomposition of s, then {c‘i}lgism-

= S sse
c‘1 ‘c‘m

contains at least ome element of each set Aﬁ (é € cJ), (cf., 1.1(2)).

We may write,

—————

(1) : A=Zc, W, (¢, €M) .

The TD; are positive linear combinations of the simple roots, therefore (1.1,

1.2)

' T T ’
(2) A|, €caCa) = (b€ [ = Zgr(p,a) YpP o (vg 2 O}
Since plA = pP , our assumption on Vv then implies

(3) | ()], +v eta .

On the other hand, s(p+A) ~is a weight of the finite dimensional irreducible

representation of G, with highest weight p + A, therefore

(4) s(pt\) = p +.J\ - Z‘U_@ ma(s)!:.,, with _mq(s) €N,
hence
(5) sph) [y +v = (M) |, + v = Tgees rP(B)(zc.GAB m,(s)) .

The left-hand side of (5) is zero by assumption, therefore (3) implies

(6) EQ.EAB mo.(s) >0 foxr every B € e .
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*
Now if y €4, and p € h,, then Sy(“) - M is an integral multiple of ¥.

Therefore,since the y € A are linearly independent, we see that if:a reduced
decomposition of s does not contain ys then mY(s) = 0, The lemma then

follows from (6).

3.2, LEMMA., Let (P,A), A be as in 3.1 and Vv € 2% be such that

*
-y € fé . Let s € WM be such that s(Q+l)]A +V =0, Then

fp
We shall reduce this to 3.1 by using the involution tp—> t' of WM'

introduced in 1.4.

Let A' = -wb(l). It is also a dominant weight., We have

s'(p+A!) = WMSWb(9+At)= st(—Q-X) = -st(p+K) ,

Y

therefore, since WM acts trivially on A

s"(pHN) |, = =s(pHh) [, = v .

Thus, s',A' and V' = -y satisfy the conditions of 3,1, Hence 4(s') > dim A,

But then 4(s) = dim N = 4(s') < dim N - dim A,

3.3. THEOREM, Let (0,F) be a finite dimensional representation of G. Let

(r,V) be an irreducible admissible representation whose class belongs to é;o(c).

Then

(1) Hi(G; Ve F) = 0 for q<7thky ¢ and q> 2q(6) - ¥k, G .

In this proof, we shall write HY(U) instead of Hg(G; U), if U is a
differentiable G-module,

(a) Let j € N. Assyme that Hj(U B F) = 0 for all U € é;b(G). Then
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we have HJ(U s F) = 0 for every admissible G-module of finite length whose

constituents belong to i;o(G).

In fact, if

(2) 0—>U'—>U-—>U"—>0

is an exact sequence of G-modules, then the long exact sequence associated to

the exact sequence

(3) 0—>U' g F—>UgF—>U0"8F—>0 ,

yields the exact sequence
(4) W ap—B@Usp)—> L@ sF , -

therefore, if the two extreme terms are zero, SO is the middle one., Our

assert&on then follows by induction on the length of U.

(b) If V is tempered, then our theorem follows from X, 5.3. There,

remains therefore to consider the case where V = J(p,w,v) 1is a Langlands

quotient with V satisfying 2.1(1).

(¢) We now prove the vanishing below the split rank, by induction on q.

It is obvious for q< 0, so let q< rkR G, q2 0, and assume our assertion

proved for q - 1. The exact sequence 2.3(5) gives rise to the exact sequence

(5) 0—>VuaF— I3 s F—>U0UagF—0,
P,0,v

whence an exact sequence

(6) WL s 1) — v & B —> 1H15 B D) .

The constituents of~ U* all belong to é;O(G) “ by 2.2, hence thé first term of (6)
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is zero by (a). In view of X, 6.1,

Jeve - . o
(7) H (Ip,w,v B F) =0 for j< qo( M) + £(s) ,

where s € WM is such that
(8) s(p—l—k)[A_f+v=o,

* —
and the ordering on Ec such that (P,AF) is standard., We have

' + % *
(9) hp kg Tap=ap. by = -pp,

therefore the condition Pp- Re v € +g; of 2,1(1) can be written

s

’ + %
(10) p§+Rev€ a5 .

— 7

But then 3,1 obtains f;r P and shows that L(s) = dim AP' Since
(W 2 rk °M (X, 4.4) and rky G = rhky °M + dim Aps it follows from (7)
that the la;t term of (6) is also ;ero. B;t then so is the second one,

(d) The second part of (1) will be proved similarly by descending
induction on q.. It is trivial for q > 2q(G), so we let ¢ > 2q(G) - rkR G

and assume our assertion is true for q + 1. We now consider the exact sequence

(11) 0—> U g F—>1I aF—>VeF—>0,
P,w,V .

associated to 2,3(2) and the exact sequence

(12) (1 a2 F) —> H{(V & F)—> HqH'(U’ g F),

P,w,V
By (a), 2.2 and the induction assumption, the last term is zero. By X, 6.1 we

have

. N\
J = s - o o .
(13) H (Ir,w,v ®F) =0 for j>2q("M) - rkg M+ dim Ay + £(s) ,
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where s € WM satisfies the condition

(14) s(p+X)IAP +v=0.
In view‘of Z.i(l); we can apply 3.2, hencé 4(s) < dim NP - dim APf We haye then
(15)  2q(°M) - rk§ °M + dim Ap + 4(s) g 2q(°M) + dim N . rkg M .
But
2q(°M) + dim Np + dim Ay = 2q(6) ,

and rkR G = rkR OM + dim AP. Therefore the right-hand side of (15) is equal

to 2q(G) - rkﬁ G, hence, by (13), the first term of (12) is also zero, and our

»
I'd

assertion follows,

3.4. COROLLARY. Let (m,V) be an irreducible unitary representation of G

with compact kernel, Then 'Hq(G° Ve F) =0 for < rk, G and > 2q(G) ~ rk, G.
p H Ior q and g q

L 3

In fact, the equivalence classes of such representations all belong to EEO(G).

i
R T

“Rémark, A reduction similar to that of X, 3.4 shows that the corollary

also holds for reductive groups of comnnected type (X, 1l.4) with compact center,

3.5. Let G be simple, Tet. '(o,E): be,a finiter

dimensional representation of G. Then Theorem 3.3 implies:

(1 - M(g,0) 2tk G - 1,

where M(g,c) is the constant introduced in IV, 7.3. If ¢ 1is irreducible,
non trivial, this had been proved earlier, starting from a result of Raghunathan
(see III, 1.2, 2.2)., If © is the trivial representation, then M(g,0) -is

the constant M(g) considered in III, 4,3. The minoration given there was
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M(g) > m(g), where m(g) is Matsushima's constant (111, 3.2, 3.3). This
constant is in general < rkR G, so that III, 3,3 is in fact contained in
Theorem 3,3 of this chapter,

1f we now use (1) together with 5.3 and 7.5 of Chapter IV, we get

3.6, PROPOSITION, Assume that G has no compact factor., Let I be an

irreducible (IV, 5,1) discrete cocompact subgroup of G..

(a) Let (c,E) be a finite dimensional unitary representation of T.

Then the natural homomorphism H (g,K; Er)——ﬁ> HUT; E) is an isomorphism

_f.l)__x: q<rkRG.

(b) Let (o,E) be a finite dimensional representation of G, Then

the natural isomorphism Hq(g,K; E) —> Hq(r; E) 1is an isomorphism for
q< rkR G.

In (a), B is viewed as a trivial g-module. In (b), we have

Hq(E,K; E) = Hq(E,K; EG) for all q's, as follows from II, 3.2 and the full

reducibility of o,

§4. The group gg(n,l)o.

b4.l. In this section, G = §g(n,l)o is- the identity component of the

special orthogonal group of §n+1, endowed with the quadratic form
n _2 2 . . e+l
I x; - X (1o We let {ei}l§i§n+l be the canonical basis of R

K = gg(n) is the isotropy group of ‘e P ="M, AN the stabilizer

n+1?
of the hyperplane spanned by €yreeese ; and A the identity component of

the group leaving €1recss 'fixed, Thus K is a maximal compact subgroup

and P a minimal parabolic subgroup, We have

(1)  2q(G) = dim G - dim K> n,  dim N = n-1, °M=g§0(n-1), rky 6 = 1,
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- (2) 3(P,A) = A(P,A) = (g} pp = ((n-1)/2)p .

&/

We fix a Cartan subalgebra h > a, an ordering on & compatible with the'given

one on R§ = {48}, and use the numbering of simple roots of [1l: p.252, 256].

=

We have
(3) 4= {Ql;coo,qr}‘ ’ (r = [1'1'*'1/2]) .
(4) . Ao = AM = {GZ,..-,QI} ’ B = allA .

4,2. We assume now that n = 2m is even., Then

P —
S—

(1) Wb’ = [si}0=_<_i§2m-l b
where L.
(2) ‘ 59 = 1, S; = Sy ees Sy (l<i<m,
1 i .
(3) Smri = SmSa cee S s (l<igml) .
m=1 me-1 ‘

In particular,

(4) l(si) =i, (l<ic<2ml).

It is easily checked that one has

(5) s;p = P - ie, modulo Coraees (1<i<ooml) ;
mpre precisely

(6) Sip'—'-p -Gi— Z.Qi_l “ eee -.i'al 3 (lgigm) P
Therefore

(7 s;P, =V, =Pp = i8 = (mi=(1/2)) , (1gig2ml).

1
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As in X, §2, let b=hn m, Then
(8) = (sio-p)lk = (SZm-ip'p)E = (-o.i—ZCf.i__l--...-:‘Lctl)l“12 y (l<i<m.

Let 1t be the standard representation of OM. Then (ci,Fi), where c,; = Alt,

is irreducible, self-contragredient, with highest weight My (1 <i<m),

and I! = I-— (1 <i<m)

4.3, PROPOSITION. Let I, = 17 5,0y,

I
‘ P,oi,vi
(cf. X, 3.3 for the notation), Then

_ G, q = 1i,i+l, C, q = n-i-1,n-i,
q . N = . q * =
0, q # i,i+l -+ L0, q@ # n-i~1,n-i,
g Fix i (1 <i<m). It follows from 4,2(7) that Somei is the only
i element s € W! such that |y + Vg = 0. By 4.2(8) y = (550190 ],

is the highest weight of .. Since o is self-contragredient, and °M is

compact, connected, we have

-

HO(OM; F, = Fi) = G, Hq(oM; F, = Fi) = 0, (g>1).

Since A(s )=2m-i=na-1- i, the second part of (1) is a consequence

2m=-1
of X, 3.4(3) and 4,2(4).

The first part of (1) can be proved similarly, or deduced from the above

and 1,5,
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2

4,4, If we restrict the elements of .Ii or Ii to K, then we get an

sy
Sp—

isomorphism of K-modules of I; or Ii onto

o)

(1) 1mdd (5 = (£ € C(K; Fy)| (k) = o (mLE(k), (k€K mE °M)}.
M.

1f V is a G-module, let us write cd(v) for the space Cq(g,K; V) of
elements of degree q in the relative Lie algebra complex (1, §§1, 5). We

have then
(2) cl(z,) = ci(x)), (L<ig2ml),

and, by (1) and Frobenius reciprocity,

(3) cU(1,) = Hom (AH(g/K), I3) = HomoM(Aq(g/E, F), (lgigaml).

As a K-module, g/k 1is equivalent to the standard representation of Kj;

therefore, as a oM-module, g/k decomposes as R@ 1, and we have °M-module -

i somorphisms
(4) 2 (g/x) > Fg® Foy (1<qc<2m1).
The two representations F _, F are inequivalent if q # m, equivalent if

. q-1
q = m, From (3) and (4) we get

m-1,mtl,

il

1, q
(5) dim cq(xi) 2, q=m, if i = m-1,ml;
LO,‘ otherwise,
1, q = i,i+l,n-i-1,n~i,

(6) dim cq(xi) (1<i<2m-1,ifm-1,m,ml) .
0, otherwise, - ~




17 ' \

Together with 4.3, this implies the following relatiomns, ‘where 29 stands for

cocycles: ‘
A7) Cq(Ii) = zq(Ii), (q = i,i+l; 1 < i < m-1),
(8) : dcn'Tl'l(I;L) = ¢, (l<i<m-l) .

4,5. The index of W(g,h) in W(gc,gc) is two; therefore there are,

up to equivalence, two discrete series .représent;atipns,' "say‘ D-;E s - with.thé

infinitesimal character Xp . By VIII, §.5, these representations satisfy ’
(1) - e =g Hle; 0D -0,  (q7w.

4.6, THEOREM, Let n = 2m be even., Let J; Dbe the simple Langlands guotient
of I, (1gi<m).

(i) We have
(1) HUgK; 3;) = ¢, for q=1i, n-i, c¥g,K; ;) =0 for q#i, nsi, (lsi<m);
in Barticﬁlar
(2) HI(G; J,) = ¢ for q =1, n-i, HI(G; J,) = 0 for q#1i, n-i, (l<i<nm),

(ii) We have the exact sequences

(3) 0—> J,

1> > 9> 0, (E=1..,me)

.2

+ -
(4) 0—> DmGD Dm*—> Im_1—> Jm_l--» 0.

infinitesimal character Xp’ then V is infinitesimally equivalent to Ji (1§i<m),

D;,D;1 or the trivial representation,
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(a) We prove (iii) first. Let s € W(EC’EC)' Then splA # 0, since P
is not fundamental (X, 4.2), hence the only tempered repreéentatipng with
infinitesimal character Xp belong to the discrete series (a result originally
proved by Harish-Chandra, for G semi-simple with finite center, [3: Lemma 73]).
In view of 4.5, there remains to consider the case where V = J(P,0,V) is a

+

*
Langlands quotient, with v €a , i.e. Vv > 0. The formula for the infinitesimal

character of I (X, 3.3) shows that v = sp]A for some s € W(gc,gc).

P,0,V
But then (1.4(4)), we also have V = sp A for some s € WM, hence V satisfies

s

2,1(1) and V € Eﬁé(c). We have then also, in the notation of 4,2, s = sS4 for

some i, (1 <1i<m), Moreover, s, must satisfy the condition splA € Wﬁ(kc),
hence kc € wM(SiplE)’ which implies that ¢ = 0,. Therefore V =J;, up to
infinitesimal equivalence. This proves (iii).

(b) 1In the sequel, we write- HY(V) instead of Hg(q; V) and Cq(V) for

c%g,K; V). We consider the exact sequences (2.3)
(5). 0— U, —>I1,—> J,—> 0,
i i i i

0——9"Ji;> IJ!L—-——> Ui —_— 0, (1 <i<m),

" First let i =m - 1, It follows from the discussion in (a) and from the

Erratum to AVII, 3.3, that the constituents of Umin1 or U&-l belong to the

e

discrete series. Therefore
(7 Hlu ) =H}U ) =0, .. q#m

The exact cohomology sequences associated to (5)m-1 and (6)m__l and 4.3 then give

&) i =i = e p = D =g

(9) ' Hq(Jm_l) =0, q¢m1,mmnl,
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The exact sequence

.

(10) 0 —> Hm(Jm_l)——e Hm(II;l_l)———> Hm(Ul;l_l)~—-> H“*l(th;_li—e 0,

shows then that there are only two possibilities

(11) Hm(Jm_l) = 0, Hm(Ur:l_l) = ____C.z’
or
(12) H'(3,_ ) = HY(U! ) = c.

Assume now that i =m - 2, It follows from the Erratum to AVII, -,

and (a) that the constituents of Um__2 or Ué_z are infinitesimally equi-
valent to ﬁi or J ., hence

m m~-1
(13) HUU, ) = B0 ) =0, (q<m-l, q>mtl) .

By 4.3 and the cohomology sequences associated to (l)m_.2 and (Z)m_z, we get’

then

m~2 M= 2 _ 2 _ 2 _
(14) HNL, ) = B3y )= o™ ) = W™y =,
(15) Hq(Jm_z) =0, (q<m-2; q>m2),
(16) ' E*hwr ) = w2 ) = ¢

In view of (8) and 4.4, this shows that Jm-i is a constituent of Ué;z, with

multiplicity one, Therefore Cq(Jm_l)(: Cq(I%_z) for all q's. But
m m ‘ L . )

C (Ié_z) =0 by 4,4(6), hence C (Jm_l) =0, and, a fort;orl,\-HT(Jm;I),= 0.
This shows that (11) holds, proves (2) for i =m - 1, and also that Um—l

consists of two discrete serfés. Then 4,4(5) for i =m - 1 shows that

*
C (g,K; Jm__1

) is at most two-dimensional, But then (8) implies that it is 0
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in dimensions m+ 1, whence (1) for i =m - 1, We already know that J__;
*

is a constituent of Uz'n-Z’ Since C (Im_z) is four-dimensional (4.4(6)),

* .

c (Jm_z) is then at most two-dimensional, and (1) for i =m - 2 then

follows from (14)., U =D;@ D;l since Im-l is K-multiplicity free.

m=1
We now proceed by descending induction on i, Fix i>1, i<m- 2,

and assume (i), (ii) to be proved for Jj (i<ji< m-1). By the Erratum to

AVII,and.(iii)"the ‘constituéntsoof Lf?l ‘ot :’.Ui:':’.: arecsinfinitesimally equivalent to

Jj (i <j<ml) or D';E, hence,
(17) , ni(u,) = #3(0}) = 0, for q< i+, q>n-i-l,

and then the above arguments show that (14), (15), (16) remain valid if
m - 2 " is replaced by i. Therefore J.. ., is a constituent of U, with
multiplicity one, From (1) for i+ 1 and 4.4(6) we see that C"(Ji) is

at most two-dimensional, and them (1) 4nd (3) for' i follow .from (14), -4.4(6).

4.7. Now let n = 2m+ 1 be odd. Then
f— =] .

(1) 4,(6) = I, qo(@) = m, Card W= 2(mtl),

and P is a fundamental parabolic subgroup (see X, §4 for the notation)., Let

(2) s.=1, s, =5, «oa S 5 (ISicm), t_=5__ ¢S y S!
0 j 0.1 aj == m m=1 c:ch‘_1 i

= W,

e 51 ¥ (0<i<m) ,

G
(cf. 1.4.,). Then
(3) As;) =1 (Ogigm), 4&(t)) =m, A(s}) = m-1 , (0 gEX w) .

(4) W = {l,sl,...,sm,tm,sa,si,...,st;l_l3 .
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Then one checks easily

-

(5) sjp=p-0.j - Zaj-l- R -joal 9 (lgjgm)’
(6) tmp = p - anﬂ'l - Zuam-l T eee ™ m.al b

hence

(7) Vi =8Pl = (mei)B Lgigm, Pl =0,

Let 1t be the standard representation of oM = §0(2m), (cj,Fj) the

j-th exterior power of 1, (1 <3ji< 2m)., Of course, Cj is isomorphic to
O (1 <j<2m). We recall that o, is irreducible and self-contragredient

. : ' +. -+ - -
for i # m, fundamental for j < m - 2, and that (cm,Fm) =.(Om,ﬂm)() (cm,Fm)
is direct sum of two irreducible representations which are contragredient to
each other, with highest weights the double of those of the half-spinor

representations, (see e.g, [2: VIII, §13, n’ 4]). It follows from (5), (6)

_ that

-

are the highest weights of 95 (1 5 j < m, d; (j = m) and g; respectively,

1

I = I (l<i<m), I =1 +

4,8, PROPOSITION, Let I, = - !
— P P - _?'-' Il IPi,Ui,'Vi ’ 1 P,O. ,V. m P,om',oo

’

N30

Gy @, 1+l q:5 n-iel,néd’, -

(1) HXe; 1)) = | (gisai)y Be; By =" (l<i<m).

0, g7 i,i+l 0, q# n-i<l,néi’, -,

— —n—

The representation Im is tempered, irreducible, equivaient to IP .0 and
’m!

represents the only tempered\class with infinitesimal chatactér.ﬁX5.
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by
]
Fix i (1l <i<m)., Since O, is self-contragredient we have, - .. . .
by 1.4 (1), (2)
(2) siplA+ v; = 0, (sip-p)lh =y »
moreover; by 1X, 1l.10,
0.0, = qQ O, =
(3) Hy(M; F; = F;) =G, Hj(M}; F; m F;) =0 (¢g>0).

Then (1) for I, follows from X, 3.4. For Hg(G; Ii) we proceed similarly,
using the order on & opposite to the given one. Then the element of WM
satisfying (1), (2) of X, 3.4 is s, and X, 3.4 yields our assertion.

- Now.let i = m. There exists an element t in the normalizer of A
such that Int t induces the inversion on. A ‘and an outer autdmorphism on
°M. 1t operates in a natural way on (OMfA, and it permutes d;, G;} This
implies the equivalence of I~ and IP,Q;,O‘ They are irreducible [6:

Prop. 49], tempered, This proves the last assertion, Moreover, in view of
4,7 (7N, 8, t € W' satisfies the conditiogs (1), (2) of X, 3.4 for 1.
Since Z(tm) = m,” the equality (1) for I = follows.

-t

Finally, if I, ;. 18itémperéd with infinitesimal: characteérc. =% .
Al ]

%5, then y =0 and 0 must have as infinitesimal character Y, , where
" :
A €~Ec is of the form Sp!b for some s € W such that splA = 0, We may
take s € WM, and then have s = Sm’tm’ hence A isvin the Wﬁ-orbit of

either _  or u;, and O is equivalent to d; or C; . This completes

the proof of 4.8,

4.9, Let Cq(Ii)’ Cq(Ii) the space of q-th cochains in c(g,K; Ii)

and C(g,K; Ii) respectively. As in 4,4., we have

(1) cl(1y) = cXx)) = Hom, (AUg/W), Fy) »  (Osasmlsis m)
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(2) X1y = HomoMmyp, £, (0sqgn) .
We have again °M-modules isomorphisms -
(3) A U g/x) = Fg® P (1<q<2m).

From this and 4. 7, we deduce

G, q = i,i+l,n-i-1,n~-i,
(4) dim ¢¥(1,) = (l<i<m,
o, otherwise,
‘ ¢ q=mmtl,
Y P -
(5) . dim CHI ) =

0, otherwise,

4.10, THEOREM. Let n = 2m+ 1, be odd. Let Js be the simple Langlands

quotient of Ii (1 <i<m) and put Jm = Im. Then

(i) We have, for i = 1,...,m, - .

) ¢HgK; ) =G if g =104, CUgK; J) =0, 1if q# i,n-i,
. in particular
(2) HI(G; J,) = ¢, if q = i,n-i, Hl(G; 3,) =0, if q# i,n-i.

(ii) We have the exact sequences

(3) 0—>J,—>L—>J —>0, (l<i<m).

.

éhafaétéi:'ffj'(&_‘.‘y.'ther’rs_ V. is‘:infinitésimally equivalent to some~ J; (X <4 <m),
(\ ) : ’ -
or the trivial representation.
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(a) Proof of (iii). If V is tempered, this assertion is contained

in 4,8, 1f not, V is a Langlands quotient J(pP,0,V) with Vv >0, hence of
the form sipIA (l<i<m (see 4.7), and the argument is the éaﬁe as the
one given for 4,6(iii).

(b) The proofs of (i) and (ii) parallel those of 4.6(i), (ii), and
are in fact slightly simplei. -We describetthem“ﬁriefly,'w;iting:again
H4(v) and c¥V) for Hg(G; v) and c%g,K; V).

For i =m, (i) and (ii) follow from 4.8 and 4.9(5), Fix i
1 < i <m) and assume (i) and (ii) true for Jj i<jcg m), We have

the exact sequences
(4) 0—> U, —> Ii——e> Ji-—e> 0,
(5) 0—> J,—> 1} —> U} —> 0 .

By (iii) and the Erratum to AVII, the constituents of U, or Ui are

infinitesimally equivalent to Jj (i <j<m. The induction assumption then

' implies
(6) wl(u) = H3U') =0 for q<i, gz n-i.

Therefore, by the cohomology sequences associated to (4), (5) and 4.8, we get

(7) RN "= whry) = N = Hn-%(Ji) -c,
(8) : Hq(Ji) =0, (q<ij q>n-i),
(9) Hn"i"l(UJ!_) = Hn"i(Ji) =gC.

In view of the induction assumption, (9) shows that Ji+1 is a constituent of

* . . .
Ui, hence of U,. By (1) for Jin1 and 4.9.(4), C (Ji} is at most 2-dimensional,
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But then, (1) and (3) for i follow from (7) and the induction assumption,

4,11, It is known that the Langlands quotients Js i 4,6, 4,10 are

unitarizable. This follows from Prop. 44, 45 in [5]. For another approach
see the remark to 4.12 below. Therefore, by II, §3, (1) and (2) in 4.6, 4,10
are in fact equivalent, Also, thié shows a priori that H*(Ji) satisfies
Poincaré duality. If this is assumed, then the above proofs can be slightly
simplified. One need mot comsider both I, and I}. This is how we will

proceed in §5.

4.12, Let T' be a cocompact discrete subgroup of G, and (¢,E)

be a finite dimensional unitary representation of I, As in IV, 4,1, let
IZ(E) be the space of square integrable sections of the bundle @ Xn E‘——>-r\p.

Then 4.6, 4,10 and IV, 4.2 imply

PROPOSITION. Let TI' be a discrete cocompact subgroup of G = SO(n,l)0

and q € N. If q<n/2 (resp. q =n/2) ‘then dim Hq(r;.E) is equal to

t5licd ; + ;
the multiplicity of Jq (re,E. Eto the sum of the mult1p11c1t1e§ of Dm and

D;) in I,(E).

Remark., Millson aﬁd Raghunathan have shown the existence of such °
groups with Hq(r; C) #0 for q = 0,.4:,n [9]. -Since the representations
J are the only ones whi;h can give rise to cohomology, this result;
together with 4.6, 4,10, and IV, 4,2 imély in fact that the Jq's are

unitarizable,
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§5. The group SU(n,1)

5.1. In this section we compute the cohomology of the irreducible

|

.unitary representations of SU(n,1) n>2, using methods similar to those

of §4. It should be pointed out that Zuckerman has an independent proof of

Theorem 5.13.

5.2. We first give a classification of the irreducible unitary represen-

.
by

tations of SU(n 1) (using results of Kraljevm [7] and Langlands [8]). We
will state the results without proofs. The complete proofs of the results

on the composition series of the principal series will appear in Wallach

[10].

5.3. Let (P,A) be a minimal p-pair, P = MN the standard Levi
decomposition of P. Then dim A =1. Let K equal U(n) imbedded in
SU(n,1) in the obvious fashion
u [ 0

-1
(det W)

u

Let § be the Cartan involution of (G, K). We assume (as we can) that

5.4. We leave it to the reader to check:
(1) 2q(G) = dim G - dim K = 2n.

(2) dim N = 2n - 1.
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.

(3) OM is connected, locally isomorphic with I__J(n-l)' (in fact

a 2-fold covering of U(n-1)).

(4) &P, A) = {p, 28}, &(P,A) = {B}, pj, = np. .

5.5. Fixa ¢-stable Cartan subalgebra h Ja. Let & be the
root system of (gc’-}—lc ) Let W= W(3) = W(_gC ’P—c ). Fix a system of
positive roots <I>+ of & compatible with @(P, A). Using the numbering of
A the simple roots of et as in Bourbaki [1: p. 250] we have

A = LA BN 1 . L)

(1) {al, e }

A = = i = A = if .
(2) 0 AM ¢ if n= 2. 0 {QZ"”’an-—l} if n> 3,

() B=ay|y=ey|y

5,6, Let a,=e, ++** +a . Then H ¢€a. Thatis «._  is a

- + +
1t 1" =
real root" for (g, _1_1_ ). Let <I’M @0

~ M + o~ ~
A . = - ] L] .
by A, Let W {se W|s® D@MU {ao} }. Let W, equal to the

group generated by s, and the S, 2<j<n-l. Then W= w._ - VTIM

0 f M

be the set of posi{ive roots spanned

5.7. As usual we write aJ. = Ej - €j+1'- Then <13+ corresponds to
- +

> s e > . i i i j - @ .

the Weyl chamber & € 4l Let for 1., >0, i+j<n-1, ij

be the Weyl chamber given by

sr > eee >€r
1 n+l

with rogc 1, rn+l—j = n+l and €y > ees > € It 1‘s easy to check that if

N
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~ + .
s,eWM then s®. = <I>:j for some pair 1i,j with i,j>0, i+j=n-1

+ ~
Set s=s,, if s<I?+=<I>... Then s =1 and WM={S..}.
ij ij 0,0 ij
5.8, It is easy to check that:

1) @I 3 and é;_l j (resp. <I>: j+1) are related by a simple reflection

to §>+
1]

(2) (1) implies that z(sij) =i+ ]

(3) £(s ) =2n- 1.
4 2

0 . .0
=hfl ‘m. Then since M is connected an irreducible

5.9. Set E
0

representation of "M is uniquely determined by its higheét weight on b

0
relative to <I>+. Let gij be the irreducible unitary representation of M

P,

with highest weight “ij = (Sijp-p) b Set Vij = Sijp o ® Set Iij =1

i3 Vs
EN IR

‘Since i+j<n- 1 we see that Vij is in the positive chamber relative to

A(P, A). Hence the Langlz;nds quotient J(P, gij’ Vij) = Jij is defined.

5.10. THEOREM. 1) (Kraljevié [7]) Jij is unitarizable for all i,j >0,

i+j<n-1l

2) Let Dg,eee, Dn be the discrete series representations of G

0

with infinitesimal character xp. Then after possible relabeling there is

the following g-module exact sequence

0D, @Dy =L 15T e 70

for Oii_<_n-1.
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(2) of Theorem 5.10 follows from the results of Kraljevi€ [7] and
Knapp-Wallach [6]. The following theorem can be proved by methods

analogéus to the techniques in §4. The details will be in Wallach [10].

5.11. THEOREM. Let i,j be natural integers, i+j<n-1 and

U.. = ker(L. ~J..).
ij ij = ij

(a) If i+ j=n- 2, thenthere is an exact sequence

0-D,,,—~U.—-J & 0
1+

17 %5 951,199

(b) E_f i+ j<n- 2, thenthere is an exact sequence

O=Jding, 541 7 Y55 " i1, @5, 50 0

5,12, LEMMA. Let ,j>0, i+j<n-1, and p

i+ j. Then

0, if r{2n-1-p or 2n- p,
o 4

Hd(G’Iij) =
C,if r=2n-1-p or 2n- p.

Proof. This follows from X, 3.4 and the following facts:

0 * '
a) ‘M is compact hence Hd(OM, Hg) =0 if H‘g is irreducible and

" .
-non-trivial and H d(OM, (=3) = Hg(OM, Czl) = C for C the trivial representation
of OM.

b *

c) If seW isasinX, 3.4, then s = sa . sj i and £(s) = 2n-1-i-j.
) 0 s
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5.13. THEOREM. (i) K (mw, V) is an irreducible admissible G-module

with infinitesimal character Xp’ then (w, V) is infinitesimally equivalent

with Di (0 < i < n), Jij 1,] > 0,1 < i+] <n- 1) or the trivial representation.

» 9=1,
(i) H3(G:D,) = (0<i<n).

, ain,

(i) ¥ i,jeN, (giticn-l), p=i+j, then

c ., for - q=p + 24, (0<£<n-p),
qd~. -
Hd(G’Jij)

otherwise.

The proof of (i) is identical with that of 4. 6(iii). Assertion (ii) was
proved in VIO, 5.2. Assertion (iii) will be proved in 5. 14 for p = n-1, 5.15

for p=n-2 and 5.16 for p< n-2.

5.14. We first corhpute the cohomology of Jij for i+j=n-1 To

simplify notation we write Hr(H) for HZ(G, H). .

Theorem 5.10 implies that we have the exact sequence:

r r r ' r '
SHE(D) @ H (D) ~H (L ) ~H S e

i
Y] .
1

r+l r+l r+ ,
H (Di) @ H (Di+1) - H (Ii, n-l-i) -

If r<n-2or r>n+ 2 then, by 5.13@i) and 5.12,
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(2)
r r Tt r+l 7 T S < 3 _

H'(D)@H (D)) =H (DY)OH (D, )=H (L . J)=H (§ , )=0
% Hence
:

(3) H (J, )=0 if r<n-2, r>n+2.

i,n-1-i - -

;{ Using 5.10 again and (3) we find
: . n-1 . n . n+l

(4) dimH (Ji, n-l-i) - dim H (Ji, n—l-i) + dim H (Ji, n-l-i) =2.

]

Poincaré duality implies

1

L ) = dim ™

. . o
(5) dim H (Ji, nol-

i, n-1-1

By (1) for r=n -1 and 5.12 we get an exact sequence

©  0-HTIE, ) EDL) @ HID ) S HL L ) S H )0
which, by 5.13.(11) and 5.12, can be written

a @ 0~HlG, L ) mC@C ~C ~H Y Ly )0

g There are therefore two possibilities:

5 '

3 (a) Hn"l(Ji’ hl) = C®C and HY(I 4 )=C,
(b) Hn-l(Ji, IR and Hn(Ji’ LR
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But (a) contradicts (4) and (5), hence (b) holds. This proves Theorem

5.13(iii) for i+j=n- 1.

5.15. We now look at the case i + j=n- 2. We must study the

-exact sequences of Theorem 5.11. They yield the following long exact

sequences:

r r r r r+l
1) -H (Di+1) -H (Uij) -H (Jm’j) ®H (Ji’ j+l) -H (Dm) -
2) —H(L)-HG) B Yu) -2 -
ij ij 1] 1]

By 5.12, Hr(Iij) =0 if r4n+1, n+ 2, hence

r _ Tl
(3) H (Jij) = H

(Uij), if r<n-1or r>n+3.
By (1), 5 3Gii) for i+j=n- 1, and 5.13(i), we have

n+l

(4) H'(U)=0 if r<n-2 rznte, H (UJ)=C®C,
whence
(5) Hr(Jij) =0 (rgn-B; rzn+v3), Hn+2(JiJ:) =C.

The sequence (1) for r = n -1 gives rise to the exact sequence

(6) 0 ~H""U,) ~C ® C ~C ~H(U) ~0 .
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The relations (4), (6) show that the Euler characteristic X(Uij) " satisfies
. q .. q n+l
7 ) =2 (-1)7dim H*(U..) = 3(-1 .
) X(U) =5 (D) (U;) = 3(-1)
By 5.12, x(Iij) = 0, hence,
n
(8) X(Uij) + X(Jij) =0, X(Jij) =3(-1)".

Taking (2), (4) and 5.12 into account, we get an exact sequence

(9) 0B )~COC-C- Hn+l(Jij)‘—>O :

By (5) and Poincaré duality, we have

Al

1

n Ve 2 L 9o ai n+ . n
(-1) X(Jij) 2-2-+dimH (Jij)+dlmH(Jij)’

=

e - -

hence, by (8) : -

[t}
y—
.

(10) dim Hn(Jij) - 2° dim Hn+1(Jij)

' Together with (9), this readily implies

o

' ' n _ n+l B
1) H (Jij) =C, H (Jij) =0.




5.13(iii) for i+ j = n - 2 now follows from (5), (11) and Poincaré duality.

5.16.. We now suppose that we have proved Theorem 5.13(iii) for

i+j>p+1 and p<n- 3. Welook at the case i+ j=p. Again we have

two long exact sequences:

1) ~H(1) -8, ) ') -1 ) -
1] 1] 1] 1]
] r r r . . r : r+l
(2) U, 50 =B Uy ~H Gy DOH G, )-8 T, )
Suppose r > 2n - p; then by the inductive hypothesis Hr(Ji+l j+1) = Q
T r . ) r,__-. ,
and H (Ji+1,j) 6 H (Ji, j+l) = 0. Hence (2) 1r§pl1es H (Uij) =0 for

r>2n - p. Similarly Hr(Uij) =0 for r<p.

. 2n-
Lemma 5.16 says H n p(Iij) = C . Thus (1) implies:

€«

(3) . dim P (gl

Hence also, By Poincaré dualify, _dim Hp(Jij) <l.
Now Hr(Iij)=O for r<2n-i-j-1and r>2n-1i-j. Thus

(1) implies . . -

+1

r r
, = 2n~1i.3-2
(4) H(Jij) H (Uij), for r<2n-1i.j-2.

This, combined with the above observations, giveé

(5) Hr(Jij) = HZn-r(Jij) = 0 for r<p-1.
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.

We now look at (2) in the case r = p +1, and get the exdct sequence
' +1

(6) 0~E"U) ~C®C~C —>Hp+2(Uij) -0 .

Hence there are two possibilities
(2) Hpﬂ(Uij)' =C®C and Hp+2(Uij) = C
® BP* . )= ¢ and BPY3U ) - 0.

1j = 1]
Now in Case (a) we would have by (4) dim Hp(Jij) = 2. But this contradicts
(3). We therefore see that (b) is true. Hence (4) implies that
(7) wPua=c, B*g=o0.
1] = 1]

We apply (2)to r=2n - p -1 andfind, -

Hence (1) Lemma 5.12 and (7) imply the exactness of the sequence:

2n-p-2

0~H (7)) ~C®C~C~0.

We therefore see that

2n-n-
(8) P25 )= ¢ = P ).
i) = ij
N .
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of

‘ . 3 . .
‘ _ Using (8) and (4) we get Hp+ (Uij) = C=3 . Now (2) implies the exactness

o cg-u"uy 0.

o

v
@]

)
)

| Hence Hp+4(Uij) = 0 and therefore

p+3 __.2n-3-p e
(9) H (@) = H (T =0

Suppose that we have ‘shown that

> .
Hp+Zs+l(J“) =0, Hp+ S(J..) = C
1} 1] =

for 0_<_s_<_JZ—1, £>2 and p + 2(£-1) < 2n - p. If p+2(L-1)=2n-p our

~ assertion is proved. Assume p + 2(£-1) < 2n - p.

p+24-1 Hp+21-2

Using s=£¢ -1 wefind H (Jij) =0 and (Jij) =C.
2n-p-24+1 . .
Hence H (Jij) = C_J__ . Since 21 -1 > 3 we see that (4) applies. Hence

exact sequence

2n-p-24+1

(10) 0-H (Uij)ag e)(__:_.(zj_.O,

2n-p-24£+1 2n-p-24

(Uij) =C and thus (4) implies H

We therefore see that H

hence H (Jij) =C.
p+21 _
(Jij) =C.
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By Poincaré duality we may agsume that p + 24 < n, which implies

thit p+ 22/ +1< 2n - p - 2 (since p<n- 3). Applying (4)to r ='p + 24,

] +2441
p+ 22 +1 and (2) we get successively Hp

+1
Hp+;1+

()= ¢,

ﬁp+21+2(Uij) =0 and

=0.
(Jij)
This cdmpietes the induction.

5.17. We now give an interpretation of the "periodicity™ in Theorem 5.13.

Let g=k @ p be the Cartan decomposition of g' corresponding to k. (This
notation is unfortunately inconsistent with our previous conventions.) As X
isWell—known P ‘has a comblex structure J so that Ad(K) ,p acts by
complex linear transformations. B p is then the resl part b-; a Hermitian

; "Ad(k) - invariant form ¢ on p (relative of J), Let 0 = B,p + iw.

Then o ¢ AZ_E". It has the following properties:

e S i g S BT e o L e RIS il

1) AzAd(k) *w=w for keK.

(2) Set Lu=wau for ueA'p . Then L:A'p —aA"1%p" is
injective for r<n - L. "

(1) is clear. A proof of (2) can be found in [12: p. 28].

Now if (w, H) is.a smooth represeﬁta‘tionof G, then we can identify
HomK(Aj(_g/_lg),H) = Cj(H) with Ho%(Ajg, H) = (Aj_Q*®H)K. Now we map
S -~ w) as follows: I u= = n @ v, ¢ C° () then Lu-=
T w /\11i (2 Vi € CS+2(H). Using (2) we see that

(3) if j<n-1 then L: CJ(H) —»CJ+2 (H) is inj.ective.

N




5.18., Now let H = Jij for some i,j>0, i+j<n-1. Then
HE(G; H) = Hr(_g_, K:;H) = Cr(H), by IX, 5.6 and II, §3. We therefore have

_an injective mapping

I.+?'(G; H) for r<n*-1L

- r
1) L: Hd(q,H) —>Hd

Theorem 5.13 now says
it+j+r

_r iy 1, ..
d (G’Jij) = L Hj (G’Ji, j) for ri.z (n-i-j-1).

(2) H

5.19. Following Weil [12] we call n e HE(G,;J i j) primitive if

- .
r<n and L? r+111 = 0. Let H . (G;J:) be the space of all primitive
- . prim ij

classes. By [12:1, n°4] and 5.18(2), we get the following result:
_ [

5. 20. LEMMA. HY . (G:J.)=0 if r4i+j and B (G )=C.
oo prlm 1] - - prim 1] =

G,
prim ij

Furthermore H:ik(G;Jij) =X LrH

5,2l. Let TC SU(n, 1) be a discrete cocompact subgroup without

non-central elements of finite order. The spéce G/K may be identified
with B" = {z e gn] = |zi|2 <1}, with G acting holomorphically and
leaving invariant the K&hler structure on Brl corresponding to the Bergmann
metric on B'. Set X . .I"\G/K = T\B". Then X isa corﬁpact K4hler

manifold.

5.22. Let L : Hr(X, g) -»Hr+2(X_, (___3) correspond to multiplication

r-2j
Prim(X’ ¢) where H;rim(X’ ¢)

by the K#hler form. Then Hr(X, C)=2 LJH
-]
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is the primitive cohomology of X. That is, n e H;rim(X’ C) if and only

if .rf_ n and Ln-rﬂn: 0. (See Weil [12]) .

5.23. If (w,H) is an irreducible unitary representation of G

then we use the notation Hr(H) for Hr(g, K;H) and H;rim(H) for the

primitive cohomolc;gy.

Unwinding the mapping of Chapter IV, we see that there is a map

M v : B () @ Hom (8, LAT\G) ~H' (x:C),
such that
(2) Ye(L®D=Ley.

This can also be seen easily if we represent cohomology by harmonic

forms and expand the harmonic forms in terms of the irreducible represen-

tations of G. Combining the above results, we get

5.24. THEOREM. (a) I_f r = n then
n

. n . 2
dim Hprim(X’ g) = ifo dim Honle(Di, L (@) .

(b) If 0<r_<_n—l then

. r _ . L2
dim Hprim(X’ C) = . ;Z;O dim HomG(Ji’ i LY(T\G)) .

Citj=r
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5.25. It can be shown that if Hl’ J(X, C) is the spéce of harmonic

. 4,3 o 2
(i, j)-forms on X then dim Hprim(X’ (23) = dim HomG(Ji,j’ L (I‘\G))., (after

possibly reversing the complex structure).

§6. Some further special cases

In this section (P, A) is a standard p-pair in G, (P, A) the

opposite p-pair, and P = M.N the standard Levi decomposition of P. If

V is a G-module and q ¢ 1;I , then Hq(V) stands for Hg(G;V).

o

.1. We assume that P is proper maximal (hence dim A = 1),

cuspidal, OM' connected and that G has a discrete series. Then q(G),

q_(OM) (see X, 4. 4.) are integers. We have
0 .
1 a(@) = q( M) +1/2 + (dim N)/2.

In particular, dim N is odd. Moreover, P 1s not fundamental, hence

X, 4. 2 implies that

(2) SplA 10, for all se W.

" Note also that we have

(3) “Pp” ""M.""G(")IA§ SPIA§ Pp=Ply (56W) -

‘ %
6.2. PROPOSITION. We keep the assumptions of 6.1. Let vy €2 be




> 0 and of the form sp A for some s e W. Assume that the canonical

-

defined in the Erratum

A
extension A(P, vO) of Yo to a linear form on 2y

39 AVII is minimal with respect to the partial ordering defined there. Fix

8 e'WM such that sp 'A =V Let (o ,HG) be a discrete series representation

0
of "M such that X, = XSPIB’ (see (X, § 2) for b). Let J = J(P,o, vo).

Then £(s) = (dim N-1) 2 and we have

) H(G:J) = C for q= q(@) +1, HJ(G:iJ) =0 for g q@ +1, a@G).’
Let I=1 , I'=1 . Asin §4, we consider the two exact
P,o,v = :
0 P,o, VO )

sequences of 2.3

1) 0-U-I-J-0,

(2) 0-+J~-I'-U'-0.

It follows from the Erratum to AVII, and our éssumptions that the constituents
of U or, equivalently, of U', are tempered, and therefore square integrable,
since they have infinitesimal character Xp [3: Lemma 73].. By VIII, §5, we

have then
)  BYU = H(U" = 0 (a}q(@)), 5%u) 4 0, BYU" 4 0, (q=q(G)) -

(In fact, for q = q(G), dim Hq(U) and dim Hq(U’) equal’ the number of
constituents of U.) The cohomology sequences associated to (1) and (2)

then yield
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@ 1Y = YD), (afa(@-L a@)),
(5) 5% = 5%, (aa(@), eG4 .

Let s'= Y S Wo (see 1.4). Then, by l. 4(2) and the assumption on s:

' , -
(6) | s'p A + Vo = 0.
If Lt denotes the irreducible finite dimensional representation of OMc with

highest weight (‘cp-p)lb (teWM), then LS and Ls' are contragredient of

one another (1. 4(3))., hence s' satisfies the relation

7 %o~ X-S'(P)lb .

(6) and (7) are the conditions (1), (2) of X, 3.4. Moreover, by VIII, §5, we

have

.C, if q-= q(OM)
(8) Hq(OM-H QL )= )
: a e sY

0, otherwise .

Therefore, X, 3.4 yields

¢, a=a’m+2sn, oM+ 2(sN +1.
(9) HYD = |

0, otherwise .
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Similarly, or by l.5,we get

C, g= q(oM) + £(s), q(OM) + 2(s) + 1,
) HY(1Y) =

0, otherwise.

We want to prove that £(s) < (dim N-1)/2. Assume the contrary. Then

2(s) > (dim N+1)/2 (since dim N is odd, cf.A 6.1), hence ' q(OM) + 1(s)zq((}),
and we get, by (5) and (10), Hq(J) = 0 for g< q(G). On the other hand

£(s") < (dim N-1)/2, hence q(OM) + £(s") +1< q(G) and, by (4), (9),

HYJ) = 0 for q>q(G). Thus HYJ) cou.1d be 4 0 only for q= q(G).

But then (3) and the exact cohomology sequence associated to‘ (1) would

imply the same for Hq(I), which contradicts (9). Therefore

£(s) < (dim N-1)/2. But then (4), (9) imply

) C, q=q(0M)+1(S)+1,
an 1Y) = ‘
0, q<a(G) -1, q>qC’M) + £(s" +1,

and (5), (10) yiela

e a=a’m s,
(12) | HYJ) =

[e=]

, 9>qg(G) +1, g< q(OM) + £(s).
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Cor.nparing (1), (12), we see that we must have
(13) | q(OM) + £(s) = q(G) - 1,
hence, in view of 6.1(1)

(14) £(s) = (dim N-1)/2 ..

We have then £(s') = (dim N+1)/2, q(OM) + 2(s') = q{(G), and (1) follows

from (11), (12).

6.3. Remarks. (1) Asin §4, we have a priori two possibilities

for the cohomology in middle dimension q = q(G). Either Hq(J) = HY(U) = C

or Hq(J) = 0, Hq(U) = (=?2 We do not know whether the former one doés
occur.

(2) The assumptions of 6.1 have been made largely for convenience,
to avoid technicé.lities and get a simple statement, but they are not all
essential. One could e.g. dispense with the assumption that G has a
discrete series, (or even that P Ais maximal), and still get under the
minimality assumption of 6.2 on A(P,v 0), cohom‘ology in dimension
qO(G) - 1, i.e. closest to the range for the cohomology with respect to
tempered representations (X, 6.1). The connectedness of 0M has been
assumed .mainly to insure the non-vanishing éart of (8). ‘If on the other
hand, the cohomology spaces in (85 are all zero, then I'is irreducible,

as follows from the following proposition.

3
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6.4. PROPOSITION. Assume G has a discrete series. Let Jd=J(P,0,v)

be a Langlands quotient in EO(G) and I= IP o v Assume that the

extension A(P,v) of v is minimal (cf. Erratum to AVII), and that

et

&
b Hd(G;I) = 0. Then I is irreducible.

. " ‘
§ Let I'=1 . Then H (I') =0 by l.5.
: P,o,v

Assume that I is not simple. Then we have the exact sequences

(]_) 0—)U->I->J—>O’ 0-—»J—>I,—>U7_>0,

* %
Since H (I) = H (I') = 0, the associated cohomology sequences

’

yield the isomorphisms

@ wlo-™w, 1lur-a"o,  waw.

As in 6. 2, the constituents of U or U' belong to the disctete series,

and 6. 2(3) holds. But then the two equalities of (2) cannot be true simul-

taneously, whence a contradiction.

.Remark. Here again, these results hold, with a similar proof,

if G has no discrete series.

6.5. We give now a necessary condition for the cohomology with
respect to a Langlands quotient in 60(G) to be non-zero at the R-rank.

Let r=rk_G and c = dim A. We identify A(P, A) with a subset

2]

of RA as inl.2(3). Let J=J(P,o0,v) bea Langlands quotient in EO(G).

\
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PROPOSITION. Assume that HS(G;J ) 4 0. Then the following conditions

are satisfied:

(i) v = sp A’ where £(s) = c¢ and, if s-—-sa...sa is a reduced
1 - “c

- decomposition of s, then {al}1<i<c contains one representative of each

set Aﬁ (BeA(P, A)) (cf. 1.2(3)).

(ii) The non-compact simple factors of OM are locally isomorphic

to SL,(B), SLy(B) or SL,(C).

We consider the exact sequence 2. 3(2):

(1) 0 -J-1'"-U"'-0, where I'=1 . ~.
P,o,v

Let g<r. By3.3 Hq(V) = 0 for every constituent of U', hence Hq(U’) =0
(see 3.3(a)). Therefore H (J) ~H (I') is injective, whence Hr(I') 4 0.
We consider the ordering of & opposite to the given one and let ?; be,

half the sum of the positive roots. Thus F = -p. By X, 3.4, there exists

S € WM such that

(2) , Sp AtvE 0.
*+ * . s
By 2.1(1), we have ve 2p Pp - Ve EP; the second condition can be
written
%k
(3) p_tve +a .
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Lemma 3.1 implies then £(s) >dim A. By X, 6.1, Hq(I ) =0 for

Q< qO(OM) + £(s). We have

0
r M

@ ay M) > rk

(X, 4.4), hence

(5) qo(OM) + £(s) > rk OM + dim A = r,

R

‘with equality if and only if

(6) qO(OM) = rkROM, £(s) =dim A .

The ésserfions (i), (ii) now follow from 3.1 and X, 4. 5.
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