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Remarks by Dr. J. Robert Oppenheimer, Director of the Institute for
gdvanced Study, at the presentation of the first Alovert Einstein Award,
at Princeton, March 14%2;951, to Professor Julian Schwinger of Harvard

University.

It will hardly be necessary to remind physicists of the debt that
we owe to Julian Schwinger, and of the record of high achievement which
makes it appropriate thet he be one of the first recipients of the
Einstein aAward. Even in the field of atomic physics, and in the history
of the last decade, where the close, informal colleboration between
scientists has often made it hard to discern an individual contribution,
we can clearly see the bright beacons lighted by Schwinger's hand.

He was the first to have insight into the deeper reasons why atomic
nuclei are not little round spheres, but gererally have an asymetric shape.
He was the first to point out what valuable information about nuclear
interactions could be cbtained from exveriments in vwhich more than one
nucleus affected the scartering of neutrons. He developed new and
immensely powerful methods for the treatment of electro-magnetic waves,
vhich have formed the basis for much of the practical work with micro waves,
of such great civil and military significance. He has developed powerful,
new mathematical tools for the analysis of collisions, on which we depend
so heavily for our understanding of the relations between elementary
particles. But perhaps his greatest work, as well as the most recent, has
been to give us a new understanding of that old and deep problem of the
interaction of light and matter. to sweep away the confusions and
inhibitions of more than two decades of physics, and to give us new and
correct insight into the properties of electrons and of light themselves.

This is not the place to spell out the history of quantum electro-
dynamics, a history no easier to write because of the follies that have so
long obscured it. In his recent work in this field, Schwinger has shown
in the highest measure three qualities characteristic of him and
characteristic of oupr science at its best. The first is a steadfast
preoccupation with the consegquences of a logical; theoretical structure
with regard to experimentally accessible predictions, of which perhaps the
most brilliant example is the prediciion of small anomalies in the magnetic
properties of the electron itself. The second chezracteristic is a
preoccupation with the logical meaning of physical theory, with the
definition in terms of physical experience of the concepts with which the
theory deals. We have learned how revolulionary the consecuences of these
preoccupations can be from the great work of Einstein himself. But in the
reformulation of wuantum electrodynamics, thaet we owe so largely to
Schwinger, these tonceptual clarifications have played an integral and
decisive part. The third quality of Schwinger's work, which we also rightly
honor by an Einstein Award, is his extraordinary feeling for mathematical
form, and his ability to use mathematical beauty as a tool in finding the
real meening of a theory. As a result, we have today, for the first time,
an at least preliminary understanding of the implications resulting from the
combined assumptions of the theory of relativity and of the quantum theory,
and of the existence of charged particles in nature.

It is common, in praising the work of a scientist, to point to the good
effects his guidance and example have had on the young people with whom he
has worked. What Schwinger has done for physicists is to remind us again that
mathematical physics can be beautiful, and that its power can be enhanced,
and its truth deepened, by a man who is respectful of that beauty.



Records of the Office of the Director / Faculty Files / Box 10 / Einstein, Albert -- 1951 Einstein Prize Award (J. Schwinger)
From the Shelby White aqd Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA

®

From: Rcom 5600
30 Rockefeller Plaza
New York 20, New York
Telephone: CIrcle 7-3700, Ext. 89

FOR RELEASE IN MORNING PAPERS, MONDAY, MaRCH 12, 1951

The first Albert Einstein Award for achievement in the nastural
sciences has been won by Professor Julian Schwinger of Harvard
University, a mathematical physicist, and Professor Kurt Godel,
member of the Institute for Advanced Study, Pripceton, New Jersey, a
mathematical logician.

The awards were made by a committee and announced today by
Lewis L. Strauss, President of the Board of Trustees of the Institute
for Advanced Study. Mr. Strauss established the award in memory of
his parents, the late Lewis and Rosa Strauss, of Richmond, Virginia,
who were interested in advancing the natural sciences.

Formal presentation of the award will tzke place at Princeton
on Wednesday, March 14, on the occasion of Dr. Einstein's seventy-second
birthday. Dr. Einstein and other noted scientists will be present.

The winners will divide the £15,000 prize and will receive a
medal which has been designed by Gilroy Roberts, Philadelphia, sculptor
and engraver, who has done much medallic work for the United States mint.

The award committee consisted of Dr. Einstein, Dr. Robert
Oppenheimer, director of the Institute for Advanced Study;

Dr. John von Neumann and Dr. Hermann Weyl, both of the Institute for
Advanced Study.
The committee said it has been "ﬁersuaded of the superlative

qualifications" of Professor Schwinger end Professor Godel and, under
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the circumstances, concluded the first Albert Einstein Award should
be made to both candidates.

Professor Schwinger has done outstanding work in the field
of atomic physics.

His most recent, and rated by many as his grestest, work has
given science new understanding of the problem of interaction of light
and matter and the properties of electrons and light. His
calculations on the influence of self-energy on the hydrogen fine-
structure and on the magnetic moment of the electron generally are
regarded as a major advance in the understanding of quantum electro-
dynamics.

He developed new methods for the treatment of electro-magnetic waves.
This formed the basis for much of the practical work with micro waves
and had great civil and militsry significance. He originated new
mathematical tools for the analysis of collisions, on which scientists
depend heavily for understanding relations between elementary particles.

During World War II, at fhe radiation laboratory of the
Massachusetts Institute of Technology, Dr. Schwinger developed new
methods for the treatment of electro-magnetic waves. These methods
furnished the basis for the investigations by a sﬁbstantial part of
the laboratory's theoretical group.

Early in his career he contributed many important suggestions
about the structure of atomic nuclei and about many decisive
experimental studies of nuclear interaction.

Dr. Godel's work in mathematical logic is regarded as one of the
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greatest contributions to the sciences in recent times. He was able
to prove the existence in a properly codified mathematical system 7
of propositions inherently "undecidable."

Following & broad study of the logic of provable and disprovable
propositions, he made further notable contributions to science by
proving that two of the axioms generally used by mathematicians,
although frequently doubted, namely the "axiom of choice" and the
"cantor continuum hypothesis", are consistent with the other axioms
of set theory if these axioms are consistent.

He has gone deeply into the history of logical and scientific
ideas, Although he has not published much on the subject, he is an
authority on Leibniz. It was part of Leibniz' program for science to
work out a symbolic logic of the sort which is now being developed
and of which Dr. Godel is a leading protagonist.

Dr. Schwinger was born in New York City, February 12, 1918 and
received his AB and PhD at Columbia University. He has been a
National Research Fellow at the University of California, instructor
in physics at Purdue University and has lectured at the University of
Michigan. He has been at Harvard since 1945 and Professor of Physics
since 1947.

Dr. Godel was born in Brunn, Czechoslovakia, April 28, 1906. He
received his PhD in 1930 at the University of Vienna and taught at the
University of Vienna from 1933 to 1938, when he came to the United States.
In this country, he has been connected with the Institute for Advanced
Study, of which he hes been a permanent member since 1946. He has

taken out his first naturalization papers.
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Revised press statement (Schwinger) from Strauss 3/2/51

Professor Schwinger has done outstanding work in the field of
atomic physics. His most recent and, rated by many as his greatest,
work has given science new understanding of the problem of interaction
of light and matter and the properties of electrons and light. His
calculations on the influence of self-energy on the hydrogen fine-structure
and on the magnetic moment of the electron are generally regarded as a
major advance in the understanding of quantum electrodynamics.

He developed new methods for the treatment of electro magnetic
waves., This formed the basis for much of the practical work with micro
waves and had great civil and military significance. He originated new

7 mathematical tools for the analysis of collisions on which scientists
czfiaf;,f’5 depend heavily for understanding relations between elementary particles.
o
&

He has contributed importantly to the knowledge of atomic nuclei
and experimental work on nuclear interactions.

C:. . During World War II, he conducted research at the Metallurgical

Laboratory at Chicago and at the Radiation Laboratory at the Massachusetts
Institute of Technology. He devised methods of treating wave propogation
problems which furnished the basis for investigation of a substantial

part of the University's theoretical group

(Gardner told Strauss that you thought the parahydrogen work of importance;
but in your statement which he received today he could not fdentify your
reference., I told him T thought you had just put it in a different way.
Strauss will be in his office all day to receive a call if you want to
talk to him. wvon Neumann is preparing his statement about Godel today
and T told Strauss he should have it by tomorrow morning.)
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Faebruary 28, 1951

Professor Julian Schwinger

Tt will hardly be necessary to remind physieists of the debt
that we owe to Julian Schwinger, and of the record of high achievement
which makes it appropriate that he be one of the first recipients of the
Einstein Award. Even in the field of atomic physics, and in the history
of the last decade, where the close, informal collaboration between
seientists has often made it hard to discern an individual contribution,
we can glearly see the bright beacons lighted by Schwinger's hand.

Ho was the first to have insight into the deeper reasons why
atomic nuclei are not little round spheres, but generally have an asymetrie
shape., le was the first to point out what valuable information about
nuglear interactions could be obtained from experiments in which more than
one nucleus affected the scattering of neutrons, He developed new and
immensely powerful methods for the treatment of electro-magnetic waves,
which have [ormed the basis for much of the practical work with micro waves,
of such great civil and military significance. He has developed powerful,
new mathematical tools for the analysis of collisions, on which we depend
8o heavily for our understanding of the relations between elementary
particles. But perhaps his greatest work, as well as the most recent, has
been to pive us a new understanding of that old and deep problem of the
interaction of light and matter, to sweep away the confusions and inhibitions
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Qmmﬁmhodoudnofphpiu, and to give us new and correct insight
into the properties of electrons and of light t.hmlv;l.

This 1s not the place to spell out the history of quantum
electrodynamics, a history no easier to write because of the follies that
have so long obscured it. In his recent work in this field, Sciwinger
has shown in the highest measure three qualities characteristic of him
and cgharacteristic of owr secience at its best. The first is a steadiast
pr‘ocm:paﬁon with the consequences of a logieal, theoretical structure
with regard to axperimentally aocessible prodicti_pna, of which perhaps
the most brilliant exauple is the prodiction of small anomalies in the
magnetic properties of the electron itself. The second characterisiic is
a preoccupation with the logical meaning of physical theory, with the
definition in tems of physical aexparience of the eoncepts with which the
theory deals. We have laa;'ned how revolutionary the consequences of these
preoccupations can be {rom the great work of Einstein himself, But in the
reformulaticn of quantum electrodynamics, that we owe so largely to Sobwinga!;,
these conceptual clarifications have rlayed an integral and decisive part.
The third quality of Schwinger's work, which we also rightly honor by an
Einstein Award, is his extraordinary feeling for mathematical form, and
his ability to use mathematical beauty as a tool in finding the real meaning
of a theory. As a result, we have today, for the first time, an at least
preliminary understanding of the implications resulting from the combined
‘assumptions of the theary of relativity and of the quantum theory, and of
the existence of charged particles in nature.
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It is common, in praising the work of a scientist, to point
to the good effects his guidance and exarple have had on the young
people with whom he has worked., What Sghwinger has done for physicists
is to rawind us again that mathematigal physics can be beautiful, and
that its power can be enhanged, and its truth deepenad, by a man who
is respectful of that beauty.

Remarks by Dr. J. R. Oppenheimer
Einstein Prise Award Lunchason
lhmhlh. 1”1
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" )" Julien Schwingor: Born in NewZorik, liew York, ?cﬁéuﬁh& 12, 191050
. A+B., Colunbia %nivorsity, 1936, PhsDs, Colunbia Uhivoraity.'JQSQJ'V\gi
_'National Resoarch Fe¢llow, University of California, 195¢-41, Instructs

or in Physics, Purduc University, 1941-43, Assistant Professor, o
Purdue Unlversity, 1943-45, Surmer Lecturcr, University of Michigan,

1941 and 1918, Associate Professor of Physics, Harvard Univorsity,
1945=47, Profgssor of Physics, Harvard Univorsity, 1947 = = =,

Schwinger's early rcscarch, publishud before he was twenty yoars
old, was nainly on the magnctic scattering of neutrons, and on the -
scattering of ncutrons by ortho and parahydrogene 4 little later he o
investigated noutron=proton interacetion in rclation to the quadrupole
monmont of the deuturon and tho tensor thecory of nuclear forces, |
During the war his rcscarch wns partly at the Metallurgical Laboratory &
at Chicago, but mainly at the Massachusctts Institute of Technology e
Fadiation Laboratory. There he deviscd imvortant now mcthods of L
troating propagation problems conneocted with wave guides which fur- 0
nishod the basis for the investigotion of a substantial mrt of that = 8
laboratory's thecrctical groups Roccntly he made calculations of the
influenco of sclf-cnergy on the hydrogen finc-structure and on the =~ =
nagnotic moment of the eclectron which arc .generally rogarded as a '8
ma jor advance in the undorstanding of quantum clectrodymamicse
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ly On the Magnetic Scattcring of Ncutrons. Phys. Rove 51, 544=552,

1937. <3
2¢ On the Non-idiabatic Processcs in Inhomogoncous Fioldse PhyseReve =
51, €48=-651, 1937. X £

- 3¢ The Scattering of Noutrons by Ortho-and Parahydrogcne Physe Rcve :
52, 9286=-205, 1937, With E. Tecllers
4y The Vlidths of Nucloar Zncrgy Locvelse Physe Rove 55, 39-46, 1939
With Je He Manley and H. H, G oldsmith,
8, The Scattcring of Thermel Noutrons by Deuteronse Physe Rove 58,
"26=36, 1940, 'Vith L. Motz,
6+ The Eloctromagnetic Propcrtles of Mesotronse Physe Reve 58, 953«
! 968, 1940, With HeCs Corbecn. »
7¢ The Photoe=Disintegration of the Deuteron, P Rev 209~211,1941, With
Ve Rarita and He A. Nye, = ., Ty Toe e it
'g:rig: the Neutron-Proton Interactions Physs Reve 59, 436=452, 1941. With Ve
¥ ]
9+ On the Exchange Properties of the Neutron=Proton Interaction Physe Rev
]5.36"564’ iglbl. With W, Rarita, . . 7 22’ ¢
« On the Interaction of Mesotrons and Nuclei, Physe Reve 60, 150+152 . 8
With J. R. Oppenheimer., 3 o Hov L0, 1508152, 1954 bt

1ls On Tensor Forces and the Theory of Light Nucleis Phys. Reve 61, 138=1.6, 1942¢
With E. Gerjuoy, v A
124 Notes On Lectures, "Discontinuities in Vave Guides", Radiation Laboratory, '
Hassachusetts Institute of Technclogy, 1945

12, The Scattering of Slow Neu*rons by Orthoe and Paradewterium Reve 63, B
145,254, 19465 Wit). M, Hanemeshs o Fgm. Bove S

1{.- The Magnetlc lopents of F3 and He3s Physe Reve 70, 41-43, 19460 Vith T
© He Ge Sezne, : L
15¢ Nsutroi Scattering iu Octho- and Parahydrogen, Phys. Rev, 71, 678-680,1947, 2
Tich 4 Hrererperl, L
We Cn the el din o Jouad from an Mmlanged Cirenlar P "Fayss Reve 7 e
33‘3-4{!&, 1380 Wik Te Tevise, ' e s ,a.:n. M !

i
-
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_Publications of Julian Schwinger (continued) Pg, 2

17« On the Polarization of Fast Neutronss Physe. Reve 73, 407=409, 1948,

18, A Note on Saturation in lMicrowave Spectroscopye. Physe Reve 73, 1020-1026, 1948,
With Re Karpluse

Letters to the Editor of the Physe Revs

l, On the Polarization of Electrons by Double Scattering, Phys. Reve 48, 109, 1935,
Tith O, Halpern,

24 On the “<Radioactivity of Neutrons, Phys, Rev, 48, 704, 1935, With L. lotz.
3¢ On the Spin of the Neutrone Phys. Rev. 52, 1250, 1937.

4Ly The Neutron=Proton Scattering Cross Sections Phys, Reve 55, 106, 1939 With
Ve Ve Cohen and He He Goldsmithe

5¢ The Resonance Absorption of Slow Neutrons in Indiume Physe Reve 353, 107, 1939,
With J. He Manley and H, H, Goldsmith,

6y On Pair Emission in the Proton Bombardment of Fluorines Physe Reve 56, 1066,
1939. Tith J« R Oppenheimer,

7« NeutroneDeuteron Scattering Cross Sectione Phys, Reve 57, 161, 19404 Tith

L. Motz,

8, Neutron Scattering in Orthoe=and Parahydrogen and the Range of Nuclear Forcess
Physe Reve 38, 1004, 1940

9« On a Theory of Partio{es with HalfeIntegral Spin, Phys, Rev. 60, 61, 1941,
With Ve Rarita, : :

10¢ On Quantum-Electrodynamics and the Magnetic Moment of the Electrony Phys, Rev,
73, 416=41 , 1948,
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ON GAUGE INVARIANCE AND VACUUM POTARTZATTON.

Julian Schwinger.

These notes are taken from an
unfinished manuscript of Professor
Schwinger. They have not been revi-
sed, edited, or officially approved
by him.
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On Gauge Invariance and Vacuum Polarization.

Julian Schwinger.

Quantun electrodynamics is characterized by several formal
invariance properties, notably lorentz and gauge invariance, Yet,
specific calculations by conventional methods may yield results that
violate these requirements, in consegquence of the divergences inherent in
present field theories, Such difficulties concerning Lorentz invariance
have been avoided by employing formulations of the theory that are
explicitly invariant under coordinate transformations, and by maintaining
this generality through the course of calculations. The preservation of
gauge invariance has apparently been considered a more formidable task,
It should be evident, however, that the two problems are quite analogous,
and that gauge invariance difficulties naturally disappear when methods

of solution are adopted that involve only gauge covariant quantities.

We shall illustrate this assertion by applying such a gauge
invariant method to treat several aspects of the problem of vacuum polari-
zation by a prescribed electromagnetic field. The calculation of the current
j}‘ agsociated with the vacuum of a charged particle field involves the
construction of the Green's function for the particle field in the prescri-
bed electromagnetic field. The vacuum current may be exhibited as the
variation, with respect to the vector potential, of an action integral,
waich effectively adds to that of the Maxwell field in describing the
behaviour of electromagnetic fields in the vacuum. We shall relate these
problems to the solution of particle equations of motion with a proper
time parameter., These equations of motion, which involve only electromagnetic.
field strengths, provide the required gauge invariant basis for our discussion.
They can be solved rigorously in the two situations of constant field strengths.
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and fields propagated with the speed of light in the form of a plane wave,
The modified Lagrange function for the plane wave reverts to that of the
Maxwell field after a renommalization of field strengths, thus expressly
denying the existence of a "licht-qnantum self-energy”. With constant
(that is, slowly varying)fields, the same field strength renommalization,
with its associated charge renormalization, yields a modified Lagrange
function differing from that of the Maxwell field by terms which imply a
non-linear behaviour for the electromagnetic field, This resuli agrees
with one obtained some time ago by other methods and a snmewhat different
viewpoint, For weak, arvitrarily verying fields, perturbation mathods

can be zpplied to the eguatinns of motion,

The consequances thus cbtained are ussul in cornection
with a clacs of protlen in wiich gavege invariance difiisuldies have bLeen
encovniered, the multiple rholon disintegration of a reuniral meson, Without
extensive further calculations, we shall obtain epprexincie gauge-invariant
expressions for the interaction of a zero-spin neutral neson with two photons,
where the intermediate nuclear interaction may be srzizr, or the equivalent
pseudoscalar and pseudovector coupling. We shall 2lso easiiy obtain an
approximate expression for the interaction of a spin cn: rmzutral meson with
three photons, or an electron positron pair, through th: interposition of

a vector nuclear interaction.

The utility of the proper time technigue to be exploited in this
paper, apart from its value in obtaining rigorous solutions in a few special
cases, lies in its isolation of the divergent aspects of a calcula*ion in an
integration with respect to the proper time, a parameter that makes no refe-
rence to the coordinate system or the gauge. Indeed, we shall show that the
customary perturbation procedure of expanding in powers of the potential
vector does yield gauge invariant results, provided only that the proper time
integration is reserved to the last. The technique of "invariant regularization"
represents a partial realization of this proper time method, through the use
of specially weighted integration over the conjugate quantity, the proper mass.

Finally, in an Appendix we shall employ the Green's function for
an electron in a constant field to calculate the second order electron self-
energy in a weak external field, thereby providing a simple derivation of the
second order correction to the electron magnetic moment.
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The current vector and energy-momentum tensor for a Dirac field

are given by
@ =Fe Y@, Y@,

Ty (1) = LY G, (W S - ),y ¥ )]

1 ! a v
+il(-1 &=- eAcx))&,‘vcx),YH,\P (x)1.
The field eonzticns and commutation relations of the Direc field are given by

(Y &-ea@) +m)¥(x) =0,

{\')(x:xo)a \p(xlxo)} =¥3 g‘(x"x' Y
where

% {\('A’le"' e S}W

and

Gayy Yes

The structure of the current operator,
I () = a0l F (L4600,

which arises from an explicit charge symmetrization, can be related to a
time symmetrization by introducing chronologically ordeved opsrators. Thus,
with the notation g

(A(xé)B(x&'))_l_ = A(xé)B(xé‘) x! >x!!
= B(x‘;l)A(xé) x! <x!l,
and
€x -z =T B>
-1 x‘;< x")' 9
we have

—
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provided one takes the average of the forms obtained by letting x' and x!'!'
independently approech x from the future and from the past. The guantity
of actual interest here is the expectation value of jr (x) in the vacuum
of the Dirac field,

<:1H (x) = ie tr\!rG(xi x11)]

X, x!' — x
where

o(xt,x1t) = 1< (x1) Y (xrn)), Selxtoxtn)

end tr indicates a diagonal sum with respect to the spi=z indices.
The quantity G(x', x'') satisfies an inhomc;oneous differential

equation which is obtained by noting that

V(G & - oaten) + mlotetxtt) =Y {Wn, Yot > St - x0)

in which the right side expresses the discontinuous change in form of G(x!',x'!)
as xé is altered from x")' -0 to xc"' + 04 Therefore

(Y& &, - ea(xt)) + mla(xt,xt) = (xi-x),

that is, G(x!',x!'!) is a Green's function for the Dirac field. We need not
discuss which particular Green's function this is, as shown by the associated
boundary conditions, since no ambiguity enters if actusl pair creation in

the vacuum does not occur, which we shall expressly ass:me.

It is useful to regard G(x',x!'!) as the matrix element of an
operator G in which rows and columns are labelled by space-time coordinates,
as well as by the spinor indices

G(xt,x'") = (x'Jafx'1),

The cdefining differential equation for the Green's function is then considered
to be a matrix element of the operator equation

(Yrr+m)G=l

where
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is characterized by the operator properties

and

oA A
By = ke o ineh i
v
P axﬂ ox,

is the antisymmetrical field-strength tensor of the externzl electromagnetic
field,
With this symbolism, it is easy to show tha' Lthe vacuum current

vector
f'\r‘?' — 1o
(:}H\..,) ie tr Y}H (x|c|x)

is obtzined from an action intecgral by variation of A,“(:f_',‘.-, This is accomplished
by exhibiting

Ewl =S<3P(x)>SAF(x)d:: = ie Try § g

as a total differential, subject to § AP(x) vonishing at infinity., In the
second expression for & Wl‘ ba denotes the operater with the matrix elements

(xs\&ql x11) = tf{x?_xn)g;l(xl),

and Tr indicates the complete diagonel summation, including spinor indices
and the continuous space-time coordinates. Now

-e'YgA=S("\|In+m)

and

so that )
ie Tr\ib-AG =0[Tr i f: Eg iy mm)sy

Thus in virtue of the fundamental property of the trace,

Tr(AB) = Tr(BA),



Records of the Office of the Director / Faculty Files / Box 10 / Einstein, Albert -- 1951 Einstein Prize Award (J. Schwinger)
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA

e

to within an additive constant

~-ims

- ds -iYrns
w iJf =9 e

Tr
= Ll(x) dx
where the Lagrange function Ll(x) is given by

Ll(x) = i/':o 9—:— oins tr(x Ic-iﬂ{ 8120,

An alternative representation, and the one w=z shall actually
employ for calculations, is obtained by writing
("Y"""“)Tl‘. % = . 7= (=Y mm)
" (Y ) m” - (Y ")

]
I

or

©0 2 2 2\
G= (=Y +m)i/ ds o Ha=(’yn)"le .

2 2 '
m - —
= i/ dsc Um™ = (M8 (g 4+ m)
In virtue of the vanishing trace of an odd number of{ factors, we have
® o 0l - (ym9)s
ieTrY(S.AG=-TrS(*{ﬂ)Ynfodse yr
2 2
M i ds ~i(m-(Y m)%)s
) [Tr 2 J o 8¢ ]

which again involves the fundamental symmetry property of the trace, Thus
i ,® ds -in’s -iHs
L =5/ _ Lo tr (x| ™ | x)

where

and
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We now see that the construction of G(x',x'!), &nd Ll(x), de-

volves upon the evaluation of

(x! ‘ 7 A IX" ) = (x!(s)|x"1(0)).

iHs

The latter notation emphasises that e - ° is to be regarded as the operator

describing the development of a system governed by the "Hamiltonian™ H in the

Utie"s, the matrix element of e-iHs

being the transformation function from
a state in which x{s=0) has the value x!' to a state in which x(s=s) has the
value x', Thus we are led to an associated dynamical problem in which the
spece-time coordinates of a "particle" depend upon a proper time parameter,

in a manner determined by the equations of motion

%?': - i[x'r. ,H] = 211,4

am, = L == e oF; )
o = - ilmy HH] = elRy, m, + w By 1 E“iv&‘;‘
oF, e, JF
— - 3 - SENV .
Zerv m, - ie 3 0 + 2¢Nax},

The transformation function (x'(s-)l x'1(0)) is characterized by the differential

equations

1 26 (8)] %0 1(0)) = (e (s)fH)r £ (0)) 4

(-ig%‘ - eﬁp(xs))(x!(s)lxer(g)):(x:(s)lﬂﬂ(s) \xn(o)),

(i 5.3;‘, - et (xt1))(x! (s)] x11(0)) = (x'(8)|vﬁ(0) x11(0)) | (1)

and the boundary condition

(xl(o)l x11(0)) = &(x! = xt1), (2)
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We shall now illustrate, for the elementary case of FLV =0,
the procedure which will be employed in the following sections for constructing
the transformation function. In this field-free situation the equations of

motion read

dm, (s) _

+—5 O, dx de(B) oy ?-"r] (S),

whence
m (e =y (0)
3 Gepls) - x,(0)) = 2m, .
Therefore
H=w = i’? (xp (s) = xp (0))°
A MORRE YOI IOREACIEE B
Since
[xp(8)s x,(0)] = [x,(0) + 2a7,(0), x,(0)] = 2108y
Having ordered the coordinate operators so that x’s) cvcrywhere stands

to the left of x(0), we can immediately evaluate the matrix element of H
in thc cquation of motion

15=(x1(s) | x11(0)) = (x!(s)| # jxt1(0))

LN e
= (&= _ Byia(e) (o)),

the solution of which is

(x'(s)lx"(O)) = ngélélll oi(xa'x!')elhs. (3)
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To dotermine C(x!,x'!') we note that

(x'(s) | ﬂr(S)l x11(0)) = (xt(s)] m,(0) | x11(0))

= (x1(a)] B3 (xy(a) = xu(0))]x11(0) = H=H (xi(s) | xt1(0))

This with the equations (1) implics that

0 4 k . O A
(-1 -é_; - e_-'-LV‘(x'))C(x yx1') = (4 -é‘—"—‘ - eAF(x“))u(x',x“) = 0,
or

16 /(A )
C(xt,x!1) = C o*€ Ja\h &

Since the field strength tensor Frw vanishes, the line integral is independent
of the integration path. Finally, the constant C is fixed by the boundary
condition (2)¢ It is cvident that (3) docs have the character of a delta

function as s approaches zero, provided we choose C so that

L
9'2 felx /}JS dx=1

S
that is
C = .-L 5 e
(e}

The Greenis function is thus obtained as

2
m .
G(xt,x'!) = :lfo oim Sy, {x!(s) | T m| xt1€0))

!
x

3 - ™ 2
1 ic/ Adx ds ~im"s
R IR x" f e
(m)? 0 42

X

2
x(- gh= (Y (x1=x11)) + m)et (X' =X1)/US
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o O =

If the field strength tensor is constant, the equations of
motion simplify to

&g
"
\"&’

6%
1
no
(0]
~=
<
=
=

or in matrix notation
dx _ an _
ag - 2“, ag - EBFﬂo
The symbolic solution of these cquations is immediately obtained,

ﬂ(S) OEQFS W(O)

]

2¢cFs _ 1
x(s) = x(9) = [S—== ] m(0),
Hence
_ &F -ch
n(0) = T, (x(s) = x(0)) = m (x(s) - x(0))
and

\.Fu
n(s) = m(x(s)-x(t’)) )e

We now czlculate

H+ -g-o-F = '.Tz il

L, cFe eFs eFaGFB -

= (x(8)-x(9)) (Seipmre ) Somrars ) (:(8)=x(0))
2 ct

i

(x(s) - x(0)) -—2—ch (x(s) - x(0))

in which we have uscd the fact that

~

F = -F, FW=-FVI4.
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In rearranging the order of these operators, the following commutator is

required,
e2eF
e

[x(0) + &=L n(0), x(0)]

(x(s),x(0)]
" eEer o

-1 ==,

that is to say

eFs ¢Zsinh eFs

[XH (8)s x, (0)] = ~i(e _e'F———)yw'
Thus
H+ % eoF = x(s) _____2___32}"2 x(s) = 2x(s) ——-——E——ezFa x(0) +
z 4 sinh“eFs 4 sinh"eFs
92F2 1
+ x(0) x(0) - 3 i tr eF coth eFs,
4 sinh®eFs

where tr again denotes a diagonal summation, although of a quite different

type of matrix, and we have used the fact that

tr F = Q.

We now immediately obtain the differential equation

e2 FE

3 o dehil G i
i == (x'(s)|x'1(0)) = [~ 3 eo’F + (x'-x”)h v

(x1=x11)

- %— i tr eF coth eFs](x'(s) \x”(O))

which has the solution

i § sinh eFs
~g Wi =gy

(x'(s)'x"(O)) =ﬂ’ﬂ§L') e X

%— iec-Fs + % i(x'=x!'1)eF coth eFs(x'-x'!)
xe

. (L)
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To calculate C(x',x''), we cmploy
(x'(s)/m(5)|x11(0)) = (55 coth ePs + §7) (x'=x'1)(x" (s)| x11(0))

el (5)
(x1(6) | m(@)11(0)) = (F coth eFs -~ F)(xt - x11)(xt () x'1(0))

in conjunction with (1) to obtain the differential equations

[ -1 g_x;; - eAF(x:) - % eFH"{x'_x“)V] G(x',x”) =0

o 1 : :

{ | 'é;'l‘, - EAM(X”) - ? eF"w(x" - x‘)v ]C(xf,xll) = 0,
"

The solution of the first equation is

3 I
G(xl,xll) = g(xt1) Oief;:l dx(A(x)-i»:];F(xl_xe:))

in which the integral is independent of the path of integration since

o (x) + % F’w(x alt

has a vanishing curl, However, by rostricting the integration path to be
a straight linc connecting x' and x'!', we may write simply

!
X
C(X',Ili) =C ci':.' J’;u Adx
and, with @ a constant, obtain a solution of both the equations for C(x',x!'!).

As before, C has the value

i

===,
(am)?

since the limiting form of (x='(3) |:c' '{0)) as s —0 is independent of the
external field, The Greca's functior is then obtained in the two equivalent
forms
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G(x!,x!!) = U: ds e'mzs[-’{(xl(s)l n(s)| x'1(0))
+ n(x! (s)| x'1(0))]
=1/ as e-imzs[-(x'(sﬂ m(0)] x11(0))Y +u(x! ()| x*1(0))]

which will be given explicitly by substitution of (L) and (5).

The Lasrange function Ll(x) is row computed as

ey
Ll(x) = %- j,/'o -% "Rl tr(x'(s)\x”(o))]x',x' '— x
1 sinheFs 1 :
b 2 tr log ——— 7 1eC0Fs
=g / 48, Jine e ? SN et .

We wmay exhibit this more explicitly as a real quantity by a deformmation of the
integration path, which is effectively the substitution s —* -is. Thus

. B sineFs 1 8
Ll(x)-_ f %S'G_HZSG 2t.rlg———eFa i erFB'
32

To evaluate the Dirac matrix trace, we employ the following spin matrix property
1
Fl {"}m 0_7M1= SIANSM" gf‘“ sv&"’ iep\VRKY;

Yg il inYa YB\{h’ \lé = -1,

and epvhx denotes +1 or -1 if uvAk forms an even or an odd permutation of 1234,

where

and zero otherwise., Then

1 2 1
(?G;AVF,AV ) =2‘ v YS r,v FV ’
where
* 1
FPV =¥ iewEKFAK -

is the cuel field strength tensor. We encounter the scalar
: 1l 2
T=E % =8 -5

and pseudoscalar
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constructed from the field strengths. Since
& 2

2
and‘YS = =1, it follows that %G‘F has the four eigenvalues

Gor' =212 < 10)

znd therefore

1
caFs
tr e§c = LRo cosh es V2(3 +iG ’

where Re denotes the real part of the following expression. Note incidentally

that .
2(3+ 18) = (H + iE)°.
Wc shall require the eigenvalues of the matrix F = (%MV) to
construct v % tr log sigfiFs :
e

The evaluation is accomplished with the aid of the easily verifiable relations

Faa FAV* 3 "‘S;AvG’
: 6
FXetl 8 )

MR AV uafay = 2 M

From the cigenvalue equation

F Y =mY
pein T
and its equivalent

il A
FM;PU ke GYF

according to (6), wo obtain by iteration

e
FFRF,W‘P,,f L
#* % s |

Then (6) yiclds the eigenvalue equation

Fib o+ 27 122 g2 = o,
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which has the solutions & F(}), * p(2) snere

Fd) =3 m) + im)
) =y 33+ 10) = 1 {33 - 10).

Expressed in terms of these eigenvalues

: | sin cFs
SRR Lt
sineF(l)s sineF(zys
(1).(2)

cos ea(F(l)-F(z))- cos es(F(1)+F(2))

or
- % tr log _____sir;F:Fs (cs)eG
e —
In cosh cs\2(7 + iG)
where Im denotes the imaginary part of the following expression.

Finally,then

X * as -mzs
i

S

g (os)ZG Re cosh es 42‘3-*:1&; il
In cosh es 3 +iG i
in which we have supplied. thc additive constant necessary to make Ll vanish
in the abscnce of a field, The first term in the expression of Ll for weak
fields is 2 2 3
n _ € f“d_s gl I

Ll = “1Zwe ‘08 e

On separating this explicitly, and adding the Lagrange function of the Maxwell
field

Lo’_"?o

we obtain the total Lagrange function.
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W LB -

2 = 2
el ) ds -m's
L-"[l sz _ﬂe ]?

2 2
-;_2/' % e—ms{ (es)%% -l-g-(es)z-'-,}.

The logarithm'ically divergent factor that multiplies the Maxwell Lagrange
function may be absorbed by a change of scale for all fields, and a correspond-
ing scale change, or renormalization, of charge. If we identify the quanti-
ties thus far employed by a zero subscript, and introduce new units of field

strength and charge, according to

(1 + 0e?)(F,+ 16) =T + ia,

(7
2 o0 2
2. & C= 2+ /. 48 m's
we obtain the finite, gauge invariant result
o 2
L="7"%§Z fo g_g' e-ma[(es)zﬁ Re cosh es 42(?4- iG)
s Im cosh es V(7 + iG)
-1 -5 (e2)* 71
L 2
SRS L ol 3. ol 02 2 : 2}
= . + Iz (E) -m?{(E-Hz) + T(E'H)t+ 4o

In the latter expression the conventional rational units have been reinstated,

_and X stands for the fine structure constant (ez/bﬂhc).
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We shall now discuss the approximate evaluation of

2
g_: e—-im s Tr e-iHB,

" e
Wl_?vo
H =(P-EA)2"%'9°'Fs

by an expansion in A, and F,, « For this purpose we write
v

H M
H= Ho + Hl
where
Ho = p2
and

Hl = -e(pA + Ap) - % eaF + ezAE.

To obtain the expansion of Tr e-iB(H°+H1) in powers of H

12 we introduce

U(s) = e'is(H°+Hl),
which obeys the differential equation

12 u(s) = (H_+ H,)U(s)

06 (o} . a
The related operator

v(s) = > y(s)
is cetermined by

i% V(s) = ¢*8Ho By ¢ i8Ho V(s)

and
V(o) = 1.

V(s) thus satisfies the integral equation

V(s) =1 - if: e*5'Ho I-[le-is'l'fc> V(s')ds!
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which is solved by iteration

V(s) =1-4i/7 astei®'Ho Hle-is'Ho ds!

+(-1)% /2 asre™®'o g e7is'Ho /8! ggnls! oy g8 o o

On introducin; new variables of integration Ups Uy eee according to

st = SUy , gt = s'uz, cee

we obtain the expansion
oo + M) = oo 4 ga)/y cuyomto(UFoy giewhe
+(-is) 2 fc', w duy f") duge-is(l'ul)ﬂ"Hl e—is(l-uz)ulHoﬂle-isu]_ugHo
+ L ] . - &

the n! th term being

Tl

(-18)%8 it au /1 WF duyeenst du x
seee X

xe-t8(1-u1)Ho Hle—isul(l-ua)ﬁo By

e~ 15U1U2. sup-1(1~un)Ho He -isupug.eunlp |

Instead of directly taking the trace of this expression, which would require

further simplification, we remark that

Tr e-is(H°+Hl) - Tr o 280 o (—is)fé. dﬁTrﬂle_is(HO+ AH)

and insert the expansion for e“is(H"+ ?\Hl). Thus

1r o 180, gp oisto 4 (Lyg)prp o7ieHo

+ %(_13)2 fc', dulTr(Hle-iB(l—ul)Ho Hla-isulﬁo Frons
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w 19
1 . \Dp!  n=2
et 3 (=is) j; u dul../g du . x

~-is(l-uy)H, =isujupssun-1 Hy
xTr(Hle Hl"'Hle )s

We shall be content with the first non-vanishing field dependent

term in the expansion

) e bl
j; %56-1m s {. SR TT(eZ 2 -1sp)

1+
+ 3(-15)° /1 ¥ Tr(e(ph+ip)e” -is(9p’ e(ptip)e 5 (Z) )
+ 3(-is)° M &L Tr(3 eoF e -is(Fp° 5 evFe -is( )P)}

1'.H’). The evaluation of

For convenience the variable u has been replaced by (
these terms is naturally performed in a momentum representation. The matrix
elements of the coordinate-dependent field quantities depend only on momentum

differences,

fe-ikx

@+ 36| o -390 = T

and

M()éx = (rry2) Ay (),

2 - ok 2 ; 1
(0 12% 12) = g / i ex = (g ) / &y, (A0
Therefore

-
{ -is [ dp e *P  / aki(-k)A(K)

~1(25%) (prgk)? -i8(E%) (p- 3 k)
+ 5(-i8)° [y = Jop Jexl2ph(-k)e TR e

-l (l-v

+ i: tr FoF(-k)e

) ega° | -1s(1*">(p%k>
g }
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We encounter the elementary integrals

sy
! dp e - Ez ’
is
-is(p2+% k2)+ ispkv 72 —iaﬂikz(l-vz)
Jap e =, ©
is
and
-is(p2 + % k2)+iapkv
Jéppy 2 e
3.2
¥ LR a3 ipletispkV
= e (Z,) fdpa~ P TP
sv Ek;' ok,
) [ 2
2 -ise k" (1-v))
_ T i 1 3
e (-ﬁSV+EVKMkV).

is

It is useful to replace the %Fk,of the last integral by an expression equivalent
to it in virtue of the integration with respect to v. Now
142 2 32 2
-ist k" (1-v°) -istk"(1-v")
1
v -g!-esn =l-is%k2f%3v2 T
il | *

so that effectively

-1s(p2+]1;k2)+ispkv
o 8
2 g ek lnaT) 8
e B L T v & aF
Lo Gy ™8

On inserting the values of the various p integrals and noting that
2 - c
(e, =8, k)3 (KA (k)= = 5 B, (-K)E, ()

we immediately find the gauge invariant form
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n e i
" (um)? s )w( )F/w( r

2.F .2 2
- -s( k™ (1=v))
TR b

C 8

This has been achieved without any special device, other than reserving to

the last the proper time integration.

A significant separation of terms is produced by an integration

by parts with respect to v, according to

o0 -(m2 1 k2(l-v2))
41 g%(l-vz) J; Ee h ’

8

22 LA
2 1 -(m (1-v))s
g 2 ds. o’y 1.24

idding the action integral of the Maxwell field, which is given in momentum

space by

- Vo l 3\ (M
LALEP A $-8 (—k;Fﬂy\.{),

we obtain thes modified action integral in the form

2

(- [l s s

oo 2
ad -
122_/' €8 e ms]fdku-rw\-.{ (k)

o 8

2

S0P/ av “'1“ v°)
(hﬁ)

Il o m "‘1- }- ("-v )

o Jdk H F,, (=k)F

The field strength and charge renormalizations contained in (7) then produce

the finite, gauge invariant result,

W= fdk % E,,(-0)F,,, (k)

2 2 1. 2 (8)
PR o T
X&l—rﬁ'n?-f dv ) }.

e

1+ 2p(1-v®)
1
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The restriction which we have thus far imposed, that no actual

2
pair creation occurs, corresponds to the assumption that 1 + %‘32 (1= v2)

never vanishes, This will be trye if - k’_?< hmz, for all kl" contained

in the Fourier representation of the fields Inceed, it is evident from
energy and momentum considerations that to produce a pair by the absorbtion
of a single particle, the momentum vector of the latter must be time-like and
have a magnitude exceeding 2m. We sow simply remark that to extend our re-
sults to pair-producing fields, it is merely necessary to add an infinitesimal
negative imaginary constant to the denominator of (8) and understand the posi-

tive imaginary contribution to W thus obtained with the statement that

af o
represents the probability that no actual pair creation occurs during the

history of the field,

The infinitesimal imapinary constant, as employed in

3 Y
E_.+Lé..".'\ m = P(;) * wié_(x)

represents a familiar device for dealing with real processes. We obtain from
(8) that

- 2
2IniW = ; J/ dk -,:ll- F‘N(-k)F"w(1:);'?-2 f; dw2(1-§v2) AL+ %2(1.72)]

1
k 1 ba? \Z Lpn. il
-d{l@) 3:5- E)Fpu(-k)F’,,(k) (1- (:2)) 3‘(2"‘(—_];2))- (9)

In the weak fields that are being considered, this is just the probability that

a pair is created by the fields It should be noticed incidentally that

-} 108,00 =3 200 F - o]



Records of the Office of the Director / Faculty Files / Box 10 / Einstein, Albert -- 1951 Einstein Prize Award (J. Schwinger)
From the Shelby White and Leon Levy Archives Center, Institute for Advanced Study, Princeton, NJ, USA

- s

is actually positive for a pair-generating field, This follows, for example,
from the vanishing of the magnetic field in the special coordinate system
where kﬂ has only a temporal component, An alternative version of (9)

is obtained by replacing the field with the current required to generate this

field, according to the Moxwell equations

ey Fyy (k) = =3, (k)

Now

K} Fy(=k)E, (k) = 2k F, ROTEINCD

= 2Jﬂ(k)JF(-k)

so that

e
LW = =, {k2> ﬁzJF(-k)Jp(k) x

8m
X l- —'tl ) e+ - .

We must now consider the connection, within the frame work of this
special problem, between the proper time method and that of "invariant regulari-
zation" devised by Pauli and Villars, The vacuunm polarization addition to the

action integral has the general structure
g 2
L fdkA" (-k)K’w(k,m )A,(k)e

The proper time technique yields the coefficient Kﬂv(k,mz) in the form

2
KFu(k,mz) e f: as -8 8 K, ()

where KP,(k,s) is a finite gauge invariant quantity. Infinities appear only
in the final stage of integrating s to the origin, In effect, this method sub-
stitutes a lower limit 5, in the proper time integration, and reserves the limit

so——~>0 to the end of the caloulation. If, on the contrary, the proper time
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technique is not explicitly introduced, V(k,mz) will be represented by

K
M
divergent integrals, leading in general to non-gauge-invariant results.
The regulator technique avoids this difficulty by introducing a suitably
weighted integration with respect to the square of the proper mass, thus

substituting for I%v(k,mz) the quantity
2 @
Bylkon)p =/ dk p(K)K,, (i, k).
The "recgulator" f(k) must, in an appropriate limit, reduce to (S- (k—mz) s and
will produce gauge invariant results in this problem if the integrzl conditions
Lo pl)ak =0

o0
fa % pk)dk =0
arc satisfieds Expressed in terms of the Fourier transformed quantities
o a
R(s) =/ plk)e ™ a
iks

K’w(k,s) = %F[: dk e va(k,k),
we have
Ky (o )y = /o) R(s) K, (8)ds (20)
while the conditions on r(k) cppear as
..j_mz '
R(0) = R'(0) = 0, R{a) =20 O ,

Now observe that the proper time method yields K yw(k’m2) in the
form (10), with va(k,a) =0, s<0 and
2

e--:Lm 8

R(s) = 8 > 8

0
=0 s<3s8
o
This R(s) and 21l its derivatives vanish at the origin, thus satisfying the
regulator conditions as s g 0. It appears, then, that regularization is a
procedure for inserting, into a calculation that does not employ it, enough

of the structure provided by the proper time representation to ensure gauge in=-
variant results,
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The Lagrange function for a zero spin neutral meson field in scalar

interaction with the proton-antiproton field is given by

: .
L=- 3 (-?;f”;) + u2 421490219 ,91.

To find an zpproximate expression for the resulting coupling between the
neutral mesons and the electromagnetic field we replace %‘-[¢ ,\V] by its

vacuum expectation value calculated in the presence of a known electromagnetic
field, In using the latter to represent the photons emitted in the spontancous
neutral meson decay, we are introducing an approximation which neglects terms

in the square of the meson-nucleon mass ratio, ( P /M), Now

F<HE N> =1 tr 6(x,x)
= - Mfwda a_mzs tr (x| oiH8 Jx)
Qo

9
.
according to the formulae of page (6 ). Keeping only the first term in the

power series expansion of Ll we find

1y ¥ X o2 e s
2V @, YD - Sus e

=% a7
Therefore the effective coupling term between neutral meson and electromagnetic
field is
gP AP, Y1 = 5 gPEE - #)
which describes the decay of the meson into two photons with parallel polariza-

tions at the rate
- % &
=% 4 (@2 pc

m"3 ‘hc('ﬁ) /% -

e d o
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A pscudoscalar interaction between the spin-zero neutral meson

field and the proton field is described by the temm

3¢§[~P,Y5‘Vj

in the Laprange function. For our purpose, %( [‘V:YSLVD is to be replaced by

F<P @Y Y01 = 1 Y0000

\ c—:.Hs

oD
=-Mf0 ds e X)e

trYs(x

Inserting the transformation function (4) and reolacing s by -is, this becomes

F< VG, Y Y 1>
- 3 sin eFs 1
. fm dis e_Mas e— = tr log o tr(’{ e'zeﬁ'Fs).
16n% © & >
The cigenvalues of oF, rclated to'Yg by
o 8
(3R = 2(T+Y0)
give
% cOFs e
tr(Ysc ) == U4 In cosh es \JZ(:T + iG),
while it was proved before that
Il sin eFs : .
- = tr lo -
e © P = (es)zG/Im cosh es J2(7+1’.G).

Therefore without any further approximation

KIYXHwD =2 a7 0
] (12)

Therefore the effective coupling term between pseudoscalar neutral mesons and

the electromagnetic field is
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9P (Y Y =% §¢ e,

which describes the decay of the meson into two photons perpendicularly polari-

zed at the rate
- . 2
T 2 uc
7 o te (ADA
The oscudovector coupling termm

g a® 1.3 )

T "é'iﬂ H[‘\’,YSY,‘\V] (12)
is formally equivalent to thc pseudoscalar interaction for the problem under
discussion, in the approximation to which it is being trecated. This is de-
monstrated by an integration by parts, combined with the use of the Dirac
equation. Yet it has been found difficult to verify this equivalence in the
actual results of calculations. However, this apparent ambiguity is not an
indication of a fundamental defect in the theory. We shall demonstate that
it is caused by insufficient attention to the limiting process implicit in

the formaliem. On introducing the vacuum expectation value of the proton field,

9 3%
5 a-irx-ltrYSY}‘G(x,x)

= ,g! %‘f_;‘_’ﬁ)uYBYﬁ(x)} MY h.f: ds e-mas i iHsl X);

(12) bccones

The integration by parts replaces (12) with

-glcp(x)trYs(xH‘{ﬂ, (M= Yw)f: ds e""iMzB ] iHs}' x)

= % #’(x)trys(xi l-l/:ads e:-:l'Mzs = 1HB, x)

2 .
o - S
=3 %q)(x)trys(x \fo ds e - 5% a'iHsl x)e
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A formal verification of the equivalence theorem is now obtained on integrating

by parts with respect to s, This gives for (12)

~9®(u / ds ~til's trY g(x|e™ " x)

+1i %?(x) [c-mzs t.r*{s(x)‘ o-iHslx) ]: : (13)

=0,

The integrated term vanishes for s—o0in virtue of the convergence factor .
implicit in the integral representation, and vanishes for s = 0 since tr YSFO.

This exhibits the identity of the pseudo-scalar and pseudo-vector couplings,

However, we could also evaluate (12) by writing it as

P, 2
3 -%(P(x)foda e g ?Ts tr\‘s(x | s Ix)

and use the already calculated value

2
tr]s(x |e‘ mﬂ#) =-1 i;-z Ge (1k)

This is independent of s and therefore yields zero for (12), The same result
would be obtained from (13) since (1L) does not vanish as s—0,

It is thc second method that is at fault, of course., The error
lies in overlooking the fact that the divergent matrix element (xle'iHa[x) is
actually the limit of (x'\ c'iHs|x”) o8 x!' and x'' approach x, As long as
(x' - x“)2 is finite, though arbitrarily small, (14) will be dependent on s
and so the basis of the second, null, result is invalidated. On rcfeorring to

(3) we sec that i(x'-x")2

trYS(xilciHs\x”)=-ih—ezGe s .
"

The additional factor is effectively field-independent since, with (x!'-x!?)
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arbitrarily small, only its form for correspondingly small s is of significance,

We now evaluate (12) as

e e
:'2 jq’(x) " X!, x"— x fo R "
"

i (xl-xll)z
’ Is {
Lim
_2; ?(X) x',x' — x i s+0 ° b

With the limits taken in this order the result is just

2
e 9

G
U T

as given by the pseudo-scalar coupling, Reversing the order of the limits
would give the spurious result zero,





