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FOREWORD

The present notes are based on lectures, given at the Institute for
Advanced Study in 1959-1960, which, in a sense, were nothing but a com-
mentary on various aspects of Siegel's work--chiefly his classical papers
on quadratic forms, but also the later papers where the volumes of various
fundamental domains are computed.

The very fruitful idea of applying the adele method to such problems
comes from Tamagawa, whose work on this subject is not yet published; I
was able to make use of a manuscript of his, where that idea was applied to
the restatement and proof of Siegel's theorem on quadratic forms.

If the reader is able tp derive some profit from these notes, he will
owe it, to z_a. large extent, to M. Demazure and T. Ono, who have greatly
improved upon the aral presentation of this material as givén in my lectures.
At many points they have acted as collaborators rather than as note-takers.
If the final product is not as pleasing to the eye as one could wish, this is
not their fault; it indicates that much work remains to be done before this

very promising topic reaches some degree of completion.

Princeton, January 15, 1961

A, Weil

"5294p
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CHAPTER 1
PRELIMINARIES ON ADELE-GEOMETRY

1.1. Adeles. We always denote by k a field of algebraic numbers
or a field of algebraic functions of one variable over a finite constant field.
We denote by kv the completion of k with respect to a valuation v of k;
if v is discrete, we use often the notation p and denote by 9p the ring of
p-adic integers in kp. We denote by S any finite set of valuations which
contains all the non discrete valuations (infinite places).

By an adele, we mean an element a = (a,v) of the product TTV kv such
that a € AS = TrveS kv xTrpgéS 9p for some S. The adeles of k form a
ring Ak’ addition and multiplication being defined componentwise, Each AS
has its natural product topology and Ak = LSJAS is topologized as the induc-
tive limit with respect to S. There is an obvious embedding of k in Ak’
by means of which we identify k with a subring of Ak; k is discrete in Ak

and Ak/k is compact.

1.2. Adele-spaces attached to algebraic varieties. Let V be an

algebraic variety defined over k and let K be a field containing k. We

denote by VK the set of points of V rational over K. We know that V

admits a finite covering by Zariski-open sets each of which is isomorphic

to an affine variety Vi defined over k; V = U f,(Vi), fi being defined over
A

k., We have VK = EJ fi(vi,K)' In particular, Vk = EJ fi(vi,k ) is locally

v v
compact with respect to the v-topology. We put

(v.t,v] =Utv., ),
1 1°0 . 1 1, O
-pP 1 -p



where V, means the (compact) subset of V, K formed by points with

s O 1,

coordinates in op. Hence [V, fi’ Vi]o is a compact subset of Vk . Now

-p p
we put

veS v péS -p
and V = U V.. The union V with its inductive limit topology with
Ak S S Ak .
respect to S will be called the adele-space attached to V over k. If there

is no confusion, we write simply V, instead of V, .
A Ak
Remark. If V is complete, one can prove that Vk and VA are
v

compact and that [V, £ Vi]o =V, for almost all p, which gives V, =

-P p
TTV Vk ’
v
Theorem 1.2.1. Let V = U fi(vi)’ W = U gj(Wj) be varieties defined
i j
over k andlet F : V— W be a morphism defined over k. Then there exists

an S such that F maps [V’fi’ Vi]o into [W, gj’wj]o for all p & S.
-P -P
To prove this, it is sufficient to consider the case of only one Vi’

i.e. the case where V is affine, For each j, we set Fj = gj-l o F:V— WJ.;
n,
if §7 isthe ambient space for Wj’ Fj is represented by rational functions

Rj)\ on V(1<\ gnj). Let 0(3, be the ideal in k[X] consisting of all A

such that A(x)Rj)\(x) = Q)\(x), Q. € k[X], for all \, x being a generic point
n

of V over k. Itis then clear that Fj is defined at x € V if and only if

Xl is not a zero of OZJ.. Since F is everywhere defined, at least one FJ.

is defined at any X which means that there is no common zero of Zj a .,
i.e. ZJ. Oij = (1). We write 1 = Zj Aj’ Aj = Ufj and take QJ_)\G. k[X] such

(x). Let S contain all p's at which some coefficients

that Aj (x)Rj)\(x) = Qj)\




of Aj’ ij are not p-integral. For any X & Vop, p €S, Aj(xl) is a p-unit
X(xl) = le)\(xl)/.Aj (xl) is in 9p for all \; this

for some j = jl and R
1

it

proves the theorem.

Corollary. If F is an isomorphism: V & W, then F([V, fi’ Vi]o )=

p
[W,g., W] for almost all p,
i ity
The definition of [V, fi, Vi]o is thus "almost intrinsic' and applying
-P
this Corollary to the identity map of V to itself, we see that VA is defined

k
independently of the choice of affine coverings. Theorem 1.2.1 also shows

that F determines a continuous FA : VA—~> WA' If V is a subvariety of

W, and if this is applied to the injection map, one sees that VA can be em-

bedded as a closed subset in W ,. V, has the '"functorial' property: if
A perty

A
VE* W—G-> U, then(Ge F), =G, © F,. For the product, we have (VX W), =
’ ATTAT Ta ’ A
x .
VA WA

Now, we shall find a convenient criterion for the map FA : VA - WA
to be surjective.

Theorem 1.2.2., Let F :V— W be a morphism defined over k.

If for each P € W there exists a map ¢P : W— V defined at P, rational

over k, such that F o ¢P = identity (""'local cross-section' in the sense of

algebraic geometry), then FA : VA -——*WA is surjective.

For every P, choose ¢P as above; call D(¢P) the k-open set where

4>P is defined; this has a covering by k-open subsets, isomorphic to affine

varieties; let SZP be one such subset containing P. Then the QP’ for all

P, are a k-open covering of W, over each one of which there is a global

cross-section ¢P. By the ""compactoid'' property of the k-topology, we can




now write W = U gj(Wj), with affine Wj, such that there is a global cross-

J
section ¢J. over each gj(Wj). Then Gj = ¢j o gj is a morphism Wj-—> v

with F o Gj = gJ.. By Theorem 1. 2,1, there is an S0 such that

Gj(W., o )c [V, £ Vi]o )

-P -P

for all j, if p & So' Take an element P = (Pv) e WA with PV e gj(v)(wj(v))°
By definition of WA’ there is an S '.'.)So such that Ppegj(p)(wj(p),gp) for

S. Put Q =46, P ). Then, if & S, e G, W, V,f.,V, .
P#S. Put Q=6 Then if p &S, Q€ Gy Wi, o 1<V Vil o

Thus Q = (Q ) is well defined, and we get F(Q )=P , i.e. F,(Q)=P.
v v v A
Remark. Theorem l.2.2 is mostly applied to the group theoretic
situation. Let H = G/g be a homogeneous space with G connected, every-
thing being defined over k. Then the condition of Theorem 1. 2. 2 is satisfied,
and consequently we have H A = GA/gA, if there exists one '"generic section"

A

(@ map ¢ : H— G, defined over k, suchthat po¢ =1, p being the

H
canonical map G - H) and if Gk is Zariski-dense in G. The latter con-
dition will be fulfilled by all groups in these lectures. As to the first con-
dition, take for example G orthogonal, g a subgroup leaving one vector
invariant. Then H is a sphere, and Witt's theorem guarantees the existence

of a generic section,

1.3. Restriction of the basic field. Let K/k be a separable algebraic

A__ be their adele rings. Every valuation

extension of degree d and let Ak’ K

w of K induces a valuation v on k (we write this as w/v) and there are at
most d w's such that w/v; kv will be identified with the closure of k in Kw;

for discrete valuations P/p, we have op = kpn QP' The mapping

- T




a=(a)— bz(b ), with b =a for w/v, is an injection of A  into A_;
v w W v k K

we identify A with its image by this mapping, which is a closed subset of

k

Ay

Suppose K/k normal with Galois group I'; ' acts on K continuously
under the v-topology. Since K is everywhere dense in 1T ;?1 Kw ) wi/v, by
i
the approximation theorem, the operation of I' can be extended to this pro-

duct and then to A Emphasizing’ the order with respect to K/k, we may

K
write

A =U (TTCTT &) x TT (TT o0 .
S veS w/v péS Pl/p

where S runs over the finite sets of v's in k, It is easily seen that Ak

is the set of invariant elements of A uncier I,

K
If a variety V is defined qver Kk, it is so over K, and VA is
k

canonically embedded in V If K is normal over k, its Galois group

A .
K

I" operates in an obvious manner on VA , and VA is the set of invariant
K k

elements of A__ by TI.

K

It will now be our purpase to find a variety W over k, for a given

V over K, suchthat V =W cangnically. To do this we need an alge-
AK Ak

braic~-geometric construction.
Let V, W be varieties defined over K, k respectively (K/k not
necessarily normal), Let p: W— V be a map defined over K. Let
5 o= {9-1, .oy ’Ud} be the set of all distinct isomorphisms of K into k. we
. o o
can then define p : W~— VYV , and also
o o T o

d
(Plf'rv:Pd)iw""’le...XV ,



Py

this being the mapping w (pw(w))ce If the latter map gives an iso-

=
morphism, we call W (actually the pair SW, p}) the variety obtained from

V by the restriction of the field of definition from K to k and write

{W,p}‘ = RK/k‘(V), or, by abuse of language, W = RK/k(V)'

The uniqueness is & special case of the following universal mapping
e Tt -

property: let X be a variety defined over k and let
x ..,.£_> v f: X~ V be defined over K. Then there is
¢l / a unique ¢ : X — W, defined over k, such
W that f = po¢. In fact, put
b = (p(rl,.,.,lfd)"1 o (fwl, ...,fad) ;

then ¢ is obviously defined pver k and unique, As for the existence we
first note the following:

_-Proposition 1. 3,1. Let V, {W,p} be as above and let V' be defined

over K, If V' is either a Zarjski-open subset of V or a subvariety of V,

Ll e i

then there exists {W',p'} far V'. If aw,,p_z , i=1,2, exist for V.,
v " . v i rop——rvy Rl 1 1 A —— 1

then gwl X W,, p X ng = Ry (V) % V)

K/k
The proof will be left to the reader.
For V= 1_3n (projective space), an explicit construction is given in

-

"The field of definition of a variety'. (Am. J., 78 (1956), pp. 509-524). For
an affine straijght line V = S]', let K= Z:’_l kal. Take W = Sd and put

4 o
P (ul,.,.,ud)-w‘i"‘., @ W=V

Since K/k is separable, ane has det -Ilozio' | #0, ie. W=TJ v'. By

Propasition 1, the existence is settled for V affinely or projectively



imbeddable; this covers all cases to be considered in these lectures.
If we apply the universal mapping property to the case where X is

reduced to a point, we see that every point of V_, is an image of a point of

K

Wk under the projection p; actually p induces on W

of Wk with V

K 2 1-1 correspondence

K'
If V has additional structures (group variety, algebra variety, etc.),
then the morphism p ShQ;lld have the corresponding property (homomorphism,
etc.); and the result W has the same structures as is easily seen. E.g. let
V= Gm (the 1~dimensional multiplicative group), considered as defined over
K. Then W is a group of dimension d = [K : k], defined over k; the multi-
plication is defined by that of K* considered as a k-linear transformation
on K; Wk = K* (regular representation!), We will consider later the 'alge-
bra va_rietie's”.
Let us return to general varieties, Let K/k be separably algebraic;

let = {0‘ o } be the set of distinct isomorphisms of K into k. Let

A d

k' be any extension of k. Let us consider any automorphism w of k'/k' as

acting on X to the right, according to the formula ng = (g")‘”, c ez,

£ € K. Then ¢'=o0cw (0r,0' € £) defines an equivalence relation, and this
determines a partition of % into disjoint parts Ei. We choose representa-

tives for the Zi, and assume that oy = identity of K,

N
Let V, gw,pj = RK/k(V) be as above, with respect to K/k. As

Kk' is also a field of definition for V, we can form {Wl,pl\g =R (V).

Kk'/k'

By the universal fnapping property for Wl’ there is a unique map 9 defined



) 1 -
v over k', such that p = Pjo 9 If we

o

Py
Wl
. 3 -| .
9y /{\ % identify (over k') W with ﬂ;ez V' by
w

o . o
the map (p )0'62’ W1 with TTO'EZIV by

the map (plo-) then, by the unicity (over k') of q, We see that 9 is

.’
0'61

identified with the projection on the partial product for = Now, if we re-

1
place K, V by K’ and Vcr, then W is not changed (up to a canonical iso-
morphism), but =

o,
R - (v 1), P=p;00q. Then, by the same argument applied on 9, we

K 'k!'/Kk!'

1 is replaced by Ei with o € Zi. We set %Wi’pi} =

see that (ql, ST .) gives a canonical isomorphism over k' : W = -ﬂ-iwi'

Theorem 1.3.1. Let K/k be separable, k'/k any extension. Let

z = io‘} be the set of isormorphisms of K into k, let . be a system of

representatives of £ with respect to the equivalence relation defined by the

action on T of automorphisms of k'/k'. Let V be a variety defined over

K. Then,
g

i
Ry (V) ='[i"|' R v
K k'/K!
Let us apply the above to V = affine straight line S1 with its algebra

d
structure over K; then W = S~ with the structure of algebra over k;
o g

i
= = = ' i =
V., =K, Wk K, W ,h =K @ K k', Since (R - (Vv ™) (v

K k! o

Kk .
K ' k'/Kk K k!

g,
K l'k', by Theorem 1. 3.1, we have
%3
K @kk' =23 K k',
i

which is well known. Let now Ki be the simple components of K &k k'.
o
. -
Then, o i K ®k k! — K ' k' induces an isomorphism T, Ki =K k', i.e.

B aphedven et S




ag.
Ti(g-li-x,)=§ L, £Ee K, \ e k', 1i being the identity of Ki' Let again
. o
V be any variety over K; 1';1 transforms V 'toa variety defined over

Ki' If we identify K, k' with their images in Ki by §— g'li, A — 11'7\,

(o -
Ki can be considered as an extension of K, the image of V ! by 'ril is

. .
identified with V, and the image of R _ (Vv ') is identified with
K k'/k!
RKi/k' (V) : W = TTi RKi/k'(V)' In particular, this means that

Wi = TiT[RKi/k'(V)]k' = —[T VKi -

Theorem 1. 3.2, Let K/k, k'/k be as in Theorem 1. 3.1, and let

K @k k! = ®i K. (direct sum). Let V be a variety defined over K, let

W= RK/k(V). Then Wk' is 1devn§1f'1ed canpmcally with Tl—i VKi.

. . . t = .
Applying this to the case k' = kv, K @k kv ) w/v KW, we get

ka= TT\;/V VKW. Going up to adele-spaces, one gets the following

Theorem 1. 3.3, Let K/k be separable, V a variety over K,

W=R (V). Then W

K/k Ak AK Ak AK

In what follows we give an independent proof for th. 1. 3. 3. and des-

can be canonically identified with V, : W =V

cribe more explicitly the identification in it. Let K' be the Galois extension

of k generated by the K , let I' be the Galois group of K'/k. By the map

0'1 a

L....p %), W is identified with J] V’ over K', and W, is identified

Ay

with the part of TTU_ (VO-)A which is invariant by I', where the action of I"
AL
on this product is defined by that of I' aon- WA by means of that identifica-
Kl

tion. Namely, let y ¢ W ) yw its transform by w ¢ I, andlet x = (xo_).

AK,
x' = (x') be the images of v, yw in ] (v%) ;X = po-(Y), x! = PO-(Yw)-
o AK T [




10.

If we transform x_ = po-(y) by w, we easily see that xo_w = po-w(yw) = X‘:Th)’

which shows that I" acts on _[T (VU-)A by (xo_)m = (xw

K! Tw

that the projection of Tr (Vo-) on the first factor V
Ay Apr
K K

set of invariant elements by I', a l-1 mappingonto V, : W <= V
AK k K

1). It is easily seen

induces, on the
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CHAPTER II

TAMAGAWA MEASURES

2.1, Preliminaries.

2.1.1. We normalize the Haar measure dxV of the complete field

kv in the following way:

k =R dx = dx
v = v
k =C dx = i-dx-dx
v = v
k dx =1
p J o,
-p

In general if G is a locally compact group with left Haar measure
dx and if p : G— G is an automorphism of G, then d(p(x)) is also a left

Haar measure, We define the module of p, denoted [p|, by d(p(x)) = lp|ax.

%
In the above case, for a e kv, x — ax is an automorphism of kv,

and the module of a, denoted lalv, is defined by df(ax) = |a|vdxv. We

put |0 IV =0, If. kv = R (resp. C) then la lv is the usual absolute value
- - -v (a)
of a (resp. its square). In the p-adic case, lalp = (Np)

2.1. 2, The canonical measure of A The idele~-module.

ko

A on Ak is defined as the measure

which induces in each TrveS kv X TTPéS C_>p the (convergent) product measure
-IT dx .
v v

If Ik (ideles of k) denotes the group of invertible elements of Ak’

The canonical Haar measure

then, for a € I, x — ax is an automorphism of Ak’ and the idele-module

k
of a is defined: d(ax) s |a]dx, An alternative definition is la| = TTvlavlv'

. %
In particular if a € k is a principal idele, then x— ax induces an auto-
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morphism of the compact group Ak/k; this must preserve the Haar
measure; hence, if a is a principal idele, la] = TTV lavlv =1 (Artin-

Whaples product-formula).

Theorem 2.1.1. Theye is on A  a character x such that, if we
YT T

k

put x(xy) = XX(Y.), the mapping x ™ Xy is an isp}fnprphism of Ak onto itﬁs

dyal group, and k is orthogenal to itself in this isomorphism.

Here, by a character,. we understand a continuous homomorphism
into the group {z € _QI lz |¥ = 1? . The last assertion means that y e k
if and only if y(xy) =1 for all x & k. Inthe number-theoretic case, we

define a character X, °n A __ by putting, for x = (xv) € AQ:

~r -

O

X, ) = exp (2mi( i xS X))

where < xp > denotes the rational number of the form p-na, n>0, 0<ax< pn,
such tﬂat xp - xp > e 9P; for k= 2, this has the property asserted in our
theorem. For an arbitrary k, we can identify Ak with k ®Q AQ; denote
by tr the trace in k over g, which we extend in the obvic:us*maz:ner to a
linear mapping of Ak into AQ; then we take x(x) = xo(tr x). In the function~
theoretic case, we proceed si:nilarlv, replacing g by ko = Fq(t), where

Fq is the field of constants in k, and t is s0 c¢hosen in k that k is
separably algebraic over ko; thus it is enough to censider ko. For a valua-
tion v of degree n of ko’ and for xv'e ko/v’ call pv(xv) the trace of
Res(xvdt), taken in F n over the prime field, Th’en, for x = (xv)eAk«‘»,

o

.4
we take xo(x) = \It(vav(xv)), where ¥ is a nonntrivial character of the

additive group of the prime field.
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2.1.3. The constant Myt

Let us compute My = f W where w5 is the measure intro-
Ak/k

duced above. Denote again by S a finite non-empty set of places, con-

taining all the places at infinity; put AS = TT

veS kv x TrpéS E-’p’ and Q(S) -

AS () k; alsp, call o'(S) the projection of c_>(S) on the first factor ks =

TTveS kV of AS' By the approximation theorem, every coset of AS in

Ak contains an element of k, so that Ak/k is isomorphic to AS/Q(S).

Let M be a measurable set of representatives of kslg'(S) in ks; then
M!'=M % TTpéS op is a measurable set of representatives of As/g(S) in
AS’ so that we have My = f Wy In view aof the definition of @y this

MI
gives

*
-

]
—
=

o
H
T

T]- dxv
M ve$S kS/o'(S) veS

.

We now distinguish two cases:

a) k is an algebraic number-field.

‘

Then we take for S the set of all infinite places (r1 real, T, imagi-
nary); kg = k ®2 R = T[pkp ><TT11;<z (with kp =R, lgpgr, and k, =G,

r+1<l<r

1 + rz); 9(S) is the ring of integers in k; o'(S) is a lattice in

1

the real vector-space ks. More precisely, if (aa), for 1< a<n=[k:Q],
+ r,, are the embeddings

is a basis for c_:(S), and if the o 1 2

X forlghgr

¢ : k— k of k into C, the vectors A = (¢ (a )) are a basis for o'(S);
A A = o N -

as the set of representatives M, we can take the set of all points zataAa

in ks with OSta<1 for 1 < @ < n; then we have

4 r
. - . 2 .
pk:{/l |pl dpr |Z| 1dxzdxz=1 Dfdtl...dt =i D,



14.
where D is the determinant of the matrix
"u‘P(aa) o,la,) o, ) -

By definition, DZ is the discriminant Ak of the field k; this gives:

b) k is a function field over the finite field Fq.

Then we take S reduced to one place p; if d is the degree of p,
we have N(p) = qd; and, if w is a prime element in op (i. e. such that

(w) = -n'op is the maximal ideal in op), we have f dx = q-d. We have

) ) ()
ks = kp, and o'(S) () (w) = 50% , so that we can take for M a set consisting
of cosets of (w) in kp, and P is q-dx the number of such cosets. The

. +d -
Riemann-Roch theorem shows at once that the latter number is qg 1,

where/g is the genus of k. Therefore Py = qgnl.

2.2. The case of an algebraic varjety: the local measure.
2.2.1, Let V be a variety defined over k, and w an algebraic
differential form, defined over k, of degree n = dim V.

Let x° be a simple point of V and x x, 2 system of local

1’ LI
coordinates at x° (not necessarily 0 at xo). Suppose furthermore that
» is holomorphic and not zero at xo. .

In a neighborhood of xo, w can be expressed as

w = f(x)dxl. . dXn

where f(x) is a rational function defined at x%, which can be written as a

formal power-series:
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i i
o, 1 o)
)

) ...(xn=xn n

1) f(x)=Z a (xl—x

(i) 1
Now, we take a completion kv of k and assume the xio to be in kv; then
f is a power series with coefficients in kv. By the implicit functions
theorem, (1) converges in some neighborhood of the origin in kvn. If the

x_0 are in Ak’ the a, . 's are integers for almost all p, and, by a suitable

i (i)
linear change of coordinates, we can make them integers for all p; then for

each p, (1) converges for X, = xio(p).

In any case, there is, for each v, a neighborhood U of x° in Vk

v
such that

(1) ¢:x— (x-xo

s ey X =X ) is a homeomor hism of U onto
P
1 1 n n

a neighborhood of the origin in kvn,
(2) the power-series expansion (1) converges in {(U).
In ¢(U) we have the positive measure lf(x) |v(dxl)v' .. (dxn)v' We can pull
it back to U by L|JE1 and we get a positive measure w_ on U.
A priori, this measure depends on the choice of the system of local
coordinates. We shall prove now that it is actually independent of this choice.
In order to prove this, it is enough to change one coordinate at a time. Con-

sider e.g. a change of the form (x,,x

o gy |
X xn) — (yl, LINERR xn), by Fubini's

theorem we are reduced to the case n =1, i.e. to proving:

(dY)V

dy
(dx) ldx
v v

1]

This formula is well known in the classical case, In the p-adic case the

: . . 2 n
proof is as follows: we can by linearity suppose y =x + a,x + ... a x + .
dy, _ . _ .
a2, € o . Then ldxl =1, and one has to verify that (dy)p = (dx)P in some




neighborhood of 0. This follows from the fact that, for x = x' = 0(p),
or for y = y' = 0(p), the relations x = x'(pn), vy = y'(pn) are equivalent.

In this way, we have defined a measure w  on the open subset of

Vk consisting of the simple points where w is holomorphic and not zero.
v

2.2.2. From now on, V will be a non-singular variety subject to

the following condition: there exists on V an algebraic differential form of

degree n, everywhere holomorphic and not zero. Such a form will be called

a gauge-form.

If o and w' are two gauge-forms on V, then w' = ¢ (x)w, where ¢

is a rational function defined over k without poles or zeros, that is a morphism

of the variety V into the multiplicative group in one variable, Gm = GL(1).

Theorem 2. 2.2 {(Rosenlicht). Let V be a non-singular variety. The

multiplicative group of morphisms ¢ : V —->Gm is the product of the group

of non-zero constants and of a finitely generated group. If V is an alge-

braic group, any such ¢ such that ¢(e) =1 is a character (i.e. a homo-

morphism V— G ).
—_— m

For the first part, we remark that it is sufficient to prove it for an
affine piece of V; it will then be true a fortiori for V. Hence we can suppose
V affine. We take the normalized variety of the projective closure of V.
It is a complete variety V, without singularities in codimension one. The
variety V 1is open in V, the complement V - V having finitely many irre-
ducible components of maximum dimension. The morphisms ¢ : V — Gm

are exactly the rational functions on V whose divisors have their support

contained in V - V. Up to a constant factor, such a function is uniquely

16.

= o we

ot

™



determined by its divisor; and the divisors of such functions, being a sub-
group of the group of all divisors with support contained in V - V, make up
a finitely generated group. This proves our first assertion.

If now V is an algebraic group, and x,y two independent generic

points of V, then 4%7(_?'__)) as a function of x is a morphism of V into Gm
. ¢ (xy) _
If ¢1, . ¢r is a set of generators of the above group then W =
a.
x TTi ¢i(x) ! hence is independent of y. Taking y = e, we find %’(_‘%L = ¢ (x),

which proves the second part.

Corollary. Let G be an algebraic group, and w a translation-in-

variant gauge-form on G. Any gauge-form on G can then be written as

Ax(x)w, where x is a character of G and \ a non-zero constant.

The end of this paragraph is devoted to the reduction modulo p and
will not be used in the computation of Tamagawa numbers. The reader
interested only in this computation can skip it and proceed directly to 2. 3.

We begin by recalling a few facts about abstract varieties. Let V
be such a variety, given, as usual, as a finite union of isomorphic images
of affine varieties, V = Uafa(va); V being defined over k, take corres-
ponding generic points X, = f;l(M) of the affine varieties Va, ‘where M
is a generic point of V over k, We may always assume that the covering

of V by the fa(Va) has been taken so fine that there is, on each Va’ an

everywhere valid system of local coordinates. Then, if Var is defined in

the affine space of dimension Na by the equations Fp(onl’ coes onNa) =0,

and if X, X are local coordinates on 'Va, we can reorder the F

ls-v

in such a way that the determinant

17.
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’
&

AQ(X‘!) = det(BFp/&quJ (1<u N, ~mnt LSisN)

_is everywhere finite and non-zero gn vq; this means that ,Aa(zsa) and

-1 .
Aa(xa) can be expressed as polynemials in LTRRRY xaNP!.

b id i . vhich defines the graph
Let '7906 e the ideal in k[xq “xﬁ] which de grap
of the birational corresponde.nce fﬁa % f,‘;lo fg between Va and Vl3; let

'Gaﬁ be the ideal of those polynpmials D in k[xﬁ] such that, for each
Jg D(Xa)'x

jé k[Xa] + 70&5. As the caryespandenge f o 18 biregular at

B B

every pair of pQ::mts (x;, xé) of jts graph, rﬂaﬁ and A9 of hawve no common

zero. By Hilkert's Nullstellensatz, we can find polynomials Df}a’ B) = 0('90!5

and PLQ’: B) c k[xﬁ] such that

- (Q’ap) (@, B) .
(1) 12313” (20T Rg) '&’/Jaﬁ’

At the same time, by the definition of 0@&5, theye are, for all v and j,

POlYnom/ials Ff:;'m in k[xa] such that
(e, B) ‘ (e, B),,
(2) D PR K - PR ) 6 A
Let A be the set of all ¢'s and for Bag A let %:5 c k[(Xa), a ¢ B]

be the ideal af relations between the soordinates of the xa's (¢ € B) where

* the X, 37e, as above, corresponding generi¢ points of the Vq over k.

Then %B f‘)k[XQ)aeB,] = 7313' , B' ¢ B,

.ﬁgﬁa Q} v faﬁa
= i ini v ,
7,?&&3 ideal in kLXa] defining o
That being so, the ¢onjunetion of.(1) and (2) is equivalent to

i
.
v f



(aa ﬁ) (a’: ‘3)
1.2 DX P X ) € %@A for all a, B
(3) Y :
(e, B) (a, B) )
DV (Xa)Xﬁj - Fv,j (Xa) e ‘7bA for all a,B,v,j »

where. %A is the absolutely prime ideal of k[(Xa), a € A)] defining the locus

of (xa)aeA over k.

Conversely, whenever an absolutely prime ideal 70A is given in

k[(Xa), @ € A] such that there exist polynomials D, F,P satisfying the above

relations, this defines an abstract variety defined over k.

Let there be given, now, a gauge-form w on V; on Va’ w can be
. , -1
written w = ¢a(xa) dxal. - dx(m, where ¢a(xq) and ¢a(xa) are everywhere
defined rational functions, hence polynomials,

We recall the definition of reduction of an ideal modulo p. Let %

be an absolutely prime ideal in k[Y], Y = (Yl, . Yn). Let us take a finite
set of generators P“(Y) of ./J . For a finite place p where all the ¢coef-

(p)

ficients of the Pp"s are integral, the reduction P of I-"’}‘L modulo p

is defined and we define -Z-?(p) as the ideal generated by the ﬁpl(P) in
(op/p)[Y]. If we take another set of generators, then for almost all p, the
reduction 7J(p) will be the same as above ( %(P) is "almost intrinsic'').

A well known theorem of E. Noether (Math. Annalen 1923) asserts:

Theorem 2.2.2. For almost all p, 7Z(P) is abgolutely prime.

Let now S be a finite set of primes such that for all p notin S

(I} all the ?ig)) (B c A) are absolutely prime
(@8) pl@B) o)
14 1 4

v s J

1

. -1 -
(I1) all the polynpmials D s ALAL b 9,

*have integral coefficients.

19.




(p)

Then for all p not in S we shall define a non-singular variety V
defined over the field op/p = Fq (finite field with q = Np elements) called
the reduction of V modulo p.

Let V (p)
a

be the variety defined by %E(p) e F [X ] Let fép) be the

(p) (P)
defined b B

B Yfﬂg y

the hypothesis (II), the polynomials D,P,F can be reduced modulo p, and

birational correspondence between ’\7(1;(1)) and V

20.

the equations (1), (2), (3) remain true. Hence we can glue together the varieties

«(p) (p)

Pa

, and find an abstract variety v defined

\—/a(p) by the correspondences f

over F .
q

Moreover the Aa are p-adic units and the n first coordinates are

{p)

uniformizing parameters on V which is therefore non-singular.
a

=(p)

2.2.3. We want now to interpret the rational points of V over
F . We have already defined [V;{ ,V ] = U f (V }); we denote it here
q o ao a a alo
by Vo (though it is only "almost intrinsic'), and we introduce an equivalence
-P
relation on V0 . Let p be a fixed integer > 0.
-p
We say that a = a'(pp'), a,a' e Vo if one can find an a € A
c-p }L
such that a=f {a ),a'=f (a')a ,a' €V ,a za'({p)
—_— a o @ o a a alo a” a

To justify this definition we have to prove

Lemma 2.2.1. If a=f (a ) = fﬁ(dﬁ)' aae Va/g s a.[3 € Vﬁ/ ,» and
if a'=f (a') with a' = a (pp.) then one can find a! €V such tha.t
= a a — a o B [3/0p —_—
a'-f(a)anda':a’(p'.
plap! 2nd 2g = 2gleT)
As (aa, aB) is in the graph of fﬁ, o Ve have

1= Dia’ ﬁ)( )P(a’ [3)( )

P

B e v e -
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(a, B)

In view of (II), at least one of the D (aa) must be a p-adic unit; then,

by (2), we have, for this value of v:

(a'- [3)(
i (a,m ")
(Z
r(@Plar)
But, if we replace aa by a' and define a,'B = -.,.:%-]-6-)-.—5-,, then Dia’m(a"z)
] ] (a )
is still a p~adic unit, a!, z a (pv') and a! igin V .
BT B p ﬁ/gp

We are now ready to prove;

Theorem 2.2.3, The reduction modula p gives a one-to-agne corres-

pondence between the equivalence classes modulo p gi Vo a,{ld the rational
Ml ke Nk Skt , %

points of \—,(p) over Fq.
Two equivalent points lie on the same affine Va by definition, hence
it is sufficient to prove the theorem for an affine V, In this case, V is given
. . N
by an absolutely prime ideal .%) , Qbwvipusly a zera of .%;7 in (gp) reduces
modulo p to a zerq of ﬁ(p’. The equivalent points modulo p reduce to the
same zero. It remains only to prove the following generalization of Hensel's

lemma:

Lemma 2.2.4, Let kp be a pradic field and V an affine wariety
———— ™ - Y T Y ;

of dimension n defined over kp by an ideal 49 € kp[xl’ oy XN]. Let a
—(p)

be a zero in F‘qN(q N(p)) of the reduction 'f) Supppse that there exists

F

' F /oa is of k N - n.
= 'Fan in f) (] gp[X] sx?.?hw that the matrix HBF“/Ba.V” is of ran n

Then there exists a zero a c_)f .ﬁ i-B (OP)N reducing mpc}ulo P ;tio_ a.

(It is not necegsary, for the lemma to be valid, that %(p) should

-

w—r
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be an absolutely prime ideal.) For a proof, see P. Samuel, Int. Congress
Amsterdam 1954, vol. 2, p. 63.

Let us now ¢compute

We decompose VO into equivalence classes:

>

aev(P) XE a(P)

1
<— °
€

w
P P
o
-P

But %x|x = a(p)g is hy definition in the image of one affine Va; on Va’ w can

be written as ¢ (x)dx .dx , But ¢ is a p-adic unit; therefore, for ‘a
o a an a

1
in Va/o :
-p

w = f dx ....dx
xea{(p) P xza(p) ol on

The projection of Va on the space (xal' cee Xarn) is an isomorphism on the

subset x =z a(p); therefore

xza(p)

This completes the proof of

Theorem 2.2.5. If V is non-singular and w is a gauge-form on

V, then, for almost all p, V reduces modulo p to a non-singular variety

which has qnf wp rational points over Fq, where q = N(p).
—_ = v . _

o
-P

2. 3. The global measure and the convergence factors

A set ()\v) of strictly positive real numbers indexed by the valuations



v of k is called a set of factors for k. Let V be a non-singular variety,

defined over k, and w a gauge-form on V, rational over k. For each

place v of k, we have defined the positive measure w  on Vk . For

v
every p, we put p.P(V) = f wp.

v
O

-p

Definition. A set of factors ()\V) is called a set of convergence

factors for V if the product Wp(x};lp.p) is absolutely convergent.
This definition is valid because

1) VO is almost intrinsic
-p
(2) If ' is another form,f w =f w' for almost all p.
v P v P
o o
-pP -p

(This follows from Theorem 2.2.5. Alternative proof: w' = fw
where f is a morphism of V into Gm. For almost all p,

f(v_)c G ) =Up and |f|p=1.)

Definition. If ()\v) is a set of convergence factors for V, the Tama-

gawa measure = (w, ()\_v)) on VA derived from w by means of ()\ ) is
k

23.

defined as the measure on V inducing in each product TI- &S k XTr éS o

"

the product measure p{(dlm v _rl_v()\‘;lwv) (pk is the constant introduced in

2.1. 3).
s
Theorem 2.3.1. If ce k, (w, ()\V)) = {cw, ()\v)).
In fact, (cm)v = |c vav and TTvlc ‘v =
Let now K/k be a finite and separable algebraic extension. Let

V be a variety defined over K and (W,p) =R (V) (1.3). If w is a

K/k

differential form on V defined over K, we define the differential form

U,
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)

p'ﬁ(w) on W as follows. Let 6 be such that K = k(6). Let (O'i) be the
. o,
isomorphisms of K into k and let \J—A = T[Kj(e e J). Then we define
3 ] % 3
p ()= (\/—.A)dlm v /\O_(p(r) w . We see easily that p (w) is defined over

k. Then one has

Theorem 2. 3.2. Let K/k be finite and separable and (W,p) =

(V). Let ()\W) be a set of factors for K and B, = TTW/V XW. Then

Rk/x

(1) (pv) is a set of convergence factors for W if and only if ()\W)

is a set of convergence factors for V.

%
(2) If (1) is satisfied, (w, ()\w)) corresponds to (p (w), (p.v)) in the

canonical isomorphism V, =W (Theorem 1. 3. 3). |
, AK Ak

This follows at once from Theorems 1. 3. 2 and 1. 3. 3 and from the

definition of W.
This theorem gives the reason for the introduction of the factor Py
in the definition of the Tamagawa measures.

2.4. Algebraic groups and Tamagawa numbers '

By an algebraic group, we shall always mean in this course an alge- \
braic group isomorphic to a subgroup of a linear group.

If G is an algebraic group defined over k, the product morphism
G X G— G induces a group law on GA which makes GA a topological

k k
locally compact group: the adele-group of G.

If w is a gauge-form on G, invariant by left-translations on G
and if (xv) is a set of convergence factor for G, then the Tamagawa

measure £ = (w, ()\v)) is a left Haar measure on GA . This measure
k

is independent of the choice of w (Theorem 2.3.1) and will be called




the Tamagawa measure for G derived from the convergence factors ()\v).

If (1) is a set of convergence factors, then (w, (1)) will be called the Tamagawa

measure for G.

The group Gk

left homogeneous space GA

questions:

is a discrete subgroup of GA and we consider the

k

/G We shall be interested in the following

K’

k

'?
(1) Is GA /Gk compact?

k
an Is

G
Ak

/Gk of finite measure for any left Haar measure on GA ?

k

(I11) If G is unimodular, if (II) is true, and if (1) a set of convergence

factors for G, then what is the number r(G) = f (w, A))°?

/Gk

G
Ak

Under the assumptions in (III), 7(G) will be called the Tamagawa

number of G.

For instance, if G = Gan (additive group in n variables), then (I)

is true (a fortiori (II)), and, by definition of Myt 7(G) = 1.

If G is an algebraic group and w a left-invariant algebraic gauge-

form, w(xs) is also left-invariant for all s € G, hence must be of the form

w(xs) = A(s)w(x) where A 1is a character of G, called the module of G.

As in the topological case, w(xml) = A(x-l)w(x). If A=1, G is said to be

unimodular (example: all reductive groups).

If G is defined over k, then we may take w defined over k; there-

fore the module A also is defined over k and extends to a homomorphism

A :G, -1 =(G ), .
Ak Ak k rnAk

is a homomorphism of GA

Then |A

k

A | where | | denotes the idele-module
k

%
into R+ which coincides obviously with the

25.
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(topological) module of G, . Hence, if G is unimodular, G is uni-
Ak Ak

modular.
Let now H = G/g be an algebraic homogeneous space of G. A

gauge-form w on H is called a relatively invariant form belonging to the

character x of G if

w(s:-P) = x (s) w(P) se G, PeH
We have, as in the topological case, the theorem:

Theorem 2.4.1. Denote by A and & the modules of G and g.

There exists a relatively invariant form on G/g belonging to the character

x of G, if and only if the character 6(0')A(c'"1) of g coincides with x on g.

Corollary. If G and g are unimodular, there exists on G/g 2

gauge-form invariant by G.

Let dx, do, dP be respectively a left-invariant gauge-form cn G,
a left-invariant gauge-form on g, and a relatively invariant gauge-form on
G/g belonging to the character yx of G; let ¢ be the canonical mapping

#
of G onto G/g, andput P = ¢(x) = xg for x € G. Then ¢ (dP) isa

differential form on G. Put a(x) = ¢ (dP), and let B(x) be any differential
form on G such that, for every s € G, B(so) = do for ¢ & g, i.e. such
that B(sx) induces on g the form de. It is easily seen that the form
a(x)/\B(x) on G is a gauge-form which does not depend upon the choice of

B; this will be denoted symbolically by dP-.-de. We have dP-de = \x(x)dx,

where \ is a constant. If \ =1, we say that dx, do, dP match together

algebraically.

Let G' be a locally compact group, g' a closed subgroup; if dx’',



de', dP' are respectively a Haar measure on G', a Haar measure on g',
and a relatively invariant measure on G'/g' belonging to the character x'

of G', we will say that dx', do', dP' match together topologically if the

integral formula

fdP' ff(x'o")do":: ff(x')x’ (x')dx'
Gl/gl gl G!

holds for every f in L! (G', dx'); in this formula, P' means the image x'g'

of x' in G'/g'. This formula will be abbreviated symbolically by dP'-d¢' =

X' (x')dx".

Theorem 2.4.2. Let G and g ¢ G be algebraic groups defined

over k. Suppose that the map G— G/g = H admits local cross-sections

(in the sense of Theorem 1. 2.2), and that the density condition of Thecrem

1. 2.2 is fulfilled. Then GA/gA =H,.

Straightforward application of Theorem 1, 2. 2. We note that the
density condition of Theorem 1. 2.2 is automatically verifieci if k isa
number-field (Rosenlicht). For the function fields it is easily verified in
each of the particular cases treated in Chapters III and IV.

Theorem 2.4.3, Let G, g be as in Theorem 2.4.2., Let dx, de,

dP be gauge-forms\defined over k on G, g, G/g, matching together alge-

braically. Let ()\V), (pv), (vv) be three sets of factors for k with XV=

(S Then:

(1) If two of three sets (kv), (pv), (vv) are sets of convergence

factors (for G, g, G/g respectively), so is the third one.

(2) If (1) is satisfied, denoting d x = (dx, ()\v)), dAo’ = (do, (p.v)),

A

A A A

d P = (dP, (yv)), then dAx, d, o, d, P match together topologically.
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Moreover if dP-do = x(x)dx, then 4, P- dAcr = IXA(x) ]dAx

A

where | | is the idele-module and Xp GA - Ik the adele

extension of x : G— G

The proof is straightforward and is left to the reader.

Lemma 2.4.1. Let G be a locally compact unimodular group, g

B

a unimodular subgroup of G, ¥ a discrete subgroup of g. Let de, dgu,

dG/gx be Haar measures of G, g, G/g such that de = dG/gX' dgu. Let

dg/Yu and dG/yx be the measures induced by dgu and de in the local
i hi — , G— G/y. Th h d =d -d
isomorphism g gly /y en we have G/yx G/gx g/yu
in the sense that
1
(1) [ teag, = [ dg) ff(xu)dg/Yu for fe L (G/Y) .

Gly Glg g/y
Slight modification of Fubini's theorem.

Lemma 2.4.2. Let furthermore I' be a discrete subgroup such

that G D T D vy andlet d x be the Haar measure on G/I" locally

G/T

isomorphic to de. Let p = f u<+ . Then for f & L+(G/g)
g/y

(positive integrable continuous functions), we have:

d
g/y

(2) b [fx)d ., x= }[ 20 f(x£)]a ., x
g G{g Glg G/T [ger‘/\( :] G/

where the two sides of {(2) are both infinite or both finite and equal (as-usual

-0 = 0).

From (1) ff(x)d X = f d x ff(xu)d u=p ff(x)-d X;
Glvy G/vy Gleg Glg o7y g/y g Glg Gl/g

on the other hand:
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G/frdG/rx [gez:r)/vf(xg)]dc;/yx , i

f f(x)d

X =
Glvy Gly

Lemma 2.4.3. With the same notations, suppose g normal and

=Ig/g = I'/y. Assume furthermore that

r(lg=y. Put H=G/g T,

G
p:G— H. Thenfor fe L'(H/T),

d x= dHy' dgu, where y ¢ H is the image of x € G by the canonical manp

[ tptaay x

(3) T f(y)d y =
g Hf H/ITY  gir

/rH

In particular, if p = f d Yy B = f d x, then: if two of the
) H H/T HITy" "G gyp /T

th;‘e’e numhers p.g, My HG are finite, so is t‘he phjrd one, and p,g. bpy ® Bge |

By assumption we have d

gy = dG/gy' Then by formula (2), HE

b [aa,y= [ 2 be&E)d,, . x ~
gr{ " g/t ter/y G/T !

= f E h(p(x) §)dG/I_,x, for h e L+(H, dHy)

G/T geI“H
But by Fubini, ;i
fh(y)d y = f d Vi E h(y: §) |
f o, H/Ty ger,

If we put f(y) = 2 h(y§), then we have:
geFH

b )y v = [ &)L, x
g H/I‘H H/I‘I_I G/ G/T

But there are ""'sufficiently many' functions 2 h(yg) in L+(H/I‘H). This
gerH

proves (3)., Putting f =1 in (3), we get the second part.

Theorem 2.4.4. Let G and g ¢ G be unimodular algebraic groups
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defined over k; assume that g is normal; call ¢ the canonical mapping

— ! - t - ° ! 3
of G onto H = G/g. Put HA = ¢A(GA), Hk = ¢(Gk), assume that HA is

an open subgroup of H,; also, assume that (1) is a set of convergence factors

A

for g. Then every set (xv) of convergence factors for G is such a set for

H; and, if 4, x, dAy are the corresponding Tamagawa measures for GA, HA’

A

we have, for f ¢ L+(H'A/H1'<):

(4) rg) [ fyd,y= [ fledd,x
H, [H G, /G,

(r(g) = Tamagawa number of g, if it is defined; otherwise + 00, )

As the kernel of the mapping ¢A of GA onto I—IA is g, We can

identify H' with GA/gA. As H' is openin H,, the image of G by ¢

A A A’ v
is open in Hk for every v, and the image of Go by ¢ is Ho for almost
v -p -P

all p. Let dx, dy, du be gauge-forms for G, H and g, matching together
algebraically. By the theory of analytic groups over complete valued fields,
there are, locally, analytic cross-sections for gk in Gk for each wv; this
is enough to guarantee (just as in Theorem 2. 4. 3) ::’hat (dx)v, (dy)v, (du)V
match together topologically for every v, with the same conclusion as in
Theorem 2.4. 3 about sets of convergence factors; in particular, if (1) is

such a set for g, the sets of convergence factors for G and H are the

-

same, Then dAx, dAy and the Tamagawa measure for g match together

topologicallly on G H' and g (4) follows now from Lemma 2. 4. 3.

AT TTA

Corollary. If at the same time G and g satisfy the conditions of

Theorem 2.4, 2 (existence of a cross-section and the density condition), then

(4) holds with H' =H ; and, if (1) is a set of convergence factors

| B
A A’Hk‘H

k




for G (or for H), 7(G) = 7 (g)r(H).

Remark 1. If, instead of assuming that (1) is a set of convergence
factors for g, we merely denote by ()\V), (pv), (VV) sets of convergence
factors for G, g and H satisfying )\v il for all v (as we may by
Theorem 2. 4. 3), then the proof of Theorem 2. 4, 4 remains valid and shows

that (4) holds when we take for d,x, y the Tamagawa measures for G

A dA A

and HA corresponding to the sets (Xv), (vv), provided we replace 71(g) by

the "modified Tamagawa number"

T'(g) = f dAu
NG

where dAu is the Tamagawa measure for gp corresponding to the set (Hv)v

Remark 2. In the proofs of Theorems 2, 4.2 (identification of HA

. . ‘g \ ' .
with GA/gA) and 2.4.4 (identification of H' with GA/gA), we have made

A

implicit use of the fact that, whenever a group such as GA acts on a locally

compact space, then the mapping of G, ontq any locally closed orbit in that

A
space is open, so that the orbit can be identified with the quotient of GA by

the stability group of any one of its points. This is a special case of a known

_theorem (cf. Montgomery-Zippin, Top, Transf.-Groups, p. 65), proved by

an elementary category argument. The same theorem will be used occasionally,

sometimes without reference, in the next chapters.



CHAPTER III
THE LINEAR, PROJECTIVE AND SYMPLECTIC GROUPS

3.1. The zeta-function of a central division algebra

As formerly, whenver V is a variety, defined over a field k, we

denote by V, the set of points of V, rational over k; a vector-space of

k

dimension d over k can always be denoted by R, , where R is an affine

k

space of dimension d in the sense of algebraic geometry. In particular,
any algebra over k can be so written; the obvious extension to R of the

multiplication-law on the algebra R, makes R into an algebra-variety,

k

defined over k (which means that the multiplication-law on R is defined
over k). The given algebra Rk over k is absolutely semisimple if and
only if R is so, i.e. if and only if R is isomorphic (over the universal

domain) to a direct sum of matrix algebras.

2
Let Dk be a central division algebra of dimension n over k.

This algebra defines an algebra-variety D of center Z(Zk= k). Over Kk,

D is isomorphic to Mn(Q) (total matrix algebra over the universal domain
Q).

The reduced norm is a multiplicative mapping N : D— Z; it is a
homogeneous polynomial function of degree n.

(1)

2
Let D be the subvariety of dimension n -1 defined in D by

the equation N(x) = 1. This is an algebraic group defined over k, the special

linear group of D,

In the projective space P(D) derived from D considered as an

affine space, the multiplication on D induces on the Zariski-open subset

32.

L}
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defined by the homogeneous relation N(x) # 0, a structure of algebraic

group defined over k, the projective group of D. We can describe it alterna-

¢
tively in this manner: denote by D the multiplicative (algebraic) group of

L% ®
the elements of D with non-zero norm. Then G=D /Z is isomorphic to

(1)

the projective group of D. Furthermore, the restrictionto D of the ca-

. . * . s 1) 1), .
nonical mapping. D — G identifies D' '/(center.of D' ') with G.

Let @, 1<i< nz, be a basis of D, over k, andlet x = Zi arix.

1

k

be a generic point of D, The set DO = Zi aiop forms a ring for almost

every p. Furthermore if p does not divide the discriminant of D then

D is a maximal order of D, , and one has D, =M (k ). Since every
o k ke n p

-p p P
maximal order of Mn(kp) is conjugate to Mn(op), there is a ring isomorphism

D0 _-"—'_Mn(op) if p¢ S, S being suitably chosen.
-p

%
As an invariant measure on D , we can take
-

(.u)=N(x)”n dx,...dx s

1 2
n
and if p€ S, we have
> =f w = f |det Xl-n (dX) = f (dX)
P p* P GL (o) P P GL (o)
. o n'-p n-p
~p
-n2 n r; n n-l -(n-1) -1
=q " (@ -1g - (@70 ) = @ea T T (g

X = (x;), dX = ]‘E dx;» 4= Np)

From this formula follows that the )\P =1~ N('p)"'1 are a set of con-

*
vergence factors for D . The Tamagawa measure (w, (RP)) will be called
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w A:
~-n2 1,-1
mk = My 1T wy TT »', where ' = (1-N(p) ) o
N\ infinite P P P P
* * *
The mapping N: D —Z = G can be extendedto N:D, —(G_) =1.
m A m’, k
We denote by | | the idele-module (2.1,1).
We take onz DA the Tamagawa measure dx‘A = de X—H—pés dxp,
-n
h = =
where de By TrveS dxv, Then f dxA 1,

DA/Dk .
Lemma 3.1.1 (Fujisaki). If 0 <m <M, the image in DA/Dk of the

*
subset of ~DA determined by m < |N(x)| < M is compact.

Let X be that subset. Take a compact subset C of DA whose

measure (for the measure dx,) is > M" and > m“n; put C'=C + (-C) =

A

L
{cl— czlcl, c, € C}. If ae DA’ x —ax and x —xa are automorphisms

of DA/ whose module is IN(a) |n (idele-module of the regular norm N(a)n);

therefore, if a € X, the images a_lc, Ca of C under the automorphisms

x—a x, x—xa of D, have a measure >1 and are not mapped in a one-to-one

A

manner onto their images in DA/Dk by the canonical homorphism of DA onto

DA/Dk’ since the measure of DA/Dk is 1. This is the same as to say that

-1 # #* ] *
a— ¢t D, and C'a ﬂDk are not empty, i,e. that there are o, B E D

o

%

such that c¢' =aa € C', c" = ﬁa—l € C'. Then c'"¢!'z Pa is in C'2 O Dk'

2
which is a finite set {g - gh} since Dk is discrete in DA and C' is

e

- - *
compact. Assume that Ba = §i;as c' = aq, this gives c' b gilc”. As D

H

can be identified with its image in D X D under the mapping x — (x, xal)

2

%*
(since that image is closed in D X D), DA can be identified with its image




in DA % D, under the corresponding adele-mapping; so the set Yi of

A
%

the points x & DA

such that (x,x-l) € C'X(&;]'C') is compact. We have
thus proved that, whenever a € X, thereis a € D;i such that ae is in the
union of the compact sets Yi' This proves the lemma.

Remark, Lemma 3.1.1 shows that Problem (I) of 2.4 ("'is GA/ Gk
(1)

compact?') has an affirmative answer for the group D" .

Lemma 3.1.2. There is a constant ¢ > 0 such that, in the number-

field case + 60

J FUNE) ey =c [ Foa/t
* % 0
DA/Dk

resp,, in the function-field case

. Foo
[ FUN®e, =c I F@)
D /D, pE-e |
APy

whenever F is a function on 13+ (resp. on t}}e group gqvlu 3 Zg) such that

the integral (resp. the sum) in the right-hand side converges absolutely. (N.B.

In the function-field case, q denotes the number of elements of the field of

[y

constants of k.)

Let first F be a continuous function with compact support on the
multiplicative group 5___'_ (resp. on the group gqvg); then lemma 3.1.1 shows
that F( IN(x) |) has compact support in Dj;/D:, sa that the integral in the
left-hand side is convergent. For any to [ I={+ (resp. for any to = qv)

*

there is X € D

A such that IN(XQ)' = to; replacing then, in the left-hand

side, x by xox, we see that it does not change if F(t) is replaced by F(tot);

in other words, as a function of F, it is translation-invariant in the group 13+



36.

(resp. {qvg). This proves the lemma, for F continuous with compact sup-
port; the general case follows from this in the usual manner. (For the value
of ¢, e¢f. Theorem 3.1.1.)

Now denote by Tr the reduced trace in: Dk aver k, which we extend
in the wsual manner to a linear function on D, and also to a linear mapping of

= Dk® K Ak into A ; Tr(xy) is then a non-dggenerate bilinear form on

Dy K

D X D, If y is the character of A defined in Theorem 2.1.1, we put

k

XD(x) = x(Tr x) for x € D,; then XD has the properties. corresponding to

A

those stated for y in Theorem 2,1.1: xD(xy) determines an isomorphism of

D, onto its dual group, and D s self-orthogonal for this isomorphism.

A k +

As a consequence, if we define the Fourier transform ¥(y) of a function

/

®(x) on D, by the formula

A

. w(y)= [ @ (x)xpryldx ,
Pa

we have the inversion formula

ex) = [ wly) Xpxy)dy
Pa

and the Poisson summation formula

20 @)= 2 U(B)

aeDk ﬁeDk

under suitable conditions for & and ¥. For instance, these formulas are
valid if both & and ¥ are continyous, absolutely integrable, and such that

the series Eaé (xta), T,¥(y+p) are absclutely and uniformly convergent;

B
when that is so, we say that &, ¥ are "of Poisson type'. If, in the definition
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.

-1
for &, we substitute xa, a 'y for x, y, where a ¢ DA’ we see that the

Fourier transform of &(xa) is lN(a) lqn\If(a-ly); similarly (and in view of

the fact that (axaal) = (x), by the defintion of } the Fourier trans- i
XD Xp Xp

form of & (ax) is lN(a)lun\If(yanl).
%
Now we say that @ is of standard type if, for every a & DA, @ (ax)

and ®(xa) are of Poisson type and if the following conditions are satisfied:
(a) There is an S (i.e. a finite set of valuations of k, including :

all the infinite places) such that, for x = (xv) e D,, Xg = (x )

A vveS:

@ (x) = @ (xg) ;Fs%(xp)

where ¢P is the characteristic function of DO » and CI)S is continuous and

absolutely integrable in Ds =17 If this condition is satisfied for

ve S Dk )
v

some S, it is clearly also satisfied for every S' D S. Also, it implies that

the Fourier transform ¥ of & satisfies a similar condition (but possibly

with another S).

(b} The integral :

s
1) Df V_D-S IN(xv)]v @S(xs)dxs
S

and the similar integral for ¥, converge absolutely and uniformly for s > 0.
One special method for constructing functions of standard type is as

follows. In the function-theoretic case, take any set S as in (i), and take

for @S the characteristic function of any compact open subset of Ds, or a

finite linear combination of such functions. In the number-theoretic case,

let So be the set of the infinite places of k, so that D_ = Dk 2y " R; on DS

(o] (o]

S
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considered as a vector-space over R, let P be a polynomial function and
- -F(x ) !
F a positive-definite quadratic form; for X & DS , take cbo(xo) = P(xo)e °. "

o

on the other hand, let S' be any finite set of valuations of k, disjoint from 1
SO, and let &' be the characteristic function of a compact open subset of DS"

or a finite linear combination of such functions; take S = So U 8!, so that

,» and, for xoeD , x'e D

1 - 1 1y.
SO v take @S(xo,x ) = QO(XO)Q (x');

S

DS = DSOX D

then define & as in (i). It is easily seen that, in both cases, & is of standard |

type, and that its Fourier transform is another function of the same nature. I

Definition. Let & be a function of standard type on DA; the function

(2) z%(s) = [ ING) [Po k),

E

Pa

T e

will be called the zeta-function of D with respect to &.

This definition will be justified by proving, firstly, by a multiplicative

calculation, that the integral for Zq)(s) is absplutely convergent for Re(s) > n

(and uniformly so for Re(s)>n + ¢ for every e > 0), and, secondly, by an

additive calculation, that it can be continued analytically in the whole s-plane.

For the multiplicative calculation, take S as in (a) and put, for every S'SS: !

£ #* E x® ¥
Dy, = T Dy + Digny=Dg X T b»
veS' v péS’ 9p

Then, by definition of the adele-space, we have

. z‘I’(s)=1ims, [N Pe e

e
R

Disn)

where the limit is taken over the filter of the sets S', ordered by inclusion.

Now call Zg(s) the integral (1); this is the same as the same integral taken

—~}
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* . . b
over DS, since ers'N(Xv”v is 0 on D_- D_., Also, put, for p¢ S

S S

zp(s)=f IN (P)lpcpp( ol
D

%
k
p

b
and denote by Z;(s) the same integral taken over Do ; then:
-P

= (TTAhz2(s-n) timg,( TT 2 () TT z2(s))
veS peS'-S P pést

where, as before, )\P =1 - N(p)"'1 for a pradic valuation, and )\v =1 for
an infinite place. Now, on D* , we have lN(x )| 1 (provided S has
been taken large enough) and :bpp(xp) = 1, sq that Zp(s) is the wp-measure
of D: ; by the definition of convergence factors, this implies that Tl'ng(s)

-P
is absolutely convergent. Therefore

z%(s) = (TTx )23 (s-n) TT Z,(s)
veS pés

As we have seen, we can identify D with M (op) for p ¢ S provided S

-P
has heen taken large enough, Write M (o ) for the set of the matrices in

Mn(op) with a non-zero determinant, and Un p for the set of the invertible
matrices in Mn(o }, i.e. those whose determinant is a unit in op; we have,
for p € S and q = N(p):
s ~1,~1 -
z (s)= | ldetX|2 (1-q")7 [det X | " (dX)
P " P P P
M (o)
n-p
For a given p, call 7w a prime element in op (this means that wop is the

maximal prime ideal in op). It is well-known that Mn(op) is the disjoint

union of the sets U A when one takes for A the following matrices:




d
1
™
1rd2 aij
A= AN
\\ d
0 S n
mw
where (dl’ e dn) run through all n-tuples of integers > 0, and, for each
choice of the di’ each aij runs through a complete set of representatives

d,
Jl

of o mod This gives:

-1 -
(l-q )zp(s)=2 | det Al; f [detlen(dX)p

A U A
n, p

As the integrand in the right-hand side is (by construction) invariant under
translations in Mn(kp), the integral is independent of A; taking A = ln (the
unit-matrix), we see that its value is th; measure of Un, for the measure
(dX)p, in the space Mn(kp); this is q«-n v if v is the number of matrices of

non-zero determinant in the ring Mn(Fq)’ where Fq is the finite field with

q elements; this gives

=N -n+l -1
[ @x)_=(@-q"H-q" ) ... (-q)
U P
n, p
On the other hand, for given values of dl’ vees dn’ there are

d_+2 -
. 2+ d3+ + (n 1)dn

matrices A. Therefore:

> . (i-1-s)d,
- ... 0T q ° :

(d)

Zp(S)

ke i, - i-les, -1
TT a-¢) TT t-q )"
i=2 i=1

40.



From the elementary theory of the zeta-function for k, we borrow the fact
that the product ;k(s) = T]-P(l—q-s)'l is absolutely convergent for s real
and > 1, and that (s -l)gk(s) tends to a finite limit Pl for s —1; this im-
plies that TTpéS Zp(s) converges absolutely for Re(s)>n and is ~ p(s-n)-l,
with p a constant,vfor s —n. This proves that, as asserted, the integral

which defines Zq)(s) is absolutely convergent for Re(s) » n. Also, we have

(3)  lim (s-m)Z” (s) = p, 25 (0) = p, [ ®xax,
sn A

where Pi depends only upon the field k.
For the additive calculation, introduce on I_3+ the function \(t) de-
*
fined by A(t) =1 for 0<t<1, AMt)=0 for 1<t, and \Ml)= 3. For x g D,

put:
£, = A (NG| T £ ) = N (ING )

so that-we have f+ +f =1; and write

Zy (o) = [ £, NG P,

Do

o
22(s) = [ £_(x)ING&) P2 x)o)
e
DA
& o] ® . . L2
sothat Z~ = Z+ + Z~ . Clearly, if the integral for Z+ converges absolutely
for some 5 it converges absolutely and uniformly for Re(s) < Re(so); as
the multiplicative calculation has shown that the integral for ZQ, hence also

the integral for Zf, converges absolutely for Re(s) » n, we conclude that

Zf(s) is an entire function of s. On the other hand, we have, for Re(s)>n

-

41.
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~

2= [ f_(x)lN(x)ls(E *@(xa))w"q

¥ % acD
DA/Dk k
= [ N[ D 2(xe) - 2(0)e),
D* /D* i aeDk
A Tk

x % , * *® o, * -
(DA/Dk is the space of right cosets ka of Dk in DA). By Poisson sum-

mation, we have

Y sxa) = NP D wExT)

aeDk [SeDk

where ¥ is as before the Fourier transform of &; hence

z%s)= f_(x)lN(x)ls(lN(x)l““ > owex - cr;(oymiAx :

% peD
DA/Dk k

this still being absolutely convergent for Re(s) > n. Now, in the integral
defining Zf(s), which converges absolutely for all s, substitute n - s for
s and x“'1 for x: as the latter substitution does not affect the Haar measure,

and as f+(x-1) = f (x), we get:

[ 6 NG [P wix ey
D

Z_\f(n-s)

s

1

J Qm”mwﬁ“{E*wmfa%A.

D /D* €D
k P k

B

Combining our two last formulas, we get

z%(s) -z, n-s) = [ w(ING) Do)y
® #
D,/D,

where (t) is the function defined on 1__{+ by
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n

w(t) = [2(0)t° ™™ - 3 (0> In(t)

By lemma 3.1.2, this gives

() _ & (0) )

¢ ( S=Nn <]
722(s) - z¥(m-s) =
} * c S | 51
—(\1/(0)‘1 - 3(0) 2 >
2 s s
q -1 q -1

(c is the constant in LLemma 3.1. 2). This shows that Z(I> and ZCD are
meromorphic in the whole plane, with a residue at s = n equal to c¥ (0)

(resp. c¥(0)/log q). As we have ¥(0) = fD @(x)dxA, a comparison with
A

(3) gives ¢ = (resp. ¢ = Pl log q). This proves:

Pr

Theorem 3.1.1. (i) Z@(s) is the sum of an entire function of s and of

(\I/(O)
pk s-n

- @iO) ) resp. pk log q/ z(0) - Q(O))

{ qs-—nu1 qs_1

where P = [(s—l)gk(s)]s_l, and ¥ is the Fourier transform of &.

i) z2(s) = z¥ (n-s).

(iii) We have the formula

+00

pkof F(t)dt/t
f F(INGx) o), = too
p* /D 1 > F(J)
A/ Dy resp. p,log q q

p=-=00

provided F is such that the right-hand side is absolutely convergent (N.B.

In the function-field case, g is the number of elements of the field of con-

stants of k).
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3.2. The projective group of a central division algebra.

Lemma 3.2.1. Let G be alocally compact unimodular group, g

a closed subgroup of the center of G; put G'= G/g, and let dx, d'x', dgz

be Haar measures matching together topologically on G, G', g. Let A

be a discrete subgroup of G;put H=G/A, § =A (g, A'= gAlg = A/S,

H' = G'/A'= G/gA, y=gl/&6 = gA/A. Then y is a commutative group operating

continuously on H; the quotient H/y is canonically isomorphic to H'; and we

have, for f e L+(H)

ff(u)du—fdu fftu)dt
H! v

where tu, for u € H, t € y, is the transform of u by t actingon H as_

we have said, and u' is the image wyu of u in the canonical mapping of

H onto H' =H/y.
The first assertion follows algebraically from the fact that g is in
the center, and topologically from the fact that A 1is discrete in G. Now

we have, under obvious assumptions on ¢, ¢', ¢':

f¢(x)dx = f d'x! fq)(xz)d z (x' = xg),
G Gl g g
fcb'(x')d'x' - f (Z ¢|(x|§|)>dlxn (X” = xlAl) ,
G! Hl g'eA'
f‘b”(z)d z = f(E ¢"(Z§))d z' (z' = z6)
g & Y \tes g

Combining these, and using the fact that g and & are in the center, we get

(1) f¢(x)dx = f d'u’ f(E ¢(xz§)) (z' = 26, u' = xgA)
EcA

On the other hand, we have
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(2) f ¢ (x)dx = f{E ¢(x§,)> du (u = xA)
G

H\teA
The comparison of (1) and (2) concludes the proof, since there are ''suf-

ficiently many' functions EgeA o(x£) on H.

£ & ®
Now, inLemma 3.2.1, we replace G, A, g by DA’ Dk’ ZA, re-

spectively, where Z is, as before, the center of the algebra variety D.

%
As in 3.1, we write G for the algebraic group D /Z , i.e. for the pro-

&
jective group of D; Z may be identified with Gm; as it is well known
that every fibering by Gm has local cross-sections, we can apply Theorem

% % * %
2.4.2to D and Z , and therefore identify DA/ZA with G,; also, if we

A

3

% *
identify Z with Gm, ZA gets identified with (Gm)A = Ik, the idele-group

¥

K The

% E3
of k. On D £ and DA/D

A ; we take the measure denoted above by w

K
proof in 3.1, applied to the case n =1, shows that the set of convergence

factors/(xp) which was used to define ' is also a set of convergence fac-

A

> the Tamagawa measure determined by

]
tors for Z = Gm; we denote by w

* * ¥ -
this seton Z, =1, andalsoon Z,/Z = Ik/k . Then, by Theorem 2. 4. 3,

A k A Tk

L3 %
(1) is a set of convergence factors for G =D /Z ; we denote by Wi the

Tamagawa measure on G,, and the corresponding measure on GA/Gk'

A

In view of Theorem 2.4. 3, we can now apply to this situation our Lemma

3.2.1, and get

T e r—

[ PN, = [ J F(NGz)| e (=),
® *® A G kg #* Z
D% /D SalG " 2%z
A Tk A Tk
where F 1is any function such that the left-hand side gonverges absolutely.
The left-hand side can be expressed by means of Theorem 3.1.1 (iii); on the |

other hand, the second integral in the right-hand side ¢an be written as

. i
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S FNeal- |21ty (=)
/17,

ats

ZA
which can be expressed by Theorem 3.1.1 (iii) applied to Z instead of D

and is thus seen to have the value

+ 00 n Pk +c0
o [ FUNG)[Ehat/t =— [ F(eat/t
0 0

in the number-field case, and

+00
p, loga 2 F(IN(X)qun)
=00

in the function-field case. Comparing both results, we see at once, in the

former case, that 7(G) = has the value n; we get the same con-

f @
GA/Gk G )
clusion in the latter case by taking, for instance, F such that F(q ) =1

for 0 <y <n-l, and = 0 otherwise. Thus:

Theorem 3.2.1. The Tamagawa number of the projective group of

a division algebra of dimension n over its center is n.

3.3. Isogenies.

We recall that an isogeny is a homomorphism of an algebraic group
onto another of the same dimension; two groups G, G' are called isogenous
" if G" can be found so that there are isogenies of G'" onta G and onto G'.
In this section, we consider Tamagawa numbers of groups isogenous to pro-
jective groups of simple algebras, and products of such groups; this, combined
with Theorem 3. 2.1, will give for instance the Tamagawa number of the special
linear group of a division algebra.

Lemma 3.3.1. If two groups G, G' are isogenpus over k, every
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set of convergence factors for G is a set of convergence factors for G'.

Assume that there is an isogeny f of G onto G' over k; by means
of representations of G, G' into special linear groups, we can consider
them as affine varieties; then, if x' = f(x), the ccordinates of x' can be
written as polynomials in those of x. As in 2.2, we see that G, G' and £
can be reduced modulo p for almost all p. Our lemma is now an immediate
consequence of Theorem 2.2.5 and of Lang's theorem, according to which two
isogenous groups over a finite field have the same number of rational points
(Am. J. of Math. 78; see last five lines of p. 561).

Any simple algebra R can be written as Mm(D), where D, as in
3.1, is a division algebra. The same calculation as in 3.1 shows that the
)\p =1~ N(p)~1 is a set of convergence factors for R*; as it is also a set
of convergence factors for Z*, where Z is the center of R, Theorem 2.4.3
shows that (1) is such a set for R*/Z*, hence also for every group isogenous

(1)

to R*/Z* (in particular, for R"’) and that ()\p) is such a set for every group
isogenous to (R*/Z*) Rl Gm. In what follows, we shall use these facts freely.
Tamagawa measures in the strict sense (derived from the set (1) of convergence
dx, etc.; by w', w:&, d'x, etc., we denote

1

Tamagawa measures derived from the set of convergence factors (l-N(p)- K

factors) will be denoted by w, W4

for instance, on Ik’ we use the Tamagawa measure (dt/t)'.

As in 3.1, let D, be a division algebra of dimension nz over its

k

center Zk = k; D being the algebra variety defined by D, with the center Z,

take R = Mm(D); call N the reduced norm in R over its center. Take any

divisor v of mn (1< v <mn). Let I' be the group



b
r={mm)ER:xGth=mw%,
s
i.e. the algebraic subgroup of R X Grn determined by v’ = N(x); it is
connected and defined over k. The connected component of the identity

in its center is

mn/v

rozgwl,t HteGm%

R
and is obviously isomorphic to Gm; here 1R is the unit-element in R.
Put G = I‘/I‘o; this is ap algebraic group, defined over k; for v =1, T' is
isomorphic to R* and G can be identified with R*/Z*, the projective group
of R; for v = mn, the mapping (x,v) -—*v—lx determines a homomorphism of

)

I onto R(l) with the kernel l"o, so that G can be identified with R For

- e %
any v, there are obvious isogenies R(l) —G—R /Z such that the com~

(1)

= ¥
posite isogeny R '~ R [/Z is the canonical one.
Theorem 3.3.1. We have 7(G) = mn/v.
Consider the homomorphism ¢ of I onto Grn given by ¢ (x,v) = v;

its kernel is
1)

r'={(x,1) ¢ rM & Gm§
(1)

and is isomorphic to R''; by means of &, we can identify I'/T' with G_;
as usual, we extend ¢ to a homomorphism of I‘A into (Gm)A = Ik.
£
Lemma 3.3.2. ¢ (I"A)/¢ (l"k) = Ik/k 3
It is known (Eichler, Math. Zeitschr. 1938) that an element \ of
%

k is the norm of an element of Rk if and only if it is the norm of an

element of Rk for every v; the latter condition is equivalent to saying
v

sk
that A must be the norm of an element of RA. Now, for a« € k , we

have a € <]>(I"A) if and only if ¢’ is the norm of an element of RA; then,

48.




by Eichler's theorem, av is the norm of an element of Rk. This proves
sle ES
that k () ¢ (I"A) = ¢(1"k). Now we show that I, = k .¢ (I"A). In fact, if

X = (xv) € Ik’ it is known that xp is the norm of an element of Rk for
P
every p, and that xV is the norm of an element of Rk whenever v is a
v
complex place (i.e. kv = C), and also whenever v isa real place (i.e.

k = R) and x > 0. Moreover, for almost all p, R_=M__ (o ), so that
v = v o mn -p

-

the image of 1"0 by ¢ is (Gm)o = Up (the unit-group of ep). Algebraically,

-p -P
our conclusion follows at once from these facts; the same holds topologically

(so that we may identify ¢ (I‘A)/cp (I‘k) with Ik/kﬂt) in view of the final re-
mark of Chapter II.

As (x,v)—x is an isogeny of I onto R*, (1-N(p)w1) is a set of -
convergence factors for I'; let d'(x,v) be the corrgsponding measure. We
shall discuss the number-field case; the function-field ¢case can be treated

P

quite similarly. We compute in two ways the integral

[ F(lvha'x,v)
I"AII‘k

where F is an arbitrary function (say, continuous with compact support)
on the group R . We first use the decomposition G = I"/l"o; as T E-Gm,
it has cross-sections in I, so that we can apply Theorem 2.4.3, Then, by

Lemma 3.2.1, we have

[ Flvhaevi= [ wg [ Pt Yy ) at/t)
*®
rA/rk GA/Gk Ik/k
the second integral in the right-hand side can be computed by Theorem

3.1.1 (iii) applied tq Gm, which shows that it is independent of v (this



would have to be modified in the function-field case, just as in the last part

of the proof of Theorem 3.2.1), and gives

Py @
[ FUvhae v = 7(G) — [ Fit)at/t
0

I‘A/‘I‘k

On the other hand, applying Theorem 2.4.4 and Lemma 3. 3.2 to the decompo-
sition Gm =TI /T, we get:

f F(lvl)d'(x,v)::*r(I")f F(Ivl)(dv/v)' ,

ES
T\ /Ty 1/

where the right-hand side can again be computed as above. This shows that,
if one of the numbers 7(G), 7(I'') is finite, the other is so, and that

7(T') = v7(G)/mn.

Take m = v = 1; then I'' = D(l), G is the projective group of D, and

(1)

7(G) = n by Theorem 3. 2.1; therefore 7(DY") = 1. Take m =1, and take for

v any divisor of n; then T' = D", 7(I’') = 1; this gives 7(G) = n/v, and

proves Theorem 3. 3.1 in the case n = 1.

(l). Thus,

In the general case, we have 7(G) = mn7t(T')/v, with T''=R
in order to complete the proof of Theorem 3. 3.1, it only remains to show

that T(R(l)) =1 for R = Mm(D); as we know that this is so for m =1, we

shall proceed by induction on m.

3.4. End of proof of Theorem 3. 3.1: central simple algebras.

We change our notations slightly. From now on, D will be as before;
AN
we write Rm = Mm(D). We denote by D™ the space of (m,1l)-matrices (i.e.

column-vectors of order m) over D, and let R}n act on p™ by (X, x) = Xx

for XeR , xeDm. Put
m

50.
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O

0
(we write 1 for the unit-element of D). Call H the orbit of e under the
. * o, m . . . m . . .
action of Rm in D 7; as Xe is generic over k in D if X is so in Rm,
H is a Zariski-open subset of D™ over k. More precisely, if K is any

field containing Kk, HK can be determined as follows. As DK = Dk® K

is a simple central algebra over K, there is an isomorphism p of DK onto
a matrix algebra Mr(D') over a central division algebra D' over K; then

HK consists of the column-vectors x = (xi)1_<_i§_m’ xie DK, such that the

(mr, r)-matrix ]
plx,)

pix,)
pix) = ¢

p(xm)

over D' has the rank r.

(1) 1)

From now on, we assume that m > 2, and we put G = Rm , G' = Rm-l;
it is easily seen that H is also the orbit of e under G. Call g the sub-
group of G leaving e fixed; it consists of the matrices

1 t1.1 m-1
X = (0 X') (ueD , X'e G')

t . . . .
(u is the transpose of u). If x = (Xi) is a generic point of Dm over

1<i<m

k, it is the image M(x)e of e under the element
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Xy 0 0 0 0
1o o 0
2 7y
M(x) = X5 0
. fLrn-=2
x 0
m
of G, where | is the unit element of R . This is a '""generic cross-
m-=2 m-2

section' (in the sense of Theorem 1. 2.2) for the mapping X —Xe of G into

H = G/g; also, G, is obviously Zariski-dense in G. We can therefore apply

k
Theorem 2.4.2 {cf. Remark 2 at the end of Chapter II}), and therefore identify

GA/gA, and, for every v, G /gk , with the orbits H,, H_ of e under G,
v v \
and under Gk , respectively; also, for almost every p, we can identify
v
G0 /gO with the orbit HO of e under G_ . For every v, there is an
P -p -p -p

isomorphism P, of D, onto a matrix algebra Mr (D"\’) over a division
v v

algebra Di’ with the center kv; this can be extended to an isomorphism which

k

we also call ,of R. =M (D, ) onto M (D'), and also to an isomorphism
pv m k mr v

k

m v v v

of (Dk ) onto the space of (mrv, rv)-matrices over D"\r; as we have seen,
v

H consists of the elements x € (D

m
K ) such that pv(x) has the rank r_.

v kv m
For almost all p, we have r_ =n, D' =k , and, for xe(D_}) ', p (x) is
P P P 9p P

an (mn, n)-matrix over o ; this matrix, by reduction modulo p, determines
an (mn, n)-matrix Ep(x) over the finite field Fq with g = N(p) elements;
it is easily seen that we can choose S such that this is so for p¢ S, and

also that, for pgﬁS, Ho consists of the elements x of (Do )m such that
_ -p -p
p_(x) is of rank n.
P 2

s m ., . mn .
The additive group DA is isomorphic to (Ak) ; it will now be

- — e ——

T R ATa——— eeem—



M _H, is of measure 0, This is a special case of the

showvn that D A A

following:

Lemma 3,4.1, Let w be a gauge-form on a non-singular‘variety v,

defined over k; l_e_t_ V' be a k-open subset of V; assume that there is a

———r

common set ()\v) of convergence factors for V and for V'. Then the

measure (w, (Xv)) for V.'A is the measure induced on VA by the measure

° - ' °
(w, (XV)) for VA’ and, fpr thaF measure, VA VA has the measure 0

Let j be the injection mapping of V' into V; then ‘jA is an in-

jective mapping of VA into VA, which we use to identify V}_\ with a sub-

set of VA (note that the topolagy of VA is in general not that induced by

VA, as shown by the case of Gm considered as the complement of §o§ in

Ga' which corresponds to the ''natural" embedding of Ik in Ak; in that case

the two varieties have no common set of convergence factors, and Ik, not
e

Ak - Ik’ is of measure 0 in Ak)' The first assertion follows from the

definition of (w, (Xv)). Now define V0 s Vz) ("almost intrinsically", cf.

-p -Pp
2.2.3 and 2. 3) by means of suitable coverings of V and V'; by Theorem

1.2.1, there is S such that V; C Vo for p¢S; let pp, p.;) be the measures
-P -pP -1

of V., V' for the "local measure' w_; by assumptions, T]- A g and
. Q o P PP P
-P -P
pr;lpé) are absolutely convergent, For each v, put XV = Vkv-= V{(V;
this is an analytic subset of Vk and is therefore of measure 0 for the
v

local measure W (by the theory of analytic varieties over complete valued

fi . " ! 5 = 3 = 2
ields). Take S§"D S' D8;put Vg, = [[_ o, Vkv P, TTp¢s' Vop and

Pg,(s") = T v, X T v
peS"_SI _P pésll _p
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P _ . (S") has the measure

-1
Then, for the product-measure Trp()\p cop) on PS" g

T o) TT ol

peSl'__Sl p P p¢sil p p

Therefore, if we put QS' = U PS'(S”)’ P, - QS' has the measure 0. We

s S

have thus shown that, in the product V_,XP the set of the points x = (xv)

S st

such that either x € X for some v or (x ) . ¢ Q is of measure 0;
v v P peS St

since the complement of that set is contained in V:q’ this proves the lemma.

In order to apply this to Dm and H, all we need show is that (1) is
a set of convergence factors for H = G/g, or (in view of Theorem 2. 4. 3) that
this is so for g. In fact, g is the semi-direct product of the groups con-
sisting respectively of the matrices

1 0 g * m-1
(X'e G" , b j (ueD7 ),
0 X! 0 1
m-1

- . . . . m-1 .

these groups being respectively isomorphic to G' andto D ; our assertion

follows now from Theorem 2.4. 3 applied to g, Dm-l and G' = g/Dmul. Also,

this shows that g is unimaodular; and, in view of the fact that T(Dm—l) =1
(since ‘T(Ga) = 1), and that 7(G') =1 by the induction assumption, Theorems

2.4.3 and 2. 4.4 show that 1(g) =1. Now, applying LLemma2.4. 2 to the groups

G Gk' g » we get

[ fx)ax = | ( 2 f(xg))dx
H, G,/G, \EeH

A’ gA,

where dx and dX are the Tamagawa measures in HA and GA respectively;

as Df - HA is of measure 0, we may, in the left-hand side, replace the

m

A dx being then (in view of Lemma 3. 4.1)

integral on H, by the integral on D

A
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the Tamagawa measure on Dm. On the other hand, since Dk is a division

algebra, we have Hk = D;n - §0} ; therefore
(1) J fax= [ [ 21 _£(XE) - f(O)) dX
D: G /Gy V65D

Here f may be taken as any function in D;n such that the left-hand side is
absolutely convergent. If at the same time we assume f to be such that

f(Xx), for every Xe& GA’ is of Poisson type (one can select such a function
by a procedure similar to that described in 3.1), the right-hand side can be

transformed by Poisson's formula. Let g be the Fourier transform of f:

gly) = f f(X)xD(tV'X)dx

m
DA

(as before, ty is the transpose of the column-vector y); replacing x, y
by Xx, ;X_ly, with XéGA, we see that the Fourier transform of f(Xx)

is g(tX_ly) since det X =1; (1) gives now:

-1
ff(x)dx = f ( Z} mg(tX n) - f(O))dX
p™ GA/Gk neDk

A

If in (1) we substitute g fpr f and tX"1 for X (which does not change dX),

and combine the two formulas, we get

[[ix) - gx)]ax = [ [g(0) - £(0)]aX

m G /G
D
A A Tk

Here the left-hand side has the value g(0) - £(0), and all integrals are absolutely
convergent; choosing f so that g(0) # £(0), we see that 7(G) =1. This com-

pletes the proof of Theprem 3. 3.1.



3.5. The symplectic group.

Using the same method as in 3.4, we prove:

Theorem 3.5,1. 7(Sp(2n)) = 1.

As usual, Sp(2n) is the symplectic group in 2n variables, i.e. the

subgroup of GL(2n) which leaves invariant the exterior form

N
% N x, + tx, N

We have Sp(2) = SL(2), so that 7(Sp(2)) =1 is a special case of Theorem
3.3.1. Now we proceed by induction on n. Take n 2> 2; put G = Sp(2n),
G' = Sp(2n-2); call g the subgroup of G le’aving the column-vector. e =
(1,0,...,0) invariant. An easy calculation shows that g consists of the

matrices ¢
1 x ur JIX'

X = 0 1 0
0 u X!

where X'€G!, u is a column-vector of order 2n - 2, x is arbitrary, and
J' is the alternating matrix invariant under G'. The subgroup g' of g,
consisting of the matrices X for which X' = 12n=2’ is normal; more pre-
cisely, g is the semidirect product of g' and of g/g' =G'; moreover, the
subgroup g'" of g', consisting of the matrices X for which X' = lzn_z

and u = 0, is normal, and g' is the semidirect product of g" = Ga and

2n-2
of g'/g" = (Ga) n-%  From these facts and from the induction assumption

7(G') = 1, one concludes, by applying twice Theorem 2,4.3, that (1) is a set
of convergence factors, first for g', and then for g, that 7(g') =1, and

2
that 7(g) = 1. Now the orbit of e under G is H = SZn - 50} , where S n

56.
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is the affine space of all column-vectors of order 2n; just as in 3.4, we

see that we can identify H with G/g, H, with GA/gA, etc, ; also, Ho
-P
2
consists of the vectors in o which are not = 0 mod p; an easy calculation

A

shows then that (1) is a set of convergence factors for H as well as for S
so that we can apply Lemma 3, 4.1; also, by Theorem 2.4.3, (1) is a set of

convergence factors for G, Now we can apply Lemma 2.4.2 to GA’ Ba

G this gives

K Bk’

ff(x)dx- f (Z f(X&)J

G /G EcH

2
by (Ak) n; also, H. 1is the same

In the left-hand side, we can replace H K

A

2
as k" - {0} . Proceeding now exactly as in 3.4, we get 7(G) = 1.

3.6. Isogenies for products of linear groups.

The method of 3.3 can be applied to 2 more general situation. Let
R be any absolutely semisimple algebra-variety over k; this is the same

as to say that R, 1is absolutely semisimple, or also that R, over the uni-

k
versal domain, is isomorphic to a direct sum of matrix-algebras. We can
write R= @® Ri’ where the Ri’ for 1<i<r, are the simple components
of R; for each i, we have R. =M (D,), where D. is such that (D.)

i m, "1 i i'k
~ a division-algebra. If Zi is the center of Di’ which we identify in an

obvious manner with the center of Ri’ (Zi)k = ki is a finite, separably

algebraic extension of k, and (Di)k may be considered as a central division
algebra over ki’ which can be written as (D;.)k , where Di is an algebra-

i
variety over ki; then we have, with the notations of 1. 3, Di = Rk /k(D'),

hence Ri (R') with R' = Mm (D;); also, if Z; is the center of D;

k/k )
1
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and R;, we have Zi (Z'), and the reduced norm N‘ taken in R;

k /k
over its center, determmes (by applying to its graph the operation Rk /k)
1)

a norm mapping Ni of Ri into Zi' We write Ri for the special linear

#
group of Ri’ i.e. the algebraic subgroup of Ri determined by Ni(x) =1;

this is the same as Rk /k(R;(U), and we have, by Theorems 1. 3.2, 1. 3. 3:
i

1)

®'" ()
1

(1) (1) _
=R, RI), = (R
i ki

e, A,

which, in view of Theorem 2. 3.2, implies T(Ri(”) =1, By the definition of

(1)

the operation R the algebraic group Ri , over the universal domain,

k,/k’
! dy 2
is isomorphic to (SL(mini)) *, where di = [ki:k] and n, is the dimension
of D!,
i

Write N for the mapping

.,xr) — N(x) = (N, (x,); ... ,Nr(xr))

11
of R into its center Z = @izi' This determines a homomorphism of the

¥
b

e
multiplicative group R  of the invertible elements of R into the corres-

i

sk
ponding group Z for Z; we have Z TTZ , with Z = Rk /k( )
1
£
k /k(G }; this is a torus of dimension d = 2 d we have (Z ) T‘-iki;

se %
and the mapping N induces on Z an isogeny of Z onto itself, given by

mlnl MR
z=(z1,...,zr)——+ N(z)=(z1 e B )
In the special case treated in 3.3, the norm mapping N;z— z"
of Z into itself was factored into z — Zmn/v — zrnn. Similarly, we

assume now that we have factored N as follows:

3 ko
Z > 7

S

T



where T is a commutative group-variety, defined over Kk, and u, v are
s # )
isogenies of Z onto T and of T onto Z , also defined over k; then

ol

T is a torus, isogenous to Z . We introduce the algebraic groups:

%
I = g(x,t) e R x Tlut) = N(x)}
TO ={(z,p(z)|z e Z g
As in 3.3, I‘o is the connected component of the identity in the center of T;
e . * - 1 .. .
it is isomorphic to Z ; the group G = 1"/I‘O is isogenous to R’ (it is
perhaps the most general group isogenous to R(l) over k, but this will not
be discussed here), and we investigate T7(G).
Call ¢ the homomorphism of I' into T given by ¢(x,t) = t; its
1
kernel is the group I'' =}/(x, e)lxe R( )g , where e is the neutral element

W),

in T, and is isomorphic to R Lemma 3. 3.2 can be generalized as
follows:

Lemma 3.6.1. ¢ (I"A)/d) (I‘k) is canonically isomorphic to an open

subgroup of TA/Tk of finite index 2.

Just as in the proof of Lemma 3. 3.2, one sees, by using Eichler's
theorem, that ¢(I‘A) 0 Tk is the same as ¢(I‘k), and also that any t & TA

. ES
is in & (I',) whenever tve ¢'(Fk ), i.e. whenever v(tv)eN(Rk }, for every
v v

infinite place v of k. This proves the lemma, with i = 0, in the function-

A

field case. In the number-field case, call S the set of the infinite places

® 5 b
f k; = ; f identit
o} put ZS TTVGS Z]L<V call ZS, o the connected component of the identity
s .
in ZS, and put
lo] K n
Zp = Zg 0% 11 2
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x

e s %
as ZS is a product of factors R , C , the group vy = ZA/ ZZ is a finite

abelian group of type (2,2,...,2); call o the canonical homomorphism of

£
ZA onto y. From the remarks made above and in the proof of Lemma 3. 3. 2,

o}

it follows that, if te€T is such that v(t)e ZA’

A t is in ¢(1"A); therefore

c]>(1"A) contains the kernel of the homomorphism oo v of TA into vy; as
the index in our lemma is equal to the index of 4)(1"A)Tk in TA, this com-
pletes the proof.

(N.B. It has been shown by Serre and Tate that, if T is any torus

over Q ({the rational numbers), and T; is the connected component of the
identity in TI_{’ then TB = TOB- TQ; from this one easily concludes, firstly
(using the operation Rk/Q) that, if T 1is a torus over a number-field k,

and T° is defined f m T as 2° was defined above from Z', T, = TC-T
n A n ro A s in o Q s Ty =Ty Ty

and, secondly, that the index 2i in Lemma 3.6.1 has always the value 1).
Now we apply to the groups I', T'', I‘0 the method used in 3.3. For
each i, let v be the norm in (Zi)k = ki over k (this is both the reduced
norm and the regular norm in the sense of the theory of algebras); this can
be extended to a norm mapping v, in Zi (which is a polynomial function
of degree d, = [ki: k]), which induces on Zf a character, i.e. a representa-
.tion of Z? into Gm, rational over k; moreover, the group of all such
characters of Z:‘ is generated by Vo and the group of all characters of

b b
Z = Trizi’ rational over k, is generated by the characters

z = (zl, e zr) — Vi(zi)

%
As p is an isogeny of Z into T, one concludes from this (by well-known



elementary arguments in the theory of algebraic toruses) that the group of

the characters of T, rational over k, is generated by r characters X;?
¢

and that the characters X;o M of Z generate a subgroup of finite index

of the similar group for 7" . In other words, if we write

a..
X; ((2)) = TjTuj(zj) 4

with integers aij’ we have det (aij) £ 0.
Now we need a Tamagawa measure for I‘A. As I is isogenous to

#* % .
R = WiRi’ we can use for I' any set of convergence factors ()\V) = (TTi}\S))’

. s b3
where ()\S’)) is a set of convergence factors for Ri = Rk /k(R! ); such a set
i

1

can be chosen at once, by Theorem 2. 3.2 and the results of 3.3, by putting

)\f,l) =1 whenever v is an infinite place of k, and otherwise:

o TT a-nee) ™
P p/p

where the product is extended to all the prime divisors P of p in ki’

and the norm N(P) is the absolute norm (equal to N(p)f if P is of relative
degree f over p). For the same reasons, this same set of convergence
factors can also be used for Z*, hence also for I"o, and (by Lemma 3. 3.1)

for the torus T. On the other hand, the same argument shows that (1) is a

(1)

set of convergence factors for R ', hence for I'', and also for G which

),

is iscgenous to R We denote by d'(x,t) the Tamagawa measure for I‘A,

e
with the set of convergence factors ()\v), and use similar notations for Z

and T.

Now we compute in two different ways the integral
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1= [ F(lxl(t)|,...,]Xr(t)i)d"(x,t) ;
I“A/I‘k

here | | denotes as usual the idele-module, and F is an arbitrary function
(say, continuous with compact support) on the group (I;_i_)r; we do this by
using the two decompositions G =‘I‘/l"o and T = I'/T'; this will be carried
out in the number-field case (the function-field case can be treated similarly,

mutatis mutandis). The first decomppsition gives:

a..
- Y "
1) 1=r@ [ F( !jl ERCA R PPN
2,12,

while the second one gives, since 7(I'') =1:

(2) I= F(lx, @] .- x, () "
$(T /6 (r)) .
“ . » * - - —
For each i, we can identify (Zi )A = (Rk./k(Gm))A with (Gm)A = Ik,;
i k. i
i
e b * *
therefore ZA is the same as TTiIk , while Zk is the same as TTiki; and
i
the idele-module [Vi(zi)|, taken in Ik’ is the same as the idele-module lzili

taken in Ik . From these facts, and from Theorem 3.1.1 (iii), we conclude
i
that we have

[ f(lvl(zl)l,...,Ivr(zr)l)d”z
b *
Zpl 2
r
= (LT pki) (Rf)r £(6,,..., 6 )d6,...d6 /6,... 0,
=+

whenever f is such that the right-hand side is absolutely convergent. This

gives for (1) the value:

-1
(3) I= T(G)Idet(aij)l (Upki) fr F(Oy, .-, 0)46)...d0 [6...0

t R,)
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As to (2), we apply Lemma 3. 6.1, together with the following remark: for

every t&T  , there is (x',t')eI‘A such that |xi(t‘lt')‘ =1 for 1<i<r

A’
(in fact, it is easily seen that we can take x' = z, t' = u(z), for a suitable
z & ZZ); therefore, we can choose, as representatives of the 2i cosets of
4:.(1"A)Tk in TA, elements t such that [Xi(t)l =1 for all i. From this,
one concludes that the integral in the right-hand side of (2), taken over every

one of the 2 cosets of ¢(I‘A)/¢(I‘k) in TA/Tk, has alwa ys the same value.

Therefore:

-1

i
N

(4) I [ FUx® . x @ Dare

TA/Tk
The comparison between (3) and (4) shows that (apart from the determination
of the index 2', which is effected by the result of Serre and Tate) the compu-

tation of 7(G) has been reduced to a purely commutative problem concerning

the torus T, viz. the computation of the integral in (4). This problem has
been studied by Ono {Ann. of Math. 1961) but is not yet completely solved.
Before making some applications of the results obtained above to the orthogonal
groups, we insert a few general remarks about toruses.

Let T be any torus over Kk; by Theorem 2. 2. 2, its characters (i.e.,
its representations into Gm over the universal domain) make up a finitely
generated free abelian group {free, because T is here assumed to be alge-~
braically connected), on which the Galois group 4'[/ of k/k (k = algebraic
closure of k) operates in an obvious manner (actually, every character of
T is defined over a separably algebraic extension of k). This group, written

additively and considered as a representation~-module for y, is denoted by T

'
()
41
I g o«
I o

'
S )
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and is known as the dual module of T; Tate has shown that there is a duality
of the usual type between such modules and toruses over k. We write /’i‘k
for the group of the elements of T which are invariant under 7 (these
correspond to the characters of T which are defined over k)., Let ¥ be
the trace of the representation of }/ (with coefficients in (_3) given by the
operation of 4/'7 on the vector-space /'i‘ Y 9 over 9_; according to Artin, |
there belongs to the '"character'" ¥ of % an L-function L(s, ¥), which has
at s =1 a pole of order r if r is the number of generators for %k; this

L-function is given by an infinite product

L(s,¥) = || L (s, ¥)
P P

taken over all the p-adic valuations of k. Now, combining Theorems 2. 3.2
and 2. 4.3 with a theorem of Artin on rational representations of finite groups,
we see that, by putting )\v =1 for ve S, Xp = Lp(l,\Il) for p¢ S (as usual,
S is a finite set of valuations of k containing all the infinite places), we
define a set of convergence factors for T. If dt is the Tamagawa measure
constructed by means of that set, we have a formula
i % Flx, ), - Ix 6V D = c f rF(el,...,er)del...der/el..;e
A "k (I§+)
in the number-field case (the integral in the right-hand side is to be replaced
by a series, in the usual manner, in the function-field case); here Xpr e Xy

are generators for the group of characters of T, defined over k; moreover,

if we put

o=[(s-1)" TT Lp(s,\If)]

p¢S s=1
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the constant r(T) = ¢/p is independent of the choice of S and of the
generators ¥, and is invariantly attached to the torus T; it has obvious
) = r(T")

"functorial'' properties such as r(TXTZ) = r(Tl)'r(TZ), and r(R

1
1 k'/kT

if 'T' is a torus over k'.

If now notations are again as in (3) and (4), our results (taking into
account the theorem of Serre and Tate) give 7(G) = r(T) |det(aij) [ This
raises the question whether, at least for toruses isogenous to Z*, the number

r(T) is always an integer.

3.7. Applicaticzn to some orthogonal and hermitian groups.

In view of the well-known ''canonical isomorphisms' between classical
groups, the Tamagawa numbers for the orthogonal groups in 3 and 4 variables
and for the hermitian groups in 2 variables can be calculated by means of the
above results; this will provide the starting point for the consideration of the
orthogonal groups, by induction on the number of variables, in Chapter IV.
We avoid complications by excluding once for all the case of characteristic
2 (there is, however, no reason for thinking that our main results do not
remain true even in that case). A quadratic form F, with coefficients in
. k, is said to be of index 0 if it ""does not represent'" 0, i.e. if F(x) =10
has no solution in k, other than 0.

(a) Orthogonal group in 3 variables: let F be a quadratic form in

3 variables, and G the ""special' orthogonal group of F ('special' =
determinant 1); then G is isomorphic to the projective group of a simple
central algebra of dimension 4, viz. a quaternion algebra if F is of index

0, and the matrix algebra MZ otherwise; by Theorem 3. 2.1 in the former
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case, and by Theorem 3. 3.1 in the latter case, we have 7(G) = 2.

(b) Hermitian group in 2 variables: let k' be a quadratic extension

of k; take Z' over k', such that Zl'<| = k'; take D' = Z', R' s MZ(Z'),

Z=R (z'), R=R (R') = MZ(Z)’ so that Rk = (MZ)k" The non-trivial

k'/k k'/k

automorphism z -+ z of k' over k can be extended in an obvious manner

to an automorphism of the algebra variety Z, defined over k, which we also
denote by z — z, and then to an automorphism X — X of R, defined over k.
We can identify Gm with the subgroup of Z* defined by z = z; the norm
mapping of Z;=< into Gm can then be written as z — 2z, and its kernel is

£ -
the subgroup U of Z definedby zz =1. Nowlet S be an invertible her-

¥

mitian matrix over k', i.e. an element of Rl; = (Mz)k' such that tg = 83

this determines the hermitian form F(x) = t§° S+x on the space ZZ of vectors
X
X =(X1) over Z; F is said to be of index 0 if F(x) = 0 has no solution in
2
2

Zk = k'%, other than 0. The hermitian (or "unitary'') group attached to S,

or to F(x), is the subgroup G of R* given by:
G =§Xe R¥’X.s.x = 5, N(X) = 1}
where N(X) = det(X) is the reduced norm taken in R over Z.
It is known that G is isomorphic to the special linear group Rl(l)
of a simple central algebra R1 of dimension 4 over k, viz. a quaternion
algebra if F is of index 0, and the matrix algebra M2 otherwise. There-

fore 1(G) =1.

(c) Orthogonal group in 4 variables: let F be a quadratic form over

k, in 4 variables, A its discriminant, G the "special' orthogonal group for

1
F. If A?ek, there is an algebra R, of dimension 4 (a quaternion algebra

1
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if F is of index 0, otherwise the matrix algebra MZ) such that G =

(1)
1

ments (1,1), (-1, -1). With the notations used in 3.6, this can be written

(R{l)x R, ’')/y, where vy is the subgroup of order 2 consisting of the ele-

as G =T/T" when we take R, =R, R=R, @ R,, hence Z*:G %< G ,
o 1 2 1 2 m m

N(z) = 25, T=G >XG_, plz) = ( oyt - (z,z.)ez", and
z)=12z , =G_ o B2) = (225, 2, 2, or =z = (z,2, , an

-1

p(t) = (tlt2 ,tltz) for t = (tl,tz) e T. The integral in (4) can be calculated

by Theorem 3.1.1 (iii) and has the value

2
p, [ F(6,6,)d6,d6,/6.6, ;
®,)*

=+

also, one finds at once that 2t = 1, ldet (aij)l = 2. This gives 7(G) = 2.

1l
Now assume that k' = k(A?) is a quadratic extension of k. Then

(1)

G is isogenous to R (R'Y"), where R' is a central simple algebra of

k'/k
dimension 4 over k' (again a quaternion algebra or M2 according as F

1) (1)

> R! )/Y:

is of index 0 or not); over k', it becomes isomorphic to (R'
with y as above. Let Z', Z, U and the mapping z — z be defined as in
(b). Then we can write G, with the notations of 3.6, as G = I‘/I‘o for

r=1 k =k', Rl =R', R

1 1= R, N(z) = zz, T = GmX U, pl(z) = (zz, z-'l;) for

&
zeZ , v(t) = (t:lt2 ,tltz) for t = (tl,tz), tle Gm, t.€ U. We have now

2
a, =L 2! = 1. Now we have to calculate (4) for T = G_™U. As we take

our Tamagawa measure for Gm by means of the factors )\p =1- N(p)—l,

s
and for Z and T by means of the factors
1 1 -1
a o= TT (1-N@) ™)

p'/p

where the product is taken over the prime divisors p' of p in k', we have
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to take the Tamagawa measure on U = T/Gm by means of the factors
Nt =TI =1y eING) T
p P P

where Yy is the character associated with the quadratic extension k' of k.
Applying now Theorem 2. 4.3 and Theorem 2.4.4 (the latter, in the modified
%k

£
form explained in the Remark following it) to the groups Z , U, Gm =Z [U

- %
and to the norm mapping z — zz of Z onto Gm, we get

(5) Uy - [ Flyhayy= [ F(laz|dy=
H' /H! A #* % A
ATk zA/zk
s %
1 ! 3 3
where HA' Hk are the images of ZA’ Zk under the norm mapping,

t = 1 d 1 !
7'(U) fU /U dAu, an dAz, dA
" A" Tk
Z, G , U constructed by means of the sets X', X\_, \!' defined above.
m p P P

'y are the Tamagawa measures for

Y" dA

ofe
kA

*
In the right-hand side of (5), ZA’ Zk may be identified with Ik’ and with

k' ; as | | is the idele-module taken in 1 [zz| is then the same as the

k’
idele-module taken in Ik,; therefore the right-hand side of (5), computed by

Theorem 3.1.1 (iii), is w0

Pl [ Fat/t
0

On the other hand, by class-field theory, HA/H]'&, in the left-hand side, is
o

nothing else than the open subgroup of lk/k of index 2 determined by
4

x(y) =1, where ¥ is the character of Ik/k belonging to the quadratic

extension k'/k. Therefore the integral in the left-hand side has the value

o0
%pkf F(t)dt/t
0

This gives 7'(U) = Zpk'/pk (which can also be written as 7'(U) = 2L(1, x)).

As the integral in (4) has the value

ny
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o0
U) [ F(x])dx/x) = T (Ulp, [ Fit)at/t
¥ 0
Ik/k
we get, as before, 7(G) = 2:

Theorem 3.7.1. The Tamagawa number of all special orthogonal

groups in 3 and 4 vyariables has the value 2.

3.8. The getav-vftvl'r‘x‘ctionﬁ ?f, a”cet}f:ral simple algebra.

We have already twice made use of results in class-field theory (in
the latter part of 3.8, and implicitly by using Eichler's norm theorem in
the proof of Lemmas 3. 3. 2 and 3. 6,1); we shall also use sugh results freely
in our treatment of the classical groups in Chapter IV, both directly and by
pur use of Hasse's theorem on quadratic forms (which can be derived formally
from the norm theorem for quaterpion algebras), It is known, on the other
hand, that most of these results can be derived from Hasse's theorem
acco;ding to which "a central simple algehra which s.plits locally everywhere
splits globally'. This will now be proved by a more precise calculation of
""the'' zeta-function of an algebra (independently of our use of class-field
theory in 3.3, 3.6, 3.8). It is therefore likely that, by following up this
idea, our treatment could be rendered completely self-contained.

The multiplicative calculation of Zé(s) for a division algebra in
3.1 can be extended to any central simple algebra; this will be done (fol-
lowing Fujisaki) for a special choice of &.

Let R be an algebra~variety over k, with the center .Z, such that
Z. =k andthat R, is a simple algebra; let n2 be the dimension of R

k k

(equal to the dimension of R, over k). Take a basis (e.) 2
~ "lgign
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of Rk over k. As we have gbserved before, there is S such that, for
péS, Rkp is isomorphic to Mn(kp) and Qp = Ziaic_)p is a maximal order
K isomorphie to Mn(qp) (this follpws fram the consideration of the }

P I
discriminant). For every w, R’k is ispmorphic to a matrix algebra Mm (D;) '
v

of R

over a central division algebra D;, over kv; we call ri the dimension of D;r

over kv, so that n = m T . For each pe 8 we select a maximal order Qp

k
P P

D'. For every p, we denote by w' a prime element of o! (a generator of
¥ P °p

of R, ; this is isomorphic to Mm (o;)), where o;) is the maximal order of

the maximal two-sided ideal in o'); by the theory of pradic algebras, this
r
can be done in such a way that w = =’ P g a prime element of 9p'

The zeta-function of R is defined as

s
(1) Z(s) = f* INGx) [ @ (x)eoly
) Ra
3
where w' , as before, is the Tamagawa measure for R with the convergence

A
-1 .

factors 1 - N(p) , and &(x) = TTV‘bv(xv) for x = (xv)e RA’ the cbv being

defined as follows. For péS, ;bp is the characteristic function of _Qp.

For peS -5 , where So ig the set of the infinite places of k (the empty

a(p), ’

set in the function-field case), va is the characteristic function of ='

where a(p) is any integer (for p¢ S, we put a(p)=0). For v= v, € So’ we |

have k=R or C (we write k)\ ingtead of kv , ete,), with k -= R for

A N p
1<p < ¥ D;) =R or K (K = quatermion algebra over R), k'l, = G for
' .
ry +1<1 ‘_<_rl + T Dt = g I.et Tr be the reduced trace in Rk over Kk,

which we extend as usual to R, and to R, for each v. For each v & So,

k N

v
choose a positive involution x —x in Rx, i.e. an involutory antiautomorphism
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such that Tr(xx) > 0 for x # 0; this can be done by transporting to R)\, by
means of some isomorphism of R)\ with Mm (D;\), the involution X —*t)_(

N
(here 1:X is the transpose, and z — z is the identity in R, the complex

e

conjugate in C, the quaternion conjugate in K). Now we take
$, (x) = exp(-A, Tr(xx)) ,

where A)\ is any constant > 0. It will be seen that the choice of S, of the
integers a(p), and of the constants A)\ does not affect ''the' zeta-function

except for an inessential factor.

We have, by definition,

. 3 -1 _
with xv~l for ve So’ xp—l -q , q= N(p), for p¢so, and
w_ = NG| (TT at.)
v vi'v : i'v ' Ii
for x =3, at,, t.€k . Just as in 3.1, we find
v i1 i v

2
@z - Tz .z S RLCRIMC

Rk
\%

In order to calculate Zp(s) for a given pé So’ write a, r, m instead of

a(p), rp, mp. Identifying Rk with Mm(kp), we have

D T
(3) z_(s) = (1-q_1)—1f IN&) [P0, 2 =M_(D! )*ﬂ m*M_ (o)
P 5 PP mp m -p

Let U be the set of the invertible matrices in the ring Mm(oé); 2 is the
. e . . a . .
disjoint union of cosets U.w' A, if one takes for A the same matrices as

in 3.1, except that w' has now to be substituted for w, and that aij has



d,
now to run through a complete set of representatives of o' modulo ' J,

*

As wp is an invariant measure in the multiplicative group Rk , the integral
a a s P a

in (3), taken over U-w' A, has the value | N (! A)IP waP. Here |N(w' A)Ip

is easily computed by remembering that the regular norm in R is N(x)n, and

that ' is a prime element of op; one finds IN(n'aA) 'p = q'N with N =

Eidi + ma, Also, the number of matrices A for given values of the di is

qM with M = rZi(iql)di. This gives

-1,-1 -«masm-1 ri-s, -1
Z (s)=(-q") g T a5 fo_ .
P i=o U P

In order to compute the last integral, we change from the basis (ai) to a
basis (B.) of M_(o') considered as an o_-module; for x = Z.at. = =.B.u,
i m -p - iii i1y

. =3.1n..a., n..e k , we get:
B, 3“13_-, HETR R g

) t{wp =I{(-|;Tdti)P = ldeg(nij)lpg(']'i[dui)p .

If we put d = det (Tr(aiaj)), d' = det(Tr([Biﬁj)), where Tr is as before the

reduced trace in Mm(D;L) over kp, we have, by the theory of the different

in p-adic algebras, [d' |P = qn(m'n); since d'ld' = det{n ij)z, this gives the

value of |det(n ij)'p' Finally, 01')/1?'0;p is the finite field with qr elements,
and a matrix in Mm (01')) is in U if and only if its reduction modulo w'ol')
is a matrix of non-zero determinant over that field; the number of such

matrices is

J = (qrn}" 1)(qrm_= qr). . (qrm- qr(mwl)) ’

2
-rm
and fU (TTidui)p has the value q v. Thus:

mvl I'i-n

1
-z - - - =1 - 1-
7 (s) = “I 5 mas-n(n m)/Z(l_ 1) 1 -|-|- q

i=o 1_q1'1-s

72.
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For p¢S, wehave a =0, m=mn, r =1. This shows that Tfpzp(s) is
absolutely convergent for Re(s) > n.
Now we calculate the Z)\(s): we identify R}‘ with Mm(D)\), writing

again m, r for m,, r,; also, put p = [k)\:lj]. As R, - R: is of measure |

N
0, we have

Z, (s) = Rf exp(-A, Tr(X- X)) [N(X) [0,
1N

N

we recall that N and Tr mean the reduced norm and trace in R)\ over

k)\, and, if zek)\, |z[)\ means |z|p if | | is the "usual" absolute value.

Use the "Iwasawa decomposition" X = UDT, where tﬁ- U= 1m’ D= diag(61, ees ,Gm)
is the diagonal matrix with the elements 61 >0, and T = (tij) is triangular
('cij =0 for i>j, tii =1 for 1<i<m). Then, if dU, dD, dT denote Haar

measures on the groups {Ug, SD?, {T} , one sees at once that a Haar measure

on R)\ must be of the form f(D)dUdDdT; here we can take for dT the additive ,

. . + . +
Haar measure in the space of the vectors , i.e. dT = Wi<jd tij if dt

(tij)i<j

is the measure in the additive group D;\; and we can take dD = TTi(dSi/Si).

Expressing now that f(D)dUdDdT is invariant under X -—-'XDO, i.e. under
1

(U,D, T) — (U, DDo’ D; TDO), we see that f, up to a constant factor, must
be given by
rZp(m-2i+1)
i

Also,.we have

- - rp
NGOy = IND) ], = TiTéi

m
Tr(ti‘X) =r E 612<1 + g T’...t..)

i=] j=itl WY
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&
As w)\ is a Haar measure on R}\, one finds now immediately

~-pns/2 m-1
z, (s) = c, aF TT rre(s-ri)
i=o

where C)\ is a constant factor, which can be computed by calculating Z)\(n);
this is easily done by changing the basis (ai) for a basis adapted to the
identification R)\ = Mm (D;\); one finds

z, (n) = ldlf (Ax/«rrp)"mz’2
In view of the product formula TTvldlv = 1, the product for Z(s) does not
contain d, as was to be expected (Z(s) cannot depend upon the choice of the

basis (ai)).

Now we praove:

Theorem 3.8.1. Let Rk be a central simple algebra over k. If,

B ] -

for every valuation v of Kk, Rk is isomorphic to a matrix algebra over
v

kv, Rk is isomorphic to a matrix algebra over k.

The calculation given above shows that, except for a factor of the
form clc;, with constant Cl’ CZ’ ""the'' zeta-function of R depends only

upon the "ramification indices' x i in particular, if R 'splits everywhere',

i.e. if rv =1 for all v, we have

n-l
z(s) = ¢,¢; TT F(s-i)
i=o
with

] T2
F(s) = I'(s/2) " I'(s) C.k(S) ;

in particular, for n = 1, we see that F(s) is '"the'" zeta-function of k itself.

In order to prove our theorem, it is clearly enough to show that a



central division algebra over k, other than k, cannot 'split everywhere'',
i.e. that this Z(s) cannot be the zeta-function of a division algebra unless
n =1. In fact, the additive calculation in 3.1 has shown that, for such an
algebra, Z(s) has no other poles than s = 0 and s = n on the real axis;
in particular, F(s) has the poles s = 0, s =1. The abpve formula shows
now that Z(s) has simple pales at s =0, s = n, and double poles at

s=1,,.,,n - 1; therefore n =1,

75.
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CHAPTER IV
THE OTHER CLASSICAL GROUPS

4.1. Classification and general theorems.

We consider only the algebraic groups, over a groundfield k, which,
over the universal domain, are isogenous to products of simple groups of
the three ''classical' types: "special' linear, orthogonal and symplectic.
Excluding the case of characteristic 2 (which has not been fully investigated)
and certain "exceptional' forms of the orthogonal group in 8 variables (de-
pending upon the principle of triality), such groups, up to igogeny, can be
reduced to the following types, which will be called "classical" {the letter
indicates the type over the universal domain, and K denotes any separably
algebraic extension of kj:
Ll. Special linear group (or projective groug) over a division
algebra DK over K.

L.2. (a) Hermitian (i.e., "special” unitary) group for a her-
mitian form over a guadratic extension K' of K.
(b) I1d. for a non-commutative central division algebra DK'
over K', with an involution inducing on K' the non-trivial
automorphism of K' over K.

Ol. Orthogonal group for a quadratic form over K.

O2. Antihermitian group for an antihermitian (o¥ "skew-hermitian'')

form over a quaternion algebra over K, with itg usual involution.

Sl. Symplectic group over X.
S2. Hermitian group for a hermitian form pvey a quateynion algebra

over K, with its usual involution.

76.
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Our problem was to solve, if possible, the questions (I), (1), (1II)
listed in 2.4, for these various groups, their products and the groups
isogenous to such products; only a fraction of this program will be fulfilled.

(1)

In Chapter III, (I) has been solved (affirmatively) for D", the special linear

group of a division algebra (cf. Remark following Lemma 3.1.1); it will be

1)

shown presently that the answer to (I) is negative for R when R = Mm(D),
m > 2; and the problem will be solved for all remaining types except L2(b),
for which only a partial answer will be given. Problem (II) has been solved
affirmatively, in Chapter III, for the types Ll, Sl; an affirmative answer will
be given to it, in this Chapter, for the types L2(a}), Ol, S2; perhaps the same
method could be applied also to the types L2(b), O2, but this would require
computations which have not been carried out. Problem (II1) has been solved,
in Chapter III, for the types Ll, Sl; it will be solved in this Chapter, for the
types L2(a), Ol, S2, by a method depending upon the construction of zeta-
functions for quadratic forms (the same idea can be applied to the exceptional
group GZ’ as shown by Demazure in the Appendix); there is at present no
obvious way in which one could hope to extend this method to the types L2(b)
and O2. In many special cases, once the problems (1), (11), (I1I) have been
solved for a group G, it is not too difficult to obtain a solution for a group
G' isogenous to G; but general theorems by which this could be effected
are still lacking. Perhaps the method described in 3.6 could be generalized.
From now on, we consider exclusively the types other than Ll; it is
enough to consider the case K = k (since the case of an arbitrary K can

be reduced to this by the operation R ). The groups in question can all

K/k

7.
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be described as follows:

Put k' = k in the cases QOl, 02, Sl, S2; in the case L2, call k' a
quadratic extension of k. Let D' be an algebra variety over k', such
that D{{| is a division algebra with the center k'; let n2 be the dimension

of D';put D=R (D'), this being the same as' D' for k' =k. In D!

k'/k k'’

let x —% be an involution (i.e., an involutory antiautomorphism) inducing
the identity on k, and the non-trivial automorphism of k' over k if k' 4 k;
this can be extended in an obvious manner to an involution in D, defined

over k. Take R'=M (D'), R=R

m k'/k(R') = Mm(D); then X — 'X is an

involution in R, defined over k; so is the mapping X ——-*S-l't}_('S if S is
3 —

an element of Rk such that 1:S = + 8. The "classical group' defined by

these data is the one given by

1) G = {XGR*ItRSX = 8, N(X) = 1%

sk
= R ).

where N is the reduced norm, mapping R* into its center Z k'/k(Gm
For the symplectic group (type Sl), we have to take k' = k, n=1, tS = - 5,
and the relation tF(SX = 8 implies N(X) =1 (as shown by the consideration
of the pfaffian of S and of t3(5')(;); therefore the same is true for the type
S2, since these two types are one and the same over the universal domain.
Similarly, in the case Ol, we have k' =k, n =1, 1:S = S; and ti'S~X =S
implies N(X) = + 1; the additional condition N(X) =1 serves to single out
the component of the identity in the group tf(-S'X = S; therefore the same

holds for the type O2, On the other hand, in the case L2, the mapping

X — N(X) maps the group ti.snx = S onto the subgroup U of Rk'/k(Gm)
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determined by zz =1, and G is the kernel of that homomorphism.

Now we put F(x) = t;{Sx, with xe¢ Dm; as the characteristic is not
2, S is uniquely determined by the values of F on: DLn, except in the case
Sl, when F = 0; F is called '"quadratic' in the case Ol, 'hermitian' in
cases L2, S2, "antihermitian' in the case OZ2; it is a scalar polynomial
function in cases L2(a), Ol, S2; in the case O2, it takes its values in the
(3-dimensional) subspace D~ of odd elements of the quaternion algebra D
(the elements such that %x = - x); in the case L2(b), it takes its values in the
nzudimensional space D+ of even elements of D (the elements of D such
that x = x).

Writing T for any one of the symbols L2(a), L2(b), O, O2, Si, S2,
we say that the group G defined by (1) is of type Tm. With this notation,
we have the lemma:

Lemma 4.1.1. Let G be the group of type Tm defined by (1); let

£ be a vector in Dlr:’ other than 0;let g be the subgroup of G leaving §

fixed. Then: (a) if m =1, g=%e)5 ; (b) if m>2 and F(&)40, g is

isomorphic to a group of type Tm X (c) if m=2 and F(§) =0, g is {e%

or isomorphic to a group (Ga)r; (d) if m23 and F(¢) = 0, g is the semi-~

direct product of a group g' and of a group G' of type Tm 2 where g'

is either isomorphic to a group (Ga)r or to the semidirect product of two

groups of that type.

For m =1, we must have F(£) :,1 0; and (a) is trivial. In case (b),
g is isomorphic to the group of type T, acting on the vector-space téSy =0

and leaving invariant the form induced on it by F. In the cases (¢}, (d), one



S I
}

80,

can, by a suitable change of coordinates over k, transform S and £ into

matrices
0 { 0 1
S=[+1 0 0 ) E=10
0 o s" 0

1 X -V
0 1 0
0 u X!
with
X+ x+ t1—15”11 =0, v=+ tﬁS"X”, 1?(”S”X” =s" , NX"Y=1

Call G" the group consisting of the X'', which is of type Tm X call g'

the subgroup of g for which X" = 1m 23 call g'" the subgroup of g' for

which u=0;if m=2, g=g'# g'. Then g is the semidirect product of

[

g' and G" = g/g'; g' is the semidirect praoduct of g'" and g'/g"; g" = (e} f
in the case Ol; otherwise g'' is isomowphic to Ga’ or to D, as the case

may be; g'/g" is isomorphic to Dm-Z_

This proves the lemma.
Now we apply the lemma, and Witt's theorem, to the consideration

of '"spheres''; by the sphere of radius p, we understand the variety X = Z(p)

defined in p™ by the equation F(x) = p (in the cases Ql, L2(a), S2, this is
actually, in the classical terminoleogy, the sphere of radius {p). To begin
with, Witt's theorem says that, if £, §' are two vectors, other than 0, in

% —_
%., there is Me Rk such that tMSM =8 and £' = M§; for our purposes,

kl

however, we need more. Let H, as in 3.4, be the orbit of the vector e

*
(and therefore also of every vector £, other than 0, in DII:]) under R ;
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£
put £ =X (N H; this is a Zariski-open subset of . With these notations:

Lemma 4.1.2. If pek (case L2(a), Ol, S2), peD; (case L2 (b)),

-

pc—:Dk

(caa\e‘bOZ), and p 4 0, and ¥ is the sphere of radius p, we have

*
3 C H, and consequently T = Z.

Let K be a field containing k; then DK = Dk® K is either isomor-
phic to a matrix algebra Mr(D") over a central-'division algebra D' over K
(cases O, S, and L2 for K D Kk'} or to a direct sum Mr(D") ® Mr(D”) of

two such algebras (case L2 for K D k'). In the former case, H is as des-

cribed ip 3.4; call ¢ an isomorphism of DK onto Mr(D”); we have to show

m

. e
that, if =% DK

and F(x)=p 4 0, the {mr, r)-matrix o(x) is of rank 1r;

this follows at once from the relation
t-
-« o(x) o(S) o(x)=oalp)

since p- is invertible in. Dk, so that a(p) must be of rank r. Now consider
the case L2, with KD k'; if ¢ is any isomorphism of DK onto Mr(D") &
Mr(D"), the involution x —x of D, transported to the latter algebra by
means of ¢, must exchange the two components, since it induces the non-
trivial automorphism on the center K & X; therefore we can choose ¢ so
that this involution is (Y, Z) -*'P(tZ,tY). Put o = (0'1,0'2), where T Ty are

two homomorphism of D_, onto Mr(D"), and extend o, oy o, in the ob-

K
vious manner to- Dg and RK = Mm(DK). Then HK consists of the elements
x of D; such that the two (mr, r)-matrices o‘l(x), O‘Z(X) over D" are both

of rank' r; and one sees, just as above, that F(x) = p 4 0 implies erK.

We can now generalize Witt's theorem as follows:
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*

Lemma 4.1.3. (i) Let a, a' be in E; then there is X &Ry

such that a' = Xa, 1:SC-S-X = 8. (ii) Let G be of any type except L2(b);

also, assume, if G is of type Ol or L2(a), that m > 3, or that p 40,

%

m > 2; and let a, a' be in EK

; then there is X € G_, such that a' = Xa.

K

In the cases Ol, Sl, (i) is nothing else than Witt's theorem; in the

b3
case Sl, (ii) is the same as (i); in case Ol, take X € RK such that a' = X a,

1 1
t - _ o~ . _ *
XISX1 = S; if N(Xl) =1, take X = Xl’ if N(Xl) = - 1, take X2 € RK such that
XZa = a, tXZSXZ = S, N(Xz) = - 1 (this can be constructed by reasoning just

as in the proof of Lemma 4.1.1), and X = Xlxz' In the case S2, (ii) is the

same as (i); (i) is Witt's theorem if D_, is a quaternion algebra over K;

K

if not, there is an isomorphism o of DK onto MZ(K); o(a) is a (2m, 2)-

matrix, of rank 2 since a€ H_,, which can be written as (b1 bz), where bl’

K

b2 are in sz, and we can similarly write c¢(a') = (b‘1 b'z). The extension

of ¢ to Mm(DK) maps Mm(DK) onto MZm(K)’ and GK onto the symplec-
. . o1 2m 2m o
tic group of an alternating bilinear form @(yl, yz) on K X K ;anditis
easily seen that the assumption F(a) = F(a') is then equivalent to <I>(b1, bz) =
@(b'l,bé); our assumption is then a special case of Witt's theorem, applied

to ® and to the subspaces of sz respectively spanned by bl’ bz and by
bi, b'z. The proof of (i) for the case OZ2 is quite similar; in order to deduce
(ii) from this, we observe, if DK is a quaternion algebra over K, that

N(X) =1 for all Xe G_, (in fact, this is so for m =1, as one finds by direct

K

calculation; in the general case, it follows then immediately from the fact

that GK is generated by the '"quasi-symmetries', i.e. by the elements

which leave invariant a nonisotropic hyperplane; cf. Dieudonné, Géom. des
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v
t
i

gr. class. p. 24 and 41); if there is an isomorphism ¢ of DK onto MZ(K)’

this transforms G_, into a group of type (Ol)zm, and one has merely to

K
apply what has been said above for the type Ol, gbgerving that the exceptional

cases for that type cannot occur here since 2m > 2, and since p cannot be
0 if m =1 (for all types, 2* is empty if m =1, p = 0). In the case L2(a),
(i) is Witt's theorem if K b k', and (ii) can be deduced from (i) just as in

the case Ol; if KDok', we have D__ = Dk® K=k'@K =K & K;let o bean

K

isomorphism of D_ onto K & K; this transforms the involution x—x of

K

DK into (y,z)— (z,y); if it maps S into (A,B), where A, B are in Mm(K),

we have B = tA; it if maps a, a' into (b, ¢), (b',c'), b,c,b', ¢’ must be
vectors, other than 0, in Km; and the assumPtion F(a) = F(a') becomes

tc',A-b = tc'-A-b‘; the statement (i) amounts to saying that there is ¥ in

% -
Mm(K) guch that b' = Yb and tA' c' = tY l-tA' c; (ii) says that we can

<
take Y such that det(Y) = 1; these statements are easily verified. It seems

to be an open question whether (ii) is still valid for the type L2(b).

Combining the above lemmas with Theorem 2. 4.2, we have now:

m

Theorem 4.1.1. Let § be a vector other than 0 in Dk

i let g be

the subgroup of G which leaves § fixed; put p = F(£), and lett = be the

sphere of radius p in D, _Ihen (except for the case m = 2, p = 0 and

the case m =1 of types Ol, L2(a), and possibly for the type L2(b)), we

# * , #*
have T = G/g, EK = GK/gK for every f1e_lq Kok, and ZA = GA/gA,

*
the same is true in the case L2(p) if G is replaced by the group G =

%t
{Xe R ltXSX = Sz » and g by the sub&:fvoup of that group leaving § fixed.

We now consider problems (I), (II) for the groups in question. All



available evidence goes to show that (II) is to be answered affirmatively

(i.e., that G /Gk has finite measure) for all semisimple groups, and

A

that the answer to (I) is given by '""Godement's conjecture'': if G 1is semi-

simple, GA/Gk is compact if and only if Gk contains no unipotent element.

(Added in December 1960: these statements have now been proved

by Borel and Harishchandra for all semisimple groups over number-fields. )

In the direction of Godement's conjecture, we prove:

Lemma 4.1.4. Let I' be any locally compact group; let y bea

discrete subgroup of I', such that I'/y is compact. Then the orbit of any

£ ¢ y under the group of inner automorphisms of I'" is closed.

In fact, this orbit is the union of the compact sets {k-lg'klke K% )
where K is a compact set such that I" = yK, and where one takes for g
all the distinct transforms of £ under inner automorphisms of v; and the
family consisting of these compact sets is locally finite (i.e., only finitely
many of them can meet a given compact subset of I"). (This lemma is, in
substance, due to Selberg; cf. Bombay Colloquium on Function-Theory,

1960, p. 148-149.)

In view of this, the necessity of the condition in Godement's criterion

will be proved if one shows the following: if G is a semisimple algebraic

group, and £ is a unipotent element of Gk’ the closure of the orbit of £ under

the inner automorphisms of G, contains the neutral element of G. We do

A

not discuss this in general. For the classical groups, it can be verified

easily:

Type Ll: Consider the group R(l), R = Mm(D), m > 2; as MZ(D)(]')




is a subgroup of Mnix(D)(l) for m > 2, it is enough to discuss the case
m = 2, Consider the orbit of ((1) i) under the inner automorphisms in«
-1
duced by elements (}5 2) , XE€ Ik’ for a sequence of values of x tending
to 0 in Ak.
Type (Ol)m, m > 3, F not of index 0; Take coordinates so that S

is.as in Lemma 4.1.1; consider the elements leAX, with

i b ¢ <o o
A=]l0 t 0 , x=l0o x o
0 a 1m_2 0 0 1m'2
. m-2 1t oan t a
where aek ,a40, b=-4%"as", c=- as8", xel ; and, as above,

k
take a sequence of values of x tendingto 0 in Ak.

Other types, F not of index 0: As the matrix S must be invertible,
the latter condition implies m > 2; take coordinates so that S is as in
Lemma- 4.1.1; then, as for the type Ll, it is enough to discuss the case
m = 2, Consider the unipotent element ((1) 2;) in Gk’ where a ta =0,
ae Dk’ a 4 0 (notations of Lemma 4.1,1; take aek', a + a=0, a40, in
the cases L2, S2, and ae k, a 4 0, in the cases 02, 8l); take its transforms
under the inner automorphisms induced by (}g"l i) , with x¢ Ik’ x tending
to 0 in Ak.

We now seek to prove that GA/Gk is compact, for the types other
than L1, whenever F is of index 0. This will be done for all types except
L2(b); for the type L2(b), we only do it for the group G’:< defined in Theorem
4,1.1.

We begin by considerations which are valid, whether F is of index

85.
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0 or not. For the time being, however, we exclude the type L2(b), and

also, for the types Ol, LZ2(a), the cases m = 2, F not of index O, and

m
A

of Lemma 3,1.1, put C' = C + («C), For XeGA, the automorphism

m =1, Let C be a compact subset of D, , of measure >1; as in the proof

x—*X"lx of Df: has the module 1; therefore it maps C onto a set X’IC

of measure > 1, which cannot be mapped in a one~to-one mannet onto its

m
k

€40, sothat £ = X"lc with ce C'. Then F(c) = F(£), and, if we put

image in Df/DLn; this means that X‘]'C' N b must contain an element

p=F(), p is in F(C') 1 D., which is a finite set since F(C') is compact .

k

and D, discrete in D, ; write that set as {po =0, p

K A . ph} . For each

e

i, let Ei be the sphere of radijus ’y (the variety F(x) = pi); choose a vector

1

P.s

gi in (Z;)k, if there is one (i.e. a vector :{: 0in D i

m
Kk’ such that F(&i)

for i =0, there is such a veetor if and gnly if F is not of index 0); let g be

the subgroup of G leaving §i fixed, and call ¢i the mapping X—->X§,1 of

%* sle
G into z by Theorem 4.1.1, we can identify =, with G/gi, and then ¢,

*
becomes the canonical mapping of G onto G/gi. Now put E, = (Zi )An c',

and Bi = ¢;1(Ei). Our proof shows that, if X is any element of G there

A’
. . -1 %
is an i, and an element ¢ of C', suchthat § =X "¢ is in (2i )k’ i.e.,

by L.emma 4.1. 3, of the form M'lgi with Me G, ; then X§ = Xleéi is in

k;

E., so that XM_le B, Xe B.G We formulate this as a lemma:

-

Lemma 4.1.5. There are finitely many fectors Ei 40 in D;n, and

m

a compact subset C' of DA

, with the follgwing prwoperties: (a) the Pi = F(gi)

are distinct elements of Dk; (b) let Ei be the sphere of radius Py gi the
T b e od T T T T —

%
subgroup of G leaving E.i fixed, ¢i the mapping X--—*X&,i of G into Ei;

By



* -1
=. ! = : = .
put Ei (zi)Aﬂc . Bi ¢i (E],L)y then GA Ui Bin
As indicated above, we choose notations so that Py 340 for i :} 0;
in particular, if F is of index 0, we have Py 4 0, i.e., in this notation,
*
i :} 0, for all i. By Lemma 4.1.2, for i 4 0, we have 'Ei = Zi; as (Zi)A

. m - )
is a closed subset of DA’ (Zi)AﬂC , is a compact subset of ('Zi)A. There
fore, for every i % 0, there is a compact subset Ki of GA such that
. C .

d)i(Ki}) o Ei, then Bi Ki(gi)A

Now assume that F is of index 0, and that (gi)Al(gi)k is compact
for every i, so that there is, for every i, a compact subset K’1 of (gi)A

- 1 ° ! 4 3
such that (gi)A = Ki(gi)k, then Bi - KiKi(gi)k’ and, in view of Lemma 4.1.5,
- ] 1 3

we have GA = (Ui KiKi)Gk’ so that GA/Gk is compact. But for each i, by
Lemma 4.1.1, g is the group, of the same type as G but with m-l substi-
tuted for m, acting on the space téin = 0 and leaving invariant the form

-~
induced on that space by F; pbviously, the latter form is of index 0 if F

is of index 0. Now, by induction on m, we can prove:

Theorem 4.1.2. For all types other than L2(b), the group G de-

termined by (1) is such that GA/Gk is compact whenever tzox 40 for

x40 in D:].

The theorem is trivially true for m =1 in the cases L2(a), Ol (for
then G is reduced to the neutral element), and vacuously true for m=0
in the cases 02, S2; the induction proof is valid for m > 2 for L2(a), O,
and for m >1 for O2, S2 (one could also deduce the cases m = 2 of L2(a),
Ol, and m =1 of 02, S2, directly from Lemma 3.1.1).

%
In the case L2(b), we consider, instead of G, the group G defined

87.-



in Theorem 4.1.1. One proves then, exactly in the same manner, that
GA/Gk is compact if F is of index 0. We observe that G is isogenous
to G XU, where U is, as befare, the commutative subgroup of Rk'/k(Gm)
determined by zz = 1. We shall not proceed further with the investigation of
the type L2(b), which, in all respects, is the most difficult of all.

Now we apply Lemma 4.1.5 to proving that, for all types except
possibly L2(b) and O2, GA/Gk is of finite measure. Apply Lemma 2.4.1 to

I3 * -
G (gi)A’ (gi)k, and to the characteristic function fi(w) of Ei on (Zi )A’

A
this shows that the image of B, in GA/(gi)k is of finite measure if and only
if (gi)A/(gi)k and Ei are so (of course we are using invariant measures on
GA, (gi)A and (ET)A). For i:l: 0f we have seen that Ei is compacé, hence
of finite measure. Proceeding by induction on m, and using Lemma 4.1.1,
we may assume that (gi)A/(gi)k‘ is of finite measure; so the image of Bi

in GA/(gi)k is of finite measure; as the obvipus mapping from GA/(gi)k
onto GA/Gk is locally a measure-preserving isomorphism, this implies
that the image of Bi’ which is also the image of Bin, in GA/Gk, is of
finite measure. In view of Lemma, 4,1.5, the induction part of our proof
will be complete if we show that EO and (go)A/(go)k are of finite measure.
The latter fact, in view of Lemma 4.1.1, is also a consequence of the induc-
tion assumption. Thus it only remains to show that EO = 2:: (1 C' is of
finite measure (for the invariant measure on ZZ‘) when C' is compact

and ¥ is the sphere of radius O0; this will be done in 4. 2 for the types

L2(a) (m > 3), Ol (m > 5), S2 (m > 2); the case Sl has been treated in 3.5.

The case'LZ(a), m = 1, is trivial, and the case L2(a), m = 2, has been

treated in 3.7; the cases Ol, m = 3 and 4, have been treated in 3. 7; the

88.



case S2, m =1, is included in Theorem 3. 3.1; therefore this will prove:

Theorem 4.1.3. If G is defined by (1), GA/Gk is of finite measure

4

r————

for the types L2(a), Ol, S1, S2, exqept only for the gase Ol, m = 2, F not

of index 0.

The same would be proved for the type 02 if we could show, also in
that case, that Eo is of finite measure, As to the type L2(b), our method
could be applied to the group G*, and would shaow that GZ/G; is of finite
measure, again under the assumption that Eo is sp, These cases will not
be considered any further,

4.2. End of proof of Theorem 4.1, 3 (types Ol, L2(a), S2).

In the remainder of this chapter, we shall consider only the cases

Ol (quadratic case), L2(a) (hermitian cage) and S2 (quaternionic case); we

=k and § = 1; in the hermitian

put & = [Dk:k]; in the quadratic case, D

case, Dk = k' and & = 2; in the gquaternienic case, Dk is a field of qua-~

ternions with the center k, and & = 4. In all cases, oY

X is a vector-space

of dimension &m over k, F(x) = ‘#Sx is a kryalugd quadratic form in that

m . . . . .
space, D is an affine space of dimension &m in the sense of algebraic

geometry, and the sphere of radius p is the hypersurface defined by F(x) =

In this section, we assume that F is not of index 0, and = will

denote the sphere of radius 0, i.e. the hypersurface F(x)=0 in Dm; as

%*
before, we put © =3 () H, where H is the orbit of the vector e = (1,0,...

. m % &
in D under the group R = Mm(D) .

89.
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Lemma 4.2.1. For the variety 23*, (1) is a set of convergence fagtors, '

provided &6m > 4.
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This is done by computing the number of points of E* modulo p
for almost all p (the formulas for this are well known) and applying Theorem
2.2.5. ’We exclude.all p for which S is not in Mm(Do ), 2ll p which divide

-pP
2N(S), and all p which are ramified in k' (resp. in Dk) in the hermitian

(resp. quaternionic) case. Then, in the quadratic case, the number of solu~ [
tions, other than 0, of F(x) = 0 in the field Fq with q = N(p) elements is
m-l 1 if m =1mod. 2, and (qm'-e)(qm|-1+e) with m' =m/2 and ¢ = ¢1
if m=0mod. 2 (¢ =+l or -1 according as (_1)m' det (S) is or is not a square

in Fq). In view of Theorem 2. 2.5, this proves the lemma in that case. In

the hermitian case, consider first the case when p does not split in k', i.e.

when it can be extended in only one way to k', so that ki) is a quadratic ex-
tension of kp’ and c_)i)/p is a quadratic extension of Fq = gp/p; then F(x)
determit}es a quadratic form in (gi)lp)m considered as a vector-space of
dimens;.on 2m over Fq, so that the number of solufions, other than 0, of
" F(x) = 0 modulo p is given by (qm—e )(qmq1+e) with a suitable ¢ =+ 1. If
p "splits'" in k', i.e. if it can be extended to two distinct valuations p', p"
of k', then, reasoning as in the latter part of the proof of Lemma 4.1. 3, we
see that the number of points of E* modulo p is the number of pairs of

o
-P
vectors x, y in F;n, other than 0, satisfying a relation tyS'x = 0, where

S' is an invertible matrix in Mm_(Fq); this is equal to (qm" 1)(qm—1-1). The
conclusion is the same as before. In the quaternionic case, reasoning as in
the first part of the proof of Lemma 4.1. 3, we see that the number of points
of Z: is the number of (2m, 2)-matrices (xl xz) of rank 2 over Fq such

-P
that <I>(x1, xz) = 0, where & is a non-degenerate alternating bilinear form
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2 -
on Fzm&("Fzm; this has the value (q m_ 1)((:12m 1- q). The conclusion is

again the same.

Now let (e v)’ for 0< v <& -1, be a basis of Dk over k, with
€, = 1; call EV the mapping x — xe ’ of Dm, considered as an automorphism
of the (5m)-dimensional affine space. Let L be the group of all such auto-
morphisms, which is isomorphic, over k, to M:m, the full linear group in
dm variables; then R* = Mm(D)* is the subgroup of the elements of L which
commute with Ev for 1<y <6-1 (in particular, R* =L for 6 =1). Call
Ho the orbit of the vector e = (1,0,...,0) of D™ under the group L; this
is a Zariski-open subset of Dm, and the orbit H of e under R* is a
Zariski-open subset of Ho. Let Go be the group of type Ol, consisting of
the elements of L of determinant 1, leaving the quadratic form F invariant;
the grox'{p G defined by 4.1 (1) is then a subgroup of Go' As before, put
E* =¥ () H; and put E: == N Ho; then Z* is a Zariski-open subset of
Z:. Assume, from now on, that 6dm > 4; in view of Lemma 4,2.1, and of
Lemma 3.4.1, the Tamagawa measure on Z)Z, derived from any gauge-form
dw, induces on 2* the Tamagawa measure derived from dw on Z*, and
Z‘.j - 2* is of measure 0. Now take any §e Z}: (F is not of index 0), and
call g, g, the subgroups of G and Go leaving £ fixed; by Theorem 4.1.1,
we can identify 2: with Go/go’ and E* with G/g. Choose the gauge-form
dw on Zj so that it matches algebraically with invariant gauge-forms on
Go and go (in the sense of 2. 4); then the Tamagawa measure de derived
from it is invariant under (Go)A’ hence also under GA; therefore it induces

% e
on EA‘ the (uniquely determined) Tamagawa measure on ZA which is in-
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variant under GA. In order to complete the proof of Theorem 4.1. 3, we’

2=
have to show that ZA () C' is of finite measure, for that measure, when-
m

ever C' is compact in DA

; it is now clear that it is enough to prove this

E %
for 20 instead of ¥ ; in other words, it is enough to consider the quad-

ratic case (with m > 4).

Actually, we shall prove a stronger result (needed in the next sections);

Theorem 4.2.1, Assume that 8§m > 4, and call dw, the Tamagawa

A

®

measure on ZA, invariant under GA. Then fz* @(w)de <+ o« for every

m

A

m

function ® in D, , defined for x = (xv)eDA by @(x) =Trv ¢V(xv), where

the ¢ are as follows: (i) for almost all p, cbp is the characteristic func-
- v

tion of D:)n; (ii) for all p, ¢P is continuous with compact support; (iii) for
-p
any infinite place v,, |¢)\ x)]| < C, exp(-Q, (x)), where C, isa constant and

Q. is a positive-definite quadratic form on DY

» S

considered as a vector-space

over R,

——
—

We first show how this implies the finiteness of the measure of
* o s g . m
ZA () C' for compact C'. Take for ¢P the characteristic function of Do
-P
for every p; take for ¢; the characteristic function of Q}\(x) <1, where QX

is as in (iii); then @o(x) = Trv ¢v(xv) is the characteristic function of an

m

open neighborhood of 0 in DA

, sothat C' can be covered by finitely many
translates of this neighborhood; therefore the characteristic function of C'
is majorized by a finite sum Zi @o(x+ai), with a, € Df:; as every term of
that sum satisfies the conditions for & in Theorem 4. 2.1, this proves our

assertion.

Now we prove our theorem. It is clearly enough to consider the
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quadratic case (with m > 4); then 5 =3 - {03 . Proceeding as in similar
calculations in Chapter III, we see that it is enough to show that all the

factors in the product

TVT L

2y

v

are finite and that the product is absolutely convergent. As to the first
point, let Q be the gyadric defined in the projective space of dimension

m - 1 by the homogeneous equation F(x) = 0; let f be the obvious mapping

* #
of & onto Q;for each v, this determines a mapping of Zk onto the com-
v
*
pact space Qk ; and Zk is fibered over Qk by that mapping, with the fibre
" v v v
kv' As Qk is compact, the finiteness of our integral will be proved provided
v
we show that each point of Qk has a neighborhood £ such that the same inte-
v
gral, taken over f°1(§2), is finite. Assume (as we may, since the characteris-

2
tic is not 2) that coordinates have been taken so that F(x) = Zi ax.; if Q is
a suitable neighborhood of a point of Q where W, 4 0, we can write, in

-1 2
= = < i = - . i
f (), Wy t, wi/w1 u, for 2<i<m, sothat 2141 aiui a; It is

-3
easily seen that the invariant gauge-form on ¥ can be taken to be dw =

dwz. .. dwm/alwl; this is equal to tm-3w(u)dt, where w(u) is a gauge-form

on Q. This gives:

m-3
{ by (@) = Jo [ e fel 7o,
f Q) ko

Because of the conditions on , the last integral is absolutely convergent
v g y

and is a continuous function of u in Q, provided m > 3.

Now take any p such that all the a, and 2 are units in o_ and
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that ¢p is the characteristic function of (op)m; let w be a generator of

- %
the maximal ideal in o . For every point w of Ek N (op)m, we can write

A,

w = 11}7<w', where v >0,w'¢g (op)m, w! % 0 (mod. p), F(w’) = 0; the latter

£ %
conditions amount to w'e 20 , since & =3 (N H and we have seen in 3.4
-p
that Ho consists of the points x e (op)rn such that x # 0 (mod. p); As the
=P
formula given above for dw shows that the mapping w -1’ w changes (dw)p

into qV(Z-m)(dw)p, with g = N(p), this gives

o0
T (d = v{(2-m) - (- 2-m, rl
Ej:%(w» @), = 2 q ™

k
P

#
where p_ is the (dw) -measure of %;-, By Lemma 4.2.1, TT p_ is
P P o, P P

absolutely convergent (for m > 4). As the same is true of Wp(l-qznm),

this completes our proof.

b

4.3. The local zeta-functions for a quadratic form.

Notations remain the same as above.

Lemma 4.3.1. Let V be the Zariski-open set defined by F(x) 30

in the affine space D™ of dimension &m >4, Then (l—qﬁ.l), q = N(p), is

a set of convergence factors for V.

In fact, by the same formula which was used in the proof of Lemma

4.2.1, the number of points of V modulo p, for almost all p, is qam"l(q-l)

. . m'-1, m' . .
if 6m 1is odd, and ¢q (@ ~e)(g-1) if &dm = 2m'. ]In view of Theorem
2.2.5, this proves the lemma.

. As V is isomorphic to the variety, in the affine space of dimension

§m + 1, with the generic point (x,1/F(x)), V, is the set of the points x e'Df

A



such that. F(x) & Ik'
We now wish to galculate, for almost all p, -the following '"local

zeta~function':

(1) zp(s)=f PG NOLES

Vi

P

here ¢P(x) is the characteristic function of D?; d;x is the local measure
-p

" for V derived from the gauge~-form dx.,..dx for V (the x., are the
1 ém i

k H
p
coordinates, for any basis of Dlr:] over k) and from the convergence fagtor

1- q‘.'l. Clearly this can also be written:

-1.-1 -]
(2) Z,(8) = (1-q") famlF(X”P (@),

(gp) |

where (dx)1~D is the additive measure in (c_:p)&m. normalized so that the grou?
s ) .
has the measure 1; we may assume that the quadratic form F(x) has been

written as F(x) = Ei aixiz. Then:

Lemma 4, 3,2, For almost all p, we have.

Zp(s) = (1-q"s'm)(l_q's'l)"lu_q-Zs-m)-l

_f_g_:: § =1, m odd;

~8~-1.-1 -a-m')-l

zpks)= (t-eq ™ )1-q ") H e q for §m = 2m' ,

’ 1
where in the latter case ¢ is +l or -1 according as (-1)m aja,. . .aa

m

~ is.or is not a quadratic residue in oP modulo p.
In fact, it will be shown that this is 80 whenaever all a, and 2 are
units in gp. Let m® be a prime element in op; for x@& (gp)-am, we can write

x=nx' with »>0, x' e (gp)am, x' 3 0 mod. p, and get

RN




z s) = t-q g 25yt Zs)

with ZI')(s) = f'IF(xH;- (dx)p, the integral being taken over xe (olj')ﬁm,
xxE%O mod. p. Now let Nv' for v >1, be the number of those solutions in

(op)am mod. pv for the congruence F(x) 3 0 mod. pv which are 3 0 mod, p;

- 1 ! .
we know that N, is q{im 1-1 if &8m 1is odd, and (qm -e)(qm 1+e): if dm =

1
e . dm-1 dm
2m'; and it is easily seen that Nv+1 = q NV for v2>21. In the s¢t xe (op) )

x 3 0 mod. p, the measure of the subset where F(x) £ 0 mod, pv, i.e. where

lF(x) lp < qu,, is equal to q'GmVNV for v >1; and the measure of the subset

where F(x) 3 0 mod. p,.i.e. where lF(x)lP =1, is q-ﬁm(qam-L-Nl)- This

gives: © .
- - - - +
71 (s) = q Gm(qﬁmwl_N V42 g % ﬁmvN - q dm(v 1)N y
P 1 v v+l
v=1

A trivial calculation gives the result in the lemma.

.As to the value of ¢, we remark the following: -

(a) Quadratic case (6§ =1), m even: then e = (A/p) (quadratic

residue character of A mod. p), where A = (~1)m/2 det (S) is the dis-

criminant of F;

(b) Hermitian case (§ = 2): then, write F = Zin ;"iaixi’ ' = kia)

2 -
with o =ack, x, =y, taz, X =y~ az then, in terms of the &m
variables ;0 %5 F has the coefficients 2. ~a.a; therefore e = (am/‘p),
i.e. € =1 for m even, and ¢ = (a/p) for m odd.

.

(¢) Quaternionic case (6 = 4): we can take a base 1,1,j,ij for

Dk over k, with i2 = aek, jz =bek, ij = -ji; if we put F = Ziiiaixi’

x, =t, + iu, + jv. + ijw,, then, in terms of the 6m variables t.,u,v., W,
i i i i - R U S |

F has the coefficients ai, ~aia, =-aib, aia.b, so that ¢ =1,
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From now on (in this section) we assume that & = 2 (hermitian
case) or & = 4 (quaternionig case); we use "resp.' to refer to these twgq
cases (in that order). In hoth cases, wg shall denote by 2z — v(z) = zz the
norm-mapping of D* into Gm; its kernel is U (in the notation of 3,7)
resp. D(l). In both cases, ¥ mMaps D: onto an open subgroup of Ik' In
the hermitian case, by class~field theory, V(Dj;)- 1;&:%i js an open subgroup
of Ik of index 2; in the quaternionic ¢ase (cf, Lemma 3.‘3. 2), v(DZ) conw

tains all elements of Ik whaose components at the infinite places of k are

. %
all » 0, so that v(DA)-k'}i =1 In hoth cases, we define a character \ of

K’
Ik by putting A =1 on v(D:)-k* and )\ = -1 on the complement of that
group in Ik' In the hermitian case, X is the gharacter of Ik of order 2
belongijxg to the quadratic extension k' /k in the seunse of class-field theory;
in the quaterniopi¢ case,. )\ is the trivial character of Ik' By | |, we
always denote the idele-module taken in I .

In the quaternioni¢ case, we shall congtruct Fourier transforms of
functions in Dx by means of the character xp(t:—:Sy), where Xp is the
character of D,A introduced in 3.1, In the hermitian case, we have DA 7

Ak' , and we do the same by means of x' (tiSy), where x' is the character

"of A defined by Theorem 2.1.1; in both cases, we simplify notations by

kl
writing ¥ instead of x' resp. Xp If ¥(y) is the Fourier transform of

& (x) in- D

A’ defined by

z(y) = [ ‘@(X)x(tisv)dx

m
IDA



{dx = Tamagawa measure in Di), and if X eMm(DA) is such that t'}—(SX = 8,

S'l' t'i'c'l' S, as

then the Fourier transfprm of &(Xx) is ¥(X'y) with X' =
one sees by replacing x, y by Xx, X'y and observing that, for tw}—(SX = 8,
the module of the automorphism x — Xx of Di is 1. Similarly, if = e‘,—Dj;,

- 2 <=l
bm/ {yz ).

the Fourier transform of &(xz) is |zz|

Our method will depend upon the construction of a zeta~function
(whose residue, as usual, gives the Tamagawa number) by means of a func-
tion «I{(x) in DX’ of which we assume thatit is "of standard type'' in a sensge
similar to that defined in 3.1, and also that Theprem 4. 2.1 is valid both for
® and for its Fpurier transform ¥; such functions can be obtained by the

procedure described in 3.1 (following the definition of the "standard type''),

We are concerned with the group

. G = {XeMm(D)ltisx=s: N(X) = 1)

(we know that N(X) =1 is a consequence of t—}ESX = S in the quaternioﬁig
case, but not in the hermitian case). By 3.7(b) resp. Theorem 3. 3.1, we
know that 7(G) =1 for dm = 4, From now on, we agsume Sm > 4.

If V is as in Lemma 4. 3.1, we denote by V+A the open subset of

VA given by M (F(x)) = 1. With this notation, we introduce the function

(1) z%(s) = [ |Fx)[*a)dx ,
Va
where d'x is the Tamagawa measure on VA derived from the gauge-form
dxl. .. dxﬁm (if the %, are the coordinates of x for any choice of a basis
of D over k) and from the convergence factors (l—q"l), q = N(p).

k

We put, for v s 0, 1 (hermitian case) and for v =0 (quaternionic

98.



case):

1 = [ P& |PAEE) ex)d'x ;
Vov

A

then we have ZQ(s') ® %(Ioﬂl) resp. = IO. We give now a multiplicative
calculation for 1 , Il resp. for 1 ; this is similar to the corresponding
ca}culations in Chapter III; IV is the product of a "finite. part" (i,e., of .
an integral over a finite product TTveS Vk )} and of a product of ''local zetar
functions' Y

s v

\f, [F ) 23 (F D) ¢ ()L

k
P

For v = 0, this is given by Lemma 4. 3. 2; for » =1, )\P is the local characr
ter induced by N\ on k: considered_ (in the obvious manner) as a supgroup
of 1,;if p is not ramified in K', this is given by N () = ap) if Itlp =q,
with Mp) = +1 or «l accordingas p ''splits' or not in k' (i. e, according
as there are twg valuations p', p"' of k' extending p, with ki)' zki),, %kp,

or there is only one such valuation p', with ki), quadratic and non-ramified

Qver kp). But then we have

. ) 8! . log \(p)
(PG o2, Fe) = [FG |, et = s+ 55rg™

so that Lemma 4. 3. 2 gives the value of the lpcal zeta-function also in this

case., In the quaternionic case, we find (in view of the remarks following

Lemma 4. 3. 2) that the infinite product for Io coincides, for almost all p,
with that for

gk(s+1)gk(s+zm)gk(2m)'1 ,

which shows that it converges absolutely for Re(s) > 0, and that

99.
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[510]5=O = Py fmé(x)dx .

Dy

' Similarly, in the hermitian case, the infinite product for Io is the same

(for almost all p) as that for

~1
L, (s+1)E, (s4m)T, (m) (m even),
-1
where Lkl'/k = g‘k'/gk ig the .L.-function belonging to the quadratic exten-

sion k' of k, i.e. to the character A. The infinite product for I1 is the
same asg that for
k,/k(s+1)Lk,/k(s+m)§k(m) (m even),

-1

(s+1)§ (s+m)L (m)”~ (m odd).

k'/k k'/k
As m > 2 in this case, this proves the absolute convergence for Re(s) > 0.

Furthermore, we find that

[SIO]S,;O = Py [ etxax [sh) ., =
p™
A
Thus, in all cases, the integral for ZQ(s) is absolutely convergent for

Re(s) > 0, and

(2) [S'ZQ(S)]S:Or-Zl;&pkf & (x)dx .

+ .
Now we give the additive calculation. Take any x GVA; this means

.~

- we ]
that xe‘:D? and that F(x) is of the form zpz with pek , zeDA, i.e.

that. F(xz"l) = p. By Hasse's fundamental theorem on quadratic forms, the
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fact that the equation F(x') = p has a solution x' in DY implies that it

A
has a solution £ in D;n; then we have F(x) = F(§z). On Vk, which is the
set of the vectors §e D;n such that F(£) 4 0, consider the equivalence re-
- %
lation F(£')/F(§) = £ with { eDk; by Lemma 4.1, 3, two vectors §,§' are

in the same equivalence class for this if and only if §' = ME{ with Me Gk’

*
{e Dk' Let (f:,p.) be a corhplete set of representatives for the equivalence
classes on Vk under this relation; put pp = F(gp); for p ¢ v, pv/pp. cannot

&

be of the form £¢ with {e Dk

; therefore (by the norm theorem for cyclic
extensions, applied to k'/k in the hermitian case, and by Ejchler's norm
theorem in the quaternionic case) pu/pp cannot be of the form zz with

* , + .
ze D,. From this, one concludes at once that, for every x&V there is

A A’
- *
one and only one p such that F(x) = szz with =z eDA; let QP» be the subsget

,.|..
of VA/ where this is sp for a given g; this is an open subset of VA, and we

get:

(3) Zé(s) =Ef |7 (x)|®8 (s)d'x
Q

"

e
Put I' = GXD , and make it act on n™ by ((X, z), x) — Xxz, By

Lemma 4.1. 3, Qp. is the same as the orbit of gu under I‘A; call I‘(H) the

subgroup of I' leawing EH fixed; this consists of the (X, z) such that xgp =

{E.pz-l; when that is so, we have F(&H) = F(ép.z'l), and therefore zz =1, In
(1)

order to determine the structure of I""°, change cpordinates so that S, &

appear as matrices
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g
then, for (X, z)eép, X must be a matrix (g ;) , With tX'.‘ES’X' = 81,

and, in the hermitian case, det(X') = z, This shows that, in the guaternionic"

r®) 1)

case, is isomorphic to G'Xx D', where G' is the group of type (SZ.)m 1

)

belonging to the matrix S'; in the hermitian case, is isomorphic to the

2 —
group G = §X' ltX'S'X' = S'} » Algebraically, the orbit of éu under T
is V, so that we can identify V, algebraically (i.e., over the universal

domain) with I‘/I‘(H); moreover, it is easily seen that the gauge~form

F(x)-am/zdx on V is inpvariant under. I', so that we can find invariant

gauge-forms on I' and I"(”) which match algebraically with that form on V,
We now proceed with the proof in the quaterpionic case, and will then
indicate the changes required to adapt it tq the hermitian case, By the induc-

tion assumption, (1) is a set of convergence factors for G', and 7(G') = 1;

(W)

therefore (1) is a set of convergence factors for I"(P‘), and 7(I"'"') =1 (since

(1)

7(D"’) = 1); reasoning as in Theorems 2. 4. 3 and 2, 4.4, we conclude, since

the orbit Q}L of gp under I', is open in VA’ and since (lwq']”) is a set

A

of convergence factors for V, that (lnq”'l) is a set of copvergence factors

] .
for I (and therefore, since it is such a get for D , that (1) is a set of con~

vergence factors for G), and also that the Tamagawa measure on I‘A. I‘-f:)

and VA’ derived from matching gauge-forms and from these convergence

factors, match together topologically when one identifies QI-L with I‘A/I‘XL).'
We can now apply Lemma 2.4, 2 to I‘A, I‘f:’)
o),

kl k 3

) SZH and to the discrete groups

r this gives
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L )
[ 1Fe * s ) [Pl |

Q
V)

1
= (Z IF(XEz)Is“&m@(xez)) d'(X, z)
FA/rk £

where the sum in the right-hand side is extended to all §£& T /I‘(}L) i. e.

to the orbit of gM under I, ; this is nothing else than the equivalence ¢lass

k

of {f.p in Vk for the equivalence relation defined above; therefore, when
we take the sum of both sides over all i, the sum in the right-hand side

gets extended to all eV At the same time, we have F(X&z) = zF(£)z,

k'
¥
with F(E)e k , hence |F(g)] = 1; also, we can write d'(X, z) = dX-d'z,
%
where dX, d'z are the Tamagawa measures, on G and on I, derijved

from the gopvergence factors (1) and (l-qwl), respectively, Therefore:

- s+%
(4) 22 = [ |zz]° 25”’-( 2 @(X&z)) dX:d'z ,
. I"A/l"k ﬁer
and the multiplicative calculation shows that this is absplutely conveyrgent
for Re(s) > 0, Just as ip the similar calculation in 3.1, we split this into

two parts, Zf(s) and Zé(s), by introducing into the integral a factor

or 1 according as IEzl is<l, =1

=

= f+(z) + f_(z), where f+ is 0,
~l & . . . o
ar ®» 1, and f (z) = f+(z )3 then Z+ (s) is an entire function. In Z (s), we
apply Poisson summation, observing that Vk = D;n - Ek, where % is the
sphere of ragdius 0, i.e. the variety F(x) =0 in D™, If ¥ isthe Fourier

transform of &, the Fourier transform of &(Xxz), considered as a function

-5m/2

of xeD? for a given (X,z)eTl,, is |2z] \If(X'yz"l) with S

A
1 t"rvwvl

A
X' = + 3 this gives
1
Y e(Xtz) = 22|70 T wxmih

m m
§€-Dk neDk
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On the other hand, (X, z) — (X', 2"5'1) is a measure~preserving automorphism

of I',, which maps I', onto itself; if we make that substitution in the inte-

A k

gral for Z;I__’(-s-.-é-&m), and compare it with the expression for Z(D(s) obtained

by Poisson summation as we have just said, we get:

2% (s) + 2, (s+38m)

= (lizls T ezl - l;;zls’*%am 2 @(ngﬁf_(z)d}(d’z.

]."A/l"k ner, &ezk

If ¥ is of index 0, then Zk = {OE , and the calculation can be completed
immediately .by applying Theorem 3.1.1 (iii) to D*; it shows that 7(G) is
finite, since the right-hand side must be absolutely convergent for Re(s) > 0,
and it gives the value of the right-hand side, showing in particular that it has

the residue T(G)\Y(O)pk for s = 0; comparing this with (2), we get 7(G) = 1.

*

A’ which, by Lemma 4.1. 4,

In the general case, we apply Lemma 2.4.2to =
we may identify with GA/gA' where g is the subgroup of G leaving some

%
vector §o € Ek fixed; by Lemma 4.1.1 and the induction assumption, we have

7(g) = 1. This gives:

f* @(s)de= f ( E* @(Xg)) dX ;
k!

ZA GA/G éezk

replacing here &(w) by &(wz), and applying the same formula to \Il(wi-l),
% %

we get (since the automorphism w — wz of ZA, for =z eDA, changes de
into lizléﬁm'ldw ):
A
e yv_ 5% 14 1 ¥(0) ®(0)
(5) Z (s) = z, (s) + z, (~s-36m) + pk'r(G)( s " 5ilsm )

b =z

1 1
¥ pk(s»l-’;:“ﬁm—l L Tlwidw, - 23 fz. Q(W)de)
A A
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in the number-field case, and a similar formula, which we omit, in the
function-field case. Since (2) shows that the residue at s = 0 must be
pk\If(O), we get T(G) = 1. One may observe that, when GA/Gk is compact,

j.e. when F is of index 0, the zeta-function has no other residue than
s=0, s = %Gm (and these residues give the value of the Tamagawa number)
while otherwise it also has poles at s = -1, s =1 - 16m; this should be com-~
pared with similar yresults in 3. 8 for the zeta-functions. of simple algebras.‘

In the hermitian case, let again G* be the group gti-{SX = S} ; M we
a 0) , with a.ek,:< and S'e M
0 s m
we see that G* is the semidirect product of G and of the group{(g ;) >I2z =5 1} )
(1) -l

take coordinates so that 8 appears as ( l(k‘),

-

which is isomorphiec to U. Now we have seen that T is isomorphic to a

4 — %
group G' < 5 {tX'S'X' 5 S'}; if G' is the subgroup of G' determined by
det(X') = 1, we see that I‘(p)

~

is isomorphic to a semidirect product of G’

and U; and, by the induction assumption, (1) is a set of convergence factors
. -1

for G', and 7(G') =1. As we have seen in 3. 7(c) that (1-A(p)q ') is a set

()

of convergence factors for U, it is also such for I'" '; and the measure of

r(l»’«)/r(}-'»)

A K for the Tamagawa measure derived from those convergence fac-

tors, is 7' = ZPk'/pk’ since it has been shown in 3. 7(c) that this is so for U.
As we have seen thé.ﬁ (1r=q-1) is a set of convergence factors for V, we conn-
clude from this, as above, that the factors

(- Ha-rpig™h
are convergence factors for I' = GXD*; as they are such for D*, this shows
that (1) is a set of convergence factors for G. Using these sets of convergence

factors, we can again apply Lemma 2.4.2 to I‘A, I‘gl), QM’ I‘k, I‘l?), and get
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a formula similar to (4), except that Zq)(s) has now to be replaced by
7! ZQ(S). The continuation of the calculation is just as before, except that
the application of Theorem 3.1.1 (iii) to D* introduces now the constant
instead of P Thus (5), or the corresponding formula in the function-

& & ,2 L2
+*Z“ by 'rZ,'rZ+,

P'k.
field case, will be valid provided we replace Zcﬁ, Z

T Z?, and Pl by Pis since 7' = Zpk,/pk, this means that (5) is valid in ‘the“

hermitian case if Pl is replaced by %pk. Comparing this with (2), we get

7(G) =1 as before; and the result is the same in the function-field case.

Theorem 4.4.1. We have 7(G) =1 for the group G defined by (1) 1#'_1

4.1, in the cases L2(a) (hermitian case) and S2 (quaternionic case).

Remark. The group I', acting on p™ by x — Xxz, is not effective;
%
in fact, (X, z) induces the identity on D if z isin Z , where Z is the

center of D, and X = Z-l'lm; the condition N(X) =1 gives then z&m/Z =

1,
We have found it more convenient to use I', rather than the effective group

which could be derived from it. On the other hand, for even m > 4 in the

hermitian case, our methods can also be applied to the following group:

* fr m/2
| S — - .
I = g(x, ) €M (D) X G l X8X = uS, det(X) = p 3 ;

if (X,p)eTl', X is called a similitude of multiplicator p; if Mk’ MA are

1

the sets of the multiplicators belonging respectively to the elements of I‘k

and I‘.'A, it follows from Dieudonne's theorems on similitudes that Mk =

*
MAn k , and that M, consists of the p eI such that By >0 for every

A k

real jnfinite place v of k for which (i) kv =R, klﬂ = C for wlv, and (ii)

F .and -F are not equiyvalent as hermitian forms over kv’ Using this, it

:
|
i
i
|
|
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can be shown that, when we write ZZQ(S) = Io+ I1 as above, I1 is an entire
function and‘qonsequgantly Io is a meromorphic function, and that both of
them satisfy "functional equations' similar to (5), The method fails for odd m.

4.5, The Tamagawa number of the arthogonal group.

From now on, we consider exclusively the quadratic case & =1. Our
purpgse is to prove, by induction on m, the Siegel-Tamagawa theorem 7(G) = 2
(this can be shpwn, by purely formal calculations, to be equivalent to Siegel's
main theorem on the number of representations of a quadratic form by a genus
of quadratic fqrms), The reduction from m to m-l can be effected, for

I

even m, hy the consideration of the following zeta-function

f* |F )" x)ax

Va

where.-V, &, d'x are as explained in 4.4, and Vz is defined, as in 4, 4,
by MF({x)) =1, except that here )\ is the character of the quadratic extension

k' of k givenby k' = k(a}/? m/2

), A= (-]) det(S), The method used in 4.4
can be applied with small changes, This fails, however, for odd m (because
the group of similayity transformations has not the same structure for odd m
as for even m), The following treatment is valid for all values of m,

We change our notation by writing F for the matrix 8, so that we
have now F(x) = thx, Whenever convenient, we may assume that F has
been put into diagenal form, F(x) = Ei aixiz. For m even, we denote by A

the discriminant of F, A = (.1)“”/Z

(m-1)/2

det(F); for m odd, we write D =
(~1) det(F).

*
By Hasse's theorem, if pek , and Z is the sphere of radius p,
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T, is empty if and anly if =, is empty, or also if and only if there is v

k A
such that Ek is empty.
v
Lemma 4.5.1. If p ek* and Z is the sphere of radius p, and if
T ———— — iaud T v - T G vy ™

EA is not empty, (1) is a set of convergence factors for Z, provided m > 4,

From the formula (ef. proof of LLemma 4. 2.1) for the number of solu-
tions of a homogeneous quadratic equation mod. p, oime deduces the number of
solutions of F(x) = p mod. p in the field Fq with gq = N(p) elements; agsum-~
ing p to be such that F eMm(op), pe op, and that 2p det(F) is a unit in pp,

. . m'-1, m' ' . . :
this number is q (@ -¢) for m =2m', with e = (A/p) (quadratic residue
m', m'
character of the discriminant A modulo p);itis g (g +7) if m=2m'+],
' — A
with n = (Dp/p), D = (--1)m det(F). The canclusion follows now from Theorem
2.2.5.
* . \ 2 .

_ For pek , we consider the variety F(x) = py in the affine space of
dimension m+l, and, on that varjety, the Zariski-open subset T(p) defined
by y 4 0; this is isomarphic to = xGm, if © is the sphere of radjius p (the
mapping (x,y) — (xy,y) is an isomorphism of = xGm onto T(p)); in view
of Lemma 4.5.1, (I»q-l) is therefore a set of convergence factors for T(p),

for m>24. As dx = dx, dx dx  is a gauge-form on the (non-singular)

T
variety T(p), we can take on T(p) the Tamagawa measure d'x derived

. -1 . * .
from this and the factors (Irq ). We introduce, for each pek , the '"spheri-

cal zeta-function'

1) Z(s, p).= f [F(x)|°@(x)d'x = f lylzs@(x)d'x ,
Tle) Tlp) ,
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where & is a function in AE’, of the type described in 4.4. It should be’

understood that this is 0 if ZA, and consequently T(p)A, are empty, For
every \ & k*, we have Z(s, p);z) = Z(s,p), as we see by making the change
of variables (x,y)— (x,xvly), which maps T(p) onto T(pxz) and leaves the
integrand in Z(s, p) invariant. The zeta-fuﬁction for the quadratic form F
will be defined.as

(2) Z(s) = 2 Z(s, p) »

pek [k

where the sum is taken pver a full set of representatives of k* modulo (k*)z.
As usual, we start with a multiplicative calculation (which will give the proof
for convergence, and the principal residue), and this depends upon the calcu~
lation of the local zeta-functions for almost all p.

] Take a finite set 8 of valuations of k, containing as usual all the in-
finite places, and such that, .for P géS: (i) all coefficients of F are in 9p;
(ii) 2 det(F) is a unit in ep; (iii) the factor ¢p occurring in the definition
of & is the characteristic fungction of (<3p)m (there will pe further conditions

»

' *
on S later on). For any uekp, consider the integral

_ «1. <1 S .
(3) Z (s,u) = (1-q7) T{u) lF(x)Ich)p(x) (dx) -

As before, we see that Zp(s, uvz) = Zp(s, u) forr. v ek:; therefore;
if we write u = -rrav. where v is a unit in gp, Zp(s, u) can depend only uppn
o mod. 2 and upon the quadratic residue character (vip) of vmod. p (in
fact, since 2 is a unit in gp, every element of 9p which is = 1 mod. p is
in (k:)z), The value of Zp(s, u) is given by:

a . .
Lemma 4.5.2. Put u=w v, where v is a unitin o . Then: !




(i) for odci m, m=2m' + 1, we have

~sml lem
-25-2 -2g-m q t-qa ) for « odd,
(1-q J1-q )Zp(s,u) = om 25-2.m'
(I+ngqg — )Q-ngq ) for a even,
m?
where n = (Dv/p), D= (-1} det(F).
(ii) for even m, m = 2m', we have
-5l m l-m'
_26-2 25-m q 8 (l-eq ™ )(ite q ™ ) for a odd,
(1"‘:1 )(1"'51 )Z (sﬂ u) = =m| -ZS"mw"l
P (l-eq Yl+eq ) for a even,

where ¢ = (A/p), A= ()7 det(F).

Assume that we have put F into diagenal form, F(x) = Zi aixiz. We
have to take the integral (1) over the set of points (x,y) of k;nﬂ for which
- F(x) = uyz, xe (c_ap)m, y ¢ 0; for each such point, we can write, in one and
only one way, de and y in the form y'lx = w)‘z, y = n't, where z€ (gp)m,
t eep, z3 0 mod. pand t 3 0 mod. p; then we have N\ + p >0 (since x must
he in (gp)m), and F(z) = waqzxv and therefore 2\ < a. We split up our do-~
main of integration into the open subsets such that, on each of these sets, A\, u
have given values, and z,t have given values z,t modulo p; the latter must
then be such that ¥(z) = v mod. p if 2\ = @, and F(z) = 0 mod. p if 2\ < a.
Conversely, assume that A\, u, z,t are so given, and e.g. 21 3 0 mod. p; then,
for every choice of Zigseors B such that z, = Ei mod. p for 2<£i<m, the

equation F(z) = {ranzh

v has exactly one solution z such that z) £ ;'1 mod. p,
and this is an analytic function of Zoseces B3 therefore, on the subset of the
domain of integration determined by those values of \,p,2,t, we can use

z FEI t as local coordinates, and the mapping (x,y) (zz, e 2o t)

2’




is an analytic homeomorphism of that set onto the subset of (op)m given

by z, Ei’ t =t mod. p. On that set, and in terms of those local coordi-

nates, the gauge-form dxl. . .dxm is given by

dx....dx = “m()\ﬂx)
m

1 F(z)d:’tdzz. e dzm/alzl ,

which gives, on that set, since alzl on that set is a unit in o_:

M), BN g, L dz )

(dx)pzq 2092,

therefore, on that set, our integral has the value qN, with

N = (stl){(2r-a) - m(\+p+l)

For given values of \, p, this gives to our integral a contribution (q-l)v(v)qN

if 2\ = @, where v(v) is the number of solutions of F(z) z v mod. p, and
(q-l)u(O)qN if 2\ < @, where v{0) is the number of solutions, other than 0,

of F(z) = 0 mod. p; we have to take the sum of these contributions over all

values of \, p satisfying 2\ <@, N\ + p >0, Using the formulas given above

(in the proofs of Lemmas 4.2.1 and 4. 5.1) for v(v), v(0), we get our result.
Now, for p¢ S, denote by UP the multiplicative group of the units

. _ 2 ) .

in (_)P, and put HS = (Ik) TTp¢-S Up, clearly HS is an open subgroup of Ik'

Alse, write |S| for the number of elements of S.

#
Lemma 4.5.3. The group HSk is of finite index in Ik' Moreover,

. . .. . * [s] *
if S is large enough, this index is {Ik:HSk 1=2 , and we have k Hs = k

sk
The characters of Ik/HSk are those characters of order 2 of Ik

*
which arel on k , and on UP for every peS; by class-field theory, they

s
are the characters attached to those quadratic extensions k(d?) of k which

111.

%*2
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are unramified outside S, In the number-field case, take S such that it
contains all the primes dividing 2, and that the primes in S generate the
group C of ideal-classes of k. if k(d%) is unramified outside S, every
prime p gé S must occur in d with an even exponent, so that we can write
the principal ideal (d) as a praduct of primes peS and of the square mz
of an jdeal m; by our asgumption on 8, we can write m as Am' with X\ gk*,
where m' has no prime factor p ¢ S; therefore every quadratic extension of
k, unramified outside S, can be written as k(d%) with de ES, where ES is
the group of the S~units of k (elements of k which are p-units for every
p ¢ S). The index we have to compute is then [ESEg] It is well~known

(Dirichlet-Chevalley) that E_ is the product of a finite cyclic group of even

)
order, and of a free abelian group with '|S| -1 generators. The pravf is
even simpler in the function-field case. This proves the first part (note that,
if the index is finite for large S, it must be finite for all S). Now - take
de k*n HS; then, in k! = k(d%), each peS splits (i.e. can be extended tp
two distinct valuations of k') and each p ng is unramified, As there are
only finitely many non-ramified quadratic extensions of Kk, this implies
d%e k* provided S has been so chesen that, to every non~-ramified quad~
ratic extension k' of k, there is at least one pe&S which does not split in
k'.

Now take any S satisfying the conditions in Lemma 4.5.3 as well as
the earlier ones. Also, let V be, as in 4. 3, the open set F(x) % 0 in the
the open subset of V .

affine m-space; and call Q determined by the con~

A
[s|

S

%
dition F(x)e HSk ; if y(S) is the grouyp of order 2 consisting of the
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%
characters of Ik which are 1 on H k , Q. can also be defined as the

S S

subset of V., where \(F(x)) =1 for every \ € y(S), Now we introduce

A

the function

zs(s)=f [F(x) |2 (x)d'x = I8l 5 [ 1F ) | PnFEx)@ (x)d'x

Qg rey(S) Va

The multiplicative calculation for the 2 sl integrals in the last sum is the
game as the one given in 4. 4 for Io’ I1 (this depends only upon Lemma 4. 3, 2);
it shows that these integrals are absolutely convergent for Re(s) > 0, and that
only the one correspaonding to \ = 1 gives a rﬁ;sidue for s = 0, this residue
being pkf & (x)dx, Therefore the integral for ZS is abgolutely convergent

for Re(s) > 0, and we have:

(4) [sZS(s)] = 2*|S|pk fmtﬁ(x)dx

Ay

830

-
Now we can also write H_k as the disjoint union of the sets Hsp when we

S
s %
take for p a complete set of representatives of k modulo k () HS’ i.e,,

*2
under our assumptions on S, modulo k 7; therefore, if we put

(5) Zg(s,p)= [ IF&x) o'
F(x)eHsp

these integrals are absolutely convergent, and we have
(6) Zgs) = L Zglsip)

pek*/k*z

this series being also absolutely convergent for Re(s) > 0.
Now consider Z(s, p)ZS(s, p)"l; the multiplicative calculation shows

that this is the product, extended gqver all valuations v of k, of the factors



114.

(7) ( J 1P [Se (xax )( i IF(x)li¢v(x)dxv>"1

T (p) F(x)eva

<

5 ke
with H =k'2 if veS, H =k 2y if pdS. For veS, T(p), which is the
v v P P P
subset of the variety F(x) = pya determined by y 4 0, covers twice the sub-
. %
set of A::] determined by F(x)e pkvz; therefore the above factor has then
2
the value 2. For p#S, take u_€ U - Uz, so that U = U2 UUu_  and
p p P PP
%2
Hp = k U kp up, then the second integral in (7) is the sum of the same inter
grals taken under the restrictions F(x) eklz)p, Fx)e kpupp, respectively; and
these, for the reasonsg just explained, differ from the same integrals, taken

over T(p) and T(upp), only by the factor 1. Thus the factor (7), for p¢S,

has the value
2Z (s, p)
P

Z (s,p)+ Z (s,u ’
p®rP) ¥ 2 (s, up)

By Lemma 4,5, 2, this is equal to 1 for m even;in this case, therefore,

the integral in (1) and the series in (2) are absolutely convergent for Re(s) > 0;

and we have:

[ ®(xax .

m
Ak.

S S
Z(s,p) = 2| 'Zs(s,p) , Z(s) = 2| !zs(s) , [sz0e) o = oy

For m odd, Lemma 4, 5.2 shows that the factor (7), for pe S, has the

value 1 whenever p contains an odd power of p; when that is not so, this
same factor has the value

-2s~2-m')

t+na ™ )0

+ng ~-nNg

G(P) = "Zs;mvl
l-q

with m =+ 1; in all cases, therefore, we have

-m'

1-.q™ <6()<l+q "
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As m > 4, we have here m'> 2, This shows that the infinite product for
Z(s, p) is absolutely convergent together with that for Zs(s, p); also, if

we put
1

-m! -m
wS) = TT @-g” ™), w'e) =T (+a™ )
P¢S PéS
o8] -1, :
we see that 2 Z(s, p)Zs(s, p) is > u(S) and < u'(S) for Re(s) > 0;
this implies that the series (2) for Z(s) is absolutely convergent, and that
2" s Z(s)ZS(s)'=1 remains between the same constants, In view of (4), this
shows that lim, inf. sZ(s) and lim. sup. sZ(s), for s = 0, are between
p(8) and p'(S); since we may here take S as large as we please, we have

proved:

(8) [s2(s)]__, = Py f & (x)dx ,

m
Ak

so that this formula holds for all m > 4, This completes the "multiplicative
calculation''.

Now we take up the additive calculation. Take any p such that T(p)
is not empty, i.e. (by Hasse's theorem) such that there is goe k™ for which-

F(go) =p, Put I' = G¥% Gm, and let T" act on T(p) by

(X, 1), (x, y)) = (Kxt, 98)
by Witt's theorem (LLemma 4.1, 3), I" acts transitively on T(p), and the syh-
group leaving (ﬁo, 1) fixed has a cross-section; this subgroup is I'' = G'X '{1} )
where G' is the subgroup of G leaving go fixed, By Lemma 4.1.1 and
the induction assumption, (1) is a set of convergence factors for G', and

r(G') = 2. Let dX, dX' be invariant gauge-forms for G, G'; then dX- (dt/t)
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is such a form for I'. Clearly y"mdxl. .. dxm is a gauge-form on T(p),

invariant under I, Therefore, by Theorem 2.4.3, T’ has the same set

of convergence factors as T(p), viz. (lwq'l), so that G has (1) as a set
of convergence factors;'also, the Tamagawa measures for ', T, T(p),
derived from these convergence factors and the gauge-rforms dX- (at/t),

ax’, v”mdx, match together topalogically. This gives, by Lemma 2,4.2:

28+ -
zis.p) =% [ 1y ey Tax =
T(p)y

3
1

1

T (|30 xMe_rt)) ax@e/e)
PA/rk (M, 7) St

where the sum is taken over all (M, 7)e I‘k/ri{, i.e, over all Me& lec'l';
s
and all 7T ek ; but then, by Witt's theorem, the vector £ = Mgo'r runs
: *2
twice through the set of all vectors in ™ such that F(£)e pk ; if then

* %2
we let p run througha full set of representatives of k modulae k , §

-

runs twice through the set of vectors £ in k™ such that F(£) :% 0. This

gives:

2)= [ 11" D exer))ax- (@/t)
N F(£)40

From here on, the calculation is exactly the same as in 4. 4, beginning with
formula (4) of that section. The conclusions are the same; in particular,
the residue of Z(s) at s = 0 turns out to be pk'r(G)/Z; comparing this

with (8), we get:

Theorem 4.5.1. The Tamagawa number of the orthogonal groyp in
m 2 3 variables is 2.
R‘emark. For indefinite quadratic forms, Siegel has defined zeta-

functions for individual classes of such forms. This can perhaps be explained
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by the fact that, for indefinite forms, classes and ''spinor-genera" are the
same.(Eichler-Kneser). If G is the orthogonal group, and 9, is the corres-
ponding spin-group, the spinor-norm, for an element of GK (K = any field)
is an element of K*/Kak2 which gives the obstruction against lifting that
element from GK to %K In particular, this defines a homomorphism of
GA into Ik/Iik*, with the value 1 on Gk; therefare, to every character of
Ikﬂik*, i.e. to every chavacter of I, belonging to a quadratic extension of
k, one can assign a character of order 2 of GA’ with the value 1 on Gk;

it is not unlikely that, by introducing such characters into our zeta-functions,

one might get Siegel's zeta-functions for indefinite forms.

" Erratum to page 17: Omit lines 12, 13, 14 on that page (from "The

end of this paragraph,..' to ", .. directly to 2,3, ").
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APPENDIX
THE CASE OF THE GROUP G2
(by M. Demazuyre)

The method used in the gase of orthogonal groups can also give the
Tamagawa number of the groups of type C}z, which turns out tohe 1 28 exX»
pected.

We first recall some yesults on Cayley Algebras, after JACOBSON,
Composition Algebras and Their Automprphisms, Rend. Palermo, 1958, For
the time heing, k is any field of characteristic not 2.

- A Gayleyl algebra over k is a vector space @, of dimension 8 over
k, together with a k-linear map Qkxﬂkﬂ 2, denoted (x,y) —x'y anda
non-degenerate quadratie form called the norm Ni @, —k subject to the
following axjoms:

(i) there exists in Qk a unit-elgment, i.e. le:-.Qk with %1 & l1x 7 %X§

(ii) for amy %, Ye R, N(x-y) = N{x)N(y),

One can easily show that the form N is uniquely determined hy the struc«turé
of (non-associative) algebra of s‘zk.

Let G be the algebra-variety defined by Q. We denote by ﬂo the
orthogonal space, for N, of the one-dimensional line k.1, For XGQ;a
N(x)l = - x*x. An automorphiem of £ is a linear mapping g: 2 — @ such
that g(x-y) = gix) gly). Then g(l) =1 and g(ﬂp) = Qo' If xeﬂo, then
N(g(x)) = N(x), Moregver, one proves (Jacobson, Theorem 2) that g is a
rotation, i.e, of determinantl, Hence the greup G of all automorphisms

of Q is imbedded in SO(QO, M), It is a semi-simple algebraic group defined
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over k which becomes isomorphic over k to the group Cr2 of the Cartan-
Killing classification.

A Witt-type theorem is true for G (Jacobson § 3):

Let (Qk, N) and (Qi{, N') be two Cayley algebras with equivalent norms (in

the sense of quadratic forms). Let B (resp. B') be a non-isotropic sub-

algebra of Qk (resp. Q]'K), Let there be given an algebra-isomorphism

f: B—B'. Then f can be extended to an isomorphism of Qk onto SZi(

Corollary, If x, ye Qk, x, v 4 0, N(x) = N(y), tl:xen there exists‘
g EGK mapping x on y.

Proof: 1) If N(x) = N(y) 4 0, then K(x) and K(y) are two isomorphi:c
quadratic fields.

2) If N(x) = N(y) = 0, then x and y can be imbedded in two
quaternion algebras isomorphic under a map carrying x into y.

We finally have the two following results:

(i) Let a E-Qo, ara=b'14 0. Let K=k(a). Then the orthogonal
L of K is a 3~dimensional vector~-space over -K. The subgroup of G leaving
K point-wise fixed is isomarphic to the unimodular unitary group of L as
a vector space over K relative to the form (x,y) + b_l a(ax,y). (Jacobson,
Theorem 3.)

(ii) Let B be a quaternion subalgebra of . The subgroup of G
leaving B point-wise fixed is isomorphic to the multiplicative group of
elements of norm 1 in B.

From now on, k is a number field, (In the case of a function field

of characteristic not 2, everything is valid, provided that we prove that Gk



is Zariski-dense in G.)

A careful analysis of 4.5 shows that what was proved there amounts
to the follpwing:

Let Qo be a finite~dimensional vector-space of dimension 2 5) de~
fined over k, with a quadratic form N, Let G be an algebraic group of

rotations of N defined over k. Suppose that G verifies a Witt-type theorem

(i.e. if x, ye @ N(x) = N(y), there exists geG carrying x into y;if x

and y are rational over k, then g may be taken rational over k). For

120.

aeﬂo, let G(a) be the isotropy group of a in G. Assume the two following

properties:
(i) There exists a finite number T such that for non-isotropic ae€ szk,
the Tamagawa number of G(a) is finite and equal to T, independently of a.
(i) For any isotropic ae Qk, the Tamagawa number of G(a) is finite.

Then the Tamagawa number of G is finite and equal to 7.

In ourl case, G satisfies a Witt-type theorem. We have only to verify
properties (i) and (ii).
. (i) By property (i) recalled above, for non-jsqtropic a€®Q,, G(a)
is a unimodular unitary group and 7(G(a)) = 1.
(ii) Let now a be isotropic. The sybgroup of G leaving the line
k.a fixed has at most rank two, It contains a multiplicative factor not cons
tained in G(a). Hence G(a) has at most rank one. On the other hand, let
B bea qﬁéternion algebra contajning a. Then the subgroup of G leaving
B pointwise fixed is semi-simple of rank one and contained in G(a); its

Tamagawa number is one (by property (ii) recalled above). By the general
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properties of algebraic groups, it must be normal in G(a). The quotient

being of rank zerq is unjpotent, hence has Tamagawa numbeyx one, On the
other hand, the quotient being unipotent, the fibration admits local cross-
sections (Rosenlicht), By Theorem 2, 4,4, the Tamagawa number of G(a)
is finite and equal to 1. This proves:

Theorem, The Tamagawa nymber of 2 group of type G, 1= %
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