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ANALYSIS STITUS

Léctures by J.W. Alexander .

Lecture 1.
The Physical Notion of Continuity end its Mathematical

Interpretstion.

Tn these lectures we shall develop the subject of
Analysis Sitns, or Topolopy, from 1ts very beginnings. We
shell lev especicl emphasis upon the cor binegtorial agrect
of this svhject, for reastns which we shall explein, 1.1 a
moment. Néwértheless, we &hall seek to develop our gowbinarorial
gpparatus go theat it mgy‘%e eap.licable to the west _enerel
Sproes.,

The ¥ey to Anelysis Situs lies in the notion of
topological emivalence, OT homeomorphism. By definition,
two peometricsl figures are homeomorphic, or equivslent in
the rense of Anslvsis Situws, if there exists & bi-uniform,
bi@onfinnous correepondence between them. That the
correspondlnce is bi-vniform means, of cource, that we are
given r peirine off of the points of tne two figures, in such
a wav ths wbth esch point of the one fi ure there is palred
one end only one voint of the other. Before we de 'ine
contimuity, however, let us first try to describe the under -
Tving phvsicsl concept and to ~ive it e sharper ms thematical

formuletion.
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l (a ) (b) ¢ (C)

Consider, for example, the surface of a sphere in
. \
ordinary 3-space. As a physicel model of the sphere, we can taks

an elastic, sphericsl membrane -- a toy balloon, if we like.

-~
wt

his membrane can be deformed, without tearing 1t, into an endless

&

variety of shapes, such as ovoids, the surfaces of cubes, tetra-

hedra, etc. We say that every such deformed surface is homeomorphic

with the sphere, because the very deformation determines a bib

uniform, bicontinuous correspondence ca rrying each particle of

- A e n
the sphere into a corresponding particle of the deformed surface.

A further word of explanation is, however, necessary. In a sense,
we can also deform our sphericel surface into a crescent shaped

figmre with touching horns, such as the one pictured in Fig. la.

Nevertheless, the latter -figure is-not to be regarded as homeomOrphic

with the sphere, because when we bring the tips of the hérns
together we br{ng {nto coincidence two particles belonging to
different parts of the membranme. This the correspdéndenee set up
by ‘the deformation fails to be one-one, or bi-uniform.

- We must recbdgnise, héwever, that the pessibility of !

carrying our balloon from one share to another depends as much
H

‘ -

on the nroverties of 3-space as upon the spherical surfsasce. Thus,

it 1s impossible to ?eio;m the torus in Fig. 1b into the knotted

% €

tube in Fig le. On the other hsnd, it %f possible to do this if
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we permit ounfe}ves to pacs over into some containing 4-space.

“ Also, the reg%iéite‘corqespondence between the two surfaces can
be obtained in this case by cutting the torus along a generating
circle, separating the two lips of. the cut so as to obtain a tube
open at both ends, twisting the open tube into the knotted shape
of the other surface, and healing the lips of the cut again #n such
a way that initlally adjacent particles on ocposite lips of the
cuvt become adjacent once more. We need g notion of homeomorphism,
therefore, which will not depend on the possibility of defowmdng
one figure into another within the frame of the particulsr space
in which we mav @@pnen”to.find them.

When we try to Qranslate our someéwhét vague, empirical
notign of physical continuity into more precise mathematical
language, there seems to be more than one plausible method of
orocedure. In ;ther words, several different topological theorkes

-~ are possible. We shall nave the occasion t® discuss three different
theories and to study their relation to one another. We shall

call the three theortésspoint-theorgtical, linear, and pure

combinatorial tppology, resvectively.

-

A) Point-theoretical analysis situs 1is important because

it is a natural development of classiceal function theory. If
mathematics had hapnenecd to develop along different lines our

interest in it might hsve been much smaller then it is. o
formulate a rather essyg but. also very narrow sasppredch to this
theory, let us consider a cartesian space of n dimemmions.

A point N
a = (ay, ag, -+, ap)

is called a contact point of a set of points

é {X} = {kxl, Xo, **°, xnﬂ

provided that to every positive number 6 there cowmswsponds a




point x of {x} such that its coordinates satisfy the relations
Ixi - ail< € (1 =1, 2, «.., n).
The notion of s contact point is haddier than the related notion

of a limit point which is generally used in analysis. A contact

point of a set need not be a limit point, in the usual sense, :
but if it is noé\then it must be a point of the set 1tself. E
A topological figure is an arbitrary set of points of the n-space. f
However we think of it as something more than a mere aggregate of i
unrelated points, in thet we give it a rudimentary internal |
structure , which may be exvressed mathematically by saylng that J
to each subset & of points of the figure there corresponds a i

definite set of points C(6) consisting of all the contact points ;

of ¢ belonging to the figure. Two tBﬁological figures :F-and F! i
are homeomorvhic in the sense of point theoretic analysis situs if, |

and only if, there exists a onefone correspondance between the
points of F end F! such that if a subset ¢ of F.is paired in the
correspondance with a set &' of F! then the set C(0) is always
paired with the set C(Gﬁ, regard&ess of the choice of 0O . For
example a square and a circle are homeomorphic in this sense,

and also a line and a circle with o missing point. We have

4 " T - N . 3 A e 3 -
indicatediin Fig. 2e and Fig.2b simple correspondgnces which
=
f’ 1 -
give the ?esircﬁ hameomorphisms. ;

j For simplicity, we began with the case of a topological
i P
figure in ceortesiam n-space. An obvivus” generdli¥ation consists in

>

defining a2 topological figure as. an arbitrary set of quite
arbitrary objects, which w¢ call the points of the figure, together
with an arbitrary law associating with each subset O of points of
the figure a definite subset C(0), which is then said to consist

of the contact points of T . This definition is too generwzl for

D“¢““jcll;>wznﬁn°



jf practical purposes, but_we get importent classes of filgures
ﬁ' by vestricting the nature of the set function C(0). We shall
& not consider now the kind of restrictions which -lead to interesting

!f‘ theories, but you caen form an idea of them by refledting on the

}: pronerties which the set function C(F) possesses in the case with
: which we began, namely that our point set belongs to an nespace

; and the notion of contact point is used in the sense of that

|
]
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. space. |
As we stated above, point theoretical analysis 3situs j

is importent because it fits into the framework of classical j
analvsis. its great defect is the defect of over refinement ;

which leads to difficulties inherent ithe mgthematicsl machinery

k
jtself rather thsn in. the underlying oroblems. that we are trying j

to solve. ‘ror exemvle, wWe c:n construct surfaces in 3-space

with the most fantastic proverties, in spite of the fact that
thece svrfaces can be approximated to any degree of accuracy

by other surfaces of a Der}ectlv regular tyve. The presumption
is, therefore, that point theoretical anslysis situs is, for~

most purposes, much more genersl than necessary. |

P

Ra. 2b. - \%\
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3 B) Linear Analysis Situs. Let us begin agsin with

a Barbesian n-space Fn, where we use the letten F to suggzest that

the spaee igs "flat". Here, again, we might have begun with a

more general space defined axiomastically and enjoying meany but ndt

all of the propebties of an FH. YNow we are interested only

in point sets which cen be broken up into a finite number of
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pieces (possibly overlapping) esch of which satisfies a certsin
finite number of linesr relstions. These relafions may be. in the
form of equalitieg or inegualities.

Suppose that we are given such a system of relations:

It
I._l
-
_l\')
N
"

R™ ) Zaijxi + bj = 0 s J

R ) Jocijxy + dy >0 3 J 1,2, s ki
If these are consistent, that is if there exists any point of FR
whose coordina;es

X1, Xg, *°* 5 Xp

satisfiy all of these relations, we shall sgy that they define
a convex. The use of this word is justified by the easily
observed fact that if two points belong to such a set, then the
straight line interval conmetting them will also belong to it.
There are many ¥inds of conyvexes, depending on the nature of
the defining relations. We should emphasize, in particular,
that a convex mav be finite or infinite, that is bounded or

unbounded. Let us consider some examples in FZ.

; 1=1,2, 5,
be the Pwlations determining the three lines, a, b, cC. respectively,

of olir figure.

R T



this entire system is not consistent, and therefore

does not determine any convex. ‘The relstion Ro = O determines
the infinite convex consisting of the entire line Db. The
system of relations

Ry, =0, Rz =0
determines the convex consisting of the single point B. Let
us suppose that'Rz is positive for x and y both equal to zero.
in this case, the relation .

R, > 0,

determines the infinite convex consisting of all points of the
plane which lie on the same side of the line E as the origin.
“he system

Ri =0, Ro >0,
determines that part of the line a which lies abbve the line b
Let us suovpose, further, that in our example Rz is positive
for x and ¥ both equal to zero (if this is not the case, we can
obviously make it so by multiplying this relation by -1). Then

Ry = O, Ry 0 ; 1 =2, 3,
determines the convex consisving or all points on tne line &
which lie between the points B and C.

We now define a topologi#figure as the totaliby of
points lying ¢on a finite number of convexes. We say that two such
figures are L-homeomorphic, or homeomorphic in the sense of linear
analysis situs, if they can be cut up so that the correspondzhce
between them is not only continuovs but linear as between their
pieces, tha% is,linesr in psatches. For example, if we consider
a trisngle and a square (each with its "interior") we cean set up

such a corresvondence between them as follows.




We choonse some inner point on one of the ecges of the triangle,

and an arbitrary inner point of the triangle itself. Also, we
choose an arbitrary point within the square. Now we draw the lines
indicated in the fipure above. We then have each of our originsl
topologicsl figures cut up into four triangles and it is obvious
that we can mske a lineer correspondence between appropriately
chosen trianeles from each figure so that the entire correspoudunce
is one-one snd, by its constrvction, linear in patches.

We come now to a very important question. Suppose

we are eciven two L-figures A and B, that is, two topolozic figures
in the linear sSense, above. Suppose further thst these figures

are P-homeomorrhic, so that there exists a one-one bicontinuous
correspondance betwern thém, but now in the sense of point-theoretic
analvsis situs. Can we say that these ficures are elso L-

~ eomornhic? This ig closely relste” to anotrer question ofl
which a simople cese is the following. Suppose that we are silven

a en~fane in Z-snace definer bv rleprice pleces, ecch of these
homeororrhic to the inter ur of a trisngle, but in thie noli t-
treoretic serse. We would like to now whether 1t is possible

to Arew ¢ avetem of wevy lines in this surface, which may be

quite cring¥ly, so thet the entire anr®ace is cut up into a

svystem of triansuler nieces. If this were possible we coO la

at once construct a linear model of this surface, in the sense

of an L-fionre. Now for the case of sur“aces, both of our questions
are rether easilw answerer in the effirmative. In the general

case the question is still o en. It mnst be remarked that Nobeling
has recentlv nublished a paper which clai s to settle these

questions. His proof, however, conteains several errors of which

he is aware and which he claims to have corrected.




Ncbelineds proof does not contribute any new idea to

these gmeati .ns as much as it seeks to csrry throwgh a type of
srgiment which has been tried meny ti es before without success.
The fundsmentrl difficulty appears, in all such sttempts, to
center sround the following point. Given tvo L-figures whéch
ere P-homeomornhic, it is very easv to obtein a 1iéear (in putches)
transformation which ap-roximstes -the ~iven homeomorphism. It
is possible to do this to gny derree of ap-roximaticrm. This linear
transformation will not, in general,be one-one. There will be
more than one triangle, in the case of surfacrs, in the one figure
which sre marmmed unon the seme triaggle of the other. Roughly
speaking, in placing one fi-ure upon the other ve may find it
necessarv to fold one cf thém at vericus places. One must iron
our these overlsasppines to comrlete the proof.

If the questions We have rrised are settled in
the affirmative, we see that for two L-figures the concepts ot
P- and L-homeomorphism coincide and we can study all the topologic
invarients of these figvures with the simpler machinery of
transformations linesr in natches.

Let us conzider ncw &sn L-figure which is given to
us ss a s + of convexes with possible overlgppinks. We shall
show how to derive snother L-fisure from it whose cvonvexes do not
over] ap. We regard the entire system of equelitiés and of
inequalities which defime the given figure}and”Order the left
members of these velations into s simple sequence (finite, of

conrse)

Rl, Rz, "'! RN .
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With each point x of the given figure we assoclabte a signature

o (x) with the components 0 ;(x). Here, "0 s(x), 4 =1, ---, N,
has one of the three valves, 1, -1, or O according as the
coordinates of the point x give a positive, negative, or zero
valve to the form Ry. It is now easy to see that the sebt of
points with the ssame signature determine a convex, and that the
convexesiwhich we obtein in th@ﬁ way arc¢ non-overlapping and
yvield the same topolbgical figure.

There is a further wdy of dividing gn L-figure into
convexes which do not overlap in whic% we obtain convexes of &
particularly simple sort whkkakxmxe known as simplexes. We may
arrange these simplexes according to their dimensions The first,

or O-simplex is a single point. The next, the l-simplex, is the

set of points on g straight line interval, not including the two

-

endpoints. The 2-simplex 1s the interior of a plane triangle,

“the %-simplex the interior of a space tetrahedron. 1In general,

the n-simplex is the interior of the n-space figuré¢ determined

by n+l linearly indevendcnt points in n-space.

= A

We can obtain this subdivision as follows. We introduce
a point on each ébge of our L-figure, but not -one which is alresdy

present as a convex. Then we introduce a point in each two-
dimensional piece of our figure, not on any l-convex. And we

continue this for esch dimension for which there are convexes
present, of thet dimension, in our figure. Now, with each convex,
we draw the straight line segments joining the chosen point in
that convex to the chosen point in the convexes of Iowe» dimension
sbutting on it, including the ©-convexes present. We shall find

that some of these l-simpleXes- which we have introducedyg determine,

-

A



'when teken in threes, certain 2-simplexes gontsined in our

figvure (as point sets). Further, some of the Z-simplexes taken
together will Jdetermine 3-simplexes of the figure, etc. The entire
system of simplexes obtained in this way will give the desired
gsubdivision. Strictly spesking, what we have- done 1s not quite
sufficient. For it may happen that our figungKEOes not contain
certain convexes which would seem properly to belong to it, and

in this case oup subdivision mey fail to be complete. A simple

exam-le will make this clear. Suppose that our L-figure consists

of 811 the convexes contained in the square (Figure below) PjPoPzPy,

with the exception of the point Pa. ThHen when we have carried 3
3 ~ T |
(X R the i

through the process indicated ébove we should want to add, further

l-simrlex corresponding to the dotted line, but without adjoining

s
the point P4 to our final -figure.

After we have cut up a given figure into a .simplicial one

we cen give a formal scheme which will serve to identify it to us.
Let us call each vertex, that is O-simplex, by some name Pj.
Then we may denote a simplex which is actually present in our

figure as a (formal) product of the vertices determining it. Thus
an n-simplex sresent in the figure with vertices Pil’ Pig,, see, Pin R
will be symbolized by
. PijPige++Pip « .
The entire figure will then be expressed as a sum of terms each
of them in the form pictured above. Thus a triangle PoPiPo in which

the vertex Po is not counted as belonging to the figure will be

symbolbzed by
1
ZPi +§PiPi+l + PpP1Py .

=0
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If we are now given two L-figures, simplicially

divided and symbolized as above, it may happen that we can find

a one-one correspondance between their vertices such that every
n-sim-~lex prerent in one figure goes. over when we make the
correspor ding change in notation into a simp;% present in the
other. TIn this case we can recognise et once that our two figures
are I,-homeomotrphie. This sugpests to us the followink secondery
definition of IL-~homeomorphism: Two L-fiures are said to be
L-homeomorphie if it 1s possible to subdivide them into simplexes
so that there exists a ome-one correspondance between their
vertices which carries a simplex of the one figure into the

corresnonding simnlex of the other.

To show that thig definition is equivalent to our earlier
one it remains to prove that if the L-figures A and B are h-
homeomorphic in the first sense they are also bh-homeomorphic in

this new restricted sense. It is guite easy to do this. For

the given homeomorphism of A into B cearries each convex of A

into & set consisting of one or more subsets, eech of them a

corver which is contained in the set B. Now B can be cut up by
this mapring into the convexes determined in this way. The mapping
looked at from B, after it is cut, to A is now convex-linear.

That is to say, each new convex of B is carried over into a single
conver suhset of A. If we further subdivide B so that each convex
is si-plicialTy divided, each simplex of B wilﬂbe'carried over into

a (flat)simplev of A. We may now meke the subdivision of A which

is induced by this mapning and our homeomorphism is seen to be

simplicial. If we call the new fi”ures-(subdividedi A!' and B!

respectively, we see that A' and B! abe now congruent and formally

identi@al, “that 1s, to within s change of notation.
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C) Pure Combinatorial Analysis Situs. -

The consideraticns above lead us dquite naturally to

an abstract notion of tepologic figure and topologic equivealence,
which corresponds to conceiving*® ~ our earlier figures as made ap

of chunks of space related to each other after some pattern, like

a mosaic. The notion of cutting o6ur convexes into two convex subsets

is now replaced by some formal device of cutting one of these pieces

into two comparable pileces. -

We shall regard a C-figure, then, as a collectiorn of certain

abstract entities which we may denote by letters A;, Ag, ... ,

with a certain structural or mosaic relation R which tells us when
two of these pieces enjoy a property anal@gous to that of abutting
on eac- other, or being incident. To determine whether two C-fggures .

are to be regarded as equivalent, or G-homeomorphic, we shall
introduce certain operations, to parallel the process of cutting

un convexes above, and shell consider whether 1t is possible to

-

pass from one of these fignres to the other by a finite sequence

of these operations. It is clear that we shall wanﬁ to choose
shall

our relation R so that for geometrical figures it mEY have &

=

well-defined georetric sighificdnce snd we shall wish our operations

L

to correspond to the various ways of partitioning or cutting up
a simrlex. It seems to be very difficult to formulate 'a theory

in which the moest general division of a simplex ccn bé expréssed.

ES

nowever, it is possible to give a single operation which with ~
its inverse is adequate for' a geometric. theory.
The approach which we shall now make was initiated by

Newman snd subjected to many simplifications by himself ahd by
others. We begin with a system of marks, or vertices,

_Xl s xz 9 ¢ o0 s xn.
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Any formal product

xioxir"'xik
in which all of the marks are distinct will be called a k-simplex.

A C-figure, or mosaic, will be = formsal éhm of such terms. We ;
prefer the word tmosaic to the more ustael word complex because we

wish to emphasise that a simplex may be present glthough some of

the simplexes on itﬂ%ogndary (for the moment we may say that these
are all simplexes whose symbolic expression is a proper part of

the given one) are not. It is clear thal we can always make a

geometrisal model of a C-figure. Let us look into the relation

of two C-figures and their geometrical models.

We shall first introduce an operafion ¥hich may be
applied to any C-figure, and in terms of which we-shgll defihe
C-equivalente, or C-homeoworphism. We shall call this operation

F? the operation of bresgking an edge . Let us pick an edge XiXj of

our figure. Th the given mosalc 1ét us consider all the simplexes
which contain the edgéﬂxixj and let us%repiaquQadh of them by

two fowmal simplexes. We obtain the .first by Yeplacing xj by a
new mark xx (i.z2. a mark not the same as any of thésé we. lrave. ~
already used in our C-figures), and we obtain the setcond by
replacing xj by this same mark Xp. Thus a simplex

QUQXixj... o=
is to be replaced by a sum of .Hwo gsimplexeées’

[. .. .kaj--- + ﬁ.-xiin-. .

. mith this operationh we shall, of coufse, admit the inverse ofeeation

JE of remaking an edge which consists in repldcing = sum oé termé,

Mt of the form given above, by the single one in x3yxj . We mdy now
define two C-figures, or mosaids, as C-homeomorphic if it is possibl

‘? to pass from one to +the other by meens of a finite number of

applications of this simple operation and its inverse.

-~ =
-
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The notion of "breraking an edge"” "is not applicable,

gs it stand§ to a general L-figure. For all L-figures which

are simplicially divided, however, 1t has a very simple geometri&ﬂ
significence which corresponds to introducing the medi-an of a plané
trisngle and expressing this triangle as the stm of t@o?others.
ywo L-figures which are L-homeomorphic can be simplieially divided,
as we have seen, so that the resulting L-figures a;e:simplidally
equivelent. In this csse both of them can be interpreteéd as C-
figvres and are then C-equivalént. It 1is. possible alsd to prove
the rather more difficult converse that if two C-figures are
C-equivalent, inthe sense above, then the geométrical models

which correspond to them are L-equivalent: We have fhus a complete

agreement between these two theorkes for all spaces to which they

both apply. As we remarked before, it seems very likely that this

is the case also for all three of the theoriéeés which we have

4

sketched.




Lecture 2.

Linear Analysis Situs.

1n our first lecture we considered three distinct

- topological theories and their interconn: ction. We emphasisged

the fact that these theories were not the only possible ones,

but that they were essentially typical of the vossible ap roaches

to the subject. 1he linesr theory was reslly initiated by

Poinceré in a somewhat different form. He considered figures

which were analvtic in patches regarding them as equivalent if

thev weve in a one-one correspondance which was enalytic in reatcles.
This differs from the linesr theory only iIn 1ts trimmings. What

one csn do in the one can also be done, for the most part, in the

other but with more difficulsy.

We hegin with & Cartesian space FR! where a poiat é; is
an ordered set of numbers

é) = (41, 42’*"’ 41’1) .

3y ¢ coordinste =vstem in this space we shall mean a s,stem of

n lineer frorms
X3 = Z.aijd_j + Dby , /aij/éf‘ 0o .
These systems fall into two classes, ‘
I‘aij, > O ‘aij‘ < 0.
Let us fix on an arbitrary one of these @and cuzll it the positive,
or richt hand cless, The other ve shall call the negdtive, or

left hand cless. As soon as we have agreed wupon this we shaell say

that the -space is oriented.

Now let FK denote a k-fldt in FB, It is determined by
the vanishing of n - ¥k linearly independent consistent linear
forms :

xk-':l = xk-_'-g = e s 0 - xn = O .

1 (7:\.«:..4,(22,..\,,.,. W,u. a. M;J,Lﬂwk"%//"d‘“”\?'”
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Eow shell ve orient FX? We. -sha}l see 'that thére exist £wo quite

]
]

5
Lud
¥
k:
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* distinet ways of doing this. It is worth While insiSténg upon

p

the fact thst they- are essentielly independent of each- other,

This 1s often lost gight of, partigularly since in many @éée& no

~ resl confiusion arises from oveTlooking the fact. ~ =

-~

1) The sbsolute, obr inner orientation: There ex}é@% k linews¥

=

forms

= =

X1, Xofi ttts Xy

such that the determinant of the entire system of forms®

X1y 2y Xy Xgal, ‘7, Xp
is different from zero. The‘ﬁirst k forms give a coordinate ;ystem
for the space FK, If we now consider any othei k forms
X'y, *v, Xty
with the same pronerty we ﬁ;nd that there is -a linesar transform;tién
from the oée svstem to the other #ith don-vanishing de‘termffnantf
§ The totalgﬁty of admissdble sets of these Forms f'81ls, Bgain, into
tro distintt classes and we may take either of fhgse to be the
positive, the other to be the negetivé or left hand class.

2) _The relstive, or ouber orientation. This is the one used
o W -

by Poincard. The flat-space FK may al80 be defined by some system

of forms

Between this system and sthe first there will exist a linear

transformmtion with non-vanishing determinant. Again the systéms

fall into two classes and a particuvlar -choice determines an

-

\
‘1 XL}{-’-:L = X’k"'.?, T ese = “’X'l’l :"::;O

orientation.
Horever, if the space F" is definitely oriented, then one

of the possible orientstions above for FX can be used to determiné

e

the other. For if .

|
|
i} X1ls " s Xy




Aetermines an inner orientation, and

x LI ] x
k41 o}
Lovdunsd.

' #etermines an outer orientation, then the;5§555m of forms

X1, cvy Koy <5, Xn
determines an orientation for FI.  We may say thst the inner end
outer orientatimms are consistent for Fk, if the final orientegtion
agrees with that established for FI,

We can see something of the intuitive basis for the

two different orientations above if we consider the exeample of

an F2 and a sub Fl given, say, by a relation

. x1 =0 . ,
; 1 If we now take another line in FZ, %%‘\§’p
2 X
Xo = 0 9

w ‘; the positive direction on the line xj3 may
be taken as that one in which the cdordinate X increases.
‘ 5 The outer orientation is related to the idewa of the two sides of
the line x1 = O, given by
x3 > O anax1< 0.
We have seermr that <din the plane, absolute orientatidn

new
corresnonds to choosing anpair of axes, in a fixed order. If wé

now consider any closed curve in the plane we can ascribe to it

a positive sense when we traverse its points in one direction

and a negative if we run over them in the other, We can do this
unambiguouvslv for all closed curves in theé plane by moving them
continuously without allowing them to collanse umtil they are
brought imto coincidence with the unit circle. On this curve;

however, we can take  as the positive sense the one determined Uy

starting with an intersection with the first sxis of .our original

svystem and moving at once ta the ‘intersection with%the first axis
8 Y A

. ‘ &
of the new system. - / ‘ g




19 'zj

Now for the case of a generaqsurface we cun certsinly

do the s#me thing locally. We have only to takeuglééébe smatl A
l engueh—%ébe simnly conrccteq;’to fix on a nositive sense for some

one cnrve ertirely within this piece, and to transfer this sense

from é&% fixer curve to any other by deforming—it-ianto—the—obher,

Here, however, it may hanren that if we allow our curve td move
M . . - > .
ont alone H%? large vath gnd +o return to coincidence with itself

we shall find that the orisginal positive sense is now reversed.,

It mayv hepen, of conrse, that this is never the case. We are led,
then, to 2 classificetion of surfaces into two categories, the

orientable and non-orientsble,

1 There is another notion which really belongs to the 4
notion of onter orientation and which is sometimes c¢confused with
this. Thue orientability, in the sense above; is often tenfounded

with tvo-sidedness as distipnguished from Sne-sidedness. The

confusion arises nafura17y5nerhaps,from the 8i [lest example
of a non-orientable surface in three space - the M8bius strip. ]
This is also one-sided. We can take a sensed curve on th s

surface and move it arornd so that it retirns to its original
position with reversed sensej Bars—der—sc s nc.-.. i t=bili
(

y L

It 1= alsdtrwo that if we consider g normal to this ‘surface we
i

can move this rlong tre s rface end return it to its initisal

noint (keevrine it normal, if the surface is regular no.gh, and

never crossing the edge) so thet it now points in the oppesite

direction. We mav take this as & defi.iition of one-sidedness.

i e e b e e s e ke e e P g e P g

It will be interestin_, perheaps, to show by exem les
th % there is no necessery con. ection whstever between the notions
vard- . Lo & .
of bwe--idedness ancd ori ntabilify. Our examnle®, in esch case tnect

0f 2 three-di ensional manifold containin ¢ two-~di ensional

menifold, will exhibit the four nos<ible combinations of these




nroverties, The *two dimensiongl manifolas which e hall use

will be the torus and the projective plane, the three dimensional
manifolde will be certain ret*ér direct generelisations Of these.

We cmn derive all of these manifolds: in the following systematic

—

‘i‘va:v.. é ~ B
~ -~ ~ RJ ¥ -
We bepin with a squalﬂ;T gBEB.  we MW o w
identiey’ theweids AB.witR the side 4D sh 4 , v
T
2, by

o : -
Qliksais_ A i@,}:{l&‘d n, D, B og Gy, We neg~pave ,jh;- [ qug_ L 'JC,
tube invaich we propose to identify the \
! %
two ba¥ed. " Mhare are tWS d':‘f_'s}r\i\nb't‘ s In "wﬁfﬁb‘ Yie ta¥ Qo this
¥ v

and which we have indicsted inthe @pcgmpagying‘%igureg, We have
S F ’ i

7

d

< > —
the choice whether we shall prederve the origihal gense AgD and

B¥C on the base-circles, ok whether =« $hall reverse iY. The

fir t identification, which¥¢&ﬁ‘beﬁbarriéa out in Smégﬁégﬂ lezas

to the torus which is orienté%le. mTﬁé second, which mav be done
in 4-snzce, or wh ch we may supvosed definec abstra~tly, lesds to
the nyoientive plane. "his is nor-orientenle. We observe thet
we sprived at the prcjective plane in t 6 steps. If we interchange

¥ 4 7 23 : R
A] S’? 3;? \° th ir order, as we msy, it becomes clesar
3 P

??a thst the final fiscure contains in it a

. 5 surface identicsl with the Mdbius strip

Pgﬁﬁ orn which, we glresdy know, an oriented

of curve mav be "reversed". We hsave indicateu
- = 1
; %

in the scnomraryirz fig re how this change

of order telres place in the profectiwe plane.
L

thet
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case of a cvbe., We shall obtgin different kinds of three-dimensionsl

manifolds in which we shell be gble to immerse our tubes so that

thev exbhibit different "external', or reliative properties. Let

ABCDEFG#be the cube in the next figure, A < E

where we have sketched in, also, e: plane ‘: B V¢ i"\ F
--,,wr::—Té—————h

gection abfe. We are goli g to ildentify 31 . WW lg‘\\ | ¢

the 6ppositérfaces of this cube (i.e. in l> L I [ =/

pairs;, and we are going to ¢é& this in < F—*NQ\

—l(;

four different ways. We shall indicsate

-~

the identification by giving the correspondance between the
vertices of the faces, the cqorréapondence will then be understood
to extend linearly to the rest of the faces in question. The

pairing off of the vertices will be exhibited by writing them

in corresronding order. Thus

ABCD <«- EFGH

P PO

meens thset A is mapped on E,, Bon F, C on G, and D on H.

I) We shall get our -first manifold by the following scheme: !
i

1) ABCD -3 EFGH . |

2). . BFGC ¢--» AEHD - |

3) ABFE «¢-> DCGH }

In this.case, the sguare abfe has its..opposite edges

ab &-> ef

' identified accrrding to the following pattern:
bf 4~ ae .
\
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The square abfe becpmes. a *prus, -i.e. orientsble.
At the same time, if we take a vegtor normel to the surface of
this square interdor to ovr figure and move it sbout then, no
matter what face we carry it through,it will reapnesr across the
opposite face pointing in the. semg direction, That is, the torus
is, in this csgse, two-sided. Remark that this torus does pot

separate our manifold. If we permit the vector to. leave the surface

of +he sqguere, we can lift it to the top face and bring it up

through the bottom one. But this is an altogether different
property from that of two-sidednegs, or one-sidedness, with which

we are not now concerned. Ong-, two-sidedness are local properties.
We are concerned with whether it ia possible Lo go from one side

of a surfa e to the other withouf legving it: in the neighborhood

of a point the distinction bekween one side snd the other c&n be

made in all the cases vhich we shall conpsider.

II) For our second menifold we take the following scheme:
ABCD +«-3 FEHG
BFGC ¢->» AEHD
ABFE ¢-9 DCGH

For the square, we have

ab «-+ fe
bf" €-9 ae

The square becomes a projective pléne, whith is non-orientable.

4

Fowever, it is now two-sided.
TITY For the third -exemple: { IV) For the fourth:
ABCD e-+ HCFE ABCD ¢-3 HGFE
BFGC ¢-» DHEA BFGC «-3 EADH
AEFB ¢-+ DHGOC AEFB &-9 DHGC
Here we get & one-sided torus. . Here a one-¥ided projertive
; Dplane.,

We shonld poirt out that in alllof these examrles we
reallv have three-dimensionsl manifolds, and that the neighborhood

of ornepo nt is exactly like that of another in spite of the seeming

loss of symmetrv introduced by our identificaticns.
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§ oo

That the surfaces in Examples III and IV are really

one-sided becomes clear when we observe that in each csase the

et ! _.r~ip \i

side aA goes over into the side efH.

S "

Let ws now return to qur inveegigetion of linear

subspaces of&ﬁh.5‘ Suppose thet Fk and g% are two general

subspaces, flat of course and og dimensions krend m. By eaying

- Sa .

that they are general we shell mean that the entire system

3 3

of (n{¥9 % n-m) equations are 1inear1y independent end consistent.

‘.

The interseotion of these two spaces will be a flat of dimension
(kfm-n), which we may call FB, We shall write thid}
. - Fh = Fk Fm 4

=y 1 e i L R

The exterior orientations for Fk and F will now

& e * .

12 (]
determine uniquely an exterior orientation for F®, For if

¥ . ~
S t - w

xktl S ee* ¥ X = O

L SN [y B - #~

is a system of relations defining the positive exterior orientation

~, 7
. * by s cF “w

for FK, and_if

© FS L -
" -

ese = 1 -
7 3 ‘xm4‘l N XQ 0 L

Sl

id a system defining that for F? then the entire set (which we

o et R

have supposed independent and copsistent) will define an orientation
for FB, end this mey. be teken bo be the positive one.
It is clear that this fnll ;ystem will define an

~ El

orientation enly,if we agree wpon some definite ordering of

the relstions. We shall therefore write out first all the

\

relations for Fk in their givenrorder, and then all of those for

F® in their proper, order. Onge we _have agreed upon this, or

}

- ~ an e

any other definite scheme, the positive orientation for Fh is
L b

determined. We see that we shall not eXpect the orlentation
of FX.F to agree with that of FmFE,’ However, there“is always

LAl B P

a simple reletion between their orientations, which depends

uwpon their dinmnsions:
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Orient.(Fk.Fm) = «(-1T(n“k) (h“m)Orieny.‘(Fm-Fk;) .
We d6 not kxnow how to define an oriemtatfom of this
interdection which shall depend Qﬂkhe-inner orient4d¥ions of

PX and FM alone.
Positive .and negative ineidences

An PX-1 on en FK divided the Fk into two parts, called the

gides of in FK. Suppose we¢ ¢hoose -a caordinate system

X1, X 2, *°° 5 Xn
in F (this orients FR) guch that FX {s determined by the
vanishing of the last n-k% &dordinafes

Xp,1® S X =0,
and FK-1 by the vanishing of the-ldst m-kel,

Xy = Xpsd = ese = Xy = O.

Then if we give FK the outer orientation Qdetermined by the
first set of relations, end F¥-=1 tHe outer orientatfon
de{fined by the second set, then we shall -day that the positive
side F¥ 1s the one determined by the conditiorj Xp > O and the
negative side Fg the one determined by xx £ 0. We shdll say,
moreover, that FK-1 is posftively incident to the side Elf and

negatively incident to-the side FE,

We shall alsdo define the positive and negative afde@

of FX-1 for given inner orientations of- FK ang Fk-l, suppose

-

we take k linear forms | |

X], Xg, **°s Xk
so chosen that they Getermine a pight-handed (positiwe) orientation
on FX and that the first k-1 of them determine a right hended

“ ecoordinate system on Fk';l. Then we shall say that the positive

side is again tha one determined by x> O end the negative side

- ]

the one determined by xy €O.

It 1¢ impqrtsnt to notice the following:~ Suppose we

=l -
e -
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define the positive side. of FX~l corresponding to definite

inner orientations of F¥ and FX~l.- Suppose. we: then oriemt the

conttining space F® and agdign to PK and FX-1 the outer &érientations
assoé¢iated with the given inner ones. Then, as we can Veri}y -

immediately, the positive side relative to the given inner

orientations is the Bame as .the positive side relative to the

]
t

associated outer orientetdonss This result ia, of course,

independent of the orientation assigned to the containing space FH

in spite of the fact that when we reverse the orientation of FP -
we also reverse the assocf{ated outer orientations of ﬁk end Fk-I,

Tt depends essentially on the fact that thé outer orientetions of

g

FK and Fk-1 are both reversed simultaﬂéonslx"

k-Convex -
Let -
3 pl = (xfl’ x'z, .oo’_x!n)
anc. nooz (x", x" coe, x" ) é
P 1 2 » n i

be any two distinet points of F?, Then the set of all points p
with the coordinates 1
“ x; = xYy + A (x"y - x'i)_v , (A reailz~
will be eslled the line Lp'p" deé%rminea;by p! and p"s The i
subset consisting of all points such that A>0 will be called :
the ray Rp'p" from p!' thwough p". The subset consisting of all .
points such:that 1 ?'5¢>'0 will be called the segment Sp;gi.
Lemme 1. If a linear function
49 = ‘2; 84x3y + b

has the seme value at two. different points p!' and p' then it is

=

sonstant on the line Lp'p". We see gt once by reference to .the

equation of the line that x; = ;g% for every point of 1it.
Moreover jif 1t takes on different values at these points it takes

on gll valuwes along the line and is monotonic (properly) on: the line.

This is also obvious from the equation.
Lemma 2 Suppose the lnequalities



mr . rEm T
. : Ele

9@" ;;;aij'zj s BP0 (151,282, 0., X,
are all satisfied at tle point p' of the line Lp'p". Then there
exists an ¢ > 0 suip thet these inequalities are satisfied at all
poifts of the line such that [Alcc.

This is also obvious.
yget of linear relations, éontaining equelitles end also
fnequalities
(L =1, 2, eoe, 8)

v =0
’%%> 0 (J =1, 2, ove, t)- :

48 said to be consistent."if there is at least one point of the -

space Fn at which the relations are simulfeneously satisfied.

If the equations are consistent, “then we shell say ‘that one of them

1s pedundant 4f it is satisfied--at gll -points 'where ull the other

relations are satisfied, Finally, the set Is cslled independent

1f 1t is eonsistent and conbeins no redundant rélatidn, it is

clear that 1f the set is not independent (but consistent) we Can
suppress at least one redundent relation, end we can repeat this
if necessary until we reach an independerit ¥ydtem.- - *

Consider a set of linear eguations =
2&“)’(3*@&#(2": O (L =1,2, sees 8} & -
Then by the classical thHedry of lineer dependence and independence
the condition that the eguations be. consistéht is thay the rank
of the matrix [Jayyl] Of the equations be the samé as tho renk
of the augmented matrix formed by .adding to- {/&ij// a new column
composed Of: the constants by, The condition that they De independent
(and therefore also consistent) ‘is that the rank;@f the matrix ;7&135
be egual to -3, the nuﬂber of tne-quabiogs‘oﬂ the -system, If the

equations dre consiastent and-if the rank of the matrix _ ﬂiif{

1s t, t < s, then exactly s-t of the equations are redundsnt snd -

-




may be discarded. The set of all gpfngs_af-Fﬁ at which n-k’ =:.
independent linear #quatidns are shtigfiédfis called a k-flat FK

of Fl, The fiumber % (n>Xk30) is ealléd the dimensiorality of FK.

Ité valueﬁ;$s11ndepenﬂent of the partituls® set .of relatidds used

in determining FK, for the .relations in one set will be Iinearly

dependent on those in the other and thorefore the two ‘sets will

-
-3
2

3

have the same reank n-k.

The set of all points at which a -consistent set of linear

relations, above, is satisfied.wilqbe ecslled a k-convex ek
pRovided the number of lineaPly independent cguations of the ‘system
ig n-k. The number k is called tpe;dimensionality of the convex ck:

we shall prove thet it is independent of the particuler’ lin€ar system

used to determfne CK. To Tnderstand the simple nature of a k-convex.
let us remark that each of the reletlons debiﬂiﬁg it. deternmires,
by itself, another convex. If this relation is sn equation, the
convex is an F'™l TIf this relation is an ineyuality the convex
1s then a whode side #11 ¥ determined by the sign and by the
particalar F2=l which we -get if ‘we change this -inequality te

en equality. Either of these sets 1§ eonvex in the usuel sense

-

fhat 1f it eontains two points it contains glso the- whole .segment
determined By them. Now we see that a k—cgnxex is%tgé set of paints

cem1uon”€qﬁ finite number of these larger convexes, and 1s ¥lso

-

convex in the usual sense. Its dimensionality, 1s simply the
dimensipn of the lowest flat in which 1t is entirely econtained.,.
G ’
Inverience of Uimensionality.

Lemma 3. If a linear funotipn(? vanishes at every point p

- -

of & convex' CK then. the egmation 4 = 0 is linearly dspendent

on the squations ¢, =.0 in the determining systemof the convex.

o

. wgﬁggggwﬁiﬁ,bhp«eqngtioqk c?' weré not lineanrdy
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dependent on theé equations tfb:c) pﬁé;g would be some point g

of FO at which we would Rave ﬂ--o but (?)()»‘( or 1774() ). Tki-us atr
every point of the segment pq (whére p %3 9ny%pb1n% ;ﬁ?ﬁe convex)
we should have %th‘fby“iammﬁxla.— PBut ~From-“the-sec¢nd -lemma we see
that the inequalifiss in the deteérmining relations of CK are
satisfied at p and therefore at ;11 points dufficiently closedto p.
Then there must be & point r on tﬁe’segment pq which belongs to ck,

At such a point we must have cf:o : snd we sec¢ that (/ must alse

be zero at q.
What Has been shown here is the fact that a convex CK

determines uniquely its assoecliated FX, It is pgr;aps net yet

elear what relationship obtains between the linear ingqualities

of two determining systems for the sume CX, The inegquelitiés will

\ - .
ng »‘1x-=a; I /‘
some . : - = o
typieal —---"TyTo - 2
lane : ! o = )
p . ﬁ‘X(av 1 — - ,_4) e i

=0
convexes i
>0

i
Jﬁ‘»p‘o, grea, ¢

give us the notion of the doundary of the conwveX.

Legma 4~ If = 1inear*§y§tem is consistent then the

funetion Hb‘appearing in sn -inequality esnnot be linearly dependent

on the set of functions qZ; appeéaring in ‘the equhlities.
For if it were it .would vanish wherever thege functions

vanished. Therefore the relations wWould not be .consistent.

, We may observe however that if we" change th%g%}gequaltty

e

_ to en !requdlity then the new system remeins consisteat, and this

is then trus, of course, for sny single inequallty. Provided,
howéver, that the Inequality is not -redundant. We shall prove

E3

this, shedtly. For: the mgfient, let us take- the determining -

)

relations of "the convex ck and change one or more of the inegugkities
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into eguaslities. The resulting system need ndt bé consistent,
but if it is it determines a certgain ¢y, necessarily of lower.

dimensionality than CK (by lemma 4). We shall say that e 18 on

the bo undary of ck and that the boundary of Gk consists of &Exéi&??ﬁ/
the convexeﬁﬁcj that ean be obtained by the process just dessribed.

Theoreém 1f ¢! is on the boundary of cd end ¢J 4s on

&

fhe boundery of GX then Cl is on the boundary of ¢’
+  7his is obvious From thé definitions o
e must now show- that the Boundary of cX 1as indépendent

of the choite of the determinipg relastions of Gkg -0f dourse, a

Ck may "very well not have a boundary. It will not if there gre no

¥

inequalities present.

Lemma 5. Let CJ be o Gonvex on the boundary of a convex ok,

#.

Then if & linesT function wanishes at every point p.of ¢K it algd

vanishes at every point q of CJ
Every.point of the segment pq {this does not. include the

endpoints}) belohgs to cK(by lemmal). Therefore the function

venishes at two: points of this segment, and therefote dlso dat q.

Lemma 6. Let ¢J be g convex on the boundary of é»bsnv@xﬂck.

Then if a linear function Y? s positive at every-'point p of‘C%

1t is either positive at every point g of ¢d or else it.is gero at

=
-

every such polnt.

The function cann@t be-negative:at qQ, Otherwise it

would.'vanish at d point r of the segment pq (by lemma I). But

every point of this segment belongs %o-fc, . .Por:both the pdint

p and ﬁféggisfy the original equél1ﬁ1b3%detgggﬁntngickﬁand both of,

e

them satTsfy the inequalities whicH afe-not disturbed in the
changes which défing CJ.  Them this s true-for évery-point &f

- 2 ! . = E
the segment pq. ~ Now let gl/ be one of the -origingl inequilitiés



g -
coinsiagT} Therefore the boundary of ¢k in teyms of R must -

Bl R oo e P e °
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which was set equa?to gero in defining cd. 1If this were also

-

gsero at a point r of pq it would be zero at p, singe 1t 1s sero
et q. But this is impossible. Since 1P 1s positive at every point
of CX we have & contradiction.

S¥ppose now that qV'Vanishes at-q. Then it also vanishes
at every other point q' of GJ. Otherwise, ?D would be -positiwe
at q! by the first part of the argumenf, in whieh cagse it would
be negative at every point q" of the;;ii detormined by g and q!

for which the parameter value was negative. But a point q"

sufficiently near to g would be sa.point of Cj} waich would

contradict the firat part of the drgument.
Therefore, finally, if our function does not wvenish
everywhere on CJ it must be positiwe éverywhere.on cd. i
Theorem: The boundary of the convex Gk is independent
of the determining set of CK. ) .k
Proof. Call two different determining sets R shd R!
respectively. Let CJl be é convex on the bouidary of ck in terms
of the determining set R. Each funection ¢¥'or the secpnd;aetgrm}nin&

set R' is either positive everywhere on ¢J or zero everywhere on

cJ, by lemmas 5 end 6., -Therefore cJ 1s part of ke a convex ¢t
on the boundary of CKX as determined by relations R'. By .reversing

. Loy
the argument-cibmust be part ofACJ. Tpereforehc} and CJ must

eoincide with the bowmdary of. Gk 14penms of R'.
Theorem; Let Ck-be a convex determinéd by a set of

independent relations -

i%.‘_‘;-',.;—&_‘ . e @ - 0 (1 _1’ é’ L E XY n-k)
oo
Then the number of k-1 convexes on the boundary of Ck;is-equal

ri-kel y- ® .‘o . an"l:4'5) .

to the number of inequalities in the set. :
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If we change any one ineguality of the set tnto an "’

equality we obtain a set of relations of the form

5

These relafions are consistent. For there is surély & polnt of FR,

call it p, ab which the conditions

‘Pt}."ol f‘_éo, %)e (3 =35)

-

are satisfied, otherwlse the relation 4%.‘> ® would be redundent
originally. If we have ﬁ%yfaaf_p the consistency is established.

If we have -,J(Owe Gen choose & point g of CK at which ﬁ;&

and there will then be & point r on the segment pq at whiehhﬁgoz(}
The other relations will be satisfied at this point, end the

congistency of the derived set -is established. -Since the new

relations involwve One moreé independent ;qugtion thari the -0ld,

by an éarlier lemma, the§ determine = ck-l on the boundary of Ck.’ﬁ
There is one such copresponding to each inequality. But 1f we
chenge two inequalities, then by lemma 4, We get -a ‘eonvex -of
dimensionality k-2. It follows that there are ot more than s of
these (k-)jconvexes on th%.ﬁoun@ary‘oﬂ Ck, and that no two of them.

cen be identical. Of course, they may overlap on cog;;xes of

lowér dimensionality.
Corollary Every CJ on the boundary of c¥ such that j € k-1

is on the bovndary of a CK-1 belonging to the boundary of C¥.

Coreollary If c? is on the boundary of CK there exists a

sequence
of convexes of the form .

cd, cl*l, ..., 0¥
beginning and ending wiﬁh‘cj and G? respéctively, shch that each

convex of the sequence iéépn the boundary of &11 the convexes that

¥

follow it.

Y




Nt | 2 )

-

~ -
;
|

At the expense, possibly, of the reader's patience we should

¢ K . T
like to expatiste on the subject of "orientation" It is hoped °
”~ o 3 L » "‘L‘ifz w P -

i; Ehat the following remarks will not make the subject Seem more

- N Fel L T 5 A & S & IR va BF

confusing, to those who are not already clear what 1t is about.

3 E - e .- & - eh\. ‘\"-: -, '8

Let us begin in a quite elementary way with an ordinary

| straight line,‘given to us in a euclidean plene. Let us mark off
‘ 2% - & i L

- § on this line two distinct points P and Q. On the segment PQ

e TLT g 3 o K o ¥ oe® 5 R oy
‘ we are confronted, at once, with a notion of"~ "Eense It is
v “ % ?} E # j*!'}'} % i1 b3 fﬁi‘ "

clearlv posgible and sometimes necessarv to distinguish between

. se § R * TR LAy "oSh R A

T' positive direction, say PQ, end a negative direction, say QP.
¥ yor i DR 4 oy vn 4 4y - a, L s
It is, perhaps, not so obvious that it is reasonable to distinguish
two senses in a cube. On the other hand, it may not seem clear
!, - vwﬂ"} ooy =y "“3‘} L T Yo " izﬁ{ ARG WL

to some why we distinguish only two senses in a cube and not more.

{
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On the 1the!, the segment PQ gives rise to a "cobrdinaté"
B P %4 % e ¢ .

system. That is, remaining within the framework of~duclidean
plane geometry we can’ lav off the segment PQ indefinitely in
T !4, 4 o e 4

l: either direction, and on each segment interpolate rationally

& whole infinity of points. We can sssociate with these points

,..i [ R NS Ry TR Talve 4 %

the corresnonding rational numbers so that order relations
it . % I LA T
3 aré nreserved, ahd using some axih% 3% continuity on the line
=
A Ty T e o 4 .v - 'n';. # 'ﬁ . -
arrive at en identification betWeen the points of the line and

the set of all real nﬂmbers: Le#ts call this covrdinete system

»

-

i 1% ‘each pbintfthé‘associ%tion 6f™a* poa’ “numbér, x. This °

L ST N S

system' exhibits, at once, themnotion of'sense on the line. We may

call*the positive sense the dirsdtion of fnéreasing; and thé hezative |

4 N I * %

£ ‘:

the directlch of décreasing rkals?’

Lét us Yeklii with two other%ﬁoints“Pﬁﬁeﬁd‘§¢. ‘This gives
rise fo another Sborlinaté system“X', where P1is”the numbér zero,

and P'Q! the unit:of Tength, T.é. Q I3!the rumberci.




No# it is clear, without more ado, thdt there must exist

some sort of functionsdl relation Yetween’ these -two codrdirate

« - . - R P . . e % oy
systems. Each number in the.coordination X determines a' point of
the lihe, this point Jetérmines- s number in the coordination X!,

This functional relation is easily “shown to-be: of* the following
S L UL 3
quite simple types
. e

for some pair of reals ¢ and b of which ¢ is not 1ero. vCoe

'Po "the intuitive notion that P'Qﬁhas the same "sense" on the
line as the original segment PQ, covreSponds the slightly more

formal notion that in the X coordinate system P' is a smalleré

real number (its sign being ‘tsken into account) than Q'. Thks

taxtdmntidnkkwithninm To the notioh that P'Q' is of opposite

- L) ad i4 - L . # .

sense corresponds the fact that P! is = greater real than Q!',

in X-coordinates. But this relation is exhibited exactlz in the

P .
sign of the number c, above. 'If e is greater than zero, prQ!

will have the same 1ntu1tiVe "seﬁse“"if ““13 1é ss the opposite

= : -
-~ Ea © .
* e >

sence to PQ. ,

Let us now compa;e all the bossible coordinate systems on
our line, 1ntroduced as aboyf. ‘Betweenwa;y pair‘of them there
obtains a relation which we ma§ call positive or negative, depepd-r
ing on the sigr of the corresoonoiné ntm?er:c._{If we start with
a fixed, ;; ore;erred system, then ala coordinateﬁsgstems are
separated{intw two distincf classes, those posit;vely and those

T R H

negatively related to it. Suppose we now take X' as preferred,
PO -y - LI .

forgetting X. Again we shall have a divigion of all coordinate
e ™ " ¥ o PRI

systems into two classes. We shall now find that if X' is in

the positive ciass with respect to X, then, the positive class

with respect to X d@nd to X! will coincide, and thelr negative .
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clagses will coincide. On the other .hand, if X' is.in the negative
class with respect to X, then the negative.class with respect to

X will coincide with- the positive class, with respget-to X! and the
posittve clsss with respect to X will eoincide with the negsative
class -with respect to X', Therefore the division into, two- classes
is identital for the two coordinate systems ,§leferred but the
names we. agreed to give these classes may be confounded. What we
intended to cal} pogitive we.may.now.have called negative.? . There
are two classes,only two, and.they are somehow ambiguonse To choose
one particular preferPed coordinate system-ig:to give a definite
ordering to these elasses, end is jdénticel with theéiact of
"orienting" or sen%fing the 1ine. .

There 1s snother intuitive notlon whidh is brought duf in
"orienting" a line. If PQ,and R'Q' are positively related, we can
slide one, of these sepgments. along the line 8o that P falls on P'.
Them, by a linear contraction, wp can bring Q into coincidence

oy

with Q'. : We csnnot do-thig, pemaipigg on the 1ind¥, 1f PQ and

P'Q' are ovpositely sensed., But now,.syppbse,our line. is in =&

plegne and we are willing,.or ©obliged, tq move our pegmgnt gbout

in the plane. .Then the dis;ing?iqg bgtwgennPQ 3ﬁdﬂqg’fhyill,pe
lost, we can put one of these ucon the other., jBefprg we gllow

shis to.confuse us, let us app;gq;ate thap wq,pgyeﬁﬂefigedQsomething
which we may cell an gbsolnte Qﬁg&g&gﬁwgr}gnyatipg which rg}ates

to .our line as the(epttre:spagg.,‘Lep ug extend this concept direotlys
to n-spaces. To define these linear n-spaqﬁg.ﬁfipmatigalgy does
not here interest us. The point is that they can be defined, so
that it is.possible to introduce coorginate‘sgstems in them, and
the mapper of introduveing coordinates can be so dascribbd thet

i{ssable
2ll peg=ibie coordinate‘pystgms (for our geomqtry) comg‘out

*

linearly related, with non-vanishing determinant. For example,



in our n-speace abstractly defined, we shall have a whole ‘8ystem

of things we recognise as hyperplanes and’ the admissable
coordinete systems will-be those in whikh the%e hyperblanes have

s

- v P -y P p o
- - * £ 2 %% 3

linear equations, » ¢ T L e T

A tdordinete systen: ih ‘n-space.will be"'a 'onexone copespondence

between the-points of ourispace. and the sekX. of:all ordered

sets of n preal mumba¥el™ oo e ir T 1w - 3 -
X: : P 6~>m~(xl,»,xz\, .%...v , xnm)w, ; xy <eal.

e ;‘a - a"" ""“

In. another coordineteisysteugﬁjd. ;e shellﬁheye the,cocreSpondeno
X' P & -{x'f, X'gy Fee, X x14) x'i réale :
Between thed2 Systems” we shall haver the following linear Telatlons:
x‘fj_ 12, d ‘bij‘x'j onr e Bi Xﬁ," I =1, 2, av», n,
The determinsht of this ‘system of: relmtions. ®ill not be zero:

‘ AR T ‘tij‘ - P

wtopeow oyt .v—!ﬁ 1 1p FYs

Again we shall find that all coordinate systems‘fall into two

3

2
k] g

{%
6lasses, that with respect to a preferred coordinatg system it is
- . rom

easy to distmnguihha positive from a negative, tn-terms-of the
sign of the determinant ‘and that these classes so defined become

iy
interchanged (possiblv) wheh we decide on another preferred System.

abso]utely, ‘I3 to plck ‘one of these classes

To orient the space,
fu

- N
PRI L x§ *
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as the positive" one, or what comes to the same thing to pick é

- -

PG ‘ s 27 ) v
one coordinate system as the preferred one. SO much for formal .
i F o 3 e 1 T~ - 4

&

definition. What reasonable distinction is thereby made, for

examole, in the plane or in three-space?

4 -~ qn“_, b ,‘1 L 3 “'ar' kad ¥, ‘%; FaR
In the plane, we shall teke three non-eollinear points P, Q,
KIE . . PRV Y3 1 > T EES
and R and the line segments FQ’and PR. ~This ‘gives us a "2 leg" 3
- » 4?’""""‘" wmﬂ 2t e - 5
with P- as=center, or vertex,, (This 2 leg could inbroduce for us,
ey

i R

at once, a coordinate svstem in the plane )
L - o« 2

Consider another

- -

-~

2-leg P'Q'R', with, P* as center. It may be possible, moving this
¥

[ < a0 T

.
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Wf leg about in the plane (aIlowlng the angle end the lengths to
change eontinuousli? to- put P'Q'R' on .PQR so that corresponding

»w veépbioes points are breight into coincidence. But it meay noxgpe

&

y= posésitle. NewxifxkRErsxixxanmkhexx2xing Now if wé eamnot do
] this, end if we tske ahy other 2-leg, P"Q"R™ which.-likewide cannot

gt

L_ be moved over -continuously -into PQR then it is possible to

T_ carry P'Q'R!' into P"Q"R" remaining im -the plane. This.id the

- - " D WP e W AR D G AR m e A B G S N A A G W Y A D e e WD IR Cm e W S AR S WD S e e s o on S0

must be kept greater than zero and less than 1800

W
e, - o - - - e WD M S S . -

-

Yf # the lengths must riever become zero, of courss, and the anﬁle

w: distinction (in the‘plane) which is made by our ifntérior, -or

] absolute) orientation., It is clear that the same difference

y‘ obteins in 3-space,: and in n-spsce. THXere*are\two.cias&eg

of n+legs: two in the same class can be pushed around iato
coincidence, two in.diffefgnt classes caonot. The reader may
verify for himself that there are not more tha these two clesses

y' which aré distinct in the intuitive sense abeve, (This distinction

can be made quite rigorous... 1f is so made in the formal

¢ definition of orientatiom.)

Let us turn now to exterior or relative orientation. We have

seen some necessity for this in considering the line in a plené.

: Again, the two classes of 2-legs which weé have defined in the plane
3 a E
} are lost in #mm containing 3-space if we permit ourselves to

move sn elemrent of one of these classes into 3-space and back to

the plane.

The intuitive notion that corresponds to the exterior

&

orientation of & line in a contsining plene is this. Let P
Let us move

be any point on this line, R any point not &n it.

the "wector' PR~
thig-line about so that -P remdins on the line and so that R neyer

meets the line. We get, in this way, a certain class of vectors.

=

There is one otmer class PR!

i

of equivalent vectors, and -these

-




classes are distinct, in the plane. Of course, in this case

(an n-1 flat in n-space) we get the division more- simply by

oberving that space is separated into two plieces. If we .consider
a line in 3-svace, all vectors PR Yecome equivalent. But in this

case if we consider a 2-leg PRQ, where P 1is on the line and
Q and R aré not, we shall find that we have two classes of “bia_

suhh 2-legs, the members of one .class being equivalent in 3-space
-

- b

and members of two different classes inequivalent.

For & line in 3-spacé, we obtain this separation of our
2-legs, i.e. an exterior orientation of the line with respect

to the containing %-space, by observing that in a1l admissable
coordinate systems for the S-space, the line is slways given

by two linear (indepéndent) relations. Now all the systems of
such pairs of relations defining the lirie fall into two classes:
those in the same clsss have the property that the determinant
of the trensformation from one.system'to the tther is positive.

To piek on one of these classes and to call it positive is
) representative ‘
equivalent to declding on sbme/oneﬁz-leg.xs*EX§Esx$ixnxmx5§8nxxxg

kxn&k;} This would give us a notion of positfve and negative
area, for example, in all phanes .normal to the given line. These
considerations exXtend to an arbitrary FK in en F2,

There 1s a hint here of something which will be considered
later in the lectures. The primitive notion ¢f separating a
space intfo two distinct pieces, as the line does the plane,.
is going to be generalised to a rotion of linking. Consider g

line in 3-spece, end a unit circle (the circumference only)

e

which has its center on the line snd lies in a normal plene.

Any two such circles can be moved over imrtq each other, without

our needing to cross the line. But now if we impose a sense
S ———¢

-




on these circles, that 1s a direction; we shell find that it is

not always oossible to move them into each other 80 that the
w i A W L b %

directions come out in agreement . without crossing the line.

* e PR S SR

The fact that the oircles are not "free“ of the line, that we cant
¥
drag them out to arbitrary portions of our space 1s expressed in

the concept of linking. The external orientation corresponds to

: 'nf e . the (S Sl ¥ i
a dlstinction between"positive"and"negative"linking. whlch we

L

observe above.

P T e J!m

Tt is perhapd clear in what sense an exterior orientation

£

of our line and an interipr orientatton are independent. Whatever

directioh we Fasten to the line, it is still quite arbitrary

3 e
E

which of the two possible"sensesWWe ghall gimeato the linking:

%
P EY s " o
%

. s 3 -
- o
» o ooty #

circles..

However, if we have & definite orientation of F-space before
T . . ot w e s S R R B
u¥s then we can oblige one of these 8rientationh to determine

the other uhiquely.'Wé cén do this, £or exaﬂpIez by ‘the convention

positive T -
that the,ore leg, say BQ" oh the 1ine and the positive’2-leg,

say PRS,in a normal plane shall give us when taken in the definite

order PQRS the peeitéve 5 leg Which defines the pvsitive orientation 7

;

of our 3- space.

5‘ PRS PRS-
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Lecture 3.

We shall lead up quickly to the very imporient

’ ’ incidence lemma. This ‘will tell us that if we orient the convex

ck gnd aslso orient the convexes of its boundary, then. the convexes
| P -

' of dimensionality k-2 and- less will, in a certailn sense, be

cancelled out.

k

‘ 4 Theorem., If CK-2 18 on the boumddry of C~ it is

on the boundaries of exactly two (k-I)-convexes belonging ‘to the

} ; boundary of Ck,

Procf. Let
h) g =0 ‘ﬁ>@

} y be an independent set of relations determining Gk Then the
. relations determining ck-2 gre of the form

. >0,
i 2 9i=0. 4P1; -0) 4Pat

Now, CK-2 13 on the boundary of asg many (k-1)-conyexes of the
| : boundary of c¥ as there are equations of the form ¢{:0.(cf.proof
’ of previous thedrem). Furthermore there are at least two such

k-2
equations since the dimensionality of C is lower by 2 than

the dimensionalfty of- CX. e have left to show thet there sre not

= Ta

more than two such equations. =~ , .+ |

3 -

Suppose there were three équations (‘and possibly others)
3) ¢j’,*°7 fﬁ}‘o %320 .
Then there would be a line&r relation ‘ogjcween these end the
equations defining ck. ot;herwise ck=2 would have to be of lower

ﬂu-K 2
dimensionality. Let this relation be )

IA )& 4"#0314%5* 33{%3“ ;EE?'}k 4&: . (

At a point of the ck-1 getermined by setting ﬂffé,mn place of%{
¢j‘39 in 1) we would have (ﬂﬁg}ﬁ’ andﬁ,}ﬁin the left wember of @
while in the right hand ewé member all the functions would Qe
xero. Fherefore, the coefficlents A,‘ and. Mwould be of opposite

3%5%5 ey could not both vanish, otherwise ﬁ, would be linearly

8 1 A S0 om0 8 e

]
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J .
dependent on the ?%J; contrary to lemma 4). By & similar

argument, 4), and ) 3 mould be of opposite sign, and Ay .end aa’

of opposite sign. We thus srrive at & tontradictiom, because the

first two conditioms imply that }ﬁ, and /\4 gre of the smme sign.

We shal¥ introduce the notation

- e

[cs, 03-1] P
= /M“:«)*N‘,

for the incidence number (whieh we have defined to be *1) of the

two convexes CJ and cI-1. Actually, we defined the incidence

number for the two oriented j- and (j-1)- flats, respettively,

associated with these convexes., Héwever, exsctly as in the
j-
case of the flat, the érientation of a convex 1is defined by chooding

a right-hend j-leg in the convex (for inner orientatio n) or

& right hand (n-j)-leg in the spacé, "nofmal™ to :the flat(for

For incidence, as we remarked, we shall

exterior orientation.

use the exterior orientation.

¢ Incidenicé lemma. et CK, Cyk-1, c k-1 , end ck-2

(the last three on the boundery of c¥, "and the last on all their

boundaries) be-glvén arbitrary exterior orientations. Then

Lcky Clg{ i]ﬁllf’l G‘k 2] + E} ’ k g[k =1 k.z = Q.
"

x

Proof. In the determining relations of ¢k, choos® ean

w

independent set of the equatlons

?kol = %uz = eee ® CPn =0

such that"their‘oraer determines the given-orientation of ok,
Then w§>may suppdse that the given orientgtions of Gik'l and C2k-1

kX

are deterfiined by the ordered setsféf equations

end respéctively.

3
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=

i Vaere (/, and ([,‘_ vanish on Cl'k'l and czlﬁ"l respectively,
(There is no loss in sssuming this ordering, since the linear
forms may be positive or negative:) Moreover, we may Suppose

that the~ gabseripts “l:and 2 have been so assigned that the order

| l/ (}z-lfkfl- =’¢ﬂ=5,

,’ 1 dete mines the given orientation of Ck 2. . Then we have
w g [bk, 0,1 s1gn §, [}lk-l’ k- é]
[;k, Cgk'll 'sign 1& [bgk 1, c k- %] = Signuaﬂ’

vhence our lemma follows at once. (The reader may refer back to

b

"

]
n
[y

1]
[o]
=

page 24). : ) .
We have proved the lemis in terms of outer orientations,

Pt ia true alsd in terms of inner orientations, since as we have

} 1 seen sn incidence number determined by outer orientations is the
ssme as the one determined by the cor¥responding inner orientations
(for sn arbitrary orientation of the contsining F').

We are in a position now to define certaln guite simple

and important invarisnts of L-figures. To esteblish their invarience

’ ; under L-equivalence will be rather tedlous. Wg.shall thereforse
want to breaX the notion of L-equivalence down into some- simple
operations, and we shall find that therd is one which is sufficient,

such that an invarisnt under -these operations 1s necessarily an

L-invariant.

-
-

’ 4 Connectiwity Theory.. Complex. . i

w | A complex is. e finite mumber of -eonvexes (we shall qlsb‘ea;I
them cells,on oeccasion) such that

1) no two of its convexes have a point in common,

29 if it contains & convex Gk- it «contaips .every gk 1’)

on,the boundary of the given CK,- g ? 4

. A complex is what we have been wont to dall a mosait
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vhich cohtains allféhe bonndarz gells essociated with its._cells.
In point-theoretic language, it is closeds The first rbstr}ciiog
is moré formael, however. Thus two ;ﬂtersec¢i§%§§§§ments do not
eonstitute a complex under our definition. But if wé introduge
their point of intersection as a vertex (O-convex) snd bréak each
of the segments into twe then the new figure, which is identieal i}'
with the 0ld a3 a pdint-set, does become 4 complex. ‘
There is one minor point which should be got out of the

way here. Some of the convexes of our complex may well be in%inrte:
_ eg.,rays. In this case our definition of L-equivalence is not
_’ ] strictly accurate since a ray may be lineariy equivalent to &
K 1 line which consists of infinitely many successive linear pieces,

and we wish to rule this out in our developmeht. We shall suppose

-

}j that when two figures are L-homeomorphic, there are a finite

) which covanr the

. number of linear patches (pessiil rerlapping

} , figures and are respectivel? linearly equivalent.

» | Definition of an elementary operation on a convex: n

Suppose we are given a convex CK and a hyperpleane -

» . assume 1is
w (1.e. (n-1)-flat) F*~1, which wermayxsmpp®se determined by some

| single rekation independent of the relations determininmg CX.
‘ T AR, o "‘
.- 7‘4"3?; {:’ . =

B
%
o

{ The set of points Uf;gv isPying this relatton may be wvacuous.

If it is nat vacuous, however, then it is a convex DK-1, of

J 1 dimensionality k=1, contained in c¥* anda deparating ck into two

I convexea: one consisting of all points at which ﬁﬁais positive,

- 4
the other of points at which i1t i1s negative’, Now it may happen

‘ . . k-l ] .. .
that the boundary convexes of D are already contaibhed emong the
boundary convexes present in cK. In this edse we shall permit




ourselves to introduce the ‘convex k-1

and to write the original

0K as the sum of three donvexes; nsmely, D?’lﬁi%self, and the two
distinct k-convexes into which c¥ is splif by it.. We shall

call this sn elementary operaticn. In the case of the square below,

the four vertices being present, adding a diagonal segment is an

elementary operation, but adding the dotted segment is not..

There-1s one trivial case not covered by -our définttfon,
the situation which arises when we wart to intggduce a vertex lnﬁoqs
a segment. Here we may take the conventiodn that fire boundary gﬁcf
a vertex is empty (which seemggplausible enguzp) end Wwe. can eall &V'
the introductiocn of a vertex into a,segmght an elementary opération.
We see now that it is possible to bEring in the dotled segment above
if we will first make the elementary divisions of the corresponding
edges and then introduce the d;sired segment.

Now thés is quite genersl. If the boundary convex,
say DE-2, of p¥-l gbove is not contained in the boundary convqxes-cg'z;
of CK then there is some ck-1 on. the boundary of CKX such that :
Ck’l contains D¥=2 as subset. If we can intréduce pk-2 by
an elementary operation (for all the convexes of this dimension,
in question) we c¢can then introduce Dk-l. The idea here is very
simple if we begin with convexes of dimension 1. These are cut by
Fn-1  if at all, in single points, which”wépay introduce at once.
If we now consider the 2-convexes, we shall find that these are cut
flong l-convexes whose boundary vertlces were already introduced.
So we may proceed Inductively. We see further that 1f we are

given any finite set of hyperplanes c¢utting ck into a number of




37

s

- E

flat pieces, then we can by a series of elementary ‘operations

obtain a subdivision of cK into convexes with this properfy: =

if one of our hyperplasnes has any point in common with_ d convex

of the subdivistmn, then it contains the convex.
What we have done is merely to reproduce the cutting up of Ck

given by the hyperplanes, by elementary operations only. Obviously
we can achieve the same result for an arbitrary eomplex by
performing these operations on 1its successive sonvexéé, in some
’ , order. It may be worth remarking that if we are given any figure
made up of a finite number of flat pieces, not necessarily convex,
we can by elementary operations convert it-into a complex.
THEOREM. If we are given two complexes K and L, and a
} ? homeomorphism 4° which is linear in patches, then we cen perform
a seriés of elementary operations on these figures and obtain two
i complexes K' and L!' such that the mapping T becomes a congruences
_} ; f.e. in the sense that each convex of K' i3 paired off by T -
with one of L' and the lneidence relations are preserved.
Now when we say that 7T is lingar in patches we 1mplg
that for each convex of K there exists a finite set of linear
this convex.
i’ j relations (hyoverplanes) such that any piece of X all of whose
Do pqtn@g pave the seme signature with respect to the hyperplanes,
is carried by 4 into a single flat plece of L. These hypﬁrplanes
determine a certain subdivision of the conve; in question into
convex subsets. We can reproduce this division by a series of
elementary operations on the convex. Suppose we do this for all

the convexes present in K; obtaining s new complex K¥. Suppose
that we have also performed a similar construction upon L with

respect to K, obtaining a new cofplex L¥. We shall now have this

result that each cenvex of K¥* will be;mapped by T upon a single




38
F' flat plece of L¥: this piece willbe a convex peint set but not
necessarily a eonvex of .L¥, A similar situation will obtain for

I# end its mapping by T upon K¥.
fn the accompanying figure we have indicated in bold lines

two complexes K and L, with T givén by putting the Tlat piece

l ; K

ABC on the flat pilece A'B!'CT (theé segment B'C' and the point C!
not being present ssconvexes of the complex L) and the flat
piece BCD on the flat plece B!C!'D!. Here the flat piece B'E'D!

is not carried into a flet plece .of K. The effect of our first

-} ? step, in this case, is to intpoduce the segment B'C!', and the

vertex C', obtaining the complex L¥. The complex K¥ is thé same

as the complex K. It is clear that these are not congruent, in

our sense, and we have yet to get in the linex dotted helow (and

their intersection point).

i’ ; Let us now take an arbitrary convex of K*. This is

earried byer linearly’; by 4%,; t6 L¥. Let us add to i1t all the

cells (convexes). of K* such that the resulting figure is SEELY

flat (in K*) snd—convex—{ams—e—point=set) and such that it is

- Mf,ﬁvx
carried linearlf‘evenFin%éwf<L*. Let us esall this cernrvex—S8t C.

Our set C 1s carried by - into a Qeaveﬁlpeﬁab—set H in L%,

which is the sum of s finite number of convexes of L¥. The

coprespond@nce imposes a certain subdivision upon H. We .can

reproduce this subdivision by a set of elementary operations.




E Let us repeat this construction for every convex present in K*,

-

" Then we shall have cut L¥ into a complex L', such‘theﬁ: each convex

of K¥ 13 carried by f into the sum of a finite number of convexes

-

of L'. Now if we consider mny cenvex of K¥ |, the set of convexes

of L' which are mapped into it will determine a certain subdiwision
of it, and if we achieve this division by elementary o}aeratign‘s, ﬂ
for every convex of K¥, we shall get ther.« desired complex K',

As we rgmarked before, this theorem .ensbles us to telk
in a very simple way whether a property of; ‘eur complexes im

lineariy-in-patches invariant.
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Lecture 4.

Wé come now to the connectivity theory of complexes.

Let K be an arbitrary complex. It eontains a certain
c©

finite number, 0(’, of sero-cells (vertices),

finite number, «*', of la-cells (segments), Gli, eand so forth

1, & certain

up to & certain finite number n such thet X contains n-cells
but not cells of higher dimensionality. We may suppose these

cells represented in a table:

cO4 , 121, 2, vo., X°,

cly . 121,2, «oop &,

chy , 1 21,2, voey, o«
It 1s not important, but we may as well remark that if K contalns
an n-cell it must also contain cells of all lower dimensionality
since it contains the boundary of the cell.

Now let us assign to each of the cells, above, a certain
definite orientation. There are many ways of doing this, of course,
but we shall see that for the theory we are about to develop they

will be equivalent.

We shall define a k-chain &s & linear form in the symbols

for the k-cells where the coefficients are arbitrary integers.

The restriction to integers is not importent and, in fact, we shall

want to sbandon it presently. It is simply easier, perhaps, to
think of the coefficients as integers. Thus a x<celD
o

ck = :Z: aicki » 84 integral ,
is not merely a gpometrizal figure but & cértain eet of cells
with a definite "multiplicity". We can think of it as a gemmetrical
figure where different parts are differently "weighted", and where

the “densities" may eancel out when we add two chains.
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We ean add two chains by thé simple convention of

adding their coefficients:
ck + Tk- = 2 (ai' * Ei)ek,a‘ .

L3
.

With this definition of sum, the chains give rise to a group$-

we shall call it the group of k-chglhs end dehote it by r’ k.

It is easy to see that each of these groups, for .different k, -
is a free group and the direct sum (usually called direct product,.
for genersl non-asbelian groups3 of o(k infinite cyclic groups.

An infinite cyclée group, of course, is any group simply isomorphit
‘ to the group of integers. The group r1k is not L-invariant, fer

| 5: we have only to subgivide our complex K to increase the number of

1 : 1ts generators, i.e. the number of its k-cells.

We shall now 1ntroduce a linear operator @ whiéh maps
one of these groups (homomorphicsally, in the group sense) upon

} the group of next- lower dimensionality. This operator @ will

l f correspond to the geometrie notion of an oriented boundary. We
recall that our cells have been oriented. Theérefore with each

pair of cells, 'CK; and Ck'lj there is associated, by our earlier

definitions, an incidence number

E;ki, Ck-lj]
vhich 1s %1 according as the two -cells are positively or negatively
incident. We shall make thé further convéntion that this number is

jj ] goro in case the cells are not incident at all.

] Since 3 1s, by assumption, lineer it is sufficlent to -
] ’ ; define it for each k-cell, CKj: h
Boky = Z E;ki, ck-lack-lj o
Then we shall have to have,
gok = Zaifi ck- 130“'1 )
By definition, a chain ck 1s closed if @ck 0.
It is clear, from the linearity of QS, that the closed ehalns of ‘K
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-

of dimensionelity k, form a subgkouwp of r‘k We denote this
group, the group of closed kpchains, by ré_kg.
We shall esll a chain C a bounding echain 1ip there exists
a chain D (necessarily of one higher dimensionality) sueh that
q§3 SLD = C.
The bounding)chains fo a subgroup which we danote by ra .

It is a conséquence, most ‘important for us, of our incidence lemma

that & bounding chain is closed, 1.e. its boundary vanishes,

To prove this we have merely to computethe'boundary”
of such a chain, that is to evaluate
@1]) = BGp) , for a chain D of our complex.
Let C¥ denote an arbitrary k-chain of our complex. Then

- @a ck = ) '2 aki Bki’ Gk°1apk'13 s Ck'gn:l Ck-2m ’
o

A
as we see by direct substittgl':iorg. But our incidence lemma tells

k-2

us that for each C° “, appearing on the boundary- of Ck, there are

exactly two ck-lj's ineident with it, and these incidences are of
opposit/e sign. Therefore every Ck"zm is cancelled, and the

expression on the right is zero. We e=n, in fact, express our
incidence lemma in this form:
Z Eki’ ck-laE‘k-lj, Ck-zx;} = 0
X K
We now form- the difference group R mod K’:& , whteh
we eall the k-th connectivity group (or k-th Betti group). We shell

show, later, that this is an inveriant of our complex.

-

We shall first introduce anotlier invariant group
associated with ouy complex. We shall get it by defining a dlfferent ‘
linear opersator 6 which will map the group of k-chains on the i
group of k#l-chains. Although this operator is simpler than our (3
in some important respécts, it does not have a simple geometric i
signficance. It is tied up with the fact that a ehaln may be regarded :

as a subset of our space, with parts differentéaweighted, or as
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8 funetion defined over thé entire space, giving certsin values

to the fifferent pieces of this space. To emphasise this

difference we shell want to use a new set of symbols which we shall

ebtain by putting bars over the o0ld ones. Thus s dual k-chain

ZJiC:L s

where Eki is a new symbol associated with the old k-cell Cki.

will be s

This wil];not seem 80 conf‘using, after & while., We now define the
linear operator gbv defining it for k-cells (k = 0, 1, ..., n-1),

§o*y = Zsfékdj'cacklz :
Now STk = [Uk-ol -ck‘l-ckd

We shall say thagt Gk 1s exact, if €k =z 0. This £
suggested by multiple integrals, the k-chains playing the role
of domains of integration and dual-k-chains ke role of integrends.
It 1s clear, from the linearity of c{, thet the exsct ehains form
a subg roup F'kE of the group of dual k-chains T’"k.

We skall sey that a dual chein C is derived if fhHéreexists
8 dual chaln D (necessarily of one lower dimensionality) sucle thmt

§5 = 7 .

We see that the derivédﬂchains also form a group, —f‘kD « In

eonsequence of our iIncidence lemma, the group of gerivsd k-Chains

is s subgroup of the group of exaétsk-chains. To show this we
have mezlely to com;ute 3*0k-2 for an arbltrary (k-2)-chsin of
our commplex. This amounts o imterchanging the roles of k and k-2
in our computation, shove, of the operator @3’3

Now we can form the difference group —ﬁkE mod. Tf"ka,
i.e. we regard two exact chains as equivalent if their difference
is a derived chain and all derived chaing as equivalent to zero,
This group:is also a topologie invariant, which we cull the
k-th dual ’con:ne.ctivity group. It is different, in general, from




;the k-th connectivity group, although regated to it in a very
definite way. To exhibit this relationship we shall have to
gbandon our integral coefficients and, in fact, to Gise different
types of coefficients for ordinary chains from those which we use
for dual chains. The two kijds of coefficients will want to- be
related to each other in that each of them will ‘be the character
group- of the other. Then, very genersally, our connectivity: groups
will also be character groups one of the other. For the moment,
however, we shall not define this concept of =a character group and
shell confine ourselves to integers as before.

Now let

= Ji aq0K, be an ordinary k-chain
and T = 28 b, G5y be a dual k-chain.

Then, by the integral of CX  over Ck; wé shall mean the number

(ck, g¥) = Z ajby .
L Y

STOKES! theorem for complexes.

Let C be an arbitrary k-cheain, =md C an arbitrary dusl

(k-1)-chain. Then:
(G,)"E) - (BC’ E) .
We can verify this &t once by dirett computation.

Ek-l 25 bjUk"l

n -
S ook = eyl
§ox-1 Z v,fer,, vl Joky

6Ck fz: 8 cki ck- 13]01:&1

finally - :
a " S‘-c) ZaibjEki , cl‘t"qJ = (pc, [+})] .
pr

since the barred and unbarred incidence relations are, by definitiogy

C
c
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the same.
Now if we read the relation which we have just

established =, it tells us that the integral of a detrived

funetion (using this word for dual chgin) over a domain. (for

ordinary chain) 1s equal to the integral of the function .over

the bewndary of the domaln. We shall call this Stokes! theorem

for a cemplex. The resemblance is not accidental and it is

possible to derivé Stokes' théorem from the corresponding theorem

for complexes by a passafe to a limit.

e




Lecture Five. :

We shall have to make g digression on groups before
we can proceed with our development of eoniectivity thegry. We
teke the opvortunity to interpolate here a correction to our
definition of a complex, which is required if we want to perform
elementary operations on them so that they remsain comglexes‘(as
formally defined). Thus & plane triasngle with its interior is
a complex on our old definition. Its boundary is the sum of the
three edges. We got this boundary by changing (in succession)
xwe one of the inequalities defining the interior ~- i.e. the

2-cell -- to an equality. Suppose now we introduce mm a vertex

into one of the edges ~-- this was the simplest elementary operation.
The 2-cell is not altered, its defining reletions are the same,
therefore its boun&ary. But now we mEamkxthmxhbenmdzryxks dont get

-~
the new boundary, but the old one; since one of the edges is broken

up, what we should like to call a new bemplex seems, formelly,
not to contain the boundary of éne =ik of 1ts cells.

We can get around this quite simply as follows. Glven
a convex, we shall say that a peint is a boundary point, or

a point-boundary if it satisfies the relations defining the

convex where bne of%thesq relations at least has been changed

from en ineguality to an egualitye. Thus the point which we stuck
in sbove beccmes @ point-boundary. Further any cell of polnts

each of which is a Emkmx boundar& point of our given cell (convex)
will be celled s boundary cell. Now we shell take as our new
definition of a complex this that it is the sum of a finite

number of cells, no two of them having a point in common, and such

G
that if any cell ,ls present every point of the boundary of C

belongs to some boundery cell C' which 1is also present 1n the complex.i:



With hhis correction out of the way we shall proceed to a
discussion of abelian groups.
We shall confine our sttention, for the present, to
ecountable abelian groups. We shsll say that a set of elements
By, 8y , seey By 5 eveo (possibly infinite)
is a set of generators of -an abelian group A -1f every element g of A
ean be expressed as a finite linear form ih these elements:
a = Zniai ’ Z finite,
It is convenient to make the convention that we regard this form ~

as an infinite form in whieh almost 211 (that is with a finite

number of exceptions) the coeBficlients are zero. Every group
has at least one set of generators, nsmely the set of all elements
of the group. In general it will have much less inclusive system;,
of generators.We sﬂhll sanetimes épeak of such g»get as a<§g§1§
for the group without implying that it has any specisal properties
of line%? independence, etec.
| We shell not go into the theory of the sort of relations
which must exist between two arbitrary distinct sets of generators.
We shall.indicate, however, a few elementary transformations which
lead from éne basis to anotherg
1) the permutation of two generators: 1if we interghange
ai and aj in our- sequence sbove, it is clear
that every element a is still a finite linear
form in this new set.
11) replacing an element ay by its negative ("inverse") -g;.
111) replacing ay by a; + ayy J X1,
In each case, sbove, all the other elements remain unsltered. From
these three operations (trensformations) we caen derive the following:
iv) replacing .ay by the element a; + kaj, where k is
any integer and, as before, 1 } j~. -

To get the fourth operation from the others in case k is
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: positive, we mérely repeat the third operation k times., In ease,

k]

=

k is negative, we first change aj~to -85 (by 11), perform ;1i% kxx.

-k times (i.e. k times, numericslly), and then .change —aﬂabapk to ay.
By our convention that we are to think of tie coeBficients

in - e o= Zomyey . - B
as always present (almost all zero), we regard this form as a . .

fundamental form defining the general element of the group. Let us

see how the Goefficients of this form change aa we perform the
operations above (we shall verify et the same time that we do get .a
new basis in all these cases).

1) the coefficients n; and nj are permuted.

e

ii) n4 is repleced by -ng
111) the coefficient ndhis replaced by ngy -'nil‘all others
ireluding n; are unchanged.,
(thus: ngay + njeg =nj(a’y -~ ?'j) + njga'y = nig'; + (nj.g ni)&fj R
in the new variables.) o ’
< iv) n4 1s unchanged, nj is replaced by ny - ¥nj.
We may summarize .all these changes bg'the remark that the

coefPicients transform centragrediently to the elements.

Theorem. By means of elementery transformations wé cen -

bring the fundemental form down te naj, where :w is the highest -
common factor of the coeffie¢ients h,, ngin.a., (mostly zero). ;
It is obviously not possiblé 8 o general group to
£ind a basis consisting of one generator such that ewery ‘element’
of the group is an infegral multiple’n of that generator end the

theorem 1s to be understood, of course, in the sense that if ‘we

take any fixed element a of the group we' cen perform elementrry
transformations on the generdtors so that this element becomes

the multiple n of the first generator.

If the element & 1s expressed as a form with at most

x
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one non-vanishing coefficient, the theorem is proved for it.

Let us define by the complexity of a form, the sum of the absolute

values of its coeffieients. If a form has two non-vanishing

coefficients, at lesast, say ny and njy then either ny ~ ng or

ng + n; has a smaller absolute value than ng. Now we can replace
ny by the numerically smaller of these by making the chsenge "in xkkix
iv) taking k as +1 or -1. The complexity of our form hes now been |
reduced, it is clear that the highest common factor of the coefficientd
1s invariant. Since this factor represents s lower bound to the

complexity we must efter a finite number of steps reduce our form

to nta'y (in new generators), aend by applying i) we get it as n'ta¥®;,
It is clear that n' 1s % n, and we can make it positive by using ii).
As a simple corollary we have the simple theorem:
Corollary: if nj, ng, ..., ny, denote integers whose highest
common factor is n, there exist integral multipliers 8]s 8Bogece,8y
such that
-

a;ny 4 ecoeo ¢ aph) = n .

-

We regard the a's as indeterminates, and by the
theorem gbove convert this form to the form naf. Thls is echieved
by a change of basis, each aj being a finite linear integral
form in the new variables a¥;. The eguation

ajn] + -+ ¢+ gpny = na¥y
becomes en identity in the new variasbles a¥*. If we now set a¥1 =1,
and a%y = 0, i * 1, we may compute the malues of the aj.

Definttion. A set of genergators is said to be free if: there
exlsts no non-trivial relation between them: i.e. the only linear
form in these elements which can represent the zero element is the
one sll of whose coefficients are sero.

A group is said to he a free group 1f it possesses

at least one free basis, i.e. one set of free generstors. In this
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case the set of all elements of the group in-particular, and
&1s0: Gther.bhsew; ~wiltilinat be free.

In general, for a group A, there will exist a whole
set of relations ‘for a given basiss
41‘: Zkijaj = 0 ,1=21, 2, ¢ee,
ki j integral, Z finite. |
This means that there will exist forms ‘which do not wanish I
\ identieally, but do represent the zero-element of the group. Thus
/ for g finite cyclie group of order p, say, with ‘generator a we have
pa = O. This is a "typical" relation. We shall sgy that a set
of relations is s fundsmental set (of relations) provided every
relation smong the elements of bhhe group is expressible as a
finite linear form in them. That is, 1f & is any relation and

the ?1 above are a fundsmental set, then

({): 2 miQ,; for some finite set of

integers my.
-

—

8]y 82y eeey 8p, see, there always exists a countable fundamental

Theore: g‘riven a group A (countable) with generators

set of f'el‘atioz;is... N

Let us glassify all~rélations on these generators

according to their last non-vanishing coefficient. Within euch

class (there are at most a countable number of classes) let us

pick one such that tHe numerical vslue of this "last non-vanishing”

coefficient is a minimmm. We may suppose it positive, since
therefore

zero is its own inverse and,the negative of a relation is also a

relation., Let us eall these particular relations, one from each

non-vacvous class, (? ’ (Pz, e e ey (P\ﬁ, s arragnged in order

of "lateness” -« the last non-zero term in ¢n preceding that

in Qm if n Lm. ”

It is easy to see that these ?1 form a fundamental

-
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set. To show this we considet two arbltrary felations yand (?‘
with trecs=me last non-zero _coefficient,” By our previous cprollary ’

we ean form a linéar combination of them (which is also a rélationf

wef

whose last nen-zero term has as coefficient the highest comfnon
factor of the corresponding coefficients. Then it follows from.

our choice of the 41 that if a relation- @ has the sSeme- last-term

- #
=

ay,With a coefficient ny,as gi then the ceefficient a'k of ak in

must divide ny. Therefore by subtracting frem & a proper integral iy
maltiple h of Qi we get a new relation (? Q .\@ whose :

last non-gero term precedes ay. Now to every ‘such a (?1, as

we require, exists by construction. 1In a finite number of steps,

ok

then, we can find an expression for Q in terms of our ?1.
The connection between the generators and the fundzmental

-

aet of relstions can be exhibited conveniently in the form of .a

a2

matrix:
. 1 &1 8.2 a"5 20 e 00 a~n teeveance
él\f x 0 0 0 0 0
- - x 0 0] 0

{f'-«- T

In this matrix the x's denote non~zero coefficients. To theé right
of them stqu geros, always. I.e., the x's are the last nonfkero
coefficients. Le&ft of themrthe hyphensﬁ denote coefficients mhieh
may or may not be zero. There are only a finite number, of course,
in any relation: each row representing the coefficients of such
a relation, each column a generater.

The problem of when two groups are isomorphlc can be
converted into the problem of when two matrices of this sort
are equivalent under 4 3ef of matrix operations whose natﬁre we

indicated earlier in the lecture. For infinite matrices they do
not exhaust the trangforinations which must be admitted. We call

T e,
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these matrices finite by rows sihee in each row;%here are only i

‘finite number of non-zero coordinates. We shall have ecdcasion,

lster, to consider matriees that aYe finite by columnns, and

cor~respond to infinise tepologic groups. We shal?p:afe now the
very important

. B A
Theorem. Every subgroup,of a free gronp,is a frese group.

The proof has already been given, in essentials.
We let a1, a5, ..., denote a free basis of the gdven*greuq: }
definition there -are no relations -en these generators. But we can
ecertainly treat 'the elements of B, the forms, as we did the relatiocns

and obtain a fundamentsl set of elemenhts of B. This is precisely

the aggument we gave before, if we chovse to Tegard the group B
as the new zero, i.e. to consider A mod B. Now we esn reinterpret
the elements of this fundamentsl set as elements pf the subgroup

B. And we see at once that they eonstitute a set of fiée generators

- of the group B. First, they are a set of generators by the

eonstruction which made them a fundaméntal set. Secondly, there
cant be any relation on them because no two of them have the sanpe
length": thus eny finite sum of these fundsmental elements of B
will become a non-vanishing form in the a's, therefore it esnnot be
8 relation becsuse the a's are. free by hypdthesis.

- In group theory the question is not whéther two groups

are the same group, but whether .they are isemorphic, and although.

isomorphism defines semeness, in a sense, it will aveid eonfusianm: .

if we write -

A O B

with s circle gsround the equality sign to indicate this kind of
sameness. We may read it A is of the type of B. They may be
given to us as very different looking groups.

We shall say that a group A is of the type of a direct

Ss———
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sum of eesrtain other groups, Ay, Agy, .., possibly infinitely
meny, and shall write 1t

A ® 4 © K O -
provided there is a (1-1) correspondgnce between the elements of A
and the composite symbols : B }

# v
(8, 8 , **%5 8p, °°°° )

where each a; is an element of the group A4, almost gll of them
however denoting the gero of the corresponding group, aI%?f%%g:‘to
the element a + a' of the group A th;re corresponds the symbol

(ag+ay' , ag+ay’, *-°, an+an', eeee ) e
0f course, apts,' denotes en element Of Ap.

Given a group A and s subgroup B we shall define the

residue group of A with respect to B, writing {t A mod. B , as the
group of the cosets, Thus each el;menﬁgof A determines & unilgue

set of elements of A which we may represent by . (a + b¥), p*

en arbitrary element of B, such that the difference of any two

of the elements of this set is an element of B. This set 1s called
the B-coset of the element a. It is clear that if we take any
other element a! of this coset, a' - & = b' for some cholce of b!
in B. Therefore a = a! - b!, and a 18 in the B-coset of a'. The
.coset is independent of the element we use to define it. Now

we can add two cosets by sdding any two representative elements
out of these cosets, and determining the coset which contgins thelir

sum. This addition is independent, as ene verifies easily, of the

choice of representatives. Further it is a group-addition, the

coset defined by an element of B, that is to say the entire group

B, playing the role of the xero or identity element.

W b
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fheorem Tet B be a subgroup of A, end suppose that A mod B

is g free group. Then

A ©B @ Amod.B .
Proof. Let us choose someﬁgggg‘"basia for A mod. B

(8 +40%) , (agsd¥®), *---, (aptb¥*), «.. .
In each of these cosets let us pick an arbitrary element, say ap

from the %oset (apsb¥). Then the set-of elements: a3, 82, «+..,
ree
generate 'a, subgroup of A which is isomorphic to A mod.B. The

jsomorphism is given by the correspondence, and our definition

of the coset-group, A mod. B. From the fact that the coset group
is free it follows that no linear form in the elements &4 which
we have selected can be equal to any element of B, uhless.if 1n

the trivial form with coefficients zero. For otherwlse the same

form in the corresponding cosets would equal the B-coset, which is
impossible. Therefore the zero-élement of A Has the unique

expre;sion as the zero~form in the ay 's and the zero of the group B.éi_:
Now every element of A 1s obviously expressible in terms of the

generators a; plus some element of B, Our theorem is estatlighed.

c@fm 1s quite important asirdereainsoDivsineuiteti

epn to _tRmbene , observef that even for very simple
groups A the theoremafilg if B is arbitrary, i.e. if A mod B is
eyclicr(A

not free., For exsmple, consider theggroupyof order four with
a single generabor which we may denote by a: 1t contains the four
elements, (a), (22) , (32 ) and (4a) = (0). Let B be

the group generated by (2a). This has the two elements (2a), (O)a

doea mo¥ |
A mod. B is not free and the group A ce=mwet have B ad a "direct

summand".

Theorem Any abelian group A cen always be expressed as the
residne group of & free group C by a free group B, i.e. there 7

-~

> - -~
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To prove this let us construct an arbitrary basis of
the group A: By, 8o, ceey ons (at least one exists) and

let us construect a fundemental set of relations for this basis.

We have shown that such a set exists, in a previoug theorem. Denote

the forms in this fundemental set by Fj, Fo, ee.e Let C be
a group which 18 oft the type 6f a direct sum of the infinite cyclic

groups with generators gy, a5, ... . That 1is to say, ignore

the relations upon the generators. The group C defined in this
way is a free group. Now each F, represents an element, i.e. a

form, of this group C. Therefore the group generated by the

elements Fp 1s also a free group which we may denote by B.
g Then it is clear that

| A O € mod.B

eand the theorem is proved.

Group Invarlents. Our concept of group is defined -to

within ean isomorphism, isomorphic groups are equivalent. A group
\ invarfant will he eny *function" (a number, a subgroup, etc.)
\ which is defined for a group asnd has the same valune for isomorphic

groups. Let us consider some very simple invarients. An element

a of a group A is said to be divisible by an integer n if there
exists an element 3 of the group such that & = nb. The set of

all elements divisible by n form a subgroup of A, which we may denpte:g:
by nA. This is en invariant, for if AG B then nA @ nB. This ‘
is guite obvious, for if & and b are paired under the isomorphism
of the original groups, and if g 1s of the form ne then b ia of the
form nec! for that element cmh is paired with e.

Even the very simple invariant defined above can he of
great assistance in distinguishing between two groups. Thus, let
‘?n denote the free group on n generators, and ?mthe free group
on m generstors. Let us consider @n mod(#n) ,‘ and pm mod(2@m).

In both groups each element is of order two. This means that if
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we consider the forms in the generators of (?n, for example, we may

reducd all coefficients modulo 2. The group (fn mod (2 @n) has

2n distinct elements! Since 22 and 2™ are fequrl when and only
m and n are squal we see that ?n -and ?m éannot be isomorphic unless
m = ne implrieitly, we have used snother group invarient -- the

number of elgﬁén,ts in the group. Of course we could not have
applied this directly, as a criterion, to Qn and ?m since both

are infinite.
We turn now te the clasiifieation of all sbelian groups
which have a finite basis .. 1i.e. a finite set of generators.

We shall prove a preliminary

Theorem. A necessary and sufficient condition that an@belian)
A
group(with a finite basis be free is that it contain no element of
finite order (the xzero-element, of course, excepted).

Conn
To prove this we shall show tiaet—4f we,pick sn—erbiirary

ﬂM-‘A _m ]
a basis &yy—8py—ve, B FOr the group A ,there will exist no relations|

-

-~

%f@ G;, Az~ - - 2 4 L\.%MW«:M:

on thede except trivil}. ones, A:Suppose that

Z, nq8y =0 is a relation, and let n be
the highest common factor of the coefficients nj. Then we can write
this as: na = O where & = Zn'iai and.
ng = n's+n. Therefore the element a must be the iden'g.izvtx‘ since it
1s of finite order n. But now the h.c.f. of the coefficients nfy

is 1. \This -meppns—that—w 5 xpress at least one \Of the aj as

S

a linear;

~regdundant; 1.e. if we discard it the remaining generators still define,
R ——

o

a basis for the group. It is obvicus that in a finite number of

steps, when we have eliminated all the redundant’ generators we shall

have no relations left.

Theorem: If a group A hes a finite basis, then every subgPéhp

B has a finite bashts.

Proof. Consider the group C @ A mod. B. Here the elements
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of B play the role of relations. Therefore wa& ean pick a
fundamental set of these relations, by an earlier the&orem.

In this fundamental set, no two "relations" have the seme last

term, i.e. each one containﬁkone genarator with non-zero coefficlent,
which does not appear in { (eny) of the others. Therefore the number

of these is finite, and at most the number of generators in a basis

for A. These "relations" give us a set of generators for B.

We turh #Ow to thet clgs= " g3 —QQ\Pf >,A,groups With a
N g
finite basis,” Wexahall~”gelieve {Mis by the

& \

associated with jg/‘;- oup? ‘Let A be’the grouPf Bre 4 ap

|

@ge of the/matrix f |
i
|

a s of geneyftors, and 4&, s St (k<€n) “a set oMEUndamental
relationg/A

Theorem: 1f A 1s @ group with a finite basis, then

v @ fm)efmle - o fu)

where each [:o( ) is a free cycliec groug)rith a single generstor, or
a finite cyclic group of order ﬁg , P & prime.
We shalqgive at leasst two proofs of this, of which the

second will bring out the details of the argument in the form of
elementary operations on a matrix. .

Let a1, +.., 8y be a basis for A. In the group of
relations on these generators, let us pick any one whose highest
common factor is a minimm. Sy this is Y kjey = O, end that kn
is the h.c.f. Then by our first theorem, we can make a chapge
of basis on the a3 and get a new basis a'ly, ooy a'y in which this ;
relation has the forms ' - '~ knpa'p = 0. It 1s clear, by the

choice of k,, that 1f there gre any other r-laticns on the a'y
which involve a'y with a non-zero coefficient k'p, the number k'p
must be divisible by kn. Therefore we can eliminate a'p from all

other
pjrela ions on the generstors a'jy, «.., 8'n. If there is any relation
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1eft on the first n-1 gernerators, we pick one whose h.g.f. 18 2
minimum, say ¥kp.1. By a change of basis on the first n-1

generators we reduce this to a form kn-18"n-1 = O. We can
continue this, at most a finite number of times, until we get a
final basis: 8%y, a¥g, ..., a¥p (e¥n = a'pn, 8%,_3 = a"n_1»
etc.) such thaéthere are no relations whatever involving the
first j of these generators, and such that there are n = j
relations of the form ksa¥y =0 , J+1 &1 % n.

We have already proved a part of the theorem. We have

shown that A@[a*] Q- @[ 3] ® [ 3,,1? + E*::}

where the first j groups are free cyeclic groups, and the last
cyclic
n-j are finite,groups. To complete the theorem we have to show
eyclie
that each of these finitehgrbups *ig of the type of a direct sum

of cyclic groups of prime-power order.
Let B denote any cyq;icagfoup-of*erder k, k not
a power of a prime. Then k = ‘8t where s end t are relatively

prime integers. It is clear that If a denotes the generator of B,
sa 1s of finite order t and ta is of order s. We shall shmow that

86 [+ o [d
There exist integers, ?\and M, such thet MNs + St = 1.
Therefore a = XN(ss) * M(ta). Further, there cannot exist
any non-trivial relation on the elements sa &nd ta. For, if
integers q and r exist such that

a(sg) + r(ta) =0,

1t must be true that gs + rt is divisible by k, the order of a.
Therefore gs must be divisible by t and rt must be divisible by s.

This implies that-g is divisible by t and that r is divisible by

s. But then qsa = O = rta , and the relation is trivial.
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We have decomposed the group B into a direct sum of cyclic groups
of lower order. It 1s obvio&s that we gan continue this bresking

down as long as any groups remain fRot of prime power order. Then
our theorem is proved.

Thereiis one final remark. If we start with an arbitrary
basis, the numbers ki need not be different from l. This means,
merely, that the corresponding generators are redundant, and may

be discarded. Further, w%may observe that from the manner in which

the ki 's were derived, each ki divided the foilowing one; 1.e.

j

kn-l dj.VidPs Ny *°*» kj-;l» diVideS kj’éo
M
Theorem:” The decomposition- in the théoren above. is
unique (te—w%thfn—ord€r~of“the—generators).
q o
_,,,///’// We shell prove this by giving the invariantive

significance of the theorem. Let B be the subgroup of A whose

elgmeqts are of finite order. This is certainly an invariant.

A mod B is a group all of whose elements are of infinite order.

For, if eny element of A mod B were of finite order, say k, then

k times the corresponéipg coset wompld be the coset B. That would
mean that for any element in thjs coset, the kth multiple of 1t
would be an element of B and therefore. of finite order. But then
the element in question must itself be of finite order, and belong
to B. The only element in A mod B of finite order is the element

B, that is the zero. The cosets (a; + B), not necessarily distinct,

cettainly give a basis for A mod. B so that this group has a finite
AT ————

¢ basis. Therefore it is a free group. Therefore A (3 B @& Amgd,B.

~ g

— J——

It is clear froﬁpur theorem that
/ , 'b
A mod. B © fa*l] & 6 a*ﬂ . @gf

We have seen, before, that this number j is invariant.p It is clear,

also, that BO® fa(ml] S -— 8. Eq&
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where each of these is cyclic and of prime power order. We have

to prove the invariance of this decomposition. Consider now, for

an arbitrasry prime p, the invariant subgroup PB, a%% with it the
inveriant residue group, B mod. pB. Every elementﬁof the group B

whose order is a power of a prime q different from p is of the

form pb for some element b, For, if g¥b' = 0, find A andgL such
independent

that )qK + yb = 1. Then b! = p(sb?). The number of, generators

in B mod. pB 1s precisely the number of groups in the decomposition
of B whose orders are powers of the prime p. Therefore this number
1s invarient for every prime. We may remark that the effect of
reducing B mod pB is simoly to reduce all coefficients modulo p,
from which what we have said above, follows By inspection.

/,ﬂ,,," Now the number of groups whise order 1S a power of the

seme nri e inclndes the numbers whose orders are the prime, the
srnare of the orime, etc. Then we must finally sort these out.

Let vs suppose now that the group B is given as a direct sum

of & finite number of cyclic groups [Bil each of order p3i, 1 - 1,...,

n.The group »B consists of all elements of the form p(Z:nibi).

The generators of B mod.pB may be taken as the cosets (bj # DB).
It is clear that they are independent, eesch of order p (mod. pB),
and that there are n of them. The number of elements in the group
B mod. pB is pR. Let us now consider the invariant subgroup

p2B. The elements of this ere of the form p2(2:nib1). If we form
B mod p?B we shall, in general, get a larger group than B mod pB.
Tt will have the same number of generators, but some of them
wil? now be of order p‘2 and not of order p. The numbe,xio::%‘ ﬂ::'h:e
genera*ors (by 4 p2B) which are of order p isﬁﬁh:a?ame as the

b ] -
number of cenerators by of order p. The number of those of order

p2 is the sare as the number of generators of order p2 or gre-ter.

N
oo ol (i Lo s

a e
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It is clear, by insﬁ;ction, that the group B mod. p<B contains

p(nl +2ng) = p(n + no) elements. Therefore this number is an
invariasnt of the;gfoup. Aegording;y*ng end ny are both Inveriant.
The first, we have .rmmarked, is the number of generators of ord%yﬁ,
the second of order p2 or more. By considering B mod p%B, ete..
we find that the number n; of generators, in a g;veh*décompo;iﬁién,

of order pK is an invariant.

This concludes our first proof of the decomposition
theorem for mbelisn groups with a finite basis, and gives-a

complete ciassification of them.
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Lecture Six.

We shall repeat our discussion of groups with a finite

AL
basis from a somewhat diffrerent point of view.

et us consider a free group Q Let aj, e¢+, ap and
by, eses Pn » be twe -free sets of generators. We know that the

number of free generators must be the same, by our consideration

of Qmod 2&. This is true, also, for free groups with an infinite

set of generators: in that case the cardinal number of two distinct
sets m;:tst be the same.
Now, since the a4y &are, by assumption, a basis for Q,
there must exist equations of the form:
1) by =%kijaj , 1 el, 2, cee, D s

For o similar reason there must exist equations:

2) a2, :§w5 , -1, 2 ’ng:i?

The kij and mgg are integers., 1f we replace the aj 'smeir‘

velues in -terms of the bj's,, we shall have

by = %kijm‘jsbs , iw®1,2, ... 0
Because the by 's asre a f e basis there can be none but identical.
relations on them. This implies that the product of the two matrices
(kqy) and (mpg) is the idemtity matrig.of order n. Therefore the
product of the two determinants lkii\ andlmrslis 1, end eachot them

is %1 , since both afe integral. We see, also, by replacing thm-

bg 's in 2) by ‘their velue in 1), that the product of the matriues

in opposite order: (mpg) (kg 4) 1is also i'.fe 1dentity. If we call these H
matrices M and K we have this: the matrices of trensformation

from one base to another satisfy'
MK =1I =ZK'M.

Here I is the identity matriz of corresponding order.

T T e VSN
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Now if the g4'sform a basis, and if -the determinaﬁ@ﬁ%ﬁ

1) 1s equal to * 1, then the b; 's also form a basis. For if wp
%

regard the ai's as tndeterminates and the b 's as constants and

e

solve for the a 's by Cramer's rule we shall get for them
expressions enalsasgous to 2) where each coefficient mpg is equsl

to the quotient of two integral determinants. Thqhumerator is
obtained from the determinant K by replacing one of the coelumns by
a column of 1lt's, and the denominater is the determinant K. Therefore |}
the numbers mpg will be integers, end each g, will be a linear
integrel form in the b 's. This implies that the b 's form a basis.
For, if we can express everything infthe a 's and the a 's in the
b 's, we can express every element of the group directly thgbugh
the b 's. Similarly if the b 's are a basis, and the determinant
M is #1, then the @ 's are = b=sls.

For infintte ghoups, the -matter:is &, 11f}lé-complicated
by the-fatt-bthat we cannot.’ spegk ¢f -thervalue Of therdeterminant
of a matrix A of a transformation analsgous to 1). In this case

we have to say that 1f the a fs (which we now suppose infinite
in number) form a basis, then the b 's also form a besis provided

there exists a transformation like 2) expressing the & s in termg
of the b 's such that

A-B = I = B.A .
The matrix I is the identity matrix with infinitely many rows end
columns, and the matrix multiplication is exactly the same as for
finite matrices. There is no question of convergence here, because
both matrices are finite by rows so that in the product of the
elements 6f-m. row'of one by & column of the other only a finite -
number of terms can be. different from zero.

Whet 1s most interesting here is the fact that one part
of this identity is not sufficient. That is, 1f(§f;;§=r it may

: _ “ B.f\ =1
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‘ ; none the less happen (ir contrast to the finite casé) -that AB:’T !

Rik—=E"%. Consider the following exsamples

O o o 0.1,0 0 ‘ |
[ b o -- - O/O)‘,’QO’I
0 [ 0 o-- o 0.0 L0
z§: O O 4§ o- -- E3~' (@{ ga Q ©, 1,0
a9 o o Jpobl- 7
e — 049
R _
‘ ‘ %) K .
| 0 06 0o- @‘? .
o | 000- 6§ I~
AB'*‘ O 0 .1, 00- BAz| . - IR
o O 0 |0~ i : 1
1 oo oL - |
: /0 ‘

i | To interpret this phenomenon in the case of our groups,

| we may Suppose that each colum in B is headed by a mark represent-
ing a generator: the n-th column By the free generator yg, Further
Jl that esch row in B is prefixed with a mark representing sn element

of the group: the nth tow by xn. The rows themselves give the

| expression of the x 's in t@rms of the y 's. If the y 's form a
‘; basis by assumption, we may ask whether the x !s dé. (It is clear
}J that they do not, since we cennot express the element y] in terms
L of them). Nevertheless there does exlst a transformation of the

l' sort pictured in A (where now the y 's stand to the left, end the
x 's above) in which emch y 1s g;ven_as a form in the x 's such

J that BsA = I. Our condition here 1is this: if a set of marks

lr y3 form a basis for a group, and if a set of elements xj is

| given as forms inthe y's with a matrix B, then a necessary and
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sufficient condition that the x; 's form s basis is that there
exist a matrix A finlte by -rows such that AeB = I = B.A .

In the example above, the x 's are not a basis and the desired

matrix does not exist.
The considerations above are closely dilied to the

definition of an infinite set aceording to which it may be mapped
(1-1) upon a proper subset of itself. Thus we may think of A
as a linear mapping of the group A upon & subgroup of itself,
each form in the y 's being mepped upon e form in the x' s.
The mapping B 1s now the ldentity on this subgroup. That 1s, in
this example, we regard xy,; &s another name for yj,; . We shall
dismiss these groups for the present, and return to the consideration
of .groups with a finite basis.

pet A be s grouﬁpith a finite basis a;, ag, +.., &,
and let yl, ceey Qﬁ represent a fundamental set of relations
on them., We construct the matrix 'whose-columns correspond to the

generatGrs a;, and éhosa rows to the relationa.@iz each row
will give the coefficients in the form %;:

(pi LTS Kin
?2 k21 k22 e s o0

3 8.1 8.2 e o e . ‘n

4&& \km Knn

LLet us reduce this mstrix to normsl form. In the normel form which

we 3hall choose it will be convenként to have all the terms zero
except those along the sinister diagonal (upper right-lower left).
Leter we shall have g number of matrices to reduce simultaneously,

and it will be a ' little easier to follow" the argument with this

prescrintion of a normal form.
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The operations which we shall wuse on the rows and
columns of the matrix correspond exactly to the changes of basis,
of the type indicated in an earlier lectiare, both on the generators
a4y and on the relgtions ‘21' There are many ways of achieving this
'normal form and we shall want to verify later that it is independent

of our procedure. It will save words to meke it clear now that when

we spesk of the numbers in the matrix we mean the non-gzero coordinates.|

its
If all eoordinates are zero, the matrix is inpnormal form. Since

we are entitled to permute rows and columns we shall bring into the

upper right hand corner the smagllest number (in absolute value, to

be understood always -- we can make 1t positive by ehanging the

sign of a generator, or of a relation) appearing in the matrix.

Now if there is any number in its row or column not divisible by it,
: we can subtract a suitable multiple of it from that number and

obtain a smaller one than either. We can bring this one into the
uoper right hand corher. We can obviously continue until the

ntumber which we have brought into this cardinal position divides
all the numbers in its row and column. At this point we shall

subtract multiples of it from them, so that theﬂall become gero.
We shall now have a matrix in which all numbers in the first row

right

and 1ast column are zero, except the one in tthcorner. However,
iqthe process, we may have introduced still smaller numbers into
the body of the matrix. In this case we shall take the smeallest
one, put it intofthe corner and begin all over again. Je may suppose,
now, thet we have a matrix in which the right-corner number Ig the
only one in its row and column not zero, and that this number ias -
not ﬂa&ﬁ?h? than any appearing inthe matrix. Suppose, however, that.

there is some numberin the matrix not divisible by the corner one.

"By addf;g sgvow to the first we get a new first row whose last
term is still 55% =~ = tsince each row except the first has zeros

in the last column), and we can now get a smaller numbarj%&wm g{:

" .

sigmaiong i
it EE N
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by subtracting some multiple of ﬁﬂ from-‘a. We cen bring this

newest numhér into the right-corner position and begin reducing

agaln. It is clear that what must finally happen is this’ that

we reduce our matrix to one whose first row and last column have

zero's everywhere except in the right-corner, and the number ki

which stends there divides every number in the matrix. We shall

have a quite new basis, both fer our generators and relations,

at this stage.

a'y alo oo a'n

R ¢Jl 0'\ o " (ﬁ,l
| vve w0

At ¢‘Q f ’ g

We shall now be able to‘‘trent the lower left matrix

in precisely the same way, without altering the-:first row or
last column. That .is, we. shall meke a change of basis on the
last M} - 1 relation§'and the firgt n - 1 generators. Finsally,
we shail have a mat;;x such that 1t has zero's everywhere except
2)org the upper right diegonal. Here each num?er, beginning at
the top, will divide all the succeeding ones. )

a*l a*g es s 0 a*n

fl o 0 - ‘ku
fz o o - .&*

§m o 0 fa
The relation of this matrix fo the decomposition theorem
is clear. It‘asserts that our group is the dieect sum of n - m
ffee groups (supposing the relations to have been irrédundant)
and of m finite cyclic groups, of orders k3 above. Further, these
-kz are quite the numbers we got before (scmewhat-more.szxistentially).
Their invariant significance will be clearer, perhaps, from our new

L
approach. We assert, and shall show in a moment, thet dr:%r%tf is
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the highest common faetor of all i-rowed minors in our original

matrix. It is, of course, quite clear that theal are the highest

common factors of all i-rowed minors 1ﬂthe final matrix merely

from the form of thls matrix and the fact that k3 divides every kj
j =1. To show that this is true for the original matrix we need

merely prove that the h.c.f. of all i-rowed minors of a matrix is
not altered by a single elementary operation. In the case of

permuting rows or columns or of changing the sign of a row or column

this is altogether trivial. The only operation we must consider is

the one of edding one row (or column) to another. Now, the h.c.f.
en integral ) .
of all i-rowed:minors’ of-gx Mmatrix is simply the highést.common féctorgl

of the -determinants of these mirors, supposing that at least one

is not zero. That the h.c.f,’is not asltered by adding one w

to snother means ¢t

ey
he value of a determinant is not altiered
g 1IN
by addin fie row to another. This is, of course, the—osame,

It is clear then that the numbers ky which we obtain in
this way ares invaridnt in this sense at least that if we start with

a given basis and a given set of relations they are uniquely defined.

But it does not foldow, without argument, that if we are given
another basis and set of relatioms for our group, we may not

obtain other numbers. We shall prove that we do not, by forming

a larger matrix to embrace both sets of bases and relations, as ~ .o
foliows: Let A ® B ; let 83, «.., 8, be a basis for &,

¢a, ...,4%( , a set of fundamental relations on them; let

b}, «.., byt be a basis for B and ﬂ'l, voey ﬂ'k, a set of

fundamental relations on them. We form the followlng composite

matrix, and shall consider its reduction to normal form:
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81, 8.2, '-o’.a 2 bl’ b2" ooy

Y
I \

\))
)

AR APt g

Ace acbrrraleve

*"M“--rmm.w—-—"/'l

P
™~
\‘ ﬁz -

)

The columns represent the combined generators of the

o—
—
T —
*«.

two éroups. The first set of rews giveythe relations on the a 's

alone, the third set on the b's alone. The second set of rows
gives the expressions of the b 's in terms of the a 's, since

the a 's form a basis, and the fingl set givesthe expression

for the a 's in terms of the b 's since these form a basis.
Now we know that however we reduce this comprehensive

matrix to its normal form we shall get the same result. We shall
do this, therefore, in two distinct ways. By the first, we- shall
get the numbers ki appropriaﬁe to the original matrix A, and by
the second way we shall get the numbers for the matrix-B.

First, using the 1 's in the second block of rows, we can
cancel all the numbers in the second block of columns (below it)
end we can then osneel the matrix R to the left of it. When we
are trrough we shall find that the second benk of columns has
only 2 unit matrix in it, and the first bank has three parts not

empty. The matrix A is unchanged, the R is cancelled, the matrices
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below are both modifiefi and will have numbers scattered around
in them. However the .new rows now read as relations upon the

original genersators ay alohe. Therefore =ll the new rows

in these matrices are consequences of the rows in the matrix 4,

gince this comprises a fundamentdl set of relations..

Now it is clear, thad@e esn cancel gll of thése rows, using the
metrix A "end we are lsft with a matrix which contalins A, and
a diasgonal of 1 's. It is clear from inspection that this matrix

has the seme highest common fattors as the matFix A
) Wow we shall use the 1 's imr the last benk of
rows, under the a 's. With these we shall eancel all the

rows above it, and candel the matrix L to the ripht of 1t.

In the second bank of columns, the matrix B will be unaltered,

L (of course) cancelled, and the two top sectionscef rows
will be modified in one way or another,. But now we see that

all the rows whieh remsin are expressions for relations upon

the generators by (except those corresponding to the 1 's,

which_merely tell uvs that certain new generators which have. been
defined by our process are now redundant). THese are ell linear
 consequences of the relations in B, by the assumpfion that the latt
form 4 fundsmental set. Therefore the rows of B will pemmit

us to cancel all of these dothers, and we shall be left with a

matrix composed of B and & unit matrix. This will have the °"ssme

h.c.f.X as the matrix B.

Therefore, finally, the matrix A end the matrix B will

B
-
;i
i

have the smme h.c.f}% snd the rumbers we defire d are group .

invariants. *




We ®iré ready to apply our snalysis of groups to a. study
of the connéc%ivity; and dual connectivity, group ef a complex.
The group of {.6hains (Qual i-cheins) is a free group on a finite
__set X1 = number of distinct i- cells) of generators. The
mof closed i-chains (where the P-operator vanishes) is a sub-
group of this, therefore a free group on a flnite number of generators,
This- group ~has as subgroup the group r‘B of 'bounding i-chains:
those which result from en sppliecation of @ to 61«;])- chains, ThHerefore
the bounding i-chains, also, form a free group on a finl te basis. |
The connectivity group A was defined as the residue group
Fbmod PB In the group A o the set of elements of finite order

forms & subgroup which we mey call F", ¥nown as the Torsion groups

. A
By what we have proved, A mod F1 1s a freé group, and

A" e @ Amod Fi.

The number of generators of Amod F1 is denoted by PL end is
called/the i -th connectivity number. The group F1, when reduced
to canonicel form @s direct- sum of c¢cyelic groups of prinie poWwer
order, defines the torsion numbers. In this respecht, We may remark
that usage has chahged and that torsion numbers, as originally
defined by Poincarf denoted the divisors of the matrix,which we -
encountered in our earlier analysis,,

The- dugl theory runs along the saie lines exactlys
We have the group of dual cheins ﬁ’év free. with a finite basis;
the subgroup P—« of exazt chains (vhere theﬁ -operator Vanishes),L
also free, with ‘finite basis; and the subgroup of this: F‘ , of
derived chailns (resulﬁing from a 5 operation on an 1 ]}Ch&in)-,
also free with a finite basis. ‘Finally we have the dual conneoftivity
gropp A"‘ = P‘E. moclr7 This, egain, 1s the direct sium of
two groups: the dual Torsion group (elements of finite or@Qr) afid

a fres group (the residue group) the number of whose genergétors
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defines the dusl connectivity numbers. We shall see that the

connectivity and duasl connectivity numbers agree. The torsion

numbers will not. None the l1ess there will be a:relation betwemn

the torsion numbers for chains of one dimensionality end the

dual torsion numbers for the duasl chains of another dimensionality,
80 thaf strictly we do not have two sets of independent invariants.
The coincidence of these invariants will exhibit the duality
relations of topologye.

' We define first an integration table, which gives us

1%
the value of (61, cj’J) , the integral of C! over CJ. By definition,

this was the ordinary Krone¢ker delta:

-

Ci 9 —012, soce -C-iKA:

¢ty | © - "
012 0 ‘ Y
AP | C e
. Cigt O |

The metrix has the form of a unit matrix. By the bilinesrity of the
(é?,f;) funetion, we can redd the value of any function (dual-chain})
integrated over eny domain ( ordinary chain) by expanding the

bracket and substituting from the table.
We introduce next the Poincaré matrices. These give
the 1ncidence relations betwaen the (1-1)- and i-cells.

¢ i 1-1

011 ,Cgil,oooo

, el f%,(“} [c cwl

Cig

The rows of this matrix,give the coefficients of the boundary

relations, so that each row represents a bounding 4i-1)~-chain,




-

We shall set down also the auaymatrices: These will

concern our dual chsiris, shd will be the transposed matrices to i

the Poincaré:

Ci ’ 612 9 ooy —Cix.

1l
= . ) < (S
ity [eiel] [eis <7
51-12 -

L 4
*

. b

“l-1l . < -4 i
Ci lx’A.l [E.“i)c“l:‘l

In the expression for the incidence number it is, of course, a

matter of indifference whether we choose to bar dthe C's, or not.
We shell, in general, omit them. ﬁy_dgfinition, the incidence
relations were identical for the barred snd unba rred cells.

Here the rows give the coefficients of the sloperation. Each

row represents a derived chain.

We shall now want tb reduce all of these matrices to normal

-

form, and to do this simultanecusly;
Theorem: By a change of basis on all the i-cells, for every i,

it 1s possible to bring all the matrices above into normal form,

s{multaneously.

We have to make this change on the ordinary chains only.
For, esch transformation of the ohains induces a contragredient
trensformation ofl the dual chains keeping the form of the

integration tsble unaltered. If the first set 6f matrices is

brought into normsl form, then the second set will be in normal

form automatiocally.

Proof: We start with the first of these matrices,

expressing the boundaries of the l-cells. By suitable changes we
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can bring this into the following normal form:

ol

élj s, __—9 -
\Cljil »(:j::::::;1>

él&d

It 18 to be understood here that the variables are new ones: we
have had éo’make changes of basis which we should have indicated

by priming the various C 's, perhsps. It 1s important, at any rate,
to bear in mind that the new variables rgpresent chains, i.e.

linear combinations of cells, and not merely cells themselves.

We observe that the C 's whose corresponding row hds
zeros only in it, reépresent closed i-chains. The C 's 1n the
first -§ rows (ebove) represent l-chains that are not closed and
such that no linear combination of them can be closed. For, each
of them has in its exprasston a O-chain which appears in none
of the others. Let us suppose that thé menk of this matrix is f’°
We see that F‘é is a free group with "'- e" generators. ) For,
every closed chain must be a linear-combination of the closed
cheing in the matrix asbove, and they arﬁhndependent (wqhnby~*bt
that we started with an independent set, namely the separate l-qells)é?
In genersl, we shall see that the group P% hes c(‘{- g@"‘ free |
generators. )

Now we have made a change of basis on the c0 rs, and these
we shall never have to disturb. The change of basis which we meade
on the Cl 's we shall repeat for the second matrix, giving the

oo
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“incidence relatigns between the tgg—cells and l-cells. After
the change of basis on the l-cells, it expresses the incidence

2- .
betwemn the two-cells and the new l-chains. Let us have a look

at it.

Cll, ooo,zclj’l 3 ooy Cl

e

C2,2
&

We have indicated that the first columns are -zero.
(We take § = ¢L~?°' in the figure above) This is certainly
the ease. Because we have just observed that the first j of our
l-chains were not closed, and were linearly indepéendent with _
respeip to closﬁggl.‘4 But the boundary of a cell (or chain) is
¢losed. Therefore the expression of this boundary cannot contaim

any of the l-chains in questien. '
Now this is exceedingly fortunate. Becausé,to being this

new matrix te normal form, we have to mgke changes of basis o
the rows, which dont affect the Cl 's at all, end also upon the

last columns, but not én the firat j. We See.that in the first

] f’!’.

1

matrix, which is salready idbormal form, the form will not béydfstnrbx,
ed by sny change which we may meke upon the last Cl's -becanse these
have nothing but gero's beside thems:: Therefore, although our first

change of basis upon the el'; was 16t final, the normal form.is

k3
5

preserved.

The remsindef 6f thé proof follows exactly -the sanle

lines. We shall rs&turnm to it the nexf hour.




Lecture ’ Seven

= -

We considered,last hour,thd‘perI%m‘ﬁf,g?agﬁing’tHe
Poincaré matrices of  a complex to mormal form, “W;fshgﬁléffike*
t6 emphesizé, again, the fact that tlils redaction 1s accomplished
by a-‘seriss of elementary changesrof basis: These changes reflect

the simple matrix operations. of changing thé sign of all the

-

numbers in a row (or coihﬁﬁa, and adding one row (column) o
ariother, and'permhftﬁé‘rows (¢olumns).

Let A be a free group with a fihite basis, and let
8], s-+, 8y DUe a free basis. Then ap grbitrary ¢hénge of basis
is Fiven by -

by = Z)ﬁija; , h ;

where -the dé%efminant of the }\'s is 2 1. Here, the elements
by, «os, by give the new basis. We have seen, in fact, that
it is possible to solwe for théﬁa ig, as lntegral linesr forms
in the b 's, and that the brs are linearly’independent. Let us
see how this change of basis 1s carried through, in terms of *

et

élementary Changes, - "

ai, ae’ o’o;, an
b di ~ M
i

bo|

bn\ A, A

*

Let k denote the higest common factod of tie numbers in the first -
column. By & series of elementary eperations, performed oft the

rows alone , we obtain a néw matrix -in which the number k sppears

i the upper left corner and in which .all bthér numbers in Its

¢olumn are zero. We see at once; simply by.expandingykhkxxagxnx

L3
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the determinasnt of this matrix in terms of the first column, that

the number X must be ¥ 1. That, remember, is the value of the

By a change of sign of the first row, if necessary, we
entire determinant.ﬁ Now, leaving the first row intact we can

perform a series of elementary operations oﬁkhe
so as to obtain a new matrix in which the number:1l appears in

the diegonal term of the second-row, with zero's below it.

We can obviously continue this until we have a matrix with 1 's

on the‘main (upper right-lower left) diagonal and zero s below.
The operations on the rows induce a change of basis on the b 's s0

that we have a new set of elements B'j, ..., b'p...

al’ o0 00y an

b'y]1 xxxx xx “

bfg 1l ‘xxxx £ e nmcau)ﬁ»aqae
) ; () ~.H ed Zaw

b'y 1.

The elements a; are unchanged, since we didnt touch the columns.
Finally, by Bubtrecting a suitable multiple of the second. row
from the first, we get zeros im all of the second column. By

subtracting a suitsble multiple of the third from the first dnd
second row we gst zeros in all the third column, etc. At the end

we have the unit matrix:
8], 8oy ecee, 8y

3%

bl 1 O s e O

b“z O l LI ] O

b*ﬁ O o s e e 1 ; =

this tells us that the new generstors B#, are merély -the old

12
generators a. If we reverse all of the operations, we have the
passage from the generators a to the generators b, with which

we began ebove, achieved by elementary changes.




To mske the Poincaré’matrices, and our operations with
them, somewhat more concrete we shall éﬁalyze a simple e;ample.
In the sceompanying figure, only the
shaded portions are regarded as part‘éf
the complex K. (essentially, we have

dropped one of the two-cells which

seem to go with the diagrem). The %Z
complex K consists of the four O-cells, vertices; ldbelled

O, ..., CO; five l-cells, ¢l1, ..., Cls, end ome two-cell cZ.
The ori;ntation of these cells is indiecsted by arrows, for the
one-cells, and by a twe-leg for the two-cell. There are several
remarks to make. We are not interested, at the moment, in & !
pon%aining space and have therefore choseén inner orientations,

If the figure had been supposed in a 3-space, we would have
specified outer-orientations, hed we wented them, by constructing
two-legs at each of the§;~cells’(nermal to them) and = Gne-leg
normal to the two-cell. Further, we do not need to orient the
O-cells, in fact we hnve not defined -an orfjentatien for them.

The orientation is en.arbitrary matter, and all of the cells are
oriented independently (we shdll see later that the connectivify
groupé are not affected by this arbitrariness). Finally, there

is the guestion of incidence. This depénds, of course, .on the
precise orientations which we have decided upen. ;&he effect of

our earlier conventions on incidence sre these: an eriented l-cell
18 positively incident with the ibré-gell from which it origineates _

end negatively -incident with the @-cell to which it lends.

+ - ) -
——e D@
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To determine the indidence of a two-cell and botnding l-cell,

we toke the two-leg and move it about so that the vector marked 1

is brought into coincidence with the orienting vectdr on the' l-cell.
Now, if the vector marked 2 points 'a.nside, the winc¥dencen is positive
i1f it peints outside the 4ncidence is negative. = d

cly | -1 0 0 1

cly{ © -1 0 1 _

clsl 0 0 -1 1

¢t,] 1 1 4] 0 :
. ¢6lg] o 1 -1 Q

The dual matrices gre determinad by these. We merely .
”N

spin them across the (sinistez) diagonal. The ° Ezl

incidence numbers are, by caenvention, -0715- -1

invariant with reppect to the bars. 25‘14 g)
Now, by adding the second, third ; ‘;11 —(1} -

and fourth columns to the first (in the top’ ; - -
matrix) we get a column of Zeros. If #e then add ‘the’ second

and third ecolumns to the last we get this matrix:  °



0 0o 0
0 -1 0
0 0 -1
0 -1 0
0 1 -1

80

This induces a changﬂof basis on the O-cells, which we do not

bother to indiecate.

nsxgsx changing the

the fourth and fifth, ehsnging the sign of the fifth, adding the

third to the fifth, then changihg the sign of the second and third

we get thls matrix:

o 0
0 1
0 O
0 o0
0O o0

sign of tHe fourth, adding the seecond to

COrHOO
oNoXoNok

We bring the matrix to normsl form, finally, by permuting the

seecond snd third rows,
{

Dol ’ D02 ’ BOS ’ D04

=
v}
S O O O

D15 0]

0
0
1
0

)

0 -
1l
0
0
0

1

0
0
¢
0

L J

To understand this, let us consider what these D 's represent.

They are, of course,

in retracing the operations en our basis, they are these:

p01 =

0y = cO4 - cOy .

“'low this “changerof badts takes places 'When;vas curfirst dtep,
*we “gddwdlthe FfouFth ¢otumr-té -theifikrst wevhiad to mak; thre eliange
of basis on the O-cells which eonsisted in replacing €O, by DO,:
if the matrix is to be interprefed as représenting the bounding

relations betwéen the originsl l-chains and a new set of Q-chains.

O- and i-chains.

Wé ‘Bavé indicatéd ir:anlearlier. ledturein e

If we have made no mistake

€01 3 D02 = €Oy - GOy - 604 ; D05 = 603 - ¢Op - COf ;

Now, by adding the first row fo the fourth,

-
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When we manipulate the rows of -our matrix, this induces a change

of basis on the l-echains which is covariant: i.e. 1if we add

the first

row to the fourth, the new basis consists in replacing

clgy by ¢l4 « C€ly. This, again, is forced on us by the meening

———

of the new matrix., The Dl!'s have the following significance.

ply = ¢k
Dls

015

the other
is closed.

all other

;s Dlg = - Clg 3 Dlg = - cly ; Dy = Clg - (C11 + Cly) ;

- (clg » Cl5) .

The matrix tells us thét Dly end Dlg are closed. Further,

Dl's are not closed, and no linear combination ef them
Again, there is one O-chain which is ot bounding, end

non-bounding O-cheins are linear combinations of it (that

1s, multiples) modulo the group of bounding O-chains generated by

DOZ’ DOS’

l-chains,
rd

and DO4. The’teno-thibannéétivity number is 1 = PO,
Now the change of basis whieh we have made upon the

alters the second matrix:.giving the relaetions between

the two-cells and l-chains. We can determine the new matrix by

reehlling

thaet the columns behave contragrediently to the chsange

in the basis. The new matrix has the appearance:

and it is

021 1l 2 5 2 5 5_L,6 4.1_T-5-—————

alresdy in normal form. We get this form by writing

down the explieit change of basis on the Cl 's which leads to the

plis , spimntng this on} 1ts diagonal to get the contragredient

change of

basis on the coefficients (the incidence numbers) and

then evalufiting the new coefficients from the o0ld in terms of this

change of

basis,

The matrix tells us that there are no closed two-chains,

ard that there is one bounding l-chain of which all others must

be 1ntegral multiples. Only the last two l-chains are closed.

Therefore

the first connectivity numkér pl is 1, since one of these



is unbounding.
According to eur formulas:

P = Qi - 1 - gls2
In the cage above, this beEZmes ?

PL = 5 -3 -1 = 1. Check.

We may interpolate here the remakk that the computation
of connectivity numbers need not be as tedious a business as the
exsmple above would intimate. Observe that altheugh our
incidence numbers were originally defined for cells, they extend
imnedietely to chains. In fact, our final matrix is still en
incfidence matrix giving now the inecidence relations between
certain chains of dimension two and others ef%dimension @ne.

The incidenee function [:C%fl , Cﬁt] is bilinear,-and we can.
replaee the individmnal cells by combinations of them. The
connectivity numbers, as we shall show latef, are invariants ef
the geometric figure. We shall prove this, for the present,
within the frame of linear geometry. ThHis will show that however
we represent the complex K above As a sum of suitable convexes,
the new matrices will give Bhe same .groups. If -we consent to be
g little lax sbout the ane;rity of our spaces we can compute at

the Kleiws Sl
once the connectivity numbers of a torus dnd projeetive—ptens,

as follows. 0 { 0
Py o
T C" C‘a N Cc P c‘ c>' ‘—.C'
- ' [
l
c, c G4 e o A
0
0 0 0 S C,
cl c, C. o '
In the representations above, both the torus and projeotive rplene

wlenin poitds

are given by a single two-cell, two l-cells, and one vertex.

The matrices read as follows:
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T P
0
s
1l
clg] O clo

All of the matrices are in normel form.

We see that PO = 1 , forboth T and P , since in each
there 1s one O-ehain which does mot bound.

In the complex T, Pl = 2; there are two non-bounding
i-chains, linearly independent with regpect Lo bourding.

In the complex P, Pl = 1 (this agrees with the formula
we have used above: PL = 2 =0 - 1) -since there is one clowed
l-ehain nof bounding and linearly indepéndent with respect to
bounding. There is a second non-bounding 1:chgtn, ngmely 612.
However, 201o does beund. We héve heré-the simplest ipgstance of
torsion. This emphasizes the fact thet it is not possible, in

-~
genersal, to divide the coefficients of & felation of bounding. =
Thus 201, bounds, but Clg dees not. P e .

We may remark in this conrection that it is not nécessary

to bring the matrices to a normal form in order to compute the

connectivity numbers, since these are given by formulas which

-~

involve the numbers of basic4phains, and the ranks only of the

matrices in gquestions: two of these for each connectivity numbwar,

Some soert of normal form is needed to exhibit the torsion -

coefficients, _ 2TE
~ Let us*verify the formmla e -

aE

N & S fi—];,i - fi,i;»i

=

£



for a general 1.
Consider, first, the Poincareé matrix mapping the i-chains
on the i-l-chains (in virtue of the boundary-operator). We can

bring this to the following form
(1-1)~cheains

- D R S P me ey G e AR S Gy G G D R WD e WD W S D O S -

not closed £ open

linearly independent
0 X & with respect to being
closed.

elosed. generating
0 0 all closed i-chains

3 BN N o pE e B

i
28 S0 30 ¢ 00 8% a8 ¥

non-bounding // beunding

(1-1)chains. / (1-1)-chains.

We have not yet bothered to reduce the matrix X to a neormal form:
we understand that it is a squsare matrix, with non-zero determinant.
The rank of this matrix is the number of its rows (or columna).

Let us now consider the matrix expressing the dependence
of thé’(1+1)-bhains on the i-chains of our new basis, i.e. the
basis with which we are left when we bring the matrix above to
the form given. We shell write the izchains from left to right,

in the order in which they occur in the first matrix from up to

down.
,i-chains

—---------h-m— —————————— - - -

(1+1) {
0

B PO
o0 2O 0 o0 $0 °F 0% o9

0
We can be certain that the first eolumns, correspcnding

to the qggg‘;.gggigg, han%%eros Only. They cennot’ occur in the

st iy ol
e et

boundary of an (1+1)-chain, aince this boundary is closed and they
are limearly independent with respect to "closedness , 8S we havs

seen asbove., ’iﬂ_,f«"' -
- e e 7Y




_ .85
We now make a change of basis ox thé& closed i-chaind so that

the second matrix has the form:

2

i-chains

- o DG G ED GRS Ea D O G G Ty ED R WA W wn v

(cpen) (e 1 o s e 4d)
¢ { non- ):(bounding)

(141)

o

wsrn 3o

=

Here the matrix Y, not necessgrily in nermel form, is square:

its rank is the number of its rows f(or columnsl and is the rank
of the entire maebrix. The i-th connectivity number is. the number
of columns in the middle seétion. This is obviously the number
of i-chains (wﬂichsis the number of i-cells we be%anrwithf minus
the rank of the first matrix, Qi"l’i (giving the number of

columhs in the first parts of the metrix) minus the rank of the.
matrix above, ? 1¥i’l{giv1ng theé number of columns in the ladt

part). }
Pi - Ki - \Pi‘lgi - gi’i’l . q.eo,_d;a

We may remark, in passing, that the change of baslg which we meadé
opaon the second matrix.consideredgaffected the basis of thg firgt,
since it affected the i-chaims, but did not affect its form beauuse

e

the corresponding i-chains had zeros only -to- the right of them, -,

S T

I.e. the rows which we have to add to each other, &re rows of Zer@%% #

We notice that in the expression for P, thé temps

di - fikl’i give the nuhbgf‘b?&pdependent closed i-chefns, i.a. E
the number of geferators (free) in the free group rqie . Let us

]

now consider how the whole thing looks. from the point of vidw. of
the- dual chains. 5

’ . dual (1)-%-2 . dw;l&jl)‘_i

*1

=

duel | ausl J—

C-d~s : NG I e

ey . N A
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In these matrices the rows correspond to the linear operator S
Since the roles of rows and columns are interchanged here, the
changes of basis on the original C 's which bring the first

two matrices to the forms above, are here paralleled by contragregientﬁi
ehanges of basis bringing these matrices into a similar form: the ‘
difference (which could obviously be compenssated for by permutations
among the rows and columns) consists in this that the non-zero

matrix occuples the lower left corfler instead of the upper right one.

Now the dual connectivity number has a slightly different significance.
It is, by definition, the number of exact chains which are linearly

independent with respeet to being derived. The number of independent

exact chains is the number of elements in the basis (free) of the

free group r‘iE' Th)k8 number mwe g:j/ﬁ;::/ﬁpt&&eeem%mnﬁn&z:’in
the ragk of this fat %T___],I:Izi, ’

~
dual i4&-chains
re etk B bt R .
. . o . .
. (0] I 0] s x
dual - s a -
b toe ra € .
f-chains . : 0 l 0 s &
,b:"“ v M~E L, - ISR -
X Y ’ 0 ' T"in"-exact.

-1
We see from this matrix that the number. of geneyators in r’ B is

Ki - ?1’1’1, the last number being the rank of the matrix Y.

Dualizing the first matrix, we get
dual 1i-chains

dual 0 ( ©
(1-1)
chains X ‘ 0 o

. The derived i-chains (we know they are also exact) stand sbove the
L matrix X. Th?ﬁumber of linearly independent ones 1s the rank of X,
end the original matrix, i.e. ?1?131 . Pinally,

Bzl -phi¥l L pielioe pt .
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As for the torsion numbers, it is clear from the
argument above that the izth dual torsicn numbers ara determined

by reducing to normal form the matPix X. These dorrespond to the

(1-1)-th torsion numbers of the ordinary chains. We do not,

therefore, get any new invarisnts by our condideration of the dusi

)

chains.
It‘is convenient, at this poeint, to introduce one- of the

simplest of the combinatorisl relstions expressing the dependencs
of the connectivity numbers and the number of‘i-cel;g of all

dimensionalities. It is known as the Euigr-?oincaré férmulat

0 = 00,1 T L
« _?o:'l . ?1:2_% s

A ;gi-léi _ 9‘,3;,%‘2'1 S

We have shown that

oo o

=

By adding these equalities, with alternating signs, we get:

B

N S XS 1)-“;»0‘
the Franks" of the various matrices ‘having got themselves -eliminated.
It will bring Qut somé of the difference in meaning between §

ordimary and dual chains "to"consider “the. numbers 0 and FO, which.

-

b4

we know to be equal.
An ordingry O-chsin.is ‘a set of weighted vertiecés.” The

weights are integers, positive, negatiye, or- zefo. We- assenﬁfs

t tﬁat

in order that a O-chain bound 1t is necessary Lxh_awai¢?ﬁf
the sum of the qetghtg be zere. For, if a. Q’chain-boﬁn&s a loghaxn
it myst be the sum of the :boundaries of:the l-cells (withfthblf-ﬁ
proper multiplicities, or weights). Now:ealh 1-8ell ia. positively
incideht with one vertex (its tall-wvertex) aﬁé»nbgatiigl§ thci&ﬁnt”

with anbother. (its heead). Therafdre<it cohtiibutes- zerastgathié sSume.

It ig clear that- the total sum of weights- must be Zeros, 'anversely.

suppose that we have = O-ehain Z, 7(1001 R where Z?\i -QO. )

e Y

>

=



Suppose, further, that this O-chain corisists of vertices drawn

from & single connécted piece of the complex.  Such a plece

has the characteristic property that every pair -of -vertices can
be connected by a broken line of Eenseeg}ive l-cells , and that it
includes as much of the complex as it can. Above, we -exhiblt a
eomplex K, wifh its pleces. Now, take any” Ay which is positive,
non-zero. Thérs must be ore such, {f the chain is not identically
zero (in whieh case it bounds a O-chain, by definition). There
must be asnothér vertex at 'whieh a *%Q is negative. Let ay denote
the -vertex wliere ‘hﬁ'fS*pOSitiVe, 8y the one where it 18 negative.
We join these vertices by sny broken line of the figure., It is
clear that this line, expressed a8 a chalin with all of its 1-cells
oriented from aj to ay (with suitsble coefficients, then, whataver
the original orientation mgy have been) 1is bounded by &3 - aj. .
If we now subtract this O-chain from our original onie we get &
new O-chein the sum of the absolute valuves of whose coefficients
has been reduced. The new:.chain 1s egqulivalent to the old, modulo
bounding chains. In a finite number of steps, we can reduce it

to zero. That is, the orif£inal chain bounds. Suppose now we
consider any O-chain in g piece of our complex, and an arbitrary
vertex. By subtracting a suitabls multiple of this vertex from
the chain, we can get the sum of the coefficients to be zero.

That means that the original chain is linearly dependent on the
group of chains generated by the single wertex. If we now plick
one vertex in each piege, we get a maximum linearly independent

set of non-bounding O-chains. The number PO is the number of-
distinct pleces.
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.one piece and the value zero at all other vertiges. The number
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No dual Q-chain can be derived, by convention, since
we have no -1 chains to derive them from. {Sim;larly,fgg?g;éhain
eﬂnzﬂmf exact, if n is the highest dimensionality.)_ For this reason,
we have them linearly independent with respett to "derivation", end
the number FO is the number of linearly independent -exsct--oness.
If g O-chain (dual) is exact, then the 5-0peration gives us the zere

l-chain. Now the dual O-chain is a function which assigns to esach

vertex a3 a certain integral pumber (until, as presently, we introduce}

other‘éoefficients) ky. The linesr operator 5<converts this into

a funetion defing@,on the l-cells. We can see at once what the
value of this function must be on a particular l-cell of the complex.
For if the original function gives 1ts positive vertex the vulue k,

end its negative vertex the value m, 1t must give the l-cell the

value k-m (one has merely to recall the definition- of S )e Thereforg,g%;

rd
whenever two vertices can be joined by a succession of l-cells, the

original 6-function (dual O-chain) must give them both the same
value. We get a basis for a11 such functions at once, by taking

the set of functions which have the valué 1 at all the vertices of

Qf these functions is, of course, the number of pieces.
The difference in meaning between the connectlivity and
dgal connectivity numbers will appear in .eveh sharper relief witen

we pass to disparate fields of coefficients.

1f 1t 1s to give gll 1l-cells the value zero, k must equal m. Therefor€5*




Lepture: Eight .

In any free group, whether it has =a finite or infinite

e

basis, there is an invarient associated with each element which
we may eall its divisibility. We shell define it,. first, in terms

of a free basts for the group. Let A be the group, 81, agy sss,
a free basis., Each element a is h;finitg:iineaf integrdl fd}m
in these base marks. The highest common factor of gll the
coefficients. is a finité number n = n(a), and will be calhed the

- (we suppose a net zero: the zero-element is exceptiqnal),
divisibility of a, This meens, first, that there exists an element
b such that a = nb, and secondly ‘that ‘there is no element b! ‘such
that a = n'b! holds for eh, n' greater than n. The,firii part of
our remark is obvious. The second part is nearly so, becauge if )
we expand the .relation a = p'bﬂw into the generators -aj (i.e. repldce ‘
b! by its form in the aj) we shall have a new expression for a
in te{gg of the base marks. The formal .difference betweem these
éxvressions will represmnt the zero elememt. Since we are sdfbostng

that- the & 's form a free basis, this §ormal difference must be

tdentically zero. The coefficients in the expension of n!b' aré
all divisible by n'. Therefore n!' must divide n. From thre meaning
of thgs divisibility-number, we see that It must Dbe invariant<m£%hf
respect to changes of basis. Had we not used a basis, it would nét
have been clear that such a number existed, in the sense thet it

was finite. There are discrete groupsy countable, where no 22533?
number marks the divisibility of any elementy

We shsll turn now to s more intimate consideration of o
chains and dual chains and thelr relation to StokessTheorem for
o complex. We shall bring :out the limitatiéns of the integral

coefficients which we have been using. N




Stokes's Theorem:
$%, ¢) = (T, pC)
This
r theorem tells us, at once, that

1) The integral of an exmct C over a bounding chain vanishes.

For, @C 1in the right bracket is certainly e bounding chain. If
T 1s exact, 86 = 0, by definition, and therefore the left hand
bracket is zero.

2) The integral of a derived function (dusl-chain) over a

£losed C vanishes.

For, in the left bracket, %-5 represents an arbitrary derived dual
echain. If C is closed, pC = 0, and the right bracket is zero.

We are led to the question, what is the value of
the integral of an exast functlon over a ciosed cHain. This will
correspond to the notion of the period of an intégral over a cycle.
We shgll went to look at the matrices and integration tibles in
somewhat sharper focus. We shall set down the i-th and (i-1)-th
matrices, where the i-chains are given in the same order, and

both matrices in normal form. We shall obtein a rather fine

deccmposition of chains. Fa Fa
¥ S A
(1-1) . PSR ¢ ))
""""""" Y
—_ - ; z — -
(1) " }ox e Y

We have merely brought into relief the precise form of” the
non-wvanishing matrices, showing the numbers equal to and the ones
different from one. We see that the j~-chgins fall into five

distinct categories: we have jridicated them by the symbols, above,

Op ) Qd s, Pn , Fa , FP'
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Wi,

Decompesition of the i-ehains:

~

. b |
-e- 8l]l OpeONn ~—~-=- ~-- all, alesedﬁ ----- -

oo s e ne e o s ¢ 0 ¢80 0 '..'0...‘. 2 02 08 000 ® 0 95 0 08 5.0 000
/

Open i-c¢hains, // Open, // lihearly// bounding // beun ding

i.e. with boundary,// bound. of // indep,// Af 39;1)/7 ceunted
but boundary of // divis. //with Pespect// "eounted // Jjust ence.
divisibility 1. // greater 1.// to bounding// more than " LI

The middle group, F, , we ‘Tecognise as -the one whieh gives the

conneetivity number. The fourth group give the torsion humbers:
they are sometimes eslled the zggo-divisors. The last three groups,
together, determinegthe;‘“ic (group of closed i-chaihs)fé‘éhd )
last two clgsses. determine the f’iBrfgroup of bounding cheins]),
The difference gropp’égg = ['tb_ med. fﬁia is of the type of

iy

a free group with as many génerators as are in the section Fy.

We obtain an analagous division of the dual i-chains infgtthbag%$33383i

E
3

Dual n-chains? : -

——-- The exadt oneg =----- =w=s-=g=- 3 ~—=- the "in"-exXgact ones

the deriveds: L some multigle;/ the // the_derived// the derivedy
m -

is deTrIved. erely exact.//of these chains havé the

LI B N BB BB A ..4...‘.... s 000008 '........ .'.0..'

divisibility 5
greater /// Just
than one

We cen now put all these clesses together into a rather impesing

E2

integration table: =

s
% ¥

“u
L

e
1
%
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Integration table

L-Q&\MS
) it —~—
Opam Lornsl
—~AN ——
H
Q0
{ o " O O O
l »
411‘ 0
O o . Qo @,
AN
g
O o |--.° 0
0 .
P '1,
0 .0
a 0 ,
!
’1
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From this table we can read off the integral of
an arbjtrary function (duel-chain) over an arbitrary demain

(ordinary chain). Thats what the table is fo¥.

Ed

Now: any exact fﬁgé%ihn must be a combination &f
the functions corresponafhg to the first three batches of rows.
Any bounding chain must be a comblnaetion of the last two batches
of columns., The table shows at once that the integral of an

exact function over a beunding chain vgnishes.

Any derived function must be a“cgmbination of the functivrs ;
corresponding to the first two batches of rows, and any closed H
chain mmat correspond to the last three batches of columns. Again,
the integral of a derived function over a closed chain venishes.

We céme, once more, to the question which prompted this
analyvéis. What is the integral of an exact fungtioniover a -cloged

chain? We see from the table that this integral need not vanish:

-

7
the two types of chains® overlap, in our teble, on the smsgll

underscored matrix in the middle.Thus if C is exact, we can write it

as € =T, + G + Tz,

corresponding to the first, second, and third batches of rows. If

C is closed, we may write it as -

C = Cy + GCg + C3z,

corresponding to the third, fourth, and fifth batches of columns.
Then (T, ¢) = (ZCy, 2:C4). 3 1,3, =1, 2, 5.

Expanding this bracket, and dropping the terms which we know to be

zero (from the table) we have

(T, ¢) = (Ta, C1)-




~

We see from this that fhe value of an exact chain -
-over a”clqsed ehain is given by what we mey call the period
table: the integration teble conslidered only for the exact
chains which are linearly independent with respect to derivation
token over the closed chains which are linearly ‘independent with

respect to Bounding.

‘We should like to have the result that a necessary
and sufficient condition that en exact chain be derived is that
its periods be zero. The necessity of this condition is clear,
in our case, from what we have shown before. But it is not
sufficient. For, if an exact chain 1is derived then it must b®

ar, andifiany _
a,combination of the functions corresponding. to the first batch

of rows, Suppose, however, that we have 'en exact ¢hain which

conﬁaigs gt least one functiqn;from the second batch and hone
from the third. Its pefiods will be zerél On the’othfr hand :
i1t will not be a derived chain. |

If our field of coefficients for the dual chainsg had
been more .genersl than the integers, if it had béen the field of
resls or of rational numbers for example, these kp@qrived.fuﬁcﬁions;

wonld not have occurrecd, Thus if 1/k is = eoeﬁficientL:a,funet;on_ N

which is derived if taken k times becomes & derived function -when

=

multiplied by 1/k. There are other, related reasons for exténding.

the generality of our coesfficient domain for the conq}gtivingkgrbups.
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We shall dispose now of the uhfinished business of proving
the connectivity groups are actual invariants. To do this it is

sufficient to show that they are invariant with respect to a single

elementary division, as we defined this previously. For, we showed
whenever two figures were equivalent 1n the sense of the linear
topology which we are now studying, it was always possible to
pass from one of these to the other by a sequence of elementary
divisions. We shall show the invariance, first, for ordinary
chains.

An elementary division consists in inserting into an
i-ctnvex Ci, an (1-1)-convex cl-1l whose boundary cells are centained
in the boundary cells of Cl. Let us call the original complex K,

the "new" one K': in the. figure we indicate the essentlal changs.

K

~

The connectivity groups for dimensionalities less than (i-1) or

greater than (isl) cannot be affected. The (i-1)'th groups might be,

and the i-th because we have new base elements. The (i+l) might be;

and the i-th, because it is possible that some chain- of these

dimensionalities might now have a boundary, which did not before.
The i~th groups: To each chain in K there corresponds &

uniquely determined chain in K!' (i-chains, always),mas~folLows. -

If the chain does not involve the divided Cl, then it corresponds

to the same formal chain in K'. If it does involve this ¢l then

;e identify it with the chein in K' in which this cl is repleced by

the sum Ci; + clz., This mapping preserves the @ -operator, becatse

@Cl1 + cig)= @(C™ ) since the (i-1) cell which we 1ntroduced "i's




positively incident with one of the convexes Gih and negatively

incident with the other Clpy (a # b, = 1,2), no matter what -
orientation”we may decide on for ¢i-1, and the Gi 's. But
conversely, if we have a chain in ﬁ' which involves one of the
part i-cells but not the other, we can add to it a proper multiple
of the other sc that the new chain contains the original C1 to
that multiplicity. The free groups of i-chains are not in (1-1)
correspondsnce, but the elosed i-chains are: for, if a ¢losed
i-chain in K! conteains 01!~w1th multiplicity k, say, it must
econtain Cly with the same multiplicity. Otherwise, we see at once,
that the boundary of this chein must éontain C1=1 with a coefficient
equal to the difference in these multiilicities. Therefore there
is a (1-1) correspondgnce between the groups of closed chalns in
the two complexes., This (1-1) correspehdence i3 an isomorphism,
Further, the groups of bounding i-chains are isomorphic. This is
trividl, because there are no new (ipl)-chains end if ¢l is on
the boundary of some (141)-chain of K, then (Cij + Clg) is on
the boundary of the same chein, and conversely. Therefore the
corresponding residue groups, which define the connectivify
groups, aere also isomorphic. :

The (1-1) th groups: Here we get a new (i-1) chain,
and slso (what is more signifacent for us) a new closed (i-1)-chain;
the boundary, for exsmple, of Clj.This is, essentially, the only-
new one (in the sense of linear independence) for if we consider
a closes chain which involdes the call~ c?f}' ﬁ‘ﬁ we can add to .
it a proper multiple of the boundary of 011 anid eliminate the celdl
(excep; as it appear in that boundary). But this new closed cheain
13 identically zero in the connectivity groéoups: for it is also
a bounding chain, and we reduce moedulo the ;ounding chaing. There-

-

fore, the connectivity groups, here also, ares unaltered. %




The ‘1#I-th groups Here we have no new {i+l)-chains, sand
therefore no new closed ones. The closed .chains of K, and 'K' are
simply isomorphic; we have only to fdentify chalns which sre
formelly identicel. For this, however, it is important to observe
that the @ -operator is unaltered. If we have an (1s1)-ghein in X!
whose boundary involves Cli with multiplicity k, say, then 'this
boundary must contain cis & tinmes. This‘féllows,frOm the fépt that
1ts beundary must be a closed i-chain. We have already seen that

"‘a closed i-chain must contain both pieces of Ci with equsal mui%iplicitr

It is quite clear; here; that there can be no new bounding relations, Fus

L

and .the connectivity groups. sre isomorphic..

‘ The argument above proves, of course, the invariance of
the dual connectivity groups. We have seen exactly how these are
determined from the férmer ones. It is of some interest, however ,

to see the argument directly. We shall use a different picture.

We, cannot now identify chains in K containing T1 with
chains in K' containing the sum Cij +1512 because we must preserve
the S-Operétor, end the 3's of these two chains will mot be the
seme. Given Tl, its & will be zero on sll (isl) dual chains. which:
do not have it onx their boundary, + 1 on pgaipively inéident, snd
-1 en negatively incident (&+4]) dual cells.. New, -if an (igl) cellX
is incident with Cl it will be {ncident with both Ei"l and %’:2 ané
the value wﬁich the S-Operator will ascribe to it will be the sunm

of the separate numbers (emong others) given to it by535%1 andfsgrz.

=
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Therefore, to preserve this g—operation, we must identify
Tl with xCGi4 ‘9&512 , Where..k end m sre: any two.integers whose

sum is one. This tmbiguity seems & bit of a nuisance, but it

gorresponds precisely to the fact that the difference between any
two such dual ¢haing.is deri¥ed :’in’the=dﬁalépggggggivity.grcup33;
the derived chains gre set equal to zero. “That these are derived
chains is clear if we nqtice-tgat they are -of the fo?ﬁ,ﬁ@il - ﬂﬁfz;
they are derived from w61 with which one of qﬁem_is positively,
the other negatively, inoident.
It is not much of en exercige,ggow,;to‘cairx out the-

details of -an irvarisnce proof of the dual groups. We shall leave

-

‘this and turn to the -subject of charascter groups.

'

%
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Lecture Nine:

Abelien, ceuntable, groups snd their charascter groups.

Let A denote a cofintable abelian greup,

81, ccsy 8 5, oo en arbitrary basis.
We shall not suppode that the group i& free, so that there may
eéxist relations upon these base elements. We let
Rj: Z-kijai = 0, J=1,2,6..
denote a fundamental set of relations. Let us emphasige that
in this expression the numbers kij are integers and that, for a

fixed J, there are at most a finite number of them different
frem zerc. We shall be led, in g moment, ty@roups of a very

different type. The "general element" of such*a groﬁp is 3 -
a = :thiai 3 )[ integer, zglafinite.
A character will be, by defihition, a functiom b(z)
ef the elements of A such that .
1) b is single v;lued

11) the values of b, 1i.e. b(a) are real numbers reduced
module one. We dre interested only in the fractional part, then,
of these values and when we.gdd them we shsll reduce ﬁod'l.

111) b is linear : (méd.l)
b(a) = Z Aiblag) fodtlo 1.

We can represent the effect of a 3iggle charaseter
pictorially, as foldows. On a unit circle mark off" -

some point to denote an origin. To egach,point on

the cirdle assign a real rmumber which measures the

number of radians subtended by the corresponding arc

=

fleasured in a fixed direction from the origin. Then, if théValua

of b at an elemént a is A, we may say that b maps a on the point i

-

of our eifcle, If 1t meps a on M7 and a! on b, it will have to
m
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map (2 + a') en g + Jo. The conditions on b imply, as is

easily seen, that the mapping sbove is & homemorphic one in the
group sense, of the group A on the rotation group of a ecircle.

(This is sometimes called a multiple isomorphism). If we think

of our circle as the unit circle in the complex plane,ythen E—assigns
to each element-%_a ecomplex number of modulus one and gives a
multiple isomorphism of A upen the. multiplicative groeup of these

numbers. In this sense, it 1s spoken of as a representation of

the group A. We shall find it more convenient to think ofﬁg_as
a funetion, since we shasll be concerned with the‘totality of these
character-funetions and their relation to eath other.

We observe, first, that these characters themselves
constituBe a group with reaspect to addition, if we defind addition.
as follows:

b +b' = b" 4if and enly if, for gverysg‘of A
b"(a) = bla) ¢ b'(a) , mod.L .
It is clear that the function b"(a) whose values are g%ven by
the relation above is a character of A.  (Obviously, each b
has an inverse -b which is unique. The group of these functions E,

we shell call the eharacter group B of A. We shall find thaf this

group B 18 of a very different structure from thet of A. We shsall
shew that it has a very natural topology. We shall then define
characters for it, adding the requiremsnt of continuity (such &
coddition would have hemsn meaningless on characters of A since .
we had no topelogy in A and céhtinuity is not defined)., Finaliy;
"we shgll show that the group of continuous chargseters of B is the

group A with which we began. We shall have tébdeVelop a few of the

preliminary cdnsiderations.
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Let us make a piéture of the group B. We knew that
gach charactér b is determined a3 seon as we have its vealue at
a1l the base elements of the group A. For then its value at an
arbitrary element is given by the condition of linearity (moqp).
We shall therefore set down a circle to corrflespond to each base
element, and we shall havVe as meny cireles as base eléments. =
On each of- these circles, as -ebove, we shall pick en origih and
lay off the values of the angles. Now each characterlg_wilI
correspond to marking one point on each of these. circles.- We may
think of b as given by the coordinates correspending to the vdlues
on these eircles. Thus if we have ‘only one base alement- we shall
have the case we illustrated before. If there are two base elements
then the get of gll coordingte;.will correspond exactly to the
peints on a torus, or aenchor -ring. In thé general ecase Where we
may hgvg infinitely many circles we shall think of the figure: as )
a generalised tdrus and shall call it a Toral group. Now we should
emphasise at once that not .every set of these coordinates will
correspond to a charecter of oeur group. It 1s instructive to see
why this is so. )

An grbitrary set of coordinates in our Torsl spacé will
give us a funetion defined on A. It will be a linear function, if
we want~it to be. We have only to define Its value at a general

element to be the linear sum;, reduced mod 1. But it will not in

genersl he single valued. For if we ‘extend it linearly we may find
that it aseribes to a certain form in”the base eléments a valne-
different from zero (mod 1) even though the elemént which this —
form expresses is really the zero element of the growp.” If this

néver happens, then the function will be a charscter by definition,

because it will bs singls valued. We see, then, fhat a-riecessary’

= -4
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and sufficient condition that an arbitrary set of coordinates in
our Torsl space define a character of A is .thet these coordinates

satisfy (mod 1) all the fundamental reletions defining the group

A. It is perhaps worth laboring this peint to meke it quite clesr.
If a funotion is to be single valued then it must have the seme
value for two different forms (in the base elements of A) whenever
these forms represent the same element of the group. The difference.
ef two such forms is a form representing the zero. Now a character
must have the value gero (mod 1) at the zero element. Therefore,

if it is to be single valued it must have the gélue zero fer every
form which represents the zero element, and if it has this walue
then it is certainly single valued. But every form representing
zero 1s a finite linear combination of the fundemental forms., It

is therefore sufficient (becsuse of the linearity) to verify this
condition for the fundamental relations. And, of course, necessary.

T

&

If b corresponding to (M3, Mg, M3, =+++s Mn, oo ) is

a charscter then

We are now going to topologize the group B. We shall do
this by first topologizing the group T. Let b, above, represent an
arbitrary element of T. Let us pick a finite set of the circles
and on each of them lay off a small arc containing the corresponding
coordinate of b. The set of all elements b' of T such that their

corresponding coordinates lie on these arce quite regardaess of what
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their other coordinates do, will be called a neighborheod of the
paint;g. Esch determination of an arbitrary finite set of these
circles, and each choice of an arc (one on.each circde, contalning
that ceordinate oflg) will determine a neighborhood of'g, We get
quite m lot of neighborhoods in this way, end we shall want to
fasten on a somewhat smaller set in order to have a smoother
apparatus for arguments. We shall show later that the space T
topologized by these neighborhoods is not only e Hgusdorff space,

but sctuelly a compact metric space.

Let us observe, for the moment, that if T consists of
a finite set of circles only, then it is adequate if we regtriet‘
ourselv_es to neighborhoods such that there is actually one arc
en each of the eircles. We méin by this, that the topologic
nature of the space is unaltered. It will be recalled that two

systems of neighborhoods are regarded as equivalent (end are said

to define the same topelogy) if whenever a peint belongs te-some™ -
neighberhood of one system-égibelongs to a neighborhood of the
other system contained 1p thet one. Now if)g_is e point of T,
and 1f we are given s neighborho?d of‘g'determined by marking off
arcs on some only of thése chrcles, then we can get a smaller
neighborhood (ene contsined in this, andcbntaining‘g) by adding
Jrestrieting arcs on the circles not already marked. Therefore, in
this case, we may consider neighborhoods such that they mark esch
circle. A moments reflection will suggest that this is preqisely
the topelogy one would assoclate with the n-dimensional Torus.‘b
In ease T contains infinitely many circles, 1i.e. when‘T

is the infinite product of circle-spaces, we Can restikiet ourselves

to neighborhoods which mark the first n circles, where n is arbitrary .

and finite. This, as in the case above, merely amounts to replsacing

'a neighborhood of a point by a smaller one.
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The tepology which we have assigned to T induces a
topology upon the subspac%ﬁ. Observe that T depends very directly
upon the choice of basis in A. For éxample, if A is a free cyclic
group and if we teke its generater for basis then T 1s a single
dircle. On the other hand if we take all the elements of A to
form a baesis, then T is en infinite toral group. 1In each ease, B
however, B will be a subspace equivalent to a circle. In the first
cese B will coincide with T, in the second it will be a circle
wrapped around T, not identical with any of the "defining" circles.
We shall prove that the topelogy of B is invariant (it hardly needs
to be remsrked thet B is invakiant with respect to change of basis,—
'1ts definition was independent of a basis).

Suppose, then , that a'y, a's, «.., 8'p... (finite or
infinite) define a new basis for A, and suppose that T' is the
toral group assoceiated with this new basis. We can make an :
obvious cerrespondénee between the subgroup B of T and subgroup |
B of T! merely by pairing off the same functions. They are the same ;ti L
group. We must show that to each neighborhood in T! of an element '

of'p_there corresponds a neighborhood 8f &#4lying within it, where

we take into account, of'cours?, only the elements of B. Let b ' : ?
be any element of B,having on T the ceerdinates (M1, 442, cave ) .
end on P! the ceordinates ( u'l, K'2, s--- ). Ve get a
ne ighborhood of b in T! by considering those points of B whosg first
n (n arbitrsry) coordinates differ from the first n above by
arbitrarily small emounts. Now each &£
aly = Zzzpijaj, i= 1, ..., n .
In all of these re;ations,there are at most a finite number of the
gene rators ajg appeéring explicitly (i.e. with non-zero coefficients).

There is a number N so that no later s, k> N, appears sbove.



lo6

Now, in the rslations:defining: the a'y in terms. of ¥he ay, we
shall replace the a; by the Value; which g_taf(es on themj i,o%. by
the coordinates” of b. This will give us the value 6F b et a'y, i.e.

-

the eoordinate of b in T's. We therefore have,

M'i put Zpijﬂt’ 1i=1, 2, ¢¢., ne
Now the [uty are obviously continuous functions of the Jl{; , vixere
=1, 2, .., N. By making the variation in thelkhauffiéientllt
small we ean make the variation in the ‘A'i arbitrsrily s?all. But
this was all we had to show.

Just as we defined the topology of B, which ﬁas.inyarignt,
through the space T whick was not, so we shall fin@ it convenient
to establish the topologic properties of B by reference to the
properties of T: whieh depends on a fixed basis.

Theorem. The spaee T 1s compact. =

E

P This mMesns that if we, are given an arb&prary@infinifg
sequenceé of points of T, we car always find = subseg?epce of them
which converges to some point of T,

Proof. Letfso be the given sequence: pQ, Pl, *v<o Ppyr *->» <o
Each of these points has a certain coordinate 04the first circle
of T. We can certainly find a subsequence S @ p@,'pnl, Prgs. *.o

such that the first coordinates of thesé points converges to a

&
-

definite coordinate on the first gircib. In this subgequence

we csn find another subssquence, Sg, such that the. second coOf%&g-
stes (i.e. on the second cirele).convérge to a definite value.
Continuing in this wey, and extrecting the "31agonal® sequence:

we get a ?inal sequence such that the values of the ggs;dinatgé on
an arbitrény circle converge to a single definite value. Suppgse
that (wy, Vg, seey <Vny soe ) are the cérresponding -velyes
determined sbove. Then the poiﬂp#of’m>witn these coordinates.

18 the sequential limit point of the "diagonel' sequence.
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3 The proef is obvious. We may remark that the advantage
. o;'con;&dcring T, instead of B, 1s- that we have not had te consider
at this moment the question whether if the points of our sequence
hgd‘peldnged to B the final limit poimt would also have belonged
to B. We shall now prove, however, thet this is ;hzcase.

Theorem. The set B is a closed subset of T.

Thet is, B contains all of its 1limit points. Now, each
peint of T is a linear function on A. It wilibe a point of B, as
we have seen before, if it satisfies all of the congruences imposed
upoz7ﬁts by the-group 4 :

Zkiij 2 0 mod. 1 , where the M
denote the coordiZnates of the point £, say, in question. Let us
show that if the peint E_is e limit,gpint of é, then it satisfies
g1l of these congruences. Suppose, on the contrary, that there 1s
some one congruence which it dees not satisfy. Thlis congruence
1s certainly a continuons function of the finite set of coordinates
(uj) whicq;t involves explicitly. Therefore for a corresponding
set of coordinates (uty) which differ from these by very little,
the form will snffer an arbitrarily smell change; therefore, it will
still fail to be congruent to zero, mod. le But this resgtriction
of the coordinates defines a neiphborhood of £. This neighborhood
must contsain points of B, by the assumption that.g_is a limit point
of B, and the congruence does nold for all points of B. The
cbntradiction shows that the congruence holds at_E_also, and that
t i1s an element of B.

—-— 4
Corollary. The space B is compet t and closed.

In this form, we have freed ourselves entirely of a reference

space T.




Theoremn. Every closed subgroup o6f T is characterized
by the solutior of certain suitable congruénces.

We shsll be sble to interpret these congruenceiks the
fundamental relations of & certaln countable group whiech we shall
mow to identify with the character group of B. Befora proving

~

this theorem, we shall prove the

Theorem: Every continuous éharacteriof 8 closed
subgroup B of T 1s expressible in the form
Zkiui ’ where the u; denote
the coordinates of a point of T, the k; are integers of whiech,
at most a finite numbggfare different from zero.

By a character of B, we mean a function a(b) ef the

elements b of B which is single Valu;d, linesr and contlnueus
in the topelogy of B (all mod 1 ef course, as before).
We shall prove this theorem inductively, on the dimension
of thé space T. There will be one final caseg where we shall
have to jump from finite to infinite dimensicn. -
Cgse 1: Dimension of T is 1, i.e. T is the group of

PR
reals mod l.

Now 4in this case, the group B is of one of two simple
types. Either B coineides with T, or else B is a finite cyclic
group of some order k. For, if there are élements of B arbitrarily
close to the zero element, there will be élemenls of B everywhere
dense on the group T and, since B is clesed, B will moincidelwith
T. TIf there is a neighborhood of the zero which contains no other
element of B, then going iﬁg fixed direction on the circle T we shall:ff
encounter a first peint Elof B, since B 18 closed. 1If we consider i
the elements b, 2b, 3b, «. . there must be some integer gisuch
that ¥Xb = O., Otherwise as we follow these points around on the

circle there will be one just before we get to zero, and the next
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one will go beyond gero. But then it will certainly f811 short of
b, and seceordingly b was not the first element, as it should have

been. In this case, then, the gremp B id a finite cyclie group of
order k. In this case, the codrdingteff/ of the point b is 1/k,
and each peint of B has the coordinate m/k for seme value o m Ck..

Now- supppse -we have a cheraecter of B, and suppose that-1ts value at

Disy. TIts velne at kb s ke. But since kb = O, k¥ 2 0, mod. 1.

That 1s, k& is an integer, say k'. It is clear that if:E_designatos
the coordinate of an srbitrary point of B, the value of our
charscter at this point &s given by k'u. Now ktu iz = function of
the kind required by our theorem, and in»thi{ case the theorem
is proved. .
Suppose now that B coincides with T, end suppose that .
;giis a continuous. character of B. Then, since it Is contipuous;
Qe can certainly find a neighberhood of the £32222ig such that. the
value/;fﬂg_at all points of this neighgyrhood is less thag_l/s,
mod. 1. Now let ¥ be the value of a at _a polnt n of fthis .neighbor-.
hood. Let v! be its velue at the point uw/2. It is clear, from
the linearity of &, thet 2v' 8 v mod. 1 . Then v! is v/2 or it

is v/2 + 1/2. Only the first of these lies in thn,giv%#heighborhood.
It is clear that if we restrict ourselves to this ne%gﬁﬁothod‘ the ‘
character a is unembiguous, end that at the points u, /2, eee,
u/2n, .. it hag the values, v, v/2, eesy V/2R, .. .. . But now
by linear interpolation, and by continulty we see that the VQiuekof
& at any point of this neighborhood must be of the form k'unt', ‘v:
where uf&s the cpordinate of the point and k' is v/u constant. ‘
Then we can extend this function lin(®sarly to the whole -group, &né
the character must be of that form at all peints o?ﬁ, In this ca;e,

also, our theorem is proved.
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Lecture 10

We are considering a coeuntable abelian group 4,
whose elements we may denote by &,, n =1, 2, «... s Ve
defined a character of A as any single-valued, linear function
b(a) whose values were real numbers, mod. 1, where addition 1is
te be understooa modulo 1. We introduce now the notation

(b, a)

to represent the value which the function (character) b takes
at the element a. We regard this as a function of two vatriables,
a variable element of A and a variable charaeterigj we have seen
that the characters b form a group B which we called the character

group B of A. This function (b, 2) is linear in g if we keep

b fixed: in fact, when We keep b fixed end let a vary over the
whole group A we get a set of values which define the function Db.
But ngy, suppose we hold a fixed and let b vary over the group B.
Our function (b, a) of two variables becomes now a function of
the single variable b of B. It is quite easy to see th;t it is

a linear function and single valued. The linearity expresses the

fact that (b +b', a) =(b, a) + (b', a). This is the case,
by our definition of b ¢ b! in the preceding lecture: that function,
namely, which had at an element a the sum (méd. 1) of the values
b(2) and b?'(a). The single-valuedness is obvious. We see, then,
that eaeh element a of A defines (or we m:%z|l§) a character a(b)
of the group B. Its values are precisely those which are given by
the bilinear expression (b, a) keeping ELfixed. Now two questions
arise. First, are all the characters a(b) distinct? Can two
diff,erent elemel:zts 8 of A have the same value at every element B_of
B? The snswer to this will be that the characters a(b) defined in

this way are distinct. The second question is, are these all the

characters of B? Here we shall find that the answer is definisé&ly

® = sewo#
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negative, The greup B must have more cherdcters than .are contained
in the greup A. =H@wever?_ye:shéll_ffhdfthat if we topzlqgike B )
in a véry natural manner, an& me.hayexalregéy giyen”tgis topoleéiﬂv
in our previous laécture, thnnﬁfhe‘groppfA &;11 eclincide with the
totality (necessari}y a group) of the continuous characters of B --

4n this topelogy. There are two parts to such a proof, ef course.

We Shallkyve te -show that each character & (eof B) 1s continuous

in this topology (which is not ebvious) and that thére are no other

continudus characters (which is less obvieous).

T@ take our. first question, we want to show that
aj (b). end aj(b) cannot coilnclide if a; and aj gre different élements
of A. This means that thers. exists .at least one element b of B
at whicH they have différent wvelues. We must show, therefore, that
aq(b) - aj(b) is not identically zero as a funetion of* b. By the
linearity, this is equivalent to showing thet a(b) is not id&ntbcally
zero, if & = 83 - aj ie not the zero element. But we Enu¥T=s&s-thad

given any element of A not the zero element, there exists a gharactefjﬁ

b whose value at that element is not zere. Therefore a(b) is

not %eéro fé?ﬂhll“etémentslg’of B, and our assertion is pgovgd. The
characters a(b) are all distinct.
To prove the underscorsd statement, we consider first twd

trivial lemmas,

0O (mod. 1) has précisely the

1) for any integer n, nx

_n distinct selutions:ok = O, 1/n, 2/n, «..,.n-1/n .
2) for any integer n, and apy’real*nnmber k, not zero,
the congruence nx = k (med. 1) has precisely n ?olﬁtions,
x/n, kel/n, ks2/n, ..., ken-1/n , mod. 1.
The lemmas may be verified by inspection.

We shall now prove the following

Theorem: Let Aghbe sny subgroup of A and & eny element of A
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which does not belong te Ag. Suppese further that we have defined
a eharacter of Ap. Then we csn extend this to a character of A
in such a way that its valu; at theplement 8 1s not zearo.

A few remarks: By extending a character from Ae teo
A, we understand constructing a character defined over all of A
such that its values on the snbsgt Ao agree with the values alreadg
defined there. We suppose nogping whatever about Ag, except that

it is a group: it may very wéll consist of the zero element slone,

in whieh case the charaeter which we sugpbse giyeg;ﬁzggi be the
functio£ whose value at the z;re element is zero, and which is net
eanywhere else defined. For Iater purpdses, we need the theorem
gsbove in the generality in whieh we ha#e stated it. =§§
Proof. Let us envmsrate all the elements of A whigh do not
belong to Ag, but in such en order that the given eélement a is
the first. It 1s essential that & 1s the first element which we
encountér, it is really immaterial whether we dncilude * slements of
Ao or not. Let b(ep) be the chargcter defined on- Ag. There ag'e:=
two possibilities. It may happen that no integral multiple of:a
belongs to Ae. In this ecase. we shall define~b(£) by choosing fer

it an arbitrary value (real, of course) hot zero (mod. 1). Wé shall

then extend this funetion’linearly over all elements of ‘the form

8o + na, wWhere gg is any elemént of Ap and n 1s any integer. We now
have our function b extended to a charatter of the group CA@,'g), 1.e0. ﬁ
the group generated by the elements og Ap and the element &. There
i1s the secdnd possibility, namely that for some integral multip;e‘p,
na belongs to the group Ap (this may ﬁ;ppen, of course, even when
‘the element a is of infini%e order)‘ In this c¢ase -there will be

a least multiple, which %&ay suppose to bé the inﬁeger n above! such

that na belongs to Ay. Now the integer n (whlch we may always take s

8s pesitive) cannot be 1, because a does not belong to Ao by assumptie ﬁ
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Our character b is already defined for na, since this is ih Ag.
We shall define if at a by giving te it any one of the n-l.non-z;re
values which verify the congruence

nx £ (b, na) , mod. 1. .

It 18 easy to verify that if we extend this new function over the

group generated by Ap #nd a, together, by defining it lineaxly

, for all elements of this group,then it becomes a character. We have

only to rematk that i1t is single valued, and this foll®ws from
our choice of b(a) and the fact that every element of the larger
group can ge represented uniquely as a form ag + ka, where 85 is
a suitable element of Ag, and where G = k < ne

Therefore we have b?en sble to extend our character,
defined originally over Ao, to -a charaeter‘Aefined over a larger
group, call it Ay, which includes the element a = aj (in our
enumeration) and is not zero at aj. To complete the argument,
we must extend this function ever all of A. We do it by an
obviouns induction, taking the elements in sequential order. If
we suppose that we have extended this function to a character over
a subgroup Ap of A which includes all the First n elements, then
denoting ans1 by a (for the fun of it) we extend this character
to include @ns] by precisely the argument we gave above, replacing
Ao in that argument by An.

Then we have, finally, proved our original assertion
(and more) that to each non-zero element of A there correiponds at.

least one character which does not vanish on it. The proof above

is esspmtially arithmetical because we had no topology whatever on

A. The question-whether the charscters we have defined are continuouds

has, therefore, no meaning. Characters constructed as above for
topologic groups will net, in. general, be continuous in the given

topology so that this process is not reversible when we consider,
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for exsmple, our groups B with their topologye.
New if we take an arbitrary subgroup Ag of A 1t will
determine for us a well-flefined subgroup By of B: the subgroup

nsmely which consists of all elements of B vanishing at every element

of Ag. Each such element will, in general, vanish at other elements
of A. We shall find, hewever, that there is no element of A, not
in Ay, such that every element of Bp vanishes at it. We shall

call By the snnihilator of Ag. What we have intimated above is

that Ao will turn out to be the annihilator of Bg. We shall prove

that the tharacter group of A mod Ay canl be identified with Bg and
that the character group of Ag can be identified Wwith the group

B mod Beo.
Theorem. Given an arbitrary subgroup Ap of A, any

character b(a) of A determines uniquely a character b(ap) of 4o,

and each character b(go) may be derived from at léest one b(a) of A.
P This 1s now quite obvious. For, a character b(a) determines
a character b(ag) of Ay st once, if we merely regard it as being
defined over Ao and ignore its definition at other elements of A.
I.e., it will continue to be single valued and linear. -On the other
hand, we have proved in an earlier theorem that if we take any
character b(ap) we can extend it te a character b(a) of A: it 1is
clearly the case that b(ag) may now be derived from b(a) by restrictin
its range to Ap. i .
Theorem. TLet Ag be an arbifrary subgroup of A, end let
Bo be its annihiletor. Then Bo is the character group of A mod Ag. _
This is to be understood in the sense that By is isomorpﬁzc i,
to the character group of A mod Age The group A-mod Ag is a group
of cosets, and a ch;;actbr {s défined by asssigning suitable values

to these coOsets:s i.e. a character is constant oh egth -coset.. Ik

partichlar, a character must warlsklr at the zero element, l.e. it must
have the value zero at every element of Ao. What we are saying 1d
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essentially this. Given any character of the group A mod Ag wé

can at once identify this with a character of A: that character, ’
every element o

namely, which has atYany coset a + Ag of A the same value which

the character of A mod Ap has on that !'goset-element'. But in
this way we have certainly identified it with an element not only
of B but slso of Bg. Because the charascter must vanish at Ay, and
Bp includes all of these. Conversely, any character belonging to
the subgroup Bg of B, becsuse it wanishes on Ay, will be constant ;
on all cosets & + Ag. Clearly it defines a character of A mod Ap.
Therefore, each character of A mod Ap can be identified with an
element of By, and each element of Bo gives rise to one such
character. We want to be certein that two distinct elements of Bg
give rise to distinct characters of A mod Ag. This is also clear.
For, since the elements in question are distinct as characters of A
there will exist_san element a of A at which they have different
values. Then, as characters of A mod Ag,they will have different
values on the coset-element a 4+ Ao. (It hardly needs to be
remarked, enyway it is immeterial, that this element.f will not
belong to Ap since there all elements of Bg agree in having the
value zero.) Our theorem is proved.

Theorem. If Bo 1s the annihilator_of Ap, then Ay is
the annihilator of Boe.

This means that every element of Ag has the value zero
for every element of Bg (which is trivial) and that any element of A
which vanishes at every point of Bp must belong to Ag (which is
not trivial). However, we have already proved the last part of this
statement. For, if a is any element of A not belonging to Ag then

we know that there exists a character E which vanishes at Ao and

does ncot vanish at a. This is a particular case of our first

theorem. But now this character b, since 1t vanishes at every elemen
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of Ao, must belong to Bg by definition. Therefore, given a not in

Ap we have found at least one element of bg at which it does not

vanish. It follows that Ag is exactly the snnihilator of Bo. 2

We cannot prove the converse theorem without teking inte E

|

account considerations of topology; in faet without ascribing te s
B a properly chosen topology. We shall get this topology so that i

it will turn out that each group Bo arising as ennihilator of a

aubgroup Ag of A is closed sand so that, further, every closed
subgroup Bo of B will be the annihilator of some subgroup A, of A.
" (It is clear that then we shall have the converse theorem, at least
for closed subgroups of B). The topology will be such, as we have
remarked before, that the elements g will be the only continuous
charecters of B. L T,

The kind of topologic groups which we shall have to
considsr will be very restricted. We may call them the uniform-
metric groups (we shall be concerned only with the compact ones,
among these). We gshall say that & group B 18 a uniform metric group,
provided there exists a function D(x, y) where x and y denote
arbitrary elements of B such that 1) this function is defined for
every peir of elements (not necessarily distinct) and its value
is a positive real number, or zero; ii) D(x, y) = 0 if and only if
x = y;i11) D(x, y) = D(y, x), symmetry; iv) triengle inequuality:

D(x, z2) £ D(x, y) + D(y, z) and finally

v) translation invariant:

D(x, ¥) = D(x+z, y#z)z
As exemples of such groups we may conslider the general
Toral groups which we defiined previously where we introduce such
a metric as follows. Consider the one dimensional toral group:

realising it as the grbup of rotations of a circle. We can picture
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this group as an ordinary unit circle»in the plasne. As distance
between two points we can take the ordinary euclidean distance.:
This will obviouslﬂgave the first four properties we A D
enumerated: these are the usual properties of a metriec.
Each point of the circle denotes a rotation through
the corresponding angle: if we think of the plene as
rotating with the circle (about the fixed center) then
we see that this distence is preserved, In the group, this
"potation" is a "translation", of course, every point of the one-
torus being displaced by the same smount. For the case of the
finkte dimensional torus we can think of the group as the product
of a set of unit circles and take as distance between two points
of the group the sum of the distance, in the euclidesn sense above,
betweeq#heir'corresponding coordinstes. For the infinite dimensional ﬁ’
torus we cannot do the same thing, because we want the distance
betweenr two points to be finite. We can therefore choose a fixed
set of multipliers whose sum Qonverge;, e.g. 1, 3, &, ... and

distance between
add theAcorrespnnding coordinates with these multipliers, It 1s teo

be understood, that the metric isN\glwayy a convenient tool, so that

it is quite immaterial exactly how it is constructed .. so it is

g metric. We must be sure of course thit different choices of
multipliers, sbove, lead to the same topelogy. It 1s the topology
with which we are c?ncerned. Now 1t 1s rather easy to see that

1f we define 1imit points in terms of the given metric (for any

set of multipliers), ghen g necessary_gsnd_ sufficlent sbundition
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The assertion above is quite easily verified: if
DR o= dln + dgn + cee 4 dmn + veee 30 =T 1, 2, seen,
is @ sequence of sums of positive (or zero) terms dp®... then
this seﬁuence can converge to zero if and only if dp®, for fixed m,
converges to zero., Of course, by our choice of multipliers the
individual sums are finite and the partisl remainders gre uniformly

small. On the other hand the convergence of the partial -sums

need not be uniform. We are not concerned with thaet. Our metric

merely exhibits conveniently the topology which we have in mind for
our groups. .

We may remark at this point t;at the group operations
are continuous in the topology we have chosen. Thus i8 ap is
a sequence of elements converging to an element s, then ~-ap converges
to -a. Expressed in our metric, the first statment means that
D(ap, a) goes to zero with n to infinity. Translating these
distaﬂ;es by -a, we have that D(ap-a, O) goes to zere. Therefore,
trenslating by -ap, D(-a, -a,) goes to zero se that, finally, ~&p
converges toc -a. Further, 1f apn converges te<5.qnd by converges to
E_we can show that ap$ bp converges to asb. For D(ap+by, a+b) is
equal to D(ap-asbp, b) = D(sp-a, b-bp), translating first by -a and
then by -b,. By the trianfle inegquality, this last number is less
(or at most equal) D(ap-a, 0) ¢ D(O, b - bp). But each of these
nunibers goes separately to zero so that thelr sum goes to zero, sand

an+b, must converge to asb. (It is also quite easy to verify this

directly in terms of the coordinates of all of the points).

We have already shown that the Toral groups T sare compact,
1.e. every infinite sequence of points has a subsequence converging
to some~ definite element of the group. We have shown, further,
that the subgroups B (which arise as character groups of discrete

groups A) are closed subgroups of T. As subsets of T, they are
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glso metrie, end it is clear that if we have a uniferm metric in _

T then the subgroup B becomes a uniform metric group (merely %

ebserve that when we transhate by an element of B, the group B

goes into itself).

Topologic residue groupsi Let_B-be any uniform metric %
group, for simplicity we shall suppose it cemptct. Let Bpo be any §
closed smbgroup of B. By B mod Bg we shgll mean the group of %
cosets(b + Bp), as b varies in B. It is easy to see that thig is |
a group. We want to show that it is also a uniform.metric group.

We shall "metrize" this coset group, i.e. we shall define a distance
between pairs of its elements. This comes to the same thin%‘as
defining a distence, in the group B, between two distinct cosets.
Observe, first, that if Bo is closed then every coset b » Bo is
closed. This is quite trivial: if an element b¥% 1s a 1limit point

of such a coset,;hen b# - b is seen to be a limit element of By,
therefore an element of Bpo(which is clesed by assumption).. But

then b¥ belongsd to b + Bo, and ‘this is closed. Now if b + Bo

and b! &+ By are two cosets, let the distance between them be
defined as the greatest lower bound of all distances D(x, ¥)

where x ranges in the first coset and y in the second and D(x, y)

is their distasnce ingthe mexric;group‘B.
The distance which we have defined above is certainly real }

and nonenegative. It is zero, obviously, when the two cosets coincié;

Bnt it is not zero, otherwise: this depends on the fact that our

cosets sre closed. To prove this most simply we remark that in

our definition of the distence of cosets we may keep one of the

variable elements fixed. Thus if x! belongs to the coset x+ Bg,

X! = x + Xo where Xp 1s a sultable element of Bg. Therefore

D(x', y') = D(x, y' - xo), by translation, and y' - Xo 1s in the

same coset as y'. Now if the distance of two cosets is zero, we
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see that there mmst exist a sequence of elements in one of them
whose distance to a fixed element in the other converges to zero: :

therefore thHis element is a limit point of the sequence. Therefore,

the cosets being closed, the limit element belongs to the otlier GOSet.ff
The two cosetd coincide, since they haVe an slement in common. It
may be remarked that our argument has'not used the compactness of B.

It is trivial that the metric which wa have defined is transiation

invariant: there remains the triengle inequality to verify. Let

P, Q, and R denote three cosets, and let e denote any positive number. ﬁ
Take any point P in P. Then there exists a point g in Q such that
the distance of the cosets P and Q 1s greater than D(p, q) - & .
There exists a point r in R such that the distance of the cosets
-Q and R 1is greater than D(q, f)§: e. By the triangle inequality,
D(p, q) + D(q, »)- 2 D(p,"r). Now D(p, r) is not less than the

distance befween the cosets P and R. We see that

"~

|

. " ,D(P; Q) + D(Q, R) = D(P, R) = 2e , where these

symbols denote distsnces between corresponding cosets. Since e

is arbitrarily small, the triasngle inequality for this new matric

is verified. Here ggain we have not used the compactness of B:

we might have nsed it by proving (it is easy to) that there existed

a point q in Q such that D(P, Q) = D(p, q), and avoiding the e ‘'s.
The most important application, for us, of the metric

whieh we have introduced in our Torsl spaces is that it has

facilitated the topblogizing of the residué groupse. We could

have done this, more directly, without a metric but it would have been

tesd eBsv~to follcw,
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Lecture 11

We shall begin a study of Teral groups, thelr subgroups, and
character-groups. Let T denote a Toral gpoup of infinitelymmany
dimensions. Each element b is given gy the values of its coordinates f

b s ((91"(52"*”‘ (Bn_’ ) .
Let TR denote the subgroeup of T such that all coordinates, after the
nth are zere. Tn is then an n-dimensional Toral group, and it is
obviously a closed subgroup of T. Now if&g,is any element of T,

we shall define its projection on TR as that element b? of TR

whose first_g,ceordinates agree with the firatlg‘coordinates ef EJ
If ﬂ is an arbitrary group of T, then by the projection of~B we
ahall mean the set of all elements of T2 which are projections of
an element o#B. It is quite eas& to see that the projection of a
group is itself a group. We must guard ourselves sggainst supposing
that the projection is necessarily a subgroup of the original group
B (it is, of course, a subgroup of T and of ) .(A simple example
will make this clear. Lat 7% be a toral group, the coordinate on One
circle being denoted by x and the coordinate on the other by y.
The set of elements of the form Ny+(x # y)., where A takes on real
values, mod 1., 1s a closed subgroup of T2, Tts projection on
the x-circle covers the entire circle. But no element of the form
N x, except zero of course, belongs to the group in duestion).

Theorem: If B is a closed subgroup of T, then its
projection into ™ is a closed subgroup B of TR,

Let us suppose that some element b L " is a limit
element of BR, Let bg, g =1, 2, ..., denote a seqhence of elements
of Bn .converging to bR, With each of these we may associate one

element bg of W, such that bl 1s the projection of bg. We cen

choose & suhsequence of the new sequence bg such that this subsequencd
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converges to an element b of T. Since the first-n coordinates of
the elements bg (and therefore of our subsequence) converge to

the first n coordinates of the givean element b? it is clear that
the first n coordinates of the 1limit element b, above, coincide
with those of bll, Therefore bR is a projection of the element b.
But b certainly belongs to B, since this is closed and contains all
bg. Therefore, since b™ was en arbitrary 1imit element of BB, BU
is proved closed.

Suppose. now that we have any funetion defined on B, which
4sisingle.-veluedss We camhot,” in geniigl, define  this furetion on
the projection BN of B so that it shall He single valued thers.

It may happen, however, that the function has the same value at

all points of B which proiect into the same one point of BR. 1In
this case we can project the given function by taking its value

at s gfpjection point to be its valve at any one of the points which

project into this point. Let us now prove that

~funétion can be projected_inte BW, then_it_is_continucus_in_BR.
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For if bR is a point of BR at which the projected function
18 not continuous, we can find a sequence of elements bllg of Bn
eonverging to bn such that there is a seguence bg of elements of B
which project into them and which converge to an element b of B
projecting into bn. But now the contradiction is imnediate since
onr projected function has the same value at bs ard b as it has
at blg and bl, respectively, and is continuous in B.

Theorem. Let B be sn arbitrary closed subgroup of a
toral group T. The i-th coordinate 4 of & point b of B.is
a continuous*char;cter of B.

This is quite trivial. It is clegr that this coordinate
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is single-valued and linesr, by the definition of a'ggéal group.
That it is continuous in our topology, we have already remsarked
when we noticed that a necessary and sufficient condition that
a set of elements converge to a given element is that the correspondin
coordinates converge.
In the application which we shall make of tﬁ% theorem
the i-th coordinate (31 will be the value which the given element
has at the element ajy of the group A of which B will be the charécter
group. This will tell us at once that each of the elements aj is
a continuous character of the character group B.

Pripcipal_Theorem: __If._B._.ls_sa.clesed_subgreup_of_s_toral
group_T,._then_every_contivuons character_of B.ecsp_be_ezpressed_ss
g_finite_linear_integral_forw_ip_the_coordinstesa

i.e. c(b) = Zhi G- Ai integers, at most

a finite number different from zero.
e

Proof. We shall consider, first, the case that T is of
finite dimensionality and we shaell make an induction on the dimension. ;
Suppose, to begin the induction, that T is of dimension 1, i.e. a :
circle group. We have alresdy seen, in an earlier lecture, that ¥ 4/0¢
in this case every continuous linear function of B must be of the
form: AB, vhere @ denotes the coordinate on T end where A
is an integer. (This is, essentially (except for the slight complicat-'f..
ion of the mod. 1), the theorem that a single valued additive £
continuous function of the straight line is necessarily linear.)

We supnose new that the theorem is establiéhed for all toral groups
of dimension less than n. Consider the subgroup, let us call it

B!',of B such that the first n-l coordinates of all points of B!

are zero. (There is at least one such element, namely the zero).

It 1s clear that B! is closed, and it belongs to the one dimensionel
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toral group which corresponds to the nth coordinate./ Suppose
that c(b) is any continuous character of B. Clearly c(b)

determines a continuous charscter of the subgroup B!'e Therefore

by the one-dimensional case of  our theerem e{b') can be expressed
on B! sas some function Anfy Of the n-th coordinate, where An is

a suitable integer. But we have already seen. that (n anc h&ﬂkﬁnnﬁg
AnBn, elso, is a continuous character of B. Therefore

c(b) - An@n = d(b) is a continuous character
of B. Now we are going to project this function d}b)kinto the
projected group Bn-1 of B into o=l Getermined by the first n-1
coordinates. The projected funetion is single-valued, for if
we have two points b and b' whose first n-1 eoordinates egree then
a(b - b') = d(b) - d(b') has the value zero. This follows 8imply
from the fact that, in this case, b - b' is en element of B! sa
that ¢(b - b') = An(fn - B'n). This is precisély the quentity
which -we must then subtrfact from c(b-b') to get d(b-b'). It 1a
quite clear thet the projected function is linear in B?fl and. we
have alresdy observed, as a corollary, that it is necessearily
continuous in BP-1l, Therefors, finally, d(b) is a contimugus
character of Bn-l. By our inductlion, it follows that d(b) can

be expressed a s a finite integral form in the -first n-1 coordinates]

ad) =2 Ay By » 80 that

c(p) = ;if&i B; , proving our thecrem, for every

We have the final case to consider that T is of infinite

dimensionality. In this case we shall prove that if c(b) is

large so that c(b) wvanishes for every point whose-fir;tﬂn‘coord%patesf
for everyn = 1, 2, «.¢ '
vanish. If this were not so, we could find a poin% bn,yhose

first n coordinates venished and- snch that c(bp) was -different

e

from zero. -In this case we can certaimly find real multipliers bn

g~
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such that tpe(by) > % mod 1. Now tpe(bn) = e(tyby) (mod. 1) by
the linearity of a character, so that c(tnbn) cannot converge to
zere., But the first.n coordinates of b, and therefore of t b are

zero, by construction. Therefore the elements tpb, converge to
zerc. This violates the sssuned contintity of the character c(b),
and the contradietion establishes aur contention.

This mesns that there ts an n such that the wvalue of

c(b) .coincides with the ue of c(b®) where b® is the projection

of b inteo T: a fixed integer. This is not quite accurate,
since ¢ is not necessarily defined for the element b2 of T: this
may not belpng to B. We shall define ¢ at bR by projectinon, but

then our assertion becomes trivial. What we megn is that there

exists en n such that the function so projected becomes sﬁggle-valued.ﬁ'

This 1s mot true'for'every Eif but it is” true for any E_such that
the character‘g_vanishes on every element whose first‘g'ceordinatés
vanish. We have shown that such an E;Qxists.

Now the character g¢(bR) is defined on .a subgroup, BR of
the finite dimensionsal toral group TH ahd we may apply the case
of our theorem which is slready proved: we see that c(b) is an
integral limgar form in the first‘E'QOOrdinates. '

Now let us spply this theorem to the case that the group
B is the character group of a given discrete group A, and the group
T in which B 1s imbedded is determined by taking as a basis for A
the set of all elements of A enumerated in single sequence: aj, &g, ..T
Then we have the result that esch continuous character of B is
a finite lntegral form in the coordinates. We have already seen
that thégggordinate of an element b _is the value ©of the character
a1 (b). Therefore the general continuéus character of B is of" the
form :ZT?h@i(b) - g(&3 where a is that

element of A which- is given by the finite integral expansion

2 A8y
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We have finally proved, as corollary, that if B is the
character group of a discrete group A then A 1s the continuous
character group of B (it being understood that B is topologized,
as we have indicated: it is not asserted that this is the eonly
topology which ¢ould be assigned to B sg hat the theorem should
st11ll hold, although that 1s the case).

Now, preparetory to establishing the converse theorem’
to our theorem on the annihilator of a subgroup Ag of a discrete
group .A, let us prove the theorem:

Given a closed subgroup Bo of B end sn element b not in

Be there exists a character vanishing on Beg and not vanishing at b.

Let the coordinates of b be ('ql, ﬁz, seee Py e )e

Suppbse that for each n there is an element bp(whose first n n Bg

coordinates agree with the coordinates of b. It 1is clear that this
sequence converges to b. Since Bo 1s closed, by assumption, and

b does-hot belong to it, this iSwimp&ssible. Therefore there
exists an n such that there is no element of Bp whose first n

, (end thera exists a first such n)
coordinates are (4, N2, <+ nn)( For this n, let B'o be the

subgroup of Bo consisting of those eleménts whose first n cocrdinates
are zero. Let us consider the coordinates (0, 0, «.., O, Bp,ys -+ )}
of a general element b! of Btg. It is clear that [91'1_;1 canndt take
LR amkx Promx xEXFI XXX QA XNEXE on all real values (mod 1).
For, suppose that it could. We know, from our particular choice of
n, that there exists an element b" of Bj- whose first n coordinates
agree with those of the initiel element b. Then if Q"n+l is the
nel st coordinate of b", we should be sble to add to b" an element

bO of Btowhose first n cocrdinates were zero and whose n+l coordinate
7

=/
was fha - @?x#l. This would give us an element of Bac(since By
18 s subgroup of this) whose first ns+l coordinates egreed with b,

and such sn element does not exist.
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In case 1t happens that there i1s no element in By :

whose first coordinate agrees with that of Bhe element b, the
group Bfg will coincide with Bg. -
From the fact that the n+l st eoordinates of elements of -
B'og have a restricted range we know that this range must be finite
and that there must exis&-ah integer k such that each coordinate is
of the form: 1/k, 2/%, ..., k/k £ 0, mod.1 . It is <lear tHat
kK he1 1s a single valued function of the first n coordinates of
elements of Bg. I.e. if we havé any twd elements of By whose first
n coordinates coincide, then k times the difference in their _
n+l st coordinates will be zero (this difference being of the“form
m/k, mod 1l.). Therefore k|3n41» as a character of Bo, will have,
the form k@ ns+1 =Z);1(31} , and kﬁnﬂ ) %1@1 as
a character of B will vagish On,Bou o
To conclude our argpﬁent;we have only'to obserfe that
this character of B does not venish at our originsl element b, ;
Suppose- it did. Let b° be “tny elément of By whose first n goordingtes;h
agree with those of b (we know at least -one such element exists by |
our choice 6f n). Therefore this chdracter miast venish at their
'difference (since it vanishes at both). It is clear from the Form
of the difference -
of the cheracter -that the ns+l st coordinate,will hawe to be. a
solution of the congruence .; kx = O (mod. 1). By our chdice of
k there is at least one element of B'y whose first n bdérdrnates,
of course, are zero and -whose n+l st coordinate is an irbitrary'integef
multiple of 1/k. 7Tt should be clear now that we eould find 5 ~-
an elemént of BTy which,addeéd to bO would have the first n+l
coordinates of . The contradicticon establishes. our theorem.
Theorem. Lét B be the character group of a discrete

group A, let Bo be an arbitrary closed subgroup of B, and let Ag

denote the annihilator of Bo: 1.e. the subgroup of A elch element
of which has the value zero at all elements of Bg. Then Bg is
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the smnihilator of Ao 17°°

Proof. It is clear that each-element of Bo has the
value zero at every element of Ap, so that Bo 1s contained in the
annihilator of Ao. On the other hand, if ¥ is any slement of B
not belonging to Bo then, by the theorem sbove, there exists at
least one cheracter, call it a(b) which vanishes on By and does not
vanish at b®, Now a belongs to Ay, the annihilator of Bp (since it
doeg vanish there). Since it does not vanish at ©°, it follows
that bO cannot belong to the annihilator of Ae: since b° was any
slement not in Bg it follows that Bp i1s the sannihilator of Aq.

We shall continue these converss theorems by showing,
later, that if 5415 an arbitrary.closed subgroup of the character
group B of a discrete group A, and if Ay is the annihilator of Bo,

then Ao 18 the character group (continuous) of B mod Bo.
r'd

In the application of this theory to combinatorigl
topology we shall have to consider simultaneously not merely
these two distinct types of groups but certaln sets of groups of
each typeﬂ whieh are given to us with definite meppings. These
mappings will correspond to the boundary operator, for example,
in our connectivity theory.

Suppose then that we have two arbitrary discrete groups
A and A', and their associated character groups B and Bt (topolog-
i1zed, always). Suppose, further, that we have a mapping of A upon
At', in the sense of a group homomorphism: i.e. iiﬂjicorresponds to
a', then -a to -a', and a+b to a's+b' whenever & to a' and b to bl.
The mapping is not supposed to be an isomorphism, nor to cover all
of At; of course, it may. Let us call éhis mapping: L . We shall
show how to associate with it a definite maepping y of B! upon B.
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This mapping v (by the way, it will 8o the other way, il.e. it will

The ortginalzmapping y.distinguishes two subgroups, one
jn A the other in A'. There will be a subgroup A of A such thet
M{Bo) = O, i.e. such that each element of Ag 1s mapped on the zero-
element of A'. On the other hand there will be & subgroup Alg
of A' which is covered by this mepping, i.e. every element of A'g
i1s associated with at least one element of k,‘énd every element of
A' which is "covered" belongs to A'os Now we shell construct the
mapping ¢ so that 1t will have the following property: The closed
subgroup of B' which is mapped iﬁto the zero-element of B will
be the annihiltator’B'y of A'g. The closed subgroup B, of B which
ig covered by this mapping will be the annihilator of Age.

To determine the mapping ¥ let us consider an arbitrary

element b'! of B'. This element is a character b'(a') of the group
A, 'ﬁow we shell map b! upon that element b of B which regarded
as a character of A has the ssme valueé at an arbitrary element a

of A which b' has upon a' = Ah(a). It 1s not triviel that we can

do this, for i1t is not trivial that such a character exists: Ghere_ -

-

wort be more than one)

%*1

mep B' on B) will alsc be a group homomdrphism end will be c0ntinuous.!

Observe first that not all elements of A! affect our choie@§

of the function b, For if a' is an element of A! not covered by
any gdof A, the value of b' at this element is a matter of
i{ndifference to us. We are interested, then, in the character bt
as a character of the subgroup A'g: the group of elements that are
actually covered. Now A is mapped homomorphicelly into all of ATg.
Fach element a'c of A'g is covered by a coset of A mod Ap: i.e.
our mepping is reslly an isomorphism between the residue group

A mod Ao and the subgroup A'g. Therefore the function wh{gh has

- e X
the_same value et each element of a coset a ¢ Ao which b! has at

———————
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M(a) = a' 1s a character of .A: this is the desired character B(a),
Now we see that if b' belong§ to Bly it will heve -to have theé y&ln;
zero at every element of A'g ar;gl the functign which we are looking

for will have the value zero at every elﬂn«ent of As that is t?&ay
it will be the zero character. This justifies our statement that

V(B!)

vanishes at the zero element of A' the character b which we are

O. But we see; also, that in sny event since sach b!

looking for must vanish at every element of Ao, since ,.th'esé are

=

mapped into zero. Therefore the chara_ctex},l& will necesserlily belong

to Bg the annihilator of Ao.
We shall review this discussion the next hour and camplete

the demonstration that the mapping v which we hav’e..,defi,ngd is

-

—

a cont 1nuous}1omomorphi SMe
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Lecture 12.

-~

Let us review, briefly, the results of the last few
léctures. You resall that we began with an arbitrary (eounteble)
discrete abelien group A and- defined- its character group B. We
then topologised the group B. The topology which we ehose for B
was such that a sequence of elements by of B eonverged to an element

b of B if and only if the values bp(a) corverged to the value b(a)

for every elément a of the originsl group A.

We saw that 1f We considered sn arbitrary subgroup A¥*
of A there was assoclated with it a definite slosed subgroup B¥
of B which we called the aennihilator of A* and which was defined as
the totality of elements of B whose values at every element of A%
were zero., It was clear that évery elament of A¥ had the Vvalue
zero at every element of B¥* and we preved, further, that RA*
contained every element of A which had this property. That is,
we shgwed that if B¥ is the annihilator of A%, then conversely Aﬁ
is the annihilator of B”i We proved that if we gtarted with.an
arbitrary closed subgroup B* of B, and any elemert b.of B iet in: B¥,
there always exigted an element a of A which vanLéhed on B# withouﬁ
vanishing on b. From this we were sble to conclude P%%téif'we - |
began with & closed subgroup B¥# of B and construncted its_gnﬁ;hilabori‘
A% in A then B¥% was the anhihilator of A% (this wéuld .not be true -

(not closed) B!

for an arbitrary sﬁbgroupAOf BA'in this case wé should get as 1ts ‘ b
annihilator group in A a. groupawhose annihilator was not the original ﬁ?
grovp but its closure B'). -

We then censidered a group &, an arbitrary subgroup -A%,
the cgzractor group B of A, and the annihilastor: B¥ of A%: We
showed that the group B¥* was thé charaecter group of A mdéd 4, -~and Ta

the group B mod B#* the character group of Asx. We want- now to conglude
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that A# 1s the continuous character group of B mod B* and that

A modA% is the continudus character group of Bs#. This can be done

in several ways of which the nestest perhaps 1is this. We already
know that if we take an arbitrary disérete group end form its
character group khsx the discrete group becomes the contingeus -
character group of its character group provided we topologize this
one in the proper way. That mesns that we know that A«# is the
continuous character group of B mod B% and that A mod A% is the
continuous character group of Bst provided we piek the right topology.
We also know how to pick this topology. But we already have a
topology for B, as closed subgroup of tHe group B which wés 3
topologized to begin with. Similarly we already gave a topology to
B mod B#. What we have to do now is to verlify that these are the
proper topologies for ouﬁ theoremes This is guite esay to do.

Theorem: A mod A% 1s the continuous charscter group of
B, cﬁlthe hypotheses of the preceding paragraph.

_We have tvwo topologies for Bx, which we must now ttry
to identify. In the first, regarding B+ as subgroup of B, we know
that a sequence of elements b#p of B% converges to an eleménpgﬁ%‘
if end only if b#p(a) converges to bi(a) for every element a of the

group A. In the second, the orie in which our theorem iIs certainly

true, b#p converges to b* 1f and only if bip (a+Ax) converges to

bi{a+A%) for every coset-element a + A*, But the value of b at

the coset-element asA#% is the same as its value at the element a,

since .the value of b# at the coset element A% 1s zere. Therefore

(a & A, b3) = (a, bsx) and similarly

(a8 & Ax, bip) (8, b#p) so that convergences in
the one topology is identiscal with convergence in the other. To_lkeep
what has been said from becoming confusing it is importent te¢ bear

&
in mind that while the values of -the pairs of brackets whichl we hsave

* g
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written above coincide, thei? interpretations are gquite distfnct:
in one ease the element b#% 1s zn elément of o group B, charaéter- i
group of A, in the other it is an element of a group B#, character
greup of a coset-group (regidue-gréup) A mod Ax.

Theorem: Ax is the centinnous character group d;
B mod B#, our hypothéses. kstnx a5 above, ~ i

Here we shell have to be a bit more careful since tles
topology of B mod B#, as residue group of B, is a little trickier:
The tgb@logy which verifies our theorem:is the one in which a

sequence of (coset)-elements “*bp + B% converges to -thie cosét’ “h 2 B«

if and only (ax%, <bp + B#%) conyergeé—tq,(a%, zb & Bx) for every
element ax of the group Ak, The values of these brackets eoincide,
respectively, with the values (a%, *bp):andi(a#y, b}-vhere we now ‘
regard bn and b as définite elements of the group B, Qhégeﬁ from ¥
the corresponding cosets above. It 418 immatdrial which elements bp
and b we choose frem these cosets. Now {f a sequeﬁée of eosets -
converge to a coset in the tgpglogx,w%icﬁ we pngyiousg§~assgciated N
with the residue group B mod Bs#, therw necessarlly exists a cholce
of an element from each coset such thet these elements converge

to. the proper limit. Therefore the values (aik, bn) will conVerge

to (a#, b) (since we know that a% 1s. continuous Over B) and therefere :
the cosets will converge in the topology which we wanp theém to have.
We must now show that if we have a sequence of cosets (bn %+ B«) )
converging to (b & Bx) in the sense thgtaga#;'b9,+ B%; coenverges

to (a*, b & Bi#) for every slement a% of A% ﬁggg these cosets converge

in the sense that there exlsts an élement b'p in bn 4 B* and an

=

element b' in b & B% such that b'p conhverges to b!'. ,Eér 1f this is
the case, we shall know that the cosets also converge in fheir
topology as a residue group (l.e. in this cage, the corresponding- B

distances between the cosets will go to zero).
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To thils end, let b, and b represent arbltrary definite

choices of elements out of these cosets. Consider the elements

by, - b. Since our group is compact we can suppose that a subsequnnco;ﬁy-

of these converges to a definite element b of B. Since the
values (a%*, by - b) goes to zero for every ai# of A% we may conclude
thet (s, D) 1s zero. But in this case we know that b must belong
to B#, for we have seen that if it did not there would be an element
of A vanishing at B%, therefore necessarily in A%, but not vanishing
at . Now we may take b'p to be bp - B(for that subsequence of the
n 's for which by - b converges) and we see that (for this sequence)
bn - b converges to E: The new elements and the ¢ld belong to the
same coset, since Y was shown to be an element of B#, and our
theorem is proved.

We return now to the censideratinns with which we closed
last hourds lecture. We have two groups A and A', discrete, and
a definite group homomorphic maspping M 6f A into A'. We do not ,
suppose that all of A!? is covered. In the application which we shallif
make the next hour the group A will bé the group of k-chains and A
A' the grouvr of (k-1)-chains and the mapping will correspond to
the boundary operator. The mapping ] distinguishes for us a subgroup ?
Ao of A: the subgroup of elements which are mapped into the
identity element of A', and a subgroup Afpo of A': the elements a!
such that for some element a, A‘(a) = g!', In this event, m(a + ag) =‘i
= a!, for every ac in Ag. We associate with these groups their

character groups B and B', properly tOpoﬁ%ised. We construct a

mapping p of B! into B as follows: }y(b') = b if and only if

(b, a) = (v, a')
where_gdis any element of A and a' = M(a). We have shown last hour

that this does define a mapping of all of B! into a part of B: i.e.
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given any element b! 'of B! there exisés‘one and only one elément,}L

ef B satisfying the relation above. We spe that thers is a$subg;eup

Bo of B which this maﬁbing emphasises: the set. of éiemqn;!f nemely,
there are

such thaf{ krmyxhxxs elements of B! which-are mapped into them.

Similarly there is in B! the subgroup B'p of elémegts which are mapped

into the zero element of B. Now we shall show that Bo is-the
annihilator of Ao and B'g the annibl]ator of Aty.

Theo?em:‘ B'eg i3 the annihilgtor of Atg,

Since aach element of B!'o maps into the -zero-elemmant -of B, - each
such element must have the value zere at gll elements of Alg:_for
the zero of B has the value zero at every element of A, and this must

be the value of an element of B'y at every point of A' which comes

from some a of A. That defines A'o. On the otheér hand, every element

of B'g vanishing on A}, defines a character_B_vanisning on wll -=f

A, namely the zero element of B. We see, by our first argument, that.
B'o belongs to the snnihilator of A'¢, and by our second that it
contains this annihilator. The theorem 1ls proved. .

Theorem: B, is the annthilator of Ag.

An element ap of Ap is mapped into the zero of A'. The
characters b! of B! have the value zeroc af zero, of course. Therefore i
the elements B{into which they map must have that value at #g. That

is’ to say, Bo must belong to the annihilator of Ay, since ag is any

element of Ap. Conversely, supprose that Bfis ahy élement of B vanish- ?i‘
Ing on Ap. The element b gives rise to a character of A med ‘Ao, :
and therefore to a charscter of the group A'o which is iseomorphie.,
" We terr extend this character from A'o to all of the group A': this N
defines for us at iiisé one character b! of A' which we easily
recognise as an element of B! which 18 mapped inte our original

elementﬂg, Therefore Bp contains the annihilator of Ao, and by our

first argument it must coincide with this.

-« e me ™

- - &
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We should perhaps have proven before this, in any event

we shall do it now, that the mapping @' of B'!' into B 1s a continuous

element b' then the ecorresponding elements bn!converge to an element
b which is the map of b'. It 1; sufffecient, since we are dealing
with. groups, to show that if x§1 seguence b'!', converges to zero,

then the correspnnding sequence by converges to zero (we use the

word zero rather freely -- sometimes it is the value zero, as element
of the group of reals mod 1, sometimes the -zero of B, of B', of A,

or of A'). This is quite trivial. For if b', converges to

zero then for every element a' of A', (a', b'p) converges to zere.
But (a', b'n) = (a, bp) for that element by which is m' (b'n)

and for every &, since every a maps into some a'. This means that

b, eonverges to zero, and our theorem is proved.

. We can reverse the entire process which we outlined E? }
above. That is, we can start witﬁ?:wo groups B asnd B! and a é?
continuous group homomorphism ,i(B') into B. FhixxindnzeaxmaxMEpRing f
nﬁxﬁxinxnxﬁxxx1hxxhxxaxmxxxﬂ:naxnxhxxnxxxxihxxmxppxngxxnxnhkxknnﬂ éaj
axxfBAkews xx xkekxakkxxhexanyxekemaxxe fxAxxxkntxRixRax ARy xnX aMERL |
pfxRixanghxthakxettht¥. We can show without difficulty that this %i i
determines ® mapping of A into A', which we may deslignate by m#. 3

We shall want to know that if the mapping u' is the one which we

had up above, then the mapping m# will coincide with the mapping M ﬁﬁ{
with which we begen the whole discussion. i

First,a word sbout these continuous mappings. We have, i}-
as before, a subgroup B'o of B! comsisting of elements mepped into ?
the zero of B and a subgroup Bg of B consisting of elements which
are covered, in this mapoing. We assert that both groups are

closed. This 4s quite clear. For if we have a sequence of elements
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b'n of B!, mapped into zero, and any limit element b' of this

sequence, then b! must be mapped into zero because of the continuity.
That proves that B'y is closed. On the .other hand if bp 1s a sequence Y
of elements of B eachof them sovered by some element of B' and if
bois any 1limit of this sequence then we can find a sequence of
elements b'n such that s'(b'y) = dbn. The sequence b'y by the cempact-

ness of the group B' has at least one limit element b'. Now it

is an gabdiate consequence of the continuity that #'(b!) = b. There-
fore both of these groups are closed (it is perhaps interesting to
note that this fact was known to us in the previous situation from
the fact that these groups could be identified with certain annihilato
which we already knew to be closed, neceasarily). The mepping m'
is really a continuous isomorphic mapping of B! mod B'g into Bo.
The linearity of the mapping, and the fact that B'o is the group of
all elements mavping into zero, assures us of the isomorphism. The

Ve

continuity of this mepping is an easy consequence of the fact that

the group B'c (and therefore all of its cosets) is closed.

We determine the mapping pE of A inte part of A!

as folhows. Let a be any element of A: it 1s a character a(b) of

the group B. It defines for us a character of the group Bo, where i : ]

we merely restrict its renge of definition. Therefore it 1s equivalenté . Q

to a character of B' moed B'g, which is isomorphic to Be. This, in

Lt
w80

R

turn, defines a chmracter of B': that character @' which is constant

e ey

on cosets of B'y id B! and has on each such coset the seme value
that 4t has on the corresponding coset-element of the residue group.

Then M# is defined by Mz(a) = a'. We can express this, also, es

DR s e e D S
B T

follows: if a is given, and E’denotes a variable element of Bg,then

a! is determined 9%} the relations

(a, b) = (a', b') , where b! is a-variable element

of B! but so chosen that ja'(b') = b
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We have already seen that there is slways one a', and only one,
which satisfies this relation. I

Now the mapping Ms plcks out a subgroup Ak ef A
end a. subgroup A'wg of A': the group A¥o 1s mapped into zero,'
the group A'sty is covered by the mapping.

Theorem: A%#g 418 the annihilator of Be.

If the element g of A 1is mapped ‘into the zero of A' it must vanish
on Bg. Otherwise it would determine for us a character ef Bo not
vanishing everywhere on Bp, and thereafore a character of B! mod Ble
whose valtie wasrdtfferent from zZero for at least one coset of this
residue group. This would give rise te a ¢hgracter of B' not
jdentically zero, contraditiing our assumption on a. Therefore

A%g belongs to the- annihilator of Bo. On the other hand if an

of Bo,therefore of B! mod B'p, therefore of B!, and.;%kappedainte
zero. Therefore, finallyk A coincides with the emnihilator of Bge.

Theorem: A'#, is the annihilator of B'g.

If we begin with any element a'e of the annjhilator of B'g this

must be constant en all the cosets of B'o in B' (being zere on B'e)

and may be regarded as a character of B! mod B'oc. Then it detorminesiv
a character of the isomorphic group Bg. This Fharacter may be |
extended to & character a of the entire group B (in general, in meny i‘
different ways), and it is quite clear from our definition of the
mapping @+ that a'o = Mx(a). Therefore A'#o %x contains. .. _.-the
annihilator of B'o, since the element a'o was shown to be "covered®.
On the other haend, it is clear from our definition of the mauvping that!|§
the only elements s'! which can have images are those which are co;;tagg
on cosets of B'p in B!'. Since every character must have the value 7

zero at zero, we see that all these characters must have the- value

>
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zero at every element of B'Q: That is to say they must belong teo
the annihilator group of Blg.

We see, finally, that if we begin with two discrete
groups A and A' and a group mapping i and 1f we determine from M
the continuous mapping ' of B! (character group of A') into B
(the character grovp of A) and now frem this mapping u' determine

a mapping y* of A into A!, the mapping M must coincide with the

mapping jfgke

Proof: Using the notation which we have followed
throvghout this lecture, we see that the mapping Mhdetermines two
groups Ao and A'o respectivelg: end“the mapping a' (induced by 1it)
determines two groups Bgo and Blg ;Nhich are the respective

ennihilators of these. Now t;h; mapping M* induced by ' determines

two groups A%p and Ax'o which are the annihllators of Bo and B'yg
respe}g,tively. Thereforé, as we showed in an earlier lecturey

Ao coftncides with Axg end Afg with A'¥#e. Yfe observed,before, that
the mapping Mwas an isommrphic mapping of A mod Ag into At'g. It
is quite easy to see that the seme holds for g%, so that the
mappings M and ap¢ coincide.

In the application which we shall meke of this theory,
the next hour, the groups A end A' will be the groups of i- end
of i-1 -chains and the mapping sA will correspond 'to the p-—*Operator.
The character groups Btand B® ®ill be the groups of dual i-1 - end
dusl i-chains, and the mapping M' will coerrespond to the

§-operator.
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Lecture thf}teen:

s

=

We returm to theé connectivity theory of complexess

We shall find it convenimnt to bonsider more general éomploxéé

than those which we have defined, and used before. We ghall

e

define an abstrsct c@mpiex by the conditfond thatiit -~

o

1) contgins B countable Mumber of elements which we call

L3

cells, we 'think of them as undefined t;rms;

2) erch cell has ascribed to it a finite dimensionglity, n.
there need be nowbell of highest dimensi%nalitg in a givéq complex.

3) given two cells €M and CR-1, i.e. of dimensiona which

¥

are immediately edjacent, we suppose that an ‘incidence number is’

|
alr
v

-

[;n, 09:1; , Whiéh has one of the three valuss O, IJ*:'

associated with this pairs .

When the incidence number is different from zero we say that ¢B-1 v

4

=

is on tHe boundary of Cn.

4) Given any CP there exists g finite number at most St

= 4

¢l 1g which are on its boundary. -

5) the ineidence numbers satisfy the relation

42? [;nJJ, cni]-[;ni,qgil:l = 0 , for every
[N o, b

fixed pair %l | ¢B-1 |  the summation beipg taken‘ovef~a14%§o -
distinet n-=cells. This is a weaker form of the -intidence lemme
which we proved for our old camplexes: there we saw, that as a mattgffr{fg
of fact there were only twc&n-celks for whiel both of the incidence
numbers involved could fuil to be zero together Tand this sum reaslly
was zero. ’ .

These arbitrary complexes will' d¢ for the moment, we shall

really want to wérk with others which we shalﬁ?efine presently.

Given en sgbstract complex K and évefinipe abelien group A,

B
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we construct a connectivity theery for the: compIex and -the group A.

i

It is important to rehlize that the conneetgvity groups of a complex

depend very essentlally on the group of coeffieients. In_the theory

X

which we shall develop we shall tise the elements of the group A to

form the group of eheins. We shall use the character group B of A

to form the gréups of "dusl chains.

An n-chain: 4s defined by assigning 2 definite element
of A to each n-cell of the complex. H9wever, for each n-chain,
aIl—bu; a finite number of the cells are assoclated with the zero-
element of A. Kssentially, then, we arekgonferned with the groups
of finite chains. We represent a chain K® by the symbol:

4

= fE; wgC1® , the ay are elements of A - _

e e e e e

all but o finite number of which are zerd, and the C7; sre the

distinct n-cells of the complex K. We add two such chains by

adding the corresponding coefficients. I#}s guite. clesr that these
e

chains determine a group whiech we may denote by an. Now E‘n'is :

obviously the direct sum of a~set of groups each of tliem isomdrphic

to the gronp A. There are as many simmands as there are distinct-

cells of the complex K.

A dusl nechain: is defined as a function which has at each

i s TR PR s o AR et 51 45

n-cell of the complex a definite value, this value being san element

of the character group B of A. A dunl n-chain may be :represented

as an infinite form:
Zbicn ’ this being regerded as a

formal sum taken over all the distinct h-cells of the complex (we now

?
1 4
think of fhem as dual n-cells, using the barred 'symbol) the coeffieien%"

being elements of B, These coefficients are unrestricted: i.e. all

of them, for axdmple, may be distinct from the zero element of B.

Y -
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We add dusal n-chains by forming the sum whose coefficlents are the
sums of corresponding coefficients (as elements of B). In this d
i
way We have defined a group ™ of duel n-chains. Itis clear 1
that the group‘?n is the direct sum of groups isomorphic to B,
distinct cells
and there are as many summands as there mkmmmmkx CR,
It is easy to prove that the groﬁps'1n amdfan are characte
groups of each other. As for the matter of the topology offqn we

may remark for the moment that it is to be topologized es a direct

sum of the topologized groups B in much the seme way as we topolog-

ized the infinite torel group as a direct sum of the constituent

vy

"eircle"-groups. We shall return to this later. That{™ is the |

cheracter group of [™ is clear when we consider that a character of

fRgdnh gttty

this group is defined as soon as we know lts value at every
coordinate of an element of the group. Now the coordinates of the
elements of {® are simply the elements of A, the mth one correspond-f
ing ;; the definite n-cell Cnm. The value which a character of
|® has at the m-th coordinate of one of its elements is, of course,
the‘ggth coordinate of that character. It is clear that this
coordinste must be a character of the first one, i.e.it must be an :

element of B.

We maey therefore write a dual n-chain as a form

§
oz 2., by(a)Tny .

Here we have merely emphasized the fact that the elements bj are L
linear, etc.

actually to be regarded as characterspf A, i.e. as verpsiiiHugs

2% functions of the variable element a oR A. Now as far as the

trrough the number of distinct n-cells which it contalns, and we

groups ™M and fﬂrare concerned the complex K has figured only g
havent yet any "connectivity theory" whatever. This appears only F

vhen we consider the set of these groups for all n and what is
- i

more to the point the mappings of these groups upon each other.,

- -

- R

§

e ————— S —e ke
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For these mavpings are determined by the incidence relations of
the n- and (n-1)-cells which, of course, exhibit the structure of
the complex K.

So far as the groups ™ ang l"ﬂ are concerned we can
wash out the complex K, and think of an n-chain as an elembrit ,yith
coordinates : (81, 82y eoevy Bmy oovo ) where these are
elements of A, all.but & finite number of them zero. The number
of coordinates is the number of n-cells of ﬁg A dusgl n-chein is

then ah olemen§;W1th coordinates (b1, bo, .e.ey ... )

where each coordinatef (none of them nqpessari;g zero) may be

interpreted as a character of the group r“‘ withi the property that
(b, %) = (bm, am)-

I.e. by is a character whose value depends on the m-th coordinate

alone, and has there the value which: it slould have as a character

- . *

of tre group A. We can now define & Stokes'product for chains

and dual-chains, as before,

:
(¥, k1) = Z(bm; By) -
Notice that this is well-defined because tt is essentielly a finite
sum since at most a finite number of the ay 'S can be different
from zero (the zero element of A). T
Kow let us consider, in the complex K, the ‘linesr
operator B. Before, when We’had”integeg coefficients, we expredsed

cell : .
the boundary of an n-zhaix C as follows: = - =

@cni = Zi chy, cn"'lj:l Cn'% sy ©or in the equivalént

form n . n n-1 nlgh

Now in our theory a chain- is by defimition a weighted symbol (a

P

formal sum of such symbols, really) and these.fiWeights" are elements

of A. TUnless the group A hepprens to contain a unitﬁelementherrespcnﬁ

ing to thé number 1, we cannot give any meaning to the formula above.

\
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We can, howeve?, interpret it formally and understend by it that

fer any arblitrary coefficient a '
200y > Z&Eni’ Cn-l‘acn-lj )

Now it is of importance to sppreciate the following
application of our earlier lecture on the mappings of discrete
groups and the induced mavpings on their cha){racter groups.

Let [ and[™-1 denote the n-th and (n-1)-th
-1 .
groups of chains,ﬁn a'mdf:‘n their character groups (i.e. the
groups of dual chains). We shall want to show that if we map the
group r’h upon the group rn -1 by means of the operator (}(boundary)

s

=n-1
then the maoping whieh this induces between r‘n and r‘ is

precisely the S -operator.
.For, In order to determine the mapping induced by {,

we have to show how given a dual-chain gt (this is s chargcter

of "1} we can determine the dual n-chein T% (this is e charscter
of ") into which it 1s to be mapped. But this dusl n-chain is
determined gs the one and onlyisatisfying the relation:
(c®1, gc®) = ( x, cn).
Here X represents for uvs the desired dual n-chain which we may write
as Sﬁn-l, for the moment, allowing that it is perhaps not our original
8—operator. But we know that the mapping operator is uniguely |
defined by these relations (we proved all of that in our previous
lecture). We also know that the originsl S-Operator of our connectiv-
ity theory satisfie@ this relation: this is simply the Stokes’ theorem |
which we proved sane,% time¢ ago. Therefore the mapping operator is
the X—onerator of our theory. The proof of this Stokes! theorem did
not depend on the fact that we seemed to be using integral coefficients
We should remark that the identity :
(gl , g™ = @T, o)
is to be regarded as a formal one in the following sense. We may

replace the symbols Cn, etc., by any chains (énal chains,..) eof
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eur complex K¢ but a single cell, ffni, for exemple, will not be
chain in general and we shall have to understand the formula te
hold when this cell is taken with any coefficient which belongs
to the group A. With such a coefficient it is a chain.

We now want to prove that the n-th connectivity
group and the dual n-th connectix;ity group are character groups
of each other. It will be convenient to drop the superscript n,
which is to be understeod throughout: thus we write F for l"‘n s
the group of n-chains. The group rlcontains the subgroup rC
of closed n-chains, and this contains the subgroupr‘B of bounding
n-chains. The n-th connectivity group A © r(‘; mod.r; .

The n~-th dual group .‘;contains the subgroup r;; of exact cheains,
eand this the subgroup -ﬁ; of derived chains. The n-th dual
connectivity gréup 5 @ F‘F mod. T‘D . We have to prove, then,
that £\ end A are each other's character groups. We shall show
this, ‘neglecting for the moment the consideration of the tepology
ofé (although it is élear what this topology will be when ’che,

dual n-chain group ﬁ has its eppropriate topology).




We might remark at this point a differencé Bétween
the theorem we are sbout to prove and the considerations of our

previous lecture. There we had two groups A and A' gnd their iif

N .
character groups. Here we reslly have three groups and their

character groups. We have the group of n-chains, the subgroup

o I e P
e e i

of closed n-chains (those which are mapped into the zero element

Wiy P

of the group of n-1 chains, i.e. their boundary is the zerc n-l
n-
chain) and the group of bounding chains (these are the ones into

o T R,

which are mapped the group of n+l -cheains).

We prove, first, that [ig 1s the annihilator of F;D.
This is simply the part of our Stokes’ theorem which tells us that
the integral of a derived chailn over a closed chain is zero. Or,
we can derive this relation by Bbserving that if we think of the

grovp of n-chains as the group A of our earlier lecture, and

the group of (n-1)-chains as the group A', then Fb corresponds to

the group Ap. On this interpretation, the group of dual n-chains
is the group B, and of dmal (n-1)-chains the group B' end, finally,
the group r% is the graup Bg. We have already proved that Ao

and Bo are each other's amihilators.

We notice, secondly, that rb is the annihilator of
fg. This is the part of our Stoke*s theorem which tells fg that
the integral of an exact chain over a bounding cheain vanishes. Or,

we remark that we have already proved it if we interpret the

group %ﬁf earlier story to be the group of (n+l)-chains and the

group A!' to he the group of n-chains. In thls case the group’qﬁ
_———-ﬂ

becomes the group A'g ard the group r% becomes the group B'g .

We are now ready to prove that ZS is the cheracter
group of /\¢ Consider an arbitrary chéracter on A @ [L mod. [ge
This is a linear function constant on the cosets of f% in.rE, and

venishing of course on r%. We may interpret it, at once, as a char-
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i

acter of the groupf'c (i.e. consider it as defined not for the entire
coset-element merely, but for esch-element of *the coset, therefgrf
for esch element of the group:). Now we can extend this character

from the group r‘c to the group F;(;In ‘many ways). The résgltihg cHar-

acter is therefore wn element &Of r'. On the other hend, since it
vanishes on F‘B it must belofig to Ep,, the. enmihilator of FB' -We have |
£

the result then, that every charadéter ofA may be interpreted as

P . —
an element of FE We sce, at*onte, that the-elements of r'g caennot

be ragarded as all of ‘them distinct characters of A. For two

! [~
elements of 5 belongirg te the wame coset of [g v [H determine g
E ; b E .
same character of PC and therefore ofsé -and-convers&ly. That is,

two. elements of ﬁp define the same character OfA if and only if-

£ _
their difference vanishes on ﬂ;, in other words if- their differenee
belongs to the annihilator T{g of. Pc. But this concludes the proof

of our the orem, =

- For the further -development of -our theory we shall

want to restrict ourselves to complexes made up .of simplexes. We

shall therefore mske @ fresh start ard define a Symbelic Complex

of 8implexes. We define this by :giving ourselves en arbitrary
conntable collsction of "symbolie' :vertices (after a while we shsall
forget to gall them symbolic and no hapm, -will be done) which we may
denote by the Mmgrks” X1, XD, evecy Xps seee e ceve .;
We shall say that an n-simplex (symbolic) is en arbitreary set of

n + 1 distinct vertices of this sets -the order of these vertices

igs immaterial, the set. ofr them defining an sabsolute .n-simplex

(If you want to have a picture of an gbstract. or symbdélic n-simplex

you just take a pilecture Of a real one). -
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We shall say that a k-simplex Sk!is a k=-componént of an n-simplex sn
i1f the vertices which‘def;ne"ﬁk are chosen from asmong the vértices

defining SP (in a geometric situation, sk is a face-of S7).

N6w we shall define g symbolic -complex ms en arbltrary
c6llection of simplexes from among our "symbolic simplexes” such that
if an n-simplex, is present in the collection then every one of its
k-components is present, for all k.

Now if we arrenge the vertices of a simplex in a
definifte order we shall find that the podsible orderings fall
into two distinct classes: the mem‘bers of the 'same cliass are related
to each other by even pemutations, and the members of opposmmg
classes are related to eacﬁ@hher by odd permutation. If, we choose
one of these classes as the positive one we have an orientaﬁjon~of
the given simplex. We may represent the positive glass, indiﬂféregzly;'x
by any one of its mem:bers end we then represent the niegative class

by préfixing a minus sign to one of the positive elements.. -

Let us suppose mow thet we have -assqclated some

definite orientation with each of the n-simplexes of our compl eX.

An n-simplex will now be denoted by an ordered set of nai vertices;
two different orderings equivalent modulo even permutatioms will
be regafded as the same simplex, or better the same oriented simplex. ; 
Now, again, to define chalns we choose a coeffitient group A i
and pegard a chain (without restriction to Yéilng compcosed of simpleXes
all of the same dimensidn) as an assignment of -elemerits -of £ to the

positively ortfented simplexes, where a finite humber of these simplexe

at most have an element different fram zero assigned to them. We

shall then understand that we assign to the negatively ofiented
simplexes the negative value to the one given their positive

orientations, so thet a( C) = -aC, vhere C is a simplex.
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Lecture 14

Complex of Simﬁiexest

1 We suppese that: we have a set of distinct marks,

Xys X1y s, which we shall designgte as verticés (symbolic

be
vertices). It is not neceisary bto—suppese that they ame countsable.

We define an i-simplex as an arbitrary set of 1+l

distinct vertices of our system:

ci E ,xsexsloc-xs‘i‘ .
For the purposes of our formalism 1t is convenient to represent
this simplex as a "product” of the vertices. By thé bars we mean

to imvly that the simplex is regarded, here, as unoriented (absolute)

wanliws
and that the order of terms in the product is not essential. [&t is

to be understood that in distinction to the case af. geametric

3
complexes a set of distinct vertiees determine preciisTy one sbsolute é
£

implex.l
” By a canponent of a simplex C1 we shall understand
a simplex €J, j ¢1 necedsarily, whose vertices are conteined among
the vertices of the simplex cl. 7Tnus if ¢2 ='x;12§3L its components
are lxgxll, lxg‘, etc.

The set of symbolic ver tices, above, is supposed

given for the entire theory. So also are the innumerable simplexes

which are determined by these -vertices, An—éistinet—Fintte—seds.
We may now define a Complex as an arbitrary collection of simplexes
(from this fixed system) such that if a simplex C! &ppesdrs in our

complex then all of its components appear in the- complex. (This 1is

"like the condition of closedness which we required of our geometric
complexes.)

Let K be a fixed complex, and Xy One of 1its Vertices.;
By the Star of x4 , which we may denote by Sg, we shall understand

the set of 21l simplexes of K which contain the vertex Xu.
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Observe that the star Sg is not a complex, 1n, the sense of our

definition, beceause it conteins simplexes witheut centaining all ‘55

the components of these gimplexes. Thus iflx‘xpx¥'is one of the

simplexes of X, Sy coﬂ%ains this simplex as well as Iﬁkx@" l§‘x&t, i

and (of course) (xd[ itself (the absolute sign around a vertex is
fairly meaningless). Hoewever, Sq -does not contsin xg, Xy OT [prb‘{ .
By the closure'gﬁ of the star Sy We shall understend

the set of all simplexes of this star and of all simplexes which are

compcnents of these. By the Shell §ﬁx we understand the set of

simplexes belonging to the closure of the star but not to the star

itself. Thus
e gﬂ - s’“ + S-'.:-“ .
It is understood that gtar, dlosure, shell are defirmed f

for all vertices of the complex K. It is to be borne in minﬁ;.a%mgys,i:'
that the complex K is a subsystem of the set of all simplexes made H

up of ‘our symbolic vertices,so that from the fect that K contains

two vertices it does not follew that it contains the l-simplex

determined by these (symbolically).A -
/,_,_,_—-— We shall find it necessary to orient the simplexes of
K in order to study the linear operators (3 and ‘J. However this

orientation 1s not essential to the. defidltion of chain. To define

a chain of the complex K we.need a group of coefficients. Let us

choose a quite arbitraryféggag_;f coefficients A\ ebelien, and let

~n

us attgﬁbh (for convenience) a definite symbol Gé to each i-simplex

of X, for all i. (This is merely a shorthsand for the product of
oA

the vertices corrssponding to the simplex,s_Now A chain is an 3

arbltrary linear form
k3 ae(
T s, 0l s with cosfficients in A.
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Tt will be importent for us to distinguish four distinct

types of i-chalns.
1) Finite i-chains: these are cheins in which at most

a finite number of the coefficients B 8re different frem zero

(zero, the idenfity element of A).
2) TILécsally finite chains; those where infinitely many

coefficients may be differeént from zero but for every-star the

number of simplexes of that_ star which sppear in the chain with

Fom

%) Semi-infinite chains: 'here, thetdefiniugs cbhdition

s thet: there- sHalll ‘e -axtst: & fihite get- ofk usrmm suthr Shate-every

A gimplex “of ‘the i-chaln meeta: afpdeast:O neﬁcnf thede vertices. i
S fiige ‘HombEineof dhede mer bicwy ks nak, Festmichad, XCORE A0, e ﬁm_f-,e,

* non-zero coefficient is finite.
§A
S
?

e ases s

rg@ ERat TtHé dinm ‘of two such 1—cha1ns will be snother one.

4) Infinite, or geneéral, chginé: these are quite

arbitrery linear forms, end all coefficients may be different

from zero. . - )

@ ‘

Now in ordér to study these chains nnder our linea?r
operztors we shall wan

.ut0 on the simplexes. If we ednsider any fixed simplex and the sei‘of

+ to introduce a cornventionof oriéntation

| oot all possible orderings of the vertices .we find that these fall intQ

)
tvo classes, the mem%berg of one class being related by zn .even

Pitﬁb permutation. We fix on one of these clesses, calling it the

W 5 y ]
21 positive orientetion of the simpiex. The other class hecomes the

negative one. Ve can represent the oriented simplex by dn element
of the positive cl;ss orhbj minus eny element of “the megative
class. Thus if ’X1X2x5} is a gimpléx T2 of K, and xyxpxz is a
"positive" ordering, we may represent 202 (that is,.the positively

oriented simplex) by x1XpXz Or xoxzX], etc., or -xpx3xz, etc.
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be a chain, is not a chain

in fact untdl we associate wi it a coefficieny -taken from the

!‘0’ .
;“3 group A of coeff 8. Therefore, if the group,centains no

t-element a simplex is not a chain
« We sheall make a

. element corr
and mi

convention for chains of oriented simplexes which is formally
equivalent to identifying the symbolic_minus of orientation with
the symbol minus for the inverse of g group element of A. Thus
f aCl is a chain which consists in associating the element a2 with
the positively oriented simplex ci, jgci consists in associating
the element -a with this simplex. We shell understand that -aCl

1s to be identified with the chain a(-C1) which sssociafes the. o 4
coefficient g-with the negatively oriefited simplex. Or,hyé cean

redefine chains for oriented simplexes by the restriction that
.- o oriented
a chain associates an element of A with éaéhkgimpIex but always so

SRR AR R e Ak o e N R XX EX R XARKNEX AL BAXRE LR X PREAR Rk g et enErdxxx

simpkaxes that the element associated with & positively oriented

simplex is the inverse (in the group, i.e. the minus or negative)

of the' element associated with the negatively oriented -one. (It

1s becsuse of this convention, in fact, that it is quite immaterial

to the connectivity theory precisely what orientations afre decided
22,4» on for each simplex: the resulting groups, rings (we shall have

W them later) etc.,vare all isomorphic.)

» We can now define the incidence relation between

.

two oriented siwplexes. The incidence number E}i, CJ] will

be zero, plus or minus 1, always. It will be 2Zero unless one Of

these simplexes is a component of the other and of divension one

lower. In this case we mey write the number as [éi, ci*l:L If this

is not to be zerc the vertices of ¢l must be contsined among the

verttces of Ci*l, in fact myst consist of all but one -of thexy.
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To define the incidence, let us suppose for conveniehce that we

are considering here the positively oriehted simplexes. Suppose

‘that XgoXgye++Xaq is the pesitively ordered Ci, and supposeﬁ;

thsat x31+1 is the remaining vertex of cl*l., hen if

xsi_'l.x'soxsl. o .xsi

1s the positively ordered Cl*l we shell say that the incidence

number is 4+ 1. If, however, this is -Cifl we shell say that the
incidence is -1. (ﬁe can describe this, a little more systematiwally,

perhaps, as follows. Suppose xsoxsl...xsi is a positive ¢i., 1If

we drop the first vertex, the resulting Ci-l 4s positively ifmcident: ;;
1f we drop the second negatively incident, and in general if wne

drop the jth vertex the resulting Ci-l1 is (-1)J+1 -incident;j
_______.-‘-“—- .
Let us conslider our different types of chains
and our two operatorss The p—éberator converts an i-chain into an

(1-1)-chein., It associates to each (i-1)-cell .the sum of all
the coefficients of the i-cells, each of them multiplied by the

AN

corresponding inecidence number, Now a given (i-1)-simplex may be

/

be positivel# or negatively incidenf vith infinitely many such
i-cells. 1If the i-chain were infinite, or even semi-infinite; the
(1=-1)~-chain could not,;;n—geaenalJbe defined “since some coefficients
would not be defined. Theée coefficlents would,be infinite sums

/ jaliidunter

e R
of elements of A endf in general ) without meaning. We see, then,

s s

that the range o _f spplicution of the p-opera-t_.or is limited to the
ol Lot
loceaelly finite chains. Of course, these include the finite chains.

The @-operator does apply to locallj finite chains.

Suppose that Ki 1s a locslly finite i1-chein and ¢l-1l -an arbitrary
(1-1)-simplex. There are at most a finite number of i-simplexes
actually occurring in K1 (1.e. with non-zero coefficient) which

are incident with ci-1, Otherwise, since the number of vertices in




ci-1 15 finite (1, in fact) there would have to be infinitely many
i-simplexes occurring in K'Y which contained the seme one vertex of
ci-1, But then all of these Would have to belong to the star of
that vertex, contradicting the definition of locally finitephsatin.
We see, 1n fact, that the f)-operator converts = locally finFte i+
chain into a locally finite (i-1)-chaird. For if S"is any star of
the complex K (associated,then, with a definite vertex zb(dgpending
‘on the star) there are at most a finite number of i:célls aétually

: i
occurring in the i-chain which belong to this star. Therefore

there will be an at most finite set of (1-1);§Z¥i§75f this star
which are relevantly incident (that is, plus or minus incident) with
these kXxmrX i-simplexes and these will be the only ones containing
the vertex Xpe Which can possibly have non-zero coeffiej:ents in
the associated (i-1)-chain. It is clesr, furthey, that e;cqnverts
a finite i-chain into a finite gi-l)-chain. For if you conéider
any finite cglleétion of i-simplexes there are at most (141) times
as maﬂ} (1-1)~-simplexes which are relevantly incident with them,
and these are the only ones which will have non-zero coefficients
in the associated (i-1)-chain,

Now the 9-operator applies to the locally finite
and to the finite cheins, also. -However it converts them, in

general into infini te (i+1)—chains, or semi-infinite ones. Therefore
aclino, .
we shall not consider the §-operator as sppiythg to locally finite

chains. That the 5—0perator does apply to general chains 4s quite
obvious. For if we have an i-chain K1 and want the value of the 8;
chain at a simplex cltl e merely have to consider the coefficients
assoclated with the finite number (i42) of i-simplexes which are

) = coefficients
incident with it, and to add these rumbmxx (some -of them may be .zero)
after we have multiplied esch of them by the approprigte incidence
number. Therefore, each C1*l has associated with it a definite eleme

of A and this association deffines the desired (i¢l)-chain.
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If we consider a semi-infinite i-chain and apply
the SZOperator we shall .get a semi-infinite (i+4l)-chain. For the
only (i+l)-simplexes which will actually occur in the new chain.

will be such as were incident (reeil-y-ineident) with one of the
eal ofthay (ie1)- v phon 2o

i-simplexes of the original i-chain. Therefore it will contain at

least one of the defining set of vertices, since it will contain

wrﬂ// .
all the vertices of esxch i-eed]l incident with it. Therefore esch

of 'our two last types of chains have the éLoperator a8 their

nataral "masnipulator".
[&6 shall find that there are natural topdlogies.
assocl ated with these dif ferent types- of chéins such that the

finite i-chaeins and the general i-chains are dual and such thet

the finite i-chaihs are dense in the locally finite i-chainsy

and the semi-infinite i-chains: aré dense in-“the infinite i-chains:J

We shall begin a systematic study of the general i-cheairns

unde? the égoperator.

&V\‘ﬂ' ;M‘-"ﬂ
We consgsider our complex K, &ll of its cells oriented

(here as elsewhere the word cell is being used, by the recorder,
where the word simplex whould be used: there are nd "cells"). We
shall represent each simplex by its ordered vertices and we shall
represent a chain; an i-chailn, as

Z asgsl we o SixSOXsl e g.Xsi .

The coefficients are elements of a ring A (we shall have more to ssay

about this in & moment}. We must emphasize the following conventiocn.
abaolule “A‘M - - 7
ok | We suppose that each, l-simplex eeeurs exactly once,—in-the-ehein,
; \
.5 |(possivly with zero coefficient) Now it is clear thet the seme set
4

&
ey AL of vertices é&éﬁk occur meny times in different orderings. In -this
.1 b then 2 oy
' bdA case we shall suppose- one definite ordering is fixed on_, and shall

Thaw .‘\..o-d u,la"
T*j““’ order all of them the same way. When this ordering 1s eqguivalent to
i~ .

WAV

T —

an odd permutation we shall change the sign of the coefficient, as
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we are entitied to. Then we sheall add up &ll of the corresponding
terms, that is we sha%l add up -their coefficlents as elements of A.
myimnmmczon;ams a sgn‘; WWMW
Bx1XpXz *+ DbX1XzXp -“CXpXgX)
we shgall have replaced it by )

(8 - D - o)xyxpxs.

We understand that all chains have been contracted in this way.

[}his agreement to collect terms makes it unnmecessary for us to require,

skew-symmetry in the coefficients X PO which would have amounted g

to the same thing except for certgin numerical coefficients to
allow for duplications._\ It will elso be convenient to sllow such
a chain to contain a férmal product of vertices to which no simplex
pertzins ig_&: there is always a symbolic simplex if the vertices

are distinct. We shall even allow such a prcduct to have non-zero

coef ficidnts. Only we shall agree to regard the whole term,

coefficient snd all, as zero. That is, it is purely a dummy term

which we can strike out if it suits us. The point in intreducting

it is that when we come to multiply chains formelly such terms

B
will actually appear:,they will be zero by definition.
We know how to add i-chaims and how to e2dd arbitrary | §

chains so as to form an sbelian group of them. We shall find it

important to multiply them: we shall find that they form a ring E

which is, in general, a stronger invariant than the connectivity

s
L
]
i

groups. We shall define two distinct bypes of products of cheins:

in particular the product of an i-chain by a j-chain. The first

type will be the easier to formulate, but the less interesting.
However, we shall need it for the second type and it will be
instructive. For this purpose we need not a group of coefficients,

but a ring of coefficlents. We do not require that the ring be
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commutative ( a ring, it will be recalled is a system of elements
forming an abelian group under sn operation called addition and
in which another operation called multiplication is defined, not
in general commutative: ‘the ring need not contain a unit, etc.).

We do not need to lose generhlity, if we wish. We csan make any
sbelian group ¥ a ring by defining the produet of two elements as
g_g;e_. In this case the correspn nding connectivity rings which

we shall define presently will reduce to the underlying connectivity

groups. The theory bécomes interegting, of course, when the ring

1s not trivial in the sense gbove.

Now, let

? = : asosl..'sixSooooxsi

be sn arbitrary i-chain and

s b Xy ee+X
Z‘ tot1~"tj ts t-j
an arbitrary j-chain. -

»

We shall de fine the product as

Q \Y = Zasoosihtoo.tJESOO 'J:;Sifto"'lf‘tj .

where we collect terms under one coefficient whi ch differ by d
permutation of the vertices. ) We must justify this definition.
(Observe, first, that the pr“oguct as we have defined it is not
commutative). We get -i—d\-;—by writing down the vertices of a simplex

in our i-chain and following this by the vertices in a simplex ef

our jschain. The coefficient of this term in the product 1s the

corresponding ordered product of the coefficients in thelr ring.

There is no difficulty about colllecting terms because an (14j+1)-

simnlex can be represented as the formal product of en i-simplex and

a j-simplex in a finite number of distinct ways, so that the coeff-

icient which svch a simplex acquires is necessarily a finite sum,
and the refore defined.

Take the example that our complex K is a single
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3-simplex, with vertices X;, Xo, Xz, X4, and all thefsimpiekks -

determined by them. Let a, b, etc. dencte thé elements -of- some
ring of coefficients. Tet A be the l-chain - axjxp +}2;2x3 and

let B the the l-chain cxzxs + dXixg. Then thé procuct chain A.Bs

when we collect terms, will be .o

(ae + bd)x1XpxzXy . g T

- -

The other terms will be zero by the convention that any product oFf

vehtices in which a vertex 1s repeated id identiedlly zZero. This

convention is highly impértent and must be borne in mind, dlways.
"It 1s to be understood, and should hgve be et remarked, in the

definition of i-chain: there too a term is to be. zero if it contains

a repegted vertdx, and also if there is no simplex in the complex K

which corresponds to the given set of vertices.

We notice that in this definition of multiplication
the product of en i-chain by a j-chain is” glwdys an f+j+l ~-chaing
it mgy, of course, vanish iGemtieally (in view of our conventions
abovp) even when the briginael chains do not. 6We have a ring with
zero-divisoré\ This ring will not be the signifcant one for usj
We can make gn slgebra of chains as follows. We defire a chain
without reference to its dimension as a sum of chalns of arbitrary
dimensions: it is cleer that they will form a group. We cen "always

write such a chain as -
A
where each'qlLis an i-chain. Now we defin® thie product of two
such éhains in a natursl manner, distributiwely, and get another”
chafmn of the seme kind. While this algebra has the advantageg of
permitting us to formulate our theorems concisely it 4s, in & gense,
fraudulent becsuse it shuffles up the varitus dimensions and loses
the significance of these dimensions. These are highly important

to aur linear operators,

We should have remarked in connection with out
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definition of a product that it satisfies the associgtive law. It
1s quite easy to verify thig becsuse the formal product of thiree
simplexes, 1-, j-, and k-, respectively will certainly be =

symbolic (i+j+ks+2P-simplex in whatever "association" we take them.
The coefficients of our ring multiply associatively by definition.

‘Whether this formal simplex vanishes or not is also independent of
any "assocativity" of our multiplication.

The S—Operator as symbelic chain.

We can see, easily i‘enough, that theg-cperator may
be "identified" with the symbolic chain Zx“ , summed over the
vertices of the complex:

§:= ZX"'

We have to prove that

SQ = ZX“:E aso...SixBooooxSi > where this

product 1s defined exactly ss we defined the product of chalins sabove.

R\\

Observe that altheough Jcorresponds to a symbolic chain, the product ]
will Ye an actual chain sihce all the terms of this product will *r
have appropriste coefficleints out of our ring A. To prove this theore
we have merely to recsll what SQcomes to? It is an (i+l)-chain

whose valuned on a given (i'-tl)-simfalex xsoxsl"'xsi*l is obtained

by summing the values which Qhas on the i~-simplexes incident with it
multiplied by the correésponding ineidence numbers. We can write this

as an expanded sum ngjg-so. -Sj-i3j+1 <o Sill:fso" «X83-1F8je1° "Fs1 4158

where j has one of the values O to (i+l). In this clumsy enough

looking expression we have simply 1lifted one of the vertices xg

out of the (is+l)-simplex, writing it out front, and associated with
the remsalning i-simplex the coefficien?;‘xn;iqizg‘.;th;"has in the i-chain q
It is clear that these are exactly the terms in the formal product
5gwmch contract to give the desired (i+l)-simplex and its proper

coeffici ent.
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. 2
The important property of our é-operat'or that 5 =
is very easily verified in terms of this formel product. For

g- as a formel chain (_sy‘mboli@) is Z’;KZK‘; , the summatien. in
each case being}sver all the- vertices of the complex K. Now a term

in which a vertex i3 repeated vanishes. On the other hapd, if XK

and xe, are distlnct vertices, this formal product will contain a
term xﬁxe end a term xox“. These two, when we multiply them by
any other collection of vertites, will cancel each other;

‘symbolically, qu§+xox“=_ x“x - XgXg = 0 . -
As before, we define an' exact chain Qby the conditlon

Qg 0\

> We define a derived ¢hein ‘?by the conditiod that there

exist a chain Wsuch that @ = S(? .

our earlier theorem that derived chains are exsact is

L S 3, L5 £ S5 S o — | At

BPEN

now sutomatic: we muktiply the equation above, head on',and the

A
y

right hand side vanishes because of the terr 6;\

. Now if we consider the ring ,01; gll chains (these
being sums of chains of all dimensicms) it is easy to show that ~
“the exact cheins form an ideal 1in:this ring and that the derived
chains form a subideal. None thé less, the ring is not of great
interest because it recitzes to .the underlying connectivity groups

as we shall see presently. We shell want a quite different gort of

product.

Theorem: e? is an exezt chain and (r en arbitrary one,

both products @Q) and” (I}? are exact.

We haVe to prove that ; :

S(Q¢) =0=3S(yq-

If we write each of these .chains as the sum ef ita constituent i-chai i

for all dime,nsions we can use the distribute law of mult;iplicaticn

to bring our grgument down to the cage that«!?is an il-cghain end

P =

nl

- -
= S o=

£ . . oy B ) R . .
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q/ a j-chain.

ing the chsains down, that

e S(Qq)) = (SQ)[P:Q , since q 1g given to us

as exact. But in order to verify the second half of our theorem,

Using the associative law we see, even without break- &

we shall have to shift the term Sto the ofther side of the term W.
Now if w is a j-chain, 5%} = (_”1*‘4}5. This is. trivial:
putting the S on the other side merely means that each term in
the expanded product will have a vertex as last element .of & prodact
where :bef‘Ore it had this vertex ss first term. Weé have to shoot
the vertex down j+l places to the head of the line, becsaiise the
terms are products representing j-simpléxes so thepe i:’:hat many
vertices (j+1). )
Therefore, if we apply the associat:@vd law to the
right hand side of the relation to prove, permut; the first two
terms, then cqQnple the A’ to the e we shall get zero because Q is
exact. )
[Unfortunately,.. we shall be able to prove much more
than this. We shall show latér, it fequires considerably mors
anflysis, that the product of an arbitrary chain end an exact one

is sctually derived. Yhat we see now is that the exsact -chains

form a two-sided ideal in the ring of all chains:j

Theorems If Qis exact and {vis derived, then

94 = 0= 99

Using the distributive law of multiplication, end breaking our

chains down to sums of i-chains, we can suppose that f is an 1-chain

and Va j-~chain. Since is derived we can write it as Sl .

Now qgr:: (—[)“"‘&Qrg Q, sincegis exdct.
Similarl¥ &}(4) = (.,)QXJQ , since Y 1s a (j-1)-chaln, and

this is zero since ?is exacty
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We shall show, the next hour, that the product of two

exmsct chains is- zero. This will tell us that the ring of exact

ring of the exsct chains mod. the derived chains is ne-t—en—y—d—i—f—fe—rﬂnt

from the connectivity group uhere wmye ignor&m multiplication.

We shsll then introduce %{xew product, a bracket product, which is

not trivial.

i e s piiiag

As a preliminary to this we shall have to analyze a
chain into three constituent parts with respett to a fixed, but
arbitrary vertex. Let Q-be an €rbitrary chain and let Xg be &an

arhitrary vertex. We shall write gin the following form:
 J ]
= x, 0
Q XA *
The first batgh of terms will consist in those which contaiil the

given vertex X, Wé factor the term xg out of them, writing it
rd
up front, and we have denoted the chain which remains by %

because thst is what it is, very nearly, in a formal}aense.

(I'he only difference, in fact, between our partial defivative with
respect {o X and what one would expect if one treated (9&3

a polynomial in distimct yarisbles is that we have to take account
of the grder of xg in a product and adjust the sign when we perform
the permutations which bring it out front} The second batch of

terms will consist in those terms of cur chain which belong to the

voley
shell of -the given chein. The third batch of terms are the remain-
ing ones: each simpléx af this set has at least one vertex not in
the closure of thé stsr of the vertex Xg .

Tt is to be understood that the vertex xx is a "geners

vertex, and that we have a simlilar decomposition of our chain for

each vertex of the complex K. 1In particular ¢ases one Or two of

the terms above may be missing, i.e. zero. Not all of them unless

the chaln is zero!



