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Introduction

These notes are based on lsctures which I gave. in Professor Veblen's
Seminar during the spring of 1949 In these two years some of the material!
have been further clarified and some problems solved, An attempt is made
to include a few of the latest resultse As a tonseguence the presentation
given here is hardly the original formy particularly in Chapters III and
. : .

It is my pleasure to express here my thanks ‘o Pro\i‘essor Veblen for
hig interest in this works I wish also to acknowledge my privilege of having

rés A

frequent conversations with Andre Weile An unpublished menuscript of his

>

has greatly influenced the presentation in Chapter IIT,
Se S.. Co, April 2’4, 1951
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Chapter I
Generel Notions oh Differentitble Manifolds
This chapter gives e summary, for later applications, of scme notions
and results on the topology of differentiable manifolds end the algebra of

exterior differential forms, FProofs ere only indicated in the simple otses.

For lepgthy proofs we ¢ontent oursdlves by giving & reference.

1y Homology end cohomology groups 6f en pbstrant complex

An ebstract complex K is @ collection of cells {o‘{} » with the
following properties:

1) To each cell théie is associated a non-negative integer, its
dimefision (whioh will be denoted by the superseript), end to two cells of

consecutive dimensions 6':, Af?‘a, there is associated an integer

r_

J
2) To a cell &

[6: : G 1]. their incidence number.

; there exists only a finite mmber of cells 6‘3-1,

such that [6‘; ‘ 0'3"1] $ 0.
3) To two cells 650, 6';"1 whose dimensions differ by two, the

incidence numbers satisfy the rgletion
r+l r r r=l, _
(1) Ek: (i :of1 oL 0 =0

It is of suth an ebstract complex that we shall define the homology and

cohomology groupss

Iet G be an abelian groupe A finite sum M

= o
%p 2 A ST €c

is called o ¢hein, r bveing its dimensions If




r
=D My Ty o My €T
is another r-dimensional chain, we define addition by
r
@ o ¥ T (Mgt AT
With this additiom all r~dimensional cheins form a group € @(K" G)e

To the chains & boundary operation is defined, by

-l -1l
(3) Bcr=§ )\1?10”;_= i;j)‘i[(fztc’; ]c‘g :

By definition the boundary operation commutes with the addition of chains:
= + 0
(4) ’b(or + dr) 'a Or [ dr’
®
so that it defines a homgmorphism

(5) ?: 0 (K B)—>C (K 6)-

Elements of the kernel of this homomorphism, tlmt is, chains whose bounderies
ere zero, are called g_}_r_(_s_l_e_s_. The r~dimensional cycles form a subgroup
z.(k» 6)C c.(X, 6o

It follows from Property 3) of K that the boundery operation has the
property:
(6) '] ’a«:r < Oy

so that the boundary of e chain is & eyele, called & bounding cycle. All

r-dimensional bounding cycles form g subgroup Br(K’ G¢)C Zr(K. G)e
The difference group

ﬁr(K. G) = Zr(K. G) - Br(K. a)

is called the r-dimensional homology group of K, with coefficlent group G.
p-mm—"s it e or

let cr(K) be the greup of r-dimensional chaing of K, with integer

coefficients, and let G be = topological groups A linear function over

C.(K), with values in G, is called en r-dimensional coclein., An



redimensional cothain b’r satisfies therefore the oconditionss
r r r
1) Yl +a )= ¥ () + ¥ @)

T r
2) P EIGEM LY SICINN
it pf and xr aro two r-vochains, we define their sum /sr + Xr to be

-]

the cochain giveh by

r r r r
(7) BTy )00 = BTlo) # ¥ T(sp)e
With this addition ell the r-cochains form a group Cr(K. G)e

Of an r=cochain Kr an (r+l)-~sothain can be defined, called its

coboundary, by means of the relation

(8) S¥ lopgy) = ¥ (o )

The coboundary operation commtes with the addition of cochains:
(9) - §(pTeyT) = 8p7 <30T,

ahd therefors defines a homomorphism

(10) $ ¢ & )= Ky @)

A 6ochain whose cobousdary is zero is taelled & cocycles The r-cocycles
form the kernel of the homomorphism o and hence & subgroup zF (&, @) < ¢ (s G)

It follows from (6) and (8) that
(11) §8%F = o,

so that the poboundary of a cochain is a cocydle. All r~dimensionnl

coboundaries form a subgroup B (K, G) € 2° (Ks G)e Their differere gfoup
1 (K, 6) # 27 (%, ) = B" (K, G)

is palled the r=-dimensjiohal nohomoldgy group of K, with coefficient group G.




An important part of algebraic topology consists in the identification

of the homology end cohomology groups of different complexes constructed from

& space. For instance, the main theorem in the topology of polyhedra

asserts that the complex of its singular cells end the complex of its

simplicial decomposition heve isomorphic homology end cohomology groups.
et X and K' be two complexes. A4 mapping f of the cells of K into

the cells of K' is called a chain mapping, if it commutes with the boundary

operation:

(12) o ="bfo
Tt follows that a chain mapping induces the homomorphisms
£: 2 (K G)—=2,(K's G),

£ Br(K, G)-—~eBr(K'. G),

and hence ‘the homomorphism

(13) £: Hr(K. @) )Hr(K', G)e

To the chain mapping  we can define a dual mapping
(14) £x: ¢ (k1, 6)—3C (K5 ©)
as follows: let y'r € Cr(K', G). Then
r - S
(15) (£ y ")) = ¥ T (E(e,))e

It is easily verified that the dual cochain mapping commutes with the

coboundary operation
(16) tx & = Sgx,

Hence there results the dual homomorphism

(17) £*: H (K'y G)—H (K, G).

This fact will play an important role in differential geometry. Reference:

S. Eilenberg, Singular homology theory, Vole 45, 407-447 (1944).

o pifon® gy -

e
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2. Product theory
In order to develop a satisfactory pfoduct thepry for e complez sovms
additional notions and assumptions are necessary.

1 i5 called & féce of 67, 1f the inoidence mumber

A cell 6‘;:-
[d‘zs o‘;’ll % Os In general, 6" P is called a 1_'?._2_6_ of cr., if either p = 0
end the twd cells are identical or p> 0 a.'nd there exists a sequence of cells
s'P, o P*, .., &F such thet seh is a face of the rext omee The
closure 3‘? of & cell G'Z ia the suboomplex formed by ell its faces. The

star st o"z is the subcomplex of all cells having cr; as a faces A cycle is

oalled boundery-like, if it 1s either of dimension > 0 or is of dimension O

end has the sum of its coefficients equal to zero.

We shall first use the ring of integers as the cvtefficient ring for
the product theory. Denote by I the O~dimensional cothain which has the
value one for every O-osll,

Two further oonditions will now be imposed on the complex in the
establishment of & product theory:

(1) Every boundary-like cycle in- 5‘2 bounds a chain in 6";.".

(I1) 1 is a cooycle.

Por simplicity the notation O ¥ will be used to demote ®t the same time

i

r r’ and ths cochain whic¢h hes the value 1 for

i i
) i arfl 0 for other cells of diffension re« lore generally, the notation

the pell o,, the chain 1+ &

Z)\io‘; will occysionally be used to denote the coéhain having the: value
Ai for 5'2 end the value zero for other cells,
The cup product of two cochains of dimensions r end s is a cochain of

dimension r + s which satisfies the following conditions:

(U1) (1 +A U K5 = pTU X"+ BV Y5,



BT U (Y14 ¥ =AU Y1+ ATV,

(ANPIUEZ =BTU ANF®) = N(BTUE%), A = integer

(L2) S(ATUYS) =8 pTUYE 4 (-1)T 8T LS BB
(L3) G';.U o‘g is a cochain which has the value ‘zero for any cell
E(st o) (st 6‘3). \
r .r oot
(U4) 1V oy=a;UI1=0,.

Theorem 1 (Fundamental Existence and Uniqueness Theorem) The cup
product of cochains induces a multliplication of cohomology classes. For a
complex satisfying the conditions (I), (II) there éxists & multiplication
of cochains which fulfills the nonditions () 1) = (U 4). Any two'kinds
of multiplications with these properties lead to the same multiplication

v

of the cohomology classes.

b

Ist R be & commutative ring end consider the chains and cochmims Wwith
R as coefficient groups The cup product of the cochains

A ec (X, R), ¥ e CB(K, R) is defined by the conditions:
l« B U ¥ is bilinear in both variables;

2 1TA S € (K R ua® € (K, R), then
(A6T) U (me®) = Au(sTu o),
Iet K, K* be simplioi;a.l complexes, and f: K——K' a simplicial mapping.
If £*: B (K', R)—HE (K, R) is the dual homomorphism of the cohomology
groups, then
(18) (B U £x( Y1) =f*§,§'U6')-

This is called Hopf's inverse homomorphism, which can be described by simply

saying that the dual homomorphism preserves the cup products.
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Theorem 2 (Topological invariance). 1et P be a polyhedrx and X its Ov
simplicial decompositione There exists between the cohomology groups of X
and the cohomology groups of the singular complex of P ean isomorphism which
preserves the cup products

Por later applications we shall only be interested in the case that R
is either the ring of integers or the real field or the finite field mod 2,
We shall therefore assume that R is the ring of integers or a fields Thén,
if pr, ‘68 are ocochains and o o e chain (all with coefficients in R), the

relation

(19) AT (Y5 = (AT U ¥E)(),

T+s

for ﬁr arbitrary, defines a chain Xs Ne of dimension r, called the cap

product of .)’s and c”s. Under our assumption for R e cup product determines
a ocap product, and vice versae

Lgt I be a manifold, oriented if R is the ring of integers end otherwise
if R is the field mod 2, In both cases there is a fundemental cycle which
we also denote by M. Define
(20) 6§ = " N 5.
Then © establishes an isomorphism between 1 (M, R) and Hn-r(M’ R)s For
u, € Hr(M. R), ug € H, (M, R), define

(21) u, o u, = e(e'luru Gnlus).

Theorem 3. The product U0 Ug of homology classes on & manifold defined
by (21) is identical with the intersection class of u, end u_.

This theorem gives the connection between product theory end intersection
theory.
Reference: H. ihitney, On products in a complex, Annals of liathe Vol. 39,
397-432 (1938),
For the uniqueness in Theorem 1 we have to assume that the complex K is also

star~=finite and that the cochains under oconsideration are finite.



3« An example
As an illustration we consider the n-dimensional real projective space
P end take as coefficient field the field mod 2. P° contains e sequence of

projestive spaces of lower dimensions

1 P TIPS
and has & cellular subdivision consisting of the cells

ot T SR L

It is easy to verify that each of these cells is a cycle and Hr(Pn. Iz).
5 (F, 12)’ n>r > 0, are cyclic groups of order two. Without danger of
confusion we ocan denote the generator of Hr(Pn. Iz) by P’ and the generator
of Hr(Pn. Iz) by S‘r.

We shall prove that the cohomology ring of P is

BE) = {1030 590, (D2 s (507

when th® superscripts outside the parentheses denote powaers in the sense of
the cup product. We notice that the isomorphism @ maps Sr into P~ -r. 80
that 'Sr(Pr) = KI(Pn-r. Pr) = 1. By applying induction on r we suppose
(S)r(Pr) = 1 and then find

o(()™™) = 8(5)"u 3) = eIV BT = TS

- Pn-r--ll.

This proves that (5 )r+1 is the generator of HHl(Pn. Iz} and hence the above
form of the cohomology ring of F.
L) let gy P 1-——-)Pn-l be & continuous mapping such that the induced
homomorphism g carries a projection line (that is, the homology class of ik)
into a projective line. Then n 2 r.
Proof. let %' and Y be the generators of the cohomology fings of Pt

and Pn_l respectively, Then



g*(g)(P*) = 3(g(p*)) = 3(P') = 1,
It follows that g*(;) = t5‘. Since _5n = 0, We have

€% = (g%(5))" = gx(5") = 0.
Hence n 2 re

B) let Byr eser By be continuous odd functions in X)s seea X, def'ined on

the sphere

X§+Qco"'x3=lo
If n< r, the functions Bye ce*s B, have & common zero on the sphere.

Proof, Suppose there be no common zero. We can then assume thet

gi+-..+g§=l.

The functions gy = gi(xl. sees xr), i =1, eee, n, then define a mapping of a
sphere ér-l into a sphere Sn-l and, after identifying the antipodal pairs of
both theres. a mapping g: Pr.'l———-)Pn‘l. roreover, since the functions gy are
odd, the mapping g has the property that it cerries the homology class of a
projection line into the homology class of & projective line. But this
contradicts A)e

¢) (Borsuk=Ulam) Let en n=sphere s™ be mapped continuously inta the
n-dimensional Euclideen space En; There exists in & o'.t least one pair of
antipodal points which are mapped into the same point of En.

Proofs Let Xy, sess % be the coordinates of E®. Suppose the mapping be

xi = fi(p), p E Sn' i = 1. Qe oy n.
Denote by p#* the antipodal point of pe. hut
gy (p) = £,(p) = £,(p*).
From B) it follows that gi(p) have & comuon zero p . At this p we have

fi(po) = fi(pg)t i- 1, soes e
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4, Ailgebra of a vector space

The differentiable menifolds which will be our later concern have the
property that there is associated at each point a finite dimensional vector
spece. The study of the algebraic properties of the vector space and of
various associated vector speces will therefore constitute a necessary
prerequisite for later developments.

We denote by v or V an n-dimensional vector space over the real field.
To V there is mssociated its dual space V*, the space of all linear functions
over V, and the relation between V end V* is reciprocel. “J/o shell denote
elements of V by small Gothic letters and elements of V* by smell Greek letters.
Then oL (D) or o492, %) &;I. ol € V*, is a real number.

Consider the direct product

V(kp 1) = VX ees XV X V*X esee XV*
N’ ‘\_,/‘W—/ A

k 2

4 tensor of type (k,.£) is e multilineer function in V(k, £), with real

velues, that is, & real-valued function linear in each argument when the
other k + .2 = 1 arguments are kept fixed. k is called the covariant order and

Ethe contravariant order. The tensor is called covariant or contravariant,

when ,@= Oor k = 0 and is in general called mixed. Covarient (contraveriant)

tensors of order one ere called coverient (contravarient) veotors. Given a
tensor £ of type (ks ,@) and a tensor y of type (k', 21, we define £ X g to

be the tensor of type (k+k',f+ £t) by the relation

( ) (f X g)(t%l!"'l '&g‘kl /lgk+1""'/\)gk-ék';o‘l""'aﬂ'd,z-el""’dﬂ;.ﬂ:)
22

= £(Agyreees Yos al""’“,@)g("é’kﬂ""’ A aic s % g a1t a£+£.)-

With a naturel addition all tensors of type (k, £) form e vector space of

£
dimension nk+ . Becesuse of the duality between V and V* the space of all

r  wwm o owrrw
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coverient vectors can be identified with V* and the space of all contravariant
vectors with V itself,

4 tensor may have the property of symmetry or anti-symmetry. For
simplicity take a covariant tensor of order two, given by f(?f ,ﬁ}). The

tensor is ocalled symmetric or enti~symmetric, according as f(‘g’, %?) = f(%?,4f)

or £(%¢ » %} ) = - f(ﬁ9 » ¥ ) holds. From e given covariant (contravariant)

tensor £ of order k we can construct its symmetrized or alternated tensor

respectively by the equations

@3) SO gy i) Ty L TR e )

1
(24) D(E)( g greeer ) "Ry O eil...ikfur? 1,70 "é’ik)'

where the summations are extended over all permutations il' eses ik of
1, oeey kX 8nd €. . =+ 1l or -1 according as i,, eee, i, is an even or
1lonolk 1 k
odd permutation of 1, ees, ke
Of particular importence will be the vector spaces A, r=1, see, n, of

anti-symmetric or alternating tensors of order (r, 0). let A% be the (one=

dimensional) vector space isomorphic to the real field, and let
(25) A=a®dard a0+ AT,

Then A is a vector space of dimension 2,
We shall convert 4 into a ring by defining a multiplication which has the
properties:

1) It is distributives
(26) £ (g *+ 8y) = £Ag) * TAgys

(£, * fz)/\g = fyng + £,Ag

e+ -

Trr— e Y
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r s
2) 1f £€ A", gesn’, then

(27) FAg=T(E X g)e

With this multiplication the vector space A becomes & ring (of dimension 2n),

called the Grassmamm ring assoclated to V. An element of the Grassmann ring

which belongs to one of the AT 1s, that is, whose other components in the

direct summend are zero, is called homogeneous dimensional or an alternating

form. It follaws from definition that if f¢ A', g ¢ &°, then

(28) £Ag= (-1) % AL,

If oLy, i =1, see, n, form a base in V* (which is then identified to A'), e

base in the associated Grassmann ring will be formed by the elements

which are 2" in number.
We shall give two theorems in the Grassmenn ring, which are particularly

useful later one

A) Let Wir ey w,, € V+*o Then Wis esey wr are linearly dependent, if
and only if

wl A eee Awl‘ = Q.

This can either be proved by induction on r, or by choosing e base

oLi. i =1, ssep, n in V¥, writing

w = ,ﬁ ol = .o
| s igtl ei®yr 8 1y sees 1y
and observing that

i :
l1i_eee 14
1 r

(30) W, A gee ALY = Z o ol

1 r i <oo.<ir il... ir.

(
1l I'iloua rir
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B) If Wys erex W are lineerly independent and 7{5 € Ve 8" ), quns Iy

are such thet

r
(31) eglwsA ws - .ol
H

then
(32 - ia w

) AP hac st t’
where -
(33) ast o= &tso

4 tensorial form of order (k, £ ) and degree r is a mltilinear function
of v(k,ﬂ), with values in Ai.o Clearly, all tensoriel forms of given order
and degree form a vector spacd,

There is an operation, called the tensor product, whisth pairs two abelien

groups (end hence two veotor spmces) into an ebeljan groupe let A and B bs

two abelian groups, with the elements a; and bi regpectively, Take the

finite sums of the formal products Z aibi. Two such sums are ctlled
eguivalent, if one oan be trensformed into the other by e finite number of

the following elementary transformations; 1) Sai*ﬁé,i)bi = a,b+atb,;

2) &1(b1+ ‘bi) = aibi* a,bl; 3) addition of deletion of @40 or Oesbe Among the
equivalence classes 80 obttined wé can define an addition which, for the
representatives, is dafined just by edding the terms fofmally. The eguivalence
clasges with such an addition form & group, callgd' ths tensor product of A&

end B and to be dencted by A Bd

Ss Differentiable manifolds

A (topological) menifold M is said to have 4 differentisble struocture,

if the foilowing conditions are satisfied:




' L3
1) There is an open covering {Ui} of I such that for each i there
exists a homsomorphish Gi of an n-pell E into U,.
2) For eny two open sets U, UJ of the covering the mapping
'93191(3). s -ézl(uinuj). of § into E is differentiable of class r > 0.

A manifold with a differentimble structure is called a differentiable

manifold, r (> O) being its class. Uy are called coordinate neighborhoods}
SRS Omrnat— - o

the ocoordismtes in E "G;I(Ui)_ are -6alled local coordinates.

on a differentiable manifold of class r we .can define differentiuble
functions of cless r, They are resl-valued functions which are differentiable
of class r in each coordinate neighborhood, it being sufficlent to have the
property at every point p relativg: to one pf the codrdinate neighborhoods
containing p, '

let p € ’M. and D(p) the family of differentiable functions of class r at
pe A t/gngent veotor at p is a mapping = 42 1 D(p)—R (real field),
satisfying the conditions; |

1) %2 is linear, that is, for mny fo.gé& D{p) end any real numbers a, b,
we have 40(af+bg) = a 10(£)+b #0(g).

2) 4/ 14is e differentiation, that is, for eny £, g€ D(p),

#)(£g) = £(p) W2 (g) + &(p) #2(£).

If M is of dimension n, the tangent vectors et p form & vector space Tp

of dimension n, called the tangent spacé at ps To this space the considera-

tions of the last section will apply, so that we can consider its duel space,
the spaces of tensors of different types, and the Grassmann ring, ete., Ist

Fp be the space of tensors of & definite type assoclated to Tp’ and let

X= UF »
peu?
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A natural topology can be defined in X, so that X becomes a topological space.
X is then called a tensor tundle over M. There is e naturel mapping, called
projection,
WV o: X— 1,
defined by
Y(F,) = pe
We shell give the relation of the tensors defined here with those of
classical differential geometry. For definiteness consider & tensor = of
type (1, 1), Let XLy eves X be @ system of local coordinates at p, For
£ € D(p) define

1(’i(f) = (3'%') s 121, saee, no
\Ox/p

Then ﬂ’i are vectors and span the tangent space Tp' In the dual space Tf; of
Tp we choose the base O defined by
i éi
n.)= o
o) = 0]
We put
€)= =09,

which are called the components of = relative to the local coordinate system

xi. Suppose %! be another system of local coordinates at p. Putt

i_ [ o%* Wia (2 <
a j '.D'_"""x J" p 2 j _’b"‘"‘a‘; P »

ij - ij_ fi
%ajbk Jijak gk'

so that

Then we have by definition, for the vectors %i' &' relative to the coordinate

system -:Ei ,

A1 - J4 51 i3

3 Z.‘bi “‘j. (o Zajd e
J J

It follows that the components of = relative to the local coordinate system

=i
x~ are
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ed oy pladik
(34) €9 =2 vie) %, .
i "y i k2

These are the well-known equations of trensformaetion in classical differential

geometrye

6. Miltiple integrals

For the theory of multiple integrals on a differentiable menifold M we

have to consider the bundle of Grassmenn rings over M, which is the union of

the Oragsmamn rings associated to the tangent spaces Tp’ p £ ¥, with a

natural topology. We denote by Ap the Grassmann ring essociated to p, and let
A= ?& MAP. b differentiel polynomial is & mepping w : M—2 A such that the
projeztion of w(p), p € M, is p itselfs The mepping is essumed to be locally
differentiable of class 3 2. If w(p), P €}, is a form of degree r, W is
called a differential form of degree re

We shell define an operation d, called exterior differentiation, which

carries differential polynomials into differential polynomiels, by the
following properties:
1) d(w + 6) = dw +d0O,
2) d(w A 8).= dwAd+ (-1)fw A6,
where w is a differential form of degree r.
3) If £ is a scalar (thet is, & differentiel form of degree zero),
df is the coveriant vector such thet
af (%) = 42(£)
holds for every contravariant vector 7/ .
4) For every scalar f,
a(df) = O
In terms of e local coordinate system x* we can take as B base for A' the

»

differentials dxif. £ = 1, ees, N, which are covariant vectors defined by
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(35) axt (#) = (=),

#) being any contravariant veotore. Then a basa fer ;;r is formed by
il i i

dx A dn A esendx ¥, 1, <

1 o< sae < 11"

so that e differential form of degree r cah be written

i i i

(36) w = Z a 1 2 r
i1< ..‘3( iril“.irdx Adx A OOOAqx 2

where the coefficients may be essumed tQ be anti-symmetric,

It follows from 2) and 4), by induction on the degree r, that

11 i i

d(dx A dx zA,-.dx r) B Qe

Therefore we have the formula

il i

(37) dw = Z da.i “.d Ndx T Neas Adx r,

1. < 0ok 1.‘. r ’

1 r
We algo have, by 3),

£ i
(38) - ar = 2 25 o,
i Ox

Concerning the exterior differentiation of differential forms two facts
are of* importance; N
A) For any differential forh w.,
(39) d(dwr) = O
B) 1ot £ H—3)' be & diffefentiable mapping of e mphifold M ihto' a
menifold M'e f’ induces a differential mapping 4f of the tangernt space Tp of i
at p into the tangent spaece Tp" p* = £(p)e Tha dual mapping £*of df is a8
linear mapping of the Gres#fianh Ting Ap' &t p¥-into Ap. Than
(40) Pr(@w) & d(f*w)e
In other words, exterior differentiation commutes with the ipduced gdual,
mapping of & mapping of* one differentiable manifold {rto enothér.

A differential fofm o is talled exact, if .4u» # O, end is cellegd derived,
if there axists a differentiel form © such that w » d©, It follows fram

3 [




18

(39) that every derived form is exact.

Differential forms can be taken as inteprands of multipls integrals in
the manifold. The details of « satisfactory integration theory will be too
long to be reproduced here, For simplicity we teke a cellular decompesition
K of 1l which is so fine that each cell belongs to & coordinate neighborhood,
let w be a differential form of degree r and %_ an r-chain of X. By the L
equation |
(41) w(e,) = of w,

r
w defines a cochain of dimension r, with real coefficients. fn importent link

of exterior differentiation with cohomplogy theory is now the generalized

-

Stokest formulss

(42) fw = f dw..

°. 'Zicsr
In othe¥ Words, if w is (or defin®ds) e cochain, dew is its coboundary, end
is a cocycle, if dw = Q.

The study of the ring of 4ifferential forms end its exterior differentia=
tion is justified by the following fundamental theorem due to de Rham:

Theoreme 1et M be a compact differentiable manifolde To every cohomology
class of M, with real coefficients, there exists an exact differential form
which defines a cocycle belonging to this clesse The cohomology class con=
taining the product (in the sense .of the Grassmann ring) of two exact
differential forms is the cup product of the classes which contain the factors.
Examplees The de Rhem theorem asser&a the existence of g differential form,
while in ooncrete cases it is importent to construct the forms explicitly,
end the ones with simple properties. Consider the unit n-sphere in an
(n+l)~dimensional Buclidean space. Eml. Hu(sn. R) &R, so that we wish to
construct the exact differentinl form which defines a generstor of Hn(sn » R)e

»
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1ot O be the center of Sn. and cofisider tha fremes o'rs,l see n+l
formgd by O and n+l mutually perpsndiculer unit vectors in 4 definite
orientetion, Identify a point of Sn\with the end-point of %n-i-l' and put

(43) win"‘l = (d'”’n'fll"'i)’ i = 1. teey n’

where the product in the right=hand side is the scalar produst in En+1. The

differential form

1

(44) we= E):wln+1A"',\w

&

nn+l’
where 0n is the area of Sn. heas the property that the value of its integral
over a fundemental cycle of s® is + l. Hence w defines e generator of
1 (s", R).

let Z bhe a hypersurface in En+l and let 47(p), p ¢ Z‘l be & contimious
veotor £igld op 2. « Chooge 1"11-0-1 to be parallel to 40(p)s Then £(p) =1 n+l
defines a mapping f; Z—-—-—-—) 5% Its induced dual mapping £* y@ps @ into a
differesitial form £*w in Z o The integral

(45) %ﬂftw ® '1{(;3) -~

is equal to the index of the vector field, It is the Kronecker integral.

——

Reference:; Hodge, Theory and Applications of Harmonic Integrals.
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Chapter 1I

Riemannian Manifolds

This chapter is devoted to the theory of Riemannian manifolds, and in
perticular to the Gauss=-Bonnet formula which, for a compact orientable
Riemennien menifold, expresses its Euler—Poincaré characteristic as an
integral of & scalar inveriant over the manifold. ile begin with the study
of Riemannian menifolds imbedded in an Fuclidean space, because this case
eppeals more to geometrigal intuition and usuelly furnishes a first test
for properties in general Riemennisn menifolds. To simplify the formulas

repeated indices always denote summation,

le Riemannian menifolds in Euclidean space

let En+N be an oriented Buclidean space of dimension n+N. En+N is
transformed transitively by the group of motions. ije call a frame the figure
p7Ll...7Ln+N formed by a point p and an ordered set of n+N mutually
perpendicular unit vectors through ps The set of fraemes has the property
that there exists one and only one motion which carries one frame to another.
It can therefore be mede a differentiable manifold isomorphic to the group
of motionse.

Since the vectors are in Euclidean space, we can write*

dp = QAij’

(1) :

*
We agree in this section to use the following ranges of indices:

A, B, C= 1, seey N+N3 1574 ,/@, X': l, essy N3 I', 8 = n+1, seey N+N,
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the différontial forms QA' eAB
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<

are in the manifold of frames and satisfy

;1 i 2) | O Oy " Oe

! Since

23

3 d(ap) = &(aiL,) =0,

B ve derive from (1) that
! . de, = By A G«
(3)
48,3 eAc’,\ Ocs*

f‘ Formlas (3) are called the equations of structure of the Fuclidean space,.

"1et M be an n-dimensionel manifold, differentially imbedded (of class
| 23) in En+N. M has a Riemannian metric, induced by En+N. To study M we
‘ consider the submenifold of the fremesdpﬂ,l "'ibn-l-N‘ such that p € M, and
Tlvl. vies 'll«n are the tangent vestors of M st pe This ‘sutmanifold is
3 'm.pped igto the menifold of frames by the inclusion mapping ¢ « Let ¢* e

its dual mapping of differential forms, and let

* -
W = G - .
(4) 2= L8 s W Lo,

since L commites with both exterior differentiation snd miltiplieation of
’ .

the Grassmann ring, we have
(5) » dwr = wo( /\U&)r = Oy

It follows that

l (6) wuru ArN/aUJﬁ ’ Xrup" )\rﬂu °
the second equation of (3) gives ;
2 stagy - g 1 g+ Ll
where ’
(8) o " w, A w/j .- ')\ro(p)‘x‘po-wﬂ/\ We
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We shall prove that .Q =y depends only on 4the Riemannian metric
F ot M. The proof depends on the following

. lemmn. There exists only one set of w, Y which are anti-symmetric

T e

{in its indices and which satisfy the equations

l dwdﬂw/g/\wﬁq'
Proof. Suppose & second get ‘z’ﬁot also possesses these properties,
| Then
| ] —
1: : W NWpa = Wpx) =0
f and we have ’
Weo =W = gy Wy
where P/~5°‘b‘ is symmetric¢ in P Yo since J"AO&" wﬁd is enti-symmetrioc
inﬁ s O 8nd UOX are linearly independent, Pﬂdb’ is enti-symmetric in
B2 DR But & three-indexed symbol symmetric in one pair and enti-symmetrio
e
in another is zero. Hence 5:1/60( = Wy
Cur statement ‘that _ﬁd /6 depends only on the Riemarmian métrioc of M

then follows from the lemma. ﬂo( v will be called the curvature forms.

Equetions (8) are the Gauss equations. The quedratic differential forms

(9) Ck MRS e " )\ruﬁo‘&w/a
&
are called the second fundeamental forms of M.

We shall make two applications of the above formulase
A) 1let N =1, so that M is & closed hypersurfece., The normals b __,

define a vector field over M, whose index is, according to Kronecker's

integral formula,

.1 j : 1
I B e w 'YX ] w B cem— j e. w w

i kbt RS
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i

fwhore O is the area of the r~dimensional unit hypersphere. If n is even,

n
' n+l T (-1 )ze 1 n '

3 . W . .
il*aooln iln+1... ln il...ln 1112-00 in-l -

the integrand can be written

B c:nd depends only on .the motric in Me On the other hend, it cen be proved
l that I = %{ » where )&13 the Buler-Poinocare charscteristic of Me We get

therefore the GausseBonnet formula for a hypersurfece:

n
Zz
2(-1) N ~
(20) € N =% -
nio,, IRRTILLE I TR B N
| B) let m(p) be the minimum number of 1linear differential forms in which ‘

| the second fundamental forms can .be expresseds m(p) is obviously equal
| r sly e

to the mumber of lineerly independent equations in the system

‘ 26,

'Owd,g Oe

We put m € lax m(p)e. Then we have the theorem:
peEM .
18t M be a closed manifold of dimension n,-differentially imbedded

tn =Y, ‘Then n >

Proofy- We teke & fixed point O and a fixed system of coordinete axes
'”/z through O. Fpi' p€ Mlet s = 6}:'2 (squere of the distence Op)s Then s

attains e maximum at a point ) 3 Writing

B = xn®
P =Xy 0

we have

2 ds = x,dx s?),pdp
= A7A e

A =2
2 d.zs = dpdp + Op dzp = UL )y + Op dzp.

I

At p, Ve have

I S ik i e T

as =0 ., d’sgo.
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| since W), ore lineerly independent, the first equation implies

- 3%]&0& = O»

Now

- 2 - =

op d°p = (ses) (0P ) + ér(ombr) '
so that the inequality implies

-
If m < n=1, there exists at least e direotion in M for which @ r = 0 and
elong this direction we heve
Wy Wy g 0

which contradicts the positive definiteness of the quedratic differentlal

form in the left-hand side.

From this theorem we shall deduce the following theorem which was

first proved by Tompkins:
e

4 olosed f£lat Riemannien menifold of dimension n cammot be

isometrically imbedded in an Bueclidean space of dimension 2n=l,

Proof., e suppose thet such an imbedding exists, so that N = n-l,
By the last theorem it suffices to prove that m < n-l,

Suppose that m = n, Consider the vectors

Vij = (Alij. osdy >\I;\ﬁ.j)
in en N~dimensional Buclidean spacss By (8) the flatness of the induced
metric implies that
* v =

where the products in the parentheses are gocalaer products of vectors (in the

auxiliary N-spece)s Since m = n, the matrix of vectors

Ve (V)




has the property that no column is & linear continuation of the other
columns. e also observe that the conditions (*) remain invarient, if we
add to & column & linear combinetion of the other columns and if we permute
the columns.

Since N = n+«l, the vectors %ﬂlk are linearly dependent. By applying
the above elementsry trensformations on the columns, we can assunm'Voln = 0.
The vectors Ef;n span & linear space of dimension > 1, end condition (*)

implies that 3”11. vess Y are perpendioculaer to this linear space, and

In-1
hence belong to a linear spece of dimension < n=2. It follows that
?11' ese, %Aln-l are lineerly dependent and we can assume qun-l = Qe Since

there is no linear oombination of the columns'Hnin_l.zyoin which is zero,
the vectors %pin-l’.yoin span a linear space of dimension > 2. The above
proce§s can again be applied, and finally we prove that }f;k =0 andlwnik = Q.
But this is a contradiction, and the theorem follows,

Remark, The above argument can be applied to establish the following
slightly more general theorem:

let k(p) be the minimum number of linear differentiel forms in terms
of which the curvature forms Jfl'ij at p can be expressed, and let
k =pm2xml:(p). Then a closed Riemsnnian manifold of dimension n cen not bse
isometrically imbedded in an Euclidean space of dimension 2n-k=l,
2. Imbedding and rigidity problems in Euclidean space

let ! be an abstract Riemannien manifold, that is, a differentiable

menifold with a positive definite symmetric covariant tensor field of the
second order or, what is the same, & positive definite (ordinary) quedratic
differential forme Two abstract Riemennian manifolds are isometfic, if they
are differentially homeomorphic end if under the homeomorphism the

differentiel forms are mapped to each other,
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Concerning the relations between abstract Riemannien manifolds and
submenifolds of an Euclidean spece, two problems naturally arise:

1) Imbedding problem: Is en abstract Riemannian manifold isometrioc
to a submanifold in an Euclidean space?

2) Rigidity problem: Are two isometric submenifolds in an Euclidean
space necessarily congruent or symmetric?

our knowledge of the first problem is extremely meagree. It is not
known whether the hyperbolic plane (that is, the two~dimensional Re Mo with
Geussien curvature = =1) can be imbedded in an Buclidean space of sufficiently
high dimensione.

The purpose of this section is to study the rigidity problem for &
hypersurface in Euclidean spaces The most interesting case is that of
surfaces in three~dimensional Euclideen space, about which the rigidity
theorem wes first proved by Cohn-Vossen under the further assumption that
the surfaces are convexe. We shall present a proof due to G. Herglotz and
apply this idea to prove a generalization of a theorem of Christoffel,

we use the notation of the last section, with N = 1l. 1Iwo

1 and we denote the quantities for the

hypersurfaces are now given in En+
second hypersurfece by the same symbols with dashes. From the isometry of
the hypersurfaces it follows that the homeomorphism h between them can be

extended into a homeomorphism h! between the menifolds of their tengent

fremes such that
(11) W, = htx Wy,
h'* being again the dual homomorphism on the differential forms under ht.

Teking the exterior derivative of this equation and applying the

lemme. of the last section, we get



'(12) ‘ Wag = hte Dy y

ﬁnother exterior differentiation gives

'(13) ‘ﬂu/a = hi* ﬂ

P

- Pt

w

(14) )‘05/3 ‘)\n'i-ld/é v )\&/3 - h”)\n+ld/3 ’
F and oonsider the matrices
[ (15) N=(Rap) o A7 (Algg) «

| Condition (13) signifies in metrix language that corresponding two-rowed

determinants of the matrices /\ end ! are equals If n> 3 end the ranks of

L A end /N ere 2 2, we oonclude that A' = + A, which implies that the

- hypersurfaces are congruent or symmetric.

| More in}:eresting 1s therefore the case n = 2, pbout whick we shull prove

the following theorem:

Theorém 1, (Cohn=Vogssens) Two olosed, Sonvex surfaces in E3 which are

isometric ere congruent or symmetric.,

Proofe We put

vo= (PU,) o

—

ht* wo(n-lvl

wo['n{l "= P
Then we have

dy) =W, + ¥y, Wip + Y3Wy 50

dyy = Wy + Yy + Yoo

- t = t - ) ' ! - !
Uy w s = VoW g) = N Wy = WA W1, + 3, (W1 AW, = WA W)

= {(/\J'.l *hze) * slAp A gt A JiAg, - 2'\12)‘:[2)} e TAL L

Introduce the mesn end Caussian curvatures
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2
= X = -
H= & (Ng *Rp2) » K= Ay Agy = Al eto.

and define
Al=AL Al=x
' : : 117711 M 12" Mz
3= AaPap * Aaphyy T 2R M, Ao AT A
127 M2 22" Ma2

From the above formula we have, on integrating over the surface M,

2 JH'dS + 53{5st = 0)

where 4S5 = Lul/\mz is the element of area of Me In particular, if we identify

Subtracting, we get

ANl =N N2 =X
25 HdS - 2j HdS = ij(J-ZK) as = -§y3 11 'l 712 a2 i)
Na=Me Mam M

the surfaces M and ﬁ,

We can choose the origin inside M, so that ¥z < O Since K > 0, the integrand

in the right-hand side of the equation is > O. It follows that

S‘H AS '5H'dS‘5 O.

By symmetry we must also have

ngds - SHdS < O,
5H'dS - ngS = 0,

j AMipmA AMemAg
I3

Therefore

and

ds = O
At - -
EREATT AT YO R O
But this is possible, only when
AMi= A Ap = Ngs Mgy = Ay

Hence the two surfaces are congruent,



29

Theorem 2, lst two convex closed hypersurfaces M and M in B2 pe

differentiably homeomorphic such that at corresponding points the third

fundemental forms and the sums of the principal radii of curvature are equal,

Then M and M are congruent or symmetric,

For n = 2 this theorem is due to Christoffel, Its generalization to
arbitrary n was made by Kubote. The classical proof, due to L. Hurwitz,

makes use of spherical harmonics,

Proofy By definition the third fundamental form of M is

2 2
I[[ =Wt et W e

8ince the total curvature of M is > 0, we have ()\&/3) 7/ 0 end we can write

Wao = »go(/g, 00/5 ,n+1’
where (201/5) is the inverse matrix of ()\o(/:})' By considering the normal
forms of these matrices under orthogonal transformations, it is easy to see
that L =,£o(o‘ is the sum of the principal radii of curvature.
Suppose that Mand I are two convex hypersurfaces satisfying the

hypotheses. Using the notations of the proof of Theorem 1, we find
d(€y 1 .o ;o{nyotl“)&zf\ 03(311+1 At N ‘-‘)p(nn-i-l)

ueq

((AU /\w /\ A.o./\w & Avee [\
u 1 334'1 n+l +1 ot coo“ dll\ué‘ n+l

(S%)
ann-rl

" {eotl ook (’%{1 l'zot o& o(ldz MR A1 edl .o '“‘nz&ldl} U?uln+1 Ao ué'hnﬂ. ’

where ed\l"‘u is #1 or =1 according as 0{1. ...,O(n form an even or odd

permutation of 1, ese, n, and is otherwise zero. We denote by

L



9v = wln-!-l D yex Awmu

B ihe olement of volume of the spherical imsge of M. It follows fram the last
f formula by integration that

j{‘z (/gol.d\‘z/jﬂ fgaﬁ /guﬁ el ég;d} dv = 0y

A Q¥h
| the integration being takep over M. Teking ¥ = M, we got

j{ Zgﬁ aclap *ea/s)"ynu M } av = b,

4 ok
| Using the oconditign L' = L, we get

j{ Z (2‘1& ﬁ/g 'zuﬁ»gdﬁ) §('€(N[ﬁ/5 e a&/?)}dva Oy
a¥

j “*ﬁ
| by oymmetry tetween M and T we have & similar relstion with £, p o Ly q

f interchangeds Combining these two ralations we can write

N j z lé‘a‘zaa‘ go:}&'ﬂa/s
. o) [Fan~Lap Ao ~har

. where the summation under the integral gign-is takep over ell combimations of

av = 0,

&, B, with ot f py But

Uge * Lan) Ly “Bg) & T, Urehuud) o by T A

!

e g% Z(g&qk -’zdd.)z.

oA

4

It follows that

J‘{ Zwu,, 1/3) ?%X.MW vlad)}cur*-o.

q:
Since the integrend is < O, this I4 possible only when it is idantioally zero,

which gives
& s = Lope

From this it follows that M and ¥ are copgruent,
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3, Affine connection and absolute differentiation
In order that differentiation of tensors be defined on a differentiable
menifold M, which will be intrinsic, that is, independent of the choice of

local coordinates, we shall need en additional struoture, an affine connection,

Po define the affine connection we consider the space X of all ordered
sets of n linsarly independent tangent vectors with the seme origin (of. §6,
Chapter I), Again denote by \!j: X —) M the projection, Relative to a base
every such set of vectors cen be identified with an element of the group G of
ell n xn regular matrices. It follows that, corresponding to a coordinate

neighborhood U, there is a homeomorphism

(16) Py Uxe—Y ),

oalled a coordinate function, such that

(17) YPuPeg) =P o+ PEV, g &t

If p&e UAYV, there are matrices gﬁv(p) defined by

Py (Ps gyy(P)E) =P Py 8) » & €G

We suppose the elements of (p) to bve differentiable functions, and put
: Eyy

-1
(18) ® uv = Byy deyye

so that er is an nxn matrix of linear differential forms, In UN VAW
we have .
(19) 9‘ = gt e + 8

ow - Byw © uvByw y®

An affine oonneotion is defined, by giving in every coordinate

neighborhood U, & matrix &  of Yinear differential forms, sucfx that, in UNvV,

-1
(20) O yv = Yy~ By N By

It is easily verified that this definition is compatibles



F (21) L waw s Awy, O

F calculation will give

82
o put i

U U

- 80 that _D.U is en nxn matrix of quedratic differentiel forms, A little

| -1
 (22) 1 v &y~ “vhve

f Wo shall call QU the curveture matrix of the affine connection,

To define absolute differentiation let T be a finite-dimensional vedtor

5 space and let R be a linder representation of G in T, that is, & homomorphism
 of G into the group of linear endomorphisms of T. We congider antities of the
form (p, U, t), p € U, t € T, where U is u coordinate neighborhoods Two

such entities (p, U, t), (p's V, t') are celled equivalent, if p = pf!,

- pEeEUNYT, t = R(gmr)‘h'. A natural topology can be defined in the set of such

B eqivalence olasses, and the space so obtained is called the tensor bundle

e

- of type R(G)e A tensor of type R(G) is & oross section of this bundle, and

is thus defined in each coordinate neighborhood U by t = fU(p) € 7, and is

such that fU(P) = R(gm’)fv(p) for p € U/\Vs More generally, we can consider

f the tensor product T@Ar of T and the vector space of exteriér differential

forms of degree r, operated oh by e linear representation of G« A cross
soction in this btundle is celled & tensorial differential form of degree r
and type R(G)e It is thus defined in each coordinate neighborhood U by
t = fU(P) € T@Ar and is such that fU(p) b R(gw')f‘v(p). peuUNYT.
We take a base in T@Ar end consider its linear endomorphisms as
metricess Rt
"R = R(e) Mar(e)s

which is then & metrix of linear differentisl forms. It is also lsft




finvariant, so that its elements are linear combinations with constant

f ocortiotents of the Maurar-Certen forms of Ge Ve denote the metrix by R(Wy e
",Mhen the Mayrer-Cartan forms are replaced by the correspopding forms of the

? sonnections (In terms of = bege the Maurer-Cartan forms of a linear group can

;[ be considered es the elements of an nxn matrix.) Put
b (25) DE, = Afy, + R(wﬁ)fU.
Then we hawe, in UN T,

degy = &gy % = Yol

- w w

aR(g,,) = RlgJE(L,) ~ R0, )R (g s

end it follows that
T Dy = RlgygdDtye

Hence DfU is a tensorial form of type R(G) end degree r + l. We cull DI, the

absolute differential of f o

To every differsntiable manifold there is neturally defined e tensor
of type (1, 1), which defines the identity mapping of the tangent vectors.
For gecmstrical reasons we denote it by dpe The affine connsction is called

without torsion, if

D(dp) = Oa

In a coordinate neighborhood U put
49 ] w:j « j a k
g " W)= (Myd=-

Then we have .

R w

R“UU)” 0.’
end dp has the ocomponents cJ.x1 with respect to the coordinate system whose
coordinate vectors are tangent vectors to the paramstrized soordinate purvess
The condition for the affine connection to be without torsion then bsoomes

| i k
rikdx Ndx =0 or rgk'rii‘ ,
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4, Riemennien metric

A differentisble manifold M is called Riemannian, if there is given a

quadratic differential form

dS2 = gijdxidxj.

We shall always essume this form to be positive definites It is cléar that

the quadratic differential form defines a scalar product in each tangent
spece, 8o that we can talk about the length of a vector, the angle between
two vectors with the same origin, etoc.

The group G in the definition of an affine connection plays an important
roles Sometimes the matrices Byy o0 be so chosen that they belong to a
subgroup of Ge In particular, if the subgroup is the orthogonal group, then
is enti-symmetric. If J, is also anti-symmetric, the affine connection

eUV U
is called a metricel connection,

The fundemental theorem on local Riemannian geometry is the following:

Theorems On & Riemannian manifold there is exactly one metrical

connection without torsion.

To prove this theorem we first notice that in & coordinate neighborhood

U, ds2 can be written as & sum of squeres:

2 2
ds 001

+ ees * wi .

It follows that we can choose G to be the orthogonal group. oui defines a
tensorial form of degree l, let (wij) be the matrix in U, which defines

the metriocal connections The condition that the connection is without torsion

gives

(2¢) Dw, = dw, +wij /\wj = O

By the Lerma of §1 a set of wi;j = -wji satisfying these conditions is unique,

v



To prove the existence wiite

Qg = AWy AWy 0 Ayt haug T 0 i

1t s buffioient to put
}«(36) Uy e By Ayt Aypy) Wy
‘ﬁtis proves the theorem.

We can derive from the ghove agnsiderations the theory of ourvatures

B o o Riemennian manifold, In fact, exterior differentiation of (24) gives

@y, + Wy A wdk)/\ W, = O

| We thersfore put

s

ﬂik/\wk”b ’ nik"'ﬂki = (O,

- From the .last equation it follows that .O_ ik is of the form

| . with

= A
Lhye = Opy™ W5 * Ruggp Wy AWy

when © 1k does not contein wﬂ. But then we see that eikj is sympetrio in

k, j end is skew-symmptric in i, k. Therefore eikj = 0 and we have

0O -

ikje

1ot us summarize the fundamentel aquations for local Riemennign geometry

in the ifollowing form

dwi = "QJj A wji'

dw,, ™ -wi./\ wjk ""_()—iko i

(21) ik ]
Wyt B0 ﬂik+gki"°’

ﬂik = RyppgWp AWs » Rippg* Rigyp = O Rypegy * Resgsy = O
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{mne equationg will bs called the yguatwﬂe‘of;stmcpun ¢f +hs Risme#n spade,

iﬂ ik ars called the ourvatur& “fbrmsv Rik E I gima essantiglly dhat isg

“imown &8 the Riemnh*christoffel éurVature téﬁsor.

e -

Applying exterior differentietion to the £irgt- two equations of (27),

[ e get ‘
wd VAN -(}-di = 0“0

i These are dalled the Blanchi identities,

Oter & Riemsnnien menifold M there sre essociated different tengor

tundles, The more importent ones ere: 1) the principel tundle, the bunile

of all frames pibloull,n. wherd ﬂ'i. ere mutually perpendiculsr unit vactors
at p; 2) the burdle of unit tengent vectors, We dehote their total sphoces
by x(") and X(l) respactively. Thefe are naturgl projsctions

e

. (29) x®) Vﬁ (1)~—-—-§ ¥,
- * 1 1,0
definsd by
W 1B lhgaesthy) = Pllgs
V1,0Pu,) =2
and we put
(31) V- \Pl,o wn,;l.‘

Thegse projections induve dual mappings of ths differential forms in
the inverse directivons Our problem is to determine the differential Forms
in x(n) end X(l). which are dual images of differential forms in x(l) or i,
onto which they have been projected, Perhapk the simplest'way to do. this is

to examine the effept of a shange of frames We put

- ]
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f whore (uik) is an orthogonal matrix, so thatw; are now fremess Dgnote the
I differential forms relative %o ?L'; by the seme symbols. but preceded with

- asterisks. Then we find

- * i X g
W, =u Wp 5 Wy muy, W,

: X
dw, * wj i\.(-duikujk + “ik“jz Wy k).
go that
wj 1 du 1ku sk A 1ku jLw %
it follows that .

+ W, AW, =u,.u ﬂ_;‘z,

Wi * @iy N e T Mg

and hence that
- x*
(33) 0 N 1

Fram (33) we see that the following are forms in x(n) which are dugl

ik~ %15%cg

imeges of florms in M:
) By Ly ﬂ;ji’ :
(34 :
bg= N0 13 ﬂjk‘n'kz N £i,

and more generally, /) am® B S B We shall denote by the same symbols the
originals of these forms in M, and we sy simply that these Forms are 3._:1_2_(_._

If M is orientable, we can restrict ourselwvss to the frames
pﬂ’l'"”’n whose orientations are coherent with an orientation of the manifold.
Then two frames at & point p are related by a proper orthogondl transformation,

end we can assume (uij) to be properly orthogonal. In this case the form

(35) L, =€ £l N .
° peeed " T dphpeee T 0t

which exists when the manifold is of even dimensions, is alsc in M.
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By the Bianchi identities it can be verified that A , A, sre

ploseds A main theorem in differenmtinl geometry in the large asserts that
7%§hoir cohomology tlasses depend only on the differentiable structurs of the
i?pnifo].d.

: We shall add the following retmrks:

-A) If M is the Euclidean space with the Euclidean metric, then ﬂi 3 =0

f and W) wi are the Maurer-Carten forms of the group of motionss This can

: R &
| be seen by comparing the discussion of this section t6 §le

I

:‘ B) The relation of .our predentation to that of slassital Rismarmian
I geometry can be given as followss: lst Sikj 2 be the Riemann~Christoffel
| tensor in the cladsical sense, and let il N have the conponeiits u? (felative
¥ to the coordinate system xj). Then
_— A axb
(36) ..0. -ug quj“ﬁ dx' A dx¥©

rd

4, The Gausg-Bonnet formula

In this section we .assume -our Riemannian maniféld- ® to be vomfact and

orientables With éo defimed by {(356), put

1 )
-1)P if n = 2p is even
. [ gy Qo v rennE
(37) - i
0 , if n is'ovdd.

The Gaus&<Bofinet formula states that

(38) fﬂ— = )&(M)u
M

where )&(M) is the Euler-Poincare characteristic of M.

We shall make use of the projections szs defined in (29) &nd shall .

deduce differential forms which ere ip X(l). Perform a chenge of fremes which




| (40)
F Dof'ine

(1)

eves p?Ln unaltered *

{39) o * g g s

fwhore (U o e ) is properly orthogonale Denoting the quantities formed from the

jaew frames by the same notations preceded with msterisks, we get

*
Won= Vg Wan »

‘th/a'ucaq“/sJﬂb’f i

@kné - ﬂ- otoﬂ wa 0"(')") ﬁ’

Ay &t %1% op-1%2k X 2pe1® ® 1

n-1 172
= 2(k+1)E N ..,ﬂ 0 w o
%‘ R L LA e P Rope1¥2K  Youe1® Fopapd Kpag®

where k = 0, 1, eees ‘[%]— 1, [g—] = largest Integer < g-. If n is odd, é [:-21-]

] N
| is also defined. By oonvention we set

" respectively, ere differential forms in X

(42) g ?‘1 = \?[3] £ 0, -

4
Using (40) it is easily verified that CE X and ?k' of degrees n-l and n
(1)

By exterior differentistion we have

d {} ...ﬂ“ w cer ) )
@ X Oy ool 1 19y B39 2x-1%2x Yoke1® 'u&’h-l”

+ (n-2x-1)8 0 ,..{1. aw B Uy p
Shyeeethay Ho% Hoi¥oy Bpa1® Yopes® L
This exterior differentiation is carrled out in X(n) « But as the resulting.
formg are in _X(l), the terms invblving oodﬁ mist cancel with each other,

Hence we immediately get
n-Zk-l
(43) ¢ g, - \I/k- X

* Greek indices in this section run from 1 to n-l.




gsolving for @ g Vo get

\?k - d®k » k=05 1y shay [g-] -1,
E where
@, =
" If n is even, say = 2py then wa bave

1@y = Vparr

2 (A" A=T)yse(n-2K-1)

where

0“-{1 - éi ﬂ 0voﬂ

«-he oo Fa®
\PP'l Ry eeengaf % dyoy ety hit

If n is odd, sey = 2d#l, then
d@qgl = Yq-lo
But in this cas® we have also

~ d éq = q(qd]_’
d.(®q-l - G -o

so that

By defining

-1
' 1 R A 1
— -l . - . , 0 = 2p
TP ;\% LeBeer(2p-2A =1)2P*" Ny &)‘- ’
(44) T - . -
s RGO R N - 2q+1
A (YL TN

we therefore get
(45) ATl = L.

TV is e differential form in x(l) mhose exterior derivative is in M,

-

i

%0

Z: (‘l)k‘h (2k+2)né(2)“+2‘) @)\ » K= 051, eses [g']"l‘

n=1

i

n’
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let Kn-l be the (n-l)-dimensional skeleton of & cellular decomposition
of Me It is well-known that a contipuous non-zero vector field can be defined
in Ffl-l. We extend this field over M, with the possibility of introducing
s number of isolated singularities where the vector is zero. Draw about each
singularity a small sphere with radius € , end call M the domain of these
sphereses The vector field defines a mapping ft M- Mé—-——) X(l), with
\Pl'oi‘ = identity. Applying the Theorem of Stokes, we get
. ~\

5-(‘-= Sﬂ =-yaT - jﬂ' =1+,

Mg T(MM ) £ (MM ) DEM-MU )
where I is the sum of indices of the vector field (Cf. §6, Chepter I), and

q—-—; 0as € — Oe It follows thet, as € —» 0,

Mjﬂ_.z.

This shows that I is independent of the choice of the vector field. By
considering a particuler field, we verify that it is equal to the Euler-

Poincare characteristic 7&(M) of M. Hence the formule is proved.
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Chapter III

Theory of Connections

We shall develop in this chapter the theory .of connections in.a
fiber bundle in the sense of Elie Cartan. Its m;dern treatment was first
carried out by Ehresmann and Weile Our mein theorem.consists .in. giving a
relationship between a characteristic homomorphism defined by topological
properties of the fiber bundle and e homomorphism defined by the local
properties of the connectione. As we shall see, th? Gemss-Bonnet formule

for a oompact orientable Riemann menifold is a corollary of this theorem.

’

l. Resume on fiber bundles

Theré are now aveilable several accounts of the general theory of
fiber bundles, in partiocular, N. E. Steenrodts férthcoming book. We can
therefore restrict ourselves to a resume of the notions and results which
are necessary for our purpose. To conform with some notations curr;ntly
in use (at least in Princeton), we change our previous notetion by inter-
changing B and X, so that Bwill be the bundle end X the base space.

Iet F be & space ected on by a topological group G of homedmorphisms.

A fiber bundle with the director space F and structural group G consists

of topological spaces B, X and & mapping‘%’ of B onto X, Edgether with

=

the following:

1) X is covered by a family of neighborhoods {1Lk} , called the

coordinate neighborhoods, and to each‘ql. there is a'hameomdrpﬁism,(a
coordinate function), ‘(’9k 2 Uy X F—> ¢! (ro( ), with LF(PO,\ (x, y) =

Xy X e_Uo( s Y& Fe
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2) As a consequence ¢f 1) & point of L}'" (Ud\) has the coordinates
(xs ¥), and a point of W"(Ud‘n U,g) hes two sets of coordinates (x, ¥)
end (x, yt), satisfying "Pd\ (%, v) = "P/b (x, y')s It is required that
ga\p) (x): y’-—-——) v is & continuous mapping ga\/} of Uo( M U@ into
Ge

The spaces X snd B are called the bess space and the bundle respec=

tively. Each subse* ¢! (x) C B is called a fiber.

——— —a .

Since we wish to allow changes of coordinate neighborhoods and
coordinate functions in a bundle, an equivalence rela’ci;m is introduced.
Two bundles (B, X), (B!, X) with the same base space and the seme F, G
are called equivalent, if, {UoULPa\ }, {Vd\’ , gd\,} being respectively
their coordinate neighborhoods, and coordinate functions, there is &
fiber~preserving homeomorphism T:B-—> Bt such that the mapping hd\o\' (x):
¥y — yt defined by Ba* (x, y) =T 750< (x, y!) is a continuous mapping of
U o O Vq- into G. .

.An important operation on.fiber bundles is the construction from a
given bundle of other bundles with the seme struotural group, in parti-
cular, the principal fiber bundle which has G as director space acted
upon by G itself as the group of left translationse. It cen be defined
as follaws: For x € X lot G, be the totality of all maps ‘Pd“ g(X):
F—Y "l(xg defined by y—> Py (x» g(¥))s Y& F» g & G, relative to
8 coordinate neighborhood U, ocontaining x. Gx depends only on x. Ilet
B* = U e 5% and define the mapping W*: B* — X by W*(Gx) = x and the
coordinate functions Lp; (x, g) = (P‘,(, g_)(x). Topologize B* such that
the “fo{ﬂs define homeomorphisms of U, » G into B*s The bundle (B*, X)

s0 obtained is celled o principal fiber bundle. This construction is

an operation on the equivelence classes of bundles in the senso that two
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fiver bundles are equivalent if aenhd -only if their prinecipal fiber
bundles are oquivalente Similarly, sn inverse operation can be defined,
which will permit ue to ecnsfruct bundles with e ‘given prinvipal bundle
end having as diréotor spaece & given space agted upon by the struotural

group Ge .Such bundles are called associate tundies. #An importent

property of the principal fiber bundle is that ‘B”; iz acted upon by G
as right trensletions, )

Let G! be & subgroup of Ge If the mappingd gy 4 1 Uy A Up—» G
nave their images in Gt For- every pair of dodrdinate meighborhoods U,
and Usy with & nomempty intérsection, we say ‘that the ‘bundle has ‘the
struotural group G!'. A bundle is called trivial, if it is equivalent
to & bundle with e structural group which consists of the unit element
onlye

A opéss seofion of a bundle is & mapping £4X —» B such that ¢ F

is the identity. Using this notion, it is easy to establish the follow-
ing statements, of which the second is e oonsequence of: the first:

1) A buhdle with the group G is squivalent” to & bundle with the
group G!' ¢ G, if and only if the associate bundle having G/G!' as
director space has & cross section.

2) A bundle is triviel if and only if its principal;bxxndle has
o oross seotion,.

Sappose a bundle be given, with the abgve notations. let f be
& mapping of & space Y into X. The neighborhoods ,{_f-l Uy )} then
form a covering of Y end coordinete functions ‘Pd\’ F f.']" (U o ) =X -
F—> gt (Ux ) xx‘}'- (U ) can be defined by ‘*P,( (psry)= >} %: P
(f())), ¥)e This defines a fiber 'bundle Y N ‘-P (f(Y)) over Y, wi'bh

~ the same director space F and the Spme group G. The new bundle is

L3
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said to be induced by the mapping f.
This method of generating new fiber bundles from a given bundle

is very useful, partioularly in the case when & so-called universal
bundle existse. Let the director space end the group G be given and
fixed for our present oonsidergtions. A bundle with the base spaoce
Xo is oslled universal relative to a space X, if every bundle over X
is equivalent to & bundle induced by a mapping X —> X, and if two such
induced bundles are equivalent when and only when the mappings are
homotopic. If, for a space X, there eoxists a universal bundle with
the base space X then the classes .of bundles over X are in one=-one
sorrespondence with the homotopy classes of mappings X—> X , 80 that
the emumeration of the btundles over X reduces to a homotopy classifica-
tion problem.

For our purpose the existence of & universal bundle has enother
consequence. Let H(X,, R), H(X, R) denote the cohomology rings of the
spaces X s X respectively, with the coeffiéient ring Re It follows

from the abdove that the induced dual homomorphism
ht; H(Xo. R) —> H(X, R)

is completely determined by the bundles h' will be called the char~

acteristic homomorphism, its image h'(H(XB, R)) ¢ H(X, R) the

characteristic ring, and an element of the characteristic ring a

characteristioc (cohomology) clgss.

A necessary and sufficient oondition thet a bundle is universal
relative to all polyhedrs of dimension n is that its principsal bundle
B setisfies the conditions: TT{ (B) = 0, 0¥ i € n, where T{;(B) = Q
means that B is comnected. The proof of this theorem can be found in

Steenrodts book or in: S. S. Chern and Y. Sun, The imbedding theorem
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for fiber bundles, Trans.fmereetheSoce 67, 286~303 (1949),
When & universal bundle oxists, it may not be uniguc. Howover, we
shall show that the characteristic homomorphism is independent of the

choice of the universel bundle by proving the theorem: let ‘VO; Bo"") xo’

K{Jc‘) :Bo'«—)n >4 be two universal prinocipal bundles rela'bhive to complexes

of dimension ne There arpg one=one isomorphisms
Hr(xon d) ’;-\:’ Ha‘ (Xép G)p )/s n,

For simplicity we assume X, and X") to be cellular comploxes.
Denote by Xx; and X(',n their n~dimensional skeletons. Since every contin-
uous mapping is homotopic to a cellular mepping, “the sub=-bundles over

Xg s Xén cen be induced respectively by mappings
- n n
£1 X —> X 4 gXft > X

It folloWs that these sub-hundles‘aré equivelent to bundles induced by
the meppings gf and fg. Sinoce tho given bundles are universal, we con-
oclude that- gf and fg aro homotopic to the identity mapping. This proves
the theorems The theorem is valid under more general assumptions of the
base space of the universal tundle. The proof will then make use of the
singular complex and is more complicated.

We -shall show that a universal bundle exists whenevor the base -
speoce X is compact and the sStructural group is a connected Lié group.
Acoording to & :bheorem due to E. Cartan, Malcev, Iwasawa, snd ‘Mostow,
all the meximal compact subgroups of & connected -Lie group G are tonju-
gate to each other -and the homogenoous space G/ Gl -is homesomorphic to

an Buclidean space, where G, is & maximal compaot subgroup. (cf. -in

perticular, K. Iwasawd, On sams types of topological 'groups, Annals -of

Math. 50, ps 530 (1949))e Using this thoorem, it follows that every

3

-
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tundlo with the group G is equivalent to a bundle with-the group G, end
that two bundles with the. group G ere equivalent when and only when their
equivalent bundles with the group G1 are equivaelent relative to Gye In
othor words, so long as the equivalence classes of bundles are concerned,
we can roplace G by its maximal ocompact subgroup Gl'

G, being e compect Lie group, it can be considered es a subgroup of

1
the rotation group R(m) in m variables. Imbed R{m) as e subgroup of
R(m#n+l) which operetes on the first m variebles, while R(n+l) operates

e

on the last n+l varisbles. Then we have
R(m#n+l) D G X R(atl) D I X R(n+l),
where Im denotes. the group of the identitys By the naturel projection
| Y : R(men+l) / I, X R(n+tl) —> R(mtn+l) / G X R(n+l),

we get a grincipal fiber bundle with the group G. It is universal rela-
tive to complexes of dimension n, since, by the covering homotopy theorem,

all homotopy groups of the bundle up to the dimension n inclusive are zero.

2+ Connections

We consider o fiber bundle and adopt the notation of the last section.
For the purpose of differential geametry the following assumptions will be
made: 1) B, X, F are differentiable manifolds; 2) G is a Lie group which
acts differentiably on F; 3) the projection-of B onto X is differentitible,

Iet L(G) be the Lie algebra of Gs 'L(G) is invarient under the left
translations of G, while the right translations and the inner eutomorphisms
of G induce on L(G) a group of linear endomorphisms ed(G), called the

adjoint group of G. Relative to a base of L(G) there are the left-invar=
i

jent linear differential forms (J ™ and the right=-invariant linear differ=

ential forms T %, each set consisting of linearly independent forms whose
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number is equal to the dimension of G« A fundamental theorem on Lie

groups asserts that their exterior derivatives are given by

awh = 3 Y o;kw‘j/\wk.
3ok
(1) .
|€ 41, j, k€ dim G.
d.n.i = ...%. Z c§‘k ﬂ‘j/\ Ttk,

3k

i
where cjk are the so-called constents of structure. They are anti-

symmotric in the lower indices and satisfy the Jacobi relations obtained
by expressing that the exterior derivative of the right-hend side of (1)
is equal to zero:
i m i m i m
(2) En?- (03 kA® %ok A3 * “mA O3k ) 7 O
This being said abont the structural .group G, the duel mapping
7 s A i
of the mapping gﬁ/g : QA,»\ Uﬂ>-e> G carries «w;- end 7{" into linear
differontial forms in U‘,)\,\U/3 » which we zhall denote by w;ﬁ and
qpl . . - . . .
ﬂdﬁ respectively. Since gﬁ), gd\/g g/io" in Uy~ UﬂAU/,we

have

Wai«d"’ Zad (g@,); u)iﬂ + wﬁf, )
J
(3)

i -1 i)
Tl " Tas 20t Cg)s Ty

We cen also interprot w},b as a vector-valued linear differontial form
in Uy M Upz , with values in L(G), end shall denote it simply by &)“ﬂ,
when so interpreted.

The generalization of the notion of & tonsor field in classical
differential geometry leads to the following situation: Iet E be a

vector space acted on by a representation M(G) of G. 4 tensorial
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differential form of degree r and typé M(G) .is an exterior differential

formuy of degree r in each coordingte neighborhood U, , with values in

E, such that, in U Uz, u, = M(ga\ﬂ) Wg.e The exterior derivative

du, of u " is in general not a temsorial differential form. To recover

its tengorial charaoctér, & connection is introduced into the fiber bundle.
A connectien in the fiber bundle is a set of linear differential

forms @, in U, , with values in L(G), such that

(4) w,aﬁ = 'ad(gd\ﬂ) 9‘,& + 8/3'
It follows from (3) that such relations are céiqsisten'b, in T~ U;3 AUy

With the help of & oonnection ebsolute or covarisnt differentiation cen

be defined as follows: let M(X), XeL(G). Ye the representfation of the
Lie algebra L(G) induced by the representation M(G) of G. M(G) being e
linear group, the elements of M(X) can be identified with linear endo=
morphisms in E« If & base is chosen in the veotor space E, both M(G)
and M(X) can be represented by matrices. Moreover, we can take as their
e‘lemen;cs differential forms with valués in L(G). With this understending
equetion (4) goes under the homomorphioc mapping G —» 'MF(GS) into the
equation -‘ .

M () =M (B ) T (6y) - H (8, ) MBsp)e
This, together with the equation obta‘ined~b3; exterior differentiation

of uy = m(g“ﬂ )uﬁ' shows that
(5) Duy =duy +H (B JAU,

is & tensorial differentinl form of degree r + 1 end the same typs M(G)e
It is easy to prove that & comnection can always be defined ina
fiber bundle: In fact, Iet {UA} ‘be a finite or countable covering of

X by coordinate neighborhoods. There exists an open covering {‘V,V} of
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X, such that V, C U, . VWie define the .connection, in'Vi * oo + VDY
indyption on ¢ » If the connection hes been defined in V, + .. ‘{* -1
O, is given-in Vo M (V) *+ oo # ¥ ) end is causistent.thera becsuse
of (4)+- By .en plementery extension theorem, &) exists in V, .such that
it becomes the pre-assigned form in V_ M '(V“l JETTIL #) -i) .end is gero
in XU, » Thus weo define a connection relative to the covering {VA} .
We shall give a sgoond. proof of the existence of a connection gt the-end
of this seotione |
The above definition of a connection makes use .of the coordinate
neighborhoods and is entirely enalytic. We shall give equivalent. but
intrinsic definjitions and at the same time 4interpret the definition:
geometrically.
For this purpose we comsider the principal bundle, whose bundle
" gpace -wefigain denote by Be If (X, ), (x, t), s, $-€"Gs are tha.co=
ordinatesq -of a point of B relative to the coordinate.neighborhoods
Uy .and Ug respectively, we have g 7 t = s. Since -the left-invariant
differential forms of G can be regarded-as the cogponents of such g, form
() with valpes in L(G), the form ad(s) &, + () is a linear differentiel
form in.Ug K Ga with values in.L(G)s, From (4) wo can verify that in
Uyx U 7 this differentiel -form is:equal-to,.the same form.¢onstructed
from U e The set of -these differential forms defines therefore an
1L(G)-valued linear differential form in B, which'we shall denote hy
@ (b), b& B., Since B is acted on by.G as right .transldtionsy #e can
study the effect of such a transletion on ¢ (b); and we find P (bg) =
ad(g 1) <P (b)s This leads to the following definition of & gonnection:
A connection in a fiber bundle. is defined by an L(G)-valued linear

differential form in-the principal fiber bundle having the proporties:
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1) Under right trenslations it is trensformed according to the ed joint

group, P(vg) = ad(g.l) (F (b); 2) It is transformed by the dual

‘mepping of the identity mapping of a fiber into the bundle into the

left=~invarient form of the fiber. The seocond property has a sense,
because a fiber in tﬁb principel tundle has a group structure defined
up to a left-translation.

Since en 1(G)-valued linear differential form can be interpreted
a5 & linear mapping of the tangent spece of B into L(G), it follows
from the above definition that a connection is a linear mepping at
every point of B such that: 1) every tengent vector is mepped into
a tangent vector to the fiber; 2) every tengent vector to the fiber
remains invariant; 3) the mapping is invariant under right translations.
It is an elomentary theorem of linear algebra that under such & mapping
the set of tangent: vectors whioh are mapped into zero form & linear spaoe
complomentary to the tangent .space of the fiber. A connectivn therefore
gives rise to'm family of tangent subspaces in the principel fiber‘
bundle which are +ransversal to the fibers (that is, which spen with
the tangent spece of the fiber the tangent space of the bundle).end-
are invariant under right translations.

From theose geometrical considerations it follows easily that we
can define a connection in.a homogeneous 8space whose group is a semi=-
simple ILie groupe In fact, let R be a semi-simple Lie group end H e
closed subgroup of Re Then R is a principal fiber tundle over R/h‘with
the director space He It is known that a positive definite Riemannian
metric can be defined in R, which is both left and eight invariant.
Using this metric, wo can define e mapping which maps & tangent veotor

of R to its orthogonal projection in the fiber through the origin of
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the veoctor. This mapping satisfios the three conditions above and

thereforo defines a comnection in the bundle,

In particular, it follows thet we cen define a connection in the
particular universal bundle chosen ebove. Iet f. X'-» X be e mapping
which induces a bundle over X'e If the original bundle has & conunection
given by the differentiel form 6, in Uk, the dual mapping £* of f
carries 90‘ into £* ed in i’“l ’(Uo(.) for which the relation corresponding
to (4) is valid, The forms f* G%* therefore define sn induced connection
in the induced bundle. Since every bundle is equivalent to one induced
by mapping its base spaoe into the base space of a universal bundle and
since the latter has a connection, it follows that a connection cen be
defined in any bundle. This gives a second proof of the statement thet

a oonnectiopn can always be defined in a bundle.

3s Looal theory of connections; the curvature tensor

To study the local properties of the conneotion we again make use
of a base of the Lie algebra, relative to which the form 90( has the
components @; « We put

o Ai i A .k . .
(6) @*u deok"%jzi‘:(331{6‘,“/\,60g l§i, Js delmG.
14

The form @d\, whose components relative to the base are @ ; , is
then an exterior quadratic differential form of degree 2, with values
in L(6)s It is easy to verify that O ZIEPY @5 in U4
M U,s The @ ts therefore define e tensorial differential form of

degree 2 end typs ad(G), ocelled the eurvature tensor of the comnectione.
The following formulas for ebsolute differentiation can easily

bo werified;
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H (@D, )= (B8, + T (0,)3
(7) D (H), = 0,
Dzuc’g 'E(@Dﬂ)/\uok.

The socond relation is known as the Bianchi identity. It shows that

absolute differentiation of the curvature tensor does not give further
inveriants,

It follows from our idtrinsic definition of connection that a
connoction in a bundle gives rise to & connection in every bundls of
its equivalence class, so that we can speek of a connection in en equi-
valence class of bundles. The comnections in two squivalent bundles are

called equivalent, if they defino the same comnection in the cless of

bundles.

More interesting is the notion of local equivalence of two connec-

tions, Given two bundles with the seme structursl group and with =

connection defined in each btundle. The structures pertaining to the

second bundle we denote by the same notation with dashes. We shall

define the notion that the connections are equivalent at & point x € X

and a point x' € X!, In fact, let U end Uof« be coordinate neighbor=~
hoods containing x end xt rospectively. The two connections are said to

be equivalent at x and x* if: 1) there oxist open sets V, V! satisfying
xX& V C-an s XV E VYV U‘;q 3 2) there oxist a differentiable homeomorphism

f: V—>V$ and a difforontieble mepping g: V —» G such that

y |
Ou = g*w+ 2d(e) (£+ ).
We cen verify that this condition is independent of the choice of Uo& and

UZAJ' Instead of making this verification we can slso formilete the
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*

definition in an in‘crinsic forme. We shall say that a mapping 1l
Lf-ml(v) — 4t (V') is admiss:.ble if there is a me.pping ly: V—> V! such
that 1 \F-l(x) m o\t (l*(x)) and tha:b the mapping g ~—» gt defined by

1 \P& (x,, 8) = ‘{;'. (R (x), g*) is a left translatioq of Ge Clearly the

L -

last condition is independent of the choice of the coordinate neighbor-

o

hoods U, and U' in the definitione. Remembering that & conneotion gives

»

rise to en. L(G)-valued linear differential form ‘-f(b) b € B in the pr:.no:u-

[

pal bundle B, we can formulate the defmitlon of local equivalence of two

LS
x

conneotions as follWSo The two connections are e%‘u:.valent at x and x!
if there are n01ghborhoods V and VvVt of x and x? respectlvely guch that

there is an edmissible homeomorphism between 4" (V)K and (P' (V') under

”

which ¢ (b) and ,‘_-P'(b') are equale The equivalence of the two definitions

-

can be easily verified by meking use of (3).

& cémnection is called locally flat et x € X if 9 = 0 in &

neighborhood of x (relatlve to a coordinate ne:.ghborhood Ud contalnmg x)

o g

or is equivalent to,one with this property. It i‘ollows tha’c a necesse.ry

LAY

and sufficlent condition for a connection to be locally flat at x is that
there exist an open set V icantainin.g x and contained in & c;ordina'f:e
neighborhood Uy and & mepping £ °f° V" ifto G such that ed = £*() in V.
When a connectiom is locally flat at x, the ourveture ten3or venishes in
a neighborhood of x, Convorsely, when the curvature tensor is zero, it
follows from the theorem of Frobenius that the system of diffezjential

»

equations

Oy - trw= o0,
where the mapping f <is the unknown funotion, is. cO‘mpletéiy inte'g‘re.bl“e.

Hence f exists in a neighborhood of x and “the conilection is flat at x.
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As a first instance of the problem concerning the relationship
between properties of a bundle with those of the connections which can
be defined on it, we consider the case that the ‘connestion is everywhere
flate Then, by Frobeniua's -Theorem, there exists to every coordinate
neighborhood U‘,( a-mapping fa(. : Uy -—» G such that ic‘;(t-(,\) =8 In g(n 0/3
we define %LG s {k %¥/3 i%l. Then we have %;;éoj =- 0, which in turn
implies that the mapping 5;79 i3 consteént in every connected component
qf qx N U&g‘ These mappings %}/3 defire a-bundle over X equivalent
to B, It follows that the bundle will not be-affected if we replace the
topology in G by the discrete topoiogy. Such a fiber bundle is & cover-
ing space. If X is simply connected, B is a topological ‘product of G and
X. In general, B is & product of the connected component of ‘G and a

covering of X, Thus the flatness of a connection implies topological
prOpert}es of the bundle, '
s The homomorphism h and its independence of comnnection

We consider a fiber bundle (B,X), with a structural group @ which
i8 a Iie group, and we assume that a connection is given in the bundle,

A real-valued multilinear function P(Yi, ces Ik), with arguments

T, v, Y € L(G), is called invariant, if

P(ad(a)!i, ser ad(a)!k) - P(Yi, see Yk)\for all a e O,
Replacing & by an infinitesimal transformation; the conditior of invariance
impllies

(8) % P(Tyy »o0 5 4y_qs (5,1, Yy oo, §) = 0,

vhere Z 13 any element of L(G)e If G is connected, condition (8) is
equivalent to the definition of invariance, Instead of takiné*ii to be
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in L(Q), we can take them to be L(G)-valued exterior differential forms
of degree Pye If, therefore, Y, are tensorial differential forms of

1
k
degree p, and type ad(G), P is a differential form of degree :2_;- P i

fined in the whole manifold X.
We can define the bracket operation [2,W], where Z,W are L(G)-

valued exterior differential forms. In fact, let Zi, wi be the components

of Z,W relative to a base of 1L{(G). The components Z i

— S
Jyk
an L(G)=valved differential form which is independent of the ‘choice of the

Z'j A Wk define

base and will be denoted by [Z,W]. The degree of [Z,W] is the sum of the

degrees of Z and W,

The formula (8) can be generalized to the case that Z,Yi are differ-

ential forms, In particular, when Z is a linear L(G)-valued differential

form and Py = dim Y,, we have

i
k 1+ooe 5~
(9) Ezi (-1) lP( o Xi-l’ [Z,Yi], Yi+1: b Ik) = 0.

We now suppose our invariant functions P to be symmetrlc in their

arguments and cail them for simplicity invariant polynomialse We shall

meke them jnto a rirgs. Br the refinition of addition

(10) (P + Q)(.Yla M) Yk) = P(.Yl.v MR Ik) + Q(Yy, o0, Yk)’

all invariant polynomials of degree k form an abelian group. Let I(G) be
the direct sum of these abelien groups for all k > 0. If P and Q are

invariant polynomials of degrees k and 1 respectively, we define their

product PQ to be an invariant polynomial of degree k + 1 given by

(11) (PQ) (Yl, e k.;_l Z P (YiI’ oy Yik)Q(Yik+l, e ,Yik+9_)’

where the summation ls extended over all permutations of the vectors Yi and
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N 418 the number of such permutations, -This définition of multiplication,

together with the distributive law, makes I(G) into a commutative ring,

the ring of 4nvarisnt polynomials ef G
Let P be an invariant polynomial of degree k and let us substitute

for its arguments the curvature tensor @ of the connection, Then

P((E) = 2(@®), *- ,()) 1 a differential form in X, of degree 2k, Its

exterior derivative is, by the Bianchi 1den';ity (7,) end by the observa-

tion that the absolute derivative af a product follows the same rule as . . |

the exterior derivative, . o

ar((&)) = D P (@) = o

Hence P( @) is a ¢losed differential form and defines, according to the

de Rham theory, an element of the cohomoiogy rinig H(X) of X having as co-

efficient ring the field of real numbers. We shall denote ‘the resulting

mapping by, -
(12) hs I(G) -y H(X)o . 1

-

Tt is clear that the ring operations in I(G) are 80 defined that h is a
ring homomorphism. Notice that I(G) depends only :)n G and that h is .
défined with the help of a conrection in the bundle, -

Concerninig thé homomorphism h the following theorem of Weil is

fundamental: h is independent of the choice of the connection. In other

words, two different connections in the bundle give rise te the same homo-

morphism he |

N

We proceed to give Weil!s proof of this theorems Let two connec-
i TR

|
. L . ©
tions be given in the same bundle, deﬁ.tied by the differential forms eo( -

. A
of the type ad(G), and their curvature tensors are related by the formula

(13) @ = @ - ™ - Flu,ul. ~

and 0°!< respectively, Thenu = 6 -%z is a linear differential form
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\
The theorem will be proved, if we express P((Z)) - P((:)) as an exterior

derivative., For this purpose we introduce the notations
(1L) P(Y) = P(Y, *** , ¥), Q(Z,Y) = P(Z,Y, *** , Y),

where Y,Z are L(G)-valued differential forms. With an suxiliary variable
t we put
F(4) = P(W=t¥-£22)~P(W),
Then
FI(t) = =k Q(Y+2tZ,W-t¥~t22),
and we have
(15) P(W-~Y-Z)-P(W) = -k le(Y+2tZ, W-tY-£°Z)dt.

0

Making use of (9) and the relations
(16) D2u = "[@: ul], [[uw,u],u] = O,
we get the formula
+2 +2
(17) dQ(u,(:)-tDu~§ [u,ul) = Q(Du + ¢t [u,ul, (:)—tDu~§ [u,ulde

Integrating with respect to t from 0 to 1, we find

\
(18) ar(u, (2,0, & [,u]) = 2(@)-P(@),

vhere R is defined by

1
(19) R(V,W,Y,2) = =K/ Q(V,W=tT-$>2Z)dbs
[o]

This proves the theorem,
Another consequence can be derived from the above considerations.
We consider the principal bundle B and the L(G)~valued linear differential
form LP which defines the connection.. Recalling the definition of LP in
terms of a coordinate neighborhoed, we imrmediately get
1,

(20) dkf -7 LGP,(P] = @ )
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vwhere @ is an L(G)~-valued quadratic differential form in B, which, in a
coordinate neighborhocod Uo< s has the representation ad(s)@ X * Manipula-

tions similar to those in the above proof then give the formula:

(21) dr( (]0,(-15: d\F: - % [“?:L? = "P(S_E)o

Since P(cp) iz clearly the dual image of the form P(@) in X, it follows
that ¥ *P(@) is cohomologous to zero in B, We identify G with a fiber

of B and denote the inclusion mepping by 1:G --» B. Then

i*R(L{’,@, ayf, -%- [¥,4]) is closed and defines an element of H(G), which

is defined up to an element of i#H(B). The result is a group homomorphism
(22) t: I(G) --» H(G)/ 1i:#H(B)

which maps the polynomial P into an element of the quotient group on the
right-hand side having as representative the differential form

¢, Qw, dW), where
1 k-1

2ok [ (=t + %)  dt.

¢
k o

We notice that 1# ¢ =00,

5. The homomorphism h for the universal bundle

The results of the last section can in particular be applied to the

universal bundle
R(m+n+1)/ I XR(n¥l) --» R(min+l)/ GXR(n+1)

considered in §l. In this case we denote the base space by Xo and the

homomorphism h by

h I(G) ~-~» H(Xo).

The purpose of this section is to prove the theorem: In the dimensions

<nm, ho is a one=one lisomorphism.

e oy £34

e

-
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X, being a homogeneous space, the structure of the ring H(Xo) can
be studied by the method of integral invariants of Elie Cartan (Cf.
)} E. Cartan, Sur les invariants intégraux de certains espaces homogénes
clos et les propriétés topologiques de ces espaces, Annales de la Socs
Pol. de Math. t. 8, pp. 181-225, 1929). The main ideas and results are
as follows: Let G/K be the homogeneous space, G a compact Lie group of
dimension r and K a closed subgroup of dimension s of G, The Lie algebra
L(K) is then a subalgebra of L(G). In the dual vector space L#(G) of L(G)
there is determined a subspace M#(K) consisting of all the elements of
1#(G) which are perpendicular to L(K). The adjoint group ad(G) acts on
both vector spaces L(G) and L#(G). Its subgroup ad(K), consisting of the
linear endomorphisms ad(a), a e K, leaves L(K) and M#(X) invariant, If
we identify the space Lk (G) with the space of left-invariant linear
differential forms (Maurer-Cartan forms), a base Q)l, eere s in L#(G)
can be so chosen that a)s+1, s+, W, sPAD M#(K) and that the system of
differential equations

(J\JS+1 = eee mwru 0

is completely integrable. . Since ad(K) leaves M#(K) invariant, it induces
a group of linear endomorphisms on M#(K) and on the exterior algebra
A ((K)} of M#(K)s Denote by R(G/K) the subring of A (¥x(K)) consist-
ing of all elements invariant under the actien of ad(K). Cartan proved
that R(K) is stable under exterior differentliation and that its cohomology
ring (that is, the quotient ring of the subring of closed forms over the
ideal of derived forms) is isomorphic to the cohomology ring of the space
&/Ke

Returning to ouwr problem, consider the rotation group R(m) in which

G is imbedded as a subgroup. A positive definite Riemann metric can be
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defined in R(m), which is invariant tnder both left and right translations.
If we choose the Maurer-Cartan forms df R(m) such that the ds2 of the
Riemann metric is equal to the sum of their squares, the constants of struc-
ture will be anti-symmetric in all three indices.

To the base space of our universal bundle we now apply the method

of Cartan., We agree on the following ranges of indices:
lgely3, ¥ sm m¥l g 1ys,b g mintl, 1 g 4,B,C g mintl,
1<A,m,V < dim R(m)-dim G, 1 g i,J,k g dim G

Setting K = GXR(n + 1) and remembering that our underlying group is here
R(m + n + 1), we see that the vector space M#(K) is spanned by Ty , W s
where Uy span the space M#(G) in L#(R(m)). For a e I % R(n + 1) the

induced endomorphism of ad(a) on (W - is given by

(«)o('r BE; 8rs P s ?
where (ars) is a proper orthogonal matrix, Now the so-called first main
theorem on vector invariants asserts that any integral rational invariant
of a system of vectors under the rotation group is an integral rational
function of their scalar products and their determinants., It follows
that in order that a form of degree < n generated by T N2 ood\ r be invar-

iant under ad(K), it must contain (3,  in the combinations

(23) —n—dﬂs-fz,wokr/\b\}brl
By the equations of Maurer~Cartan for R(m + n + 1) these forms satisfy

the relations

d

W, = Ea,:wa«x’\“m*‘ﬂ'o(/b'

We take in Is+(R(m)) a base (ei,TZ}\) such that: 1) T), span Mt(G); the

invariant Riemann metric d32 is equal to the sum of the squares of ei,T.)\ s
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so that the constants of structure are anti-symmetric in all three indices,

We then have

de, ~%—Z
k

dt/\" Y Z

1 AT {
iakg N *3 /:Z' l/\A\;t L’V*‘@i’

1/w"9 +-Ec)\/ "E./\L.-*-—T;\ ,

where (ei, "E,\ } are related to the set ( AW /3) by a non-singular linear

transformation, By introducing the forms

1 “[’
2l, =z > AT (:) 7] Z ¢y uF AT+
(2h) @j_ Q/M’V c=:1./\/\\/ M AT /A ApaV g

we can write

15
®TE St 5y 8 *+ @y
(25)

d‘t—-—z e Ag.'.'_r .
A /V\l 3‘?"‘1/“ + A

The ring of invariant forms is generated by 1, “C>\, ®i R —f}\ .

The forms 8, are in R(m + n + 1), but can be regarded to be in the
bundle R(m + n + 1)/ Imx R(n + 1), because there are uniquely determined
forms in the latter of which they are the dual images under the natural
projections Regarded as in the bundle, these forms Gi define a connection,
of which @ N i{s the curvature tensor. Relative to this connection an
absolute differentiation is defined in M#(G) in which ad(G) acts. Since
'C>\ can be regarded as an M#(G)-valued linear differential form in X , it
has an absolute derivative which is a quadratic differential form of the

same type. We find

(26) DTUp= Ty
To describe the ring of invariant forms generated by 1, 1 A ,@_,

T A\ ve consider real-valued multilinear functions
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_—— o~ _—
P <
- e~

e Mx(K), W e *(@),

k l.’ 2 1’

P(Yl, ev3vy X5 Zogeee Zp; W, ---,Wq),Ya,Zb

which are anti-symmetric in the Y's, and symmetric in the Z!s and in the

W!'s, and are inveriant under the action of ad(G):

P(ad(a)Yi,--o,ad(a)Yk; ad(a)Zl{---,ad(a)Zp; ad (a)Wi,...,ad(a)Wq)

(27)
=p(yl,..., Yks Zl""’ Zp; wi,...,WQ).

An invariant form P(T, T,{ED) is obfained, by substituting 7. for each ¥,
T for each Z, and H) for each We The degree of the form is k + 2(p+q) and
the form itself is said to be of type (k;pya)e As in the case of the ring
of invariant poclynomials these functions P can be made into a ring by the
definition of an addition and a multiplication in such a way that one gets
a ring homomorphism under the substitu@ion described above, Denote by R
the ring of differential forms P(7 , T, (E)). If D denotes the absolute
differentiation relative to the cornsction defined abcve, we have, for
psR, . .
(28) (T, T, @) =0(T, T, @),

Tt follows that R is stable under D and that the derived ring relative to
D is isomorphic in the dimensions< n to the cohomology rias nyo)~

Under D we have
(29) p{(® =0, D=0,

the first being the Bianchi identity and the second follcwing from a
similar calculations. We shall prove: For P € R with DP = O there exist
Q, P, € R such that

P(T, T, @) =pa+2r (@),

where P, is of type (0,0,a1)e
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The proof follows an ides of algebraic topology in the construc-
tion of a homotopy operator. We define an operator f in R which is an
anti~derivation (that is, a differential operator with f(ab) =
f(a)b + (-1)" af(b),r = dim(a) and is such that

fTm0, £T="T , t®H =0

Then we have

(DE+£D)T = 'i%-ﬁ T, (Df+fD) T = -é;% ,(0££D) @ = 0.

Now P is a sum of terms of types (k,p,q)s .We 'can-assume P to be homo-
geneous in the sense that k + 2(p+q) = const. Among the terms of P let

m be the largest value for kip. Then the value“‘o_f k+p in each term of

1
Pegy (£D+DE)P

is smaller than m, Since DP = 0, we prove the above statement by induc~
tion on ms -

It follows that every class of H(X 05 contains as a representative
a differential form P('@) of the' type (0,0,q')v Since the latter is’
clearly never a derived form in R retative to ‘D, the mapping so estas
blished is a one-one isomorphism. Thus the theorem stated in the begin-
ning of this section is completely proveds
6, The fundamental theorem . ;

We consider a fiber ‘bundle with a Lie‘ group as structural group
and having as base space a differen‘t;:i.a.lﬂ.e§ marfii:;ld‘. A connection 1is
supposed to be defined in the bundle, The problem on the relationship
between propérties of the comnection and topological properties of the
bundle can be described as follows: 1

Let G, be a maximal compact subgroup of t.he st;'uctural group C:u

1
Since an invariant polynomial under G is an invariant polynomial under

L
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Gl’ there is a natural homomorphism
(30) &+ 1(@) - I(G))s
We have also defined a homomorphism

h: I(Q) --» H(X),

which, according to the theorem of Weil, is independent of the choice of
the connection, On the other hand, the bundle defines a characteristic
homomorphism

ht: H(Xo) -—> H(X).

By the theorem of the last section H(Xo) is isomorphic to I(Gl) in the

dimensions < ne The characteristic homomorphism can therefore be written
Ht: I(Gl) -=> H(X).

Our fundamental theorem asserts that

(31) h=htg.

Let us netice that h is defined by the comnection, h! by the topological
properties of the bundle, and 0 by the relation between the groups G and
Gl.

To prove this theorem we observe that the bundle is equivalent to
one with the structural group Gl. Define a connection in the bundle with
the group G,. Since L(Gi) is a subalgebra of L(G), the connection can be
regarded as relative to the group G. Using this connection, we see that
the two sides of (31) are identical,

An important particular case of the theorem is one for which G is
itself compacts Then h 1s ldentical with the characteristic homomorphism.
In particular, it follows that if a connection can be defined in the

bundle which is locally flat, then the characteristic ring is gero.
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Another consequence of the theorem is that the kernel of 6 in I(G)
is mapped into zero by h. On the other hand, as we shall see later from
examples, ¢ 1s not necessarily onto.

The description of the homomorphism § depends on the study of the
relation between the Lie algebras L(G) and L(Gl) , and the cohomology struc-
ture nf these Lie algebras, Their study has recently been successfully
carried cut by H. Cartan, Chevalley, Koszul, and Weil. (Cf. Koszul, J, L.,
Homologie et cohomologie des algebres de Lie, Bull, Soc. Math. de France
78, 65-127 (1950))
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Chapter IV

Bundles with the Classical Groups as Structural Groups

Fiber bundles which have as structural groups the classical groups,
namely the orthogonal group, the rotation group, the unitary group, and
the symplectic group, play an important role in problems of gesmetry, In
fact, such bundles include those naturally assoclated to differentiable
manifolds and camplex manifolds. When a Riemann metric is glven en a
differentiable manifold or an Hermitian metric on a complex manifold, the
metrics will define intrinsically connections in the tangent bundles, and
the determination of the characteristic homomerphism by the connection
gives rise to a relationship between the tangent bundle and the metric.
Moreover, at least at the present stage, we have a better knowledge of
the characteristic homemorphisms of such bundles, This chapter will be

devoted to the study of these particular cases.

1. Homology groups of Grassmann manifolds

Let R(n),0(n),U(n) denete respectively the rotation group, the
orthogonal group, and the unitary group in n variables. Far bundles with
these groups as structural groups and with base spaces of dimension g k,

universal hundles are respectively given by
R(n+N)/R(N) ---» R(n+N)/ R(n) K R(N), k< N-l',

1) R(n+N)/R(N) ---> R(n+N)/ R(n+N) N\ (R(n) X R(N), k g N-1,
U{n+N)/U(N) ==-> U(n+N)/ U(n) X U(N), k < 2N,

That these are universal bundles follews simply from the vanishing of
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homotopy groups of dimensions ry, 0 < T S k, of the bundle,

In order to describe the characteristic homomorphism, it is there-
Pore necessary to study the homology properties of the base spaces of
these bundles, While this gives rise to a new treatment in the case of
real coefficients, it is wider in scope in the sense that more general
coefficlents can be taken into consideration. Geometrically these base
spaces are the so-called Grassmann manifolds and are respectively: 1)
the manifold'afn,N,R) of oriented nwdimensional linear spaces through a
point in a real Euclidean space En+N(R) of dimension n+N; 2) the manifold
G(n,N,R) of non=oriented n-dimensicnal linear spaces through a point in a
real Fuclidean space En+N(R) of dimension n+N; 3) the manifold G(n,N,C)
of n-dimensional linear spaces through a point in a complex Euclidean
space En+N(C) of dimension n+N. The homology groups of the Grassmann
manifolds have been' studied by Fhresmann who defined cellular decomposi-
tions which we proceed to describe.

As the three cases admit a common treatment, we shall adopt the
convention to denote the Grassmann manifold by G(n,N) and the Euclidean
space by En+N, when the results in question are valid for all three cases.

Let O be a point of EP%N, the n-dimensional linear spaces through
which conmtitute the Grassmann manifold G(n,N) under consideration. Take
through 0 a sequence of linear spaces

al+1 a2+2 a tn .- .
(2) L clL C eeee ] ' 0garg g a, s\

whose superscripts are the dimensions. The set of all elements X of
G(n,N), i,e., n~dimensional linear spaces through 0, satisfying the condi-

tions a, +i

gim (ANLY )zl 1=1, «er,m
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48 called a Schubert variety, to be denoted by (al sae an). The Schubert

varieties have the following properties:

1) dim (ay *** &) = gfi 3, o

2) (al vee an) depends on the choice of the sequence (2).

However, relative to the same set of integers a,, *** , a, with
0ga; S8, s s, 5N the Schubert varieties defined by different

sequences (2) are equivalent under the group of motions about O in gy,
3) If 8y = 8 .05 condition (Ci) is a consequence of (Ci+1)'

1}) Define the open Schubert varieties:

3) (al eve an)-}(- = (31 ore an) -Z(al ess ai—lai-l oo an).

i=1,0.o,n

]

Tf the sequences used in the definition of the Schubert varieties are

chosen from a fixed sequence of linear spaces

() 0citeci1?c e ¢ WL o PPNy

the open Schubert varieties form a family of disjoint subsets of G(n,N),
which cover G(n,N).

5) An open Schubert variety is an open cell in the case of
G(n,N,R) and G(n,N,C) and is the union of two open cells in the case of
“G(n,N,R).

The properties 1),2),3),4) are easily verified, We shall give a
proof of 5). Let (81 e an)* be the open Schubert variety, defined by
means of the sequence (L), The statement being olear for n = 1, we

assume its truth for n-l and give the proof by induction on ne If a= 0,
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we take a hyperplans K through O and not containing 1}, ForXe (a._L- ’ 'an)*
-we have dim(X N K) = nel. Moreover, X e (alo--an)* if and only if
XNKe §a2 oee an)'*, the latter being defined by means of the sequence
in which K intersects the sequence (L4). Hence the theorem follows by our
induction hypothesis,

Suppose now that a, > 0. We take a hyperplane M satisfying the

n+N-l

a1+, Lal; 2) M intersects L8'1+2, see, L respec~

conditions: 1) MN L

tively in the linear spaces

+1 HN=2
(5’) Lgal s cos ’ L|n .

ag+l

Put Xt = XN M, Y=XNL . Ier(alo--an)*,then

dim Xt = n=l, dim Y = 1,
and we have
+1
cLal N

Y -L ’ x' € (8,2 see an)!* P

the latter being defined by the sequence (5)s Conversely, the Y and X!
satisfying the last cond.’ytions span an X € (ea.1 an)-)t-. Since the locus
of Y is an al-cell, the theorem follows by induction.

Since a Grassmann manifold is an algebraic variety, it follows from
general theorems en the covering of algebraic varieties by complexes that
it has a simplicial decomposition of which our cellular decomposition in L)
is a consolidation, The additive homology structure can therefore be deter-
mined by the boundary relations of our cellular decomposition. To deter-
mine the boundary relations we must first orilent the open cells. For
G{(n,N,C) the open cells have a complex structure which determines a
natural orientation. Let (::1:L see an) denote the chain carried by the
oriented open cell and also the cochain taking the value one for this

chain and the value Zero for other chains of the same dimension, Then we
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have!

6) The boundary relations of the cellular decomposition of G(n,N,C)

defined in L) are

(6) a (al eds an) "3 0, S(al e an) = 0.

Tt follows that the (a) *** &)y 058 S8 5 +» 58 SN, form a homo-
logy or cohomology base ef G(n,N,C)s In particular, all Bettl numbers of
odd dimension are zero.

Concerning the real Grassmamn manifolds we first observe that

R

(n,N,R) is a covering space of G(n,N,R)s An element X e (al ver anj* is

spanned by the vectors

a i+1 ai+'i-1

Fy=(x,) el ™ L , 1 =1, ees ,ng Am 1y see , nHN,

where x,, are the components of 5 3 in a coordinate system having the
linear spaces in the sequence (L) as the coordinate linear.spacess More~
d ~

over, we have

n
"_TTIS 2 ’d)‘Oo' Lo
AT % g0 .
kY

In the case of E(n,N,R), (al Iy an)* consists of two open cells, to be
sae + ( ...' - . ] 4
denoted by (za._L an) and (91 an) and defined res?_ept.tve'.ly by
A >0and N <0, Inorder to determine the venichs ? wnionely,
4 «

we also assune

xfai‘!"‘j_ o2 1, X‘i aj+J = O, j < i’ 3= l’ *e*,n, j - 1’ o-o,n..l

For (a, e+ a )",
(7) R
-1

X . = 1y X = =], X . =0, § <4,
kak+k nan+n -1 aj+3

1=13, «+¢,mn J k=1, °v* , nl

for (al ees an)" N

EY
%
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The remaining x!s, namely,

x]l’ oo .,’cla’le’ ,x2a,xza+2, LX) .,12& +1’x31¢ O,xBa +2’ .o Oxnl, (X o,xna +n-1,
| Ty A 7?2 J 13 n

then form a coordinate system on each of the opeh cellss We orlent the
open cell by the above lexicographic order of the coordinates, In this
way the cells of ?}’(n,N,R) are oriented, By projecting into G(n,N,R) by
the covering mapping, we orient the cells of G(n,N,R), This orientation
of t,hé cells has the property that under a covering transformation in
B(n,N,R) which transforms an X e’(:‘:(n,N,R) into the same linear space with
the opposite orientation, the oriented cell (al Ve an)+ goes into the
oriented cell (alu- an)", and vice versa.

Tt 1s clear that the incldence number of two cells is zero, unless
they are of the forms (al...ai-i-l...an): and (a.l X an)i. Denoting these
cells by B and B" respectively, we shall determine their incidence
number by the following process: Let an element X of E" be determined by
the vectors ? 1 normalized by the conditions (7). Put }:',L = ? i-tt e 8, +1?
vhere e 44 is the (afi)th coordinate vectors For t > 0, t and the

p :
coordinates in B provide a system of coordinates in Em"l. When Emﬂ is
oriented by this ordered system of coordinates, it has ~E" as its boundary,
Since the relation between the two systems of coordinates 1s easily deter-
mined, we find the incidence number between B and Em+1. The result may
be sunmmarized by the following theorem:

7) The boundary relations of T(n,N,R) are

4eoby witl a,+l
> (al..atn)""*Z(--l)al i[(-l)n (a,..3,-1. .a.n)"'+(--:l.)l (ag- .ai-l..an)"],
(8 | dood +] 41
eo4a, a n-i
a (al'. can)-"z ("'l)al i[ ("l) i (alc oai"l. oan)++ ("1) (alo oai"l. .an)-] 9
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a +ee+a nw-i a,+1

SYal..ah)+=:§i(-1) 1 i[(-l) (al..ai+1..an)++(-l)i (al..ai+1..an)'],
a_+ve4a a,+l n-1
§lajeea)™=2,(-1) 1 D (ageeeyt1iia) 1) (ageia4iiaa)
The boundary relations of G(n,N,R) are

n-i+l a,+l

8. teet n
[(-1)  +(-1)* J(ajesa;-leesa ),

a,
d(ara) = (DT

(9)

a.+eeda, 1

n-3 a,+
Slayeeea) =S e wen J(ayreaytleaea )

In all these formulas the sums in the rightnhand_sides are taken for
121, >y such that the symbols have a sense, that is, that the inequal-
4ties in (2) are satisfied,

Having the boundary relations, the determination of the additive
homology structure is a purely combinatorial problems For definiteness
we §ha11 carry this out for the cohomology groups of dimensions < N of
G(nyN,R)s We shall call cochains of the type (a1 vos an) elementary
cochains, For such an elementary cochain define two sets of integers bk,ik,

by the conditions

a.= eee ug, < 3 = eee =T Qo < s < 3

B.ona

1 i, 4y i+, fpbeetl ¥l il+..+1s:

(10) il+ sae + is = n,

b LT 3 seen 'b = a -,

1 il ?%g il+-oo+ is )
so that

0< bl < b2 < err < bs <N,
(11)

l<i

19 Y ,is s i_l+0--+is = N,

A,
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Every elementary cochain determines therefore two sequences of non~negative
integers (bl, oo ,'bs), (11, oo ,is), satisfying the relations (11), and is
determined by theme. According tn the nature af these sequences the elemen-
tary cochains are classified into threa kinds: 1) It is of the first kind
i1f a1l the b!s and i!s are even or if b,, --,bs, 1o i, are even and
b, = 0; 2) It is of the second kind if b, ., **,b, 14q0 °°"si, ave even
and b, is odd; 3) It is of the third kind if b, **°,b, 14qe "talg ave
even, b, # 0, and 1, is odd, Tt follaws from (9) that an elementary co=
chain of the first kind is an integral cscycle, Moreover, if y 1s an

elementary cochain of the second kind, with bk < N, we have

%- Sy = + 7 + Z elem, cochains of second king,

where z is an elemen“ary cochain of the third kind obtained from y by re-

placing bk by bk =~ 1, This correspondence between y and z is ons-one.

As stated sbave, ve restrict ourselves to the siucdy of cnchains of
dimension r < M. Iran +he zbove remark we have the folloiwirgz consequences:
1) A cochain of &imension r is a linear combination of cochalns
x ',y , ?2; éyynl, where % | 1s a linear corbination of cosheins of
dimension r of the firs* kind and vad , yY"l those of cochains of dimen-
sions r, r-1 resnectively of the second kind, A sum A ::Y+/A yY+ v%é v “Lo
anly if A = M=V =03 2) yY is a cocycle only if it is zero.

T+ follows that an integral cocycle of dimemsion r is of the form
x 4%- Syv"l and that the latter is -a coboundary orly when x¥ =0, yv"l = O
We have therefore the theorem:

8) An 4ntegral nohomology base of dimension r < N is formed by

x¥ ’ %8 yY'l, where x! ruas over the elementary cochains of dimension r

of the first kind and y),":L those of dimension r-l of the second kind.
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Weak cohamology and cohomology with coefficients in & finite r1e1d
have an even simpler #tructure, They are given.by éhe theorem:

9) A1) elementary cochains (s, *°° an) of dimension r are cocycles
and form a cohomology bade mod 2, All elementary cocycles of the first
Kind of dimension » <N form a cohomology base with rational coefficlents
end with coefficients mod p > 3e

Since the dimension of an elementary cocycle of -the first kind is
a multiple of L, & cocycle of dimension r such that r $ o (), r<n, is
cohemologous to O in rational coefficients or in coefficlents mod p 2 3.

Before concluding this section, it may be of interest to show how
a fornula of Whitney can be derived from the boundary relations (8)i On
§(n,N,R) we consider the cochain

g se 1eis .:".. FQiee 1eoo1)"

) W ? (0*+0 3_‘;}) (0¢e-0 }_\{B

From (8) we get

S = {(_1)‘:' ﬂ} !
Hence W' is a cocycle if r is odd and is a cocycle mod 2 if r is even.
Moreover, we have

(12)

w2r+1 hd % 5 war ®

When & bundle over X is induced by a mapping £:X =-» G(n,N,R), the
cohomology classes of £ W are called the Stiefel~Whitney classes. In
that context the above formula was first given by Whitney.
If X 18 an orientable differentiable manifold of dimension n and

B ia the tangent bundle over X, it can be verified that
(13) (emd) X = A (%)

is equal to the Etﬂ.er-rgoinoa.re’ characteristic of X,




2, Differential forms in Orassmann manifolds

The Orassmann manifolds are compact homogeneous spaces acted on
‘transitively by a compact Lie group. It follows that the method of
integral invariants described in §5, Chepter III, is applicable and that
it is possible to describe the cohcmology classes with real coefficients
by invariant differential forms. We shall set up this relationship in
this section. Because of the different features of the results we divide
the discussions into cases:

Case A, Complex Grassmann manifolds G{n,N,C).

The Maurer-Cartan forms (),p, A, B = 1, *°* 0N, of the unitary
group B(n+N) are the elements of an Hermitian matrix. We put

(]'h) -(Lik. Zr wirwric 3 i’ k = 1’ ooc,n, r-‘n.l.l, evae R n+N

From these differential forms we construct the following formss

¥ - § ooy SRR RY ¢ Bt

(15) @ tzgz( e e . ese ﬂ- ‘ooﬂ
m Py* " 'Ppi O qm) P

Pl
Py’
1’

where Pys *T5P, is a permutation of Qs *°° 9%y the summation is over
all such permutations and all Pys *°* 5By " 1, *** ,n, and 5 (pl’ R I
s ** ,qm) i3 the Kronecker index, equal to6 +l1 or -1 according as the
permutation is even or odd, These can be regarded as differential forms
in G(n,K,C) in the sense that there are uniquely determined forms in
G(n,N,C) of which they are the dual images under the natural projection
U(n*N) --» G(n,N,C). It is cléar that esch of the three sets of forms in

(15) can be expressed as polynomials of the forms of ancther, with numeri-
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cal coefficients. A simple direct camputation shows that the forms Am

are closed, so that the same is true of the forms @ n and ‘I/m. Moreover,
by the first main theorem on vector invariants‘ for the unitary group, it
follows that every invariant form in G(n,N,C) is a polynomial in the forms
¥ of one of the three sets, with numerical coefficients,

An invariant differential form { )L of degree r in G(n,N,C) defines
§ a cochain x according to the equation X v g = /z {1, 2 = any redim cycle.
E is & cocycle if L. 4s closed. We say that L) belongs to the coho-

cohomology class to which a given closed form belongs. Concerning this we
have the following theorem:

Theorem 1. The form T—j—‘{jmm‘ @ belongs to the class

. (00!00 10001). The fom(?-—f-:-—mé 'belongs to the class (O"'O m)o

Tp prove this theorem we shall integrate the forms over the Schubert

mology class of X « Of interest is therefore the question of deciding the
|
|
|
|
|
|

3 varietiess We introduce, for a Schubert variety S, the integers bk, ik,

| defined in (10), (11), so that its dimension is 2m = 2(byi *eestb i )o If
i X belongs to the corresponding open Schubert variety, we define a linear

i space of dimension 1l+12+".+ik by

+o st 4eoodi +b
il ik-=xﬂ Eil kkak“l:"'

11-0-. .e +ik j_1+. .a +ik+bk

Then we have Y s K =1y *¢° ,8, and

+1 Fooott
Yi1 h

cvucY

’BC

= X,

Define the vectors e,, <*° LIPS S +by? which form

’eil""""’i s fl’ ’ bl
j an orthonormal system and which are such that: 1) 81 **° 58

il+. . '+ik . 11+l e +ik
SpanY 5 2) e s vee e £ vee
I Hoee +1k.".bk e\l’ il+ +ik’ b + +bk 1 1 i bl‘(' +bk
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We now notice that the group U(n+N) can be {dentified with the
space of orthonormal systems of vecters or frames, each element to the

frame to which it carries the coordinate frame, If we denote the friame

il

by 15 *** s€p fl’ oo ’fN’ wé have

(16) Wyp = 4o B 5 1=, d0e g0, v o= 0¥l oo mill

where the product !in the right~hand side is the scalar yroduc‘&.

To in'l':egréte a differential form over S we shall find what it re-
duces on S, under the above choice of vectors. Every polynomial of degree
m in ‘n'ij reduces on S to a rltiple of the form

T (TT (dep T ) (o %))
kel,0¢°,8 ‘o wi e 'ﬁk-lﬂ" -'-,il-f-- . .H'k

[

(17)
o =b1+' b, g +1,c ‘,blfl-' *oHby

e

It follows that the form -

v

N plql'n' Palp **" Lo,

%

reduces to a non~zerc form on S only when the set Pys, *°* »Pp contains
bkik indices among il+12+.‘._+ik"l+1’ oo ,ilﬂz"'.""’ik’ k= 1, s 3Ba

We apply this criterion to the forms Y , P defined in (15).
In the case of g( m’ it 1s clear that the summation can be restricted to
the indices Pys *** sPps which are mutually distinct, Hence its integral
over S will be nonezero, only when S has the symbol (O ¢** 01 <+ 1),

As for the forms $ n? We first observe that @ n= 0 fm>N

In fact, in this case, ém is a sum of terms as
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2 Wp,r Wrq W p,rWry, " Wp s Wag
(pyerePy)=(ay-q,)
pl’ oco,pm ™ l, ooc,h

where the index r occurs at least twice and is not summed, The sum changes

its sign, when W and qu ‘are interchanged. Since the summation is

T4 2
taken over all.pl, ) W l, ***,n, we have @m = 0, for m > N.

We shall next prove that
‘S §m =0, 2 ag = m,

(ayce-2)
ifa # 0. This will be done by induction on N. For N = 1 1t is easily
verified. Suppose the statement he true for N-l. If a < N, S lies in a
complex Euélidean space of dimension n#N-l and the result follows from our
induction hypothesis. If a = N, we have m > N and the result follows from
the lemma of the last paragraph. Thus it follows that the integral of é n
over S is nohwzero only when S has the symbol (O ¢+¢ Om).

Tt remains to evaluate these integrals, Thé Schubert variety
(0 s+s 01 s+ 1) consists by definition of all n~-dimensional planes through

m

a fixed ™" and belonging to En-i‘l. Let e.l, ARFLIY be a frame in Em':L
such that €19 *** 48, SPAN ET™ and that 8y *** »6, Span X, a general
.olement of S. Then ? m reduces on S 'bo'the form

mn 2 o
(-1)"(mi) T( W nel,r Pr ne1’
ren-mtl, ey

The latter may be considered as the measure_of all lines lying in the space
4 o4n Enﬂ' orthogonal to E°™, Similarly, the Schubert variety (0+::0 m)

consists of all X containing a fixed En":L and contained in a fixed En-’-m.
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on this the form P . reduces’ to

@2 TT @by
emtl, e e v, min

In each case the evaluation of the integral in question reduces to the
! determination of the volume of a(1ym,C),

Let E" +1 be the cemplex Euclidean space such that G(l,m,C) is the
manifold of all lines through the origin 0 of Em:'. A vector in Emﬂ: can
be written as v = v?! + \/-:i vit, where v! and v!! are real vectors, To v
we can therefore associate in a real Euclidean space R of dimemsion 2m+2

' the vectors '
£(v) = (vi,vit), g(v) = (~vii,vi),

The relation between the scalar products in il 1 and R is given by
Vit = 2(V)EMW) ~ =1 £(w) g(v)
= g(v)g(w) + I-1 gv) £(v)s

It follows that the vectors f(ei),g(ei), i =1, *+ ,mtl, associated to
the vectors e, of a frame in Em+l form a frame in the real Euclidean space

i
Re ' .
As the volume element in G(1,m,C) we can take
- ! ; A .
AN PR, TR EE!
Since

W 1,505 ey = 2L (aF (o) 8(ey)) (A (e ) g(ey)),

we find by substitution

A = @AD" T (@fe_, ) 5(e,))(dt(e,, ) ele;))e

i"l,' . o,m
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2+l

I 7o integrate this over G(1,m,C) we consider the unit hypérsphere S

ll described by the enép&fjoin‘ba of the vectors v satisfying vww = 1. G(1,m,C)
I| 1s obtdined by identifying all v which differ frém each other by a scalar
il factor of absolute value 1. 1In other words, sZ*L san be fibered by

|

|

!

|

|

t - circles with G(1,m,C) as base space. It was shown in Chapter I that the
| entl 4

volume element of S

._ 1:3.,51“(%*%).“61))(df(em"'l).g(ei))'(df(em-l-l)'g(emﬂ)>’ i we identify
| v with Cmel®

2m+l

To evaluate its integral over S we fix & point of G(1,m,C) and integrate

over the fiber, giving
om#l, "' -
W) = g LN

Sineg the volume of 5™ 45 known to be

m+l
V(SQmﬂ.) . 2T

mi

E

et
G(1,m,C) m}

we get
This completely proves our Theérem 1.

Case B. Real Grassmann manifolds G(n,N,R).
As we shall show in the next section, a multiplicative base of the
cohomology ring up to dimensions < N, will be formed by each of the sets

Phk = (o tee 0D aes 2)’ k = 1’ ees [%ﬂ]’
(18)

o

of cohomology classes having the symbols
Ka(o +ov o02k2K), k=1, , [N,
|
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The Phk will be called the Pontrjagin classes and their images in the base
space of & sphere bundle the Pontrjagin characteristic classes. As in the
complex ¢dse we take the MaurereCartan forms of the.orthogonal group O(n + N),
which are elements of a skew-symmetric matrix: (’dSAB), We put

~ ) AT tes ¥
(19) _ﬂqj = %: ""m"‘).qg 2 4 3= 1, %y,

and from these we construct the forms

~ ~

¥, =S 8@y ayeeq) LL, o oof)

P " TPy
(20) o > - »
@ n - Z 6 (pl . ‘pm; ql L4 qm)ﬂ. plql see _()_pmqm’

where the summation comwviemtion 1s as above., These forms can be regarded
as differeéntial forms in G{n,N,R) and are invariant under the action of
G(n,N R) 'by the orthogonal. group O(n + N)e Because of the skew-syrmetry
of .ﬂ. in its two indices, it can be seen that :1{/ om? @ are zero,
when m :!.s odd, The relation between these forms and the cohomology classes

of G(n,N,R) is glwven by the following thegz!em:
Lk
| 4

Theorem 24 The form ~— %k" \I’ Lk X belongs to the class

(27) " (2k)4
to the class

and

the form

1
(21" (20 é Lk

It 1s of course possible to prove this theorem by a process similar
to the one ugsed in the complex case, However, a simpler and more conceptual
procedure would be to reduce the proof to the complex case.

We assume the real Buclidean space ¢f dimension n+N to be imbedded in

the complex Euclidean space of the sape (complex) dimension:
P _ o
- .

This induces a mapping
f H G(n’N,,R) Lt G(n},N’ C) .
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au 2m

Denote by C" and G- respectively the classes having the symbols

(0 »¢e« 01 *** 1) and (0 *** O m). Then we have the lemma:
\.’—r

Lemma, Under the mapping £,

(21) f%02111 J o K m odd,
’ (-lj“bzm, m even,

a7 & 0 s m odd

(-l)mi:?zm, ® even -

. Before proceeding to the proof, we remark-that the Schubert varieties
¢®™ and T2 being complex manifolds, have etfentatiofs defined by their
complex structure, so ‘tHat "the real cohomology classes with the same symbols
are well defifed. The statements for m 6dd are trivial, becaise thé ron~ °
zero classés of G(r,N,R) flav? as diménsions miltipleés of "k, We-shall give
the proof for sz, M even, the proof concerning the expression for
£5 T, m even, being sim:l.lam
Betweeti two scﬁu‘?ert verieties of complementary dimensions on
G(n,N,C) we dan define thelir’ intersection number or Ki‘onecke; indexs It
can be proved that . |
KI (Cbl vee bn),(N-a.n,’ ---,N—al)) =0orl,
aceprding as (bl oo ‘bn) is distinct from (al oo an) or note (Cf. next
section.) Denete by S the Schubert variety having the symbol
(w]/_ N esee= W),
2k
It reduces to show that

¥

0
KI (S, £(ay *** a)) = 0, ‘Eiai = Wk, -

unless (ﬁl *4e an) =. Phk, and that in the latter case the Kronecker index



is (-1)ka
The first statement ls. easy to prove. In fact, we have, by defini-

tion ; 5
’ S {x | comp. am, (xn EVEED) 5 2}:}.

2k+1 "0
If Y 18 an element of G(n,N,R) belonging to the corresi:onding Schubert

¢ ('9‘1 vse an) # Phk, the fact that the als are even implies that .

variety, ¥ must contain a fixed linear space of dimension n-2k+l, and £(Y)
conta;.ns a fixed linear space of complex dimension n-2k+l, When the latter
1s chosen t6 be ifi general position with EV 2%l they will have only the
origin in common, by dimension considerations., It follows that S and
f((a1 vee an)) aie then set-theorstically disjoint and hemce that their

intersection number is zero.

To prove the second statement we shall determine the set-theoretical
intersection of S and f(Phk). The latter consists of all n-dimensional

linear spaces Y satisfying h
NEn'ak cY c Aﬁfmz s

where,ﬁn-zk andNEme are fixed linear spaces of real dimensions n-2k and

>

n + 2 respectively, Let 25*2 1o the linear space orthogonal tp”En"?k in
"ﬁxﬂ. Y is then determined b{’ a linear space § of real dimension 2k in

3‘-‘:2“2. Denote by En"zk, En+2’ Eak;"2 the complex linear s;aaces determined
vy T2 P2 G2 Lo tively,  Since BVTORL

with them, we have

is in general position

C el gkl o ;

En+2 . EN*2k-1 . L2k+l, sey.

In order that £(Y) belongs to 8, § mst belong to L2 1y T2, But

12 ond ‘ﬁmﬁf both belonging to ’E2k+2, have exactly one linear space of
real dimension 2k in common, It follows that S and f(Phk) have exactly
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ono element in common.

By using a local coordinate system, whose details we shall net give
here, we verify that the intersection number is actually equal to (-1)k.
This completes the proof of the lemma.

We now observe that under the mapping £ we have

gL 1 =ﬁ iy
Hence Theoram 2 is an immediate oconsequence of Theorem 1 and-the above lemma,

Remark. The mapping £ induces a unitary bundle over G(n,N,R). It is
equivalent to the Whitney product of the universal bundle over G(n,N,R) with
itself, For if e,, *+e,e are n vectors in an elemént X of G(n,N,R), then
£(X) will be spanned by e,, -1 ey i =1, ***yn. Thus £(X) can be consid-
ered as the vector space spanned by two copies of X, with the orthogonal
group: acting coherently,

Since a sphere bundle ‘can always be induced by mapping its basé space
into G(n,N,R), this relationship is valid for & general sphere bundle. We
express it by saying that the Whitney square of a sphere bundle hag an
almost complex structure. The above lemma then gives the relationship
befweem the real characteristic ring of a sphere bundle with that of the

almost complex structure of its Whitney square., This result is useful in

~ differential geometry, where the primary concérn is the real characteristic

1

T e T T T e T

ring.

3e Multiplicative properties of the cohomology ring of a Grassmann manii‘ol?l
Since G(n,N,C) has no torsion, it is sufficient to determine the

multiplication in the real cohomology ring. For both G(n,N,C) and G(n,N,R),

when the coefficient ring is the real field, the cohomology classes can be

described by differential forms and their multiplication by the exterior
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multiplication of the latter. Accoirding to the general theory described

' in §5, Chapter III, these differentia] forms can be supposed to be invare
1 iant under the actions of the unitary group :and the rotation group respec-
tively. For definiteness of description take the case of G(n,N,C) o Apply~
ing the sow~called first main theorem on vector invar‘iants under the unitary
group (Weyl, Classical Groups, p. h5) and using an argument of §5, Chape IIJ,
it follows that, an invariant dii‘ferentlal form of degree < 2N is a polynomial
of A ,m=1, + ,N, dnd'hence & polynomialof T, om'1, vee N, wath
congtant coefficients, Since all these. diffeprential forms are of even degree,

it follows from Carten's theorem that they are closed and are not cohomologous

to zero unless identically equal to zero,.

The case of G(n,N,R)- can be described in a similar manner. Here we

restrict ourselves to classes of dimension ,: N. BEvery invariant different-
ial form ‘9f degree < N is a polynomial of ? om ‘or of @ om with constant
coefficients, Such a form has as degiee a multiple of" L. ~inFor“'t‘}"(n,.N,R)

there exists for even n the further invariant form -
E 7~ ~S
E (22) Z € o oﬂ i
| 1 i1"‘111'(11112 1’

n-ln

corresponding to the determinant in vector invariants.
For coefficient -rings other than the real field;’ more. topological
methods ‘have to be employed to describe the multiplicative striicture of the
- cohomology rings. We shallillustrate this method- by determining the coho-
. mology ring of G(n,N,R) mod 2, . ‘
In this case every cochain (al voo an) is a cocycle and 8ll these
symbols form an independent cohomélogy base, We shail use the convention

of omitting the zeros of such a symbol, thus defining
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(23a) (3g49 *"* 8y) = (0 *** 0-3, 0 *** &)
and
(23b) (0) =1, (¢) =0, if ¢ < 0.

Using the same symbois to denote also the cohomology classes, the main

multiplication formula to “be proved is

(k) (ay o= 8g) v () = 2 (b ™* By
where the gummation is sktended over .all combinations bi’ oo ,Bn, such that
0gb sby g sb,sW
(25) 8, §b Sy (B4 = M)y =1y *°° 0,
n ’ n
?:1 a; + h=3>" bi .
- i=1

Formula (24) implies the following multiplication formula:

-~

(a) (8p-1) **** (ay - 2°1)

(a,41) (2,) **** (a, ='T<2)
(26) (ay ***a) = 2 2 2

(a 45 T) (&, #52) *** (a,)

n

where the right-hand side As to be expanded by the Ldplace :developﬁxent with
dup ‘product as multiplication., -This is easily -proved by induction an n.

In fact, assuming the truth of the formula for n-l and expanding the deter-
minant according to the first column, we see that the determinant is equal

to

n
E%. (&i"'i"l) v (al-l' * ’31-1"'1 ai"‘l‘ ' o&n) .

| :
| Using (2l), it can be seen that the sum is equal to the left~hand side of
(26).
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Since the multiplication by- cup product. is assoglative, formulas
(2h) end (26) together give the multiplication of any two cohomology
tclassesa ?
We shall'prove the formula.{2h) by establishing a-corresponding

formula on intersection numbers: fLonsider first the cycles
(27‘) (bl soe bn), (N"an’ o s N"?aj.:)‘ K

Suppose that théy are défined by twWo sequerices ‘of “linear 'spaces in general

- o m

posltion:

) ~ E1CE2C"°CEn’ '

2 .
Flc’cm vee an, ’ C '

whose dimensions are given by

h Y

dim. Ei ) ;':btj?:"i’ - PR 4

*

UM F o = Neaginedsl, 4 =1, 000 ome

In order that the, two tycles have an element X -in :common, wé must have

)

-

* dim (X (\EP > i,

}
dim (X N Fn- 1 _'_1) > n-i+],

ny

Since these two intersections hoth belong to X, they intersect in & linear
space of dimensicn 2 kv It .follows that the same is true of Ei and Fn-i+l'

Hence we have . - *
(bi+i) + (N~ai+n—i+l) > Nentl,
or bi > ai.

On the other hand, by making use of a coordinate system, we can

%

arrange that (a:L sov an) and (I\I--a.n see N-al) intersect in exactly one

element and have there the intersection number 1. It follows that when
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{o, ++o hn) and (Nea se N-a,) are of complementary dimensions, their
" inbersection number is 1 or O according as (al sen an) is equal to
(b **e b ) & not.
Using this result, it is seen that formula (2i) is equivalent to
the statement that the intersection number of the three cycies

(29) (bl soe bn), (N-g oe» N-al), (N~h N ece })

is one if the conditions (25) are satisfied and is otherwise zero., We
have shown in the above that in order the intersection number be non-zerv
it is necessary that a; < bi‘

Suppose that these necessary conditions are satisfied. We put

M= B 0T e By

= Ei_l'\ Fn-i’ i=1, *** ,n,

end let M be the space spanned by Ml, soe ’Mn' Since dim M = bi-ai'!-},, we
have dim M <h+n, and this dimension is equal to h + n, if any two dis-
tinct Mi have only the point O in common. An element X belonging to the
intersection of the first two cycles of (29) meets each Mi in a linear

space of dimension > l. Such an X must therefore belong to M« It follows
that in order that the three cycles in (29) have a non-empty intersection

we must have dim M = h + n, A necessary condition for this is Min Mi+1 a O

Since both contain P., this condition implies P, = O. But din Pi = bi-ai 1

so that we havz bi S 8447
It remains to show that when the conditions (25) are satisfied, the
three cycles in (29) have the intersection number ones In fact, it can be
arranged that they have exactly one element in common and we verify the
intersection to be simple. For details, compare S. Chern, On the multipli-

cation in the characteristic ring of a sphere bundle, Annals of Math, L9,

362-372 (1948). We remark that the proof given above is a slight simplica-



tion of the one given in this paper,

From the above multiplication formulas we can draw a muriber of conw
sequences. The coefficient ring is alyays the field mod 2,

1) We introduce the classes
wom (0 e 02 *°° 1), lgisnm

(30) 7 = (k), 1<kg),

Wo-;f.o-lg

Applying (2L4) we get the formula

(31) ST wiuEtao, vso
0,Y-N<is<n

This permits us to express the w's in terms of the Wig, and vice versa.

2) EBvery cohomology class of G(n,N,R) is a polynomial in 'ﬁk,

k= 0, *** 4N, and is a polynomial in‘wi, i=0, **yn,
This follows from (26) and (30).

3) There is a natural homeomorphism
f: G(n,N’R) ——) G(N,n,R),

under which an n-dimensional linear space is mapped into its N-dimensional
orthogonal space. Denote the classes of G(N,n,R) by the same symbols with
dashes. The dual homomorphism induced by f is giveﬂ by

f* ;1' = Wi’ i = 1’ see ,n,
(32)

£ ke 7 ka1, 0t LN

To prove this, we show that both sides have the same value over any
homology class, an argument which has been applied several times before.
We shall omit the details here.
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L) There is no non-trivial relation between the Wi, i=0, *** ,n
or the W, k = 0, *** ,N. When the classes W are concerned, we see this
from (26). “In fact, let F(¥) be a polynomial in W', ‘which is a sum of
terms of the form

oo -+:1.r = d,say.

i
ﬁil-ﬁz eve ﬁir’il

We introduce an ordering of such terms by defining

;;il see ;;ir <;;k1 eve ﬁks,

ifr<sorr=s,1i = kyy o001y = ks Las kt+1' Relative to t}g;s

. ordering let Wl «ve ¥ be the largest term with non-zero coefficient in
F(¥)., We now carry out the multiplication by writing F(W) as a sum of
Schubert symbols. From the form of (26) it is observed that the expansion
contains the term (m:L wes mr) with non~zero coefficient. Since the Schubert
symbols are’homologically independent, it follows that the class F(ir') is not
Zero, unle;s the polynomial is identically zero.

The statement concerning v follows from a consideration of G(N,n,R).

i, Some applications

It goes without #aying. that our interest in Grassmann manifolds lies
in the fact that their study leads to a description of the characteristic
homemorphism of a general sphere bundle or of a general differentiable
manifold., A sphere bundle (B,X), whose base space is of dimension < N, can

always be induced by a mapping
f@ X --» G(n,N,R),

which is determined up to a homotopy. ‘For any cohomology class X of
G(n,N,R) the class £ § is therefore an invariant of the bundle, The geo-

metric interpretation of such invariants was given by Pontrjagin and later
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by the author (Pontrjagin, C. R. Doklady), 35, 3L4=37 (1942); Mdt. Sbornik
N.S., 24(66), 129-162 (1949); Chern, Proc.Nat.Acad,Sei., USA, 33, 78-82
(1947))s It consists 4ff their identification with ¢ohomology olasses de- *
fined in obstruction theory, We shall cat'ry tihis out for the classes
wi = f*wi. -

To the bundle (B,X) of {n-1l)-spheres over X with the orthogonal
group as ‘the structure group we consider its associate bundle (En’p,x),l
whose fibers are the Stiefel manifolds V—h,p, being the-'manifolds of
ordered sets of p muttally perpendicular unit tectors in an n-space. It

is known that Vn is ‘connected and that- its” fifst non-vanishing homotopy

sP
group is of dimension n-p, which is infinite cyclic if n-p 15 even or p=1

and is otherwise cyclic of order 2. Suppose X be a simplicial complex, and

Xk its k-dimensional skeleton. According to a well-known procedure due %o

Stiefel, X/Arhi”cney, and Steenrod, a cross-section can be defined over P,

To such a cross-section h we define an (n-p+l)-dimensional cochain én-*p+l

as follows: To an (h-p+l)=cell 6 , kf"“l(d') is homeomorphic to 6% V;l o
3

By- taking its projection into Vn ’ the ¢ross-séction h/20~ defines a
3
mapping of an (n-p)=sphere into Vn p’ and hence an element of T_ (V. ).
J
n-p+l

This we take to be the ‘value of ¢ for 0 ¢ The cochain ¢ 50

defined is to be understood with local coefficients in the'sense that the
homotopy groups -Wn-p(vn,p) related ‘to- different 'éells are comnected Yy
isomorphisms. This cochdin is a cocycle and its cohomology class is inde-
pendent of the choice of the cross-section h over X' P, (For details,
cf. Steenrod, Fibre Bundles, 155-183.) We call it the primary obstruction
class of the bundle,

Each of the groups T_ _(V_ _), whether infinite cyclic or eyclic

n-p° n,p
of order 2, can be mapped homomorphically into the cyclic group of order
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2, I2, such that a generator of the former goes into a generator of the

npl

latter. .Applying this homomorphism to the primary obstruction ¢ e

get a cohomology class oo P*Y, with coefficients in I,. Since the homomor-

phism commutes with the isomorphisms of the local groups, the class & Pl

1s an ordinary cohomology class. -It will.be called the reduced primary

obstruction. A theorem due to Pontrjagin can. be stated as follows:

Theoren l. Tl f'u‘c':'i sol=ly °** yn,

To prove this theorem, notice that it.is sufficient to establish it
for the universal bundle. 'In EmN we take a system of p linearly indepen-
dent vectors, say the first p coordinate vectors e, «°° N To an element
X of G(n,N,R) let xy be the orthogonal: projection of e,
is the linear space -orthogonal to 8 mi = 1’, +ss ,p, it is seen that the

in X. If RAMN-P_

vectors x,, 1 = 1, *** ,p, are linearly dependent if and only if X satis-

i.’
fies the condition dim (XN R" - ~P) > n-p+l. The latter form the Schubert
~ variety (N-l “+¢ N-1 N v+ N) of dimension nN- (n-p+1), whose dual cohomology
class ls Wl'l"P"‘YEL It follows that if X does not belong to this Schubert
variety, a field of p linearly independent vectors can be defined in X.
By a well-known orthogonalization process. they can be taken to be mutually
perpendicular, The remaining part of the proof can be achieved by taking
4 simplicial decompositiog of G(n,N,R) such that the Schubert variety in
question is a subwcomplex and calculating the reduced primary obstruction
relative to this cross-section.

As a second application we shali discuss the question of relations
between the characteristic classes. Since the characteristic homomorphism
& preserves multiplication, relations between the cohomology classes on.

G(n,N,R) remain valid for the characteristic classes. As an illustration

we shall give a proof of a theorem of Pontrjagin on a relation betwsen-the
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characteristic classes of a fourmdimensional manifold (that is, relative
to its tangent bundle). .
| Related to this question is the question whether there aré relations
between the characteristic classes. With coefficients mod 2 it follows
from L), §3 that there is no nontrivial relation between the Wts. However,
the question assumes a different aspect if the bundle is not a general one,
in particular, if it is the tangent bundle of a differentiable manifold or
the normal bundle of an imbedded differentiable menifold in an Euclidean
space. The following theorem is due to Whitney, but proved in a different
way':

Theorem 2, For the taggent bundle of a compact orientable n-dimen=-

sional differentiable manifold, the characteristic class W= 0, the co-

efficients being mod 2.

We imbed X differentiably in an Euclidean space of dimension
n+N: Xc EmN. Consider the normal bundle of X and denote its character-
istic classes by dashes. By dimension considerations we have w' o= 0,
r>n+ 1, It also follows from dimension considerations that an N-n field
of normal vectors can be defined over X, because the primary obstruction,
being a cohomology class of dimension n + 1, is zero. We take such a field
and consider the bundle A of its normal spaces of dimension n over X. Let
A! be the bundle of (n-l)-spheres over X obtained from A by taking the unit
gphere in each fiber. We assert that the bundle (A!,X) has a cross-section,
In fact, A! can be realized as a small tube of unit vectors about X.
Suppose its fiber F be ~~ 0 in A!'. Let D be a disc of unit vectors with F
as its boundary., Then D + C, where C is a chain in A! with F as boundary,
is a cycle in the Euclidean space l'géving with X the intersection number 1.

But this contradictd the fact that such a cycle is ~~ 0 in En+N. It follows

=
SE ST

o y :
POunitdde.fo- Khmias
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that no ‘fiber of Al is ~ 0 in A', and that this is true with any co-

efficient group. By a theorem of Gysin (Comm,Math.Helv, 1L, 61122 (1942);
cf;, 'also Chern and’ Spanier, ProcyNat.Acad.Sci, 36, 2u8-255 (1950)), the
primary obstruction class of the bundle is zero. Hence the bundle (AT,X)
has"a cross-sedtion.

On the other hand, it is cIear that the -characteristic classes of

(At,X) are the same as those.of the normal bundlé over X. "Hence Wil = 0

and, by 3),\§3“, we have W = 0. '

Let X be now a compact .orientable four«dimensional manifold, and Ph ‘
its characteristic ¢lass which has the symbol ‘i"x:.(22). The. following
theorem was stated by Pontrjagin:

Theorem 3. With coéefficients mod 2, .

(33) B+ W = o

Sinee the manifold is orientable, we have W' = 0, Equations (31)

then give

W = o,

Wi =0,

W+ e ()2 - o, -
On the other hand, (26) gives . .

B+ )2 = 0.

Combining these equations and using Theoreﬁx 2, we get (33).

The problem of showing that the characteristic classes of a differ-
entiable manifold are non~trivial is undoubtedly of interest, In particular,
the question has been raised whether there exists an orientable differentiable
manifold with a non-gzero Stiefel-Whitney class (Steenrod, Fibre Bundles,
ps 212). We shall give such an example (Wu Wen-tsun, C.R.Acad.Paris,230,
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508=-511(1950)). ¢

Let Mb be the complex projective plane, and MI‘X I its topological
product with the unit interval, so that its points can be represented as
(pst)s P € Mh, t € I, Identify (p;O) and (p,1), where p is the conjugate
complex point of ps The resulting space N is a S~dimensional orientable
manifold. To see this, let L be a complex projective line in Mh The
conjugation T : p ~-» p, which maps a point p of Mh to its conjugate
complex point p, preserves the orientation of Mh and reverses, the orienta=-
tion of L. The space Mh has a cellular decomposition consisting of the
li-cell o‘lr = M)"-L, the 2-cell 02 = L = 6 °, and the O-cell ¢ °, where
o_o is a point of L. Denotin.g by I! the open unit inte}val, we see that

N has a cellular decomposition with the cells &°, o2, 041‘, sox 1Y,

.§2x It, O‘hx It. The above remark om the conjugation gives the following

incidence rglations

h ¢
( It) = 0,
(3h) [AAdNe

2
3(0‘2)( I')":200

In particular, the first relation implies that N is an orientable manifold,
If, as usual, we use the same notation to denote both a chain and a co-
chain, then C = 6‘ is a Socycle mod 2 and (33 = O" % I' is an integral
cocycle. | , .

We shall show that the class w of N is # 0, We first consider
the space Mh. Its characteristic classes can be determined directly by
suitably chosen fields of vectors. Just to show the usefulness ofhgome
recent results of Wu (C.R.Paris, loc.cit.), we shall find them as ;ollows:

Our coefficients are'mod 2. Since the Steenrod squares define homomorphisms

and since Mh is a manifold, there exist uniquely determined cohomoiogy




classes Ul, U2 , of dimensions 1 and 2 respectively, satisfying
(35) s = Tu P, s = U B,

where Y2 or Y3 is an arbitrary class whose dimension is glven by the super-

script. Then we have the formula
i : i
(36) w3 s P
p=0
Since Mh ‘4s -orientable; we have Ww: = 0. Notice that Hz(Mh) and Hh(Mh)
are both cyclic of order twos The above formula shows that W2 and Wh are
the non-zero elements.

We can therefore define a 3-field on Mh ﬁth a single singularity
in L. From this a L-field can be constructed in N by taking as the fourth
vector the one in the direction of I. Hence the class W2 of N is # O.
Using Whitney's formula —
an W ez Sww.

we £ind W # O for Ne

The manifold N is 5-dimensional. But N,xfs.lw is é-dimensional, and
its characteristic class w3 is also # O. The latter cannot therefore have
an almost complex structure. )

As a third application of our results, we mention the fact that the
characteristic classes give rise to necessary conditions that a differen~
tiable manifold can be differentiably imbedded in a certain Euclidean space.
Clearly we have the theorem;

Theorem L. In order that a compact differentiable manifold of dimen-

sion n can be differenviably imbedded in an Fuclidean space of dimension

n + ¥, it is necessary that




98
+(38) . =0 rzN+1l,
(39) Bk o, 2wy N+ L.

: Py‘medns of the iultiplication formulds thése conditions can be

transforfied into a different’ forms In particular, (38) gives, for N = 1,

#

the conditions ‘ ;

(ho) N , ,,.‘t].r = (wl)r ,ur = l’ 2’ L X2 shy '

and, for ‘N = 2, -the onditiops. - v_ .
(41 A Ti@r"‘g(\?\r2 + (Wl)a) =0, 35T <h

Y

It is of cqux‘sg possible to have similar conditions for 1a;éer value; of
N. Wotice also that (Lo) per:mits us to express all W ;s polynomials of
Wirand thl) permits us to express all W as polynomials of Wl and WZ‘.
The conditions (1) have some easy consequences which would perhaps e
simpler to- apply to practical probléms. In fact, if -in addition wl =
then (L41) implies

(41a) W = (“;2)1' s 2x<n.

LN “

If in addition w2 = O (without necessarily having Wl = 0), (41) implies
o, m E 2 (3),

0, r=2(3)

” ) v a % 1 * e

(hib) . W

We proceed to apply these conditions to the real projective space

ki % of n dimensions. We have shown before that its cohomology groups

7 3

mod 2 are

A

Hr(‘r]’)=I O<r<n.

»

] o g

Moreover, if 6 is a generator of H1 ('T[ ), then ('S) is a generator of
id ( Tl' Yy ‘the power being in the sense of the cup product. The Stiefel-

Whitney classes of TT D yave been determined by Stiefel (Comm.Math.Helv,
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13, 201-218), They are

* W (Ul (5

We now suppose that these classes satisfy the conditions (4L1). Since
(n;1) = (ngl) 251 , the condition that (nzl) is even implies that (n§13

is also even. This means that W =0 implies W - 0, and by (L1b), that
Wl = 0. Then all the Wts are O. Hence W2 = 0 implies all W2 = Q. Suppose
next WP # 6. I W = 0, we derive from (Lla) that W = 0 or not according
ags r is odd or even., If w # 0, then w2+(wl)2 = 0 and from (L1) we see
that no W 1s = 0 for 05 r < n. It follows that if 1] @ can be differen-
tiably imbedded in En¥2, n must be a positive integér satisfying one of

the following conditions -

n+l

(1+t) =1+t + £2 +o--+tn+1, (2)

+
14+ ™ , (2)

.
i

fU

M tz + ‘bh +o.o+tn+1, (2)*.‘

An elementary argument shows that these conditions are respectively equi;
valent to the conditions that m be of one of the forms: In ~ 2K -2,
ky2 2m=25-1, k22 3) 0=2°-3, kg

We get therefore the theorem:

Theorem 5. A real projective space of dimension n cannot be differ-
entiably imbedded in E°*2, if n is not of one of the forms: 1) n = ¥ 2,
k22 2) n=2-1, k325 3) n=2°-3 k33

Further applications of our criteria can be made, in particular,
the application of conditions (39) to the imbedding of the complex pro-

jective space in an Euclidean space. Tt may be remarked that conditions

(39) are expressed in terms of cohomology classes with real coefficients.
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As characteristic classes with real coefficients they can be represented
§by(éifferentia1 forms obtained from a Riemann metric. There is no diffi-
culty in finding the actual expressions. Thus we get in this way criteria
that a Riemann manifold cannot be imbedded in a certaih BEuclidean space in
terms of curvature properties of the manifold. These criteria are parti-
cularly useful, when the Riemann manifold admits a transitive group of

transformations,

5e Duality Theorems

‘ An operation on sphere bundles which has various geometrical applica-
tions was introduced by Whitney. Let (Bl,x) and (BQ,X) be two principal
bundles over the same base space X, whose structural groups are orthogonal
groups O(nl), 0(n2) in n, and n, variables respectively. Then the groﬁp
O(nl)JX'O(nz) can be imbedded in 0(n1+n2), and we get a bundle over X with
0(n1+n2} as structural group, called the product’ of the given.bundles.
Denocte by Wr, Pbk the Whitney and Pontrjagin characteristic classes of the
product bundle and by W, m‘ W, X those of the given pundles. We
recall here that the W!s are with coefficients mod 2 and the P's with real
coefficients. The so-calied duality theorems deal with relations between
the characteristic classes of the three bundles. More precisely, they
express the classes of one of these bundles in terms of those of the other
two. To express this relationship we introduce the polyngmials

W(t) =§n:w“'tr W =1,

r=0
w2)
pt) = S (D%, 20 -1,
Oshks 'n

with the independent variable t. Then we have the following formulas
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W) = W ()W, (8,
(u3) 1

of which the first one is due to Whitney.
The proof of both formulas can be reduced to the case of universal
bundles, following an idea of Wu Wen~-tsun. Teke an Euclidean space

n.+n_+N,+N +N n, N

E 172 3: 2, spanned by two Euclidean spaces En:L 1 and E 2 2, with Nl

and N, sufficiently large. Let G = G(n.l, Nl), G, = G(n2, N2) be the Grass-
my Bt
mann manifolds in E and E respectively, and G = G(n1+n2 ,N1+N2)

‘ A
that in E . An element in Gl and an element in G2 span an element
in G, thus giving rise to a mapping

f: G1 X GQ —-——p G,

Denote the projections of Gl)( G2 into its two i‘actoré by

Pp ¢ Gl K G2 - Gl’
p2 H Gl)( 02 ———l Gzc
Suppose the two given bundles be induced by the mappings

hl t X —~» Gl’ h2 D G G2.

We compose. these two mappings into a mapping

h: X =—=> G:LX Gss

defined by h(x) = (hl(x), hz(x)), x « X, 80 that the two bundles are
induced by the mappings plh and p2h. Then the bundle over X induced by
the mapping fh is their product. It.is therefore sufficient to prove
the formulas (43) for the characteristic classes in Glx 02 relative to

the bundles induced by the mappings Pys Pys and f,
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Let us restrict ourselves to the proof of the first formula of (L3).

Denote the classes in G, Gy, G,

sufficient, to prove the following formula

s G, by wr, WE, wg respectively, It will be

r .
#* p ] % " pad
(LB) £ w % Py ¥ @ Py W, s

To prove this, we show that both. gides. of this equation have the same value

for any homology class of Glx G2 of dimension r. Such a class is of the

k r-k k rek
form z, X). %5 s where z, and. z, are homology classes of: Gl and G2

respectively., Suppose, for instance, that z F(leeel). A representative
. k
Schubert variety of this class will consist of linear spaces which contain

a fixed linear space of dimension nl-k+1., The linear spaces of a Schubert

r-k

variety of the class 7, contain a fixed linear space of dimension n," (r-k).

A linear space spamned by them will -then contain a linear space L, of
dimension ﬁl+n2 «p+ly This cordftion is therefoie satisfied by the linedr

spaces of a representative cycle-6f the class lﬂ(z?» )(zzz'k).‘ To prove that

Trek

%2

intersection number of the latter with' the cyele (N1+N2-1 e N1+N2-l
\/‘E‘—\_/

r + [N ) + 'l y

&'N &ﬁ%) , which consists of all linear spaces of dimension nl+n2 in
n,*0,-T . ‘ :

a fixed linear space of dimension N1+N2+r-1. When this is in general

position with Lo , they have only the origin O in®common. Hence the inter-

,wr has the value 0 for f’(zl:t X )s we noticé that ‘the ‘valué is also the

section number- ig actually %Zero,

It remains to show that W' has the value L when z?_ and zz-k are of
the forms z, = (1 e+ 1), Z, = (1 **+1)s This will be reduced to the cal-
ct;.lat;lon of an intersection number. We shall omit the details here,

So far we have studied the additive and multiplicative homology
structures of Grassmann mapifolds in order to get conclusions on the

characteristic classes of sphere bundles. Recently it has been found




useful to. study other topological operations in the Grassmann manifold

,(Cf., for instance, Wu Wen-tsun, C.R. Paris 230, 918-920 (1950)), in
particular, the. Steenrod squaring operations. It has been found possible
to express the Steenrod squares of the Stiefel-Whifcney clagses as their
quadratic polynomials. The formulas are

(15) s = 52 (STHL) W, e s,
= t=0

where (g)’ is the binomial coeffitient reduced mod 2, with ‘the following

conventions?

Py =
(16) (q) 0, ifp<aq, 9 >0

=1, if q = O,

Let n-1 be the dimension of the spheres. We prove (L4S) by induction
onn. For m=1it is trivial, Suppose therefore that (L5) is true for
bundles of “spheres of dimension < n-1. It is sufficient to prove this on
the universal bundle over G = G{n,N) ='“é(n._l‘-!-nz, Ni'FNZ)' We use the above
notation and take n; = n-1, n, #'1, so that there is a mapping ¥

£ Glx (32 - @,
We put

r
S e 5w + S (s—r:t-l) wr-‘bws-i;;ts, :
=0 ]

and denote the corresponding expressions for the bundles over Gl’ G2 by

e, 1
2 respective]y. Then we find

f*Frs - Sqrf Ws + Zg (s-r:t-l) £ wr-tf,éws-#t
+=0

r
so” (D1 @) = CTHh @ @ )
w3 ® 1+wi+t’“l® W

[

Fis(® 1+F§’S'1®w% + Fg—s,sd@ (w%.)Z,
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which is zero by our induction hypothesis, But by" (Lk) £¥ 18 an isomorphism
(in the dimensions ¢ Ny,N,¢ Hence F'° = 0, and (L5) is proved.

The Anterest in the formula (L45) lies in the fact that it enables us
to formulate necessary conditions that ‘a‘sphere bundle is a-tangent bundles

In fact, we fntrédude the cohomology cldsses U of Wu by the equations

(u7)y we> S¢PP, 130

pz0 S,

which completely determine P, Comparing with the equation.(36), we have

the following theorem:

A necessary condition for a sphere bundle to be a tangent bundle is

the vanishing of the following classes of Wu:

(L8) w=0, p>

ol s

b4

n-1 being the dimension of. the spheres.
e

6. An application to projective differential geometry

We shall conclude these notes by giving an application of a different

kind, namely, to a problem of projection differential geometry.

Let P be'the three-dimensional real projective space, and E the four-
dimensional space of its lines. We define a ruled surface in P to be a
differentiable mapping: f: sl --» E of a circle into E such that no two
lines intersect. In our early notation E was written as G(2,2). The
mapping £ therefore induces a bundle of circles over S1 and the ruled
surface is a realization of the bundle space in P. Since T 1(E)¢=5 I2,
there are two such bundles according as the mapping f defines the zero or
non-zero element of 'ﬂ'l(E), the ruled surface being homeomorphic to a
torus and a Klein bottle respectively, We shall prove the follewing

theorem due to Wus




A ruled surface in P is homeomorphic to a torus.
' In other words, the non-orientable bundle cannot be realized as a
ruled surface in P.

To prove this theorem let us recall that if x,, 1 = 1, **° ok, are

the homogeneous coordinates in P, the Pllicker coordinates p 13 of a line

joining the points Xy ¥y are defined by
()J-9) - pij = xin e xjyi ] i) j= 1} ee ’h'

These coordinates p, ., are homogeneous and satisfy the identity
13

(50) p12p3h+p13ph2+p1hp23 = 0.
Instead of these we introduce another get of coordinates by
5.+ NP3 22 e Py 73 Ty
(51)
Py = 717 v Ppp = 22 Mo Ppy = 73" T 5

Then the identity (50) becomes
2 2 2 2 2.9y 2
(52) ?1"?3*3341*'12‘43
The coordinates ? 12 !'1 1 being still homogeneous, wWe can normalize them
so that

) RS IS LI

- - .

The normalized coordinates are determined up to a sign. We can therefore
take two spheres (two—dimensmnal) Sl’ 82 and represent the lines of P as
pairs of points of these spheres such that the pairs (? s 1), % s N ) s
where ’3 *, r)* are the antipodal points of ? , '] , determine the same line.
If we take the lines to be oriented, then the oriented lines are in one-one

correspondence with the pairs of points of the two spheres.
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The mapping f will be represented by a palr of curves % (),
'p? (t), 0 t <1, such that
3* *
(3(0), 7 (©) = (5 (1), @) or (3(0), (@) = (37, W)

The bundle is orientable or non-orientable, according as the first or
second case happens. Suppose now that the second is the case. Denote by

dl,cl2 the spherical distances on the two spheres, and write
) = (3,506 ),
&,(t,81) = ay(h (£),) (1) ).
Then we have
dl(O,t)+d1(t,l) = dl(O,l),
d2(0,i.)+d2(t,l) = d2(0,1).

An elementary argument will then give the following lemma: There exist

two values 0 < t <1, 0 t' g1, with ¢ # &1, (4,8!) # (0,1), such that
d) (£,81) = dy(b,81),
In terms of the coordinates this can be written
ENOE MO ROFRCOENOE N NODN I NOL N
758 ) 5(81),

which is the condition that the lines corresponding to the parameters t,t!
intersect. But this contradicts our assumption that no two distinet lines

intersect.

-
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