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ABSTRACT. Let p C I'\D be the image of a period map. We discuss progress towards
a conjectural Hodge theoretic completion p, an analogue of the Satake-Baily-Borel com-
pactification in the classical case. The set p is defined, and we conjecture that it ad-
mits the structure of a compact complex analytic variety. The conjecture is proved when
dimp = 1,2. In general, assuming the conjecture holds, we prove that the augmented
Hodge line bundle A extends to an ample line bundle on g, thus giving P the structure of
a projective algebraic variety that compactifies p.
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1.1. Overview. Let M be the moduli space for smooth varieties X of general type and with
given numerical characters. In a sweeping generalization of the Deligne-Mumford compact-
ification ﬁg of the moduli space of curves, Kollar, Shepherd-Barron and Alexeev (KSBA),
with contributions of many others, have constructed a canonical projective completion M
with geometric meaning (see [Koll3] and the references therein). However, even in the case
of surfaces of general type with small invariants, little is known towards a classification of
the boundary varieties, and about the global structure of the moduli space and its bound-
ary OM. An idea that goes back to the origin of the moduli subject is to study M and its
compactifications by using a natural invariant, namely a period mapping ® : M — T'\ D,
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which associates to a (smooth) variety its relevant cohomology group endowed with a Hodge
structure. Since I'\ D has a rich structure given by representation theory and arithmetic,
one expects that the period map would be a powerful tool for understanding the structure
of M and M.

This is indeed the case for the study of moduli spaces of curves, abelian varieties, K3
surfaces, and a few other related cases. Beyond these classical cases, to our knowledge, very
little is known in terms of the behavior of period maps for compactified moduli spaces. In
fact, arguably, the simplest non-classical case is that of surfaces of general type with small
invariants, for instance the case of H-surfaces and I-surfaces (surfaces of general type with
pg=2,q=0, K 2 = 2 or 1 respectively). For such surfaces, one has a reasonable hold on
the geometry of the KSBA degenerations (see [FPR15a, FPR15b, FPR17]). On the other
hand, in current work in progress (parts of it also jointly with M. Franciosi, R. Pardini,
and S. Rollenske, the authors of loc. cit.) we have obtained a number of partial results
about an extended period map ®. for H and I-surfaces. The emerging picture from this
investigation is that the period map is a very effective way to organize and give structure to
the boundary OM of the compactified moduli spaces for H and I-surfaces. We refer to the
announcements [Gril8, Gril9] for a discussion of our program and some specific results.

In this paper, we focus on a piece of this program. Namely, given the image of a period
map g := ®(M) C I'\D, we are interested in a Hodge theoretic completion p of it. Before
going into details, we recall that the subject naturally splits into a classical case (essentially
abelian varieties, and K3 type), when D is a Hermitian symmetric domain, and a non-
classical case (encompassing almost everything else). The classical case is well understood:
there is a canonical (but quite singular) Satake-Baily-Borel projective compactification of
'\ D ([Sat60], [BB66]), which admits various (partial) toroidal resolutions ([AMRT10]). In
contrast, the non-classical case is much harder and few results are known. For instance, we
note that except the classical cases, I'\ D is never an algebraic variety ([GRT14]). Moreover,
the global monodromy group I' may be a thin matrix group of infinite index in an arithmetic
group (so that vol(I'\D) = oo). These observations reflect the very different character the
subject has from the classical case. One consequence of this is that both analytic and
algebraic methods will be required for the study of the period map ® and its extensions ®..

Remark 1.1.1. We will repeatedly refer to the classical case. This is the case when the period
domain D is Hermitian symmetric (or more generally, D is an unconstrained Mumford-Tate
domain), and I" is an arithmetic group. Geometrically, this corresponds to period maps for
abelian varieties or K3-type objects (e.g. K3’s, hyper-Kéhler manifolds, cubic fourfolds).
Occasionally, when we say classical case, we implicitly assume also p = I'\ D.

1.1.1. Set-up and Problem. Concretely, in this paper, we consider a period mapping
(1.1.2) ®:B—-T\D

with B a smooth, quasi-projective variety. We fix a smooth projective compactification B
such that Z = B\B is a reduced simple normal crossing divisor. We further assume that
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the local monodromies T; = exp(NV;) around the irreducible branches Z; of Z are unipotent.
(For example, this situation might arise starting with a period map ® : M — T'\D of
geometric origin as above and then passing to a finite covering B and suitable completions
and desingularizations.) We denote by

(1.1.3) o = ®B) c I'\D

the image of such a period map. We sometimes assume additionally that ® is generically
injective (i.e. generic Torelli holds); this is essentially the primitive case.

Our goal here is to construct a completion § of the image of the period map g, analogous
to the Satake-Baily-Borel (SBB) compactification in the classical case. We point out that
while the period map is a priori transcendental in nature and I"\ D might not be algebraic,
various algebraicity properties for p and ® are known (e.g. [Som78]) or conjectured. Most
recently, a significant breakthrough has been obtained by Bakker—Brunebarbe—Tsimerman
(BBT) [BBT18] who proved using o-minimality techniques that, under the additional as-
sumption that I' is arithmetic, the image @ of the period map is a quasi-projective variety.
The purpose of this paper is to report on progress towards strengthening the BBT result
by constructing a (canonical) SBB type projective compactification p (= ®(B).) of g.
Our techniques are constructive, in line with the standard Hodge theoretic degeneration
arguments, and, unlike SSB and BBT, we do not assume that I" is arithmetic.

1.2. The conjectural SBB compactification of p. In the classical case, the SBB com-
pactification of I'\ D is naturally stratified (e.g. A7 =21, URAs_1 - --U™Ap) with the various
strata encoding the graded pieces of the possible limit mixed Hodge structure (LMHS).
While in contrast, the toroidal compactifications keep track (at least partially) of the full
LMHS (e.g. see [Cat84]). Inspired by this, partial results towards a toroidal type compacti-
fication for general images of period maps were obtained by Kato—Nakayama—Usui [KUQ9).
Here, we aim for a SBB type compactification for images p of period maps, and thus it is
natural to construct a completion (at least set-theoretically) by gluing strata corresponding
to the possible graded pieces of LMHS as one extends the period map ® from B to B.
More precisely, given a period mapping (1.1.2) and a completion B C B as specified

Z; = ﬂz,-

il

previously, we define

where Z; are the irreducible components of the divisor at infinity Z := B\B. This in turn
defines a finite stratification of B by setting

Zi = Z\ (Yysi11 Zs)

the open strata obtained by removing from Z; the lower dimensional sub-strata. Naturally,
we set Zj = B, the big open stratum on which the period map @ is defined. It is a
consequence of [CKS86] that each open stratum Zj carries a polarizable variation of mixed
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Hodge structure (VMHS) with weight filtration W (Ny),

N[ = ZNZ’

i€l
where N; are the log monodromy transformations around each of the boundary divisors Z;.
(In the literature this VMHS is frequently referred to as the limiting mized Hodge structures
(LMHS) associated to the VHS over B. For the general theory of variations of mixed Hodge
structures we refer to [SZ85].) Passing to the primitive part of the associated graded (which
are pure polarized Hodge structures) of this variation of mixed Hodge structure gives period
mappings

(1.2.1) (I)[ : Z}k — F[\D[;

see §2.4 for a brief review.

In general the maps ®; may not be proper. However, following [Gri70b], they can be
grouped together into proper maps. Namely, for the main stratum B, we extend ®(= ®y)
along the divisors with trivial monodromy (N; = 0), resulting into a proper extension of
® into I'\D. We then proceed inductively by grouping together the strata with the same
monodromy type. More precisely, suppose that I C J and W(N;) = W(Ny). Then, there
are natural maps I'j\D; — I'/\ D (with finite fibers), and the period map ®; extends to
Z where it coincides with the composition of ®; with the finite map I';\D; — I';\Dy.
Moreover, for all I C I’ C J we have W(N;) = W(Np) = W(Ny). And given W, there
exists a unique maximal Iy with the property W = W (Ny,,, ), a flag domain Dy, and finite
maps I'/\D; — I'w\Dw (for further discussion see [GGR20]). The resulting map

o | 27 - Tw\Dw

W(Np)=W
is proper. Set
(1.2.2) Zy = J Z
W (Np)=W
and
(1.23) pw = ®ip(Ziy) C Dw\Diy.

The properness of ®j;, implies that each pyw is a complex analytic variety. (Furthermore,
according to [BBT18], at least assuming arithmeticity for each ', the strata oy are quasi-
projective.) By construction, each gy parameterizes the graded pieces of the corresponding
LMHS over the strata of B.

We consider the Stein factorization

. iy,
ZW — SW — PW
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of ®},. The 8y are normal complex analytic varieties, the fibres of ®¢ : Z3;, — Sy are
connected, and the fibres of ®f : Syr — Ey are finite (([GR84]). Taking unions

S = USW and p = U@W
w w

we obtain set-theoretically the extension
®.:B — 7,
of & : B — p by defining (I)e|Z§V := @3y, and its “Stein factorization”

B 25 2 3]
by defining q)g‘ZCv = ®f, and @g‘sw = @{,V. The resulting space p is our proposed SBB
type compactification for general images of period maps. As it stands, our construction is
set-theoretic with analytic pieces. In order for p to be a genuine generalization of the SBB
construction (and @, to be a Borel type [Bor72] extension of the period map), we expect
the following to be true.

Conjecture 1.2.4. The set 8 admits the structure of a normal complex analytic variety
with the properties that:

(i) The extension ®S: B — § is an analytic.

(ii) The restriction of the analytic structure on 8 to the strata Sy coincides with the natural
analytic structure on Syy.

Remark 1.2.5. Both 8§ and % inherit a topology from ®¢ : B — § and ®, : B — B,
respectively. Thus, they are topological spaces that are stratified by complex analytic
spaces (or even quasi-projective varieties). Following [BB66], one can define A to be the
sheaf of continuous functions with analytic restrictions on strata. Using Theorem 9.2 of loc.
cit., one sees that the key missing ingredient to establish Conjecture 1.2.4 is to show that
A locally separates points in 8.

Remark 1.2.6 (The conjecture holds when D is Hermitian). It is well known that the con-
jecture holds in the classical case that D is Hermitian symmetric and I is arithmetic. In
that situation I'\ D is a quasi-projective variety, with a projective compactification (I'\D)*
[Sat60, BB66], and the Borel Extension Theorem [Bor72] yields an extension ®, : B —
(T'\D)* of the period map (1.1.2) to an algebraic map. In this situation, we can take P to
be the closure of p in (I'\D)*. In general, such an argument would not work: the quotient
I'\D is not algebraic, and meaningful compactifications are expected only in the horizontal
directions.

Remark 1.2.7. Under the assumption that I' is an arithmetic group, Kato-Nakayama-Usui
[KUO09] have constructed an analogue of the toroidal compactification in the horizontal
directions (though the existence of a compatible fan is still open in general). In this case it
is possible that our completion  could be obtained by taking closure in this toroidal type
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compactification, and “forgetting”, or quotienting out, the extension data. (The arithmecity
assumption of ' does not seem essential for our construction. Moreover, in some concrete
geometric examples I" is known to be thin [BT14].)

Our first main result is to establish Conjecture 1.2.4 for the case when the base B is at
most 2 dimensional. The one-dimensional case (or more precisely, the case dimp = 1) is a
direct consequence of [Som73] and [CDK95]. Using specific low-dimensional arguments, we
establish the two dimensional case in §3.1.

Theorem 1.2.8. Conjecture 1.2.4 holds when dim B < 2.

Remark 1.2.9. An ongoing study [GGR20] of the global structure of the period mappings at
infinity yields further results on % and in particular a complete analysis of the 2-dimensional
case.

Remark 1.2.10. In the Appendix, we comment on the so-called Siegel property, which plays
a key role in Sommese’s 1-dimensional case. The property fails in general, illustrating one
of the challenges of passing from the 1-variable case to multiple variables.

1.2.1. Establishing the conjecture in general. Conjecture 1.2.4 amounts to an existence the-
orem, one that may be viewed analytically or algebraically. In both cases the key object is
the extended augmented Hodge line bundle Ae = B of §1.3 and its positivity properties.

From the algebraic perspective the conjecture is equivalent to the statement: The line
bundle Ae — B is free. What is known is that Ae is nef and the curves C' C B such that
deg([&e ® O¢) = 0 may be identified. Assuming that the differential ®, is injective at one
point (e.g. generic Torelli holds), it follows that Ae is also big. Both of these results follow
from the discussions of §6. Omne may ask: Why don’t standard methods from birational
geometry, specifically the base-point-free theorem [KM98] (or a variant of it), apply? The
answer seems to be that verification of the the sign assumptions required to apply the base-
point-free theorem is a subtle matter, requiring good understanding of the global geometry
of the fibers of @, at infinity (this will be discussed in [GGR20]).

From an analytic perspective, and assuming for simplicity that the differential ®, is
everywhere injective, the Chern form Qe of Ae gives a complete Kahler metric on B whose
holomorphic sectional curvatures are negative and bounded from above (R(§) < —c¢, with
¢ > 0). Moreover, the holomorphic bi-sectional curvature is nonpositive R(&,7) < 0) and
one may describe precisely the zero locus. Given b, € B and r > 0, define an exhaustion of
B by B(by,r) = {b € B| dist(b,,b) < r}. In order to apply L?—0 methods to the conjecture
one needs to know the geometry of the Levi form of the boundary 0B(bg, 7). Near the fibres
of ®¢|, this involves second-order curvature properties of the Hodge bundles, a seemingly
quite interesting topic in Hodge theory that has yet to be explored.

1.3. The extended augmented Hodge bundle and the projectivity of g. The set §
carries a natural (augmented Hodge) line bundle. Assuming that Conjecture 1.2.4 holds, we
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will prove that this line bundle is ample (Theorem 1.3.10), so that § is in fact a projective
variety (as it is also the case for SBB compactification in the classical case).

To define the natural line bundle on 8, we recall that the period domain D is a ho-
mogeneous domain D = Gr/H that parametrizes effective, weight n, Q—polarized Hodge
structures (PHS) F* = {F" C --- C F°} (viewed as Hodge filtrations) with fixed Hodge
numbers.

Definition 1.3.1. The Hodge vector bundle F™ — D is the homogeneous vector bundle
whose fiber at F'* € D is F™. The Hodge line bundle is

A = det F".

We shall frequently refer to A as simply the Hodge bundle, but we will always use “vector”
when discussing the Hodge vector bundle F".

Remark 1.3.2. For applications to moduli of varieties of general type the Hodge vector and
line bundles are especially important due to the identification F* = H™(X) = H°(Ky),
where X is a smooth projective variety of dimension n and H™(X) = ®pqq=n HP4(X) is
the Hodge decomposition of its n'® cohomology group.

The Hodge vector bundle is one of a family of “quotient Hodge bundles”.

Definition 1.3.3. The p—th graded quotient Hodge bundle is the holomorphic vector bundle
GrPF — D whose fiber over F* € D is FP/FP*l. (Note that F""! = 0 implies Gr"F is the
Hodge vector bundle F™.)

Out of these natural vector bundles, we produce a single line bundle as follows.
Definition 1.3.4. The augmented Hodge (line) bundle® is
A = det(F") @ det(F" ) @ - - @ det(FIH/2])
det(F")" @ det(Gr" ' F)n—t @ .- @ det(Gr! " TD/21 ) |
with f, =p+1—[(n+1)/2].

Remark 1.3.5. The Hodge bundle and augmented Hodge bundle agree when n = 1,2. The
use of the Hodge bundle in the weight 1 case (e.g. for studying moduli of curves) is a classical
rich subject. For the geometric applications that we have in mind, we are concerned mostly
with the n = 2 case, and thus there is no difference in working with the Hodge bundle.
However, the difference between A and A becomes relevant starting with dimension 3.

Remark 1.3.6. Very roughly, the difference between the between A and A is that positivity
of the augmented Hodge bundle corresponds to injectivity of the differential of the period

Lror consistency with the existing literature, we point out that in [BBT18] the augmented Hodge bundle
is called Griffiths bundle.
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map, while positivity of the Hodge bundle corresponds to injectivity of only a component
of the period map; this is made precise in (1.3.7). Let
[(n+1)/2]
®,:TB -  Hom (Gi*F,Gr" ' F)
p=n

denote the differential of the period map, and let
&, : TB — Hom(F",F"'/F")

denote the component taking value in the first summand. (Notice that ®, = ®,, when
n = 1,2.) The Hodge metrics on the FP induce metrics on A and A; let © and €2 denote
the corresponding curvature forms. For & € T'B we have

Q) = [1Pun(IP

~

Q) = 2.1

The set B is stratified by the Zf,. Let B* be the open strata containing B. Equivalently,
B* O B is the largest subset of B to which ® extends. Likewise, the set § is stratified by
the Syy. Let 8 = ®¢(B*) C 8§ be the strata containing ®¢(B). The form € descends to 8,
and the discussion above implies (2 is positive on the smooth points of 8, while € is only

(1.3.7)

non-negative there.

It is standard that the data of a period mapping (1.1.2) is equivalent to that of a
(polarized) wariation of Hodge structures (VHS) (V,F*,Q,V) over B. Here V is a local
system with Gauss-Manin connection V : Op(V) — QL(V) where Op(V) = V® Op, the
FP C Op(V) are holomorphic sub-bundles, @ : V®V — Q is a horizontal bilinear form and
where this data induces at each point of B a polarized Hodge structure. The infinitesimal
period relation (IPR) is VP C QL @ F7~1. In this context the Hodge vector bundle 5 is
the pull-back of 7" under the period map. We shall use interchangeably the data of period
mappings and of variations of Hodge structure.

Under the assumption that the local monodromies around the branches Z; of Z are
unipotent with logarithms N;, it is well known ([CKS86] and [PS08]) that there are canon-
ical extensions of the Hodge filtration bundles F? to vector bundles 2 — B where the
infinitesimal period relation becomes VIE C Q%(log Z)® F271 and where Resz, V = N;
(up to a factor of 2wy/—1).

Definition 1.3.8. We denote by J7' the canonical extension of the Hodge vector bundle,
by Ae = det F the canonically extended Hodge (line) bundle and by Ae the canonically
extended augmented Hodge (line) bundle.

The precise relationship between the canonical extensions of the line bundles over B, and
the analogous line bundles over the open strata of Z = B\B is given by
(1.3.9) Ael,. = A; and A,

~

s = Ar

Zr
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Here the left-hand sides of these two expressions are the restrictions to Z7; and the right-
hand sides are the Hodge line bundle and augmented Hodge line bundle, respectively, asso-
ciated to the period mapping ®;. The line bundle Ae — B is trivial on the connected fibres
of ®¢, and so descends to a line bundle Ao — 8.

As announced, we prove (in Section 6) that the extended augmented line bundle is
ample, giving the projectivity of the completed images § of period maps. More precisely,
the following hold:

Theorem 1.3.10. Assume that Conjecture 1.2.4 holds. Then Ae — 8 is holomorphic and
ample.

Corollary 1.3.11. The completion 8 = Proj R(S,A.). (As usual, R(S, A.) denotes the ring
of sections.)

Remark 1.3.12. In the existing literature, interest has been focused primarily on the posi-
tivity properties of the Hodge vector and line bundles (cf. [Kol87, Vie83b] and the references
therein). However for the general study of images of period maps it is the augmented Hodge
bundle that is particularly relevant. In this regard an interesting question is: Does either
the Hodge bundle or the augmented Hodge bundle live on the KSBA completion M? We
conjecture that the Hodge bundle lives over M when n = 2.

In the classical case Ae = Ao and this result is a consequence of the properties of the
Satake-Baily-Borel construction. That construction is a global one in that sections of AS™
that give a projective embedding of I'\ D are constructed using modular forms. As explained
above, such an approach is not possible in the non-classical case. Our proof of Theorem
1.3.10 is in spirit analogous to the one used by Kodaira to show that over a compact,
complex manifold a line bundle with positive Chern class in the differential-geometric sense
is ample. The proof of the result here depends on some rather subtle properties of the Chern
form € of the augmented Hodge bundle. From (1.3.7) we see that the augmented Hodge
bundle has positivity properties. It is due to [CKS86] with an important amplification in
[Kol87] that Q defines a closed (1,1) current Q, on B that represents ¢;(A,) in cohomology.
For the proof of Theorem 1.3.10 we need to significantly refine this in several ways. That
analysis of the Chern form and the base point free theorem yield (in §3.2)

Theorem 1.3.13. Suppose that Q s positive on on B (equivalently, @, is everywhere
injective), and that 0 < —Kz - C whenever ®. collapses the curve C' C B to a point. Then
Ae = B is free. In particular, = Proj R(B, Ae)

1.4. Properties of the Chern form. As discussed above, one of our main techniques is
the study of the Chern form Q. associated to the extended augmented Hodge line bundle
Ae. Here, we briefly review the main aspects of this study. First, since currents are dif-
ferential forms with distribution coefficients, the singular support sing Qe of Q. is defined,
and assuming (as we may, by passing to the proper extension of the period map) that all
monodromy logarithms N; # 0 we have
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(a) The singular support is sing Qe = Z. (In general, singQe C Z.)

Next, it is well known that distributions and currents cannot in general be multiplied or
restricted to submanifolds. To get around this one needs a more subtle notion than just
the singular support. Associated to a current ¥ on a manifold Y is its wave front set
WF(U) € T*Y.2 If W C Y is a submanifold whose tangent spaces are transverse to the
wave front set in the sense that TW C WF(¥)~, then the restriction \Il’W is a well-defined
current on W. This suggests that one should think of a refined notion of the singularities
of Qe as being in T*B; in particular, one would like to assert that

(b) There exists a well-defined way of defining a restriction Qe

z: 45 0 smooth (1,1) form
on the open strata Z7.
That this is possible will be part of the content of Theorem 1.4.1. Intuitively, we may think
of this result as having WF(£,) C UIN;;/E,
is concerned. Finally, given (b), the last property that we would like is
(c) Qe 7 = Q; is the Chern form of the Hodge bundle A; — Z3.

These desired properties do indeed hold, and we have

at least so far as the restriction property (b)

Theorem 1.4.1. The Chern form Q of the augmented Hodge line bundle A — B extends
to a current Qe on the completion B of B. There it has singularities as described above. In
particular, (b) and (c) hold, so that in a precise sense Qe represents the Chern class of the
augmented Hodge bundle Ae = B.

From (1.3.7) and Theorem 1.4.1 we deduce

Corollary 1.4.2. Assume that Conjecture 1.2.4 holds. Then the Chern form Qe of Ae » B
descends to 8 where it represents the Chern class of Ae — S, and is positive on the Zariski
tangent spaces of S.

Corollary 1.4.2 is proved in §5.5. We will give two arguments for Theorem 1.4.1. The first, in
Section 4, will be geometric, applies to the case of algebraic surfaces (n = 2) and essentially
treats the case of 1-parameter degenerations. One product of the argument is a display of
the estimates on the Hodge norms and the resulting connection and curvature forms giving
descriptions that are more precise than the ones in the literature. We will show that, in the
geometric case, the Hodge theoretically defined polarizations on the limiting mixed Hodge
structure coincide, up to constants, with standard ones derived from geometry (Proposition
4.3.5).

The second proof given in Section 5 establishes a more general result for arbitrary
variations of Hodge structure: Theorem 1.4.1 holds not only for the Chern form of A, but
for any Chern form of the quotient Hodge bundles GrPF (see Theorem 5.1.2 for a precise
statement). The proof exhibits in detail how the very special and subtle properties of several

2Any regular holonomic D-module has a wave front set. Our notion is somewhat different in that the
wave front set is associated to the Chern form, not to a D—module. We are using the linear PDE notion of
a wave front set as in the work of Hormander [Hor76].
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variable degenerations of polarized Hodge structures come into play: the argument is based
on an extension of the analysis underlying the Cattani—-Kaplan—Schmid estimates of the
Hodge metric [CKS86, §5].

Remark 1.4.3. It is well known that distributions cannot in general be multiplied, and
similarly for the wedge product of currents. Although not required for our purposes, the
methods used to prove Theorem 1.4.1 may be used to show: The currents defined by the
Chern forms of the Hodge bundle may be multiplied. More precisely, the Chern forms are
given by differential forms whose coefficients are locally L' functions on B. Then the usual
formal expressions for the wedge product of forms are used with the result being again
a differential form with locally L' functions as coefficients. The resulting current is then
closed and its cohomology class is given by cup product of the corresponding Chern classes.

Remark 1.4.4. Regarding the positivity of the extended Chern form €2, (Remark 1.3.6), an
interpretation of the analysis behind the property (a) and the proof of (b) above may be
informally expressed as saying that the more singular the extended period mapping is, the
more positive Qe 18.

1.5. Ampleness with zeros at infinity. We finish with the following variation on Theo-
rem 1.3.10:

Conjecture 1.5.1. Assume that Conjecture 1.2.4 holds, and that ® : B — g is locally
one-to-one. Then there exists m, so that Ly, == A" — Z — B is ample for all m > m,.

Remark 1.5.2. Conjecture 1.5.1 is related to two results:
(a) The Cornalba-Harris result [CH88] on the ampleness of L, over M.

(b) Bakker-Brunebarbe-Tsimerman show that a finite quotient Y of 8§ (= Y”) is realized

as a quasi-projective scheme by sections of a power A" that “vanish at the boundary”
[BBT18, Theorem 6.2].

Let Eff;(B) be the effective cone of all 1-cycles; these are the finite sums ) n;C;, with
0 < n; € Z and C; C B an irreducible and reduced curve. In §3.3 we discuss how Conjecture
1.5.1 might be established when Conjecture 1.2.4 holds.
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While the subject of periods and moduli is central in algebraic geometry with a vener-
able tradition, our interest in the questions addressed here was rekindled by an NSF FRG
grant for which two of the authors were PIs (RL/DMS-1361143 and CR/DMS-1361120), and
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the other two (MG and PG) were frequent collaborators. We acknowledge the NSF support
and thank the other PIs (P. Brosnan, M. Kerr, and G. Pearlstein) for many stimulating
discussions and sharing with us some related ideas.

2. BACKGROUND MATERIAL

We briefly review the behavior of the period map @ in a (punctured) neighborhood of a

point by € Z “at infinity.” References for the definitions and properties that follow include
[CKS86, Sch73].

2.1. Local VHS. Recollect that D parameterizes weight n, @—polarized Hodge structures
on a rational vector space V. We assume without loss of generality that the monodromy
operator T; € Aut(V, Q) about Z; is unipotent, and let N; := log(7;) € End(V, Q) denote
the nilpotent logarithm. Then Ny = >
Z3.

Let

ser Ni is the nilpotent monodromy operator about

A= {(eC : [(|<1}
denote the unit disc, and

A" == {CeC :0<|[¢|<1}

the punctured unit disc. Fix a point by € Z;. Let U ~ A" = AF x Al 5 (t,w) be a
neighborhood of by in B so that Z NU = {t; ---tx = 0}; in particular,

U = UN B~ (A*)F x AL,

with 7 = k4 ¢ and k = |I].
Let H C C denote the upper-half plane, and let

(i)u : g‘fk X AZ — D
be a lift of ®[,. Fix coordinates (z,w) € H¥x A’. Then (z,w) — (exp(2mv/—12),w) defines
the covering map H* x AY — (A*)* x A’. Here we are writing exp(2mv/—1 z) as short-hand
for the (A*)*valued (exp(2mv/—121),...,exp(2mv/—12)). Let D O D denote the compact
dual of the period domain. Schmid [Sch73] showed that there exists a holomorphic map
F:A"=AF x A" - D

so that the lifted period map factors as

(2.1.1) Py (z,w) = exp (Yser 2iNi) - F(exp(2my/=12),w) .
Let
logt;
oty) = zw%/_% .

Observe that

(2.1.2a) Py (t,w) =exp (D ;s U(t:i)N;) - F(t,w)
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defines a local variation of Hodge structure
(2.1.2b) Py U= (AN x AY = Ty\D,

where I'y C T is the local monodromy group generated by the unipotent monodromy oper-
ators {T;}icr. Notice that (2.1.2) recovers ®|, after quotienting I'y\D — I'\ D by the full
monodromy group I.

2.2. Nilpotent Orbits. The (lifted) period map @y is approximated by the nilpotent orbit

(2.2.1) Dz, w) = exp (Yier 2iNi) - F(0,w)
as Imz; — 0, with Re z; bounded. The nilpotent orbit is horizontal, and N; FP(0,w) C
FP=1(0,w). Setting

O(t,w) = exp (3¢ £(ti)N;) - F(0,w)
yields a well-defined map

ﬁu U — Fu\D .

Note that the nilpotent orbit (2.2.1) is the lift of ¥y.
2.3. Horizontality. Shrinking the neighborhood U ~ AT if necessary, there exists a canon-
ical choice of holomorphic map X : A™ — g¢ so that
(2.3.1) F(t,w) = exp(X(t,w))- Fp,
with Fy = F(0). The map X is determined as follows. (See [Cat14] for further discussion.)

Let N := Nj 4 --- 4+ N be the sum of the logarithms of the local unipotent monodromies
about by. The pair (W(N), Fy) is a MHS. Let gc = @©g”? be the Deligne splitting, and

define
gp,o — @gp,q, n o= g<0,o _ @gp,o and p = gZU,o _ @gp".
q p<0 p>0
Then
(2.3.2) gc = pDn,

p is the Lie algebra of the stabilizer of Fjy in G¢, and n is a nilpotent Lie algebra. Conse-
quently, there exists a unique holomorphic map

X:A" - n
such that X (0) = 0 and (2.3.1) holds. Define holomorphic
X P:A" — g P
by X (t,w) =>_,.0 X P({,w). Horizontality of (2.3.1) implies that:

(i) The subspace of g_; spanned by {N;+2mv/=1t;0;, X ' (t,w) |1 < i < k}U {0y, X ' (t,w) |1 <
j < ¢} is abelian. In particular, X (¢;,w), with t; € A%, commutes with {N; | ¢ € I},
and therefore takes value in 37 := N;er ker(ad NV;) C gc.

(ii) The functions X ~P(¢,w), with p > 2, are functions of Zle ((t)N; + Xt w).
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2.4. Limiting mixed Hodge structures. Let
Ny = Y N
el
denote the monodromy operator about Z;. Let
Wo(N]) C Wl(N]) c---C W2n(NI)

denote the monodromy (shifted) weight filtration.®> The triple (V, W (Ny), F(0,w)) is a
limiting mixed Hodge structure. Let

GrVWND = W, (Np)/Wa_1(Ny) .

Recall that Ny € End(V, Q) maps W,(N;) C V into W,_2(Ny). Consequently there is a
well-defined map Ny : Gy Vo, GrZK(QNI). The flag F(0,w) € D induces a weight n + a

Hodge structure on the the primitive spaces

(2.4.1) Hy %(—a) = ker{Ny*!, Gl WD)y g

a+n n—a—2J

0 < a < n, that is polarized by
(2.4.2) Qi (u,v) == Q(u, Njv).

In this way we obtain a (local) variation of polarized Hodge structures over A, Note that
the latter is an open neighborhood of by in Z7. And this leads to a (global) variation of
polarized Hodge structures

(243) (I)[ : Z}k — F[\D[.

In general, D; will be a product of period domains.

3. TWO AND A HALF PROOFS

3.1. The case that B is a surface. Here we prove Theorem 1.2.8: assume that dim B = 2.
Since the theorem holds in the case dim 8 = 1 (cf. [Som73], [CDK95]), it suffices to consider
the case that dim 8§ = 2; equivalently, ®, is one-to-one on an open subset of B.

Since dim B = 2, the Z; are smooth, irreducible curves meeting transversally. Each
®.(Z;) is either a point or a curve. Let

7 = Z Z; = izz'
e (Z;)=pt i=1

be the union of those Z; that are mapped to a point.
Lemma 3.1.1. The intersection matriz ||Z; - Z;||;";—, is negative definite.

3Typically, “W(N)” denotes a representation-theoretic filtration with indexing that is centered at 0. In
this paper, we are letting “W(NN)” denote the shifted geometric filtration W (N)[—n], with indexing that
centered at n. The reasons for this mild abuse of notation is that (i) this is the only filtration we will work
with and (ii) the abuse significantly reduces notational clutter.
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Proof. By Theorem 1.4.1, the current ), represents the Chern class ¢1(A.) € H?(B) of the
augmented Hodge line bundle A, — B. It follows from (1.3.7) that

o Qezo, and
e Q| =0,fori=1,...,m,sothat A¢- Z; = 0.

Additionally, the assumption that &, is one-to-one on an open subset of B implies that
Q2 > 0. It follows that A, lies in the positive cone in Pic(B). We now infer the lemma from

the Hodge index theorem. ([l

Given the lemma, a result of Grauert [Gra62] asserts that Z’ may be contracted to
normal singular points on a complex analytic space Y. This completes the proof of Theorem
1.2.8.

Remark 3.1.2. In the classical case that the period domain is Hermitian symmetric, the SBB
compactification I'\D* of I'\ D is a normal projective variety. Borel’s extension theorem
yields the morphism ®, : B — I'\ D*. By hypothesis this morphism contracts Z’ to a set of
points. Lemma 3.1.1 then follows from a result of Mumford [Mum61].

3.2. Proof of Theorem 1.3.13. Suppose that Q is positive on on B (equivalently, ®, is
everywhere injective), and that 0 < —K4 - C whenever ®.(C) is a point. In order to apply
the base point free theorem [KM98] to show that Ao — B is free we need to show that

(i) mAe — K4 is nef for m > 0, and

(ii) mA. — K5 is big for m > 0.

We begin with nef. If ®.(C) is a point, then (mA, — Kg)-C=—-Kgz-C >0by
assumption. Suppose that ®.(C) is a curve. Then (1.3.7) and Theorem 1.4.1 imply (mA, —
K%)-C > 0 for m > m,(C). Lemma 5.4.20 implies that we may choose m, > m,(C) for
all curves C. This establishes (i).

To prove bigness, Theorem 6.1.2 asserts that it suffices to show that at some point
b € B we have (mAe — Kg)d > 0 for m > 0 and with d = dim B. This follows from our
assumption on the positivity of Q.

3.3. Discussion of ampleness with zeros at infinity. In this section discuss an incom-
plete proof of Conjecture 1.5.1.

3.3.1. Sketch of proof. The conjecture is equivalent to

Lemma 3.3.1. There exists m, so that for any curve C C B, we have
deg (Lm|n) = Znideg (Lm|Ci) >0

when m > m,.

Incomplete proof. Given Lemma 5.4.20 it suffices to prove the lemma in the case that C' is
an irreducible curve and m, = m,(C).
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Case 1: C'N B is a Zariski open subset of C. The desired positivity
deg (Lm|s) > 0

follows from (1.3.7) and the hypothesis that ® : B — p is locally one-to-one.

Case 2: C C Z and ®.(C) is not a point. Let Z] be the open strata with the property
that C'N Z7 is Zariski open in C. Then the argument of Case 1 applies here with ®; in
place of ®.

Case 3: ®¢(C) is a point. In this case the hypothesis that & : B — g is locally
one-to-one implies C' C Z. Since C' is contained in a fibre ¥ C B of ®¢, we have

L,-C = —-Z-C = N} C.

Z/B’

So we need to show that there exists k£ so that
k
(3.3.2) deg (N;/§> ‘C > 0.

Set s = ®S(F) € 8. As we are assuming that Conjecture 1.2.4 holds, we may speak of
the local ring Og , and its maximal ideal m,. Given f € mg, the function f o ®¢ is defined
in a neighborhodd of C' and vanishes along C; let ordc(f o @) > 0 denote the order of
vanishing.

Given a point x € C C ¥ and a normal disc A to Z at x, there exists f € mg C 0378
such that f:= fo Pl # 0. Let

ko := min{ordc(fo®S) | fem,, fodey Z0} > 0.

ko
Then some f o ®F gives a nonzero section v of (N; /§> along C.

At this point in order to deduce that (3.3.2) holds for k = k,, and complete the proof
of Conjecture 1.5.1 (with the hypothesis that Eff;(B) is finitely generated) we need to

ko
rule out the case that the section v is nowhere zero (which would imply that (N; /§> is
trivial). We anticipate that this will follow from a good description of the desired separating
functions A (Remark 1.2.5). O

To have L,, - C > 0 for a fixed m and all C € Eff(B) requires a bound
(3.3.3) mdeg Ae L > ZC.

If C is not contained in Z, then the right-hand side of (3.3.3) is roughly the number of
singular fibres in the VHS over C. Note that the desired inequality of (3.3.3) is essentially
the reverse of that given by the Arakelov inequalities. It may be that this “reverse Arakelov
inequality” does not hold for general VHS, but does hold for geometric VHS, where one has
the Grothendieck-Riemann-Roch, cf. [CHS88].
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4. CURVATURE PROPERTIES OF THE EXTENDED HODGE BUNDLE: THE SURFACE CASE

Theorem 1.4.1 is a central ingredient in the proof of Theorem 1.3.10. We give two
proofs of Theorem 1.4.1. The first, given in this section, will be inductive on the singular
strata of the boundary divisor. Moreover, it will be restricted to the geometric case arising
from a family of varieties, one of the points being that in this situation the singularities of
the Hodge norms are localizable and visible analytically in a way that is suggestive of the
general case. The second argument is given in §5; it provides a proof of the general result.
(Finally, Theorem 1.3.10 is proved in §6.)

Throughout this section we assume that n = 2; in particular, the Hodge bundle and
the augmented Hodge bundle coincide (A = A).

4.1. Currents. We begin by discussing two general properties of currents that will arise.*

On an n-dimensional complex manifold Y, we denote by A2?(Y) the compactly supported
smooth (p,q) forms. A current T of type (p,q) gives a linear function

ATPR=4(YY) 5 C,

The currents we shall encounter will be differential (p, q) forms ¢ with coefficients in the
space of locally L' functions, and the corresponding current Ty is given by

Ty(a) = /Yw/\oz.

The differential 0T (o) is defined as usual by

8T¢(ﬁ>=i/ywaﬁ,

where the sign is determined by the condition that 9T, = Ts,, when 1) is smooth. Similarly
we may define 5T¢ and 90Ty,

For the 1’s we shall use, we will also be able to define 0 by applying the formal rules
of calculus to the coefficient functions of 1. The equality

(4.1.1) dT,, = Ty,

shall mean: first the coefficients 91 computed formally are locally L! functions; and secondly
that the currents satisfy (4.1.1). Similar notions hold for dv and 9.

Definition 4.1.2. We shall say that the current represented by a locally L' differential form
1 has the property NR if 0, 0, 0 computed formally have L! coefficients, and if (4.1.1)
holds for Ov, vy and 09vy. The term “NR” is meant to suggest “no residues.”

Remark 4.1.3. The property NR implies that the currents defined by v, 9v, 99 have van-
ishing Lelong numbers (cf. [Dem12)).

¢t [Dem12] for a general account and references to the literature.
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Example 4.1.4. In C, we have 90 log |z| = 0 formally, while up to a constant the equation
of currents

85T10g|z| = fodz NdZz
holds. On the other hand, again up to a constant,

- dz Ndz
00108 (=108 1) = pog el
holds both formally and in the sense of currents, so log (— log |z|) has the property NR while
log |z| does not.
In both these examples the coefficients of the derivatives computed formally are in L';
the difference is that for log |z| we pick up a residue term in 85T10g| 2|» while no such term
arises in 85Tlog(, log |2]) 2

For the second property we first recall that a current 7" on Y has a singular support
singT" C Y, defined to be the smallest closed subset such that on the complement Y'\ sing T,
the current T is represented by a smooth differential form.

Remark 4.1.5. In this work we will want to restrict singular differential forms to subman-
ifolds. Our approach here is motived by the notion the wave front set WF(T) C T*Y. If
W C Y is a submanifold, then in general the restriction to W of a distribution or current
T given on Y is not defined.® However if W C Y is a submanifold whose tangent spaces
are transverse to the wave front set in the sense that

(4.1.6) TW C WF(T)*

then the restriction T' ‘W is valid. The singular differential forms that we work with will
satisfy an analogous (and essential) restriction property.

Example 4.1.7. As an illustration of what will occur, we note as above that the currents
we shall be interested in will be constructed from locally L!-functions. It may or may not
be possible to simply restrict such a function in the usual sense and obtain a well-defined
function. As a simple example of what will be done below, on A x A with coordinates (¢, w),
the current given by 1/log ‘71| + f(w) where f(w) is smooth may be restricted to {0} x A

to give f(w).
4.2. Singularity structure.

Definition 4.2.1. A positive function h defined in U = A** x A’ is said to have logarithmic
singularities if it is of the form

h =P (log ]tly_l, ..., log ]tk|_1) +R (log ]tll_l, ..., log ]tk|_1) J
Note that “dlog |z| computed formally in in L'” means that dlog|z| A a is in L' for any C* form a.

6A good discussion of this with illustrative examples and references may be found on Wikipedia.
"To be precise, the notation log |¢|* indicates log(|t|*); we drop the parentheses to streamline notation.
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Here P(x1,...,x;) a homogeneous polynomial whose coefficients are real, take value in

C*°(U), and are positive in the sense that

P(zy1,...,zx) >0 if all z; > 0.

The polynomial R is real, has C*°(U) coefficients, and is of lower order than P in the sense
to be explained below. Finally h satisfies the following conditions:
(i) logh has the property NR;
(ii) the current Qj := (i/2)09dlog h is positive and has the property that the restriction to
A% x A? is well-defined. (Note that the last is the analog of (4.1.6) that we require.)

Because of (i) the current Q, is defined on A* x A’ so that (ii) makes sense.

For the remainder of this section, and for all of §4.3, we

(4.2.2)
will restrict to the case k = 1, so that U = A* x Af,

Remark 4.2.3. This is essentially the case of 1-parameter degenerations with dependence on
holomorphic parameters. In fact, for notational simplicity, we shall also assume that ¢ =1,
so that we are working in A* x A with coordinates (¢, w).

The functions h we shall consider will be of the form

where A(t,w) and the B;(t,w) are C*° functions on A x A and A(0,w) > 0. We note that
the expression (4.2.4) is invariant under holomorphic coordinate changes

{t’ =tf(t,w) f(t,w) #0

(4.2.5)
w' = g(t,w) gw(O,U) 7& 0.

As will be seen below, the motivation for considering functions of this form arises from the
periods of holomorphic differentials in a degenerating family of algebraic varieties.

Proposition 4.2.6. The function (4.2.4) has logarithmic singularities.

Proof. Denoting by C' the term in parentheses, since log h = log A + log(mlog [t|~!) +log C
the only issue concerns the log C' term. In
- ocC  oC 000
00logC = — AN — — —-
o8 c o
we shall separately examine the singularities in each term. For the first the most singular
terms arise from:
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1 = 1 dt Adt
o |:_1a:| A 0 o with a, b > 0. This is of the order T2 T 17 —1\C
(log [t[~1) (log |t|~1) [t]? (log [t|~1)
with ¢ > 4, and hence is o(PM), where
dt Adt

4.2.7 -
(&20 P (log |1 1)?

is the Poincaré metric.

1 dt
0 {_14 Aa, witha > 0 and a smooth (C*°). This is of the order —————— A
(log [t|~1) [t] (log [t|~1)

B, with ¢ > 2 and  smooth, and is again o(PM).

The terms dlog C' and dlog C may be estimated by those above. For 99C/C?, the most
1 } dt Adt

og L0 | ~ ith @ > 1, which i
(log [¢~1)* |t]2 (log|t|—l)a+2’ with a > 1, which 1s

singular terms are of the order 90 [

again o(PM).
Note that the estimates in this argument have no room to spare. O

4.3. Proof of Theorem 1.4.1 in the weight n = 2 case. We denote by
Q, = Y1 adlogh

the curvature form associated to the function h in (4.2.4). Then

dt A dt

— mY-1
(4.3.1) Q= m¥5= A(v, w) T2 (log [1)2

+ o(PM)

and, assuming that m > 0, it is positive with
sing Q, = {0} x A.

It defines a closed, positive (1,1) current on A x A (cf. [CKS86] and [Kol87]). As for
WF(Q},), the terms in Q; not containing a dt or dt are of the form ~(log [¢|)~%, where 7 is
a smooth (1,1) form and a > 0. Thus although it is not the case that WF(Q;) = N{*o}xA/H
is the co-normal bundle of {0} x A 'in A x A in the usual sense, the restriction Qp[g5y,
is a well-defined smooth (1,1) form. Indeed, the above calculation shows that to define

restriction we may use the prescription:
e In the formula for 991log h first set dt = dt = 0.
e Then the limit as ¢ — 0 of the remaining terms exists (i.e., set 1/log [t|~! = 0).

The calculation in the proof of Proposition 4.2.6 gives

(4.3.2) = Y 19910g A0, w) .

Qe‘{o}m

The point in (ii) is that in what remains after (i), the term log [t|~! only appears in the
denominator and with positive powers. We note that the above prescription is invariant
under the coordinate changes (4.2.5).

We now apply the above to a weight n = 2 variation of Hodge structure over A* x A.
Denote the canonically extended Hodge bundle by F,, — A x A and let (¢, w) be a nowhere
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vanishing holomorphic section of this bundle. We assume that m is maximal with o €
Whtm(N) N Fe, and denote by o, (w) the projection of ¢(0,w) in GrV ™) F.. Then Om(w)

n+m
is a non-zero section of Gr%ﬁ) V N E! over {0} x A.

Proposition 4.3.3. The Hodge norm ||o(t,w)||? is of the form (4.2.4), and
001 t,w)|? = 00log [|om(w)].
ogllott. )l = 0Dlogllom(w)]

A consequence of the proposition is the following special case of Theorem 1.4.1.

Corollary 4.3.4. If Q. is the Chern form of the extended Hodge line bundle Ay — A X A,
and if Qqoyxa is the Chern form of the gradeds to the associated variation of mized Hodge
structure along {0} x A, then the restriction Qe|{0}><A is defined agrees with Qo1 -

Proof of Proposition 4.3.3. We shall prove the proposition in the weight n = 2 geometric
case of a family X0* & A* x A of smooth surfaces where o(t,w) is a section of TRy /A% x A
given by a family
bltw) e B9, )
of holomorphic 2-forms along the smooth fibers X;,,) = 77 (t,w). By base change and
semi-stable reduction we may assume that we have a smooth completion X = A x A of the
family where the singular fibers X (g, have normal crossings. The local models are
(a) X(o,w) is smooth and the mapping 7 is locally given by (1, r2,73,w) — (71, w); i.e.,
t=x1;
(b) X(0,w) has a smooth double curve and the mapping 7 is given by (z1,xg,z3,w) —
(r122,w); 162, t = T1X2;
(c) X(0,w) has a double curve with triple points and the mapping 7 is locally given by
(r1, 2,23, w) = (T12223, W); i.6., t = T1T2X3.
By a standard property of the canonical extension, the 2-forms giving sections of T.wx/AxA
are locally Poincaré residues

g(x1, e, x3,w)dx A dag A das

P(t,w) = Res Flor. 9, 5, 0)
where ¢ is holomorphic and f is given by
(a) f=x1 —t,
(b) f=m22—1t,

(¢) f=mmoxs —1t
in the three cases listed above. The properties of the extension ¥(0,w) to a section of
F. — {0} x A relative to the weight fibration are, for each of the cases above:
(a) The double and single residues of ¥(0,w) are zero. Then (0, w) induces a non-zero
section of Grgv ™) and (0, w) is a holomorphic 2-form on the desingularization X (0,w)
of X (0,w)-
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(b) The double residues of ¥(0,w) are zero. Then (0, w) € W3(N) and (0, w) induces
a non-zero section in GrgV(N) if the single residues of 1(0,w) along the double curve
are non-zero; ie., if g(0,0,0,w) = 0 but g(x1,0,z3,w) # 0.

(N)

(¢) The form (0, w) induces a non-zero section in GrZV if, and only if, the double

residues of ¥ (0, w) at the triple points are not all zero; ie., if g(0,0,0,w) # 0.

The Hodge norm is, up to a constant, the L?-norm

ot w2 = /X Bt w) A DL w)
(t,w)

of the holomorphic 2-forms (¢, w). Then |[¢)(t,w)||* has an expansion in terms of powers
of log|t|™1, and the local contributions to the expansion in each of the above cases are
respectively

(a) l(t, w)|2 = / 1900, 2, 23, w)Pedars A i A dars A ds,

(b) Hw(tvw)‘|2 = </ ‘g(x170707w)|2d$1 Adxl) 10g|t\71 + C(t,w),

(c) [l (t,w)l* = 19(0,0,0,w)*(log [t|~1)* + Bi(t,w)log|t|™ + Ba(t,w),
where Bi, By, C' are smooth functions. This establishes the first part of the proposition:
namely, that the Hodge norms are of the form (4.2.4).
For the second part we will discuss the above three cases. In case (a) the 2-form (0, w)
is holomorphic on the desingularization X (0,w) and the polarizing form is just the usual one

given by ff{(o,m (0, w) A (0, w).

In case (b) o3(w) is a section of Grgv(N) (LMHS), which is a Tate twist of a variation of
Hodge structure of weight one. Geometrically, the double residues of ¥(0,w) are zero and
the single residues induce holomorphic 1-forms Res (0, w) on the normalization D,, of the
double curve of X(g ). In this case there are two potential polarizing forms

(i) Q(Nwu,v) on GrgV(N)(LMHS) (Hodge-theoretic one);
(ii) fﬁw Res (0, w) A Res (0, w) (algebro-geometric one).
Up to a constant these polarizations agree; in §4.4 we will prove
Proposition 4.3.5. On GrgV(N) (LMHS) the polarizing form arising from the limiting

mized Hodge structure coincides with the natural polarizing form on sub-Hodge structures
of HY°(D,,). (This result holds in full generality for Ty /(A*)F x AL-)

In case (c), o4(w) is a section of GrZV(N) (LMHS), which is a family of polarized Hodge-
Tate structures along {0} x A. The period domain is O-dimensional and its curvature form

@53 log A(0,w), where A(0,w) = |h(w)|? with h(w) holomorphic, is zero.® However, it is

8More precisely, one has a family of Hodge metrics on a single Hodge structure (this one being Hodge-
Tate). This defines a Hermitian line bundle on the parameter space, and the associated curvature form is
Zero.
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of interest to observe that the polarizing form on GrXV(N) (LMHS) is by definition Q(N?u, v).
On the other hand
h(w) = > double residues of (0, w),

where the sum is over a subset of the double residues at the triple points of X ,,). The

identifications of the polarizing form on Gr}f/(N)(LMHS) with |h(w)|?* will be discussed in
§4.4. 0

Proof of Corollary 4.5.4. We take a section

o(t,w) = P1(t,w) A--- Ny, (t,w)
of det F, where the 1;(t, w) give a framing of the canonically extended Hodge vector bundle
F, — A x A that is adapted to the weight filtration W (N) N F,. As previously noted,
that means that we filter the sections of F, — A x A by their logarithmic growth along
{0} x A. Setting h° = dim I°° and h'¥ = dim I, where we recall the 1?4 are the Hodge
decomposition of Gr(LMHS) along {0} x A, the calculation in the proof of the proposition
gives that up to a constant

Q. = 2h°+AOPM 4+ LOT

where LOT are lower order terms in the sense that that the ratio LOT/PM tends to zero as
t — 0. Moreover the restriction 2| {0}xA of the current €. is defined and there it coincides
with the Chern form of the Hodge line bundle for the VHS over {0} x A given by the
associated graded to the LMHS defined there.” O

Remark 4.3.6. As noted in Remark 4.2.3, the assumption £ = 1 was made only for notational
convenience. It is straightforward to see that both Proposition 4.3.3 and Corollary 4.3.4
hold for the general case w € A,

At this point we may complete the argument for Theorem 1.4.1 in the introduction in the
special case where we consider only the weight n = 2 case, and we restrict to the geometric
situation where the period mapping (1.1.2) arises from a projective family X* — A** x A’
of smooth algebraic surfaces.

Proof of Theorem 1.4.1 in the weight n = 2 case. Given Remark 4.2.3, Corollary 4.3.4 es-
tablishes the result for £ = 1. To complete the argument we now consider the case of a
period mapping (1.1.2) for arbitrary k and ¢. It suffices to prove

Claim 4.3.7. The general case may be reduced to the case k = 1 by a succession of 1-
parameter degenerations.

The claim is a consequence of the several-variable SL(2)-orbit theorem [CKS86]. We will
prove the claim in the case that k = 2, the argument extends in a straightforward fashion.

Recall (§2.4) that the nilpotent orbit approximating the degeneration limy, o ®(¢1, ta; w)
induces a variation of polarized Hodge structure (VPHS) ®1(t2,w) over A* x Af. Likewise

9This required the non-vanishing of A(0,w) in (4.2.4).
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the degeneration limy, ¢, 0 ®1(t2, w) induces a VPHS ®;2(w) over A’. Similarly, the degen-
eration limy, o @1 (t2, w) induces a VPHS ®(w) over Af. It is a consequence of the SL(2)
orbit theorem that ®(w) = ®12(w), and this establishes the claim. O

4.4. Proof of Proposition 4.3.5. We will describe the limiting mixed Hodge structure
and its polarization for a family of surfaces X = A with central fiber X = U;er X;, with T
and ordered index set, a reduced normal crossing divisor in a smooth 3-fold X.'° The usual
notations

Xt =TJ]x, xB =J[xinx;, xB = J] XinX;nx;
i i<j i<j<k

will be used for the desingularized strata of X.

4.4.1. The limiting mized Hodge structure. The groups that appear in the complex whose
cohomology gives the associated graded to the LMHS are H*(X")(—¢), 0 < ¢ <b—1. The

= Gar,MaMmus) = @ 1, o<r<4
ptq=t

are the Fs-terms of a spectral sequence, where the Fq-terms and differential dq, 4 — Ej

will now be described in dual pairs.

W(N)

Letting G and R denote the Gysin and restriction maps, respectively, for Gr, and

Grgv ™) e have the dual complexes

(4.4.1a) HO(XBI(—2) =% H2(xZ)(-1) —C— m*(x M)
(4.4.1b) HO(xWy £y go(xlly £, go(xBly,
The initial and terminal cohomology groups are

(4.4.2a) L = I*? = ker{G: H'(XF)(-2) — H*(XP)(-1)}
(4.4.2b) Iy = I°° = coker{R: H°(x1I) - HO(xB).

Here N2 : 1?2 — 99 is the “identity” under the composition
ker ¢ — HO(XBh(-2) — HOXBl) = cokerR,

where “identity” means the usual identity mapping that ignores Tate twists.

105 general reference for this discussion is Chapter 11 in [PS08]. Here we will use the setting and notations
developed in [GG16].
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(N)

Next Grgv is the cohomology in the middle of the complex

H?(x )
HO(X[2])(—1) \HQ(XDJ)
R G
\HO /

(4.4.3)

(XB)(-1)

As noted in [GG16], it is a consequence of the Friedman condition for smoothability [Fri83]
that the above is actually a complex; i.e., that the composition (R' @ G)o (G' @ R) = 0. We
will explain this in more detail §4.4.3.

The monodromy maps are induced by

ker G C HO(XB)(-2) cf. (4.4.1a)
lN lid
coker RN ker G < HO(XBh(-1) cf. (4.4.3)
lN lid
coker R C HO(XB]) cf. (4.4.1b),

and the iteration N? is (4.4.2).
For the odd weights for Gr'Y(™)(LMHS) the analogue of (4.4.1) is the pair of dual

complexes

(4.4.4a) H(x-1) &

(4.4.4b) Hix2y &

and we have
Is = ker(4.4.4a) and I; = coker(4.4.4b).
Monodromy is given by

“identity”
Ty

ker G ¢ HY(XP)(-1) HY (X)) - cokerR.

Replacing X by X, we then have the descriptions

o F2n GrXV(N) = I?? C HI(XL?])(—I) is represented by the double residues of forms
$(0,w);
o F2n GrgV(N) = 1% C HO(Q;[Q])(—l) is represented by single residues of forms (0, w)

whose double residues are zero;



26 GREEN, GRIFFITHS, LAZA, AND ROBLES

o F2n GrgV(N) = 1?0 C HO(Qim) is represented by the holomorphic 2-forms ¥ (0,w) both

whose double and single residues vanish.

4.4.2. Polarizations. We now turn to the issue of polarizations. There are two polarizing
forms on the groups

W(N)

" =F2NGr,,;, (LMHS), k=21

One is the Hodge-theoretic one arising from
Q(u,7) = Q(N*u, ).
The other is the geometric one obtained by:

o First taking limits, we realize the elements in I>* as singular differential forms on X 0,w)-

o Then by taking sequential residues of these forms we obtain holomorphic differentials on
the desingularized strata Xq[j+k] of X (0,w)-

o Finally we take the usual polarizing forms [« A B of holomorphic forms on smooth

varieties.!!

Proposition 4.3.5 asserts: The Hodge-theoretic and geometric polarizing forms coincide.

Proof of Proposition 4.3.5. We shall give the argument for this in the critical case k = 1.
The situation is this:

o We have a family X; of smooth surfaces specializing to a singular surface Xy that has a
double curve Dy C Xj.
o The v, are holomorphic 2-forms in H O(ngt) that specialize to ¢g € H O(Q} (Dy)), which
~ 0 ~
is a 2-form on the normalization Xy of Xy having a log pole on the inverse image Dy of
the double curve on Xj.

— 1
As we have seen (§4.3), there is an expansion Y APy = Clog — + LOT. On the other
Xy

I
hand we have the 1-form Res(zzo) =: 1y € H <Qlﬁ ), and the assertion is that up to a
0

universal constant

C = /~ Res g A Res g .

Dy
By localizing along ﬁo and iterating the integral, this essentially amounts to the following
1-variable result: In C? we consider the analytic curve Cy given by zy = t. On C; we take

g(z,y)dx A dy
xy —t '

the Poincaré residue

Yy = Res{
Then locally
| einen = lo.0)Ploglel ™ + LoT.

Ct

Hor 0-dimensional varieties this is just the usual product of complex numbers.
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4.4.3. Friedman condition for smoothability. We conclude this section with a brief discussion
of some of how parts of [Fri83] apply to complexes constructed from an abstract normal
crossing divisor X = UXj; to give conditions on complexes constructed from the cohomology
group H*(X")(—c¢) to be the Ej-term of a spectral sequence whose abutment is a limiting
mixed Hodge structure. If D = II;;D;; is the double locus of X, then as in [Fri83] in
terms of X above there is defined the infinitesimal normal bundle Op(X), and a necessary
condition for the smoothability of X is

If X is smoothable to be the central fiber in X — A, then Op(X) = Op ® Ox(X). The
cohomological implications of (4.4.5) then give conditions that diagrams such as (4.4.3)
actually be complexes whose cohomology is then the associated graded to a limiting mixed
Hodge structure.'? In other words, the condition (4.4.5) is sufficient to construct as in
[PS08] the spectral sequence that would arise from X — A. To keep the notation as simple
as possible we shall do the case where X = X; U X3 U X3 where Xj; is locally given by
x; = 0 in C3. If X is smoothable so that along the double locus the smoothing is given by
x1x9 = t, then the relation dt = xodx1 + x1dzs translates away from the triple points into

OD12 (Xl) ® OD12 (XQ) = OD12 .

For a smoothable triple point p given by xiz9x3 = t we have dt = zox3dr1 + z1x3dTe +
x1rodxs, which at x1x9 = 0, 3 = 0 gives

Op,2(X2) ® Op,,(X2) © Op,(p) = Opy, -
From this we obtain the triple point formula
(4.4.6) Dy, + Disly, +1 = 0,

where D%Q‘ . 1s the self intersection of Di2 in Xj.
We now explain how (4.4.6) enters into (4.4.3). In

H?(x M)
e
HO(XB)(-1)
&

HO(X1)(-1)

127his discussion may be extended to the case when X is locally a product of normal crossing divisors
(such as arise from stable nodal curves), and also to the several parameter case where X is locally a product
of normal crossing divisors such as arise in the semi-stable reduction constructed in [AK00]. The details and
applications of this will appear elsewhere.
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the map is
[Dia]lx, — [Di2lx,
1D12
1,
where [DlgHX. is the class of D1 in H?(X;). For
H2(x)
&‘
H*(XPl) = H?(X13) ® H*(X13) @ H*(Xa3)
e
HO(XB)(-1)

the maps are induced by
(44.7)  [Dialy, — Dially, — (D%Q\X2 + D%l}Xl) [(X12] ® (—[X13]) @ (—=[X2s])

where as above D% is the self-intersection of D1 in Xo and similarly for D%l} Xy and

2lx,
where [Xj;] is the fundamental class of X;;. The points here are:
(a) If C is a smooth, irreducible curve on a surface Y, then the restriction H2(Y) — H?(C)
maps the class [C] € H?(Y) of C to the self-intersection number C? times the generator
of H?(C); this accounts for the first term in (4.4.7).

(b) If C,C" are smooth, irreducible curves in Y meeting a point, then H?(Y) — H2(C")
maps [C] to a generator of H2(C"); this accounts for the last two terms in (4.4.7).

Using the above to compute the maps G’, R, G, R in (4.4.3) we may draw the conclusion

The triple point formula for each pair of components of X implies that
(4.4.3) is a complex.

4.5. Appendix to §4: Extension of the geometric argument to the general case.
In this section we discuss some of the issues are that arise in trying to extend the above
geometric argument to the case of an arbitrary VPHS.

The setting is a projective family X* = A** x A¢ of smooth varieties X(tw) = 7Lt w)
where (t,w) = (t1,...,t5; w1, ..., wy) are coordinates in A**x A, According to Abramovich—
Karu [AKO00], after successive modifications and base changes the above family may be
completed to X = A¥ @ A, where X is smooth and the singular fibers X,, = 710, w) are

locally a product of reduced normal crossing varieties. For the purposes of illustration we



PERIOD MAPPINGS AND THE HODGE LINE BUNDLE 29

take the case k = 2,£ = 1 of a degenerating family of surfaces. The strata of X,, together
with local coordinates on X and the mapping m are

Xl[j} (x17‘r27x37$4) — (tl - flfg,tQ - .’174),

X2U(g) 2o, x3,24) — (b1 = 122, 19 = 24),
X,E’H(xl,$2,l‘3,l‘4) — (tl = $1l’2$3,t2 = $4),
Xu?’Q} (x1,22,3,24) — (t1 = x122,t2 = T324)

and similarly for X and X The sections P (t,w) of the direct image of the relative
dualizing sheaf are locally double Poincaré residues of 4-forms where the two functions in
the denominator are the defining equations of the graph of 7. For example, for Xg 2
f(.%'l, T2,T3, $4)d$1 ANdxo Adxg A dxy

(w129 — t1) (2324 — t2)

The highest order terms in the expansion of the Hodge norm

ot w)|? = /X b(t,w) A DG w)
(t,w)

Y(t,w) = ResRes[

are of the form
Ar(w)(log [t:]71)? + B(w)log [t~ log [t2| ™! + As(w)(log [t2| 7).
The lower order terms are of the form
Cr(w)log 11| + Ca(w)loglts|™ + D(w).

When we compute 99 log || (t,w)||? and set dt; = df; = dty = dfy = 0 it is possible that
log [t1]~" + log [ta| ™!
log [t1|~!log |t2|~t
t1,ta — 0.13 Consequently we need some control of what can appear in 90 log ||[¢(t, w)

As we will see in §5, the several-variable SL(2) orbit theorem gives us this control.

we could be left with a term like , which does not have a limit as

I

5. ASYMPTOTIC BEHAVIOR OF CHERN FORMS

In this section we give a proof of Theorem 1.4.1 for an arbitrary variation of Hodge
structure. The theorem is a consequence of a more general result on the Chern forms of the
graded quotient Hodge bundles (Theorem 5.1.2).

5.1. The general statement. Recall the graded quotient Hodge bundles GrP F (Definition
1.3.3). Let Grzjrf — Z7 denote the pulled-back graded quotient Hodge vector bundle under
the period map ®; : Z; — I'j\D;. Associated to Gr}F is a principle bundle with fiber

group

Hy = JJAut(HY %(=q)) x [] Awt(H}P*P(-p)) = []GL(AYC).

q=0 g=p+1 q=0

13The term log |t1|71 corresponds to Ni, the term log |t2|71 to N2, and log |t1|71 +log |tz|71 to N1 + Ns.
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Let

P n .
by = @End(H}D_q’o(_Q)) @ @ End(H?’q_p(—p)) = @Mat(hf}”q,(j)
=0 q=p+1 q=0

denote the Lie algebra of HY; here Mat(h, C) is the algebra of h x h complex matrices. Let
C[hY] be the algebra of C—polynomials on h?, and let
b= Clp = {PeChy) : P(X)=P(Ady(X)) ¥ X €b?, g H}

be the subalgebra of polynomials that are invariant under the induced action of Ad(H?%). Let

hY be the induced Hodge metric on GrfF — Z7, and let T denote the associated curvature

form. We have the Chern—Weil homomorphism B} — H*(Z7, C) mapping P — P(T%).
The extended Hodge bundles 3% — B induce

(5.1.1) HY — HY forall IcCJ,

cf. §5.2.3) so that P¥ < P for all I C J. Keeping in mind that B = Z}, we write
( I J g 0
GrPF = GryF, PP = P and T = Ty. With this notation we have

B C Py forall I.

Fix a point b, € Z} and a coordinate chart (t,w) € AF x A® ~U C B centered at b, so
that U = UN B ~ A* x A, with k = |I|. Without loss of generality I = {1,...,k}. Note
that Z; NU = {0} x A”.

Theorem 5.1.2. Fix P € PP. Then
lim [P(YP(t,w)) mod {dt;,dt; | 1 <i < k}] = P(TH(w)).

t—0

We will now deduce Theorem 1.4.1 from Theorem 5.1.2. Then the remainder of §5 will be
occupied with the proof of Theorem 5.1.2; the argument is outlined in §5.1.2.

5.1.1. Proof of Theorem 1.4.1. Theorem 1.4.1 may be reformulated as

Theorem 5.1.3. The curvature forms of the augmented Hodge line bundles satisfy

}iné Q(t,w) mod {dt;,dt; | 1 <i < k}} = O(w).

H

Theorem 5.1.3 is a corollary of

Theorem 5.1.4. Let , and €, 1 be the Chern forms of the line bundles det Gr’F and
det GriF, respectively. Then

%iH(l) [Qp(t,w) mod {dt;,dt; | 1 <i<k}] = Q,1(w).

_>

Proof of Theorem 5.1.3. This follows directly from Theorem 5.1.4 and the fact that A is
expressed as a tensor product of the powers of the det Gr?F’s (Definition 1.3.4). U

Proof of Theorem 5.1.4. This is Theorem 5.1.2 in the case that P = trace. g
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5.1.2. Outline of the proof of Theorem 5.1.2. Given a nondegenerate Hermitian matrix
h = (hap(t,w)), define h®(t,w) by h%hy. = 6. The associated curvature matrix (modulo
dt,dt) is given by Y[h] = (Y[h]}) with
Y[hE = =) O, (W Ow,hwe) dw; A AT .
i?j
The Hodge metric induces nondegenerate Hermitian forms h? on Gr’F — U and h}

on Gr’}ff‘" — AL When these forms are expressed as matrices (relative to a holomorphic
framing), we have Y[h?] = TP mod dt;, dt;, and T4 = Y[hY]. We wish to show that

(5.1.5) }%P(T[hp])(t,w) = P(Y[h]])(w).
This will be a consequence of the analysis of asymptotics utilized by Cattani—-Kaplan—

Schmid to establish their estimates for the Hodge metric [CKS86, §5]. The hypothesis
P PP enters as follows: If A(t) = (Aj(t)) and B(t) = (B (t)) are invertible matrices, and

(5.1.6a) hay(t,w) = AG(H) hea(t,w) BY(1),
then Y[h]} = (A~1)2 Y[h]S AL, so that
(5.1.6b) P(Y[h]) = P(Y[h]) forall Pepr

by definition of BP. This is important because the metric A blows-up as we approach
the divisor Z at infinity. The several-variable SL(2)-orbit theorem provides a method for
replacing h with an h that is bounded at infinity (§5.4.1). One may then argue, via additional
applications of (5.1.6), that (5.1.5) holds (§5.4.3). More precisely, we fix a sequence t,, =
(tut,---stur) € A converging to 0. Writing £(t,;) = 2, = uj + vV—1Yu;, we have
Yuj = —% log |t,;]. Restricting to a subsequence if necessary (and dropping the subscript
x), we may assume without loss of generality that either y;/y; — 0, y;/y; — oo, or y;/y;
is bounded (away from both 0 and o). Reordering indices if necessary, we may assume
that there exists K = {ki1,...,k,} C {1,...,k} = I so that yx,/Yr.,, — oo and y;/yx, is
bounded for all kq—1 < j < kq. In §5.3.1 we will employ a collection of commuting SL(2)’s
that is well-suited to studying the asymptotic behavior of Y [h?](¢,w) under such a sequence.
The key tool here is a semisimple automorphism (¢, w) associated with the SL(2)’s, and
it is the asymptotic behavior of Ad.( ), and its eigenvalues, that yields the bounded h,
cf. Lemma 5.3.14.

The remainder of §5 is occupied with the proof of Theorem 5.1.2. After recalling the
local coordinate expressions for the metrics on the Hodge bundles (§5.2), we review the
Cattani-Kaplan—Schmid asymptotics (§5.3). Equation (5.1.5) is proved in §5.4.

5.2. Review of the Hodge bundles and their curvature. We begin by reviewing the
bundles Gr}F and their curvature forms T%.

MWhen p = n, the form h7 is positive definite. In general, h? will have mixed signature.
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5.2.1. Deligne’s R—split PMHS. Set
N = Ni+---+ N, and W := W(N).

Recall the notation (2.1.2) for the local variation of Hodge structure ® (¢, w) = exp (3¢, £(t:)N;)-
F(t,w). In general, the LMHS (W, F(0,w)) will not be R-split. It will be convenient
to work with Deligne’s associated R-split MHS (W(N), Fy,), cf. [CKS86, (2.20)]; here

Fy = exp(—v—=16y) - F(0,w). The element J,, € gr commutes with the IV;, and w + 9y, is
a real analytic map A — gr. Let

(5.2.1) Ve = @ and gc = @ay”
be the associated Deligne splittings. Set

iy = P = 8"

P g 0
Note that
(5.2.2) gc = fu & bu,
where p,, is the Lie algebra of Stabgc(ﬁ’w). There exists a unique holomorphic map
X:U — ng
so that X (0,0) = 0 and
(5.2.3) O(t,w) = exp (mao + 3k E(ti)Ni> C(t,w) -y,
where
(5.2.3b) C(t,w) = exp X(t,w).

See [CKS86, §5] for details. Set
n(t) = exp (vTd0 + L, €(t)N;) -

5.2.2. The metric on the quotient Hodge vector bundle GrPF. Fix aset {v,} C Fé’ of linearly
independent vectors with the property that {v, mod Fg +1} forms a basis of GrPFy =
EP/EPT!. Then

va(t,w) = n(t)¢(t, w)va
is naturally identified with a local holomorphic framing of the quotient Hodge vector bundle
GrPF — U. Let {v*(t,w)} denote the dual coframing. Then the Hermitian metric

(5.2.4a) h(t,w) = he(t,w)v? @ T°

on GrPJ is given by

(5.2.4b) hap(t,w) = (v=1)"Q (valt,w) , wy(tw)) -
Define h®(t,w) by

R (t, w) hae(t,w) = &0,
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The curvature form on the quotient Hodge vector bundle GrF — U is

TP = 9 (h - Ohpe) va @07

5.2.3. The metric the quotient Hodge vector bundle Gr/F. Let X} denote the component
of X taking value in gi?. Define X;(w) = ® X, (0, w), and set
(5.2.5) Cr(w) = exp Xr(w).

Recall that FY = @,5,1)°, so that GrPEy ~ IP* = @,IP9. Refine the set {v,} so that
vg € IP? for some ¢ = q(a). (It is this refined basis that gives us the inclusion (5.1.1).)
Then

Ual(w) = (r(w)vg

defines a local holomorphic framing of the quotient Hodge vector bundle GrfF — AL Let
v}(w) denote the dual coframing. Then the Hermitian metric

(5.2.6a) hl(w) = Al (w) v} @b

on GrhJ is given by

(VD" 1Q (Gwhva, N Glwive) g =ala) = qb),

5.2.6b Al (w) =
(5:2.60) ) 0 g(a) # q(b).

Defining h%(w) by
h(w) hio(w) = &

c

the curvature form of Gr’}ff — Alis
TP == 9 (h§°- 0h},) vl @b

5.2.4. Horizontality. Recall (§2.3) that X (0,w) lies in the Lie algebra

k
3c == {Z€gc| [Z7Nj]:Oa Vit = ﬂker(ade)
j=1

of the centralizer
Zc = {g € G¢ | AdgNz = N;, VZ}
Notice that Z¢ is defined over Q, preserves the weight filtration W (N), and that the Lie
algebra inherits a decomposition
ic = @3€(w)7 with 5@(’(0) = 3c N @p+q:€ ﬁﬁ}q
£<0

from the Deligne splitting. The function X;(w) of §5.2.3 is the component of X (0, w) taking
value in g¢(0). In particular, both X;(0,w) and (;(w) commute with the {Nj};?:l.
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5.2.5. Relationship between the R-split F,,. The Hodge filtrations F,, are all congruent to
Fy under the action of Zgr [KP16]. In particular, we may choose a real analytic function
Y A = exp(3r) C Zg so that 1(0) is the identity and

(5.2.7) Y(w)-Fy = Fp.»

5.3. The Cattani—-Kaplan—Schmid asymptotics. Here we briefly review the necessary
results from [CKS86, §5].16

5.3.1. The CKS coordinates. Fix K = {ki,...,k,} C {1,...,k} sothat 1 <k < --- <
k, = k. Define

Sa = Uka/Ykarr, fora<p, and s, = yp;

wl, =y Yk, for ke—1<j <kg.

Define

(y;) €R* | y; > 0}
(Sa) ER? | 54 >0}
(ul) e R¥=7 | wd > 0}.

RE = {y
R = {s

k/-f
RY = Hu

Let

A := (real) analytic functions of (u,w) € Ri_p x A,

£ := Laurent polys. in {s%/2} with coef. in A,

O := pullback to H¥ x A’ of the ring of holo. germs at 0 € A™ = A* x A’
via H* — (AH)F — AP,

L= polys. in 551/2 with coef. in A,

(O® L)b := subring of O ® £ gen. by O, £°, and all monomials of the form

mp/2

m1/2
1 ---Sp

tjs with m,, € Z and m, # 0 only if j < i,.

15T his choice of ¥(w) is not unique. There is a unique choice of ¢ : A — exp(3¢c Nfig) C Zc so that
¥ec(0) is the identity and ¢ (w) - F,y = Fy. Nonetheless it is better to work with the Zg—value ¥(w), because
the Hermitian metric hpn is Gr—invariant, but not Gc—invariant. And ultimately the argument and result
are independent of our choice.

16The arguments of [CKS86, §5] assume that £ = 0, so that the holomorphic parameter w does not play a
role. However, the proofs there (up to and including that of [CKS86, (5.14)]) all apply, in a straightforward
manner, in our more general setting to yield the assertions below.
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We identify R% with Rf x ]R]i_p by y — (s,u). Recall that H C C denotes the upper-half
plane. Given ¢ > 0 define

(RFE .= {yGR | sa > c, 1/c<uj<c}
(FEE = {ze%k|z—x+ry y € (RY )K}
(AhE = {te @)t | ay) e (GHE}

Lemma 5.3.1 ([CKS86, (5.7)]). (a) For any ¢ > 1, the regions (A**)K corresponding to the
various permutations of the variables and choices of K C {1,...,k} cover the intersection
of (A*)* with a neighborhood of 0 € A*. (b) The set (O ® L)’ consists of precisely those
elements in O ® L that are bounded on (HF)K for some (any) c.

Remark 5.3.2. The coordinates y = (s, u) are well-adapted to study the asymptotic behavior
of the Hodge metric and Chern form for the sequence t, (cf. the outline of the proof of
Theorem 5.1.2 in §5.1.2). Throughout the remainder of §5, the notation

f(@,s,u0) — g, u;w)  (or f(t,w) == g(x, u;w))

will indicate that f(x,s,u;w) converges to g(x,u;w) as si,...,s, — 00, and that this
convergence is uniform on compact subsets of {x € RF} x {ul, € Rk P x {w € A},

5.3.2. Commuting SL(2)’s. Define

4 1
Na(u) = Nka + Z ulej = — Z yij.

ka1 <j<ka Yo ko 1 <j<ha
Note that
k p
(5.3.3) Z yiN; = Z(Sa8a+1 - 8p)Na(u) .
j=1 a=1

Since each exp(3" z;N;)-F, is a nilpotent orbit, it follows that exp(>",, zx, Na(u))- Fy, is also
a nilpotent orbit. The several-variable SL(2)-orbit theorem [CKS86, (4.20)] associates to
this nilpotent orbit a collection {v, : SL(2,C) = G¢}f_, of commuting horizontal SL(2)’s.
Let {No(u,w), Yolu,w), Ng(u,w)}gzl denote the v,—images of the standard generators
of s[(2,R). Each of Na, Y, and Nf; is a gr—valued member of A. Furthermore,

(5.3.4) {f\fa(u,w), Yalu, w), NI (u, w)} = Ad;(lw) {Na(u, 0), Ya(u,0), N;r(u,O)} ,
forall 1 < a <p.

Proof of (5.3.4). This is a consequence of (5.2.7) and [CKS86, (4.75)]: note that the func-
tions T'=T(W, F) and ® = ®(Y, F) of [CKS86, p. 506] are Gr—equivariant. O
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Define
N N (534 1 <
(5.3.5) Y u,w) = Y Yslu,w) = Ady, Y (u,0).
B=1
It follows directly from the CKS—construction that
(5.3.6) Y?(u,w) is the element of gr acting on g, ¢ by £ € Z;

in particular, Y4, := Y”(u,w) is independent of u.

5.3.3. FEigenspace decompositions. Set

(5.3.7) e(y,w) = e(s,u;w) := exp (%ZlogsaYa(u,wO = Ad;(lw)s(s,u;O).

Recall that the eigenvalues of Y%(u,w) are integers. Since Y¢ depends real-analytically
on (u,w), both the eigenvalues and their multiplicities are independent of (u,w), and the
eigenspaces depend real-analytically on (u, w).

If Y¢(u,w) acts by the eigenvalue e, € Z,

(5.3.8) . o
then e(s, u; w) acts by the eigenvalue [], sa™".

So (s, u; w) is a Gg—valued function in £. Additionally Y (u,w) € Q?L;?R, so that Y%(u,w)
preserves the Deligne splittings (5.2.1). Consequently,
(5.3.9) e(s,u;w) € Gp™ = {g€Gr | g(IL?") =15, ¥ p,q}.

This has two consequences: first,

(5.3.10) e(s,u;w) - Fyy = Fy = e(s,u;w)™ L F,.
Second, since £(s,u; w) is semisimple,
(5.3.11) I%? decomposes into a direct sum of e(s, u; w)—eigenspaces.

Since the {Yq(u,w)},_, are commuting semisimple endomorphisms, the Lie algebra
admits a simultaneous eigenspace decomposition

grR = @ gel7~~~7ep(u7 w)a
€1,..,pEL
with ad Y acting on g, ., by the eigenvalue e, € Z. In particular,

(5.3.12) Ad.(su;w) acts on ge, e, (u,w) by the eigenvalue H seal?,

«

The eigenspaces ge, ..., (u, w) depend real-analytically on (u,w), and (5.3.5) implies

Gerey (0 w) = AdJL e, (1,0).
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Recollect that the common intersection of the weight filtrations

P
(5.3.13) w o= ((Wo@dNi+--4+Na) = P gerne,(u,w)

a=1 €1,..,€p>0

is the direct sum of the eigenspaces for the nonpositive eigenvalues. The following is the
key lemma in our analysis of the asymptotic behavior of the curvature matrix.

Lemma 5.3.14. Suppose that U(u,w) € w depends continuously on (u,w). Let U'(u,w)
denote the component of U(u,w) taking value in

go...0(w,w) = {X €g|[Y(w,w),X]=0,Va} = (|ker(ad Y*(u,w)),

with respect to the decomposition (5.3.13). Then (5.3.12) yields
e(s,u;w) exp(U(u, w)) (s, u;w) ™t == exp(U’(u,w)),
cf. Remark 5.3.2.
Proof. This is an immediate consequence of (5.3.12). O
5.3.4. Asymptotic behavior. We will find it useful to write

(5.3.15a) n(t) C(t,w) = d(w)exp(3 2 N;)vw(y)§(t, w)ib(w) ",
(cf. §5.2.1), where

(5.3.15b) valw) 1= expv=T(Adgih + Ty ui)
Etw) = Pw) Nt w(w) = expAdy L, X(tw).
This allows us to rewrite (5.2.3) as
(5.3.15¢) O(t,w) = P(w)exp(X 2 Nj)vw(y)E(t, w) - Fy .
Define
p(s,usw) = e(s,u;w)é(0,w)e(s, u;w) L.

Recall that X (0,w) = log ((0,w) takes value in the centralizer 3 = N; ker(adN;) of the
{Nj}§:1 (§2.3). Notice that

P P
(5.3.16) 3 C [ ker(adNy+--+Na)) € [ Wo(adNi 4+ +Ng)) = 1.
a=1 a=1
Let X, (w) denote the component of X (0, w) taking value in go .. o(u,0) with respect to the
decomposition gc = @ ge,....c, (¢, 0), and set (,(w) := exp(Xy,(w)). Then (5.3.5) implies
~1
U'(u,w) = Adww)Xu(w).
Lemma 5.3.17. Both p and p=' belong to £°, and

(s, usw) == exp Adyp, Xu(w) = y(w) ™ Cu(w)i(w).
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Proof. Write £(0,w) = exp(U(w)) with U(w) = Ad;(lw)X(O,w). The result now follows

from Lemma 5.3.14 O
Define \ = )\1 . )\2 by

M(tw) = e(s,u;w)vy(y)e(s,u;w) ™t
Ao(t,w) = s(s,u;w)ﬁ(t,w)e(s,u;w)fl,
so that
(5.3.18) n(t) C(t,w) = P(w)exp (3 xiN;) e(t,w) At w)e(t, w)h(w) ™,
O(t,w) = h(w)exp (3 x;N;)e(t,w) "At, w)e(t,w) - Fy .
Set
(5.3.19) N(u,w) = > Na(ww) "2V Adj} N(u,0).

To simplify notation we set
N(u) = N(u,0).

Lemma 5.3.20 ([CKS86, §5]). Both A and A\~" belong to (0 ® L), and
At w) == P(w) ™" exp (V=TN(u, 0)) Gu(w)p(w) .

When ¢ = 0, the lemma is proved by Cattani-Kaplan—-Schmid in [CKS86, pp. 511-512].
Their argument extends to the general case with only minor modification; we sketch the
proof here for completeness.

Proof. The proof of [CKS86, (5.12)] applies here to yield

—1 A
Ads(s,u;w)Adw(w)(SO — 0,

(5.3.21) )
Ade(s,u;w) Zj:l yij — N(uv w) 5
so that
(5.3.22) A1(t,w) = exp(v—1N(u,w)).
Briefly, (5.3.21) is a consequence of Lemma 5.3.14, and the facts (a) that
Adjl,d € 30 P c & N R (T
p,q<—1 e, ,ep-120
e, > 2

and (b) the observation (5.3.3) and the fact [CKS86, (4.20.iii)] that Ny (u, w) is the compo-
nent of N, (u) taking value in

a—1

3 N mker(adY’B(u,w)) C @ 00,...,0,—case—e, (U W) .

=1 €ayep>0
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From (5.2.3) and (5.3.15) we see that the nilpotent orbit asymptotically approximating
O (t,w) is
= (w) exp(3_ z;N;)vw(y)E(0, w) - Fy
= (w)exp(X 2 N;) e(s, usw) " A (8, u; w)e(s, u;w) £(0, w) - Fy .
Fix a Gr—invariant distance d on D. Keeping (5.3.10) and (5.3.18) in mind, the nilpotent
orbit theorem [CKS86, (1.15.iii)] implies
d(®(t,w), O(t,w)) = d ()\(t, w) - By, A (t,w) p(s, ww) - Fw) 0.
It then follows from Lemma 5.3.17 and (5.3.22) that
At w) - oy = exp(V=TN(u, w) -9 (w) ™ Cu(w)p(w) - Fy
Therefore
Xo(t,w) - Fyy = h(w) ' Gu(w)yp(w) - Fy .
Since both Ao (¢, w) and v (w) !¢, (w)(w) take value in exp(fiy,), it follows from (5.2.2) that
(5.3.23) Aot w) == p(w) ™ Gu(w)ip(w) -
The lemma now follows from (5.3.19), (5.3.22) and (5.3.23). O

5.4. Proof of Theorem 5.1.2. First we show that the limit on the left-hand side of (5.1.5)
exists (Lemma 5.4.4), and then we show that equality holds (5.4.21).

5.4.1. Step 1: the limit exists. From (5.3.9) we see that there exists an invertible matrix
A(u) = (A%(u)), depending real-analytically on u so that A%(u) = 0 if g(a) # q(b), and
>, Al (u)vy is an eigenvector of Y (u,0) with eigenvalue eqq, for all a. Then, as noted in
(5.3.8), £(s,u;0) acts on A®(u)vy by the eigenvalue

eq(s) = H sfaa/2

Let A(u)~! = (B®(u)) denote the inverse matrix. Then

(5.4.1a) e(s,u;0)va = > Bh(u)ey(s)Af(u) ve.
b,c
Notice that E(s,u) = (E$(s,u)),
(5.4.1b) ES(s,u) = Y Bb(u)ey(s)Af(u),
b
is the matrix representing e(s, u; 0) with respect to the basis {v,}, and we have
(5.4.2) det B(s,u) = [[ec(s)-
Set

(5.4.3) Va(w) = (w) " v,.
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Then (5.3.4) implies &(s, u; w) acts on A (u)Vy(w) by the eigenvalue e,(s), and
e(s,usw) Va(w) = Y Egls,u)ve(w).
Define h!(u,w) = (hl, (u, w)) by
By w) = Q (exp(2vTTN(w)Gu(w) Vo, Culw) v
Lemma 5.4.4. Suppose that t € (A**)K. Then
P(Y[R](t, w)) = P(Y[h')(u,w)).
Proof. We have
va(t,w) = n(t)C(t, w)va
= P(w)exp(3 2 Nj)e(s, u;w) At w)e(s, us w) Vo (w)
= > Ei(s,u) (w) exp(X @i Nj)e(s, us w) A w) Ve(w) -

Define (¢, w) := 1 (w) exp(Y_ x;N;j)e(s, u; w) TIA(t, w) Ve(w), so that v, (¢, w) = EE(s,u) Ue(t, w).
Then

ha(tw) = (V1" BS(s, u) B (s,0) Q (et w) , Talt w))
= (ﬁ)nEg(svu)ElC)l(&u) iLCd(t7w)7

(5.4.5)

where

hea(t,w) = Q (Tt w), Talt,w)) = Q (At w)Velw) , At w) Va(w) ) -

Then (5.1.6) yields

(5.4.6) P(Y[h]) = P(Y[h]).

From Lemma 5.3.20 and (5.4.3) we see that

(5.4.7) h(t,w) == hl(u,w).

Therefore P(Y[h])—=P(Y[h']). The lemma now follows from (5.4.6). O

5.4.2. Interlude: the Chern form of the Hodge line bundle. We pause in the proof of Theo-
rem 5.1.2 to recover a result of Kollar’s (Proposition 5.4.12). Consider the case that p = n,
so that GrP?F = F™ is the Hodge vector bundle. Then det h(¢, w) is the metric on the Hodge
line bundle A = det F* — B. The asymptotic relationship of the Chern form

Q = 90logdet h(t,w)

to the Poincaré metric (4.2.7) is given by (5.4.10). From (5.4.2), (5.4.5) and (5.4.7) we see
that

det h(t,w) = v=T"deth(t,w) (det E(s,u))® = deth(t,w)[[ea(s)?,
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with m = nrank F™, and
det h(t,w) = det h'(u, w).
So (dropping the /=1™)
logdet h(t,w) = logdeth(t,w) + Zeaa log sa

(5.4.8) . e loe It
= logdet h(t,w) + Zeaa log <Og|k“|> ,

10g [tk |
and
(5.4.9) log det h(t,w) - logdet h*(u,w).
Differentiating yields
(9% logdet h(t,w) — Za: (eg,a — €5-1,a) M
dtg, A dtg,

(5.4.10) 0; O, logdet h(t,w) —— (ega —€s-1.a 5
s 2 o (o,

Remark 5.4.11. We claim that the coefficients eg, — eg_1, are all nonnegative integers.
The way to see this is to recall that eg, is an eigenvector of Y?. So €8,a — €3—1,4 1S an
eigenvector of YP — YA~1 =4 3. The v, € H;hq’o(—q) are all highest weight vectors for
the SL(2)’s; that is, N (u,0)v, = 0. The claim follows from standard SL(2)-representation
theory.

Proposition 5.4.12 (Kollar [Kol87]). The z'ntegml/ QM < o0 is finite.
B

Proof. Tt suffices to prove
(5.4.13) / O < 0.
u

Fix ¢ > 1. As noted in Lemma 5.3.1, a neighborhood of 0 in U is covered by (a finite
number of) sets of the form

uk = {(t,w) e (AHE XA | 1/e<ul < ¢, sq4 >c} .

Consequently, we see that to prove (5.4.13) it suffices to show that

(5.4.14) / OF < 0.
uk

From (5.4.8) we see that Q = 1 + 7, where 1 = 99 log det h(t, w) and

= log ‘tk ‘ dtkﬁ A d%kg
T = 00 ) eqqlog ("‘ = (€80 —€8-1.a) 5
az,a 108 [thq 1| ; ltks]? (log [t [?)
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So to prove (5.4.14), it suffices to show that
(5.4.15) / AT < oo,
ug

for every 0 < a,b € Z such that a + b = k + ¢. We will prove (5.4.15) by induction on
K| = p. B

Set 1 := ddlogdet h'(u,w). Then f[;x n§ A 7° < oco. It follows from (5.4.9) that there
exists ¢ (depending on ¢ > 1) so that

(5.4.16) / AT < o0,
vE

where
Vfc, = {(t,w) eUE | sa >, Va}.
Notice that

usy\ Vfcf = {(t,w) € UK | Fast. c<s, < d}.
In particular,
(5.4.17) U\ VE, < | ul.
K'CK

If |[K| =1, then s = (s1,...,5,) = (51). So that
uy Vfc, = {(t,w) cUf | c< s <}

has compact closure in U. The desired (5.4.15) then follows from (5.4.16).
For |K| > 1, the desired (5.4.15) now follows from (5.4.17) by induction. O

As Kollar [Kol87] observes, the proposition yields

Corollary 5.4.18. /QkH = (=2my=1)" i ()R
B

Remark 5.4.19. Proposition 5.4.12 and Corollary 5.4.18 also hold in the case that w is the
Chern form € of the augmented Hodge line bundle, essentially by the same argument. There
is one subtlety here regarding Remark 5.4.11: the eigenvalues eg , —eg_1,, appearing in this
case need not be non-negative. However, the powers f, in Definition 1.3.4 ensure that any
negative eigenvalues are dominated by positive eigenvalues. More precisely, in the case of
the augmented Hodge line bundle, the right-hand side of (5.4.10) becomes

[(n+1)/2] 7
dtkﬁ N Cltk;[3
Yo D folepa—esra) VR
p=n VaEIg’. |tk‘g ’ (10g ’tkﬁ | )

Standard SL(2)-theory ensures that the sum
[(n+1)/2]

Y Y folepa—es1a)

p=n y.erp®
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is a non-negative integer.

Finally we would like to close this section by noting that the analysis above (and the
compactness of B) imply
Lemma 5.4.20. If ¢ € .A%l is a smooth (1,1)-form on B, then there exists € = (1) > 0
so that fCQ > € [t for all curves C C B.

5.4.3. Step 2: equality. In order to prove (5.1.5), and establish Theorem 5.1.2, it remains
to show that

(5.4.21) P(Y[hY)(u,w)) = P(Y[hs](w)) .

Proof of (5.4.21). First recall that ) y;N; commutes with £(0,w). Consequently, Ad.(s ) 2 ¥ N;
commutes with p(s,u;w). It follows from Lemma 5.3.17 and (5.3.21) that N(u,w) and
P(w) "¢ (w)y(w) commute. Then (5.3.19) implies N(u) = N(u,0) and (,(w) commute.
Finally, we note that (5.3.6) implies that (,(w) preserves the Ips = @45, for all £.

These observations, along with the fact that N (u) polarizes the MHS (W, Fo), implies

(2v=1)1Q (Gu(@IN@W)Iva, Glw)v) g =ala) = q(b);

0, otherwise.

hclzb(ua ’LU) =

The observation (5.1.6) implies that the Hermitian matrix h?(u,w) = (hZ,(u,w)) given by

oo e(G@N@Ive. Gwlw) - g = ala) = a(b)
hiop(u, w) =
0, q(a) # q(b),
satisfies
(5.4.22) P(T[hl](u, w)) = P(T[hQ](u,w)).

Each of the cones

o := spang_ {N1,...,Ng} and &, = spanR>0{N1(u,0),...,Np(u,O)}

is contained in an Ad(Gﬂgso)—orbit (cf. (5.3.9)), [Rob16, Corollary 4.9]. Additionally, [CKS86,
(4.20.vi)] implies they lie in the same orbit. In particular, there exists g(u) € GESO so that
N(u) = AdyN. Therefore N(u)iv, = g(u)N%(u)"'v,. Since g(u) preserves both Ima
and N9(I™7) = [~ there exist functions g(u)f, ¢ = ¢(a) = ¢(b), so that

(5.4.23) N(u)ivg = gu)Nig(u)tv, = g(u)? Ny,.

So we have
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where

(5.4.24) B3 (u,w) = Q (C“(w)Nq Ve, Gu(w) Vd) , g=q(a) = q(b),
0, q(a) # q(b).

So (5.1.6) yields

(5.4.25) PR3 (u,w)) = P(Y[R*)(u,w)).

Recall that (7(w) = exp(X(w)), with X;(w) taking value in

3 C o= @ 9-c1,n—e, (1,0) -

€1,...,p>0
(cf. §2.3, (5.2.5), (5.3.13) and (5.3.16)). In fact, (5.3.6) implies that X(w) is the component
of X(0,w) € 3 taking value in

3 N kerYg =3 N @ g—el,...,—ep_170(u)o)7

€1,.-,€p—1>0

and that this intersection is independent of u. Consequently, (,(w) = exp X, (w), with
Xy (w) the component of X(w) taking value in go . o(u,0). It follows from Lemma 5.3.14
that

(5426) 5(37 Uu; O)C[(w)E(S, us; 0)_1 = €exp Ad&(s,u;O)XI(w) — exp Xu(w) - Cu(w) .

Since @) is G—invariant, and (s, u;0) is Gg—valued, we have

Q (2,1 0)Cr(w)e(s, 45 0) " N va , (s, 53 0)Cr (w)e(s, us0) 1wy )

5.4.27
o = Q (Crw)e(s, u;0) N v, Gw)e(s,w0) 1wy ) -
Setting

hep(s,u;w) = @ (Cl(w)g(s’“; 0)"IN7vq, Cr(w)e(s, u; 0)~! vb) , qa=qla) =q(b)

0 q(a) # q(b),
(5.1.6), (5.4.24), (5.4.26) and (5.4.27) yield
(5.4.28) P(Y[](s,u;w)) = P(Y[h*)(u,w)) .

On the other hand, by (5.4.1), we have &(s,u;0)"'v, = E~1(s,u)? v;. An analogous
argument yields (s, u;0)~! N9v, = D~ (s,u)? Ny, for some invertible matrix D(s,u).
On the other hand, as noted after (5.3.11), (s, u;0) preserves both Iy = span{va},—q(a)

and [Ng*q,O = span{ N9V, }4—q(q)- In particular, there exist invertible matrices A(s,u); and
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B(s,u)¢ so that e(s,u;0) "' N9v, = A(s,u) N9v, and &(s,u;0) "1 vy, = B(s,u)fvg. Conse-
quently,

Hy(suw) = Y D7 (swiQ (Gw)NTve, Gw)va) B (s u)f
(5.4.29) a=a(e)=a(d)
= Z D~ ( )a cd( )Eil(sau)g7
a=q(c)=q(d)

where the Hermitian metric h”(w) = (k! (w)) is defined by

Q (N1Gr(w)va, Glw)vs) i g =qla) = q(b).

» o a(a) # a(b) .
So (5.1.6) yields
(5.4.30) P(Thy]) = P(TR]) = P(Y[R"]).
The desired (5.4.21) now follows from (5.4.22), (5.4.25), (5.4.28) and (5.4.30). 0

5.5. Proof of Corollary 1.4.2. Let Qe,E denote the Chern form of A, — B. It is clear
from (1.3.7) that € o5 descents to a current Qe’g that represents the Chern form of A, — §
(as made precise by Theorem 1.4.1). It remains only to show that Qeg is positive on the
Zariski tangent spaces of 8.

Let C C B be any curve that is transverse to the fibers of ¢ : B — 8. Then for
some index set I the intersection C* =: C'N Z7 C Zj, will be a Zariski open set in C,

and Theorem 1.4.1 implies that QO eB|a is well-defined. When applied to @7, (1.3.7) yields
0, 5(6) = |3y, (€)][*. Whence we have

(5.5.1) deg (Aelz) = /~QQ7B > 0.

C

(In particular, the integral is defined.)
Now ®¢(€, 5) = Q, 5 and (5.5.1) yield

(5.5.2) deg (Acl) = /ch’S >0

for any curve C C 8. Likewise, the discussion of §5.4.2 (cf. especially Remark 5.4.19) implies
that

(5.5.3) /stS > 0,

where dim 8§ = d. The positivity of Qeg now follows from (5.5.2) and (5.5.3).
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6. PROOF OF AMPLENESS OF EXTENDED AUGMENTED HODGE LINE BUNDLE

In this section we will prove Theorem 1.3.10: the extended augmented Hodge bundle
Ae — 8 is ample. We proceed as follows. After recalling some definitions and results
(§6.1), we give a proof of the classical Kodaira embedding theorem (§6.2), that we will
then generalize to establish Theorem 1.3.10 (§6.3). The general strategy is outlined at the
beginning of §6.3.

6.1. Preliminaries. Our working definition of “ample” in §6 is nonstandard:

Definition 6.1.1. Let X be a complex analytic variety of dimension d, possibly singular or
non-reduced. A line bundle L — X is:
« ample if for any coherent sheaf F — X, there exists m,(F) so that H1(X,F® L™) =0
for all ¢ > 0 and m > m,(F);
o free (or semi-ample) if there exists 0 < m € Z such that H°(X,L™) — L™ — 0 is exact
for all x € X;
o big if KO(X,L™) = Cm? + --- for some C > 0;
o strictly nef if for any analytic curve C C X we have L - C = deg (L‘Cred> > 0.

Recall the solution to the Grauert—Riemenschneider conjecture:

Theorem 6.1.2 (Demailly [Dem85], Siu [Siu84, Siu85]). Let L — X be a line bundle on a
compact complex manifold of dimension d. Suppose L admits a smooth Hermitian metric
with the property that the Chern form w is non-negative (w > 0) everywhere, and there
exists a point x € X at which w® > 0. Then L is big.

6.2. The classical Kodaira Embedding Theorem. The goal here is to give a proof
of the classical Kodaira embedding theorem that we will be able to generalize to our set-
ting. We assume throughout this section that X is a compact complex manifold. (This
assumption will be relaxed in §6.3.)

6.2.1. Relationship between ampleness and embeddings.

Theorem 6.2.1 (Kodaira embedding). Let X be a compact complex manifold. A line
bundle L — X is ample (in the sense of Definition 6.1.1) if and only if there exists an
embedding f : X — PN with f*Opn(1) = L™.

Proof. Assume L is ample. Let J, be the ideal sheaf of # € X. Then taking J to be J2 and
Jz ® Jy, one shows in the usual way [GH94, pp. 180-181] that the embedding exists.

Conversely, if we have such an embedding, then Serre’s FAC [Ser55, n°66] and GAGA
imply that L is ample. ([l

6.2.2. Free to ample, with positivity. The point of this section is to prove

Lemma 6.2.2. Let X be a compact, complex manifold and L — X is a line bundle equipped
with a smooth Hermitian metric such that the corresponding Chern form w is positive. If L
1s free, then L is ample.
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Proof of Lemma 6.2.2. Since L — X is free, we have a regular map
f:X — PN = PHO(X, L™)V.

Let F be a coherent sheaf on X. The Leray spectral sequence [GH94, §3.5] for X — f(X)
has

(6.2.3) ESY = HY(f(X), Ri(F e L™),

and abuts to HPT4(X,F @ L™). It follows from Lemma 6.2.4 that E5? = 0 for any p > 0.
Whence HPY(X,F @ L™) = 0 for any p+q > 0. It follows that L is ample (in the sense of
Definition 6.1.1). N

Lemma 6.2.4. Let X be a compact, complex manifold and L — X a line bundle equipped
with a smooth Hermitian metric such that the corresponding Chern form w is positive. If
L is free, then the map f : X — PN = PHO(X,L™)" has no positive dimensional fibres.
(Note that f*Opn(yy = L™.)

Proof. Suppose that Y C X were a fibre of dimension k > 0. Then [, w* = ¢;(L)*[Y] =0,
contradicting the positivity of w. Therefore f is a finite-to-one map. O

6.3. Generalizing Kodaira to Ae — 8. Theorem 1.3.10 is a consequence of those prop-
erties of the Chern form . of A, — § established in Theorems 1.4.1 and 5.1.3, Corollary
1.4.2 and §5.5. Following the argument of §6.2, we will first show that Ae — § is free
(§6.3.1-6.3.3), and then deduce from this that A, — § is ample (§6.3.4). The arguments are
by induction on the dimension of §. We first assume that § is smooth (§6.3.1); then relax to
singular, but reduced (§6.3.2); and finally treat the case that 8 is singular and non-reduced
(86.3.3). To simplify notation we write L — X and € in place of Ae = § and Q.. Keep in
mind throughout that € is positive (Corollary 1.4.2).

6.3.1. Proof of Theorem 1.3.10: positive to free, assuming smoothness. Assume for the
moment that X is smooth. The Hirzebruch-Riemann-Roch Theorem implies x(X, L*) =
Cka+- .- with C > 0. Corollary 1.4.2 implies that the domain X (L, h, q) of [Dem12, (8.1)] is
empty when ¢ > 0; then Demailly’s holomorphic Morse inequalities give h?(X, L*) = o(k?)
for ¢ > 0 [Dem12, (8.2.a)]. Therefore,

WX, LF ~ Ck? + ...

with C' > 0. It follows that L* — X has a section s when k& > 0. Let Y = (s) € |L¥| be
the associated divisor.

Suppose that Y is smooth. By induction on dimension we have that L* — Y is ample.
Consider the long exact sequence in cohomology determined by the short exact sequence

0 - F L 2 Fgkmt) §®Lk<m“>y —= 0.

It follows from h4(Y,F @ LF(m+1)) =0 for ¢ > 0 and m > 0, that
(6.3.1) HY(X, 5@ LF™) - HY(X,F @ LFm+1)
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is a surjection when m > 0. Therefore the h'(X,F ® L*™) are non-increasing in m when
m > 0. So the maps (6.3.1) must be isomorphisms when m > 0. It follows that H(X,F®
LFMADY 5 HO(Y, F @ LFm+D) s surjective. Since s(z) # 0 for z € X\Y, we may conclude
that L*¥ — X is free.

It may happen that there exists no smooth and/or reduced Y € |L¥|. So in order
to push this inductive argument through, we have to allow X to be (i) singular, and (ii)
non-reduced. These two arguments are found in §6.3.2 and §6.3.3, respectively.

6.3.2. Proof of Theorem 1.3.10: positive to free, allowing singular. Let us first consider the
case (i) that X is singular.

Lemma 6.3.2. The line bundle L — X 1is big.

It follows from Lemma 6.3.2 that h%(X, L™) # 0 for m > 0. This gives the divisor Y, and
if Y is reduced, then we may proceed by induction (as in §6.3.1) to conclude that L — X
is free.

Proof. We wish to show that H(X, L™) # 0 for some m by applying Theorem 6.1.2. This
theorem requires a smooth base, so consider a desingularization 7 : X — X. Set L = 7n*(L)
and Q = 7*(2). Then Q > 0, and Q¢ > 0 on an open subset of X. Theorem 6.1.2 implies

(6.3.3a) L is big.

Lemma 6.3.6 and Demailly’s [Dem12, (8.4)] give

(6.3.3b) RI(X,L™) = o(m?) when ¢>0.

The Leray spectral sequence [GH94, §3.5] yields

(6.3.3¢) HYX,L™) ~ HYX,mL™) = H'(X, L™ ®m.0%).
We have a short exact sequence

(6.3.4) 0= Ox - mO0g - Q =0

with @ supported on a subvariety of dimension < d—1. So Ox ~ 7.0 away from a proper
subvariety; therefore,

(6.3.5a) WX, L"®Q) = em? '+
Tensor (6.3.4) with L™, and consider the resulting long exact sequence in cohomology
(6.3.5b) 0 — HY(X,L™) —» H'X,mL™) — HYX,L™® Q) — HYX,L™) — ..

It now follows from (6.3.3) and (6.3.5) that L is big. O
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6.3.3. Proof of Theorem 1.3.10: positive to free, allowing singular and non-reduced. Now
consider the case (ii) that X is singular and non-reduced. It follows from §6.3.2 that
Lioq — Xreq 18 free. It remains to deduce from this that L — X is free.

Lemma 6.3.6. The line bundle L — X is strictly nef.

Proof. Let C C X be an analytic curve (as in Definition 6.1.1). Set C' = 7—1(C) C X, so
that

C1 (L)[Cred] = Cl(L)[Cl“ed] .

It is a consequence of Corollary 1.4.2 (and the computations of §5.5) that Q = 7*(Q) is a
non-negative (1,1)-form on X with the property that for £ € T'X,

It follows that

O

Remark 6.3.7. The proof of Lemma 6.3.2 applies here, so that the line bundle L — X is
big.

Lemma 6.3.8. The line bundle L — X is free.

Proof. We proceed as in §6.3.2. Replacing L by a high power, Remark 6.3.7 implies that
there exists a possibly non-reduced effective divisor Y € |L|. By the inductive assumption,
L — Y is ample. From the cohomology sequence of

0 — LYY = L% — LY — 0
and h! (L) = for m > 0, we obtain
HY (LYY — HYLR) — 0, m>myg.
Thus the hl(Lm) are non-increasing for m > mg, and for m > m; we will have
HY (LY = HY(LR).
This gives
H(Lg) — H(LY) — 0.

Then, since Ly — Y is free, the same will be true for Lx — X. ]
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6.3.4. Proof of Theorem 1.3.10: free to ample. In the case that X is reduced the linear
systems |mL| for m > 0 give holomorphic (not just meromorphic) maps

gpm:X%]P’Nm

with

PmOpnim (1) = L™,
By Lemma 6.3.6 no positive-dimensional subvariety of X is contracted by ¢,, so that ¢,
is a finite map and this gives the result in this case.

To give the argument when X may not be reduced we proceed by induction on dim X.
If dim X =1 the result follows from

deg <L}Xa,red> >0

where X, are the irreducible components of X.
Now suppose that dim X = d is arbitrary. Assume, as we may, that X is irreducible.
The exact sequence

(6.3.9) 0 - F =2 0Ox = Ox_, =0

red

defines the sheaf F. This sheaf admits a filtration whose associated graded sheaves Gr® F are
Ox,.,~modules. Tensoring (6.3.9) with L™ and using the result h!(Ox,_,, Gr* F @ L™) = 0
for m > 0 in the reduced case leads, by the usual spectral sequence argument [GH94, §3.5],
to h'(X,F ® L™) = 0 for m > 0.

APPENDIX A. THE SIEGEL PROPERTY

It is a consequence of the Schmid’s nilpotent orbit theorems that the image of a local lift
of a one-variable period map at infinity is contained in a Siegel domain (§A.1). This is an
important property. For example, it is a key ingredient in Sommese’s proof that the image
of a (non-constant) one-variable period map is algebraic [Som73]. The obstacle to extending
Sommese’s result to several-variable period maps the is the absence of an analogous “Siegel
property” in this setting. Recently Bakker—Klingler—Tsimerman proved that the local lift
of a several-variable period map at infinity is contained in a finite union Siegel domains
[BKT18], and this property plays a key role in their proof that period maps are Ran exp—
definable. The purpose of this appendix is to observe that Bakker—Klingler—Tsimerman’s
Siegel property is the best that one can hope for in general: there exist nilpotent orbits that
are not contained (asymptotically) in any single Siegel domain (Claims A.5.8 and A.5.9. Of
course, these nilpotent orbits necessarily depend nontrivially on more than one variable).

A.1. The one—variable case: Schmid’s work. Schmid [Sch73, (5.29)] proved the fol-

lowing:

Theorem A.1.1 (Schmid). Let ® : H — D be a lift of a one-variable period map ® :
A* — T\D. Given ci,c2 > 0, there exists a Siegel domain ® C D so that ®(z) € © when
|IRez| < ¢1 and Imz > ca.
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This result is a consequence of the Nilpotent Orbit Theorem and Schmid’s [Sch73, (5.25)].
The latter basically asserts

Proposition A.1.2 (Schmid). Given a one-variable nilpotent orbit 0(z) :== 0(zN) - F', the
point 0(v/=1y) lies in a Siegel domain when y > 0.

So to generalize Theorem A.1.1 to the several-variable case, it appears that it would suffice
to generalize this result of nilpotent orbits to the several-variable case. Unfortunately, the
generalization does not hold.

A.2. Feasibility of generalizing Schmid. The definition (§A.3) of a Siegel domain D%
depends on a choice of parabolic subgroup P C G and maximal compact subgroup K C G.
Schmid’s statements in [Sch73, §5] are for the case that P is a minimal (rational) parabolic
subgroup Fy. These do not generalize:

There exist several-variable nilpotent orbits 0(z1,. .., zs) on the period do-
main D for Hodge numbers h = (2,2) for which there exist no (Py, K)-
Siegel domain so that 0(v/=1y1,...,V—1ys) € DFK when y; > 0 (Claim
A5.8).

This is the sense in which Schmid’s Proposition A.1.2 does not generalize. However, there
is another parabolic that, unlike the minimal parabolic, is canonically associated with the
nilpotent orbit: if P is the (in general, non-minimal) parabolic stabilizing the weight filtra-
tion of #, then one might imagine that the answer to the following question is “yes”.

Given any several-variable nilpotent orbit 0(z1,...,zs) on the period do-

main D for Hodge numbers h = (2,2), are the points 0(z1,...,zs) con-

tained in o (P, K)-Siegel domain when |Re z;| is bounded and Im z; > 07
An affirmative answer to this questions seems to us to be the most natural and plausible
generalization of Schmid’s one-variable result. If it fails, then it seems extremely unlikely
that any generalization of Schmid’s one-variable result will hold (i.e., that it might hold

for another choice of parabolic). Unfortunately, we will see that the answer is indeed “no”
(Claims A.5.8 and A.5.9).

A.3. Siegel domains. Let D be any period domain with automorphism group G. The
definition of a Siegel domain depends on a choice of parabolic subgroup P C G and maximal
compact subgroup K. Briefly: Let P = UAM ~ U x Ax M be the Langlands decomposition
of P; here

« U is the unipotent radical of P,

o A =exp(a), with a C p a diagonalizable (abelian) subalgebra,

o Z(A) = A x M is a Levi subgroup,

o both A and M are invariant under the Cartan involution 6x determined by K.

Together G = PK and the Langlands decomposition yield the horospherical decomposition
D =UxAx(MZ)
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where Z = K - ¢, with ¢ € D satistying Stabg(¢) C K.

Let X(u,a) C a* be a choice of simple roots for the action of a on u. We may identify
> (u,a) with characters X(U, A) on A as follows: given a = exp(§) € A, define a® = (&),
Given t > 0, define

Ay = {acAla*>t, VaeX}.

A Siegel domain is any set of the form

’Dit{(u = wAiu-Z C D,

where w C U and u C M are open pre-compact sets. Note that wA;u C UAM = P is open,

so that @f’f{u is open in D.

A.4. Nilpotent orbits. Fix a several variable nilpotent orbit
0(z) = exp(3ozN;) - F;
here z = (z1,...,2,) € C°. Let (W, F) be the associated MHS. Let (W, F = e\/jl‘sF) be
Deligne’s associated R—split MHS, with Deligne splittings
Ve = @I” and gc = &g¢"7,

and R-split nilpotent orbit

0(z) = exp(3.2N;) - F.
Set
N = 3 Nj,
and

¢ = exp(v=IN)-F € D.

Let K C G be the maximal compact subgroup containing the stabilizer of . Let P C G
be the parabolic subgroup stabilizing the filtration W. If the N, € gg, then W and P are
defined over Q. Assume this is the case.

Set

GY = {ge G| gI") =17, ¥ p,q}.
Let
N = Ad(G™) - N c gg""
be the G%%-orbit of N. Then
Lemma A.4.1 ([BPR16]). The nilpotent cone o is contained in the orbit N'. Conversely,

any nilpotent cone T = spanR>0{M1, ..., M.} C N generated by commuting nilpotents M;

underlies a nilpotent orbit through F'.
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A.5. The counter-example: h = (2,2). There are two types of MHS on the period
domain D for h = (2,2); that is, there are two types of Hodge diamonds. One is Hodge—
Tate. For the other, the polarizing nilpotent cones are necessarily one dimensional, so that
the associated nilpotent orbits are one-variable. Here Schmid’s Proposition A.1.2 applies:
“eventually” the nilpotent orbit lies in a Siegel domain. We will show that the several-
variable nilpotent orbits of Hodge—-Tate type fail to “eventually” lie in Siegel domains
(Claims A.5.8 and A.5.9).

A.5.1. Set-up. Suppose
vV =Q' = spang{e1,...,e4}-

Define a skew—symmetric bilinear form Q on V by Q(u,v) = u'qu, where

0 001

0 010
q =

0 -1 00

-1 000

Let D be the period domain parameterizing ()—polarized Hodge structures on D with Hodge
numbers h = (2,2). Fix point ¢ € D by

H;,’O = spanc{(1 = e; ++v—leg, (2 = e2 + /—les}.

Note that the maximal compact subgroup of G containing the stabilizer of ¢ is the group
K of §A.5.1. Then

G = Aut(R*, Q) = Sp(4,R) and K = Stabgy = U(2).

The Lie algebras are

a b S t
c d U s
g = a,b,e,...,z€R 3 .
xr yl|—d -—b
z x| —c —a

and
t = gnsod) = {Xeg| X+X"'=0}

0 b| s t

—b 0w s
b,s,t,u e R » .

0 -b

b 0

—S —u

—t —s
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A.5.2. A minimal parabolic. Let po C g be the minimal parabolic subalgebra of upper—
triangular matrices. Then pg = ag & ug, where

a 0 0
, 0 dl 0o o0
ap = | diag(a,d,—d,—a) = a,d €R
0 0|—d 0
00 0 —a

is the maximal abelian subalgebra of diagonal matrices, and

b,s,t,u € R

are the strictly upper-triangular matrices. Note that the real rank of g is 2 = dim ag.

Remark A.5.1 (Siegel domains). In this example M is the set of diagonal matrices of
the form diag(er, €2, —€2, —€1), with €; = £1. These matrices all act trivially on . So
UpAoMp - ¢ = UpAp - ¢. Therefore, the (Py, K)-Siegel domains in D are of the form

Py, K
Qw,t

= WAO,t TP,

with w C exp(ug) = Up an open pre-compact set, and

(A.5.2) Apy = {diag(e?, el e™@ e |a,deR, a—d,2d > Int}
C Ay = exp(ag),

with ¢ > 0. Here we are using the simple roots {1 — €2,2e2} = ¥(ag,up) where {e1,e2} is

the basis of af dual to {e} — e}, €3 —e3} C ap.

A.5.3. A mazimal parabolic. Let p C g be the maximal parabolic subalgebra stabilizing

spang{ei,ez}. Then p =u @ a @ m, where

a = spanp{Y = diag(—1,-1,1,1)},

and

a b 0 0
c —a 0 0
a,bce R 3 ~ sl(2,R).
0 a b
0 0 |—-—c —a

s,t,ueR
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Remark A.5.3 (Siegel domains). In this example M = SL(2,R). We have X(a,u) = {e1 +
g9 = 2e2}, so that
Ay = {diag(e® e, e e ) | 2a > Int}.

A.5.4. Commuting SL(2)’s. Let {e!,...,e*} denote the dual basis of V*, and set
e = 6Q el .

The following two commuting standard triples {N j+, Y;, Nj} Cyg

Y — 4 — 4 1 vt — 1
Nl — —61, )/1 — 64—61, Nl — 64,
\ — 3 — 3 2 vt — 2

determine horizontal SL(2)’s at the point ¢ € D given by
HZ’O = spang{es — v—1lea, €4 — v/~lej}.
The filtration

W = W(N)[-1]

is independent of our choice of N in the cone
G o= spanR>0{N1, Ny}
To be explicit
Wy = Wi = spang{ei,ea} and Wy = Vg.
Set
F = spanc{es,es} € D.

Then (W, F) is a MHS polarized by 6.7 Modulo the action of G we may assume that

(W, F) = (W, F),
and 6 C N. We make this assumption.

A.5.5. Details for G0 and N'. Any element g € G0 is of the form

B 0
with
b1 b by —b
(A.5.4D) B=("") ad B = b
by by det P —bs by
17Tf we define F; € D C Gr(2,C*) by
F = spanc{es, e2++/—les},
F» = spanc{es, er +v/—Tles},

then the (W (N;)[—1], F;) are R-split PMHS.
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invertible 2 x 2 matrices. We have
. . 0
Adg(AlNl + AQNQ) = ( 7 ) y

0 0
with

0 =\ bibs biby o [ b2bs  baby
n = B Bt = -\! - :
( -2 0 ) (B) bsbs  bsby babs baba
Remark A.5.5. We have

—-1-1 _ 4 3 3. 4
or = spang{e], €5, €] +e5}.

The boundary of N is the G0 orbit of N; = —e?. Moreover, the orbit is convex. So our
given nilpotent cone o C N, is contained in a nilpotent cone
o' = spang_ {Nj,...,Ng} CN

with N} € ON. Without loss of generality, we will assume that o = ¢’ and N; = Nj. In
particular,

Nj = —rj(ef +e3) —pjes — gjel,
with
(A.5.6a) pj,q; > 0 and 7“]2 = Diq;-
Moreover, we may assume that N + Ny = —e} — 3 € 0. In fact, we assume that
Ni+ N, = Z Ny ;
equivalently,

(A.5.6b) Y ry=0 and > pj=1=> g.

A.5.6. Nilpotent orbits and Siegel sets. It will be convenient to introduce the following
notation. Define

lyl? = >y} and A = HZ—J”
so that
(A5.7) yi = llyllX-
Set
A= (A, ),
and

N)\ = Z)\ij,
so that 0(v=Ty1, ..., v—1ys) = exp(v=1||y||Ny) - F. For fixed X, Schmid’s Proposition A.1.2
asserts that exp(v/—1||y||Ny) lies in a (Py, K)-Siegel domain if ||y|| > 0. (From here it is
straightforward to show that exp(¢Ny) lies in a (Fy, K)—Siegel domain if Re ¢ is bounded
and Im¢ > 0.) Claim A.5.8 asserts that this fails (when s > 1) if we allow A to vary.
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Likewise, Claim A.5.9 asserts that 6(zy, ..., zs) fails to lie in a (P, K)-Siegel domain when
the Re z; are bounded and Im z; > 0 (Claim A.5.9).

Claim A.5.8. If s > 1, then there exist no bounds ci1,ca > 0 so that 0(z1,...,zs) is
contained a (Py, K)-Siegel domain when Re z; bounded and Im z; > 0.

Claim A.5.9. If s > 1, then there exist no bounds c1,co > 0 so that é(zl,...,zs) 18
contained a (P, K)-Siegel domain when Re z; bounded and Im z; > 0.

Proof of Claim A.5.8. We will show that, for all T > 0, there exists no (P, K)-Siegel
domain containing 0(v/=1y1,...,v/—1y,) for all y; > T. On the one hand we have

O(V=Ty1,....v—Tys) = expv—I(y1N1+ - +ysNs) F
(A.5.10) = spanc{es — v=1(2_rjy;)er — v=1(3p;y;)ez,
es — V=1(2_q5y5)er — vV=1(2rjy5)eat .
Set
r(y) = >y, p(y) == Xopjy; and q(y) = > q;y;-

On the other hand, elements of Uy = exp(up) are of the form

1 B wui wug

0 1 UuQ u9
vV =

00 1 -8

0 0 0 1

with u; —us = Bug. Elements of Ay are of the form v = diag(e?, e?, e~ %, e~?) with a,d € R.
So elements of UyAg - ¢ are of the form

V'Hl’o_ . _ /T p2d _ 1 p2a

v-Hy" = v-spanc{es —v—1e*ey, es —v—1e"%e1}
= spang{es + (u1 — v=ipe*hes + (ug — v=1e* ey,
es + (uz + Bup — v=1(e2 + f2e*?))e;
+ (u2 + Bug — v=1Be*")es} .
Comparing (A.5.10) and (A.5.11), we see that we see that 6(v=Ty,...,v—1ys) will lie in

UoAy - ¢ if and only if it lies in (Uy N G®9)Ag - . (That is, u; = 0.) Elements of the latter
are of the form

(A5.11)

(A.5.12) s HYO — spang { e3 — /—1fe2le; — /—1e2ey , }
5. 0= .

eq — v/—1(e%% 4 B2e?d)e) — y=1Beley
Comparing (A.5.10) and (A.5.12), we see that

(A.5.13) r(y) = B, ply) = € and qy) = €+ %>,



58 GREEN, GRIFFITHS, LAZA, AND ROBLES

and 0(v=1y1, . .., v—1ys) will lie in a (P, K)-Siegel domain when y; > 0 if and only if 3 is
bounded and there exists ¢ > 0 so that e2*/e??, €2 > t for y; > 0. Solving (A.5.13) yields

e = p(y) — oo as y; — oo (assuming some p; # 0),
g = @ is bounded,
p(y)
220 _ W) _ (7“(y)>2
= ) p(y)

(Note some p; is necessarily nonzero, else o = spanR>0{N1} C ON.) The third expression
is a problem. Substituting with (A.5.7), the equations above become

e* = ly|lp(\) — oo asy; — oo (some p; # 0),
_ is bounde
vo= p(N) bounded,
20,24 _ 4N _ () ?
et = 55 - o)

To see the problem with the third equation, consider the case that ¢ = &; that is, s = 2
and p;1 =1, po =0, ¢1 =0, g2 = 1, so that r; = 0. We have r(\) = 0 and ¢(\)/p(\) =
X2/A1 = y2/y1, which may be arbitrarily close to zero regardless of the size of y;. O

Proof of Claim A.5.9. In this case elements of U = exp(u) are of the form

10’LL1U2

0 1 w up
UV =

00 1 O

00 0 1

Elements of A are of the form v = diag(e®, e®, e % e~ %) with a € R. And elements g € M
are of the form (A.5.4) with B € SL(2,R). So elements of UAM - ¢ are of the form
(A.5.14)
vyg - Hé’o = span(c{eg +ure; +uges — —=1€2*(By - Byey + By- Baes),

e4 + useq +ujea — \/j162a(Bl -Biey + By- By 62)} .
Here By and Bj are the first and second rows of B, respectively, and B; - B; denotes the
dot product. As in the proof of Claim A.5.8, comparing (A.5.14) with (A.5.11) we see that
0(vV=1y1,...,vV—1ys) will lie in UAM - ¢ if and only if it lies in AM - p. (That is, u; = 0.)
Equivalently, if we can solve

(A.5.15) r(y) = €**By-By, ply) = €**By-By and q(y) = €**By- B

for @ and B (in terms of y). Moreover, 6(v/=Ty1,...,v/—1ys) will lie in a (P, K)-Siegel
domain when y; > 0 if and only if B(y) is bounded (for this will then force e2¥) 5 o as
Yj — 00).
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To see that this will fail in general, consider the case that o = spanR>0{N1, ]\72} That
is, p = (p1,p2) = (0,1) and ¢ = (q1,92) = (1,0), and r; = ro = 0. Then r(y) = 0 implies
Bi(y) and Ba(y) are orthogonal, and det B(y) = 1 implies 1 = || B1(y)|| - || B2(y)||- Then

_ B2 _ aw) _owm

1B2)I* ply) w2
may be arbitrarily large regardless of a lower bound on the y;. That is, there exists no
lower bound ¢ > 0 so that 0(v/=Tyi,v=1y2) lies in a (P, K)-Siegel domain when y; > c.
This example extends to the general case that s > 1 and some r; = 0. O

1B1(y)I*
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