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The restriction which we have thus far imposed1 that no actual 
2 

pair creation occurs, corresponds to the assUmption that 1 + (l - v
2) 

never va!1ishes. This will be true if - < 4m2
, for all k }'4 contained 

in the Fourier representation of the field. InGeed, it is evident from 

energy and momentum considerations that to produce a pair by the absorbtion 

of a single particle, the momentum vector of the latter must be time-like and 

have a magnitude exceeding 2m. We l:ow simply remark that to extend our re-

sul ts to pair-producing fields, it is merely necessary to add an infinitesimal 

negative imaginary constant to the denominator of (8) unc! understand the posi-

tive imaginary contribution toW thus obtained with the statement that 

eiw F = e -2Inm 

represents the probabilit.Y that no actual pair creation occurs during the 

history of the field. 

The infinitesimal imacinary constant, as employed in 

Lira 1 
i = P(!) + rri f (x) 

E-++0 X- X 

represents a familiar device for dealing with real processes. We obtain from 

(8) that 

(9) 

In the weak fields that are being considered, this is just the probability that 

a pair is created by the field. It should be noticed incidentally that 

1 l \ \2 1\ 12 - 4 = E(k) - H(k) 
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~s actually positive for a pair-generating field. This follows, for example, 

from the vanishing of the magnetic field in the special coordinate s.ystem 

where k}4 has only a temporal component. An alternative version of (9) 

is obtained by replacing the field 'With the current required to generate this 

field, according to the Maxwell equations 

Now 

ik}4 Ffi V (k) = -J~.,~ (k), 

k )A F Vl\(k) + k v F7\f(k) + ~} v (k) = o. 

k~ F/"v(-k)F}"v(k) = 2kl\ F,..f'(k)k~Fvr (-k) 

= 2J,..(k)J,M(-k) 

so that 

2IwW = !i.2 / c!k JtA(-k)Ju(k) X 
8m -~>4m2 r 

2 2 l 2 . 
x(~)(l -(~))~ i(2 + (~)). 

-k -k -k 

We oust now consider the connection, within the frame work of this 

special problem, between the proper time method and that of "invariant re~ari-

za tion" devised b".f Pauli and Villars. The vacu\1':1 polarization addition to the 

action integral has the general structure 

2 w1 = /dkAt" (-k)Kr/k1 m )A"(k). 

The proper time technique yields the coefficient K
14

,(k,m2) in the form 

2 1~ -im
2

s 
K1" 11 (k,m) = 

0 
dB e Kl".,(k,s) 

where Kf-_.(k,s) is a finite gauge i .nvariant quantity. Infinities appear only 

in the final stage of integrating s to the origin. In effect, this method sub-

stitutes a lower limits in the proper time integration, and r eserves the limit 
0 

s ---+ 0 to the end of the calculation. If, on the contrary, the proper time 
0 
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technique is not explicitly introduced, Kf'V(k,m2) will be represented by 

divergent integrals, leading in general to non-gauge-invariant results. 

The reGulator technique avoids this difficulty by introducing a suitably 

weighted integration with respect to the square of the proper mass, thus 

substituting for ~ 
11 
(k,m2

) the quantity 

2 Q() 

I(Jo\"(k1m )R = (~ dk p (k)1(~11 (lc,k). 

The "regulator" f(k) must, in an appropriate limit1 reduce to 0 (k-m2
), and 

will produce gauge invariant results in this problem if the integral conditions 

00 
.[flO k f(k)dk = 0 

are satisfied. Expressed in terms of the Fourier transformed quantities 

R(s) = .(: fCk)e -iks dk 

l co iks ( ) 
Kf"V(k,s) = ~ ~ dk o KJAV k,k , 

wo have 

2 CIQ 

KJAik,1:1 )R = -Z~ R(a) Kt'4 11(k,s)ds 

while the conditions on r (lc) t.ppcar as 

R(O) = R'(O) = 01 

. 2 
R(s)~o-JJ:ls. 

(lO) 

Now observe that the proper time method yields Kl"/k,m2) in the 

form (lO), m. th Kt"
11

(1c, s) = 01 s < 0 and 

2 
R(s) = e-im 8 

=0 S <: B 
0 

This R(s) And all its derivatives vanish at the origin, thus satisfying the 

regulator condi tiona as s ~ o. It appears, then, that regularization is a 
0 

procedure for inserting, into a calculation that does not employ it, enough 

of the structure provided by the proper time r epr esentation to ensure gauge in­

variant results. 
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The Lagrange function for a zero spin neutral meson fielrl in scalar 

interaction with the proton-antiproton field is given by 

1 a~ 2 2 tb2 tt-t 1 -
L = - ,r (ax) + ~ I ]+~r2['f', ~ ]. 

~ 
To find an approximate expression for the resulting coupling between the 

neutral mesons and the electromagnetic field we replace ~[o/, '\-'] by its 

vacuum expectation value calculated in the presence of a lmown electromagnetic 

field. In using the latter to represent the photons emitted in the spontaneous 

neutral meson decay, we are introducing an approximation whid1 neglects tenns 

in the square of the meson-nucleon mass ratio, ()A /K). Now 

l -1 < [t(x) ,'¥(x)] > = 1 tr G(x,x) 

"r ()() -ilf s ( 1 -iHs j ) = - av ds e tr x e x 
0 

=- ~ ~(x) 

r-ecording to the formulae of page ( 6 ). Keepinc only the first tenn in the 

power series expansion of s_ we find 

1 - 2 oo ds e_..; s ~ ,(r'f-'(x),'+'(x)J>~ -:tM/ 
0 

-, 

=-~ ~?· 
Th~reforc the effective coupling term between neutral meson and electromagnetic 

field is 

which describes the decay of the meson into two photons with parallel polariz.a-

tiona at the rate 
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A ps0udoscalar interaction between the spin-zero neutral meson 

field and the proton field is described by the tenn 

1 -
in the Lar,ranee function. For our purpose, 2' < [ '\' ,\5'+']) is to be replaced by 

Insertinc the transformation function (4) and replacing s by -isJ this becomes 

1 -~ ( [ YJ(x), Y' 5l\'(x) ]) 

. co 2 - 1 tr lo sin eFs k,..... Fs 
_ U I ds -M s ~ g eFs ~ v 
- - - 2 """2' e e tr(15e ). 

16rr 0 s 

The ci~;cnvalues of crF, related to"'< 5 by 

c~a-F) 2 = 2(? + Y5o> 

giv0 1 '2 c o-Fs 
tr(Y5c ) =- 4 I m cosh es ~2(~ + iG), 

while it was proved before that 

1 sin eFs 
- -2 tr loe eFs e 

Therefore without aQy further approximation 

o( 1 • =-- E H, 
TT M 

(1 t) 

Therefore the effective coupling term between pseudoscalar neutral mesons and 

the electromagnetic field is 
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jcp(~r~ <x>,Y5 ~<x>J>=~ ~q> E·H, 

which describes the dec~ of the meson into two photons perpendicularly polari-

zed at the rate 

The :'>souc!ovoctor coupline tenn 

(12) 

is fo~al~ equivalent to the peeudoscalar interaction for the problem under 

discussion, in the approximation to which it is being treated. T!1is is de-

monstrated qy an integration by parts, combined with the use of the Dirac 

equation. Yet it has been found difficult to verify this equivalence in the 

actual results of calculations. However, this apparent ambiguity is not an 

indication of a fundamental defect in tho theory. We shall deoone¥-te that 

it is caused ey insufficient attention to the limiting process implicit in 

the fonn.aliem.. On introducing the vacuum expectation value of the proton f ield, 

( 12) tccome s 
~ a<P(x) "\1 -v 

--ag ax,.. tr 'S lf G(x,x) 

_ 9 at-\>cx) -v 'V ( )l Lr"' -Ufa - iHsl ) . 
- 'm ax f" tr 1 $ 1 r X I' M- '{ Tr ~ 0 ds e x • 

The inteeration by parts replaces (12) with 
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A formal verification of the equivalence theorem is now obtained on integrating 

by parts with respect to s. This gives for (12) 

t'b 
00 -ru

2 
s -v I -iHsl -9T(x)M /

0 
ds e tr 1 5cx e x) 

+ i ~<f>(x)[o-u?s tr'1
5

(x)\o-iHslx)): :: ~ (13) 

The integrated tenn vanishes for s---+ooin virtue of the convergence factor 

implicit in the integral representation, and vanishes for s = 0 since tr'Y~· 

This cxhi bits the identity of the pseudo-scalar and pseudo-vector couplings. 

However, we could also evaluate (12) by writine it as 

und use the already calculated value 

2 
tr15(x le- 1Ha~) =- i ~2 G. (14) 

This is independent of a and therefore yields zero for (12). Tho same r esult 

would be obtained from (13) since (14) does not vanish as s-+011 

It is tho second method that is at fault, of course. Tho error 

lies in overlooking the fact that the divergent matrix element (xle-iHs\x) is 

actually the limit of (x' \ c -iHs\x• ') r. s x' ,"nd x' I approach x. .\s long as 

(x1 - x•t)
2 

is finite, thouch arbitrarily small, (14) will be dependent on s 

and so the basis of the second, null, result is invalidated. On referring to 

(3) we sec that 2 
iH \ 2 i(x'-xl I) 

tr "'Y 5cx• I c 5 x' ') = - i f2' G e 4s 
4rr 

• 

The additional factor 'is effectively field-independent since, with (x'-x' I) 
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arbitrarily small, only its fonn for correspondingly small s is of significance. 

We now evaluate (12) us 

2 
~2 ~ <f<x) a 
411 

2 

Lim 
x',x''~ x 

oo (x'-x' ') a i I ds ~ o 4S 
0 o5 

(x'-x' ') 2 

i 4s 

2 

= e ; (x)G Lim [l _ Lil:l 
:-r4 S-+0 

e ). 
4111! x' ,x' '~ x 

With tho limits taken in this order the result is just 

2 
~ ~(x)G 
4111l 

D.S {;iven by the pseudo-scalar coupling. Rcvcrsine the order of the limits 

would give the spurious r e sult zero. 


